PUBLISHED FOR SISSA BY 4) SPRINGER

1

RECEIVED: January 21, 2025
REVISED: March 18, 2025
ACCEPTED: March 27, 2025
PUBLISHED: May 6, 2025

The type IIA Virasoro-Shapiro amplitude in AdS, x CP?
from ABJM theory

Shai M. Chester®,% Tobias Hansen®® and De-liang Zhong ©¢

@ Blackett Laboratory, Imperial College,
Prince Consort Road, London, SW7 2AZ, U.K.

b Department of Mathematical Sciences, Durham University,

Stockton Road, Durham, DH1 SLE, U.K.

E-mail: s.chester@imperial.ac.uk, tobias.p.hansen@durham.ac.uk,
d.zhong23@imperial.ac.uk

ABSTRACT: We consider tree level scattering of gravitons in type ITA string theory on AdS4 x
CP? to all orders in o, which is dual to the stress tensor correlator in U(N); x U(N)_ ABJM
theory in the planar large N limit and to all orders in large A ~ N/k. The small curvature
expansion of this correlator, defined via a Borel transform, is given by the flat space Virasoro-
Shapiro amplitude plus AdS curvature corrections. We fix curvature corrections by demanding
that their resonances are consistent with the superconformal block expansion of the correlator
and with a worldsheet ansatz in terms of single-valued multiple polylogarithms. The first
correction is fully fixed in this way, and matches independent results from integrability, as well
as the R* correction at finite AdS curvature that was previously fixed using supersymmetric
localization. We are also able to fix the second curvature correction by using a few additional
assumptions, and find that it also satisfies various non-trivial consistency checks. We use
our results to fix the tree level D*R* correction at finite AdS curvature, and to give many
predictions for future integrability studies.

KeyworDS: AdS-CFT Correspondence, Scattering Amplitudes, Superstrings and Heterotic
Strings, Scale and Conformal Symmetries

ARXI1v EPRINT: 2412.08689

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP05(2025)040


https://orcid.org/0000-0001-8803-1511
https://orcid.org/0000-0002-3877-1703
https://orcid.org/0000-0001-8414-9133
mailto:s.chester@imperial.ac.uk
mailto:tobias.p.hansen@durham.ac.uk
mailto:d.zhong23@imperial.ac.uk
https://doi.org/10.48550/arXiv.2412.08689
https://doi.org/10.1007/JHEP05(2025)040

Contents

1 Introduction 1
2 Stress-tensor correlator 4
2.1  Mellin amplitudes for the low energy effective theory 5
3 OPE and AdS resonances 6
3.1 Superconformal block expansion 6
3.2 OPE data at strong coupling 8
3.3 Degeneracies from flat space 10
4 Worldsheet correlator 11
4.1 Ansatz 11
4.2  Ambiguities 13
5 First curvature correction 14
5.1 OPE data 15
5.2 Low energy expansion 16
5.3 High energy limit 17
6 Second curvature correction 18
6.1 OPE data 19
6.2 Low energy expansion and D*R* 21
6.3 High energy limit 22
7 Conclusions 22
A Polynomial Mellin amplitudes 23
B OPE poles of the AdS amplitude 27
C Basis of single-valued multiple polylogarithms 28
D Localization constraints 29
1 Introduction

One of the outstanding questions in string theory is how to compute string scattering in
the presence of Ramond-Ramond (RR) flux. This includes string theory in AdS, which is
famously dual to conformal field theories (CFTs) in one less dimension [1]. The textbook
RNS prescription for the string worldsheet does not work in this case, while the pure spinor

approach [2] has not been developed to the point where it can compute string scattering

in

practice.



Instead, progress has recently been made in [3-6] for tree level string scattering in type
IIB string theory in AdSs x S° by combining two ingredients. Recall that the stress tensor
multiplet correlator in SU(N) N = 4 super-Yang-Mills (SYM) is dual to graviton scattering
in AdSs x S5, where the flat space limit is given by a Borel transform defined in [7]. The first
assumption is that AdS curvature corrections can be obtained by applying this same Borel
transform to the CFT correlator, after suitably rescaling the Mellin space expression for this
correlator by A = g%MN and expanding at large A in the planar large N limit. In particular,
one can apply this AdS curvature expansion to the superblock expansion of the correlator,
which includes operators with large scaling dimensions that are dual to massive string states
in the bulk. The second assumption is that the AdS curvature corrections to the correlator are
given by a worldsheet ansatz in terms of single-valued multiple polylogarithms (SVMPLs).!
By combining these two assumptions, as well as crossing symmetry, the first AdS curvature
correction was completely fixed, and matched previous results from integrability [9-11] for
the scaling dimensions of massive string operators, as well as the low energy expansion at
finite AdS curvature as fixed from supersymmetric localization [12, 13]. By further inputting
results from integrability, the second AdS curvature correction was also fixed.?

In this paper, we extend this story to type IIA string scattering in AdS; x CP3, which
is dual to the 3d ABJM CFT with gauge group U(N)g x U(N)_g [17]. In particular, the
string coupling gs, the string length ¢, = v/o/, and the AdS radius R are related to CFT
parameters as [17-20]
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where ¢p ~ N3/2. The type ITA limit is then given by large ¢y with v fixed, such that the
string coupling g5 is small in this expansion. We consider the stress tensor multiplet correlator
dual to graviton scattering in the planar limit to all orders in 1/v, and in a small AdS
curvature expansion we define as follows. Starting from the Mellin space expression M;(s,t)
for this correlator, we define the AdS amplitude using the flat space limit formula [7, 21]
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where S,T are the flat space Mandelstam variables

/ / /

o
S:_Z(pl +p2)?, T:—Z(m +pa)?, UZ—Z(pl +p3)?, (1.3)

which satisfy S+ T + U = 0. We consider the AdS amplitude in a small curvature expansion

in 1/\/v = o//R?

1 1
— A0 (1) A
AS,T)=A (S,T)+ﬁA (S,T)+VA (S, T)+..., (1.4)

'That curvature corrections to all orders can be expressed in terms of SVMPLs was also recently confirmed [8]

in a case where the worldsheet theory is under full control: string theory on AdSs x M with pure NSNS fluxes.
2A similar strategy was also applied to open string scattering in type IIB string theory in the presence of
D7 branes [14, 15], and type IIB string theory on AdSz x S* x My for My = K3,T* [16].
3We include the shifts by 4/3 since the Mellin variables satisfy s + ¢+ u = 4, but the Mandelstam variables
should satisfy S+ 7T + U = 0.



where we are still sensitive to finite o/ effects via the Mandelstam variables, and the first
term is the flat space AdS Virasoro-Shapiro amplitude

A0S T) = (1.5)

r'(l1-STr1-7)0r1-u) (TU ST SU S U T>
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We then apply the Borel transform (1.2) to the superblock expansion of the correlator [22],
and compare it to an ansatz for A(k)(S, T) in terms of SVMPLs of weights up to 3k. We find
that A(l)(S, T') is completely fixed and can be written with an integrand of uniform weight 3.
Our result can be checked against integrability results for massive string operators on the
leading Regge trajectory [23], as well as the R* higher derivative correction at finite AdS
curvature as fixed by analytic bootstrap combined with localization [21]. We also find that
A(l)(S, T') in the high energy limit matches the classical solution for the string scattering
problem in AdS [24], and in particular the high energy limit of the AdSs x S° [24] and
AdS3 x 83 x My [16] cases.

To completely fix the second curvature correction A (S,T) we have to make a few
more assumptions. We assume that the worldsheet integrand has uniform weight 6 and that
the leading Regge trajectories are non-degenerate. The superprimaries of exchanged long
multiplets can be distinguished by their conformal dimension and spin as well as their parity +
under the Zy symmetry Z described in [22], which is a symmetry of ABJM theory,* so that we
denote the leading Regge trajectories as (odd spin), (even spin)y and (even spin)_. We then
impose the dimension of the first operator on the (odd spin)y trajectory from integrability,
and the R* term known from localization. The consistency checks for the second curvature
correction include a match with integrability data where available, i.e. for all operators on
the (odd spin)4 trajectory [23] and the first operator on the (even spin). trajectory [25], a
match with localization for the D*R* correction and a match with the classical high energy
limit which confirms the expected exponentiation property. Our result implies the following

conformal dimensions for spin ¢ operators with Z parity % on the leading Regge trajectories®
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“We do not distinguish operators by their spacetime parity P, even though U(N)x x U(N)_x ABJM theory
is parity invariant, because we are not sensitive to this parity in the planar limit.

