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1 Introduction

The t − J model is one of the cornerstones in the study of high-Tc superconductivity [1],

which is a large-U limit of the single-band Hubbard model [2–5]. The Hamiltonian of the

model have played essential roles in theoretical study of strongly correlated copperoxide

based materials [6]. In general, the Hamiltonian of the supersymmetric t − J model with

the general boundary interaction terms is given by

H = −t
L−1∑
α,j=1

P
[
c+
j,αcj+1,α + c+

j+1,αcj,α

]
P + J

L−1∑
k=1

[
Sk · Sk+1 −

1

4
nknk+1

]
+

L−1∑
l=1

nl + nl+1

− µN̂+ξ1n1+2hz1S
z
1 +2h−1 S

−
1 +2h+

1 S
+
1 +ξLnL+2hzLS

z
L+2h−LS

−
L +2h+

LS
+
L , (1.1)

where t is the nearest neighbor hopping of electrons and J is the antiferomagetic exchange;

L is the total number of lattice sites; the operators cj,σ and c+
j,σ are the annihilation and

creation operators of the electron with spin σ = ±1 on the lattice site j, which satisfies

anticommutation relations, i.e., {c+
i,σ, cj,τ} = δi,jδσ,τ . There are only three possible states

at the lattice site i due to the factor P = (1 − nj,−σ) ruled out double occupancies; the

operator nj =
∑

σ=± nj,σ means the total number operator on site j and nj,σ = c+
j,σcj,σ;

µ is the chemical potential and N̂ =
∑L

j=1 nj ; ξ1,L are the boundary chemical potentials;

hz1,L and h±1,L are the boundary fields; the spin operators S− =
∑L

j=1 S
−
j , S+ =

∑L
j=1 S

+
j

and Sz =
∑L

j=1 S
z
j , form the su(2) algebra and can be expressed by

S−j = c+
j,1cj,−1, S+

j = c+
j,−1cj , Szj =

1

2
(nj,1 − nj,−1). (1.2)

It is well-known that the one-dimensional t−J model is integrable at the supersymmet-

ric point J = ±2t [7–9], and the model with the periodic boundary condition or the diagonal
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boundaries has been studied by employing many Bethe ansatz methods [10–20]. For the

non-diagonal boundary case, the nested algebraic Bethe ansatz method doesn’t work since

the U(1) symmetry is broken. With the help of the off-diagonal Bethe ansatz [21–27], the

exact energy spectrum of the one-dimensional supersymmetric t−J model with unparallel

boundary fields has been obtained [28]. However, the eigenstates (or Bethe states) which

have played important roles in applications of the model are still missing.

In this paper, we study the supersymmetric t−J model with generic integrable bound-

ary conditions in grading: bosonic, fermionic and fermionic (BFF). By combining the

graded nested algebraic Bethe ansatz and off-diagonal Bethe ansatz, we obtain the Bethe

states which have well-defined homogeneous limit and the corresponding eigenvalues of the

transfer matrix of the model. Numerical results for the small size systems suggest that the

spectrum obtained by the nested Bethe ansatz equations (BAEs) is complete.

The paper is organized as follows. In section 2, the associated graded R-matrix and

corresponding generic integral non-diagonal boundary reflection matrices are introduced.

In section 3, by using the graded algebraic Bethe ansatz, we derive the eigenvalues of the

transfer matrix of the system which related with the eigenvalues of the nested transfer

matrix. In section 4, the eigenvalues of the nested transfer matrix are derived by off-

diagonal Bethe ansatz, and the Bethe states are also be given. In section 5, we construct

the nested inhomogeneous T − Q relation and the nested Bethe ansatz equations of the

supersymmetric t− J model. Section 6 contains our results and give some discussions.

2 Integrability of the model

In this paper we consider J = 2t = 2 which corresponds to the supersymmetric and

integrable point [29]. The integrability of the model is associated with the rational R-matrix

R(u) given by

R12(u) =



u+ η

u η

u η

η u

u− η
u −η

η u

−η u

u− η


. (2.1)

The R-matrix R(u) possesses the following properties

Initial condition: R12(0) = ηP12, (2.2)

Unitarity relation: R12(u)R21(−u) = ρ1(u) × id, (2.3)

Crossing Unitarity relation: Rst112 (−u+ η)Rst121 (u) = ρ2(u) × id. (2.4)

Here P12 is the graded permutation operator with the definition

Pα1α2
β1β2

= (−1)p(α1)p(α2)δα1β2δβ1α2 , (2.5)
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p(αi) is the Grassmann parities which is one for fermions and zero for bosons. Here, we

choose BFF grading which means p(1) = 0, p(2) = p(3) = 1 and R21(u) = P12R12(u)P12,

sti denotes the super transposition in the i-th space (Ast)ij = Aji(−1)p(i)[p(i)+p(j)] and isti
denotes the inverse super transposition. The functions ρ1(u) and ρ2(u) are given by

ρ1(u) = −(u− η)(u+ η), ρ2(u) = −u(u− η). (2.6)

Here and below we adopt the standard notations: for any matrix A ∈ End(V), Aj is an

super embedding operator in the Z2 graded tensor space V⊗V⊗ · · · , which acts as A on

the j-th space and as identity on the other factor spaces. For R ∈ End(V ⊗ V), Rij is

an super embedding operator of R in the Z2 graded tensor space, which acts as identity

on the factor spaces except for the i-th and j-th ones. The super tensor product of two

operators are defined through (A ⊗ B)αγβδ = (−1)[p(α)+p(β)]p(γ)AαβB
γ
δ . (For further details

we refer the reader to [30]).

