
Quantum Computing Engineeringuantum
Transactions onIEEE

Received 24 May 2025; revised 29 September 2025; accepted 18 October 2025; date of publication 23 October 2025;
date of current version 1 December 2025.

Digital Object Identifier 10.1109/TQE.2025.3624699

Binary Tree Block Encoding of Classical Matrix
ZEXIAN LI1 , XIAO-MING ZHANG2,3 , CHUNLIN YANG4,
AND GUOFENG ZHANG1,5 (Senior Member, IEEE)
1Department of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong, China
2Key Laboratory of Atomic and Subatomic Structure and Quantum Control (Ministry of Education), South China Normal University,
Guangzhou 510000, China
3Guangdong Provincial Key Laboratory of Quantum Engineering and Quantum Materials, Guangdong-Hong Kong Joint Laboratory of
Quantum Matter, South China Normal University, Guangzhou 510000, China
4School of Mathematical Sciences, Harbin Engineering University, Harbin 150001, China
5Hong Kong Polytechnic University Shenzhen Research Institute, Shenzhen 518057, China

Corresponding authors: Xiao-Ming Zhang; Guofeng Zhang (e-mail: phyxmz@gmail.com; guofeng.zhang@polyu.edu.hk).

This work was supported in part by the Quantum Science and Technology-National Science and Technology Major Project under
Grant 2023ZD0300600, in part by the Guangdong Provincial Quantum Science Strategic Initiative under Grant GDZX2200001, in part
by the Hong Kong Research Grant Council under Grant 15213924, and in part by the National Natural Science Foundation of China
under Grant 62173288, Grant 62473117, and Grant 12405013.

ABSTRACT State preparation and block encoding are essential subroutines in quantum computing.
The former provides basic encoding of quantum states, while the latter transforms classical data into
a matrix representation within a quantum circuit. Some quantum advantages are built on the assump-
tion that the block-encoding subroutine has been compiled in the quantum circuit, and this derives a
problem of how to efficiently compile a block encoding. The resource tradeoffs of block encoding,
such as circuit size, subnormalization factor, compilation complexity (both time and space), and robust-
ness against errors, are central to its efficiency. In this work, the binary tree block-encoding (BIT-
BLE) protocol is introduced, which optimizes these tradeoffs. For a classical matrix in C

2n×2n , our
approach reduces the compilation time to O(n22n) using n ancilla qubits, achieving superior resource
tradeoffs compared to existing methods. Numerical experiments further reveal that the approach out-
lined in BITBLE enhances compilation efficiency, resource scalability, and robustness against single-
qubit gate errors in various standard data encoding tasks. Moreover, all algorithms are available as open
source.

INDEX TERMS Circuit size, quantum circuit, quantum compiling, state preparation, unitary synthesis.

I. INTRODUCTION
Quantum signal processing (QSP) [1] and quantum singular
value transformation (QSVT) [2], [3] are powerful frame-
works for solving high-dimensional eigenvalue and singular
value problems. Under this framework, eigenvalue or sin-
gular value problems can be solved without directly solv-
ing the eigenvalue decomposition and singular value decom-
position, providing an alternative way to solve numerical
problems involving eigenvalues or singular values. The in-
put model employed in these methods is based on block
encoding [2]. Leveraging the block-encoding framework,
several seminal quantum algorithms—such as Hamiltonian
simulation [1], [4], Grover, quantum Fourier transform, and
Harrow–Hassidim–Lloyd [5], [6]—can be interpreted as in-
stances of QSVT algorithms [3]. The embedding of a matrix
A is typically realized as the top-left block of a unitary matrix

U , expressed as

U =
[
A ∗
∗

]

where ∗ denotes other blocks in the unitary matrixU and the
embedding satisfies ‖A‖2 ≤ 1. Nevertheless, the exponential
scaling of time and memory resources required for the com-
pilation with respect to the number of qubits n presents a
formidable challenge in the compilation of quantum circuits
for QSP or QSVT algorithms. Should the compilation of
the quantum circuit for block encoding prove to be more
complex than resolving the original problems, the purported
quantum advantage attributed to this input model may be
negated. This suggests that the complexity of compilation is

© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see http://creativecommons.org/licenses/by/4.0/

VOLUME 7, 2026 3100118

https://orcid.org/0000-0002-4845-4955
https://orcid.org/0000-0001-5556-9622
https://orcid.org/0000-0001-5854-5247


Engineeringuantum
Transactions onIEEE

Li et al.: BINARY TREE BLOCK ENCODING OF CLASSICAL MATRIX

FIG. 1. Algorithm process of the BITBLE protocol. Step 1: Generate multiplexor from the matrix data based on the rotation-Y/Z binary tree data
structure. Step 2: Decoupling multiplexor into single-qubit gates (Rotation-Y/Z gate) and CNOT gate using permutative or recursive demultiplexor method.

TABLE 1. Gray Permutation Mapping PG From 3-Bit Binary Codes b0 − B7
to 3-Bit Binary Reflected Gray Codes g0 − G7

a significant challenge to achieving comprehensive quantum
advantage.
Within the domain of noisy intermediate-scale quantum

architectures [7], practical quantum algorithms are limited
by qubits, circuit depth, and related parameters. Similar lim-
itations are also applied to the early-fault-tolerant setting [8].
As of 2024 [9], IBM has successfully constructed a fault-
tolerant quantum memory comprising 12 logical qubits. In
2025, a bicycle architecture [10] has been proposed, which
significantly reduces qubit requirements for quantum com-
puters executing specified algorithms and thus is a promis-
ing fault-tolerant architecture. According to IBM’s outlined
future developments [11], the construction of a fault-tolerant
quantum computer with 200 logical qubits is anticipated in
2029.
The task of block encoding also faces the aforementioned

requirements. To solve the aforementioned challenges, our
work bridges this gap by introducing a binary tree data struc-
ture and demultiplexor methods for block encoding and state
preparation, which enable highly flexible resource trade-
offs. Our main contributions are summarized as follows: We
have proposed three binary tree block-encoding protocols
(BITBLE1–BITBLE3; see Table 3). Our binary tree block-
encoding protocol (see Fig. 1) significantly reduces compi-
lation time, decreases gate counts, and demonstrates greater
robustness to single-qubit gate cutoff errors compared to cur-
rent fast-compilation methods. Specifically, the BITBLE1

and BITBLE2 protocols reduce the ancilla requirement from
the comparable protocol [12] (n versus n+ 1). BITBLE3, by
contrast, uses more ancillas than the BITBLE1–BITBLE2

(n+ 2 versus n) but trades those qubits for a smaller error
and often a lower cnot “size metric” [as (1)] for some cases.

To the best of our knowledge, our block-encoding protocol
approach achieves the fastest known compilation efficiency
(as shown in Table 4).

