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Abstract.

Quantum fluctuations can endow spacetime with a foamy structure. The three different meth-
ods we have employed to calculate the magnitude of the foaminess yield the same result and all
agree with what the holographic principle dictates and hence the name “holographic quantum
foam” (HQF). HQF is shown to yield a cosmology (which we call holographic foam cosmology)
with an effective dynamical cosmological constant and critical energy density the quanta of
which obey an exotic statistics known as infinite statistics (or quantum Boltzmann statistics).
We also show that, in the gravitational context, the properties of HQF are intimately related
to the phenomenon of turbulence. And we interpret inflation in the early universe as due to
the onset of turbulence with the graceful exit problem being naturally solved by the fact that
the quanta of HQF obey infinite statistics. Finally we discuss methods to detect HQF, among
which are the use of laser interferometers and the observation of high-energy photons from
extragalactic sources. We also briefly discuss, in the context of HQF, dark matter the quanta
of which also obey infinite statistics.

1 Introduction

According to John Wheeler [1], probed at small scales, spacetime appears to be very complicated — some-
thing akin in complexity to a turbulent froth which he dubbed “spacetime foam”, with the implication
that spacetime is “foamy” on very small scales. In his talk at the Chapel Hill Conference on gravity
in 1957 he also illustrated the idea of spacetime foam using an analogy with the surface of the ocean:
Imagine yourself flying a plane over an ocean. At high altitude the ocean appears smooth. But as you
descend, it begins to show roughness. Close enough to the ocean surface, you see bubbles and foam.
Analogously, spacetime appears smooth on large scales; but on sufficiently small scales, it will appear
rough and foamy. Many physicists believe the foaminess is due to quantum fluctuations of spacetime,
hence spacetime foam is also known as “quantum foam”. [2]

Then it is natural to ask: “How foamy is spacetime? How large are the quantum fluctuations?” To

be concrete, let us start with the basic question: “What is the uncertainty §/ in the measurement of a
distance {?” We expect

§1 =18 (1)

hG 10—33

on the average, with the Planck length Ip = /%5 ~ cm providing the intrinsic length scale in

C
quantum gravity, and the parameter o ~ 1 characterizing the different spacetime foam models. We want
our discussion to be as general as possible, depending only on the quantum characteristics of spacetime
measurements, and not on any particular theory.
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This talk is organized as follows: In section 2, we start the discussion on the quantum fluctuations of
spacetime by using three different methods (viz., using a gedanken experiment, applying the holographic
principle, and applying the method of mapping the geometry of spacetime respectively) to measure the
quantum foam-induced uncertainties in distance measurements. Then, as an application, we make a
”post-diction” on the existence of a dark sector in the universe. In section 3, we show that the physics of
quantum foam naturally leads to a model of cosmology which we call “holographic foam cosmology” that
automatically yields a critical energy density and the existence of dark energy/matter obeying a new kind
of statistics known as infinite statistics in our universe. In section 4, we give a short summary of the prop-
erties of the dark matter model that is motivated by holographic quantum foam (which was discussed in
some detail in my talk in TARD 2016.) In section 5, we show the deep similarities between turbulence and
the quantum foam phase of strong gravity to arrive at a Kolmogorov-like scaling in quantum gravitational
setting, and then apply the results to discuss inflation in the early universe (with a natural “graceful” exit
scenario). Section 6 is devoted to a discussion of three possible ways to detect/test quantum foam. (This
section also serves as an introduction to the talk by Dr. Eric Steinbring in this (IARD2024) conference.)
We give a short summary in section 7, followed by four appendices on (A) metric, energy, momentum,
and speed-of-light fluctuations for quantum foam models (to be used in section 6), (B) cumulative effects
of spacetime fluctuations (also to be used in section 6), (C) the Margolus-Levitin theorem (used in section
2), and (D) infinite statistics (see section 3). For simplicity we will adopt the set of units (most of the
time) in which ¢ = 1,/ = 1, and the Boltzmann constant kg = 1. The subscript “P” will denote Planck
units.

2 Quantum Fluctuations of Spacetime
In this section we use three different methods to calculate I, the accuracy with which a distance [ can
be measured, taking into account the uncertainties/ fluctuations in [.

