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1 Introduction

The goal of the Swampland program [1] (see also [2–8] for reviews) is to distinguish the set of
effective field theories (EFTs) that can be consistently coupled to quantum gravity (QG) from
those which cannot. In particular, the main focus is put on gravitational EFTs that reduce
to Einstein gravity coupled to matter in the infra-red (IR). However, the fact that they are
merely effective descriptions can be translated into the existence of generically infinite towers
of higher-dimensional operators that are suppressed at low energies. Thus, one expects the
following schematic form of the gravitational EFT action in d spacetime dimensions to appear

SEFT, d =
∫

ddx
√
−g

1
2κ2

d

(
R +

∑
n

On(R)
Λn−2

QG

)
+ . . . , (1.1)

where On(R) represent higher-curvature operators of mass dimension n > 2 and the ellipsis
accounts for any possible matter that may also be present in the theory. Since all these
corrections can be generated (at least) by quantum effects, the natural question that arises is
at which energy scale they start kicking in, or equivalently, when do QG phenomena become
important. Surprisingly, even though one may think — based on simple dimensional analysis
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— that this scale is generically set by the Planck mass, this does not actually seem to be
the whole story in quantum gravity (see e.g., [9–13] for a review on EFT approaches to
gravitational theories and relevant scales therein).

From another point of view, it is known that one of the most thoroughly tested Swampland
conditions, namely the Distance Conjecture [14], predicts the existence of infinite towers of
states becoming light at infinite distance boundaries within the moduli spaces of quantum-
gravitational theories, and thus a corresponding decrease in the cut-off of the EFT. These
two perspectives resonate with each other and converge beautifully once one realises that
the QG cut-off is actually not given by the naive guess from simple dimensional analysis,
namely the Planck scale, but should be rather identified with the species scale [15–18]. The
key ingredient incorporated in the original proposal of the species scale is precisely the idea
that an arbitrary number of light, weakly coupled degrees of freedom, N , may actually lower
the quantum gravity cut-off in d-dimensions as follows

ΛQG = Mpl, d

N
1

d−2
. (1.2)

This proposal, which was motivated from both perturbative and non-perturbative arguments
(see e.g., [19] and references therein) has been the subject of exhaustive studies in recent
times due to its interesting connection with the Swampland program, as originally highlighted
in [20] (see also [19, 21–35] for some recent applications related to the Distance Conjecture,
the Weak Gravity Conjecture [36] and their interplay with Black Hole entropy and the
Emergence Proposal). In particular, it is crucial to emphasise that the species scale encodes
more information than that captured by accounting only for the lightest tower of states, as
predicted by the Distance Conjecture, since other (even parametrically) heavier towers can
also contribute significantly to the number of species [19] and thus be relevant for the dual
descriptions emerging as one approaches the infinite distance points.

However, even though the species scale is by now fairly well understood close to weak
coupling points arising at infinite distance limits — where the notion of light species is usually
well-defined, it remains to be elucidated how (if at all possible) to make sense out of it as a
scale defined over all moduli space. In particular, this avenue has been pursued for the first
time in [25] (see also [27]), where the authors emphasised the role of (1.2) as the true quantum
gravity cut-off from its purported property as being the scale suppressing the higher-curvature
corrections to the low energy Einstein-Hilbert action, even in the deep interior of moduli
space. In a specific 4d N = 2 setup arising from Type II Calabi-Yau compactifications, where
a set of such corrections (in particular the R2-term) can be computed exactly, the authors
proposed some general definition of the species scale that reproduced all known asymptotic
behaviours, as well as predicted the location of the desert point [37], namely the locus in
moduli space where ΛQG can be pushed to its maximum. The goal of this work is to continue
along these lines, thus trying to study systematically whether the species cut-off is indeed
the relevant energy scale controlling the EFT expansion in gravity. To do so, we analyze
several supersymmetric examples in the String Theory literature where the first low-lying
gravitational corrections to the two-derivative action are known [38, 39], and find perfect
agreement with our expectations. We also briefly consider the possibility of whether duality
symmetries as well as appropriate asymptotic behaviour alone are enough so as to determine
unequivocally the global form of the species scale, analysing in detail the SL(2,Z) case as a
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proof of concept. Notably, even though we cannot single out such globally defined function,
we are able to provide some candidate that correctly captures its main qualitative features,
such as the correct asymptotic moduli dependence or the presence of a desert point.