A. RELATED WORK
Block encoding has garnered increasing research interest,
with applications spanning a wide range of matrices from
structured special matrices to general unstructured ones. Spe-
cial matrices, such as the density operator [13], [14], ker-
nel matrices [15], pseudodifferential operators [16], Hamil-
tonians derived via Schrodingerization [17], discretized el-
liptic operators [18], and pairing Hamiltonians in nuclear
physics [19], have all been block encoded efficiently. For en-
coding sparse matrices, Gilyén et al. [2] proposed an efficient
implementation, including a preamplified version. Camps
et al. [20] further presented the explicit construction for the
block encoding of sparse matrices. When a sparse matrix
processes an arithmetic structure, Sünderhauf et al. [21] pro-
posed a novel block-encoding protocol and enhanced it using
preamplification and state preparation techniques. Based on
a dictionary data structure, Yang et al. [22] developed an
efficient dictionary-based block encoding that achieves low
subnormalization and circuit depth.
For general dense data matrices of size 2n × 2n, the block-

encoding protocol in [23] provides a procedure for con-
verting classical data into block encoding using a quan-
tum random access memory model [24]. Building on this
procedure, block-encoding protocols with near-optimal gate
complexities have been extensively discussed [25]. However,
these protocols require at leastO(2n/n) ancillary qubits [26],
making it infeasible to compile large-scale block encodings.
Camps and van Beeumen [12] proposed a fast approximate
quantum circuit for block encodings (FABLE), designed for
compilationwithin QSP or QSVT. Thismethod characterizes
matrices in the Walsh–Hadamard domain and can be modi-
fied to accommodate highly compressible circuits to block
encode a certain subset of sparse matrices [27]. However,
FABLE has a large subnormalization factor proportional to
2n, leading to a significant computational overhead when im-
plemented in a quantum algorithm. Furthermore, existing re-
search has largely overlooked the analysis of tradeoffs asso-
ciated with varying resource requirements, including circuit
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TABLE 2. Comparison of Two Methods for Decoupling an n-Control Multiplexor

TABLE 3. Comparison of Block-Encoding Protocol for a Matrix
A ∈ C2n×2n

size, subnormalization factors, and the complexity of compi-
lation in terms of both temporal and spatial dimensions.

B. NOTATION
In the rest of this article, we assume that the size of
the matrix is N × N with N = 2n. The notation β·,k, βk,·,
and β· stand for vectors as β·,k ≡ (β1,k, β2,k, . . .)T , βk,· ≡
(βk,1, βk,2, . . .), and β· ≡ (β1, β2, . . .), respectively. The
symbol (β1,k, β2,k, . . .)T stands for the transport of a row
vector (β1,k, β2,k, . . .), and (β1,k, β2,k, . . .)∗ stands for the
conjugate transport of that vector. The symbol U† stands
for the conjugate transport of the unitary matrix U . For j =
jn × 2n−1 + · · · + j1 × 20 ∈ {0, 1, . . . , 2n − 1}, the quan-
tum state is represented as | j〉 ≡ | jn〉 ⊗ | jn−1〉 ⊗ · · · ⊗ | j1〉.

C. ORGANIZATION
The rest of this article is organized as follows. Section I
discusses the motivation and results of our proposed block-
encoding protocols, along with relevant notation. Section II
presents the definition and implementation of state prepara-
tion and block encoding. Section III presents two decom-
position methods for multiplexor operations: permutative
demultiplexor method and recursive demultiplexor method.
Section IV introduces the BITBLE protocols and parameter-
finding methods, including the computational complexity for
circuit compilation, and the approximation error of the block-
encoding protocol. Section V provides numerical results for
circuit compilation using various examples. Finally, Sec-
tion VI concludes this article. MATLAB implementations of
the BITBLE protocols, developed using QCLAB [28], are
publicly available online.1

II. STATE PREPARATION AND BLOCK ENCODINGS
Quantum state preparation generates the target state |ψ〉 from
an initial state |0〉⊗n using single- and two-qubit gates, where

|ψ〉 =
N−1∑
k=0

eiφk |ψk| |k〉

1https://github.com/zexianLIPolyU/BITBLE

where N = 2n, ψk ∈ C,
∑N−1

k=0 |ψk|2 = 1, and |k〉 ≡
|knkn−1 · · · k1〉 represent the computational basis vectors
with bits k j for j = 1, 2, . . . , n.

Block encoding transforms classical data into amatrix rep-
resentation within a quantum circuit. The formal definition is
given as follows.
Definition 1 (See [2]): Let a, n, ñ ∈ N with ñ = a+ n.

Then, a unitary matrixU size of ñ-qubit is an (α, a, ε)-block
encoding of an operator A size of n-qubit, if

‖A− α (〈0|⊗a ⊗ In)U (|0〉⊗a ⊗ In) ‖ ≤ ε.
The subnormalization factor α of block encoding is a cru-

cial parameter that influences the circuit depth in quantum
algorithms utilizing QSP [1] and QSVT [3], [12]. To quan-
tify the number of operations per circuit, we consider the
“metric” of single-qubit rotations and two-qubit cnot gates
in different protocols as

size metric = gate count× subnormalization. (1)

Unless otherwise specified, the gate count refers to the total
number of cnot gates. Sometimes, cnot gates exhibit sig-
nificantly different properties compared to single-qubit gates,
so their respective sizemetrics are also considered separately.
Note that this metric is proportional to the subnormalization
factor. A special case of the aforementioned figure of the
metric, in terms of T -gate counts, has been proposed by
Sünderhauf et al. [21]. In contrast, in this article, we only
consider the gate sets comprising cnot gate and single-qubit
gates.
Given a general classical data A ∈ R

N×N , the first imple-
mentation for the data structure with Frobenius norm ‖A‖F
for a matrix is studied by Kerenidis and Prakash [29]. The
idea of quantum state representations is generalized to an
alternativeway [30], [31], and by that idea, the subnormaliza-

tion of this block encoding is μp(A) =
√
S2p(A)S2(1−p)(AT ),

where Sq(A) = maxi∈N ‖Ai,·‖qq. For some sparse matrices
with sr, sc row and column-sparse matrix given in the sparse-
access input model, subnormalization can be

√
srsc [2]. For

an N × N random matrix, the aforementioned subnormal-
ization is proportional to O(N), which is a square improve-
ment from other protocols. The block-encoding protocols
proposed in this article are based on the implementation of
multiplexor operation with subnormalization of ‖A‖F and
μp(A).
The multiplexor [32], also known as the uniformly con-

trolled rotation, is denoted by controlled-R
[β j]

2n−1
j=0

α . If the con-
trol nodes are placed at the top of a circuit, then it can be
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TABLE 4. Time of Circuit Synthesis for Random Complex Matrices of Size 2n × 2n (Corresponding to n Qubits) With 90% Confidence Intervals

FIG. 2. Quantum circuit of state preparation for state in C2n
with n = 3 using multiplexor operations, where the rotation parameters ϕ/θ are computed

by the Rotation-Y/Z binary tree. If a quantum state is in R2n
, it can be prepared by a circuit composed solely of Y -rotation gates.

represented in a mathematical form as

2n−1∑
j=0
| j〉 〈 j| ⊗ Rβ jα =

⎛
⎜⎜⎝
Rβ0α

. . .

R
β2n−1
α

⎞
⎟⎟⎠ (2)

where the rotation matrix Rβα ∈ C
2×2 is given by

Rβα = eiα·σβ/2 = I cos
β

2
+ iα · σ sin β

2

with α · σ = axX + ayY + azZ involving three Pauli

matrices X =
[
0 1

1 0

]
, Y =

[
0 −i
i 0

]
, Z =

[
1 0

0 −1

]
,

and (ax, ay, az) ∈ R
3.

In the next two sections, quantum state preparation and
block-encoding protocols based on multiplexor operations
will be provided.

A. QUANTUM STATE PREPARATION BY MULTIPLEXOR
OPERATIONS
The state preparation procedure based on precomputed am-
plitudes has been well established in the literature [29], [33],
[34], [35], [36]. The quantum circuit for quantum state prepa-
ration by multiplexor operation is shown in Fig. 2, where
the relationship between the rotation parameters of the mul-
tiplexor operations in the circuit can be visualized using
the data structures of the Rotation-Y binary tree and the
Rotation-Z binary tree, as shown in Fig. 3.

FIG. 3. Rotation-Y binary tree and Rotation-Z binary tree. Each leaf node
element in Rotation-Y binary tree is the product of the elements on path
of edges from the root node to that leaf node, where the value of the
left-child edge is cϕ = cos(ϕ/2) and the value of the right-child edge is
sϕ = sin(ϕ/2). Each leaf node element in Rotation-Z binary tree is the
sum of elements on the path from the root node to that leaf node.
(a) Rotation-Y binary tree. (b) Rotation-Z binary tree.