5In order to compare to [23, 25] note that these references considered operators of dimension A+ 1 and spin
S = £+ 1 which are super-descendants of the superconformal primaries of spin ¢ considered here. Explicitly,
A% and A% ¢ match the scaling dimensions of operators within the sl(2) subsector [26, 27]. These
operators take the form tr Df_(YlYf)L:l, where S is even or odd, respectively. Currently, no integrability
data is available for A®Ve" ¢,
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The rest of the paper is organised as follows. Section 2 introduces the correlator of the
stress-tensor multiplet in ABJM theory. In section 3 we relate the superconformal OPE for
long supermultiplets to massive poles of the AdS amplitude and discuss the spectrum of
massive string operators. Section 4 describes our ansatz for curvature corrections to the AdS
amplitude as a worldsheet integral. In section 5 and 6 we fix the first two curvature corrections
and present resulting data and checks, namely OPE data, Wilson coefficients and the high
energy limit. We conclude in section 7. Four appendices contain further technical details.

2 Stress-tensor correlator

We study the four-point function of the superconformal primary S of the stress-tensor
multiplet, which is a A =1 scalar in the adjoint of the SO(6) R-symmetry. We can expand
this correlator as

o . 1
(S(#1, X1) - S(¥4, Xq)) = P S1(U, V) A12A34 + S2(U, V) A13A24 + S3(U, V) A14A23
12734

+ 84(U, V) Biazs + S5(U, V) Biaza + Se(U, V) Bizaz | , (2.1)

where we define the R-symmetry structures
Al‘j = TI‘(XZ'X]‘) y Bz’jkl = TI‘(XZ'XijXl) + TI‘(XleXin) , (2.2)
and where S; are functions of the conformal cross-ratios

2 .2 2 .2
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= , V= . (2.3)
753, 23513,
We will be interested in the connected part of this correlator
SMUV) = SUV) - SEEW V), s = (LU, 4,0,0,0), (24)

for which we define the Mellin transform (where u = 4 — s — )8

0 dgdt st 19 S 2 |: t:| 2 |: u:|
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SO, V) /_Z (4ni)? 2V 2 { 2] 5 5 M;(s, ) (2.5)

The Mellin amplitudes satisfy the following crossing symmetry constraints, which imply that
all components are fixed in terms of Ma(s,t) and Ms(s,t)

Ml(S,t) = Mg(u,t) s MQ(S,t)
My(s,t) = Ms(u,t), Ms(s,t)

5Note that we switch ¢ <+ u relative to [21].

Ms(t,s), Ms(s,t) = My(s,u),

(2.6)
Ms(t,s), Mg (s, t) = Ms(s,u).




2.1 Mellin amplitudes for the low energy effective theory

The Mellin amplitude can also be expanded at large N ~ c?r/ % and large v ~ \ as’
1
M = — Miyee + O(c3?), (2.7)
cr
with
Misee = M6 4+ 2B asppin _gap2),
32V§
1 (2.8)
+ [meMﬁ:ﬂ + stng’vJ + ZbMM“J + b M?| +O(v?).
vz =1 j=1 j=1

where the b’s are numbers that were not yet fixed. The supergravity term was fixed by
analytic bootstrap in [21, 28] to take the form

s — ) (t — 4T (L5

ME)SG(S,t):—u_2 ( 2 (%> 2 (Tt) +2u—st—8) ,

(2.9)
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where the other coefficients can be obtained by crossing using (2.6). The ratio of gamma
1—\(175)
M)
which the Borel transform (1.2) vanishes exactly. As a result, the curvature corrections to

functions has a large s expansion in terms of odd positive powers of 1/4/s, for all of

the supergravity AdS amplitude are all rational functions of the Mandelstams
ST 1 S2+4+3ST+7T? 125%—135T + 2T*

ASG(s, T — - : -3
D=5+t 7m0 v 360 +0(2), 2.10)
U 1 3S824+78T+37? 1U(25% — ST +27?) 3 '
SG _ - = _ -
ATET) =5 -2 12T * 245272 +0W™2).

The other Mellin amplitudes in (2.8) correspond to higher derivative corrections to super-
gravity, and they are polynomials in s,¢. For instance, the first correction shown in (2.8)
corresponds to the R* correction to supergravity, whose coefficients were fixed using super-
symmetric localization in [21], where the Mellin amplitudes take the explicit form

1
Myt = o5 (= 2)(t = 2) (35ts + 100u — 112) ,

1
MM = —(u— 2)(35stu — 90(£2 + 52) — 280ts — 324u + 1072), (2.11)

70
M= (s—2)(t—2), M:=(u—4/3)(u—2).

The corresponding AdS amplitude is given by

23STU 80S%2+221ST+80T2 53U 13
AR = ¢(3) [ 25212 2.12
2z =l )< * END; + 18v +18,/2+108y2 ’ (2.12)
4152 4+105ST+41T? 133524286ST+133T2% 647U 20
AR = c3) [ sTU?-U + + - * * -
6y/v v 7903 2TV?

"We normalised our Mellin amplitude with an extra factor of 32/72 relative to [21] to make various formulas
simpler. This overall normalisation is not important as we only consider tree level.



Superconformal block normalisation Z

. n=1: (aap01;aa+1020)=(1,0) + | +
Lon,g”A’0

n=2: (aar01,aa+1020) = (0,(A+2)/(A-1)) | — |+

LonglAj, ¢>1 odd ant104115, =1 I

n=1: (aae1,0a+1,01,0a+1,015,) = (1,0,0) |+ |+

LOngZ’g, { > 2 even n=2: (aA,g,l, AA+1,0,15 ‘IA+1,€,153) =(0,1,0) — |+

n=3: (aar1,0a+1,01,0a+1,,15,) = (0,0,1) - | -

Table 1. A summary of the long superconformal blocks and their normalisations in terms of a few

OPE coeflicients. The values aa’ ¢ in this table correspond to aZ,A/ n (3.2). We omitted the

labels n, A, ¢ for clarity.

The next correction corresponds to the D*R* correction, and is written in terms of eight
unknown coefficients b. In appendix A, we describe how to derive the explicit polynomials
in s,t that appear at that order, and give explicit expressions for them. We will later fix
these coefficients using the curvature corrections we will next discuss, together with one
localization constraint.

3 OPE and AdS resonances

3.1 Superconformal block expansion

The correlator has the following expansion into N’ = 6 superconformal blocks

= Z C’imgLongZ,g,i(U, V) + short multiplets, (3.1)

n,7,0

where 7 = A — £ is the twist and n denotes the different possible long blocks that appear
for a given spin £. We will only be interested in the contribution of long blocks, as these
are the only ones contributing to the massive poles of the AdS amplitude. The N' = 6 long
superconformal blocks are given in terms of bosonic 3d blocks ga (U, V) [22]

Longd (U, V) = 3~ alil,(B™)igare (U V), (3.2)
Al

where the matrix B implements a basis change from the irreducible representations r to the
basis (2.1). The relative coefficients a Aé, between bosonic blocks within the superblock
are completely fixed by supersymmetry, and given explicitly in [22].® The index n refers
to the fact that there are different long blocks for even ¢ (unlike odd ¢ which has a unique
block), as shown in table 1. These different n correspond to different charges under the

discrete symmetries P and Z.
As discussed in appendix B.3 of [21], the stress-tensor multiplet forms a representation
not only of the superconformal group OSp(6]4), but also of a larger group (Za x Zg) x OSp(6/4)

8For £ = 0, we normalise the n = 2 block differently than [22], see table 1.



which includes both a parity transformation P and discrete R-symmetry transformation Z.
The parity transformation P extends the spacetime symmetries from Spin(3,2) = Sp(4,R)
to Pin(3,2), while Z extends the R-symmetry group from SO(6) to O(6). The U(N) x
U(N + M)_,, ABJ(M) theories are expected to preserve Z symmetry in general, and P for
M =0,k/2. We can thus distinguish Z-even and Z-odd operators. However, since we are
not sensitive to M in the planar limit, we are not sensitive to P, so we expect that even spin,
Z-even long multiplets will contribute to both n = 1 and n = 2 in this limit.

We would like to understand how these superconformal blocks contribute to the massive S-
channel poles of the AdS amplitude. To this end, we have to perform the Mellin transform (2.5)
and the Borel transform (1.2) near the resonances of the AdS amplitude from massive string
operators with twists 7 = 2l/i%, where T is finite at large v. In fact, the identification of
Casimirs in the flat space limit

49
a:

A(A - 3) = R*m? = R? as R — o0, (3.3)

fixes the leading term in the strong coupling expansion of the twists in terms of the string
mass levels § = 1,2,3,...