Along the way, we are faced with several questions that we believe are relevant for a
complete understanding of the role of the species scale in EFTs of gravity in general. In
particular, our results show that the species cut-off seems to control the first non-vanishing
curvature corrections in the setups under considerations, i.e. the R2-operator in 4d N = 2
or the R4-term in their 8d, 9d and 10d higher supersymmetric counterparts. These may be
compared with other higher-dimensional operators computed in the literature, such as the
ones that include powers of the graviphoton field strength in four dimensions (e.g., R2F 2k for
k ≥ 1) or those involving additional spacetime derivatives of the aforementioned curvature
invariants in d = 8, 9, 10 (e.g., ∂4R4 or ∂6R4). Interestingly, we find that they are not
always suppressed by the species cut-off, but rather by the mass of the lightest state in
the leading infinite tower. This opens up some possibilities, such as the option that it is
the relevant/marginal gravitational operators (in the Wilsonian sense) which are generically
suppressed by the quantum gravity cut-off, whilst the irrelevant ones could be controlled
instead by other lighter scales. Furthermore, even when both scales coincide (e.g., when the
quantum gravity cut-off is set by the string scale) one obtains that there might exist some
ambiguity in the global definition of ΛQG from focusing just on the first correction, since
other higher-derivatice terms are suppressed by modular functions which cannot be expressed
as powers of one another. Nonetheless, we find that this ambiguity actually disappears in the
asymptotic limits — where a weak coupling expansion arises — and we moreover expect it to
not modify certain qualitative features such as the presence or location of a desert point [37].
Finally, we also find an intriguing connection between the definition of the species scale and
the eigenfunctions of certain elliptic operators constructed out of the moduli space metric
(once any present discrete duality is modded out), and speculate on the possibility that this
might also be a defining property of any such ‘global’ species scale function.

The paper is organised as follows. In section 2 we provide a brief review of the status of
the species scale and study the predictive power of dualities regarding the determination of a
globally defined species function. In section 3 we analyze certain higher-curvature corrections
which are known to arise in stringy constructions with maximal supersymmetry in 10d, 9d and
8d, paying special attention to the energy scale suppressing those. We comment and extend in
section 4 the 4d N = 2 setup studied in [25], elaborating on the role of other higher-curvature
corrections, and presenting some general lessons on how the gravitational EFT seems to
behave with respect to the aforementioned scales. We leave some general comments and
discussions for section 5, and relegate some background material on the relevant automorphic
forms and the maximal supergravity action in 8d for appendices A and B, respectively.

2 The species scale

2.1 The basic idea

The main goal of this work is to understand the role and provide a proper definition of the
species scale, understood as the scale at which quantum gravitational effects can no longer
be neglected, all over the moduli space. To do so, one can try to approach the problem from
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several different angles. The first one is to try to define this EFT cut-off as the scale at which
corrections to Einstein gravity become important. In general, one expects the lagrangian
density of such gravitational EFT to be organised according to the following energy expansion

LEFT, d = 1
2κ2

d

(
R +

∑
n

On(R)
Λn−2

QG (ϕ)

)
+ 1

2Gij∂µϕi∂µϕj + . . . , (2.1)

with κ2
d = M2−d

pl, d being Einstein’s gravitational coupling, On(R) representing any dimension-n
higher-curvature correction (e.g., R2 for n = 4 or R4 for n = 8) and ΛQG(ϕ) giving precisely
the energy scale controlling/suppressing such corrections, which moreover generically depends
on the massless scalar field vevs ⟨ϕj⟩. The ellipsis indicates any other couplings and matter
present in the EFT. Given the non-renormalizability of Einstein’s theory, the naive expectation
from simple dimensional analys is for such ultra-violet (UV) scale to be precisely around the
Planck scale. However, in the presence of N light weakly coupled species, this UV cut-off can
be significantly lowered, and typically coincides with the so-called species scale [15, 16]

Λsp ≃
Mpl, d

N
1

d−2
. (2.2)

This can be seen from e.g., computing the one-loop contribution from such species to the
2-point function of the graviton and observing that the one-loop correction and the tree-level
piece become of the same order at precisely the scale defined in (2.2).