2.1 Method 1: Gedankan Ezxperiment

To measure the distance [ between two points, following Salecker and Wigner [3], we [4] put a clock at
one of the points and a mirror at the other. By sending a light signal from the clock to the mirror in
a timing experiment, we can determine the distance. But the uncertainties in the positions of the clock
and the mirror introduce an inaccuracy 6l in the measurement. Let us concentrate on the clock (of mass
m and size d). If it has a linear spread 6l when the light signal leaves the clock, then its position spread
grows to 614 hl(medl) = when the light signal returns to the clock, with the minimum at 81 = (%l /mc)'/2.
Thus quantum mechanics dictates that 512 > % Next, we note that, for the uncertainty in distance
measurement not to be greater than §l, the clock must tick off time fast enough so that d/c < él/c. On
the other hand, general relativity demands that d must be larger than the Schwarzschild radius Gm/c? of
the clock, for otherwise one cannot read the registered time. From these conditions imposed by quantum
mechanics and general relativity, we conclude that !

1\ /3

62 (UB)13 = 1p () | 2)
lp

A gedanken experiment to measure a time interval T gives an analogous expression: 67T 2 (Tt?;)l/ 3,

with ¢p being the Planck time. (Fluctuations of this kind correspond to what statisticians call fractional

Brownian motion with self-similarity parameter %)

2.2 Method 2: Holographic Principle

According to the holographic principle, [6, 7, 8] the Universe which we perceive to have 3 spatial di-
mensions can actually be encoded on a 2-dimensional surface, like a hologram. Effectively this principle
stipulates that the maximum amount of information in a region is bounded by its surface area, i.e.,
order-of-magnitude wise, its number of degrees of freedom is no more than its area in Planck (/%) units.

Now consider partitioning a big cube (I3) into cubes as small as physical laws allow (with average size
(61)3), so intuitively one degree of freedom is associated with each small cube. Applying the holographic

1See also Ref. [5] which has some overlap with our work.
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principle, we immediately find that (%)3 < %, yielding 61 > 1%/ 312P/ 3 Accordingly the spacetime foam

model corresponding to 61 > 11/ 31%/% is known as the holographic model of spacetime foam, also known

as the holographic quantum foam (HQF) model. [9]

2.8 Method 3: Mapping the Geometry of Spacetime
This method involves the use of a global positioning system for a volume of space-time with radius [
over time [/c it takes light to cross the volume. [10] Fill the space with a swarm of clocks, exchanging
signals with the other clocks and measuring the signals’ time of arrival. An interesting question is: “How
accurately can these clocks (of total mass M) map out this space-time volume?”

The process of mapping the geometry of spacetime is a kind of computational operation. Hence we can
apply the Margolus-Levitin theorem [11] (see Appendix C) which stipulates that the rate of operations
is bounded by the energy E/h that is available for the operation. In other words, the total number of

operations is bounded by < (E/h)x time = thz é Next, to prevent black-hole formation, we need to

impose the condition M < % Then we end up with the upper bound for the number of operations or
events (which can be interpreted as the number of spacetime “cells” for the volume of spacetime under

consideration) being 12% = l%z For maximum spatial resolution, each clock ticks only once; therefore
P
each “cell” occupies a spatial volume of % = I3 implying that the average spatial separation of the

“cells” is 11/3@/3. Again we obtain the result dl > ll/SZ?,/:z. Now it is timely to make the following
observation: Maximum spatial resolution requires maximum energy density p ~ 8%([[ p)~2, yielding the
number of bits ~ [?/i%. [9] This observation will be useful for the discussion in the next section.