Fase = Vo + 0 1), (3.4)

We proceed at the level of bosonic blocks ga ¢(U, V). Their Mellin transform is given by

100 Jgd
9a.0V)= [

TP UsvEIT? [1_5] T2 [1_75} 2 {1_u] $ Q=) oo

2 2 2 sS—T—2m
m=0

where Q; /. (t — 2) is a Mack polynomial, defined in (B.2), and m labels descendants. We
show in appendix B that applying the Borel transform to the Mellin amplitude

> QT,E,m(t - 2)

MT ) = 9 *
#(5:%) mz::() sS—T—2m (3.6)
leads to the following expansion for the AdS amplitude at S ~ 72
1 A | ()
A (S, T = —— —sin [ — ——RY)(S, T 3.7
7@( ’ )‘S—polcs 167T§V% Sln( 2 ) g Lil4 T,Z( ) )7 ( )
with
0) VSVTP, (1 + %)
R’TZ(S’ T) - — ~ 9
| V2(5-7) (3.8)
VS (46— 1)S + (120 — 23)72) P, (1 + 2L '
RU)(S.T) = - ( S),

16v2v7 (S — 72)?
where Py (x) is a Legendre polynomial, as appropriate for partial waves in 4-dimensional
flat space and the higher corrections R® ete. can also depend on O Py_,, (z) and are given
explicitly in the attached Mathematica notebook.
In order to obtain the superconformal pole structure of A;(S,T'), we have to replace each
bosonic block in (3.2) with (3.7), with the appropriate A’ and ¢'. Since each superconformal
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Figure 1. Chew-Frautschi plot of the stringy operators.

block contains only bosonic blocks of the same twist modulo 2, the factor sin (%)2 in (3.7)
can be factored out of the superconformal blocks. Cancelling this factor we write the OPE
coefficients as

ot

5 5
1673 (2\/&/%) 2 1673 (2\/&/% 2
Crzzzl,f,é = - N2 fn=175,f7 C72z:2,3,7-,£ = 2 fn=2,3,574 : (3'9)
Sm (7) sin (ﬂ(T;l))

3.2 OPE data at strong coupling

Next we expand the OPE data at strong coupling. The leading twists are given by (3.4) in
terms of the string mass level §, which we will use to label the OPE data alongside the spin
¢ and the superconformal block label n. We expand the twists as

(2) (4)
Tn,é,[ Tn,&,f _3
Tno4 = rflfg,g + 24/0v (1 + NG + EVIE +O(v 2)) , (3.10)

and the OPE coefficients (3.9)

1 2 3 4
TR PR iy RN A PR Ay

NN Rk

By matching the OPE poles of AEO)(S, T) to the flat space Virasoro-Shapiro ampli-
tude (1.5), we find the spectrum of exchanged supermultiplets displayed in figure 1, and we
can also compute the leading OPE coefficients (f © n,s,0- While the amplitude fixes the OPE

Jnse = f,i?ig + +OW 1), (3.11)



data for any n, d, ¢, the data organises itself into analytic Regge trajectories as indicated in
the figure. As familiar from flat space, the leading Regge trajectory determines the Regge
limit of the amplitude. This was also recently confirmed in the AdS5 x S° context in [29].
We will merely use the Regge trajectories as a useful way to present OPE data and show
the data for the first few Regge trajectories. We define the angle brackets as a sum over
all operators that share the same n, § and £. Defining

(—1)%62-241D (5 — 26 — 1)

qud( ) —
! PHPO) (-6 - 1)
. (3.12)
wven (—1)96%-2+1(45 — 45 + 1)T (j — 25+ %)
,r_‘ven — ,
’ AHDE)T (5 -0+ 3)
we have for the first few odd spin Regge trajectories
<f1525 1= 47'0dd(5)
a5y =2 (253 +66% 175+ 6) 15%9(9) , (3.13)
(055 = = (556+2955 585" — 3735° 4 72267 — 976 — 210) 154(9) ,
and for the even spin ones
3 O 2 even
<f1525 2+2<f( <f3525 2 = 67"1 (9),
3, 4(0) ven
(F9as-a+5 i1 = Fias-a = (62+26 5) 5" (). (3.14)
3
56+ 5 I 56 = (10056 = = (555+1954 295° — 25362 + 2495+ 189 ) r§**"(4)

Note that only a combination of the n = 1 and n = 2 coefficients for even spins are fixed,
because the corresponding blocks are indistinguishable in the flat space limit. The individual
coefficients will only be fixed when determining Agl)(S, T).

As indicated in (1.4), we expect the AdS amplitude to have curvature corrections which
multiply integer powers of o//R? = 1//v. However, the OPE data is expanded in powers
of v~1 and imposing (1.4) fixes part of the OPE data. In particular, absence of an AdS
amplitude at order v (and its OPE poles) fixes the OPE data

1) 3

71,5e:—€—§> £ odd,
0 3 0 0 1 3
271 aefl 50T 372 Mfz( 5)4 (‘Z - 2) <2f1(,5),£ + 3f2(,5),z) ) T?E,a),e =—l- 50 ¢ even,
(3.15)
as well as
1 1T .0
fide= 15/ tae ¢ odd, -
W , 3,0 _ 27,0 150 1 _ 11 (0 '
fl,é,é T §f2,6,£ - Tﬁfl,a,z - @f;@za f3’57[ = Ef&&f, ¢ even.



The remaining 7()’s and f(1)’s are fixed at order v~ such that

Tr(L,lg,z =—£- % )
(1) 27 (0) (1) 5 (0) (3.17)
fise = 1671000 fos0 = T 167200 t even.
Similarly, absence of corrections of order v~1 and v 1 fixes all fB)g
@ 11, 0 2. 3(25602+ 7680+ 557) £,
fise= E(fm,e — fisuMs 1096 ; ¢ odd,
3 2T o 0 (. (128002 +1280¢ — 3849) £,
fise= E(fm,z ENVEWY, 1096 ,  Leven, 5.15)
o, @, _ 10 3 (25602 + 256¢ — 675) f5), '
fos0 = <f — fas0Tos0) T 1096 ;
@ 1l @ 0 (. 3 (256024 256¢ + 45) f(o)
f350= 16(f3,5,e - f3,5,473,5,e) 1096

We expect the relations determining 7 6 o fr(Lla , and f (3) 5.0 t0 hold for each individual operator,
as indicated by the absence of angle brackets.

3.3 Degeneracies from flat space

Let us take this opportunity to discuss the degeneracy of operators with the labels 6, ¢,n. We
can address this question in the strict flat space limit, by relating the massive spectrum of
type II string theory in 10 dimensions to the flat space limit of AdSs x CP?. By continuity
of the degeneracies the result should then also hold at finite v. An analogous analysis was
done in [30] for type IIB string theory in AdSs x S°. In that case, several of the degeneracies
were confirmed to hold at finite v by quantum spectral curve computations in [31]. Here
we will only discuss the leading odd and even Regge trajectories.

In the present case we have the additional complication of non-maximal supersymmetry.
However, the flat space amplitude (1.5) respects N/ = 8 supersymmetry, as one can check
by relating its massive poles to N/ = 8 superconformal blocks. These are given in terms
of the N' = 6 superconformal blocks by [22]

_ 40— 1)2(-A+ 0+ 1)(A+ ¢
Long7 = Longh g, + (20 (— 1)(2)5 (+ (¢ - A)()i I +) 1) lon8atLe

AAN(-A+ L+ 1)(A+7) 4(-A+10+ 1)(A+£)L0ng3 ‘

3(A+2) (0 —A)(A+L0+1) (=AY A+L+1) AtL b
A0+ 1D)(L+2)(A+0O)(A+10+2)

@0+ )20+ 3)(A + [+ 1)(A + £ +3) O"8a+ieaLi
LA+ 4 (-A+L+1)(A+0) 1

@A 1520 + 1) (0 — A)(A + 0+ 1) On8a+2ti-

2
Longa 1+

(3.19)

We find that
252

ResA ( N‘) LongN

0=0,2,...

(3.20)

flat space limit ’

,10,



where we take the flat space limit as described in section 3.1. This means that we can do
the degeneracy analysis in two steps. We first relate the flat space spectrum to AN/ = 8
superconformal multiplets. In a second step we decompose the A/ = 8 multiplets into N' = 6
multiplets using (3.19).

The main result from the first step is that the operators on the leading N’ = 8 Regge
trajectory with superprimary spin ¢ = 2§ — 2 all have degeneracy 1. We then see from (3.19)
that /' = 8 multiplets with £ = 26 — 2 contribute to N = 6 multiplets with odd spin £ = 26 — 1
or even spin £ = 2§ — 2 and n = 2,3 only with a single term in (3.19), so these N' = 6
trajectories should have degeneracy 1 as well.

We conclude that there should be three Regge trajectories of unique operators: one
for £ = 26 — 1, one for £ = 2§ — 2 with Z-even operators and one for { = 2§ — 2 with
Z-odd operators. Below we will find further evidence for this statement, as we will use
it as an assumption to fix the last few coefficients in the ansatz for the second curvature
correction. These coefficients will then be subject to non-trivial consistency checks against
integrability and localization results.

4 Worldsheet correlator

4.1 Ansatz

Next, we will try to determine the curvature corrections A1 (S, T) and A (S, T) in (1.4),
by making an ansatz for these functions in terms of a worldsheet integral. This is very much
analogous to the ansatz of [5, 6] for AdSs x S°. It was argued there that the worldsheet
integral for the kth curvature correction should be of the form of the flat space Virasoro-
Shapiro amplitude, with the additional insertion of single-valued multiple polylogarithms
(SVMPLs) of maximal weight 3k.