The Rotation-Y binary tree [see Fig. 3(a)] is used to gen-
erate the norms of the amplitudes {|ψk|}2n−1k=0 (or {ψk}2n−1k=0
for real amplitudes) under the computational basis {|k〉}2n−1k=0 .

3100118 VOLUME 7, 2026
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Algorithm 1: Angle (Compute Angles in Nodes of
Rotation-Y Binary Tree).

Require: Vectors [a j]2
n−1
j=0 ∈ C

2n with |a j| = 1 for
0 ≤ j ≤ 2n − 1
Ensure: Vectors [ϕ j]2

n−1
j=0 ∈ R

2n

1: Get ϕ j such that e
ϕ j
2 i := Re(a j )+ Im(a j )i for all

0 ≤ j ≤ 2n − 1

Algorithm 2: RY-Angles (Compute Rotation-Y Binary
Tree Parameters).

Require: The state [ψ j]
2n−1
j=0 ∈ R

2n

Ensure: Rotation Parameters [ϕk, j]
j=0,...,2n−2
k=0,...,n−1

1: an, j ← ψ j for all 0 ≤ j ≤ 2n − 1
2: for k = n− 1, . . . , 0
3: for j = 0, . . . , 2k − 1
4: ϕk, j ← angle(ak+1,2 j + ak+1,2 j+1 · i)
5: ak, j ←

√
|ak+1,2 j|2 + |ak+1,2 j+1|2

6: end for
7: end for

A quantum state with 2n amplitudes can be generated by a
Rotation-Y binary tree with n layers. Let |ψk| be the kth leaf
node {an,k}2n−1k=0 in the nth layer of the Rotation-Y binary tree.
The value of a node in the tth layer satisfies the product of its
edge and its parent node’s value, i.e.,

at,k =
{
at−1,�k/2
 × cos(ϕt−1,�k/2
/2), for even k
at−1,�k/2
 × sin(ϕt−1,�k/2
/2), for odd k

(3)

for all 0 ≤ t ≤ n− 1 and 0 ≤ k ≤ 2t − 1. Equation (3) leads
to the relation

ϕt,k

2
= angle(at+1,2k−1 + at+1,2k · i)

i.e.,

e
ϕt,k
2 i = cos

(ϕt,k
2

)
+ sin

(ϕt,k
2

)
· i

= at+1,2k−1 + at+1,2k · i.
The pseudocode of the Rotation-Y binary tree is given in
Algorithm 2, where the angle(·) is stated in Algorithm 1.

The Rotation-Z binary tree [see Fig. 3(b)] is used to gen-
erate the phases {eiφk}2n−1k=0 under the computational basis

{|k〉}2n−1k=0 . A quantum state with 2n amplitudes can be gen-
erated by a Rotation-Z binary tree with n layers. Let φk be
the kth leaf node {φn,k}2n−1k=0 in the nth layer of the Rotation-Z
binary tree. The value of a node in the Rotation-Z binary tree
is the sum of its edge and its parent node’s value, i.e.,

φt,k = φt−1,�k/2
 + (−1)k+1
2

θt−1,�k/2
 (4)

for 1 ≤ t ≤ n and 0 ≤ k ≤ 2t − 1.
For any pure state, the sum of the squares of its amplitudes

is equal to 1. The amplitudes {|ψk|}2t−1k=0 can be determined by

FIG. 4. Computation process of parameters in the Rotation-Z binary tree
with n = 3 layers.

FIG. 5. State preparation U maps |0〉⊗2 to any two-qubit real state.
Controlled-state preparation UR conditionally maps |0〉⊗2 |k〉 to
four-qubit real state |ψk〉 |k〉 for k = 0, . . . ,3, where |ψk〉 can be any
two-qubit real state. (a) State preparation U . (b) Controlled-state
preparation UR .

2t − 1 degrees of freedom in a Rotation-Y binary tree with t
layers; the relation can be characterized by Fig. 2. The angles
θ−1 and {θt,k}0≤t≤n,0≤k≤2t−1 above n layers of the Rotation-Z
binary tree can be solved by the linear system

Mt
RZ

⎡
⎢⎢⎢⎢⎣

θ−1
θ0,0
...

θt−1,2t−1−1

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
φt,0

φt,1
...

φt,2t−1

⎤
⎥⎥⎥⎥⎦

for all 1 ≤ t ≤ n, where the matrix elements of Mt
RZ

are
determined by (4). The computation of the inverse matrix
(Mt

RZ
)−1 follows the recursive relationship

(
M1
RZ

)−1 =
[
−1 −1
−1 1

]

(
Mt
RZ

)−1 =
⎡
⎣ 1

2

(
Mt−1
RZ

)−1
0

0 I2t−1

⎤
⎦

([
−1 −1− 1 1

]
⊗ I2t−1

)
for t = 2, . . . , n. It leads to a simplified computation process
of the Rotation-Z binary tree, which can be visualized in
Fig. 4.

The pseudocode of the Rotation-Z binary tree is given in
Algorithm 3.

VOLUME 7, 2026 3100118
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Algorithm 3: RZ-Angles (Compute Rotation-Z Binary
Tree Parameters).

Require: The phases of state [φk]2
n−1
k=0

Ensure: Rotation parameters and global phase
([θk]

2n−2
k=0 , θ−1)

1: for i = 1, . . . , n
2: For 0 ≤ k ≤ 2n−i+1 − 1
3: ak ← φk
4: end for
5: for j = 0, . . . , 2n−i − 1
6: φ j ← a2 j−1+a2 j

2
7: φ2n−i+ j ←−a2 j−1 + a2 j
8: end for
9: end for
10: θ−1←−a0 − a1
11: for k = 0, . . . , 2n − 2
12: θk ← φk+1
13: end for

Lemma 1: Given a quantum state |ψ〉 =∑2n−1
k=0 eiφk

|ψk| |k〉 ∈ C
2n , the operation count for computing the param-

eters {ϕ j}2n−1j=0 and {φ j}2n−1j=0 in Rotation-Y and Rotation-Z
binary tree to prepare |ψ〉 is 	(2n).
Proof: Since the Rotation-Y and Rotation-Z binary tree

for encoding 2n amplitudes requires n layers, parameters in
the lth layer in a tree consist of 2l edges, which require	(2l )
operations for computation. Therefore, it takes

∑n
l=1 2l =

	(2n) operations to compute all the rotation parameters. �
Example 1: Given a state |ψ〉 =∑3

j=0 ϕ j| j〉 ∈ R
4, it can

be prepared using the quantum circuit implemented by the
multiplexor as follows:

By the Rotation-Y binary tree, the parameters can be
calculated as

ϕ1,0 = 2 angle (ϕ0 + ϕ1i)
ϕ1,1 = 2 angle (ϕ2 + ϕ3i)

ϕ0,0 = 2 arccos

⎛
⎝√|ϕ0|2 + |ϕ1|2√∑3

j=0 |ϕ j|2

⎞
⎠ .

B. BLOCK ENCODING BY STATE PREPARATION
The block-encoding protocol in this article follows the pre-
scription laid out in [2], [23], [29], and [37]. The block-
encoding unitaryUA comprises the (controlled-) state prepa-
ration operatorsUR andUL and swap gates, i.e.,

UA = U†
LSWAPn1,n2UR (5)

FIG. 6. Quantum circuit of the uniformly controlled rotation with two
control nodes. (a) Process of CNOT position determination based on the
operations on the 2-bit cyclic binary Gray codes. (b) Quantum circuit of

the uniformly controlled rotation
∑3

j=0 | j〉 〈 j| ⊗ R
β j
α with ax = 0.

where SWAPn1,n2 denotes the swap gates implemented in the
register n1 and n2. There are two different subnormalization
factors in this block-encoding protocol using different state
preparation based on (5).

