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Abstract. We investigate compactification by k-monopole in nonlinear sigma model with
kinetic terms K(X) = — X —B72X?2. We use both Einstein equations and effective potential from
dimensional reduction to determine radius of compactification. The compactification channels
can be found by introducing effective potential, and its derivatives shall determine the stability.

1. Introduction

Monopole is a noncontractible point defect due to its second fundamental group being nontrivial,
72(S8?) = Z [1, 2]. Specifically due to the absence of gauge field, global monopole has divergent
energy. It causes a peculiar feature when coupled to gravity: it gives no gravitational force on the
surrounding matter, except near the core due to its tiny mass [3]. However, the space around
global monopole suffers from deficit solid angle A = 87rGn?, which makes it non-Euclidean.
This deficit angle has a critical value n < /1/87G. In [4], the authors suggest that when 7 is
a little bigger than this upper bound, two angular dimensions of the space around the global
monopole might be compactified into a cylinder. In [5, 6] global monopole was investigated in
higher-dimensional spacetime when the staticity assumption is relaxed, i.e., the geometry can
then be thought of as a “cigar”. In other words, compactification of this type can be seen as
nonstatic solution. Numerically, as discussed in [7], regular solutions in four-dimensional space
could exist up to n < /3/87G. Above that value, the singularity is interpreted in [8, 9] as the
appearance of topological inflation.

Nonlinear terms in Lagrangian kinetic term, whose defects can arise from without providing a
symmetry-breaking potential term [10], are named in [11] as k-defect. In the case of topological
defect from monopoles, they are called in [12] as k-monopole.

In [13, 11] global k-monopole has been studied, and investigations of its gravitational field
were done in [12, 14]. Qualitatively, they show that the gravitational property of Barriola-
Vilenkin monopole still holds. The difference is their mass can be negative or positive, depending
on the specific model of k-term considered. The region outside the monopole can be studied
using the vacuum approximation where the Higgs field is approximation, where Higgs field is
approximated as |¢| ~ n so that the analytical solutions can be found. The authors of [15] show
some gravitational solutions at the exterior of two different types of global k-monopoles [12].

Here we report our finding for a different model: a sigma model based on [16] with a
cosmological constant and nonlinear term based on [11]. We investigate static compactification
solutions and its stability by introducing an effective potential.
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2. Global k-monopole in sigma model
Here we use (4+ — —...) metric gyrn (M, N =0, ...,p,0%,...,0P~2) for static (p 4+ D)-dimensional
spacetime

ds* = gundr™da™ = A (r)n,datda” — B (r)dr® — C?dQF,_,, (1)

with (p+1)-dimensional flat space and (D — 2)-sphere denoted by g, dz*dx” = A(r)?n, dztdz”
(v =0,...,p) and g;;dz’da? = —C?d03, , (i,5 = 0',...,0P~2) respectively, C is a real-valued
constant and D > 4. The metric is induced in the action

s= [ara Vil B2 v k-5 (8- 0)]. o)

with K (%) = —X — 872%2 and X = —(1/2)gMN 0y, - On . & is Newton constant in (p + D)-
dimensional spacetime. The nonlinear term containing 8 in the kinetic part goes linear when
B — oc.

The action, being defined to be invariant under SO(n) transformation, has n degrees of
freedom. Our object of interest is nonlinear sigma model with a constraint P2 = n?, which
means that the last term in (2) is just a term multiplied by Lagrange multiplier A\. The scalar
field lives in n-dimensional manifold, but now it is constrained to a surface of (n — 1)-sphere. By
this we can introduce its internal basis coordinates in the S”~! by P = é(gb’) withi=1,...,n—1.
By these constructions (following [16]) we can write a nonlinear o-model action

R —2A _
s= [@+Pa Vi [ A xpexe], 3)

with X = —(1/2)n%h;;gMN 0y ¢'0n¢7. Its inner space metric h;(¢F) = g:fz : gTZI} is defined to
be dependent on ¢!, ..., ¢" L.

The nonlinear o-model action then gives us the scalar-field’s equation of motion and the
energy-momentum tensor for the Einstein equation by the usual variational method

2
LaM <\/E(1 + 2ﬁ—2X)n2hijaM¢j> =1+ 2ﬁ_2X)%aM¢maM¢n% n

V19l a¢"
T =6 [é + X + ﬁ2X2} + (14 2672X)n2h;;0M plon . (5)
K

Now it is crucial to choose an appropriate ansatz for the scalar field that satisfies the field
equation of motion. This we follow the methods used in [16, 17]. The field’s equation of motion
is satisfied by choosing the scalar field to be dependent on the angular coordinates 61, ..., P2
(the scalar field is now constrained in SP~2 with D > 4, following [6])