We will construct an ansatz for the structures 2 and 5. To this end we take i = 2,5
henceforth, and construct functions satisfying

Ai(S,T) = Ai(T,S), i=2,5. (4.1)
The remaining structures are then fixed by (2.6)

Al(SaT) :AQ(UvT)a A3(57T) :AQ(Sv U)a

(4.2)
Ay(S,T) = As(U,T),  Ag(S,T) = A5(S,U).

The ansatz takes the form

A,;(S,T):BZ‘J(S,T)—I—Bi’g(U,T)—l-Bi’Q(S,U)—l—BZ"g(U,T)—Bi’g(S,U), i:2,5, (43)

where
Bi1(S,T) = Bia(T,S),
Bio(S,T) = B; (T, 9), (4.4)
Bi3(S,T) = —B;3(T,9),

and

Bij(S.T) = / 2222521 — 2| 72T2G, (S, T, 2). (4.5)
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The integrand has an expansion analogous to (1.4)

1 1
Gij(S,T,2) = G(S,T,2) + ﬁag}}(s, T,z) + ;GE?(S, T,2)+... (4.6)

The main idea behind the ansatz is that it is manifestly crossing symmetric (4.1), while at
the same time GZ(S)(S, T, z) will depend on z only via SVMPLs. When we now write the
AdS amplitude as a single integral

APST) = [[@ela 25721 - 22260 (5,7, 2), (4.7)
the necessary changes of variables introduce additional factors of |z|? or |1 — 2|2

GUL(S,T,2) = GOS8, T,2) + |27 (G5 (U, T,1/2) + G (U, 1,1/2))

(4.8)
+1= 2P (G5 (8,0, 2) - 68U, 5)) . i=2.5.
Using (4.2) we can also obtain the remaining integrands
G (8, T, 2) = [2PGN (U, T,1/2) + G (S, T, 2) + G (8, T, 2)
+1=2P (G580 2+ GRS, 2)) . i=2.5,
(4.9)

Gl (8. T,2) = 1= 2P (8,0, 220) + |21 (G5 (U, 1,1/2) - 6 (U, 1,1/2))

+GW (s, T,2) - a%(s,1,2), i=25.

2y

For the integrand for the kth curvature correction we propose the following ansatz, sat-
isfying (4.4)

3k
G o(8,T2) = 3 3 (P (S, )Ty (2) + Py (S, )T, ,(2))

w=0 b (410)

3k
G T2 =3 (P+ B8, T) T (2) + Pyt 3 (s, T)T;:b(z)) ,
w=0 b

where Pi (S, T) are (anti-)symmetric homogeneous polynomials of degree 2 +w — k. The
degree of the polynomials is chosen such that for each k, the contribution to the supergravity
amplitude (2.10) will have transcendental weight 0. Tib(w) are a basis of (anti-)symmetric
single-valued multiple polylogs (SVMPLSs) of weight w, defined by

Ly (2) = Lw(2) £ Lw (1 = 2) + Lw (2) £ Lw (1 - 2), (4.11)

and single-valued multiple zeta values (SVMZVs). The SVMPLs Ly (z) were introduced
n [32]. They depend on a word W made from the letters 0 and 1, the locations of the
singularities of the worldsheet integrand (along with co). They are single-valued in z and
satisfy the relation

8Z£0'W(z> =

(2), o€ {0,1}. (4.12)
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w 01 23 4 5 6
P;,b<s,T) | BHg=h |

Ty s(2) 1 1 2 4 7 13 25
Tys(2) 0 1 1 3 5 11 20

Table 2. Number of independent (anti-)symmetric polynomials and SVMPLs for each w.

See [5, 6] for further details on SVMPLs in the same context and [33-35] for useful tools
for manipulating them. The explicit basis of SVMPLs we use is given in appendix C and
we give a counting of the basis elements in table 2
It is instructive to rewrite the flat space amplitude (1.5) in terms of the proposed
ansatz. Noting that
I'1-5ra-nra-u) ST/dzz| |=25-2|1 _ =272
r1+Sra+nra+u)

ur SU
= ?/d22|z|—2U—2|1 T2 T/dQZ|Z|—2S—2|1 _ 2,

we can write (1.5) in terms of integrands which are (anti-)symmetric polynomials of degree two

(4.13)

T2 + S2 T? - 52
T .
sy =0 s =0, a)(s.1) =
Using (4.13), we see that this matches the corresponding components of (1.5
hat th hes th d f
S T ST
= (GO T) + GRYUT) ) + o= (GEX(S,U) = GEA(S, U)) = =,
Y e =Y
ST >0 2"

4.2 Ambiguities

It turns out that the above ansatz contains a lot of ambiguities that integrate to 0. To give
an idea how these ambiguities look like, let us consider the simplest example, which contains
only weight 0 and 1 terms. It is given by (note that Lo(z) = log|z|> and £1(z) = log |1 — 2|?)

G3TP(S,T,2) = G3%°(S, T, z) = 2(S + T) — S?log |2|* — T?log |1 — 2|?, (416)
G33°(S,T,z) =0, G2 (S,T,2) =0. ‘

Using

o5 _oT_ L(=Sr(-nra+s+17)
T T) = 2 25-2 1— 2r-2 _ 4.1
(5.7) /d AL = At sTa+nr—s—n’ &7
we can replace the logarithms in (4.16) by derivatives and check that

A (8,T) = (2S + T) + 8205 + T207) I(S,T) + (S & U) + (T &+ U) = 0. (4.18)

The presence of ambiguities means that we cannot provide a unique answer for the integrands.
However, the AdS amplitude corrections A1) (S, T) and A®) (S, T) will be uniquely determined.
Below we will display integrands with a choice of ambiguities, and provide the full results
with all ambiguities in an ancillary Mathematica file.
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5 First curvature correction

Let us now discuss the case k = 1. Here the ansatz (4.10) has 166 parameters and 84
ambiguities, so that 82 of the coefficients determine A(l)(S, T). By matching the ansatz with
the pole structure dictated by the flat space limit (3.7) of the OPE (3.1), and the known
SUGRA term in (2.10), we can completely fix these 82 coefficients. Note that in order to
match all inequivalent poles, we consider the S-channel poles of the structures i = 1, 2,4, 5.

In order to present the result, we make a choice for the 84 ambiguities. It is possible to
choose them in such a way that all the Gz(’lj)(S, T, z) have homogeneous weight 3. This choice
fixes 60 of the ambiguities. We then fix the remaining 24 ambiguities arbitrarily and obtain

GM(S.T,2) =

GS(8,T,2) = (S*~T?) (1 5 (14252+615T+142T2)£0+00( )+

as well as

G (S.T.2)=

G{Y(S,T,2)=

%(11154—31S3T—315T3+111T4)ﬁj{oo(z)
+F12(52—T2)(11152—3IST+111T2)/3000( )s
GSY(S,T,2) = To5 (~BLS" +1925° T+ 2475 T 1025T% - 31T) Ly ()+ 916( 585"
—11783T—1298°T?—117ST*—58T*) Ly, (= )+—(9254 37837 —-375°T*-37ST?

192
1
+92T4).cgw(z)+(52T2)<1 2(3152 30ST+31T?) Lo (2)+ £(4OSQ+5IST

HOT) iy (34 55 (1S STHIT) £330(2)) = 5 (ST (5+D%6). (5.1)

24117ST
96(58S+ 78

1
+58T2) Lo, (2)— (9232 37ST+92T7) L0 (2 ))+192(14QS4+223S3T+24752T2

192

1
%(—8054—10253T—12952T2—1025T3 80T*) Lo (2)
23

+@( 22544-28°T—37S*T?+28T° —22T*) L (2 D+

+223ST3+142T%) Lo (2)+

(S*=T*)(S+T)*¢(3),

1 1
@(—S4+6382T2—T4)£j{10(z)+&(—5S4+2853T+582T2+28ST3

1
—5T4)Lo+oo(z)—(S+T)4£301(z)(52—:r2)(4 (552 —28ST+5T7) Lo (2)

(5T L ()= g (SHTP L)) -5 (S+T(6).

1 1
% (S2+ST+T?) (S*+17ST+T?) ng(z)Jr% (148*—148°T

1
—58%71? —14ST3+14T4)£1§00(2)+@ (39*—253T—285*T*—2S8T*+3T*) L), (2)

7 1
+(82-17) (48 (S2—ST+T?) Looo(2)+ 15 (392 —8ST+3T7) L, () (5.2)

1

+55 (52+QOST+T ) Loro(2 ))+3(5214ST+T2)(S+T)2§(3),
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e

GEN(S.T,2)= <_ (1982 427ST+19T?) L (2)+ (352 +4ST+3T2) Ly, (2)

+% (5*—185T+17) cglo(z)> +9—16 (—385*—5453T+55*T% —548T*—38T*) L0 (2)

1 , 1 f
+5 (394 —253T—-205°T2—2ST3+3T*) Lo (2)+ 55 (S*—16S°T—775T?

