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We develop a new lattice Hamiltonian method for solving the Boltzmann-Uehling-Uhlenbeck (BUU)
equation. Adopting the stochastic approach to treat the collision term and using the GPU parallel
computing to carry out the calculations allows for a rather high accuracy in evaluating the collision
term, especially its Pauli blocking, leading thus to a new level of precision in solving the BUU equation.
Applying this lattice BUU method to study the width of giant dipole resonance (GDR) in nuclei, where
the accurate treatment of the collision term is crucial, we find that the obtained GDR width of 208Pb
shows a strong dependence on the in-medium nucleon-nucleon cross section oyjy. A very large medium
reduction of oy is needed to reproduce the measured value of the GDR width of 208ph at the Research
Center for Nuclear Physics in Osaka, Japan.
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1. Introduction

The in-medium nucleon-nucleon (NN) cross section oy has
significant effects on the dynamics of heavy-ion collisions (HICs),
and it thus plays a crucial role in understanding the reaction mech-
anisms as well as various phenomena and observables in these
collisions [1-6]. The importance of oy also lies in its intimate
relation to the transport properties of nuclear matter [7,8] and the
nucleon effective interactions [9]. Since a major goal of studying
HICs is to extract the equation of state (EOS) of nuclear matter
from experimental data [10-15], a thorough understanding of oy
helps reduce the uncertainties in transport models [16,17] that are
used for describing these reactions. While the NN cross section
in free space o,f{ﬁe can be directly measured in experiments, the
determination of the value of oy in nuclear medium usually re-
lies on theoretical investigations. These include calculations based
on microscopic theories, such as the nonrelativistic and relativis-
tic Brueckner theories [9,18-23] and the closed time path Green'’s
function approach [24,25]. Also, there have been attempts to ex-
tract oy from experiments by comparing results from transport
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model calculations, where oy is a crucial input, with observables
measured in HICs that are sensitive to oy, €.g., the collective
flow and nuclear stopping [1,8,26-30]. Although these studies have
reached the consensus that the NN cross section is suppressed in
nuclear medium, the reduction factor is still far from certainty.
The transport model used in describing HICs is a straightfor-
ward tool for studying oy because one of its main ingredients,
the NN collision term, embodies the information of oyy. Since the
mean field or the EOS of nuclear matter is another major ingredi-
ent of one-body transport models, finding the proper observables
that depend on oy rather than the nuclear EOS is essential for
studying oyy. One such observable is the width of nuclear giant
dipole resonance (GDR) as it is naturally related to oy through
the NN collision term in transport models. In general, the damping
width of nuclear collective motion originates from three sources:
1) the escape width associated with particle emissions; 2) the
fragmentation or the Landau damping width due to couplings be-
tween single particle states and the mean field; 3) the spreading
or collisional damping width caused by the coupling to more com-
plex states like the two-particle-two-hole (2p-2h), 3p-3h, etc. For
a heavy nucleus at zero temperature, the width of its GDR is
mainly exhausted by collisional damping [31-33] before the con-
tribution from deformation fluctuations appears as a result of the
finite temperature effect [34]. In the transport model, the colli-
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sional damping is incorporated in the binary collisions of nucleons
and thus depends directly on oy. It is therefore expected that the
GDR width of a heavy nucleus in studies based on the transport
model depends strongly on oy and weakly on the nuclear EOS.

The major obstacle that has so far prevented the use of trans-
port models to accurately calculate the spreading width of GDR
is due to the fermionic nature of nucleons. Specifically, the accu-
rate treatment of Pauli blocking in transport models is challeng-
ing [16,17], especially for small amplitude nuclear collective mo-
tions. Both subtle implementations and advanced computing tech-
niques are required for overcoming this difficulty. In the present
work, we extend the previous study using the lattice Hamiltonian
Vlasov method based on the next-to-next-to-next-to leading or-
der (N3LO) Skyrme pseudopotential [35] to include a stochastic
elastic NN collision term. Solving the resulting Boltzmann-Uehling-
Uhlenbeck (BUU)-type one-body transport model with the high
computation efficiency provided by GPU parallel computing [36],
which enables the accurate treatment of Pauli blocking in the colli-
sion term of the BUU equation, allows us to calculate precisely the
spreading width of the GDR in nuclei. We then obtain a stringent
constraint on the in-medium NN cross section oy by compar-
ing the GDR width of 2%8Pb from the present lattice BUU (LBUU)
method with that measured from 2°8Pb(p, p’) reaction with polar-
ized protons at the Research Center for Nuclear Physics (RCNP) in
Osaka, Japan [37].