We end this section with the following corollary, viz., a heuristic argument on why the Universe
cannot contain ordinary matter only. [12] Let us start by assuming that the Universe (of size [ = Ry, the
Hubble horizon) has only ordinary matter. According to the statistical mechanics for ordinary matter
at temperature 7', (and in volume [?) energy scales as E ~ [3T* and entropy goes as S ~ [>T%. Black

hole physics can be invoked to require E < é = l%, resulting in the bound on the entropy given by
P

S < (1/1p)%/2.
We can repeat verbatim our earlier argument to conclude that, if only ordinary matter exists, 6 2

(1/1p)?3/2

foam model. In other words, ordinary matter contains only an amount of information dense enough to
map out spacetime at a level with much coarser spatial resolution. Thus, there must be other kinds of
matter/energy with which the Universe can map out its spacetime geometry to a finer spatial accuracy
than is possible with the use of conventional ordinary matter. We conclude that there must be a dark
sector in the Universe! One can draw this conclusion, independent of recent observations of dark energy
and dark matter. 2

By the way, the quantum foam model corresponding to 61 > 11/ ZZ}J/ s appropriately called the random
walk (RW) foam model [13] (which would be the correct quantum foam model if there were only ordinary
matter obeying Bose or Fermi statistics in our Universe. And in that case, the entropy bound is given
by (area)®/*.) For the different spacetime foam models, henceforth to be parametrized by a ~ 1 so that
51 2 1171 (as in Eq. (1)), then the values of o = 1/2,2/3,1 correspond respectively to the RW model,
the holographic model, and the minute Planck length fluctuation model. In this talk we concentrate on
the holographic model.

There is another interesting fact: The (~ (Ry/lp)?) bits/ “particles” of the dark sector vastly outnum-
ber the (~ (R /1p)®/?) particles of ordinary matter (by an enormously huge factor of (R /lp)*/? ~ 103!
for the present observable universe.)

1/3
(73) =Y 21}3/ % which is much greater than !/ 3l?3/ % for the case of the holographic quantum

3 Holographic Foam Cosmology

Let us now generalize the quantum foam discussion for a static spacetime region with low spatial cur-
vature to the case of an expanding universe by substituting | by Ry = 1/H where H and Ry are
respectively the Hubble parameter and the Hubble radius.[12] Then the resulting cosmology (to be called

2Recent cosmological observations (Supernovae, cosmic microwave background, galaxy clusters etc) show: The two main
ingredients of the Universe are unconventional matter: dark energy ~ 70%; dark matter: ~ 25%.
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the holographic foam cosmology) has the following two features: (1) the cosmic energy has the critical

2
value: p = 2 (H) ~ (Rylp)~2; (2) the Universe contains I ~ (Rp/lp)? bits of information. Thus

87 \Ilp
the average energy carried by each bit is pR3, /I ~ R;. Such long-wavelength bits or “particles” carry
negligible kinetic energy resulting in the pressure of the unconventional energy being roughly equal to
minus its energy density, leading to accelerating cosmic expansion. (This scenario is very similar to that
of quintessence [14].)

Furthermore, these long-wavelength “particles” constitute the dark energy which acts like a dynamical
cosmological constant A ~ 3H?2. In the next section we will show that this cosmological constant is
intimately connected to a crucial property of the dark matter model in holographic foam cosmology.

Let us dig deeper into the properties of the long-wavelength “particles” of dark energy. How different
are these “particles”? Consider N ~ (Rp/lp)? such “particles” obeying Boltzmann statistics in a volume
V ~ R} at temperature T ~ Ry'. The corresponding partition function Zy = (N!)~1(V/ %)V with
thermal wavelength )\ yields an entropy S = N[in(V/NX®) + 5/2] for the system with A ~ T~1. But
V ~ A3, so S becomes negative unless N ~ 1 which is equally nonsensical. Solution: The N inside the
log in S, i.e, the Gibbs factor (N!)~! in Zy, must be absent. But that means the N “particles” are
distinguishable! Then S = N[in(V/A3) + 3/2] ~ N, which is positive as required! [9]

Now the only known consistent statistics in greater than 2 space dimensions without the Gibbs factor
is the quantum Boltzmann statistics, also known as infinite statistics. [15, 16, 17, 18] Thus we conclude
that the “particles” constituting dark energy obey infinite statistics, rather than the familiar Fermi or
Bose statistics! This is the overriding difference between dark energy and conventional matter. [9, 19]
For completeness, a short discussion of infinite statistics is given in Appendix D.

4 Dark Matter
In his Modified Newtonian Dynamics (MoND), Milgrom [20] introduced a critical acceleration parameter
to account for the observed flat galactic rotation curves (v independent of ) and to explain the observed
Tully-Fisher relation (speed of stars correlated with galaxies’ brightness: v* oc M at large ), which the
cold dark matter (CDM) scheme fails to accomplish. On the other hand, there are problems with MoND
at the cluster and cosmological scales, where CDM works much better.