—16ST3+T4)£(§10(2)+%(52—TQ) (S2+9ST+T2)((3).

The same result including all ambiguities can be found in an ancillary Mathematica notebook.

5.1 OPE data

Along with AM(S,T) we can fix the following OPE data. First of all, the leading OPE
coefficients for the even spin, Z-even operators are now determined as

0 0 0
2f{%e = 3(sne = (Fiae - (5.3)
with ( féols)’g as given in (3.14). For the first three odd spin Regge trajectories we find

r4(0)

<f(0)7'(2) 1,6,26—1 = (24(52 — 8(5 + 9) y

odd
(OFIC) _ 18700) 1446° + 4166* — 15308°% + 164262 — 11676 + 306
(f7'% 1 525-3 144 ( + + + ) ) (5.4)
odd (5
(fO7@ | 505 5= ?%éo) (18000% 4 1064087 — 273736° — 1205896° + 3837864
— 5488396° + 5430746% — 1640555 — 78750) ,
and
odd 5
(f 251 = 7“1384(1 ) (_179253 + 288002 — 18560 + 915) +853¢(3)rodd(5)
(2) r894(9) 6 5 4 3 2
(o253 = 1o (— 1075265 — 462085° + 1900805% — 3000465° + 2677988
4
~ 901535 — 810) + ¢ (20% + 657 — 176 + 6) °¢(3)r5%(4),
(2) ngd((s) 9 8 7 6 5
(fioos—5 = 2592000( — 6720006% — 67216006° + 1326425657 + 780091735% — 2496391876

+ 3527011586% — 2141487738 — 17409195062 + 1842009758 + 40020750)
4
+ (50° + 2007 — 586" — 3730° + 72262 — 970 — 210) 6*C(3)r§™N(9) . (5.5)

In particular we can use that the leading odd spin Regge trajectory is non-degenerate to extract

() B 2462 — 86+ 9
71,6261 = 39 ) (5.6)

,15,



which agrees with the integrability result [23]. For the first three even spin, Z-odd Regge
trajectories we find

even 5
(PO 550 = T (0452 165 413),
even 5
(fO72) 4505 4 = 7"214i ) (726" + 1126° — 4215 + 490 — 435) ,
even 6
(FfOrP 5505 6= Tgl 65 0) (180057 4 64406° — 133136° — 773276* + 1748815% — 2911835°
+ 2603076 + 127575) , (5.7)
and
(2) v (4) 3 2 2
(F3nzs—2 = = “zs (17920° — 288062 + 35845 — 1395) + 46%¢(3)r5*"(9),
even 5
(54 = 7'2691(2 ) (— 537657 — 177280 + 545926% — 806476 + 939065 — 32445)
4
+3 (62420 5) 5°C(3)r5™"(9),
(2) rg e (9) 8 7 6 5 4
(finzs-s = £1gaong |~ 6720008° — 537760007 + 85106368° + 494918296° — 1015623975

+1369286915° — 8194410957 — 1475864555 + 19774125)
2
+ 5 (555 + 1951 — 2963 — 25362 + 2495 + 189) 53¢ (3)rgven(s) . (5.8)

For the even spin, Z-even operators we can again only fix a combination, so we show here
the result for the leading Regge trajectory and present further results when we can resolve
the coefficients independently in section 6.1

even
<f(0)7—(2) 1,6,26—2 + g <f(0)7'(2) 2,6,26—2 = 7‘116(@ (2452 —166+ 1) s
(£ 5o+ g (£ g 5050 = — ”768(55) (17926° — 288062 + 35845 1683)  (O9)
+462(3)rn(6) .

By assuming that there is a unique operator with (d,¢) = (1,0), we can extract its dimension

and again find a match with integrability [25]
To10 = 55 - (5.10)

5.2 Low energy expansion

We can directly compute the worldsheet integral in a low energy expansion around S ~ T ~ (
using the method described in [5, 36]. The upshot is that an integral of the form

I (S,T) = /d%yzr?s*u T2 (2), (5.11)
has the low energy expansion
Iw(S,T) =polar + > (=S)P(=7)7 > (Low(1) — Lin(1)), (5.12)
p,q=0 W'eoplauw
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where the calculation of the polar terms is detailed in [5] and W is the shuffle product. This
formula proves that terms of degree p+ ¢ in S and T have coefficients which are single-valued
multiple zeta values of weight 1+ p+q+ |W/|, where |W]| is the weight of the SVMPL in (5.11).
Using this, we get the following result for the low energy expansion

S24+3ST+T1?% 23

(1) _ 23 1 2 2
AW (S, 1) = o + 5 STUC(3) + 75 5TU (11882 + 253ST + 118T%) ((5)
1 1
+35°1° (657 + 77T + 672) ((3)* + SSTU (808" + 4125°T + 275°T”
+ 412873 4 80T ¢(7) + ...,
(1) 382 47ST+371* 1 > )
AW(S Ty = oaT -U (4157 +1058T + 4172) ((3) (5.13)
- %U (1948 + 671SPT + 9108272 + 671ST* + 1947*) ¢ (5)

_ L
16
+ 47938 T? + 6394S3T3 + 47935*T* + 2080ST° + 472T%)((7) + . .. .

1
- 6STU2 (181S2 + 359S8T + 181T2) ¢(3)? U (47255 + 2080S°T

For each of the two results, the leading term originates from supergravity and we used the
subleading terms in the supergravity amplitude (2.10) to fix a few of the coefficients of
the worldsheet ansatz. All other terms in (5.13) are predictions for parts of the derivative
interactions in the low energy effective action. We can immediately compare the terms ~ ((3)
in (5.13) to the subleading terms in the R* interaction (2.12) and see that they match perfectly.

Once we have fixed the second curvature correction, we will also use the terms ~ ((5)
to fully fix the D*R* interaction in section 6.2.

5.3 High energy limit

We can also compare our results in the fixed-angle high energy limit |S|,|T| > 1 with
S/T fixed to the classical scattering computation of [24]. We start by noting that the flat
space amplitude (1.5) is
TU ST SU S U T\ STU
) /d22|z|_25_2]1 _ T2,

AT = (T T T ) T

(5.14)

The high energy limit is dominated by the saddle point z = SJ%T where the integral becomes

TU ST SU S U T) STU672Slog\S\f2T10g|T\72U10g|U|'

STUTT 2272
The high energy limit of the curvature corrections can be obtained in the same way, by
evaluating the integral (4.7) at the saddle point. In this case we find

AGL(S.T) = AGL(S, T)S*Wa(z0), (5.16)
where zg = SJ%T and
1 20— 1)2
W3(20) = Looo (20) — Loo1 (20) — ;5010 (20) — (022)5011 (20)

( 1) (0 1) 2 0 (5.17)

Z - Z —
+ 2 Lo (20) + Lt (20) +26(3).

0 0
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This is compatible with the main result of [24], which says that in the limit of large S, T
and R with S/T and S/R fixed, the amplitude is given by

Ang(S,T) = A(S, T)e 7z (81 +25F2(0)S) (5.18)

where 8 and SM) are the leading and subleading contributions of the action evaluated on the
classical solution for the scattering problem in AdS. They are of weight 1 and 3 respectively.
F5(zp) is a function of weight 2 that could not be fixed by the classical computation. By
comparing Ws(z) to the expressions for S and SM) in [24]

52W3(ZQ) = —5(1) — 2SF2(Z(])S(O) s (5.19)
we see that
1 2 zo0— 1
Fy(z) = 1 (—Eoo (20) + —Lo1 (20) + L1 (Zo)) , (5.20)
<0 <0

which is exactly the same as obtained from the AdS Virasoro-Shapiro amplitude in AdSs x S°
and Ang X S3 X M4.

6 Second curvature correction

For k = 2 the ansatz (4.10) has 1692 parameters. We are not quite able to fix all these
parameters, so we make the further assumption that the ansatz has uniform weight, i.e. we only
include the terms with w = 6 in (4.10). As we will see, this will allow us to fix all parameters
and several non-trivial checks give us confidence that it is the right ansatz. The uniform
weight ansatz still has 950 parameters and 192 ambiguities. Of the remaining 758 parameters,
749 are fixed by matching the poles with the OPE and the supergravity terms (2.10).

To fix the remaining parameters, we impose that the leading odd and even Regge
trajectories are non-degenerate, i.e.