The R-matrix is an even operator (i.e., the parities of the non-zero matrix elements

Racbd of the R-matrix satisfies p(a)+p(b)+p(c)+p(d) = 0) and satisfies the graded quantum

Yang-Baxter equation (QYBE)

R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v). (2.7)

In terms of the matrix entries, it reads

R(λ− u)α1α2
β1β2

R(λ)β1α3

γ1β3
R(u)β2β3γ2γ3 (−1)(p(β1)+p(γ1))p(β2)

= R(u)α2α3
β2β3

R(λ)α1β3
β1γ3

R(λ− u)β1β2γ1γ2 (−1)(p(α1)+p(β1))p(β2). (2.8)

Let us now introduce the reflection matrix K−(u) and its dual one K+(u). The former

satisfies the graded reflection equation (RE) [31]

R12(u1 − u2)K−1 (u1)R21(u1 + u2)K−2 (u2)

= K−2 (u2)R12(u1 + u2)K−1 (u1)R21(u1 − u2), (2.9)

and the latter satisfies the dual RE which take the form [32]

R12(u2 − u1)K+
1 (u1)

≈
R21(−u1 − u2)ist1,st2K+

2 (u2)

= K+
2 (u2)R̃12(−u1 − u2)ist1,st2K+

1 (u1)R21(u2 − u1), (2.10)

where

≈
R21(u)ist1,st2 =

([
{R−1

21 (u)}ist2
]−1
)st2

, (2.11)

R̃12(u)ist1,st2 =
([
{R−1

12 (u)}st1
]−1
)ist1

. (2.12)

For our case, the dual reflection equation (2.10) reduces to

R12(u2 − u1)K+
1 (u1)R21(−u1 − u2 + η)K+

2 (u2)

= K+
2 (u2)R12(−u1 − u2 + η)K+

1 (u1)R21(u2 − u1). (2.13)
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In this paper we consider the generic non-diagonal K-matrices K−(u)

K−(u) =

 ζ + (2c− 1)u 0 0

0 ζ − u 2c1u

0 2c2u ζ + u

 ≡
 k−11 0 0

0 k−22 k
−
23

0 k−32 k
−
33

 . (2.14)

Here the four boundary parameters c, c1, c2 and ζ are not independent with each other,

and satisfy a constraint

c2 = c1c2 + c.

The dual non-diagonal reflection matrix K+(u) is given by

K+(u) = K−(−u+ η/2)
∣∣∣(ζ,c,c1,c2)→(ζ′,c′,c′1,c

′
2) ≡

 k+
11 0 0

0 k+
22 k

+
23

0 k+
32 k

+
33

 , (2.15)

with the constraint

c′2 = c′1c
′
2 + c′.

In order to show the integrability of the system, we first introduce the “row-to-row” mon-

odromy matrices T0(u) and T̂0(u)

T0(u) = R0L(u− θL)R0L−1(u− θL−1) · · ·R01(u− θ1), (2.16)

T̂0(u) = R10(u+ θ1)R20(u+ θ2) · · ·RL0(u+ θL), (2.17)

where {θj , j = 1 · · ·L} are the inhomogeneous parameters and L is the number of sites.

The one-row monodromy matrices are the 3× 3 matrices in the auxillary space 0 and their

elements act on the quantum space V⊗L. The tensor product is in the graded space, so

we can write {
[T (u)]ab

}α1...αL

β1...βL
= R0N (u)aαL

cLβL
. . . R0j(u)

cj+1αj

cjβj
. . . R01(u)c2α1

bβ1

× (−1)
∑L

j=2(p(αj)+p(βj))
∑j−1

i=1 p(αi). (2.18)

For the system with open boundaries, we need to define the double-row monodromy matrix

T0(u) = T0(u)K−0 (u)T̂0(u), (2.19)

which satisfies the similar relation as (2.9), in terms of matrix entries, they are

R(u− λ)a1a2b1b2
T(u)b1c1R(u+ λ)b2c1c2d1

T(λ)c2d2(−1)(p(b1)+p(c1))p(b2)

= T(λ)a2b2R(u+ λ)a1b2b1c2
T(u)b1c1R(u− λ)c2c1d2d1

(−1)(p(b1)+p(c1))p(c2). (2.20)

Then the transfer matrix of the system is constructed as

t(u) = str0{K+
0 (u)T0(u)} =

3∑
α=1

(−1)p(α)
[
K+

0 (u)T0(u)
]
αα
. (2.21)
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By using the (2.8), (2.9) and (2.10), we can prove the commutativity of t(u). (For further

details about the commuting transfer matrix with boundaries for graded case, we refer the

reader to [14, 32, 33]). The Hamiltonian (1.1) can be constructed by taking the derivative

of the logarithm of the transfer matrix t(u) of the system

H = −η
2

∂ ln t(u)

∂u

∣∣∣
u=0,{θj=0}

+
η(2c− 1)

2ζ
+

ζ ′

(c′ − 1/2)η − ζ ′
− µN̂ + L− 1, (2.22)

with the parameters chosen as follows:

ξ1 = − η

2ζ
(1− 2c), hz1 = − η

2ζ
, h−1 = − η

2ζ
c2, h+

1 = − η

2ζ
c1, ξL =

(c′ − 1/2)η

(c′ − 1/2)η − ζ ′
,

hzL =
−η/2

(c′ − 1/2)η − ζ ′
, h−L =

−ηc′2/2
(c′ − 1/2)η − ζ ′

and h+
L =

−ηc′1/2
(c′ − 1/2)η − ζ ′

.