An alternative, and perhaps more robust approach than the aforementioned perturbative
computation, is to consider instead the smallest possible Black Hole (BH) that can be
described semi-classically in the EFT, without automatically violating the known entropy
bounds in the presence of N light species. In fact, this can be used to define the number
of species in the presence of towers of states, which generically appear at the boundaries
of moduli space and in the context of the Distance Conjecture. This definition has been
shown to agree with the naive counting of weakly coupled species as long as the towers
involved are sufficiently well separated (as e.g., for KK-like towers). It is clear, though,
that these two approaches are not completely independent from each other, since higher
derivative corrections are known to modify the area of the horizons in BH solutions and
therefore their corresponding Bekenstein-Hawking entropy [40]. In fact, they have been shown
to be consistent via general EFT analysis in [25], and also in the context of generation of
BH horizons of species scale size in [35].

The evidence for the species scale as a quantum gravity cut-off is moreover strongly
supported in asymptotic regions of the moduli spaces pertaining to String Theory, where
it seems to capture the relevant quantum gravity scale associated to the dual descriptions
that arise as the infinite distance points are approached. In particular, it agrees with the
higher-dimensional Planck scale in (dual) decompactification limits or rather with the string
scale when probing emergent string limits [22, 24, 25], which are believed to be the only two
possible ones according to the Emergent String Conjecture [41].

Most of these species scale computations precisely take place close to the infinite distance
boundaries of moduli space, where the weak coupling behaviour helps in determining the
spectrum of the theory as well as organising the EFT expansion. However, in a recent
work [25], the authors gave a first proposal for a globally defined species scale in 4d N = 2
theories from precisely identifying the scale suppressing the first higher-curvature correction,
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which happens to be exactly computable in this setup. It is given by the F1 coefficient
accompanying the quadratic curvature correction originally calculated in [42, 43].

In this regard, it seems reasonable to try to push the idea of a global definition of species
scale valid across the whole moduli space from studying the higher derivative corrections that
are known to appear in different String Theory examples. In this context, even though the
Distance Conjecture seems to be related only to infinite distance limits, where the interplay
between the infinite towers of light states is the key to identify the species scale, the concept
motivating such conjecture, namely dualities, can also shed some light into the problem of
defining a global species scale across all moduli space. Our goal is then to use the knowledge
of higher-derivative corrections, together with dualities (in particular SL(n,R)) to try to
propose a well-defined global notion of species scale.

Let us mention in passing that, in principle, several different kinds of corrections can
arise in a gravitational EFT, and not all of them need to be a priori suppressed by a single
UV scale (as we will see in explicit examples below). Still, this should not be regarded as
a drawback in the identification of the species scale from higher-curvature operators, since
it is not generally expected that all of these corrections be sensitive to the full number of
states in the theory (and thus to the full gravitational theory). In particular, we find that
the ones that seem to be suppressed by the species scale are the UV divergent terms that
must be regularized [44], whereas some other finite corrections might be related to scales of
other states, not necessarily the ones that become massless along the asymptotic limits.

2.2 Finding a globally defined species scale from dualities

In the remainder of this section we entertain ourselves exploring the idea of whether duality
symmetries alone, together with suitable asymptotic behaviour, may be enough to completely
fix the form of the species scale throughout the entire moduli space. To do so, we focus on the
simpler SL(2,Z) case and use it as a proof of concept. Let us remark that the results from this
section can be thought of as complementary but independent to the rest of the paper. The
conclusion will be that, even though it is indeed not possible to single out the relevant function,
one can obtain some good candidate that reproduces all qualitative features to great accuracy.

Let us then consider the case in which some sector/branch of the moduli space M of a
supersymmetric theory is given precisely by the coset SL(2,R)/U(1), which we parametrise
by the complex scalar τ = τ1 + iτ2. The motivation for choosing such particular example
comes from both its simplicity and the fact that it appears in many instances across the
string Landscape. For concreteness, one can think of explicit realisations such as e.g., the full
moduli space of the 10d Type IIB String Theory or some piece of the vector multiplet moduli
space of 4d N = 2 compactifications of the heterotic string on K3× T 2 [45]. We moreover
assume that our theory presents some discrete SL(2,Z) duality symmetry, which means that
the true moduli space is described as the coset M = SL(2,Z)\SL(2,R)/U(1). Our aim is
thus to propose a universal form for the species scale ΛQG(τ) defined over M.