ACOR (6)
if and only if we choose its inner metric hl-j(qﬁk) to be related to g;;(C, 6%) by
hij (") = —C~2gi;(C.6%), (7)

with C areal-valued constant which gives X = (D—2)n?/2C?2. This then gives us the components
of energy-momentum tensor

A
T =Ty = |+ X +572X2, (5)



Conference on Theoretical Physics and Nonlinear Phenomena 2016 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 856 (2017) 012008 doi:10.1088/1742-6596/856/1/012008

2
) =15 - (1+257°X) &5, 9)

for some cosmological constant A of (p+D)-dimensional space. The Einstein tensor’s components
from the metric are

A" —1) [A? A'B"  (D-2)(D-3
G _ 2 A -1 (AN p AB(D-2)(D-3) o)
B2 A 2B2 A B2 AB 202
. plp+1) (A\° (D—-2)(D-3)
_ 4 11
G 25?2 < A) T e (11)
qo _ _rHA" pp+l) (A > (p+1)A'B  (D—4)(D-3) (12)
o= B2 A 2Bz \ A B2 AB 202
Combining the above equations we have a useful expression
0 0 _ (p+D —2)w*  (2p+ D —2)(D —2)rn*
pGG - (p + 1)G0 - Gr = —2A- CQ - 20452
(p+ D —2)(D —3)
= - o2 ) (13)
Solving this when A = 0 we get
2p + D —2)(D — 2)xn*
o2 — (2p + )( )EN , (14)
28°(p+ D —2)(D = 3 — rn?)
and when A # 0 we get
o2 _ w+D=2)(D-3—ry)
= 4N
VO +D 22D —3— )2 —4A2p + D — 2)(D — 2)rn B2
+ . (15)
4A
The dimension is constrained with p + D > 2 since D > 4. We can see that (14) satisfies
1 < opr = (D = 3) [ (16)

so that if (16) is applied to (14), C% is greater than zero. This condition also makes
the first term in (15) greater than zero. As we limit (15) by 8 — oo, C2 — 0 and
C% — (p+ D —2)(D — 3 — kn?)/2A. The latter is in agreement with [4].

Now we discuss metric solutions for the compactified space with manifold Z,;2 x SP=2 We

obtain VB A
B2 ( — —> = +w?, (17)

AB A
using G§ — G7, and we define
D—-3  (1+287%D—2)1*/2C°) n*
(p+1)C? (p+1) c?

This can be considered as the cosmological constant of Z,,2 space for the following reasons.
We use positive-negative signs to ensure w? > 0; the positive (negative) sign is for

B~ <i{gl - A7”> > (<) 0. Using B =1, (17) gives us

+w? =

(18)

%(sin2 X Mudztdz” — dx?*) — C*dQ% _,,  for positive sign,
ds* = { ndatds” — dr® — C2d0%, ., for w = 0, (19)
ﬁ(sinh2 X Mudzidz? — dx?) — C?dQ% _,, for negative sign,
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with y = wr. Using B = A1,

(1 — w?r?) N dztdz” — % — C2%d03,_,, for positive sign,
ds* =  ndatdes” — dr? — C2d0% ., for w = 0, (20)
1+ w?r?) g, detde? — % — C2%dQ32,_.,, for negative sign.
M 1+w2r2) D—2

These give us the manifold of compactified space:

dSp+2, for B2 % - AT” > 0,
Zpia = Myia,  for B2 (A5 A1) —q, (21)

_o (A'B! Al
AdSp+25 for B AB A < 0.

3. Compactification solutions stability
To study the stability of above metric solutions (19) and (20) with their radius (14) or (15)
depending on their cosmological constant A, we look for the effective potential of the radion

V(v) by dimensional reduction. Considering a metric with signature (+ — —...)
ds? = GV P dzpAda®, (22)

with GE‘Z}LVD) metric on (p + D)-dimensional action

R(p+D)
S = /dp”LDx\/\G\ o Lol - (23)
By defining the metric as
ds” = gib (@)datdx” — ()] (y)dy'dy. (24)
with 75?72) a metric for a space with constant curvature with radius Ry, the action becomes
Vip-2) +2 D—215(p+D) D—2
§=-22 [ @2/ [b R®TD) 4 o Em]. (25)

Performing Weyl transformation to R0 by

gt (@) = b () gt (@) (26)

with a = —(D — 2)/p, we obtain

Vo [ e i laeiy  D=2(D-3) 2D-2) o -
S - 2k /d =Vl [R * b2(r+D-2)/p R2 + p 9" Vu(8, Ind)

(D-2)(p+D-2)
p

3" (9, Inb)(d, Inb) + zﬁb@?)/pﬁm] . (27)