2. Model description

The BUU equation is a semi-classical approximation to the
quantum transport equation [38,39]. For a momentum-dependent
mean-field potential U (7, p), it reads as
af P - -
ot Vi VUG D) Vif ~ VUG D) Vif =l (1)
where f = f(7, p) is the one-body phase-space distribution func-
tion of nucleons or their Wigner function. The r.h.s of Eq. (1) is the
NN collision term including the Pauli blocking effect due to the
Fermi statistics of nucleons, i.e.,

L= / dp  dp3  dpa
€ mh)3 2mh)3 (27h)3

x 2m)*8%(p + p2 — p3 — pa)
x [ffa(1 = f3)(A = fa) — f3fa(1 — fH(A = f2)],

where g is the degeneracy, Miy_,34 is the in-medium transition
matrix element, and (1 — f;) is the Pauli suppression factor. It is
worth mentioning that higher-order quantum corrections to Eq. (1)
can be added perturbatively [40].

In the present work, we solve the BUU equation by the lattice
Hamiltonian (LH) method [41-43], which is a variant of the usual
test particle method [44]. In the LH method, the total Hamiltonian
H of the system is approximated by the lattice Hamiltonian Hy,
ie,

2
[M12-534]

(2)

H= [ HEdE~ B Y Ui = Hi, 3)

where H is the Hamiltonian density, 7, represents the coordinate
of certain lattice site o, and [ is the lattice spacing. For the nu-
cleon one-body phase-space distribution function f; (g, p), it is
expressed as

.o 271 R e = 1= -
ff(rohp’t):(gyTNE) Zs[rl(t)_rﬁt]s[pl(t)_p]a (4)

i

where S is the form factor and Ng is the number of ensembles
or test particles used in the calculation. The sum in Eq. (4) runs
over all test nucleons of isospin state t that contribute to the lat-
tice site «. In the present work, we adopt a triangular form factor
S with the size of 4l, and its detail can be found in Ref. [35]. The
Hamiltonian in Eq. (3) contains both the Coulomb and the nuclear
part [35] with the latter obtained from the N3LO Skyrme pseu-
dopotential [45] SP6h, whose details can be found in Ref. [46].

In the present LBUU method, the ground state of a spherical
nucleus at zero-temperature is obtained from the Thomas-Fermi
approach [41,47-49] via the variation of the Hamiltonian with
respect to the radial nucleon density p;(r). The obtained p(r)
is then used to determine the initial coordinates of test nucle-
ons, while their initial momenta are generated according to zero-
temperature Fermi distribution with local Fermi momentum given
by pf(r) =n[372p, (r)]m. This method for initialization ensures
the stability of ground-state nuclei in BUU-like transport mod-
els [35,49].

For the collision term in the BUU equation, we implement it
using the stochastic approach [50], which is more reliable than the
commonly used geometric method when the mean free path Aypp
of a test nucleon is not much larger than the interaction length
between two test nucleons [51] or when the NN scattering cross
section is very large. The collision probability P;; of two test nucle-
ons in the stochastic approach is determined from the NN collision
term in Eq. (2), which is

Pij = VrelOfinS (i — Ta) S(Fj — To )P At (5)

To reduce the statistical fluctuations of collision events and bet-
ter reflect the nature of the BUU equation, we include collisions of
test nucleons from different ensembles. In this case, the collision
probability is reduced to P;j/Ng, because of the scaling oy, —
oxn/Ne of the in-medium NN cross section between test nucle-
ons. Under such a scaling, the diluteness of the system, which is
characterized by /o{y/Awmrp, is reduced by the factor +/Ng, and
this makes it possible to solve the BUU equation almost exactly
with a sufficiently large Ng achieved by adopting the GPU parallel
computing.

For the i-th and j-th test nucleons colliding at the lattice site
T«, the direction of their final momenta p3 and p4 are sampled ac-
cording to the differential cross-section given in Ref. [52]. However,
this collision can only happen if it is allowed by the Pauli principle
via the factor [1 — f(Fy, P3)]1 X [1 — f(F&, Pa)]. In the present LBUU
method, the distribution function f; (7, p) is calculated from av-
eraging its value in Eq. (4) over a given momentum-space sphere
centered at p with radius R?(Fy, p). In typical transport model
calculations, R? (74, p) is taken to have a constant value of about
one hundred MeV. In the present work, we use an improved form
for RP (74, p) that is specifically proposed for small-amplitude nu-
clear collective dynamics near ground state [48], i.e., Ry, D) =
max[Ap, pf (Fe) — |PIl, where pf =n(372p;)!/3 is the local nu-
cleon Fermi momentum and Ap is a constant with the dimension
of momentum that needs to be taken to be sufficiently small.