An obvious question then is this: Can we reconcile the CDM approach with the MoND approach? [21]
As I reported in IARD 2016, 3 my collaborators and I succeed in doing so by generalizing Jacobson’s idea
of gravitational thermodynamics [22] and E. Verlinde’s idea of entropic gravity [23] for A = 0 to the case
of de-Sitter space with positive A. We find that the dynamical cosmological constant (originated from
quantum fluctuations of spacetime) found in Section 3 automatically gives rise to a critical acceleration
parameter of the same (i.e.,correct) magnitude as the one Milgrom put in by hand in MoND. We call our
dark matter model “MoNDian dark matter” (later renamed “Modified dark matter” (MDM) [24]).

Furthermore, in the MDM scenario, we find that, at the galactic scale, there is an interesting connec-
tion among dark matter (mass M), ordinary matter (M) and dark energy (~ cosmological constant A)
given by M’ ~ (\/K/ G)l/ 2MY/2r. We also succeed in fitting rotation curves for 30 local spiral galaxies
[25]; and our test of MDM at cluster scales fares well too. Finally we show that “particles” constituting
DM, like dark energy, obey infinite statistics! (Can that be why it is so difficult to experimentally detect
dark matter “particles”?)

5 Quantum Foam, Turbulence, and Inflationary Universe

According to Wheeler [1], spacetime, when probed at very small scales, as is the case for the early uni-
verse, will appear very complicated like a chaotic turbulent froth. In this section we will examine how
accurate this picture is and explore one of its important physical implications.

5.1 Quantum Foam and Turbulance

First let us show the deep similarities between the spacetime foam phase of strong quantum gravity and
turbulence [26]. The connection between them can be traced to the role of diffeomorphism symmetry in
classical gravity and the volume preserving diffeomorphisms of classical fluid dynamics. In the case of

3The discussion on dark matter in this section is very brief as this subject was already explored in some detail in an
earlier TARD conference.
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irrotational fluids in three spatial dimensions, the equation for the fluctuations of the velocity potential can
be written in a geometric form [27] of a harmonic Laplace-Beltrami equation: ﬁaa(w/fgg“babap) =0.

Here the effective space time metric takes on the form ds? = £2[¢?dt? — 6;;(da’ — vidt)(dz? — vIdt)], with
¢ being the sound velocity. Comparing this metric with the spacetime metric in the standard ADM form
ds* = N2dt? — h;;(dz’ + N'dt)(dz? + Nidt), we find that, in the fluid dynamics context, v* plays the role
of the shift vector N*. Thus a fluctuation of v* plays the role of a fluctuation of the shift vector N*. This
is possible provided the metric of spacetime fluctuates, which is an intuitive definition of the spacetime
foam.

Next consider fluid dynamics in the large limit of the so-called Reynolds number (to be defined

shortly below). Kolmogorov [28] observed that (in the presence of a constant energy flux % ~ ¢), the

/3 The two-point function of velocity goes as

scaling of velocity with length scale ¢ ~ vt is v ~ (&f)
(v (0)v7(0)) ~ £2/36% (the famous “two-thirds law”).
a¢

Let us now recall 64 ~ 51/36;/3 for quantum foam. If one defines the velocity as v ~ =, (with natural
¢

characteristic time scale ¢, ~ %P), then v ~ c(ﬁ) 13 yielding Kolmogorov-like scaling; to wit, the velocity

scales as v ~ £1/3 and the two-point function has the two-thirds power law. We conclude that Wheeler
is correct: quantum foam does act like a turbulent froth! But it is important to realize that, of all the
quantum foam models (parametrized by a in 8l ~ ['7*1%), Kolmogorov scaling is consistent only with
the holographic model (with o = 2/3).