After we define the radion as

b= {\/<D—2><§+D—2>Mip]’ (28)
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with a (p + 2)-dimensional Planck mass Mp = |/V(p_2)/k, we obtain an action in Einstein’s

frame

M2RWP+2) 1 - .
s= [l [Pf ~ 38 B, ~ V(©) (29)
whose effective potential is
M%(D —2)(D -3 .
V() = —e¥/Mp 1 ) ) - eXWMPMIQ;.F;Em, (30)

2R?

with 0 = —21/(p+ D — 2)/p(D — 2) and x = —2,/(D — 2)/p(p + D — 2); its metric is given by

ds?® = eXWMPQl(fV‘Fz)dx“dx” - ew/MP%'(j)imdyidyj, (31)

with € = 2/p/(D — 2)(p + D — 2). We restrict p > 1 so that o # 0o, x # 0o and £ # 0.
Now we can write metric (31) by setting it as

ds? = X¥/MP | A2(1)p (p+1)dx“dx BQ(T)dT} eS¥/Mp [CQdQ(D 2)] (32)

such that it resemble (1) as ¢ = 0. The radius Ry now becomes C. By applying (32) into the
matter terms in (3) we obtain the Lagrangian density £,, in (30) as

. A D —2)n?
Lo =——+K(X), with X = (Gt 202)" e~Ev/Mp, (33)

with K(X) = —X — 872X2. This hence give us the effective potential for our model

M%(D —2)(D -3 Y
! (¢) = er/MP P( 202( ) + exw/ PM]%A
D—2n* . _ D —2)%p*
—HW]%,% %e(x Y/Mp 7( 4/82(;)'4 e(X—28)¢/Mp | (34)

Choosing the extrema to be at ) = 0, we solve V'() =0) =0 or

0 — XA+(D2—2) (= &) — o(D — 3)] 012 {( —25)5152 )fm}(;’ (35)
then we obtain (p+D— 2D —2) .
P - — 2)kKn
=R DD -3 D) )
when A = 0, and
_ (p+D—=2)(D—3—kn?) (2p+ D — 2)(D — 2)kn*B~2
" = AN 1+ \/1 T INp+D_2°(D -3 ,.@nz)?] : (37)

when A # 0. Equation (37) needs to be C? = (p+ D — 2)(D — 3 — kn?)/2A at 8 — oo, which is
only satisfied with positive sign in (37), not the minus sign. Both are the same as (14) and (15),
which we find using Einstein equations. By choosing the positive sign, it is clear that A cannot
have negative value, otherwise it makes C? < 0. Both solutions have a stability condition

4D-2A 2(kn*—-D+3)(p+D—-2) (2p+D—2)*D—2)kn*
p(p+D—2) pC? p(p+ D —2)p*C*
> 0. (38)

V(¢ =0)
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Equations (36) and (37) have a more compact expression with arbitrary A

1 (D3 s)p+D—2)5 <1i\/1_(4A(2p+D—2)(D—2)m74 ) (30)

C3  (2p+D—2)(D—2)rn!

N p+ D —2)%2(D — 3 — kn?)?3?

which arises from (35). We use C to ensure it becomes (36) when A = 0, but we use C_ for
A #0dueto C% = (p+ D —2)(D—3—xn?)/2A at 8 — oo thus C_ corresponds to the positive
sign in (37). The term under the square root needs to be positive, and thus we need 5% > 0
when A <0 or

P> = 4M(2p + D — 2)(D — 2)kn*
T+ D=22(D =3 — )
when A > 0. It is clear that (16) must be satisfied. We set the minimum of the potential
positioned at ¥ = 0 for simplicity.
When the above condition is satisfied, we can set V() = 0, A = A,) = 0. Substituting (39)
in to (35) to get

(40)

0 - A (D —3—rn*)?*p(p+ D —2)p? <1 2M.(2p + D — 2)(D — 2)kn* )

2(2p + D — 2)%kn* p(p+ D —2)(D — 3 — kn?)2/32

(D —3—kn?)?p(p+ D —2)3? . 4M,(2p + D — 2)(D — 2)kn? (41)
2(2p + D —2)%kn* (p+ D —2)2(D -3~ rn?)?p*

Since the left hand side is equal to zero, we can arrange it to get

L fq 4N (2p+ D —2)(D —2)kn*  2M.(2p+ D —2)(2p)kn’* . (42)
(p+D—22(D—-3—kn?)?82  plp+D—-2)(D—3—kn?)?5
After squaring both sides we get A, = 0 and
A, — (D_3_K772)2/82 (43)
" 4kmt '

We will use the latter expression and we restrict A, > 0 so that (16) is satisfied. This treatment
follows the method used in [16].