The treatment of Pauli blocking in transport models is crucial in
calculating the width of nuclear collective excitations. At low inci-
dent energy or temperature, the Pauli blocking is notoriously dif-
ficult to handle in transport models [16,17]. This is mainly caused
by the inaccuracy in calculating the local momentum distribution
fr (e, P), which then leads to numerically spurious collisions and
thus an overestimated GDR width as a result of the enhanced col-
lisional damping. There are three main origins for the numerically
spurious collisions in transport models: 1) fluctuations in calculat-
ing f; (o, p) caused by insufficiently large Ng; 2) spurious thermal
excitation caused by finite Ap in calculating f;(Fy,p) (also see
Ref. [48]); and 3) diffusion in local momentum caused by finite
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lattice spacing | when averaging over different local densities on
the nuclear surface.

In choosing the parameter values in the LBUU calculations, we
use the following criteria. For a given | and Ap, Ng should be
large enough to eliminate the overwhelming majority of the spu-
rious collisions caused by the first origin mentioned above, and
at the same time ! and Ap should be chosen to be sufficiently
small to suppress the effects due to the second and third origins
on the GDR width. After careful tests based on considerations of
numerical accuracy and computation efficiency, we find the op-
tional values of [ =0.5 fm, Ap = 0.05 GeV and Ng = 30000. It is
worth to mention that with the adoption of GPU parallel comput-
ing, it is possible to use a value for Ng that far exceeds those used
in all previous calculations based on the BUU transport equation.
Further reducing Ap and [ and increasing Ng only leads to a neg-
ligible variation in the calculated GDR width.

We note that for the case of free NN cross section, an aver-
age of 97.93% of the attempted collisions in the ground state of
208ph are blocked by the Pauli principle, resulting in an average of
1.30 successful collisions of physical nucleons per fm/c during the
time evolution of 0-500 fm/c. Also, the root mean square (rms)
radius and the ground-state energy of 2°8Pb vary by less than 3.6%
(0.2 fm) and 3.2% (50 MeV), respectively, during this time evolu-
tion. With a reduced in-medium NN cross section, both the num-
ber of successful collisions and the change in the radius and bind-
ing energy are even smaller. Since the binding energy decreases
monotonically with time without oscillations, it is not expected
to have much effect on the calculated excitation energy of GDR.
The energy violation, which is caused by our use of in-vacuum
energy conservation in NN scatterings, instead of the in-medium
energy conservation in the presence of the momentum-dependent
potential, is not expected to affect the calculated width of GDR
either. This is because the latter is controlled by the NN scatter-
ing rate, which depends on the NN scattering cross section and
the Pauli blocking factor. We also note that although the radius
and binding energy variations in LBUU are larger than those in the
lattice Hamiltonian Vlasov approach of Ref. [35], where the rms ra-
dius and the binding energy almost do not change, and the radial
density profile only changes slightly during the time evolution of
0-1000 fm/c, the LBUU method used in the present study is suffi-
ciently accurate for investigating the GDR width.

3. Results and discussions

The collective excitation of a nucleus consisting of A nucleons
can be induced by adding a perturbation to its Hamiltonian at the
initial time to, i.e., ﬁex(t) = kQS(t —to), where Q is an appropri-
ate excitation operator and A is a small parameter. The width of
a collective excitation is defined by the full width at half maxi-
mum (FWHM) of its strength function S(E) as a function of the
excitation energy E. In the linear response theory [53], the S(E) is
obtained from the Fourier integral

S(E) =—i/th (t)smE (6)
0

TA h

where A(Q)(t) = (0']Q10)) — (0|0 |0) is the time evolution of
the response function of the nucleus to the excitation operator
0 with |0) and |0') denoting the nuclear states before and after
the perturbation, respectively. In terms of the Wigner transform
(r p) of the one-body excitation operator g, which is related to
0 by 0= Zl q, the expectatlon values in the above can be eval-
uated according to (Q &) = [ f(, p,t)q(, p)drdp using the nu-
cleon phase-space distribution function f(F, p,t). Details on the