3 Nested algebraic Bethe ansatz

The block-diagonal structure of the K-matrix (2.14) permits us to use the nested alge-

braic Bethe ansatz to construct the associated Bethe state and obtain the eigenvalue as

follows. We first represent the double-row monodromy matrix T0(u) = T0(u)K−0 (u)T̂0(u)

in the form

T0(u) =

 A(u) B1(u) B2(u)

C1(u) D11(u) D12(u)

C2(u) D21(u) D22(u)

 . (3.1)

Then the transfer matrix can be expressed by

t(u) =

k+
11(u)A(u)−

2∑
i,j=1

k+
i+1,j+1(u)Dji(u)

 , (3.2)

where k±ij is the K± matrix element in the ith row and jth column.

Now we use the graded version of the nested algebraic Bethe ansatz method to obtain

the eigenvalues of the transfer matrix (3.2). For this purpose, we first define the reference

state |Ψ0〉 as

|Ψ0〉 =

L⊗
j=1

|0〉j , |0〉j =

 1

0

0

 . (3.3)

From the relations (2.21), (3.1) and (3.3), the elements of matrix T0(u) acting on the

reference state |Ψ0〉 give rise to

A(u) |Ψ0〉 = k−11(u)a0(u) |Ψ0〉 ,

D11(u) |Ψ0〉 =

{
η

2u+ η
k−11(u)a0(u) +

[
k−22(u)− η

2u+ η
k−11(u)

]
b0(u)

}
|Ψ0〉 ,

D22(u) |Ψ0〉 =

{
η

2u+ η
k−11(u)a0(u) +

[
k−33(u)− η

2u+ η
k−11(u)

]
b0(u)

}
|Ψ0〉 ,

D12(u) |Ψ0〉 = k−23(u)b0(u) |Ψ0〉 ,
D21(u) |Ψ0〉 = k−32(u)b0(u) |Ψ0〉 ,
Bi(u) |Ψ0〉 6= 0, Ci(u) |Ψ0〉 = 0, i = 1, 2, (3.4)
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where

b0(u) =
L∏
j=1

(u− θj)(u+ θj), a0(u) = b0(u+ η). (3.5)

The operators B1(u) and B2(u) acting on the reference state give nonzero values, and

can be regarded as the creation operators of the eigenstates of the system. Following the

procedure of the nested algebraic Bethe ansatz, the eigenstates of the transfer matrix can

be constructed as

|u1, . . . , uM ;F〉 = Ba1(u1)Ba2(u2) . . . BaM (uM )Fa1a2...aM |Ψ0〉 , (3.6)

where we have used the convention that the repeated indices indict the sum over the values

1,2, and Fa1...an is a function of the spectral parameters uj . Moreover, the coefficients

Fa1...an are actually the vector components of the nested Bethe state (see below (4.27)).

As the transfer matrix (3.2) acting on the assumed states (3.6), we should exchange the

positions of the operators A(u), Dij(u) and the operators Baj (uj). With the help of the

reflection equation (2.20) and the Yang-Baxter equation (2.8), we can derive commutation

relations

Bi(u)Bj(v) = −Bk(v)Bl(u)
rijlk(u− v)

u− v + η
, (3.7)

A(u)Bj(v) =
(u− v − η)(u+ v)

(u+ v + η)(u− v)
Bj(v)A(u)− η

u+ v + η
Bi(u)D̃ij(v)

+
2vη

(u− v)(2v + η)
Bj(u)A(v), (3.8)

D̃ij(u)Bk(v) =
ridef (u+ v + η)rfgkj (u− v)

(u+ v + η)(u− v)
Bd(v)D̃eg(u) + η

ridej(2u+ η)

(2u+ η)(u− v)
Bd(u)D̃ek(v)

− 2vη

2u+ η

ridkj(2u+ η)

(2v + η)(u+ v + η)
Bd(u)A(v), (3.9)

where rij = u+ηPij , Pα1α2
β1β2

= (−1)p(α1)p(β2)δα1β2δβ1α2 with the grading p(1) = p(2) = 1, and

D̃ij(u) = Dij(u)− δij
η

2u+ η
A(u). (3.10)

Acting the transfer matrix t(u) on the state |Ψ〉 and repeatedly using the commutation

relations (3.8) and (3.9), we obtain

t(u) |u1, . . . , uM ;F〉 = Λ(u) |u1, . . . , uM ;F〉+ unwanted terms, (3.11)

where the corresponding eigenvalue Λ(u) is

Λ(u) =

[
− η

2u+ η

3∑
i=2

k+
ii (u) + k+

11(u)

]
k−11(u)a0(u)

M∏
i=1

(u− ui − η)

(u− ui)
(u+ ui)

(u+ ui + η)

− b0(u)

M∏
i=1

1

(u− ui)(u+ ui + η)
Λ̂(u, {uj}), (3.12)
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and Λ̂ (u, {uj}) is the eigenvalue of the nested transfer matrix t̂ (u, {uj}) given by

t̂(u, {uj}) =
2u

2u+ η
tr0̄

[
K̄+

0̄
(u)r0̄1(u+ u1 + η) . . . r0̄M (u+ uM + η)