<f(0)7(2) %,5,25—1

(f©O 1 526-1

<f(0)7—(2) %,6,2672 (61)
(fO 55050

(fOr® %,5,2572 §<f(0)7(2) %,5,2572
(fO 1 5952 2 (fO) 55952

This fixes 6 parameters. Next we insert the dimension of the first operator on the leading

(FOTN2 | 5051 =

<f(0) (7(2))2 3,0,26—2 =

3
(PO 1050+ S(FOTD) 25252 =

odd spin Regge trajectory from [23]
(4) 271 9
_ _9 2
Tl,l,l 2048 SC(?’)? (6 )
which fixes 2 parameters. Finally, we find for the contribution of A®)(S,T) to the R*

interaction

AP gy = Cl(:) (805‘2 + (221 4 2P ST + 80T2) ;

(6.3)
ADRY g 1) = <<93) ((133 + )82 1 (286 + 2¢2)ST + (133 + 0(2))T2) ,

and comparing to (2.12) we fix the final coefficient ¢(?) to zero.
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With all parameters fixed, the worldsheet integrand for the second curvature correction
is still quite lengthy and depends on ambiguities, so we only provide it in the attached
Mathematica file.

6.1 OPE data

For the OPE data extracted from the second curvature correction, we mostly present the data
for the leading Regge trajectories with £ = 2§ — 1 and ¢ = 29 — 2, and include all data for the
subleading Regge trajectories £ = 20 —3 and ¢ = 20 —4 in the attached Mathematica notebook.

With the second curvature correction fixed, we can resolve the OPE data for the even
spin, Z-even operators that was previously only partially fixed in (5.9)

)
166

2FOr® | o5 o =3(FO7@) 5505 5= (246% — 165 + 1),

2fO7@ | 5054 =3(FfO7® 505 4 = m (7254 +1126% — 4576% + 4186 — 255) ,
2(fO7r® | 5956 = 3(fO1P 5505 6 = T;még) (180087 + 64400° — 142136 — 807476

+1801018° — 24564362 + 2154874 + 93555) , (6.4)

and
)
7680

2f@ | 5050 = (— 17926% + 288002 — 35844 + 3699) + 452¢(3)r$V™(6) ,

2(f@ 15254 = T269 1(25) (— 53765° — 177286% + 545926° — 737356 + 1077308 — 67005)
+ g (5% + 25* = 55%) C(3)r5™(6)
()

3(f@ 5050 = (— 17920° + 288002 — 35846 — 333) + 462¢(3)r$V™(6)

7680
r$(0)
6912

- g (6° + 20" = 58%) C(3)r5*"(9) . (65)

3(f@ 25054 = (— 53760° — 177285" 4 545920° — 8583142 + 835388 — 6525)

We also obtain for the leading odd spin Regge trajectory

odd
(fO(TD)? 5051 = 7“252‘5) (5765% — 3845° + 49602 — 1445 + 81) ,
odd
(FOO L fDr@ o 7“1122é‘;) (—430088° + 512008" — 591366° + 7540062 (6.6)

1
— 205685 + 6291) + (240° — 86* — 95°) ¢(3)r§(9) ,
as well as

(f® 15051 = ( (160563200° + 262471685° — 562585605* — 135705605°

5898240
1 )
+ 491590406% — 1370885 + 886095) + @( —17920° + 5766° (6.7)

— 33926* — 31650°)¢(3) — 126°¢(5) + 856c(3)2) 94 () .
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From (6.6) we can extract the correction to the conformal dimensions

1 943
T Has_1 = Sogg( — 13440" 1 10245° + 5285 + 1445 — 81) — —((3), (6.8)
which agrees with the integrability result of [23].
For the leading even spin, Z-odd trajectory we have
(0) [ -(2))2 _ 17" (8) 4 3 2
(f () 35262 = 5125 (5760% — 7685 + 8806~ — 4168 + 169) , (6.9)
()

(FOr@ 4 fA7r@ 5505 9 = (— 430088° + 655360% — 1185285° + 13479252

245766
1
~ 612320 + 14079) + (2467 = 165 — 5) 3*¢(3)r5*"(9) ,

and

(fD 56062 = ( (1605632085 + 262471685° — 390553605* — 466252805°

117964806

1
— @(179253 — 5766° + 43526

+3069)52¢(3) — 66*¢(5) + 4555(3)2) VR (§) (6.10)

+ 10457792062 — 770580486 + 14712975)

Finally, for the leading even spin, Z-even trajectory we find

2(fO) (722 16252 + 3(fO) (7(2))2 2,6,.26—2 = T1256(66) (5765 — 7686% + 3046% — 326 + 1),
even
2(fO 7AW 4 7@ 5o5 5+ 3(fOrW 4 fO ), 505 5 = 7;1228;6(5) (—430085°  (6.11)

1
+ 655360% — 970240° + 9332052 — 297446 + 1659) + 1 (2452 — 166 — 17) 52¢(3)rsven(6),
and

2(fW 15252+ 3(fW 9525 2 = ( 160563205° + 262471685 — 390553606

5898240(5(
1
— 414643206° + 10734272067 — 1297735686 + 71434575) — @(179253 — 57662 4 43526

+3357)6%¢(3) — 126%¢(5) + 855g(3)2) reven(§) . (6.12)

Assuming uniqueness of the operator with (6,¢) = (1,0), we can extract its subleading
correction to the dimension from (6.11)

4 4 81 9
7'1(,1),0 = 7'2(,1),0 = 75048 gC(?’) ) (6.13)

and this matches with the result for the L = 1, S = 1 operator from [25].

— 20 —



6.2 Low energy expansion and D*R*

We compute the low energy expansion of A()(S,T) and find

2582 —13ST +27% 1

AP(S,T) = — — (8052 + 221ST + 80T
P (s, 1) e + 15 (8057 + 2218T + 8072) ¢(3)
1
+3 (745" + 42783T + 1008821 + 427ST° 4 74T*) ((5)
1 1
— 5 STU (34252 +6055T + 342T2> ((3)" + 155 (20805° + 159845°T
+ 763865472 — 16463533 + 763865*T* + 15984ST5 + 2080T°)((7) + . ..
2) _U(28*-8T+21%) 1 ) )
AP (S, T) = e +3 (13352 + 286ST +13377) ¢(3) (6.14)

1
+ 16 (19185 + T9795%T + 1207852 + 7979ST® + 1918T*) ((5)

1
+ 55U (62905 + 260258°T + 392185772 + 260255T* + 62907 ) ¢(3)

1
+ 351 (17795255 + 131995558°T + 35874035*T? + 48899685 T

+ 3587403 S*T* + 1319955ST° 4 177952T°%)¢(7) + ... .

As we have already matched the first two terms to (2.10) and (2.12) when we fixed our
ansatz, the new predictions start with the {(5) term. Recall from (2.8) that there are 8
polynomial Mellin amplitudes that can contribute to the D*R* interaction. We can find
the coefficients bg ;, b5 ; and by ; of these polynomials by computing the corresponding AdS
amplitude using (1.2) and comparing with the {(5) terms in the low energy expansions of
A0S T) (1.5), AD(S,T) (5.13) and AP)(S,T) (6.14), giving

6147225¢(5) 6054615 (5) 5869395 (5)
ST Tame 0 PTT s 0 T d0m (6.15)
by o A20USC(E) o 1869525((5) o STASK((S) . GOTO365((5)
’ 1088 ’ ’ 1088 ’ ’ 128 7 8704

We also have two localization constraints, as reviewed in appendix D, that take the form

| 1228byp  22347hsy  26548bsp | 21937bsy  5941bgx  1811bgs

by = - - - 1
2 119 37030 18515 ' 21560 258720 2oa0 0 (016)
b, — 16bip 1651b5,  SO8bs, 955y  27330ben , 2567bss (6.17)
MY 12696 = 1587 7392 88704 5544 '

We can use the first localization constraint to fix

~25021017¢(5)

by = e (6.18)

The second localization constraint is also satisfied with this solution, providing a non-trivial
consistency check on (6.14).
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6.3 High energy limit

As discussed in section 5.3, the high energy limit is fixed by (5.18) to all orders in S/R. The
high energy limit of the second curvature correction should be given by

1 2
A (S.T) = Afg (5, T) 5 ($*Wa(0)) (6.19)

and this indeed matches with our result.

7 Conclusions

In this paper we computed the first two curvature corrections to the AdS Virasoro-Shapiro
amplitude in AdSy x CP? by combining a Borel transform of the superblock expansion, with
a worldsheet ansatz in terms of SVMPLs. The first correction was completely fixed by this,
and satisfied consistency checks against the high energy limit, the leading odd spin Regge
trajectory from integrability, and the R* correction at finite AdS curvature as computed from
analytic bootstrap combined with localization. Our ansatz also fixed the second curvature
correction, after using additional inputs from integrability and localization, and also satisfied
several consistency checks.

Our result gives predictions for an infinite set of CFT data of massive string operators
that can be used to guide future integrability studies.? For instance, we predict the dimensions
of operators on the leading Z-odd Regge trajectory, which have not yet been determined
from integrability. We also compute the OPE coefficients of these leading Regge trajectories
for the first time, which could be compared against future studies combining integrability
with numerical bootstrap, as recently done in the AdSs x S° case [47, 48].