18 . . . . 30 .
—— Vlasov —— Vlasov
12} ool | <% ol
’é‘ ground state [©)
S AN te
~ \ N
S o AN AWANA E15
g \/ \/ AVARVY Ib=q
I ) Wqo
2121 1 5¢
18 . . . . 0 J ! ; f —
0 100 200 300 400 500 5 10 15 20 25
t (fm/c) E (MeV)

Fig. 1. Time evolution of the isovector dipole response function A(QWD) (left)
and strength function S(E) (right) of 28Pb due to the perturbation of Hey =
AQ]VDB(t — tp) with A =15 MeV/c from the Vlasov calculation (solid lines) and
the LBUU calculation (dashed lines) with af'ee The dotted cyan curve in the left

window represents the expectation value of the QIVD in the ground state of 208Pb
from the LBUU calculation with o;f¢e.

single-particle operator used in exciting a ground state nucleus in
transport models can be found in Ref. [35].

We first employ the present LBUU method to study the ef-
fect of NN scatterings on the isovector dipole response of 208Pb
using the excitation operator Qup = %Zi zi — %Zi Zi. In
Fig. 1, we show the results obtained by using the free NN elas-
tic scattering cross section taken from Ref. [52] with afree(plab) =

Glf{ﬁe(o.l GeV/c) for neutron-neutron (nn) or proton-proton (pp)
collisions at pj,, < 0.1 GeV/c and Ulf{ﬁe(plab) = of‘ee(O 05 GeV/c)
for neutron-proton (np) collisions at pjap < 0.05 GeV/c, as experi-
mental data for lower incident momenta (pj,p) are unavailable. For
comparison purpose, results from the LBUU calculation without
NN scatterings, i.e., the Vlasov calculation, are also shown in Fig. 1.
In both cases, we use in the initial perturbation the same parame-
ter . =15 MeV/c, which is also used in all the calculations in the
present study, and we find that varying the value of A by 2/3 al-
most has no effects on the value of the GDR width. As shown in
the left window of Fig. 1 for the response function A(Q]VD)(t), the
inclusion of NN scatterings significantly enhances the damping of
the oscillations. The dotted cyan curve in the left window of Fig. 1
represents the expectation value of the QIVD in the ground state
of 208Pb from the LBUU calculation with a{f,ﬁe, which is negligible
compared with that in the excited cases. To illustrate more clearly
the effect of collisional damping, we show in the right window of
Fig. 1 the GDR strength function S(E) from the Fourier transforma-
tion of the response function. Note that the Vlasov calculation is
carried out for a long evolution time of 1000 fm/c when the am-
plitude of the oscillation of A(Q)(t) almost vanishes so that the
fluctuation in the calculated strength function from the Fourier
transform of A(Q)(t) is negligible. We clearly see the large in-
crease of GDR width after including NN scatterings, namely, the
GDR width of 2%8Pb are 6.5 MeV and 1.5 MeV in the LBUU calcu-
lations with and without NN scatterings, respectively.

Experimentally, the GDR width of 2°8Pb has been well deter-
mined to be 4.0 MeV from the 2°8Pb(p, p’) reaction carried out at
RCNP [37]. Our result from the LBUU calculation with o¢¢ thus
significantly overestimates the GDR width of 2%Pb. This is un-
derstandable because of the absence of medium effect on the NN
scattering in the calculation. Its inclusion is expected to reduce the
NN cross section, weaken the collisional damping, and result in a
smaller GDR width. The sensitivity of the GDR width to NN scat-
terings shown in Fig. 1 makes it possible to constrain the medium
effect on the NN scattering cross section.

For o}y, we parameterize it by multiplying the free NN cross
section with a medium-dependent correction factor. Specifically,
we choose an exponential reduction factor as suggested by the T-
matrix approach in Ref. [20], i.e.,



4 R. Wang et al. / Physics Letters B 807 (2020) 135532

7 T T T T
18
a=18 = Expt.
'\\ ’>-\ =-=--0 = 1.8 shifted
S %
6 AN & 1
\]\ E
> N m
c SO 1
< 5L S 4
— AN P
S\, 5 10 15 20 25
DRI E (MeV
RCNP \( )
7 - .
--8-- SP6h TTem
0.0 0.6 1.2 1.8 2.4

