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Abstract.
v-USPhydro is a new relativistic 2+1 Lagrangian hydrodynamic code that incorporates

the effects of bulk viscous hydrodynamics using Smoothed Particle Hydrodynamics (SPH)
and is applicable to heavy ion collisions. Within this framework the bulk viscosity effects on
collective flow harmonics i.e. v2 − v5 are studied on an event-by-event basis. We discuss which
corrections to the Cooper Frye model are most appropriate when bulk viscosity is considered. An
enhancement of all the Fourier harmonics is seen when bulk viscosity correction to the Cooper
Frye is considered even when the bulk viscosity to entropy density ratio, ζ/s, is significantly
smaller than 1/(4π).

1. Introduction
The Quark Gluon Plasma (QGP) found within heavy ion collisions is said to be a nearly perfect
fluid. The large degree of collectivity evidenced by the Fourier harmonics of the azimuthal
momentum distribution of charged hadrons are compatible [1] with viscous hydrodynamic
calculations in which the shear viscosity to entropy density ratio, η/s, nears the uncertainty
principle estimate ∼ 1/(4π) [2, 3]. Recent studies on η/s suggest that there may be a minimum
close to the critical region [4, 5]. Then η/s is larger in the high temperature perturbative regime
[6, 7], is low close to the critical temperature in the hadron gap phase due to Hagedorn States [8]
, and increases again at low temperatures [9]. Thus far, the relativistic hydrodynamical models
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used to study the collective flow effects have primarily only considered shear viscosity [10, 11]
with the exception of a few that considered a nonzero ζ/s within averaged initial conditions
[12, 13, 14, 15, 16, 17] while some aspects involving event-by-event simulations have been studied
in [18]. There is no a priori reason to neglect bulk viscosity, especially on an event-by-event basis
so the purpose of this proceedings is to explore the effects of bulk viscosity within the framework
of a 2+1 relativisitic hydrodynamical code on an event-by-event basis. The hydrodynamical code
is called viscous Ultrarelativistic Smoothed Particle hydrodynamics (v-USPhydro) [19], which
is written in C++ using the Lagrangian method of Smoothed Particle Hydrodynamics (SPH).

2. Setup
Within v-USPhydro we assume a vanishing baryon chemical potential and the conservation of
energy and momentum is given by

1√
−g

∂µ
(√
−gTµν

)
+ ΓνλµT

λµ = 0 (1)

where
√
−g = τ and the Christoffel symbol is

Γνλµ =
1

2
gνσ (∂µgσλ + ∂λgσµ − ∂σgµλ) . (2)

The most general expression for the energy-momentum tensor (in the absence of shear viscosity
effects) is

Tµν = εuµuν − (p+ Π) ∆µν , (3)

where Π is the bulk viscous pressure, the spatial projector is ∆µν = gµν − uµuν . We employ the
simplest second order formulation of the fluid dynamical equations of motion that can be causal
and stable [15]

τΠ (DΠ + Πθ) + Π + ζθ = 0, (4)

where D = uµ∂µ is the comoving covariant derivative, θ = τ−1∂µ (τuµ) is the fluid expansion
rate, ζ is the bulk viscosity, and τΠ is the relaxation time coefficient required to preserve causality
[20].

This leaves us with two transport coefficients ζ/s and τπ which are chosen in this work to be

ζ

s
=

1

8π

(
1

3
− c2

s

)
τΠ = 9

ζ

ε− 3p
(5)

which are inspired by the calculations in [21] and [22], respectively. The coefficients are shown
in Fig. 1. Here ε is the energy density and p is the pressure. We choose the time step dt = 0.1
fm in our calculations. Note that, in order to solve the relaxation-type equations correctly, we
must ensure that the relaxation time is larger than the time step used in the simulation. Since
taupi goes to zero at large temperatures, this makes the simulation very time consuming. In
our calculations, we fixed the time step to be dt = 0.1 and use this as a lower bound for taupi,
hence, the flattening in Fig. 1. Because the time step is small, such a lower bound does not
affect the observables computed in this work. The initial conditions are taken from a Monte
Carlo Glauber code [23]. Our initial time is t0 = 1fm/c, our freeze-out temperature is taken to
be T = 150 MeV, and we use the Lattice based equation of state (S95n-v1) in [24]. At this point
no decays are included and all graphs in the Results Section only consider direct π+ results for
the flow harmonics. In future work we will include hadronic decays and it would be especially
interesting to include the effects of heavier resonances known as Hagedorn states [25].
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Figure 1. The temperature dependence of the transport coefficients ζ/s and τΠ, see Eq. (5).