On the one hand, if we define

|0〉n1 | j〉n2
UR−→

2n−1∑
k=0
|Aj〉n1 | j〉n2

|0〉n1 |k〉n2
UL−→ |AF 〉n1 |k〉n2 (6)

where the states |Aj〉n1 =
∑2n−1

k=0
Ak, j
‖A· j‖ |k〉n1 , |AF 〉 =∑2n−1

j=0
‖A·, j‖
‖A‖F | j〉n1 , and ‖A·, j‖ denote the Euclidean norm of

the jth column of A, then

〈0|n1 〈k|n2 UA |0〉n1 | j〉n2 = Ak, j/‖A‖F .

3100118 VOLUME 7, 2026
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On the other hand, if we defineUR andUL as [23], [29]

|0〉n1+2 | j〉n2
UR−→ |A(p)

j 〉n1+2 | j〉n2

|0〉n1+2 |k〉n2
UL−→ |Ã(p)

k 〉n1+2 |k〉n2
for p ∈ [0, 1], we have

|A(p)
j 〉 =

∑
k∈[N]

eiθk, j |Ak, j|p√
‖A·, j‖2p2p

|k〉n1
[
cosχ j |0〉 + sinχ j |1〉

] |0〉

|Ã(p)
k 〉 =

∑
j∈[N]

|Ak, j|1−p√
‖Ak,·‖2(1−p)2(1−p)

| j〉n1 |0〉 [cosχk |0〉

+ sinχk |1〉]

where cosχ j =
√
‖A·, j‖2p2p
S2p(AT )

, cosχk =
√
‖Ak,·‖2(1−p)2(1−p)
S2(1−p) (A) , and

Sq(A) = maxk ‖Ak,·‖qq are the qth power of the maximum
q-norm of any row of A. Then

〈0|n1+2 〈k|n2 UA |0〉n1+2 | j〉n2 = Ak, j/μp(A
T ),

where μp(AT ) =
√
S2p(AT )S2(1−p)(A).

The controlled-state preparation can be implemented
by multiplexor operation. Suppose that A ∈ R

4×4
and

∑
k, j=0,...,3 |Aj,k|2 = 1, and UR maps |0〉⊗2 | j〉 to∑

k=0,...,3 Ak, j |k〉 | j〉 for j ∈ {0, 1, 2, 3}; then, the quantum
circuit of controlled-state preparation UR is in the form of
Fig. 5(b).
Example 2: In case that A ∈ C

2×2, we encode the matrix
elements as ⎧⎪⎪⎨

⎪⎪⎩
A0,0 = e−(φ̄0+φ0)i cos θ̄0 cos θ0
A0,1 = −e−(φ̄1+φ1)i sin θ̄0 cos θ1
A1,0 = e(φ̄0−φ0)i cos θ̄0 sin θ0
A1,1 = −e(φ̄1−φ1)i sin θ̄0 sin θ1.

Fast parameter computation methods for circuit synthesis
for this block-encoding protocol will be provided in Sec-
tion IV. The quantum circuit encoding of the aforementioned
matrix using multiplexor operations follows the form

Since

UL =

⎡
⎢⎢⎢⎣
cos θ̄0 ∗

cos θ̄0 ∗
sin θ̄0 ∗

sin θ̄0 ∗

⎤
⎥⎥⎥⎦

UR =

⎡
⎢⎢⎢⎣
e−(φ̄0+φ0)i cos θ0 ∗

e−(φ̄1+φ1)i cos θ1 ∗
e(φ̄0−φ0)i sin θ0 ∗

e(φ̄1−φ1)i sin θ1 ∗

⎤
⎥⎥⎥⎦

it follows that

U†
L · SWAP ·UR =⎡

⎢⎢⎢⎣
e−(φ̄0+φ0)i cos θ̄0 cos θ0 −e−(φ̄1+φ1)i sin θ̄0 cos θ1 ∗ ∗
e(φ̄0−φ0)i cos θ̄0 sin θ0 −e(φ̄1−φ1)i sin θ̄0 sin θ1 ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

⎤
⎥⎥⎥⎦

where the top-left corner of the aforementioned form is the
objective matrix in the block encoding.

III. DECOUPLE MULTIPLEXOR OPERATION
In this section, we will introduce some efficient compilation
methods for multiplexor operations based on Gray code. The
demultiplexor method comprises two components: single-
qubit rotation parameters calculation and cnot position de-
termination.

A. PARAMETER CALCULATION
Given a multiplexor operation

∑2n−1
j=0 | j〉 〈 j| ⊗ R

β j
α , where

R
β j
α = eiα·σβ j/2 and α · σ = axX + ayY + azZ, it follows that

XRβαX = R−βα (7)

when ax = 0. Furthermore, subsequent rotations about any
single axis α are additive as

Rβ1α R
β2
α = Rβ1+β2α . (8)

Based on (7) and (8), the single-qubit rotation parameters
[β̃ j]

2n−1
j=0 can be derived from the multiplexor operation pa-

rameters [β j]
2n−1
j=0 by solving a linear system

Mn

⎛
⎜⎜⎝

β̃0
...

β̃2n−1

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

β0
...

β2n−1

⎞
⎟⎟⎠ (9)

where the linear system involves a 2n × 2n matrix Mn ≡
H⊗nPG [12], where H⊗n =

[
1 1
1 −1

]⊗n
is the Walsh–

Hadamard transformation, and PG is the Gray permutation
matrix [38] that maps n-bit binary code ordering to n-bit
binary reflected Gray code ordering.
The binary reflected Gray code [39] is a scheme for listing

all n-bit binary numbers so that successive numbers differ in
exactly one bit.
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Table 1 gives an example of the Gray permutation map-
ping. Based on this table, the 3-bit Gray permutation map-
ping is in the form of

PG =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1

1

1

1

1

1

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

B. CNOT POSITION DETERMINATION
The order of control nodes within the sequence of cnot
gates [38] is ascertainable through the transformed binary
reflected Gray code, as the control nodes are delineated by
the “1” resultant from the exclusive-or (xor) operations
on the cyclic k-bit binary Gray codes. Fig. 6(a) illustrates
the methodology by which the ordering of control nodes of
cnot gates is established, alongside the quantum circuit of
the uniformly controlled rotation with two controlled qubits
predicated upon that specific cnot order.
Above all, the uniformly controlled rotation with ax = 0

can be implemented using single-qubit and cnot gates [38],
as illustrated in Fig. 6(b).
The following lemma derived from [12] and [40] demon-

strates the computational complexity of decoupling uni-
formly controlled rotation.
Lemma 2: The single-qubit and cnot gate’s decomposi-

tion of
∑

j | j〉 〈 j| ⊗ R
[β j]

2n−1
j=0

α with ax = 0 can be calculated
in an operation count of O(n2n).
Proof: Since the single-qubit gates’ rotation parameters

of uniformly controlled gates in (9) can be calculated by
the fast Walsh–Hadamard transform [40], [41] with an op-
eration count of 23

24n2
n +O(2n) [42], the Gray code per-

mutation [12], [40] and the position of cnot gates can be
calculated with	(2n) operations. To sum up, it takesO(n2n)
operations. �
The extension of the uniformly controlled rotation as de-

scribed in (2), originally applicable when the target node
is situated at the circuit’s bottom, is herein generalized to
scenarios where the target node may assume any position.
The mathematical representation of the multiplexor, with the
control node positioned at bit t, is provided as follows:

2n−1∑
j=0

(⊗k=n,...,t | jk〉 〈 jk|)⊗ Rβ jα (⊗k=t−1,...,1 | jk〉 〈 jk|) (10)

where | j〉 ≡ | jn〉 ⊗ | jn−1〉 ⊗ · · · ⊗ | j1〉.
To decouple the aforementionedmultiplexor, we introduce

the permutative demultiplexor and recursive demultiplexor
methods in the subsequent subsections. These two methods
are summarized by Table 2.