5.2 Turbulance and Inflation in the Farly Universe

So far we have only applied the holographic foam cosmology (HFC) to the present cosmic era, predicting
an accelerating expansion. Whether HFC can also explain the inflation in the early universe [29] has yet
to be studied. But there are reasons to be optimistic: For example, 1. One of the HFC’s main features,
that the cosmic energy is of critical density, is a hallmark of the inflationary universe paradigm. Thus
the flatness problem is automatically solved. 2. It is quite possible that HFC provides sufficient density
perturbation as the model contains the essence of a k-essence model. 3. Spacetime foam physics is, in
a nutshell, black hole physics in a quantum setting, hence it is intimately related to wormhole physics.
But it has been argued [30] that wormholes in a Friedmann-Robertson-Walker universe can be used to
solve the horizon problem.

We will now argue that the brief inflation in the early universe was due to a natural onset of cosmic
turbulence. First recall that the onset of turbulence corresponds to the case of very large Reynolds
number defined by Re = Lv/v, where v is the velocity field, L is a characteristic scale and v is the
kinematic viscosity which is given by the product of the mean free path | and an effective velocity factor
0. Below, for illustration, we follow the folklore that inflation occurred at time, say, 1073% sec.: In that
case, we have (1) v ~ clp since, in that regime, momentum transport could only be due to Planckian
dynamics; (2) v ~ 1072¢c and L ~ 1081p (see, e.g., Ref. [31]); (3) | =1p < L ~ 10%1p. It follows that, in
the early universe, the Reynolds number Re > 1 precipitating the onset of turbulence.

But is there a natural way to implement a “graceful” exit from inflation? That is, how can one get a
small enough Re to transit to the laminar phase and to end inflation in the process? It is here that the
nonlocality property enjoyed by the quanta of spacetime foam (due to the fact that they obey infinite
statistics) came to the rescue since the length scale [ in v would naturally and eventually extend to the
order of L, yielding a small enough Re to suppress turbulence and to naturally end inflation [32] !

6 Possible Ways to Test/Detect Spacetime Foam

There have been numerous proposals to detect quantum foam. In this section we discuss three such
proposals: 1. using gravity-wave interferometers, 2. looking for possible spreads in arrival times for high-
energy gamma rays from distant gamma ray bursts, 3. using quantum foam-induced phase incoherence
of light from distant galactic sources to probe Planck-scale physics.

6.1 Laser interferometry

To measure the minute fluctuations 81 ~ 1%/ 31?3/ 3, we need instruments capable of accurately mea-
suring fluctuations in length over long distances. Modern gravitational-wave interferometers (such as
LIGO/VIRGO, LISA with extraordinary sensitivity ~ 107! meter) come to mind. The uncertainty Jl
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manifests itself as a displacement noise (in addition to noises from other sources such as thermal noise,
seismic noise, photon shot noise etc.) that infests the interferometers. [33, 34]
The displacement noise due to spacetime fluctuations that involves a time interval ¢ is given by

ol(t) ~ li/ (ct)V/3. Let f denote the frequency of the interferometer bandwidth. We can decompose the
displacement noise in terms of the associated displacement amplitude spectral density S(f) of frequency

[ to give S(f) ~ /313 f=5/6 (by applying (81(t))* = [, J[S()]2df). For the “advanced phase” of LIGO,

it is claimed that S(f = 100Hz) ~ 10~2°mHz~'/2 with the implication that one can probe Ip down to
<1073 cm! But, the above estimate assumes that spacetime foam affects the paths of all the photons in
the laser beam coherently. In reality, incoherent contributions from different photons cut down sensitivity
(by some sizable fractional powers of the number of photons.) On the other hand , one should remember
a couple of useful features of this technique: 1. Correlation length of spacetime foam noise is extremely
short, so this noise can be easily distinguished from other noises; 2. With S(f) o< f~%/6, one can optimize
the technique at low frequencies.

We conclude this subsection by noting that there are other kinds of interferometers that we can make
use of, including atom interferometers, optical interferometers, matter-wave interferometers (bosons or
fermions), matter-wave interferometric gravitational-wave observatory (using atomic beams from super-
sonic atomic sources), and perhaps especially the twin table-top 3D interferometers [35] under construc-
tion at Cardiff University in Wales.