×K̄−
0̄

(u)rM 0̄(u− uM ) . . . r10̄(u− u1)
]
, (3.13)

K̄+(u) =

(
k+

22(u) k+
23(u)

k+
32(u) k+

33(u)

)
, (3.14)

K̄−(u) =
2u+ η

2u

(
k−22(u)− η

2u+ηk
−
11(u) k−23(u)

k−32(u) k−33(u)− η
2u+ηk

−
11(u)

)
, (3.15)

namely,

t̂ (u, {uj}) |F〉 = Λ̂ (u, {uj}) |F〉 . (3.16)

The vector components {F a1...an} allow us to reconstruct the associated Bethe state (3.6),

while the eigenvalue Λ̂ (u, {uj}) gives rise to the associated eigenvalue (3.12) of the transfer

matrix t(u) of the model. We shall determine the eigenvalue Λ̂ (u, {uj}) and the cor-

responding eigenstate |F〉 in the next section. The condition that the unwanted terms

should be zero gives rise to that the M Bethe roots must satisfy the associated Bethe

ansatz equations (BAEs)

1 =
K(1)(uk)a0(uk)Q

(1)(uk − η)

(2uk + η)b0(uk)Λ̂(uk, {uj})
, k = 1 . . .M, (3.17)

where

Q(1)(u) =

M∏
i=1

(u− ui)(u+ ui + η), (3.18)

K(1)(u) =

(
(2− 4c′)u2 + 2ζ ′u− ηζ ′ − 1

2
η2 + η2c′

)
(ζ + (2c− 1)u) . (3.19)

Some remarks are in order. It is easy to check that the nested Bethe state |u1, . . . , uM ;F〉
given by (3.6) and the eigenvalue Λ(u) given by (3.12) both have well-defined homogeneous

limit (i.e., θj → 0). This implies that in the homogeneous limit, the resulting Bethe states

and the eigenvalue give rise to the eigenstate and the corresponding eigenvalue of the super

t− J model described by the Hamiltonian (1.1).

4 Reduced spectrum problem

In the previous section, we have reduced searching eigenstates of the original transfer matrix

t(u) (2.21) into the spectrum problem (3.16) of the nested transfer matrix t̂(u, {uj}) given

by (3.13). Now, we are in the position to calculate the eigenvalue Λ̂(u, {uj}) and the

corresponding eigenstate |F〉 of the nested transfer matrix t̂(u, {uj}) which allows us to

reconstruct the Bethe state (3.6) of the supersymmetric t−J model. Because the reflection

matrices (3.14) and (3.15) have the off-diagonal elements. The traditional algebraic Bethe

ansatz is invalid [22] due to the fact that the system doesnot have the obvious reference

– 7 –
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state. Thanks to the works [34–37], we can solve the spectrum problem (3.16) as follows.

For simplicity, let λ = u+ 1
2η and λj = uj + 1

2η. We recognize the t̂(u, {uj}) as the transfer

matrix of the open spin-1/2 XXX chain of length M with non-diagonal boundary terms.

Following the procedure in [34]

t̂ (λ, {λj}) =
2λ− η

2λ
t̄ (λ, {λj})

=
2λ− η

2λ
Tr0̄

{
K̄+

0̄
(λ) T̄0̄(λ, {λj}) K̄−0̄ (λ) ̂̄T 0̄(λ, {λj})

}
, (4.1)

where

T̄0̄(λ, {λj}) = r0̄1(λ+ λ1) . . . r0̄M (λ+ λM ),̂̄T 0̄(λ, {λj}) = rM 0̄(λ− λM ) . . . r10̄(λ− λ1), (4.2)

K̄+(λ) =

(
ζ ′ + λ− η 2c

′
1(−λ+ η)

2c
′
2(−λ+ η) ζ ′ − λ+ η

)
, (4.3)

K̄−(λ) =

(
−λ+ 1/2η + ζ − cη 2c1λ

2c2λ λ+ 1/2η + ζ − cη

)
. (4.4)

We have checked that (4.4) is the solution of the normal RE of the following form

r12(u1 − u2)K̄−1 (u1)r21(u1 + u2)K̄−2 (u2)

= K̄−2 (u2)r12(u1 + u2)K̄−1 (u1)r21(u1 − u2), (4.5)

and that (4.3) satisfies the dual one. The r-matrix possesses the properties

Initial condition: r12(0) = −ηP̄12, (4.6)

Unitary relation: r12(λ)r21(−λ) = ρ̄1(λ) × id, (4.7)

Crossing Unitary relation: rt112(λ) rt121(−λ+ 2η) = ρ̄2(λ) × id, (4.8)

PT-symmetry: r21(λ) = rt1 t212 (λ). (4.9)

Here r21(λ) = P̄12r12(λ)P̄12 and P̄α1α2
β1β2

= δα1β2δβ1α2 . The functions ρ̄1(λ) and ρ̄2(λ) are

given by

ρ̄1(λ) = −(λ− η)(λ+ η), ρ̄2(λ) = −λ(λ− 2η). (4.10)

From the definition (4.1), we know that the eigenvalue Λ̄(λ) of the transfer matrix t̄ (λ, {λj})
is a polynomial of λ and satisfies the relations:

Crossing symmetry : Λ̄(λ) = Λ̄(−λ+ η), (4.11)