C. PERMUTATIVE DEMULTIPLEXOR
The first decomposition method, termed as the “permutative
demultiplexor” method, is derived from the permutation of
indices in the uniformly controlled rotations [38]. In this
method, all single-qubit rotation parameters are computable
via (9). The primary focus is on the configuration of the cnot
sequence.

CNOT position determination: Fig. 6(a) demonstrates that
the order of control nodes in the multiplexor associated with
(10) is established through the ensuing procedures.

1) Initialize n-bit reflected Gray codes (ranged from g0 to
g2n−1).

2) Apply the exclusive or logical operation to these n-
bit sequences.

3) The control positions of the cnot sequences are deter-
mined by the “1” position (highlighted in Gray) in that
transformed sequence.

Based on the aforementioned control node ordering, the

multiplexor
∑2n−1

j=0 (⊗k=n,...,t | jk〉 〈 jk|) ⊗ R
β j
α (⊗k=t−1,...,1

| jk〉 〈 jk|) can be implemented using the same control node
ordering by positioning the control node between bit t and
bit t − 1, as shown in Fig. 7(b). The arrangement of con-
trol nodes in Fig. 7(b) has undergone a permutation. Conse-
quently, this configuration is designated as the “permutative
demultiplexor” method.

D. RECURSIVE DEMULTIPLEXOR
The second decomposition strategy for decoupling (10),
known as the “recursive demultiplexor” method, leverages
the recursive decomposition characteristics of the multi-
plexor operation.
Similar to the recursive cancellation of uniformly con-

trolled rotation proposed in the article [32], a multiplexor
operation can be decomposed into simpler multiplexor oper-
ations interleaved with cnot gates, which can be visualized
in Fig. 8.

Consider a multiplexor operation with n− t + 1 control
nodes in the upper part of the circuit and t − 1 control nodes
in the lower part. Parameter calculation and cnot sequence
arrangement in the recursive demultiplexor method are sum-
marized as follows.

1) PARAMETER CALCULATION
The single-qubit rotation parameters in the recursive demul-
tiplexor method can be calculated in two steps.

1) The intermediate variables β̃ (1)
i, j can be calculated by

the linear system as

Mn−t

⎡
⎢⎢⎣
β̃
(1)
1,0 · · · β̃

(1)
1,2t−1

...
. . .

...

β̃
(1)
2n−t ,0 · · · β̃

(1)
2n−t ,2t−1

⎤
⎥⎥⎦

= reshape

([
β j

]2n−1
j=0

, [2n−t , 2t−1]
)

(11)
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FIG. 7. Using permutative demultiplexor method to decouple
∑2n−1

j=0 (⊗k=n,...,t | jk〉 〈 jk|) ⊗ R
β j
α (⊗k=t−1,...,1 | jk〉 〈 jk|) with ax = 0. (a)

Process of CNOT position determination of
∑2n−1

j=0 (⊗k=n,...,t | jk〉 〈 jk|)
⊗ R

β j
α (⊗k=t−1,...,1 | jk〉 〈 jk|) using the permutative demultiplexor method.

(b) Quantum circuit of
∑2n−1

j=0 (⊗k=n,...,t | jk〉 〈 jk|) ⊗ R
β j
α (⊗k=t−1,...,1 | jk〉 〈 jk|)

with ax = 0, whose control nodes ordering is determined in (a) and
parameters β̃ j are computed via (9).

FIG. 8. Decouple the top node of the
∑7

j=0 | j3〉 〈 j3| ⊗ R
β j
α (⊗k=2,1 | jk〉 〈 jk|)

into two multiplexor operations.

where the matrix Mn−t is a 2n−t -by-2n−t -dimensional
matrix defined in (9), and reshape(β, [n1, n2]) reshapes
β into an n1-by-n2 matrix.

2) Parameters β̃ (2)
i, j can be calculated by the linear system

as

Mt

⎡
⎢⎢⎣
β̃
(2)
1,0 · · · β̃

(2)
2n−t ,0

...
. . .

...

β̃
(2)
1,2t−1 · · · β̃

(2)
2n−t ,2t−1

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣
β̃
(1)
1,0 · · · β̃

(1)
2n−t ,0

...
. . .

...

β̃
(1)
1,2t−1 · · · β̃

(1)
2n−t ,2t−1

⎤
⎥⎥⎦ . (12)

2) CNOT POSITION DETERMINATION
The control node ordering of the cnot gates is established
through the ensuing procedures.

1) Initialize the n-bit codes into two sequences: (n− t )-
bit top Gray codes sequence u-bit, the t-bit bottom
sequence Gray codes sequence l-bit.

2) Apply the xor logical operation to the Gray codes
u-bit and l-bit sequences separately.

3) Broadcast the bottom sequence for each Gray code in
the top sequence.

4) The control position of cnot sequences can be de-
termined by the bit “1” (highlighted by Gray) of the
transformed Gray code sequences.

The recursive demultiplexer method introduces periodic
idle single-qubit gates between consecutive cnots. Specifi-
cally, a block of 2n−t idle gates repeats after every 2t active
single-qubit rotations. Fig. 9 demonstrates the decoupling of
a multiplexor operation with the control node located be-
tween the bit2 and bit3 positions using the recursive demul-
tiplexor method.
Lemma 3: The single-qubit and cnot gate decomposition

of a multiplexor operation with n control nodes, using the
recursive demultiplexor method, can be calculated to an op-
eration count of O(n2n).
Proof: The linear equation

Mk

⎡
⎢⎢⎣
β̃0
...

β̃2k−1

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
β0
...

β2k−1

⎤
⎥⎥⎦

can be solved in O(k2k ) operations [40], [41]. To solve the
parameters {β̃ (2)

i, j }i=1,...,2
n−t

j=0,...,2t−1 with t = �n/2� in (11) and (12),
it takes O(n2n) operations.

�

IV. BINARY TREE BLOCK-ENCODING PROTOCOL
The protocol for block encoding, denoted as binary tree block
encoding (BITBLE), is founded on (5), utilizing quantum
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FIG. 9. Using recursive demultiplexor method to decouple
∑7

j=0 | j3〉 〈 j3| ⊗ R
β j
α ⊗ | j2〉 〈 j2| ⊗ | j1〉 〈 j1| with ax = 0. (a) Process of determining the order of

CNOT’s control sequence for implementing
∑2n−1

j=0 (⊗k=n,...,t | jk〉 〈 jk|) ⊗ R
β j
α (⊗k=t−1,...,1 | jk〉 〈 jk|) using the recursive demultiplexor method with n = 3 and

t = 2. (b) Quantum circuit of
∑7

j=0 | j3〉 〈 j3| ⊗ R
β j
α (⊗k=2,1 | jk〉 〈 jk|) operations based on the recursive demultiplexor method, whose control nodes ordering

is determined in (a) and parameters β̃(2)· are computed via (11) and (12).

state preparation facilitated by multiplexor operations. The
complete parameters’ computation follows three processes.
Process 1: From classical data to multiplexor operations’

parameters. Compute the multiplexor operation parameters
in BITBLE1 and BITBLE2 protocols by Algorithm 4, or
BITBLE3 by Algorithm 5 in Appendix A.
Process 2: From multiplexor operations’ parameters to

single-qubit rotations’parameters.Decouple the multiplexor
operations using the “permutative demultiplexor” or “recur-
sive demultiplexor” methods stated in Section III.
Process 3: Circuit compression. Similar to the compres-

sion function described in [12], given a predefined threshold
δc, any rotation angle satisfying |β̃k, j| ≤ δc is considered
negligible, allowing the corresponding single-qubit gate to be
removed. Furthermore, consecutive cnot gates that mutually
commute and share the same target qubit can be canceled out
via a parity check, as outlined in [12].
The protocol for block encoding, which integrates a sub-

normalization factor ‖A‖F , is illustrated in Fig. 10. Within

this framework, both the controlled-state preparationUR and
the state preparationU†

L are associated with (6).
Since block-encoding protocols are decoupled through

the Rotation-Y/Z binary tree, this approach is designated
as “binary tree block encoding.” In order to elucidate the
distinctions among the different demultiplexor methods and
subnormalization factors, the methodology delineated in
BITBLE1–BITBLE3 is comprehensively detailed in Table 3.
To facilitate a comparative analysis, the protocol outlined in
FABLE [12] is also taken into account.