6.2  Energy-dependent spread in the arrival times of photons?
Due to quantum foam effects, the speed of light v = %—g fluctuates by dv ~ 2ec(E/Ep)®, where

e ~ £1. (See Appendix A.) Thus, for photons emitted simultaneously from a distant source com-
ing towards our detector, we would expect an energy F-dependent spread in their arrival times given
by 0t ~ 6v(f/c?) ~ t(E/Ep)®, where t = {/c is the average overall time of travel from the photon
source (distance ¢ away). But these results for the spread of arrival times of photons are not cor-
rect, because we have wrongly used £/\ ~ Et/h as the cumulative factor instead of the correct factor
(/M= ~ (Et/h)1=2. Using the correct cumulative factor (as described in Appendix B), we get a much
smaller 0t ~ t17*t% ~ §¢/c for the spread in arrival time of the photons, independent of energy E (or
photon wavelength, A), as expected, leading to a time spread too small to be detectable [36].

6.3 Phase incoherence of photons from distant galazies

Another proposal to observationally constrain models of spacetime foam is to examine if the light wave-
front from a distant quasar or GRB can be noticeably distorted by spacetime-foam-induced phase inco-
herence. [37, 38, 39, 40, 41, 42] First recall that the phase ¢ fluctuates by A¢ = 2mdl/\ ~ 2mI%I1 = /.
As the phase fluctuations are proportional to the distance to the source, but inversely proportional to
the wavelength, ultra-high energy photons from distant sources are particularly useful.

The need to use large [ means that cosmological effects must be taken into account. Since the angular
broadening caused by spacetime foam does not explicitly depend on flux but merely the number of
“scattering events” along the line of sight, the appropriate cosmological distance measure [40] is the line-
of-sight co-moving distance D¢ (z) = Dy [ d2'/E(2') with E(2) = /Qu (1 + 2)3 + Qe(1 + 2)% + Qa,
where Dy = ¢/H, is the Hubble distance, Q7,2 and Qu are the density parameter associated with
matter, curvature and the cosmological constant respectively.

Now an exciting piece of news: There has been a recent development in using this method to probe
quantum foam by Eric Steinbring.[42] We refer the readers to his contribution to the Proceedings of
this (IARD2024) conference. What we have done in this short Subsection so far is merely intended to
introduce his talk.

7 Summary and Conclusion
We summarize by collecting some of the salient points presented in this talk:

e Spacetime is foamy: it undergoes quantum fluctuations such that, e.g., distance fluctuations scale
as the cube root of the distances: 61 > (11%)'/3.
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e Three different methods 4 have been used to derive the magnitude of quantum foaminess of space-
time. The discussion only depends on the quantum characteristics of spacetime measurements, and
not on any particular theory; the results are consistent with the holographic principle, hence the term
“holographic quantum foam (HQF)”.

e HQF, in conjunction with thermodynamics, naturally demands the existence of a dark sector (dif-
ferent from ordinary matter).

e Applied to the cosmos, HQF yields a cosmology (called “holographic foam cosmology (HFC)”) which

has two main features: (1) the cosmic energy density has the critical value: p = & (%) ~ (Rylp)~%

(2) the dark energy (formed by the quanta of its constituents in the current universe) acts like a dynamical
cosmological constant A with \/A/3 ~ H.

e “Particles” constituting the dark energy obey an exotic statistics (called infinite statistics).

e HQF allows one to construct a dark matter model (called Modified Dark Matter (MDM) model)
which acts like the Cold Dark Matter model at cluster and cosmological scales, but it behaves like the
Modified Newtonian Dynamics (MoND) model at the galactic scale ° (explaining the observed galactic
flat rotation curves and the Tully-Fisher relation). The dark matter particles in MDM obey infinite
statistics.

e In the gravitational context, the phenomenon of turbulence is intimately related to the properties
of quantum foam.

e Inflation in the early universe is due to the onset of turbulence. The “graceful” exit problem is
solved by the fact that the quanta of quantum foam obey infinite statistics. (So, in essence, we have a
scenario in which both the late and the early cosmic acccelerations have a common origin and they can
be traced to HQF.)

e To detect quantum foam, we can make use of laser interferometry techniques. Another way is to
examine if the light wave-front from a distant quasar or GRB can be noticeably distorted by spacetime-
foam-induced phase incoherence.