Asymptotic behavior : Λ̄(λ) ∼ (−2− 4c1c
′
2 − 4c′1c2)u2M+2, λ→∞, (4.12)

and

Λ̄(λj)Λ̄(λj + η) =
4q(λj)

(η − 2λj)(η + 2λj)
, j = 1, · · · ,M, (4.13)
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where

∆q(λ) = (2η + 2λ)(2η − 2λ)

× (ξ′2 − (1 + 4c′1c
′
2)λ2)

(
(ξ +

1

2
η − cη)2 − (1 + 4c1c2)λ2

)
×

M∏
j=1

(λ+ λj − η)(λ− λj − η)(λ− λj + η)(λ+ λj + η). (4.14)

Some special points can also be calculated directly by using the properties of the r-matrix

and the reflection matrices K̄(±)(u) as:

Λ̄(0) =

M∏
l=1

ρ̄1(λl)tr{K̄+(0)}K̄−(0) × id, (4.15)

Λ̄(η) =

M∏
l=1

ρ̄2(λl + η)tr{K̄−(η)}K̄+(η)× id. (4.16)

It is remarked that the above relations were derived independently by the Separation of

Variables [38]. These conditions (4.11)–(4.16) allow us to construct the eigenvalue Λ̂(λ) in

terms of an inhomogeneous T −Q relation as [34, 35]

Λ̂(λ) =
(2λ− η)

2λ
Λ̄(λ)

=
(2λ− 2η)

2λ
K(2)(λ)ā(λ)

Q(2)(λ+ η)

Q(2)(λ)
+K(3)(λ)d̄(λ)

Q(2)(λ− η)

Q(2)(λ)

+ (2λ− η)(2λ− 2η)ā(λ)ā(−λ+ η)
h

Q(2)(λ)
, (4.17)

where

ā(λ) =

M∏
j=1

(λ+ λj − η)(λ− λj − η), (4.18)

d̄(λ) =
M∏
j=1

(λ− λj)(λ+ λj), (4.19)

K(2)(λ) = (−
√

1 + 4(c′2 − c′)λ+ ζ ′)

× (
√

1 + 4(c2 − c)λ+ ζ + 1/2η − cη), (4.20)

K(3)(λ) = (
√

1 + 4(c′2 − c′)(λ− η) + ζ ′)

× (
√

1 + 4(c2 − c)(−λ+ η) + ζ + 1/2η − cη), (4.21)

h =
1

2

(
−1− 2(c′1c2 + c′2c1) +

√
(1 + 4c′1c

′
2)(1 + 4c1c2)

)
, (4.22)

Q(2)(λ) =
M∏
j=1

(λ− wj)(λ+ wj − η)
def
=

M∏
j=1

(
λ− νj −

1

2
η

)(
λ+ νj −

1

2
η

)
. (4.23)
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Such parametrization obviously satisfies the crossing symmetry (4.11), asymptotic behav-

ior (4.12), production identity (4.13) and the values of the special points (4.15) and (4.16).

To ensure Λ̂(λ) to be a polynomial, the residues of Λ̂(λ) at the poles wj must vanish, i.e.,

the M Bethe roots must satisfy the BAEs

(2wj − 2η)K(2)(wj)ā(wj)Q
(2)(wj + η) + 2wjK

(3)(wj)d̄(wj)Q
(2)(wj − η)

+ 2wj(2wj − η)(2wj − 2η)ā(wj)ā(−wj + η)h = 0. (4.24)

Now, we construct the eigenstates |F〉 of the nested transfer matrix t̂(λ). Following the

ideas in [36, 37], we first introduce two transformation matrices g(±)

g(−) =

(
−1 2c1

1−
√

1+4c1c2

1 −2c1
1+
√

1+4c1c2

)
, g(+) =

(
−m

√
1 +mn−1

−m−
√

1 +mn−1

)
, (4.25)

where m=
−4c1c2−(2c1c′2−2c

′
1c2)
√
1+4c1c2+2c1c

′
2+2c′1c2

(1+2c1c′2+2c′1c2)(
√
1+4c1c2+1)

and n=
−4c1c2−(2c′1c2−2c1c

′
2)
√
1+4c1c2+2c′1c2+2c1c

′
2

(1+2c1c′2+2c′1c2)(
√
1+4c1c2−1)

.

The gauge matrices diagonalize the nested K-matrix K̄−(λ) given by (4.3) and the matrix

g(−)K̄+(λ) {g(−)}−1 respectively, namely,

g(+){g(−)K̄+(λ){g(−)}−1}{g(+)}−1

=−1 + 2c1c
′
2 + 2c′1c2√

1 + 4c1c2

(√
1 +mn(λ− η)−

√
1+4c1c2

1+2c1c′2+2c′1c2
ξ′ 0

0 −
√

1 +mn(λ− η)−
√
1+4c1c2

1+2c1c′2+2c′1c2
ξ′

)
,

g(−)K̄−(λ){g(−)}−1 =

(
1/2η+ξ−cη+λ

√
1 + 4c1c2 0

0 1/2η+ξ−cη−λ
√

1 + 4c1c2

)
. (4.26)

With the gauge transformation, we can introduce the gauged monodromy matrix U(λ)

U(λ) = g(+) T̄ (λ)
{
g(−)K̄−(λ){g(−)}−1

}
ˆ̄T (λ) {g(+)}−1 =

(
A(λ) B(λ)

C(λ) D(λ)

)
.