A. COMPUTATIONAL COMPLEXITY OF PARAMETER
COMPILATION
In this section, we will provide two theorems to demonstrate
the computational complexity of parameter compilation for
quantum state preparation and block encoding.
Theorem 1 (Computational Complexity of Circuit Compi-

lation for State Preparation): The time complexity to com-
pile the state preparation circuit in a size of 2n is O(n2n).
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FIG. 10. Quantum circuits of binary tree block encoding (BITBLE) with subnormalization ‖A‖F . (a) Circuit frameworks of BITBLE. (b) State preparation
unitary UR . (c) Inverse state preparation unitary O†

G.

Proof: On the one hand, it takes 	(2n) time to compute
the multiplex or operation parameters using the Rotation-Y
and Rotation-Z binary tree by Lemma 1. On the other hand, it
takesO(n2n) time to decompose single- and two-qubit gates
using the permutative demultiplexor method by Lemma 2
or using the recursive demultiplexor method by Lemma 3.
Overall, it takes O(n2n) time to decouple a preparation cir-
cuit with binary tree data structures. �
Theorem 2 (Computational Complexity of Circuit Compi-

lation for BITBLE Protocol) The computational complexity
to compile BITBLE protocol of a 2n × 2n matrix isO(n22n).
Proof: We calculate the time complexity step by step.

1) Multiplexor operations’ parameters: By Lemma 1,
2n × 2n multiplexor operations’ parameters can be
computed with	(22n) operations. Therefore, the mul-
tiplexor operations’ parameters in the BITBLE proto-
col can be generated in 	(22n) operations.

2) Decoupling multiplexor operations’ parameters: Both
the recursive demultiplexor method and the permuta-
tive demultiplexor method requireO(n22n) operations.

3) Circuit compression: It requires 	(22n) operations to
compress 	(22n) parameters and parity check at most
	(22n) on consecutive cnot gates.

Summing up, it requires O(n22n) operations to calculate
all single-qubit parameters and cnot gates in the BITBLE
protocol. �

B. APPROXIMATE ERROR
Based on the circuit compression method stated in [12],
some single-qubit gates whose rotation angles are less than

a threshold value will be removed. The approximation leads
to some errors. The case of real-valued data is considered by
the following theorem.
Theorem 3: For an n-qubit matrix A ∈ R

2n×2n , ‖A‖F = 1,
and the BITBLE circuit with a cutoff threshold δc ∈ R

+ gives
an (1, n, n23nδc)-block encoding of A up to third order in δc.
Proof: Consider the parameters θ̂ with cutoff δc, and

the error of the angles decoupled by uniformly controlled
rotations is bounded by ‖δθ‖2 ≤ ‖Ĥ⊗2n‖2‖PG‖2‖δθ̂‖2 ≤
22nδc [12]. Thus, the elementwise error is bounded by |δθi| =
|θi − θ̃i|.
By the binary tree data structure, the element of Ak, j =∏2n
t=1 cos θt · δt,k, j + sin θt · (1− δt,k, j ), where δt,k, j = 0 or

1. The cutoff error can be bounded by

‖Ak, j − Ãk, j‖ =
∥∥∥∥∥

n∏
t=1

(
cos θt − cos θ̃t

) · δt,k, j +
+ (sin θt − sin θ̃t

) · (1− δt,k, j )∥∥ .
Let at = cos θt · δt,k, j + sin θt · (1− δt,k, j ) and bt = cos θ̃t ·
δt,k, j + sin θ̃t · (1− δt,k, j ) for t = 1, . . . , n. Then

n∏
t=1

at −
n∏
t=1

bt =
n∑
t=1

(at − bt )
(
t−1∏
m=1

at

)(
n∏

m=t
bt

)
.

Applying the triangle inequality, we have

‖Ak, j − Ãk, j‖ ≤
n∑
t=1

∣∣∣∣∣ (cos θt − cos θ̃t
) · δt,k, j

+ (sin θt − sin θ̃t
) · (1− δt,k, j )∣∣
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FIG. 11. Error on sample data for generated random real matrix by
BITBLE1 and FABLE [12] with threshold values δc = 1e − 2 and
δc = 1e − 4.

FIG. 12. Approximation error and CNOT’s “size metric” of BITBLE1 and
FABLE [12] protocol encoding generated random matrix in R16×16 with a
threshold value δc = 1e − 2.

×
t−1∏
m=1

∣∣cos θt · δt,k, j + sin θt · (1− δt,k, j )
∣∣

×
n∏

m=t

∣∣cos θ̃t · δt,k, j + sin θ̃t · (1− δt,k, j )
∣∣

≤
2n∑
t=1

s

∣∣∣∣∣ (cos θt − cos θ̃t
) · δt,k, j

+ (sin θt − sin θ̃t
) · (1− δt,k, j )∣∣

≤ 2nmax
t
| sin(δθt/2)| ≈ n22nδc +O(nδ3c ).

Finally, ‖A− Ã‖2 ≤ ‖δA‖F ≈ n23nδc +O(n2nδ3c ). �
Fig. 11 illustrates the relationship between the approxima-

tion error and matrices’ dimensions for the BITBLE1 and
FABLE [12] protocols, and Fig. 12 illustrates the relation-
ship between the approximation error and the cnot’s “size
metric” within the same cutoff threshold value setting. Both
diagrams show that BITBLE1 exhibits greater robustness to
single-qubit gate cutoff errors compared to FABLE.

FIG. 13. Compilation time of encoding generated random real matrices
using different protocols with 90% confidence intervals. Less time is
preferable.

V. NUMERICAL EXPERIMENTS
In this section, some numerical experiments will be provided
to demonstrate the efficiency and compiling performance.
The experiments in this section explore the time of compi-
lation and “size metric” of BITBLE protocol with different
decoupling methods and subnormalization factors.
The numerical experiments were conducted on aWindows

personal computer equippedwith an Intel i7-12700 processor
and 32 GB of RAM. In the following experiments, BITBLE3

protocol set parameter p = 0.5.

A. COMPILING TIME OF RANDOM MATRICES
In the numerical experiments, we compare the compila-
tion time of encoding random matrices using the following
methods:

1) BITBLE1-BITBLE3 (our proposed protocols);
2) FABLE [12];
3) Qiskit’s unitary synthesis [32], [43].

Since Qiskit [43] does not provide a direct command
for block encoding. To benchmark the compilation time for
encoding a 2n × 2n random matrix by Qiskit, we generate
a random unitary matrix of size 2n+1 × 2n+1 and the top-left
2n × 2n submatrix of that unitary matrix serves as our target
random matrix. In our Qiskit implementation, we mea-
sure the compilation time required to encode the full 2n+1 ×
2n+1 unitary matrix using Qiskit’s unitary synthesis
functionality.
Numerical experiments of the compilation time for encod-

ing random matrices are presented in Table 4 and Fig. 13.
Among these compiling methods, BITBLE1 achieves the
fastest compilation time to encode a 2n × 2n random matrix.
Although decoupling multiplexor operations can be imple-
mented by parallel computation in BITBLE1, our experi-
ments were conducted in serial computing. Even under serial
computation, the recursive demultiplexor method demon-
strates significant advantages.
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B. SIZE METRIC OF BLOCK ENCODING
In order to assess the efficacy of various block-encoding
protocols, a series of numerical experiments were performed
in the following domains: 1) single-channel images; 2) dis-
cretized Laplacian operators as presented in 1-D/2-D stem-
ming from partial differential equations; 3) Hamiltonians
of Heisenberg-type spin chains; and 4) the Fermi–Hubbard
model. The metric parameter referred to as “size metric” in
(1) is

size metric = gate′scount × subnormalization.