We will restrict ourselves to the fundamental domain F in what follows:

F =
{

τ ∈ C |τ | ≥ 1 ,−1
2 ≤ Re τ ≤ 1

2

}
. (2.3)

Furthermore, whenever the moduli space is described as the coset SL(2,R)/U(1) one can find
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a parametrisation that leads to the following kinetic term for the modulus τ

Lscalar = −
∂τ · ∂τ̄

4τ2
2

. (2.4)

Such moduli space presents three singularities within the fundamental domain: one at infinite
distance (τ → i∞) and two cusps (at τ = i, e

2πi
3 ). The question is then what kind of function

G(τ, τ̄) could give rise to a properly behaved ΛQG. In principle, it seems natural to ask
for at least two things:

i) ΛQG must be bounded from above (since it cannot exceed Mpl, d) and it should vanish
asymptotically at infinite distance, namely G(τ, τ̄)→ 0 as τ → i∞.

ii) It should be an automorphic form, namely a modular invariant function of τ satisfying

G
(

aτ + b

cτ + d
,

aτ̄ + b

cτ̄ + d

)
= G(τ, τ̄) , ad− cd = 1 , (2.5)

where a, b, c, d ∈ Z.

At this point, one may wonder whether these two conditions are restrictive enough
so as to single out the function G(τ, τ̄) we seek for. Unfortunately, the answer turns out
to be negative, although one can still extract some useful information about its possible
behaviour and dependence with respect to the modulus τ by adding some additional physical
requirements. For example, one could imagine such modular invariant species scale ΛQG
to be given by certain holomorphic function of τ . However, it is easy to argue that this
is actually incompatible with properties i) and ii) above, since there is no weight 0 (i.e.
automorphic), non-singular modular form which is non-constant. This follows essentially from
Liouville’s theorem, and as a corollary one can argue that any meromorphic modular function
of zero weight must be of the form G (τ) = P (j(τ))

Q(j(τ)) [46], with P (x) and Q(x) some arbitrary
polynomials in j(τ). Hence, from the fundamental theorem of calculus, such function G
would necessarily have some pole(s) in the interior of F given precisely by the pull-back
to the τ -plane of the roots of the Q-polynomial. We thus conclude that G must must be
non-holomorphic in τ , namely ∂τ̄ΛQG(τ, τ̄) ̸= 0, which in turn leaves room for many possible
functions fulfilling the above criteria, as we explain below.

Up to this point, we have been able to pin down the global definition of the species
scale in the presence of an SL(2,Z) to a modular invariant, non-holomorphic function of τ

fulfilling conditions i) and ii) above. This has been achieved based purely on minimal physical
requirements, such as having the correct asymptotic behaviour or the absence of singularities
and non-trivial moduli dependence. This allows us to constrain its form enormously, while
not being able to give a unique closed expression. For this reason, we proceed in the following
to present an educated guess for the latter, based on the aforementioned physical arguments
together with some already known results. In upcoming sections of this work we will confront
our ansatz with various String Theory setups, thus showing complete or at least qualitative
agreement with the observed behaviour therein.

A potential candidate for G(τ, τ̄). We will now propose some ansatz for our modular
invariant species scale in the sector parameterized by τ , which takes the following form(

ΛQG(τ, τ̄)
Mpl, d

)d−2

= 1
α [−log (τ2 |η(τ)|4)]γ + β

, (2.6)
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where η(τ) is Dedekind eta function (cf. eq. (A.6)) and α, β, γ ∈ R≥0. The particular
functional form chosen in eq. (2.6) above is also motivated by the modular examples in 4d
N = 2 models discussed later on (see eq. (4.7)).

Equivalently, what we propose is the following moduli dependence for the number of
light species in a theory enjoying SL(2,Z) invariance:

N = α
[
−log

(
τ2 |η(τ)|4

)]γ
+ β , (2.7)

which is of course a non-holomorphic function on τ as well as automorphic. It moreover grows
as τγ

2 whenever τ → i∞ (see eq. (A.8)), which indeed tells us that ΛQG(τ, τ̄) ∼ τ
− γ

d−2
2 → 0

(in Planck units) upon taking τ2 →∞. Therefore it fulfills the two criteria discussed around
eq. (2.5), and one can check that there are no singularities within F . The physical meaning of
the free parameters α, β, γ is transparent: γ controls the asymptotic decay rate for the species
scale with respect to the moduli space distance (which indeed determines the relevant physics
of the infinite distance limit), whilst β and α are relevant for the behaviour of ΛQG(τ, τ̄) in
the interior of moduli space, determining e.g., the number of species at the desert point [25].