Then it was shown in [36, 37] that the eigenstate |F〉 in (3.16) can be expressed as

|F〉 =
M⊗
j=1

{g(−)
(j) }

−1
M∏
j=1

B(wj)|0〉 =
∑
ai=1,2

Fa1a2...aM |a1, . . . , aM 〉, (4.27)

where the reference state |0〉 is

|0〉 =
M⊗
j=1

|1〉j , |1〉j =

(
1

0

)
, (4.28)

provided that the parameters {wj |j = 1, . . . ,M} satisfy the BAEs (4.24). The correspond-

ing vector components {Fa1a2...aM } allow us to reconstruct the eigenstates |u1, . . . , uM ;F〉
given by (3.6) of the original system.1

1We have numerically checked, for small-site cases (such as L = 2, 3), that the states constructed

by (3.6) with vector components {Fa1a2...aM } given by (4.27) give rise to the complete set of eigenstates

of the transfer matrix t(u) given by (2.21), provided that the parameters {uj} and {vj} (or {wj}) satisfy

the BAEs (5.2)–(5.3).
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5 Nested inhomogeneous T − Q relation

Now we are ready to write out the eigenvalues Λ(u) of the transfer matrices t(u) in terms

of some inhomogeneous T −Q relation with the help of (3.12) and (4.17) as2

Λ(u) =
1

(2u+ η)
K(1)(u)a0(u)

Q(1)(u− η)

Q(1)(u)

− (2u− η)

(2u+ η)
K(2)

(
u+

1

2
η

)
b0(u)

Q(1)(u− η)Q(2)(u+ 3
2η)

Q(1)(u)Q(2)(u+ 1
2η)

−K(3)(u+
1

2
η)b0(u)

Q(2)(u− 1
2η)

Q(2)(u+ 1
2η)
− 2u(2u− η)b0(u)

hQ(1)(u− η)

Q(2)(u+ 1
2η)

, (5.1)

where the 2M Bethe roots must satisfy the BAEs (3.17) and (4.24), namely,

1 +
(2νl − η)

(2νl + η)

K(2)(νl + 1
2η)

K(3)(νl + 1
2η)

Q(1)(νl − η)Q(2)(νl + 3
2η)

Q(1)(νl)Q(2)(νl − 1
2η)

= −h(2νl)(2νl − η)
Q(1)(νl − η)

K(3)(νl + 1
2η)Q(2)(νl − 1

2η)
, l = 1 . . .M, (5.2)

1 = (2uk − η)
K(2)(uk + 1

2η)b0(uk)

K(1)(uk)a0(uk)

Q(2)(uk + 3
2η)

Q(2)(uk + 1
2η)

, k = 1 . . .M. (5.3)

In the homogeneous limit, the corresponding T − Q relation and associated BAEs

become (5.1) and (5.2)–(5.3) by setting θj = 0, j = 1, . . . , N . Therefore the energy of the

Hamiltonian (1.1) reads

E = −η
2

∂ ln Λ(u)

∂u
|u=0,{θj}=0 +

η(2c− 1)

2ζ
+

ζ ′

(c′ − 1/2)η − ζ ′
− µM + L− 1

= −
M∑
k=1

η2

uk(uk + η)
− µM, (5.4)

where the 2M parameters {uj |j = 1, . . . ,M} and {vj |j = 1, . . . ,M} satisfy the resulting

BAEs (5.2) and (5.3). Here we present the results for the L = 2 and L = 3 cases: the

numerical solutions of the BAEs are shown in table 1 and table 2, which indicated that

the eigenvalues are identical with the results we get from the exact diagonalization of the

Hamiltonian (1.1). Numerical results for the small-site cases suggest that the spectrum

obtained by the nested BAEs (5.2)–(5.3) is complete.

2Although the inhomogeneous T −Q relation given by (5.1) is different from that obtained in [28], each

of them gives rise to the complete set of eigenvalues of the transfer matrix. The T −Q relation (5.1) takes

advantage over one in [28] is that it leads to an simple form (4.27) of Bethe states of the reduced spectrum

problem (3.16).
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u1 u2 ν1 ν2 En n

−0.1000− 1.6602i 0.1004− 0.0000i 0.1264 + 3.3108i 0.1264− 3.3108i −5.312156 1

−0.1000− 0.2048i 0.1004 + 0.0000i 0.8095− 3.4060i 0.8095 + 3.4060i −4.555656 2

0.1005 + 0.0000i − 0.0000− 3.3070i − −3.325040 3

−0.1000− 1.6539i −0.1000− 0.2053i 0.0255 + 3.3085i 0.0255− 3.3085i −3.218186 4

−0.1000− 3.7095i −0.1000− 0.1000i 0.0000− 4.6812i 0.1496− 0.0000i −1.996355 5

−0.1000− 2.3555i − 0.0000− 3.7060i − −1.992804 6

−0.1000 + 0.2040i − −0.0000 + 3.3148i − −1.225154 7

− − − − 0 8

−0.1000− 0.0999i − −0.1496− 0.0000i − 0.001822 9

Table 1. Solutions of BAEs (5.2) and (5.3) where L = 2 with the parameters η = 0.2, µ = 2,

ζ = 0.1, c = 0.1, c1 = −0.5, ζ ′ = −0.5, c′ = −0.3 and c′1 = −0.7 for the case of En is the

corresponding eigenenergy. The energy En calculated from (5.4) is the same as that from the exact

diagonalization of the Hamiltonian (1.1).