1) ENCODING IMAGES
A comparative analysis of cnot count “size metric” and
circuit compilation time across three quantum compilation
techniques: the BITBLE protocols, the FABLE protocol (the
QPIXL framework [40]), and Qiskit’s unitary synthesis is
conducted. To assess the encoding efficacy of Qiskit [43]
concerning image and discrete operator encoding, the unitary
synthesis [32] of Qiskit is employed to encode a unitary.
In this approach, the target matrix, denoted as A, is integrated
into the top-left block as follows:[

A
√
I − AA∗

−√I − A∗A A∗

]
.

We explore the following two distinct scenarios:

1) encoding a “Peppers.png” color image, where each
channel (Red, Green, and Blue) is encoded indepen-
dently. The cnot gate’s “size metric” and compilation
time for this image are presented in Fig. 14;

2) encoding grayscale images from the FASHION
MNIST dataset [44]. We evaluate the same perfor-
mance index for composite images with sizes rang-
ing from 10× 10 to 80× 80 images, each image has
28× 28 pixels, as shown in Fig. 15.

In the context of encoding the “Peppers.png” color im-
age, the unitary synthesis method implemented by Qiskit
achieves a lower cnot’s “size metric” for the Red channel
than BITBLE1; however, it entails a 300× longer compi-
lation time relative to BITBLE1. Conversely, the BITBLE1

method surpasses Qiskit and FABLE in both compilation
time and “size metric” when encoding the Green and Blue
channels. When considering the encoding of the compos-
ite Fashion MNIST dataset, BITBLE1 exhibits considerable
advantages over FABLE, notably requiring 35% less com-
pilation time and reducing the cnot count by more than
75%. It is important to note that the unitary synthesis by
Qiskit faces memory constraints when handling unitary
matrices larger than 1028× 1028 on a 32-GB RAM ma-
chine; consequently, data related to Qiskit’s unitary syn-
thesis for encoding FASHIONMNIST images have not been
presented.

FIG. 14. The CNOT’s “size metric” and the average compiling time for
encoding RGB channels of “Peppers.png” using the BITBLE1 protocol. (a)
Lines show the CNOT’s “size metric” and the bars show the average
compiling time for encoding RGB channels. Lower values for both the
“size metric” and time are preferable. (b) RGB channels of “Peppers.png.”

FIG. 15. CNOT’s “size metric” and the compiling time for encoding
composite FASHION MNIST images using the BITBLE1 protocol. (a) CNOT’s
“size metric” and the average compiling time for encoding composite
FASHION MNIST images. (b) 10 × 10 composite FASHION MNIST images.
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FIG. 16. CNOT’s “size metric” for encoding the Laplacian in 1-D and 2-D
elliptic partial differential equations using BITBLE and FABLE protocols.
Lower “size metric” is preferable. (a) 1-D nonperiodic boundary
condition. (b) 2-D periodic boundary condition.

2) ENCODING ELLIPTIC PARTIAL DIFFERENTIAL OPERATOR
The 1-D discretized Laplace operator is of the form

L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1 0 · · · ∗
−1 2 −1 . . .

...

0
. . .

. . .
. . . 0

...
. . . −1 2 −1
· · · 0 −1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

For nonperiodic boundary conditions, the entries referred to
as ∗ within the operator are set to 0. On the other hand, for
periodic boundary conditions, the entries labeled as ∗ are set
to−1. In situations involving 2-D case, an (nx, ny)-qubit dis-
cretized Laplace operator [4], [12] can be defined as follows:

L = Lxx ⊕ Lyy = Lxx ⊗ Iny + Inx ⊗ Lyy
where Lxx and Lyy denote nx-qubit and ny-qubit operators,
respectively. Fig. 16 illustrates the “size metric” of cnot and
single-qubit rotation gates of BITBLE and FABLE circuits
for both 1-D Laplace operators with nonperiodic boundary
conditions and 2-D Laplace operators with periodic bound-
ary conditions.
For encoding 1-D and 2-D discretized Laplace operators,

the proposed BITBLE protocol achieves a smaller cnot’s
“size metric” compared to the FABLE protocol. In particular,
the BITBLE3 protocol with subnormalization factor μp(A)
exhibits the lowest cnot’s “size metric”—outperforming
BITBLE1, BITBLE2, and FABLE. This protocol reduces the
“size metric” in terms of cnot gates by over 90% compared
to the FABLE protocol [12] in systems with more than four
qubits.

3) ENCODING HEISENBERG-TYPE SPIN CHAINS
HAMILTONIANS
The Heisenberg-type spin chain Hamiltonians are localized
Hamiltonians, described mathematically as follows:

n−1∑
i=1

JxX
(i)X (i+1) + JyY (i)Y (i+1) + JzZ(i)Z(i+1) +

n∑
i=1

hzZ
(i)

FIG. 17. Quantum gate’s “size metric” for encoding Heisenberg-type spin
chain Hamiltonians. (a) Jx = Jy = Jz = 1,hz = 0. (b) Jx = Jy = Jz = 1i,
hz = 0.

FIG. 18. Quantum gate’s “size metric” for encoding the Fermi–Hubbard
model.

where X (i), Y (i), and Z(i) represent the Pauli-X , Pauli-Y , and
Pauli-Z matrices acting on the ith qubit. The numerical ex-
periments consider two cases

Jx = Jy = Jz = 1, hz = 0

Jx = Jy = Jz = 1i, hz = 0.

The “size metric” of cnot and single-qubit rotation gates of
the above two Hamiltonians for systems of 2, . . . , 7 qubits is
shown in Fig. 17.

4) ENCODING FERMI–HUBBARD MODEL
The Hamiltonian in the Fermi–Hubbard model is given by

H = −t
∑
i j

∑
σ∈{↑,↓}

c†iσ c jσ +U
∑
i

c†i↑c j↑c
†
i↓c j↓

where c†iσ c jσ is the creation (annihilation) operator for site
i and spin σ , which can be generated by a software—
OpenFermion [45]. We consider the Hamiltonian generated
by the Bravyi–Kitaev transformation for the case of t = 1,
U = 0, which corresponds to 1-D and 2-D lattices with two
spin orbitals per site and nonperiodic boundary conditions.
The n-site 1-D Hubbard model corresponds to a 2n-qubit
Hamiltonian. The cnot’s “size metric” of that model with
four to ten qubits is given by Fig. 18.
Based on the aforementioned experiments, the BITBLE

protocol achieves a faster time of quantum compiling and
better “size metric” of cnot gates compared to FABLE
and Qiskit’s unitary synthesis for encoding high-dimensional
physical Hamiltonians and natural images in many cases.
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FIG. 19. Sample outputs of the picture encoding from BITBLE. (a)
Original figure size of 64 × 64 × 3. (b) Threshold value: 1e − 6, average
PSNR: 293.9 dB. (c) Threshold value 1e − 4, average PSNR: 82.5 dB. (d)
Threshold value 1e − 2, average PSNR: 27.5 dB.

FIG. 20. Compression performance of the BITBLE1 protocol. The number
of gates in the full line is shown on the left axis, while the fraction of the
maximum CNOT gates in the dotted line is shown on the right axis. The
maximum gate count for the BITBLE1 protocol to encode a 2n × 2n real
matrix is (22n − 1) Ry gates and (22n + 2n − 4) CNOT gates. (a) 2-D
nonperiodic boundary condition. (b) 2-D periodic boundary condition.