For subleading Regge trajectories we can only provide averaged OPE data and it would
be interesting to unmix part of this data by combining it with integrability, as done in [49, 50]
for the case of AdSs x S°. This could lead to a better understanding of the recently described
Regge bridges in ABJM theory [51], which are spin reflected Regge trajectories that intersect
with other Regge trajectories. These Regge bridges have also been observed in [50], where the
OPE data on subleading Regge trajectories from the AdSs x S® Virasoro-Shapiro amplitude
was unmixed.

One curious result from our study is that the high energy limit does not only match
the classical computation of [24], but that also the subleading piece in (5.20) that is not
determined by the classical computation is precisely the same as in the case of AdSs x S°
and AdS3 x S3 x My. It would be interesting to understand why this is the case, and if this
should hold more generally in other spacetime dimensions. The fact that our approach works
at all is also further evidence that the Borel transform is the natural definition of the AdS
amplitude. It would be interesting to justify this more rigorously.

Lastly, in this work we computed the D*R?* correction at finite AdS curvature for the
first time, but only at genus zero, unlike the R* term which was computed exactly (i.e.
including the genus one correction) in [21]. Like the R* correction, the D*R* correction

9The Quantum Spectral Curve, a state-of-the-art integrability method for computing spectra, see e.g. [37, 38]
for reviews, is already well-established for ABJM theory [25, 39-43]. In addition, there are some recent advances
in the study of three-point functions [44—46] by using integrability methods.
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is also protected and only receives finite genus corrections (up to genus two in this case),
so one might wonder if it should also be possible to compute it exactly. From the finite
AdS curvature analytic bootstrap perspective [21], there are 8 coefficients one must fix.
Three can be fixed from the known flat space limit, and two more from the localization
constraints derived in [21, 52]. This leaves three more coefficients, that could perhaps be
fixed from new integrated constraints coming from the squashed sphere or derivatives of
the third mass.'® The localization expression for the squashed sphere integrated constraint
is already known from [54, 55], but it is still necessary to derive the third mass derivative
expression in the type ITA limit.
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A Polynomial Mellin amplitudes

In this appendix, we discuss how to compute the basis of polynomial Mellin amplitudes
written in (2.8), which are fixed entirely by superconformal symmetry. The degree 2 and
4 Mellin amplitudes were originally computed in [21] by imposing crossing symmetry and
various superconformal Ward identities. Unlike the case of correlators of half-BPS multiplets
considered in [18], the polynomials are not fixed by just imposing the superconformal Ward
identity for the bottom component correlator. Instead, one in principle needs Ward identities
for correlators of all the operators in the multiplet. For M? and M?, it turns out that
the subset of Ward identities derived in [21] are sufficient, but they are not for the higher
degree polynomials we now consider.

Instead, we will fix these polynomials by demanding that they have an expansion in
superconformal blocks, which encodes all the constraints of superconformal symmetry. In
particular, we start with the most generic degree 6 polynomial that is crossing symmetric
and satisfies the Ward identities of [21]

MS = (3—2)(75—2)(— xg2’252t2 - 9“1;0 (s+5(3t—10)+ (t—10)t +28) (s+1—4)*

TLOL G (752 4 (19t~ 68) + 1(TL — 68) + 176)

256

_ % (5% -+52(5 = 14) + s(4(5¢ — 38) +68) + (¢ — 6) (¢ — 8)¢+20) ) s+t —4)

- % (s4 +53(7t — 18) + s (£(13t — 82) +124) + s(¢(t(7t — 82) + 316) — 392)
+4(H((E— 18)t+124) —392) +496) — %(sﬂ—@“— %(s+t—6)(s+t—4)3
_:1611’(2571515(5+t_4)2—xgjl’lst(?)s—{—?)t—lﬁ)(s—i—t—ll)), (A.1)

0T here are three mass deformations in ABJM theory, but only quartic derivatives of two of those masses
have been computed in the type ITA limit [21, 53].
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where here we show just the second component. There are a total of 13 unknown coefficients,
given by:

£1,0,0, £1,0,15 £1,0,25 £1,1,0 T1,1,1, £1,2,0, £1,2,1, £1,3,0, £1,4,05 £4,0,0, £4,0,1, £4,0,2, T4,1,0-  (A.2)

This is 5 more than the 8 unknowns expected from the flat space counting in table 3 of [21].
To expand in superblocks, we then convert the polynomial Mellin amplitude into D-
functions

— ds dt s ¢ s t 1 S
Drirarsril0V)= [ 550V AT (=3 )0 (=g )T (gnratratra-3)
s+t 1

1 t s+t
T( 2 (r—ro— SOV () (2 -
X (2(7"1 ro—r3+7r4) 2) ( 5 —H”z) ( 5 +2(7"1+?”2+r3 7"4)),
(A.

3)

as discussed in appendix A of [21].

The next step is to verify the expansion of the position space Mellin amplitude in terms
of the N/ = 6 superconformal blocks. The superconformal blocks appearing in the stress
tensor four-point function includes both short and long blocks. In this analysis, we will
focus exclusively on the part of the expansion involving the long blocks, as they are the
least constrained by superconformal symmetry.

In practice, we focus on the logU term in the expansion of the long blocks. This term
is proportional to the tree-level OPE coefficient of the exchanged operator multiplied by
its anomalous dimension, as discussed in [56]. Since this log U term is absent in the short
blocks, it allows us to isolate the contribution of the long blocks.

To extract the log U term, it is convenient to work in the lightcone limit U — 0. In this
limit, the conformal block!! can be expanded as a power series in U

N n
galUV) =Y U gl - v, (A.4)
n=0

[n]

where the lightcone block g,’(1 — V) is expressed as a double summation [57]. Since

g[g]g(l — V) is independent of U, the logU term can only arise from the expansion of the

anomalous dimension A in the exponent U 2554 around its generalised free theory value.
On the other hand, the expansion of the D-functions is also known and is given by [58]

1. 00
Drvpsrsra(UV)| =@ ™00 87 gy (A.5)
logU m,n=0
F(r1+m)F(r2+m—|—n)F(%(T1+r2—r3+r4)+m)f’(%(h—&—rg—l—rg—m)—i—m—l—n)
F(m+1)P(n+1)F(r1+r2—|—2m—|—n)F(%(r1+r2—7“3—r4+2)+m)

Using this expression, we can straightforwardly expand the position-space Mellin amplitude.
By comparing the position-space expansion with the N’ = 6 superconformal block expansion

1Recall that the superconformal block can be expressed as a linear combination of bosonic conformal blocks
ga,¢(U, V) with specific prefactors and shifted weights, see (3.2).
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in the small-U region, and by matching sufficiently many terms, we find the following five
constraints on the coefficients:

140 = 5557100 ~ 5797102 T 795110 T gy P11 T @120 T @121
89 1607
- — - —
35 1,3,0 3360 1,0,1,
242602%‘1’070 31249811‘17071 232810!%170,2 35132 26136
€ = — — T X
40,0 8085 97020 4851 385 AL Tous IS0
_ 4619361’1’270 B 3550322$17170 B 22931691‘17171
8085 24255 24255
211791‘17070 T 213137%170,1 75706:617072 7268 n 4192
z = — — T T
40,1 2695 32340 8085 385 L2 T gy 130 (A.6)
_ 41196.131,270 B 27600433‘171,0 o 160429.%1,171 ’
2695 8085 8085
3008711‘170’0 + 3170331’1,170 i 831727:13171’1 1214311’1’270 28473
X = i
40,2 10780 2695 10780 2695 385 L2l
19472 185359%170,2 871771.%1,071
J— :E — —
245 130 5390 43120
1463171‘170,0 41817911‘171,0 272751671‘17171 13336421‘1’2,0
xT =
41,0 1617 9702 97020 8085
104201 76626 33425231100 69876137101
204201 qebsb _
385 21T Tous 130 24255 77616

After imposing these five constraints, our Mg amplitude now depends on only eight unknowns:

Z1,0,0, 1,01, 1,02, 1,10, <L1,1,1, L1220, L1,2,1, L1,3,0- (A-7)

These unknowns correspond to the polynomials of various degrees:

3 polynomials of degree 6,

2 polynomials of degree 5,

2 polynomials of degree 4,

1 polynomial of degree 2.

This matches the solutions listed in table 3 of [21]. Note that the f3 terms have one less
degree than indicated in the table, as they vanish in the flat-space limit. For instance, the
degree-7 f3 term in the table corresponds to a degree-6 polynomial in our case.

In the main text, we will use the ¢ = 2,5 components for all possible polynomials of each
degree up to 6. Denoting these polynomials by Mf egree’k, where the lower index ¢ labels the
R-symmetry basis and the superscript k labels the independent polynomials, we find!?

12Recall that s + ¢ + u = 4.