6 Concluding remarks

In this paper, we have studied the one-dimensional supersymmetric t− J model with the

most generic integrable boundary condition, which is described by the Hamiltonian (1.1)

and the corresponding integrable boundary terms are associated with the most generic

non-diagonal K-matrices given by (2.14)–(2.15). By combining the algebraic Bethe ansatz

and the off-diagonal Bethe ansatz, we construct the eigenstates of the transfer matrix

in terms of the nested Bethe states given by (3.6) and (4.27), which have well-defined

homogeneous limit. The corresponding eigenvalues are given in terms of the inhomogeneous

T −Q relation (5.1) and the associated BAEs (5.2)–(5.3). The exact solution of this paper

provides basis for further analyzing the thermodynamic properties and correlation functions

of the model. These are under investigation and results will be reported elsewhere.

Acknowledgments

We would like to thank Prof. Y. Wang for his valuable discussions and continuous encour-

agements. The financial supports from the National Program for Basic Research of MOST

(Grant No. 2016YFA0300600 and 2016YFA0302104), the National Natural Science Foun-

dation of China (Grant Nos. 11434013, 11425522 and 11547045), the Major Basic Research

Program of Natural Science of Shaanxi Province (Grant No. 2017ZDJC-32), BCMIIS and

the Strategic Priority Research Program of the Chinese Academy of Sciences are gratefully

acknowledged.

– 12 –



J
H
E
P
0
7
(
2
0
1
7
)
0
5
1

u
1

u
2

u
3

ν 1
ν 2

ν 3
E

n
n

0
.1

18
3
−

0.
00

00
i

0
.8

87
0

+
0
.0

00
0i

0.
4
7
4
9
−

0.
0
0
0
0
i
−

0
.0

0
0
0

+
2
.1

8
5
6i

1.
5
1
4
9
−

4
.0

4
0
4i

1.
5
1
4
9

+
4
.0

4
0
4
i
−

7.
2
2
9
0
5
0

1

0
.1

07
3
−

0.
00

00
i
−

0.
10

00
−

0
.1

21
8i

−
0
.1

0
0
0

+
2
.3

5
8
7i

0.
0
0
0
0
−

0
.1

0
9
1
i

0.
9
3
3
2
−

4
.1

5
7
3i

0
.9

3
3
2

+
4
.1

5
7
3
i
−

5.
5
9
5
9
4
6

2

0
.1

18
3
−

0.
00

00
i

0
.4

29
0
−

0.
00

00
i

−
0.

8
3
7
9
−

3
.4

0
2
9
i

0.
8
3
7
9

+
3
.4

0
2
9i

−
−

5.
2
1
0
2
2
1

3

1
.4

16
5
−

0.
00

00
i
−

0.
31

83
−

0
.0

00
0i

−
0.

9
7
7
3
−

3
.3

6
5
7
i

0.
9
7
7
3

+
3
.3

6
5
7i

−
−

5.
0
7
9
4
0
0

4

0
.1

18
2
−

0.
00

00
i

0
.4

99
7
−

0.
00

00
i
−

0
.1

0
0
0
−

0.
0
7
0
1i

−
0
.0

0
0
0

+
1
.9

9
1
2i

1.
4
4
0
7
−

4
.0

6
3
4i

1.
4
4
0
7

+
4
.0

6
3
4
i
−

4.
4
9
5
8
2
2

5

−
0.

10
00

+
0
.0

70
1i

0
.1

18
3

+
0
.0

00
0i

0.
8
4
7
4

+
0
.0

0
0
0
i

0.
0
0
0
0
−

2.
1
0
4
1
i

1.
4
8
2
4
−

4
.0

5
0
0i

1
.4

8
2
4

+
4
.0

5
0
0i

−
4.

4
2
6
0
4
5

6

0
.0

00
5
−

0.
07

04
i

0
.0

00
5

+
0
.0

70
4i

−
0
.1

0
0
0

+
2
.3

5
6
5i

−
0
.0

0
0
0

+
0
.0

6
8
4i

0.
9
3
2
8
−

4
.1

5
7
6i

0.
9
3
2
8

+
4
.1

5
7
6
i
−

4.
2
5
3
5
6
1

7

1
.4

21
0

+
0
.0

00
0i

0
.4

27
3

+
0
.0

00
0i

−
0.

9
9
5
0
−

3
.3

6
2
3
i

0.
9
9
5
0

+
3
.3

6
2
3i

−
−

4.
1
6
6
5
9
7

8

−
0.

10
00
−

0
.1

21
6
i

0
.1

07
3

+
0
.0

00
0i

−
0.

0
0
0
0
−

3.
8
7
3
9
i

0.
0
0
0
0
−

0
.1

0
9
2i

−
−

3.
5
9
8
8
9
8

9

−
0.

10
00

+
0
.0

70
1i

0
.8

81
3
−

0.
00

00
i

0.
4
7
6
0

+
0
.0

0
0
0
i

1.
5
1
0
0
−

4.
0
4
1
8
i

1.
5
1
0
0

+
4
.0

4
1
8i

0
.0

0
0
0

+
2
.1

7
3
5i

−
3.

4
8
4
2
3
3

1
0

0
.1

18
3

+
0
.0

00
0i

−
−

0.
0
0
0
0

+
3
.3

0
6
3
i

−
−

−
3.

0
6
1
6
7
9

1
1

−
0.