To see whether this compactification is stable we need to investigate the second derivative of
the potential. After substituting (43) into (39), the inverse of radius squared becomes

r 4(p+ D —2)A, A(2p+ D —2)(D —2)
C_:2I:_(2P+D—2)(D—2)(D—3—/ﬂ72) <1i\/1_ A*(p+D_2)2 ) (44)

This expression tells us that A cannot have higher value than A = (p + D — 2)?A,/(2p + D —
2)(D — 2) otherwise 1/C2 will be complex valued. Substituting (44) into (38) gives us

(2p+ D —2)(D — 2)kn* p+D—22(D—3— rn?)2p32
8A
(p+D—2)

_ 8 8p+D-29A ([ A@p+D-2)(D-2
T T pt+D-2) p+D-2)(D-2) b+ D—2)A,

V”(T,Z)ZO,C:%:) _ 2(p+D—2)(D—3—H772)2,32 <1i\/1_(4A(2p+D—2)(D_2)m74 )

(45)
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where positive and negative signs correspond to Cy and C_, respectively. If V" > 0 then the
minimum of the potential at ¢» = 0 can be determined by

V(¢ =0,02) 2pA

M} ~ (2p+D-2)

p(p+ D —2)(D — 3 — kn?)2B? (11\/1 AN(2p + D — 2)(D — 2)kn? )
- (

(2p+ D — 2)22kn* p+D —2)2(D =3 — )22

B 2pA 2p(p+ D — 2)A, 141 A(2p+ D —2)(D — 2) (46)
~ (2p+D-2) (2p+ D — 2)? (p+ D — 2)2A, ‘
Now we can determine the compactified space and its stability. In the case of A =0,
Viy=0,C.,A=0 4 D — 2)A,
M3 (2p+D —2)
16 D —2)A,
V(4 =0,C4,A=0) = (p+ Wy (48)

2p+D —2)(D —-2)

since A, > 0 which imply that the compactification channel is M,;p — AdSp2 x SP~2 and
stable. In the case of A > 0,

Vip=0,C_) 2pA ~ 2p(p+ D —2)A, 11 A(2p+ D —2)(D — 2) (49)
M -~ (@2p+D-2)  (2p+D-2) (p+D—-22A )’
8A 8(p+ D — 2)A. A(2p+ D —2)(D — 2)
V'"(p=0,C.) = — + 1—4/1— )
W ) (p+D-2) (2p+D—2)(D—2)< \/ (p+ D — 2)2A,
(50)
Now we consider positive but nearly zero A
Viyp=0,C_) 2pA B AD —-2)p B 2pA ~0, (51)
M3 ~ @2p+D-2) (2p+D-2)(p+D-2) (p+D-2)"
8A 8A
V' =0,0_) ~ — — 0, 52
¥ ) p+D-2 " wrD-2 (52)
and at A= (p+D —2)?A,./(2p+ D —2)(D - 2)
V(yp=0,C) 2p(p+ D —2)*A 2p(p+ D —2)A. _ 2p*(p+ D —2)A.
2 = 2 - 2 2 , (53)
M3, (2p+ D —2)2(D —2) 2p+ D —2) (2p+ D —2)2(D —2)
8(p+ D —2)A, 8(p+ D — 2)A,
V'(¢p=0,C) = - =0. o4
v ) @+ D 2D -2 (@+D_2)(D_2) (54)
Both cases need the third derivative of V', which is
A, [(p+D—2)3—(D-2)?%
V" (1 =0,C_) ~8 P >0 (55
W =0.C) =8\ e -2 %)
for A < A, case, and
+D—-2)*—(D-2)% A P
V" (4h = 0,0_) = 1% - >0 56
®=0,C) (-2 Mp\ (D= 2)(p 1 D—2) (56)
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for A = (p+ D — 2)?A./(2p + D — 2)(D — 2) case, respectively. These imply that the
compactification channels dSp.p — (dS, M),12 x SP~2 are unstable since the potential at
¥ = 0 is a strictly increasing point of inflection. Combining these results we get tunneling
channels Y, p — Zp1o x SP~2 (with A and V(¢ = 0) denoting Y, p and Z, 2 respectively)

dSpt9 X Sb—2
ds — Pr ’ 57
p+D {Mp+2 X SD*Q’ ( )
M,,p — AdSpox SP2 (58)

4. Conclusions

Here we investigate compactification by k-monopole in nonlinear sigma model with kinetic
terms K(X) = —X — f72X?2. We can use both Einstein equations or effective potential from
dimensional reduction to determine radius of compactification. The compactification channels
can be found by introducing effective potential and its derivatives will determine the stability.
Here we report that the compactification channels from M, p and dSpip to Zp2x SP =2, where
Z is some topological manifold, are stable and unstable, respectively.
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