,25,



e Degree 6:

(s—=2)(t—2)

MO = O TS (2691632t2 +17244(s3t + st3) + 3996 (s* +£4)

M2 = (s—2)(t—2)

6,2 _
My~ =

_ (s+t—-2)

26880
— 64TT6(s> +13) — 206088 (st + st%) +395376(s? + 1) +819312st

—1080096(s+t) + 1123776),

(s+t—2)

= - (76923(55 +1°) +265188 (st 4 st*) +344190(s3t% 4 s%3)

517440
—23054225%t% — 1591338(s%t + st3) — 514878 (s + 1)

+1519686(s> +1) + 4773258 (5%t + st) — 2820588 (s +1?) — 5837136 st
+2496192(s+1) — 1312384),

soss0 (L72895%7 12121 (%0 + 5t%) 43214 (s + )

—51424(s% +13) — 147132(s%t + st?) 4 308544 (s? + 1) + 5986085t
— 822784(s+1) +822784),
(s+t—2)

3104640
— 435067925212 — 27746208(5%t 4 st>) — 9032898 (s + 1)

+26161296(s% +13) + 79787568 (5%t 4 s5t2) — 54349488 (5% 4 %) — 103063536 5t
+49854192(s +1) — 12232064),

(1484868(85 +1°) 4+ 5318313(st + st) +8249010(s3t2 + s2t3)

~ (s—2)(t—2) (5408(s+t —4)* —420s%t?)

26880 ’

24624(s° +1°) 4 2210439(s"t + st*) + 3220140(s°t* + s*¢
1241856()<6 624(s” +17) +2210439(s™ ¢ + 51°) +3220140(5° " +5717)

— 18362736522 — 12124224 (53t 4 s5t3) — 3921414 (s* + 1)
+11104968(s% +3) + 34792044 (5%t + st?) — 21347064(s% + %) — 43540128 st

+18773184(s +1) — 5491456,
(A.8)

e Degree 5:

5,1
2

5,1
5

5,2
2

= 8464

1
206240

(s = 2)(t — 2)(232(" + £%) + 639(s%t + 5t?) — 3248(s? + 1) — 6390t

+15776(s + t) — 32072),

(s+t—2) (2037032t2 + 6125(s3t + st?) — 36960(s> 4 %)

—129710(st + st?) + 163180(s* + %) + 234120st — 408864 (s + t) + 721152),

o35~ 2 —2) (607(53 + %) + 1323(s%t + st?) — 8498(s% + t2) — 142885t

+39160(s + t) — 60144),
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52 _ B - , b .
MP? = oo (st = 2)(1732505°% 4 22800(s°t + st%) — 645330(s° + %)
— 1642620(s°t + st°) + 3071400(s” + ¢) + 36495605t — 3692760(s + )
+1796800) .
e Degree 4:

1
My = —(s—2)(t — 2) (355t — 100s — 100¢ + 288)

(A.9)

35
1
M = (s +t-2) (224 = 324(s + 1) + (905> + 1405t + 90¢%) + 35(s*t + 5t2) ),
1
My? = 35— 2 - 2)(17s2 + 49st — 174s + 17t> — 174t + 756),
12 _ (s +t—2) (255(53 +£3) + 750(st + st?) — 840(s? + %) — 1080st

+6072(s +t) — 15296) .

e Degree 2:
MEL = (s—2)(t—2), ME — (u - ) (u—2).

(A.10)

(A.11)

The degree-two polynomials and the first degree-four polynomials were already given in (2.11).

All polynomials can also be found in the Mathematica file.

B OPE poles of the AdS amplitude

In this appendix we apply the Borel transform (1.2) to the Mellin amplitude corresponding

to a bosonic conformal block

o
Qrem(t —2
M g(s,t) =Y ST’_’:(_ 2m> ;

m=0
where the numerators are Mack polynomials

r+1)

QT,&m(t) = 4T+eﬁf(€+1)

K(1,7,6,m,3)Q7%3(1),

lm
with Q7 (#) as in [3] and

20+ 7 — 1), 0(20 + 7)

K(A,1,4,m,d) = —

2T (0 + ) T(m + 1)T (A = T —m)* (£+T—g+1)m'

The transform (1.2) of (B.1) is (where 5 = 4/3 is the shift introduced in (1.2))

VE e da 1 & Qe (2L 42— 2p)

e}

1
= —ea 2 .
4\/; K—100 211 Tnz 2\55 + ﬁ — 7 —9m

A (S, T) =

— 27 —

(B.1)

(B.2)

(B.3)

(B.4)



We exchange the integral and summation and for each m pick the pole at

N

We ignore any other poles in «, as we are only interested in S-channel poles. Next we have

2

to sum over m. The Mack polynomial for large 7 has its maximum at m ~ 72, so we replace

the sum over m = z72 by an integral over x

/ dx ea*a* Q; par? (2\FT +2— 2,8) (B.6)

AT’E(S’ T)‘S—poles - 4\/; 2\/>S

1/4

We can now expand the integrand at large v, using that 7 ~ v*/*. The answer has the form

fS

2 3 5 :
VT T el Qrpur2 (2\fT+2—25> - -y L_p (%), (B.7)

2 541
v imovsti

where P(®) ( ) are polynomials in - ! with increasing degree (which also depend on 7,¢, S, T, v/).
We can now do the integrals in x using

—a Yy z 46
/ d & QTI:— ﬁTQ :—S_6+O(V*i). (B.8)
S—17%

The effect of the polynomials P (%) is that each additional power of % increases the order

of the pole by one, as % can be replaced by \7/—2;63 acting on both sides of (B.8). Next we
do the z integral and get the formula (3.7) used in the main text.
C Basis of single-valued multiple polylogarithms

Below we specify the basis of SVMPLs used in the ansatz (4.10)

Ti(:)=(1), TrE=(L(), TrE=(L0),
(Lo, £51(2)) 5 ()= (£o(2)
(Ldoo(2): L1 (), £810(2),¢(3))

Ty (2) = (Loo(2) Loor () £510(2)) -

T (2) = (Lio00(2): Ldoor (2): Ldo10(2)s Ldon1 (), L101 (2), Li110(2): CB)LG (2))

T (2) = (Laooo(2): Looor (=), Looro(2)s L110(2), € B) L5 (2) )

T3 (2) = (Lo000(2): £do001 (2): Ldoo10(2)s Ldoort (2): Ldonoo (2): Lforon (2);
L£8om0(2): L1001 (2) L1010(2): Lii110(2): CB)LG(2), (B LG (2),€(3)) . (C.1)

Ty (2) = (Lo0000(2)s Loooo1 (2)s Looo10(2) s Looo11 (2)s Loo100(2)s Loo1o1 (2),
Lo0110(2)s Lo1001 (2)5 Lo1010(2)s Lo1110(2), € (3) Lon (2))
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T (2) = (Lg00000(2)s Looooo1 (2)s Loooo1o (2) Laooor1 (2)s Laoor00 (2)s Loooro1 (2)s Looor10(2)s
5&30111(2)75301001(Z)a5301010(2)75(%1011(2)7E(J)ronoo(z)a5301101(2)75301110(2),
5310001(2) 5310010(2) ‘C(J)rlOlOl(z) L(Jﬁono(z)a5311001(2)75311110(2%

C(3)Lano(2),C(3)L501(2),C(3) Lo (2), 4(5)53(2)7C(3)2),

Ty (2) = (L000000(%): L000001 (2) Lo00010(2) Laooo11 (2)> Laoo100(2)> Loooro1 (2)s Looor10(2):
L001001(2)s L001010(2)> Loo1100(2)s Loo1101(2)s Loo1110(2) Lo10001 (2)s Lor0010(2)

Lo10110(2)s Lo11110(2)5 € (3) Lo0o(2), € (3) Loo1 (2), € (3) Lo10(2), C(5) Ly (2)) -

D Localization constraints

In this appendix we will discuss how the localization constraints of [21, 52] can be used to
constrain the D*R* term in the low energy expansion. The two localization constraints are

1 dlogZ m
C am 213 (2/\5,0,84 - 4) )
r o (D.1)
1 0dlogz 772 L 1S].
2 Om20m? girl+
where the second constraint is given by the integral of the Mellin amplitude:
< ds dt 2
L e TRy
(4mi)2 (2 —t)(s+t — 2) (D.2)

1 -1 -2 —s—
e S e
2 2 2 2 2 2
The OPE coefficient )\370?84 can be extracted by converting Mellin amplitudes to position
space as described in appendix A, and then expanding for the lowest twist 2 block in the
84 irrep of the R-symmetry.

The Lh.s. of these constraints were computed using localization in [21, 53] using the
Fermi gas formalism developed originally in [59], and at large ¢y and large v take the form

1 0YlogZ  [37%2  9C(3)7% 1 27¢(3)*m2 1 N

2 omi _l64 256 % | 1024 ﬁ+0(” | ot Ol D3
1 8*logZ w2 3B 1 9((3)%n2 N '
2 omEom> l_m 256 L3 1024 1/3 FOWT)| oo+ Oler -

In particular, they do not contain a »~5/2 term corresponding to D*R*. We can then impose
these two constraints on the eight coefficients appearing in the v=°/2 term in (2.8) to get
the constraints (6.16) and (6.17).
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