e Detecting the tiny effects of spacetime fluctuations is difficult, but not impossible. Read the fasci-
nating talk by Eric Steinbring in these Proceedings!
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Appendix A. Metric, energy, momentum, and speed of light fluctuations

Just as there are uncertainties in spacetime measurements, there are also uncertainties in metric and
energy-momentum measurements. The spacetime fluctuation parametrized by a translates into a metric
fluctuation over a distance ¢ given by dg,, 2 ({p/€)*. One can also show that the uncertainties in energy
(E)-momentum (p) measurements are respectively given by 0E ~ E(E/Ep)* and dp ~ p(p/(mpc))®,
where mp and Ep = mpc? denote the Planck mass and Planck energy. These energy-momentum uncer-
tainties modify the dispersion relation for the photons: E? ~ ¢*p? + ¢E%(E/Ep)®, where ¢ ~ £1. Thus
the speed of light v = 9F/0p fluctuates by dv ~ 2ec(E/Ep)®.

Appendix B. Cumulative Effects of Spacetime Fluctuations

Consider a large distance ¢. Divide it into {/\ equal parts each of which has length A. Given the fluc-
tuation 0 from each part, the following (subtle) question presents itself: what is the cumulative factor
[39] C, in 8¢ = C, 0 for the whole distance £? Since 6¢ ~ ¢p(1/¢p)*=* and 6\ ~ Lp(\/€p)'=2, it follows
that Co = (£/A)'~%; in particular, for the holographic quantum foam model: Co—z/3 = (£/A\)*/*. Note
that the d\’s from the £/ parts in £ do not add coherently as 6¢/6\ # £/ .

4For yet another method which makes use of unimodular gravity and causal-set theory, see my TARD 2016 talk.
SHQF can be used to successfully derive MoND with the correct magnitude of the critical galactic acceleration a. ~

VA3 ~ H).
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Appendix C. The Margolus-Levitin Theorem

The theorem states that the maximum speed of computation for any system is given by 4/h times
the energy available to the system for computation. One way to prove this theorem is to consider the
maximum speed of dynamical evolution for that physical system. [11]

Assume that the system has a discrete energy spectrum FE,,n = 0,1,2... with the lowest energy chosen
to be Fg = 0. Write an arbitrary state |¢) as a superposition of energy eigenstates, with coefficients ¢,, at
time t = 0. Let |1)o) evolve for a time ¢ to become |¢);). Consider the transition amplitude S(t) = (1o|t)+).
We want to find the smallest value of ¢ such that S(t) = 0.

Noting that the real part of S Re(S) = > |cn|?cos(E,t/h) and using the inequality cosz > 1 —
(2/m)(x 4+ sinz), valid for > 0, we get Re(S) > 1—2Ft/(nwh)+2Im(S)/m, where E denotes the average
energy of the system. But S(t) = 0 implies both Re(S) = 0 and Im(S) = 0. So this inequality becomes
0 > 1—4FEt/h, where h = 2rh. Thus the earliest that S(¢) can possibly equal zero is when t = h/4E.
Applied to a computer, this result implies that the maximum speed of computation is given by 4/h times
the energy available for computation. QED.

Appendix D. Infinite Statistics

A Fock realization of infinite statistics [15, 16, 17, 18] is given by akaj = J5,;. Any 2 states obtained
by acting on the vacuum |0 > with creation operators in different order are orthogonal to each other:
< O|a,~1...aiNa}N...a;1|() >= §;1,51...0in,jN, implying that particles obeying infinite statistics are virtually
distinguishable. The corresponding partition function is Z = Ye ## (NO Gibbs factor). In infinite
statistics, all representations of the particle permutation group can occur. Furthermore, theories of par-
ticles obeying infinite statistics are non-local. (More precisely, the fields associated with infinite statistics
are not local, neither in the sense that their observables commute at spacelike separation nor in the
sense that their observables are point-like functionals of the fields.) In particular, the number operator
n; = a;rai +> alagaiak +> 0% a}talajaiakal + ..., and Hamiltonian, etc., are both nonlocal and non-
polynomial in the field operators. It is also known that the TCP theorem and cluster decomposition still
hold and that quantum field theories with infinite statistics remain unitary. [18]
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