As stated previously, we employ SPH, which is a Lagrangian method for solving
hydrodynamics. In the SPH approach one introduces a conserved reference density current
Jµ = σuµ where σ is the local density of a fluid element in its rest frame and h is known as the
SPH length scale. As the fluid flows, the cell is deformed but its density obeys Dσ + σθ = 0,
which in hyperbolic coordinates is equivalent to ∂µ(τσuµ) = 0. In terms of this reference density,
the equations of motion defined above can be written as

γ
d

dτ

[
(ε+ p+ Π)

σ
uµ
]

=
1

σ
∂µ (p+ Π) (6)

γ
d

dτ

(
s

σ

)
+

(
Π

σ

)
θ

T
= 0 (7)

τΠγ
d

dτ

(
Π

σ

)
+

Π

σ
+

(
ζ

σ

)
θ = 0 . (8)

These equations are completely equivalent to the above equations of motion but they are more
suitable for the Lagrangian implementation via SPH.

The effects of the bulk viscosity must also be applied to the Cooper Frye method of freezeout.
The distribution function can be split into an ideal term with a bulk correction for π+

f
(π)
k = f

(π)
0k + δf

(π)
k (9)

where the ideal term f
(π)
0k is described by

f
(π)
0k =

(
eE(π)/T + a(π)

)−1
(10)

where E(π) is the energy of the pion, T is the freeze out temperature, and a(π) is -1 since π+ is a
boson. Using the method of moments described in Refs. [26, 27], we compute the non-equilibrium

contribution δf
(π)
k associated with bulk viscosity effects to the momentum distribution function

of a hadronic mixture. We obtain the following δf description

δf
(π)
k = fπ0k Π

[
B

(π)
0 +D

(π)
0 u · kπ + E

(π)
0 (u · kπ)2

]
. (11)
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where the coefficients B0, D0, and E0 for pions with freeze-out temperature TFO = 150 MeV
are

B
(π)
0 = −65.85 fm4 ,

D
(π)
0 = 171.27 fm4/GeV ,

E
(π)
0 = −63.05 fm4/GeV 2 , (12)

see details in [19]. For freeze-out temperatures lower than 150 MeV, the δf contribution to
the distribution function can become comparable to the ideal distribution f0, which makes a
perturbative analysis of the viscous effects at freeze-out unreliable. Thus, we used TFO = 150
MeV for the calculations in this paper. We also consider the two other derivations of δf described
in [12] (MH) and in [17] (DS). A comparison of the three methods can be seen in Fig. 2 in which
only the moments method has a well-behaved description all the way up to pT = 3 GeV for the
elliptic flow and, thus, will be used for the rest of this paper. The results are for mid-rapidity
RHIC’s

√
200 GeV 20 − 30% most central collisions in the case where the initial condition

corresponds to a single average Glauber initial condition averaged over 150 events. The ideal
case is the solid black line, our result for v2 computed using the δf obtained via the Moments
method is the long dashed black line, results for the δf described in [17] is the short dashed
red curve, while the short and long dashed brown curve is the result computed using the δf
described in [12]. One can see also for the spectra that the results from [12] and [17] are
significantly steeper.
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Figure 2. Dependence of the direct π+ differential elliptic flow (left) and spectrum (right) on
the specific formula for the viscous δf contribution from the bulk viscosity that enters in the
Cooper-Frye freeze-out. The results are for RHIC’s

√
200 GeV 20− 30% most central collisions

in the case where the initial condition corresponds to a single average Glauber initial condition.
The ideal case is the solid black line, our result for v2 computed using the δf obtained via the
Moments method is the long dashed black line, results for the δf described in [17] is the short
dashed red curve, while the short and long dashed brown curve is the result computed using the
δf described in [12].