C. COMPRESSION PERFORMANCE
The compression function of the BITBLE protocol resem-
bles FABLE, eliminating single-qubit rotations with param-
eters below a threshold and reducible cnot gates. The com-
pression performance of BITBLE is evaluated by encoding
the pepper figure and Laplace operators as shown in Figs. 19
and 20. For encoding the pepper figure, the original size of
384× 512× 3 uint8 is resized to 64× 64× 3 double, and
rotation angles below the threshold are removed for each
color channel. The fraction of max single-qubit and cnot
gates, average peak signal-to-noise ratio (PSNR), and the
output of different threshold values by BITBLE1 are shown
in Table 5 and Fig. 19.
For encoding Laplace operators, the BITBLE proto-

col achieves excellent results for 2-D discretized Laplace
operators with periodic boundary conditions, requiring only

TABLE 5. Fraction of Max Single-Qubit Gate (1.0 Means No
Compression), Fraction of Max CNOT Gate, and PNSR of Encoding Pepper’s
Figure With Different Cutoff Threshold Values

10–40% fraction of the maximum cnot’s count for sys-
tems with more than five qubits (nx + ny ≥ 5), as shown in
Fig. 20(b).

VI. CONCLUSION
In this article, we introduced a block-encoding protocol—
BITBLE—for generating quantum circuits that encode ar-
bitrary target matrices. We proposed two decoupling mul-
tiplexor operation methods, permutative demultiplexor and
recursive demultiplexor, to reduce the compilation time of
decoupling multiplexor operations, which serve as a subrou-
tine in certain block-encoding protocols. Based on these two
decoupling methods, the time of circuit synthesis and the
subnormalization factor for encoding classical matrices and
state preparation have been optimized.
We evaluated the effectiveness of BITBLE protocols us-

ing the “size metric,” compilation time, and approximation
error. Our proposed protocol, BITBLE1, demonstrated su-
perior performance, achieving both the fastest compilation
time and lowest “size metric” (for some cases) compared
to FABLE and Qiskit’s unitary synthesis. This advantage
was particularly pronounced for high-dimensional matrices,
including structured matrices arising in partial differential
equations, physical Hamiltonians, and natural image encod-
ing. Notably, even in serial implementations of the recursive
demultiplexor, BITBLE1 showed promising results, with the
potential for further speedup through parallel computation.
A key future direction involves developing fast compila-

tion methods for large-scale quantum circuits, particularly
for state preparation, unitary synthesis, and block-encoding
protocols.

APPENDIX A
PARAMETERS’ COMPUTING ALGORITHM
The algorithms of RY-angles() and RZ-angles() are stated in
Algorithms 2 and 3, respectively. The complete algorithms
for computing parameters in the BITBLE protocol with sub-
normalization ‖A‖F (BITBLE1 and BITBLE2) are stated in
Algorithm 4. Besides, the protocol with subnormalization
μp(A) (BITBLE3) is stated in Algorithm 5.

APPENDIX B
DEMO OF BITBLE PROGRAM
All codes are open source and can be found online.2 Some
circuit demonstrations are given in Figs. 21 and 22. The
following is a demonstration of the code.
1) Quantum state preparation:

2https://github.com/zexianLIPolyU/BITBLE
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FIG. 21. Quantum circuit realizes BITBLE protocols encoding 2 × 2 complex matrix. (a) Output of BITBLE1. (b) Output of BITBLE3.

FIG. 22. Quantum circuit realizes block encoding with subnormalization factor μp(A) (BITBLE3). (a) Circuit frameworks of BITBLE3. (b) State preparation
unitary UR . (c) Inverse state preparation unitary (U†

L ).
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Algorithm 4: Compute Multiplexor Operation Pa-
rameters With Subnormalization ‖A‖F (BITBLE1 and
BITBLE2).

Require [Ak, j := eiφk, j |Ak, j|]0≤k, j≤2n−1
Ensure Compute parameters of the BITBLE protocol
with a subnormalization factor ‖A‖F in Fig. 10.
1: for j = 1, . . . , 2n

2: [ϕk, j]
2n−2
k=0 ← RY-angles([|Ak, j|]2n−1k=0 )

3: if A is complex
4: ([θk, j]

2n−2
k=0 , θ−1, j )← RZ-angles([φk, j]

2n−1
k=0 )

5: end if
6: end for
7: [ϕ′j]

2n−2
j=0 ← RY-angles({‖A·, j‖2/‖A‖F }2n−1j=0 )

8: ϕ̂′k, j ← ϕ′
2k+ j−1 for all 0 ≤ k ≤ n− 1,

0 ≤ j ≤ 2k − 1

Algorithm 5: Compute Multiplexor Operation Parame-
ters With a Subnormalization Factor μp(A) (BITBLE3).

Require [Ak, j := eiφk, j |Ak, j|]0≤k, j≤2n−1 and p ∈ [0, 1]
Ensure Compute parameters of the BITBLE3 protocol
with subnormalization μp(A).
1: for j = 1, . . . , 2n

2: [ϕk, j]
2n−2
k=0 ← RY-angles([

|Ak, j |p√
‖A·, j‖2p2p

]2
n−1
k=0 )

3: [ϕ̃k, j]
2n−2
k=0 ← RY-angles([

|Aj,k|1−p√
‖Ak,·‖2(1−p)2(1−p)

]2
n−1
k=0 )

4: if A is complex
5: ([θk, j]

2n−2
k=0 , θ−1, j )← RZ-angles([φk, j]

2n−1
k=0 )

6: end if
7: end for

8: [χRn, j]
2n−1
j=0 ← RY-angles([arccos(

√
‖A·, j‖2p2p
S2p(AT )

)]2
n−1
j=0 )

9: [χLn+1, j]
2n−1
j=0 ←

RY-angles([arccos(

√
‖Ak,·‖2(1−p)2(1−p)
S2(1−p) (A) )]

2n−1
k=0 )

cd(”state_preparation”);
addpath(’QCLAB’);
logging=true; %r e c o r d
circuit_sim=true;
N=4;
state_complex=randn(N,1)+randn(N,1).*1i;
n=log2(N);
state_complex=state_complex . . .
./norm(state_complex);
[circuit0,info0]= . . .
binary_tree_statepreparation( . . .
state_complex,logging,circuit_sim);
circuit0.draw();

Output:

2) Binary tree block encoding (BITBLE 1) using recursive
demultiplexor:
cd(”bitble-qclab”);
addpath(’QCLAB’);
n=1;
A=randn(pow2(n),pow2(n))+ . . .
randn(pow2(n),pow2(n)).*1j;
offset=0;
logging=true;
compr_type=’\hl{cutoff}’;
compr_val=1e-8;
circuit_sim=true;
[circuit1,normalization_factor1,info1] . . .
=bitble(A,compr_type,compr_val, . . .
logging,offset,circuit_sim);
circuit1.draw();

3) Binary tree block encoding (BITBLE 2) using recursive
demultiplexor:
cd(”bitble-qclab”);
addpath(’QCLAB’);
n=1;
A=randn(pow2(n),pow2(n))+ . . .
randn(pow2(n),pow2(n)).*1j;
offset=0;
logging=true;
compr_type=’\hl{cutoff}’;
compr_val=1e-8;
circuit_sim=true;
[circuit2,normalization_factor2,info2] . . .
=bitble2(A,compr_type,compr_val, . . .
logging,offset,circuit_sim);
circuit2.draw();

4) Binary tree block encoding ( BITBLE 3) using permu-
tative demultiplexor with subnormalization factor μp(A)
cd(”bitble-qclab”);
addpath(’QCLAB’);
n=1;
A=randn(pow2(n),pow2(n))+ . . .
randn(pow2(n),pow2(n)).*1j;
offset=0;
logging=true;
compr_type=’\hl{cutoff}’;
compr_val=1e-8;
circuit_sim=true;
[circuit3,normalization_factor3,info3] . . .
=bitble3(A,compr_type,compr_val, . . .
logging,offset,circuit_sim);
circuit3.draw();
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