10
00
−

0
.1

73
3
i
−

0.
10

00
−

2
.8

91
0i

−
−

0
.0

0
0
0

+
4
.5

4
0
8i

−
0.

0
0
0
0
−

0.
0
7
1
1
i

−
−

2.
9
9
6
0
7
5

1
2

−
0.

10
00
−

0
.0

60
1
i
−

0.
10

00
+

2
.3

43
2i

−
0.

1
0
0
0
−

0.
3
1
2
0i

0.
9
2
9
8
−

4.
1
5
9
6
i

0.
9
2
9
8

+
4
.1

5
9
6i

0
.1

9
9
5
−

0.
0
0
0
0i

−
2.

6
8
2
7
0
5

1
3

−
0.

10
00

+
0
.0

70
0i

0
.1

18
3

+
0
.0

00
0i

−
0.

8
1
3
5
−

3
.4

0
5
6
i

0.
8
1
3
5

+
3
.4

0
5
6i

−
−

2.
3
7
8
3
6
6

1
4

0
.0

00
4
−

0.
06

99
i

0
.0

00
4

+
0
.0

69
9i

−
0.

0
0
0
0
−

3
.8

7
6
0
i

0.
0
0
0
0
−

0
.0

6
8
0i

−
−

2.
2
5
6
7
8
6

1
5

0
.4

17
8
−

0.
00

00
i

−
−

0.
0
0
0
0
−

3
.2

8
5
2
i

−
−

−
2.

1
5
4
9
7
5

1
6

1
.7

97
5
−

0.
00

00
i

−
−

0.
0
0
0
0
−

2
.9

2
8
1
i

−
−

−
2.

0
1
1
1
4
0

1
7

−
0.

10
00
−

0
.0

57
7
i
−

0.
10

00
+

0
.1

73
1i

−
0.

1
0
0
0

+
4
.5

4
3
4i

0.
1
6
8
2
−

0.
0
7
6
8
i

0.
1
6
8
2

+
0
.0

7
6
8i

0
.0

0
0
0
−

5.
7
3
4
2i

−
1.

9
9
7
3
4
4

1
8

−
0.

10
00
−

0
.0

70
0
i
−

0.
62

90
+

0
.0

00
0i

−
0.

8
3
3
4

+
3
.4

0
3
3
i

0.
8
3
3
4
−

3
.4

0
3
3i

−
−

1.
4
6
4
6
0
2

1
9

−
0.

10
00

+
0
.0

70
0i

1
.4

15
5

+
0
.0

00
0i

−
0.

9
7
3
1
−

3
.3

6
6
4
i

0.
9
7
3
1

+
3
.3

6
6
4i

−
−

1.
3
3
3
8
0
2

2
0

−
0.

10
00

+
0
.1

73
0i

−
−

0.
0
0
0
0

+
0
.0

7
0
9
i

−
−

−
0.

9
9
8
1
7
7

2
1

−
0.

10
00
−

0
.0

57
7
i
−

0.
10

00
+

2
.8

83
3i

−
0.

1
7
7
7

+
0
.0

0
0
0
i
−

0.
0
0
0
0
−

4.
5
3
7
6
i

−
−

0.
9
9
5
4
8
1

2
2

−
0.

10
00
−

0
.0

60
1
i
−

0.
10

00
+

0
.3

10
7i

−
−

0
.0

0
0
0
−

3.
8
8
8
9i

−
0.

1
9
9
3
−

0.
0
0
0
0
i

−
−

0.
6
8
6
2
4
7

2
3

−
−

−
−

−
−

0
2
4

−
0.

10
00

+
0
.1

73
1i

−
0.

10
00
−

0
.0

57
7i

−
0.

1
6
8
2
−

0.
0
7
6
8
i

0.
1
6
8
2

+
0
.0

7
6
8i

−
0.

0
0
1
7
7
0

2
5

−
0.

10
00

+
0
.0

70
0i

−
−

0.
0
0
0
0

+
3
.3

1
1
3
i

−
−

0.
6
8
4
1
8
7

2
6

−
0.

10
00
−

0
.0

57
7
i

−
−

0.
1
7
7
6

+
0
.0

0
0
0
i

−
−

1.
0
0
0
6
0
7

2
7

T
a
b
le

2
.

S
ol

u
ti

on
s

of
B

A
E

s
(5

.2
)

an
d

(5
.3

)
w

h
er

e
L

=
3

w
it

h
th

e
p

a
ra

m
et

er
s
η

=
0
.2
,µ

=
2
,ζ

=
0
.1
,c

=
0
.1
,c

1
=
−

0.
5,
ζ
′

=
−

0
.5
,c
′

=
−

0
.3

an
d
c′ 1

=
−

0
.7

fo
r

th
e

ca
se

of
E

n
is

th
e

co
rr

es
p

o
n

d
in

g
ei

g
en

en
er

g
y.

T
h

e
en

er
g
y
E

n
ca

lc
u

la
te

d
fr

o
m

(5
.4

)
is

th
e

sa
m

e
a
s

th
a
t

fr
o
m

th
e

ex
a
ct

d
ia

go
n

al
iz

at
io

n
of

th
e

H
am

il
to

n
ia

n
(1

.1
).

– 13 –



J
H
E
P
0
7
(
2
0
1
7
)
0
5
1

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] F.C. Zhang and T.M. Rice, Effective Hamiltonian for the superconducting Cüoxides, Phys.
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