Fig. 2. The GDR width of 2%8Pb from LBUU calculations for different values of o
in oyy. The horizontal line represents the RCNP experimental value of 4.0 MeV.
The inset shows the strength function with o« = 1.8 (solid line) and the shifted
one (dash-dotted line) to match the experimental GDR peak energy. See text for
details.
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In the above, T.p. is the total kinetic energy of two scattering
test nucleons at the rest frame of the local medium or cell, ppyc =
0.16 fm~ is the nuclear normal density, and To = 0.015 GeV. For
the parameter «, its original value in Ref. [20] is 0.6, which is
called the Rostock cross section. In the present study, we treat
it as a free parameter to control the strength of medium effect.
Displayed in Fig. 2 is the GDR width T" of 208Pb obtained with
different values of «. As expected, the GDR width decreases with
increasing «. To reproduce the experimental value of I' = 4.0 MeV
measured at RCNP requires « to be as large as about 1.8, which in-
dicates a very large medium reduction of the NN scattering cross
section.

Although an early study on the balance energy, at which the
nucleon direct flow in HICs vanishes, favors a small medium re-
duction of the NN cross section [1], more recent studies based on
the analysis of the collective flow and nuclear stopping data [6,29]
as well as the nucleon induced reaction cross section [30] re-
quire a large medium reduction. For comparisons, we also calculate
the GDR width from the LBUU method with two different oy,
namely, the Fuchs cross section [23], which is obtained from the
in-medium Dirac-Brueckner T matrix, and the FU4FP6 parameter-
ization, which is preferred by the nucleon induced reaction cross
section [30]. The value of GDR width of 208Pb calculated using the
FU4FP6 parameterization is 4.32 MeV, which is consistent with the
experimental data. On the other hand, the values obtained with
the Fuchs cross section and the Rostock cross section with o = 0.6
based on microscopic calculations are 5.39 MeV and 5.59 MeV,
respectively, which both overestimate the experimental value. In
Fig. 3, we show the density dependence of the medium correction

* ___free
ONN = ONN exp[ -«

a,(,"N/a,gr,S,e at three different T. . values for the NN cross section
in Eq. (7) with « = 1.8, the Rostock cross section with & = 0.6, and
the FU4FP6 parameterization with the isospin asymmetry § set to
be 0.21 as in 2%8Pb. The TF,, ~ 0.073 GeV in this figure repre-
sents the T.m, of two nucleons at the Fermi surface of normal
nuclear matter density ppyc. It is seen that both the o = 1.8 case
and the FU4FP6 parameterization, which can describe the data of
the GDR width of 298Pb, show similar medium reductions, which
are very large compared with that from the Rostock cross section.

In the inset of Fig. 2, we further show the strength function of
the iso-vector excitation of 2%8Pb from the LBUU calculation uisng
the cross section in Eq. (7) with o = 1.8 together with the exper-
imental measurements at RCNP [37]. The LBUU result shifted to
match the GDR peak energy is also included for comparison. As
can be seen, our calculation nicely reproduces the shape of the ex-
perimental strength function, but overestimates the peak energy
by about 1.4 MeV. A better agreement for the peak value could
be achieved by varying the mean-field potential or nuclear EOS,
which is known to significantly affect the peak energy of nuclear
GDR [54]. Further tests show that the mean-field potential or nu-
clear EOS only weakly affects the obtained GDR width. As to the
quantum corrections to the BUU equation [40], it is not expected to
modify our results qualitatively as their effect on the damping of
collective motion of heavy nucleus [55] is insignificant compared
with that of NN scatterings.

4. Conclusions

We have used the LH method to solve the BUU transport equa-
tion with the binary collisions in the collision term treated via the
stochastic approach. With the use of a sufficiently large number
of test particles, the present LBUU method treats the Pauli block-
ing in the collision term of BUU equation with very high precision
and thus significantly increases the accuracy in solving the BUU
equation. From the accurately calculated GDR width of 298Pb, we
have found that it depends strongly on the magnitude of the in-
medium NN cross section oy, and the experimentally measured
GDR width of 298Pb from the 298Pb(p, p’) reaction at RCNP can
only be reproduced with a NN cross section that is significantly
reduced in nuclear medium. The large medium reduction of oy
raises challenges to microscopic calculations based on realistic NN
interactions. Also, the effects of such a large medium reduction of
oXn on the widths of other modes of giant resonances in nuclei
and on the dynamics of HICs need to be studied as it may signifi-
cantly affect the extracted information on the properties of nuclear
matter at various densities.
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