Note that our moments method takes certain assumptions into account. We use only 100
of the known hadrons (up to mass M = 1.2 GeV) due to the complexity of the calculations
involved when further hadrons are included, we assume a constant cross-section, and we assume
Navier Stokes scaling, which implies that τπ is small at freeze out [19]. All of these assumptions
we plan to further test in an upcoming paper.
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3. Results
All results below are shown for direct, thermal π+ on an event-by-event basis (for 150 events)
using the event plane method [28]. We consider only pT = 0−3 GeV for RHIC’s

√
s = 200 GeV

most central collisions (0 − 5%) and peripheral collisions (20 − 30%). The direct, thermal π+

spectra, dN/(dypTdpT ), are shown for 0−5% and 20−30% centrality classes in Fig. 3. Because
we fit the integrated π+ yields to 123 pions for most central collisions (roughly 41% of pions
are direct pions at our freeze out temperature of T = 150 MeV and RHIC measures 300 total
π+ for most central collisions [29]) then the only difference between curves is the slope of the
graphs themselves. The effect of bulk viscosity steepens the curve compared to the ideal fluid.
However, the only noticeable differences comes from the correction to the Cooper Frye method,
not from the hydrodynamical evolution itself. The difference is consistent across both centrality
classes. As we will see in the following graphs the smaller number of high pT pions contribute
to an enhancement in the flow harmonics at high pT .
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Figure 3. The π+ spectra dN/(2πpTdpT ) for 0−5% and 20−30% centrality classes. The ideal
fluid case is shown in a solid blue line, the result in the case where effects of bulk viscosity are
included only on the hydrodynamical evolution but not on the freeze-out is shown by the short
dashed black line while the long dashed black curve includes bulk effects on both the hydro
evolution and freeze-out.

Results for the flow harmonics v2 to v5 for both most central collisions (0−5%) and peripheral
collisions (20−30%) are shown in Fig. 4 for event-by-event Glauber initial conditions. The black
solid lines indicate the ideal fluid whereas the short dashed lines include bulk viscosity corrections
within the hydrodynamical evolution but at freezeout and the long dashed lines include bulk
viscosity corrections in both the hydrodynamical evolution and freezeout. One can clearly see
that the effects from the bulk viscosity solely in the hydrodynamical evolution are minimal.
However, once the corrections to the freezeout are included the bulk viscosity is enhanced in the
region of pT = 1− 3 GeV. Both centrality classes experience this enhancement and it occurs for
all vn’s. When one compares these results to previous studies with shear viscosity, one is not
surprised that the effects come primarily through the Cooper Frye correction term because the
same effect was observed with shear viscosity. However, while shear viscosity depresses the flow
harmonics for the higher pT region, bulk viscosity has the opposite effect. One could expect
that in the case where both shear and bulk viscosity are included in event by event simulations
there could be some competition between the two effects.

4. Conclusions
Within the framework of our 2+1 viscous, Lagrangian relativistic hydrodynamical code we were
able to study the effects of bulk viscosity on an event-by-event basis and compare them directly
to an ideal fluid. We found that all flow harmonics v2(pT )-v5(pT ) there was an enhancement
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Figure 4. Results for the bulk viscosity ζ/s shown for most central collisions (0 − 5%) and
non-central collisions (20 − 30%) computed using event-by-event simulations. The solid lines
corresponds to the ideal fluid result, the short dashed lines include bulk viscosity only on the
hydrodynamical evolution but not at freeze-out while the long dashed lines include bulk viscosity
effects both on the hydro evolution and at freeze-out.

due to bulk viscosity in the momentum range above pT > 1 GeV for both central and non-
central collisions. Even though our value of ζ/s was almost an order of magnitude smaller
than the commonly used value of shear viscosity to entropy density ratio η/s = 1/(4π), we
found significant deviations in our calculations compared to the ideal fluid flow harmonics.
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Furthermore, this deviation shows up almost entirely through the non-equillibrium viscous
correction to the Cooper Frye freeze out and not through the hydrodynamical process itself,
as was expected from previous studies with shear viscosity.

Incidentally, the bulk viscosity has the opposite effect of the shear viscosity [11] when it comes
to the pT dependence of the flow harmonics. Previous studies have found that shear viscosity
universally depresses the flow harmonics (for higher pT ’s in the range of pT = 1−3 GeV) whereas
we found that the bulk viscosity does the opposite and enhances the flow harmonics in the same
range. Because of this, it could be that much of the suppression of the flow harmonics due to
shear viscosity is counteracted by the bulk viscosity. Thus, it it is vital that studies that include
shear viscosity also include the effect of bulk viscosity on an event-by-event basis in order to
get a more accurate description and take this compensation into account. Additionally, because
the effect is primarily seen through the non-equilibrium correction to the Cooper Frye it is vital
that we have an accurate description and continue to invest in more accurate models.
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