Let us finally explore whether we can obtain some closed form for ∂τ log ΛQG in terms of
modular functions. For large modulus, the prediction is that this expression should indeed go
to a constant, which corresponds to the modulus of the so-called species vector, defined in
analogy to the ‘scalar charge-to-mass’ ratio for a scalar particle [24] (see also the discussion
around eq. (3.24) below), and one could thus expect to be able to constrain γ from imposing
this. We will see that, even though this does not fix γ to a particular value, it does correlate
it to the number of dimensions of the EFT and the particular infinite distance limits that
are probed asymptotically.

For simplicity, let us take for N the following expression (cf. eq. (2.6))

N =
(
− log(τ2|η(τ)|4

)γ
. (2.8)

Note that adding an overall constant multiplying this expression would change nothing, since
we are interested just in ratios. Analogously, an additive piece would play no role in the
large modulus limit, where the η-term clearly dominates (see eq. (A.8)). Therefore, upon
taking derivatives with respect to τ we obtain

∂N

∂τ
= γ

2πi
(
− log(τ2|η(τ)|4

)γ−1
G̃2(τ, τ̄), (2.9)

where we have used that ∂τ η(τ) = (−4πi)−1 η(τ)G2(τ) [47], and with G̃2 being the Eisenstein
(non-holomorphic) modular form of weight 2, which is defined as follows1

G̃2(τ, τ̄) = G2(τ)−
π

Im τ
. (2.10)

1The Eisenstein series of weight 2 can be computed using the sum representation

G2(τ) = 2ζ(2) + 2
∞∑

n=1

∑
m∈Z

1
(m + nτ)2 ,

since the usual expression (4.13) is not well-defined for k = 1 due to the lack of absolute convergence of the
series. Actually, G2 is not a modular form and it transforms as G2

(
aτ+b
cτ+d

)
= (cτ + d)2 G2(τ)− 2πic (cτ + d)

under SL(2,Z).
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Thus, we have in the end

∂N

∂τ
= γ

2πiN
γ−1

γ G̃2 . (2.11)

Using the definition (2.2), this allows us to compute the logarithmic derivatives, which gives

1
ΛQG

∂ΛQG
∂τ

= − γ

2πi(d− 2) N
− 1

γ G̃2 . (2.12)

Note, however, that this quantity is computed via taking some holomorphic derivative, but
here we are more interested in the canonically normalised field τ̂ associated to the imaginary
part of τ , namely τ2. Indeed, consider a kinetic lagrangian of the form

Lscalar = −c
∂τ · ∂τ̄

4τ2
2

, (2.13)

where we have added some constant c ∈ R for generality. Then a canonical kinetic term
for a field τ̂ with τ2 = eaτ̂ is obtained for the particular choice a =

√
2/c. Consequently,

∂τ̂/∂τ2 =
√

c/τ2
√
2, such that

− 1
ΛQG

∂ΛQG
∂τ̂

=
√

2
c

γ

π(d− 2)
τ2 Re G̃2

(− log(τ2|η(τ)|4)
. (2.14)

According to the Distance conjecture, for large moduli this should go to a constant, in order
to properly define a convex hull [24, 48]. It is then easy to see, upon using the large τ2 limit

− log
(
τ2|η(τ)|4

)
→ π

3 τ2 , G̃2 →
π2

3 , (2.15)

that a constant is obtained regardless of the particular value of the parameter γ, as previously
announced:

− 1
ΛQG

∂ΛQG
∂τ̂

→
√

2
c

γ

d− 2 . (2.16)

Still, this quantity has been argued to take the following form [24, 31]

∂τ̂ (log ΛQG)→ λsp =
√

p

(d + p− 2)(d− 2) , (2.17)

where p represents the number of (unwarped) dimensions that are decompactified along a
particular infinite distance limit that is being explored, and it can also capture the emergent
string case with p→∞. Thus, γ cannot be restricted to a particular value but it is in turn
related to these parameters characterising the infinite distance singularities present in the
aforementioned subsector of the moduli space. Finally, notice that the result matches the
same quantity computed upon imposing the asymptotic approximation ΛQG(τ, τ̄) ∼ τ

− γ
d−2

2
from the beginning.
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3 Higher dimensional String Theory examples

In this section we will try to verify whether the general field theoretic expectations for a
gravitational EFT discussed in section 2 are realised in specific String Theory constructions.
The examples from sections 3.1–3.4 correspond to maximally supersymmetric theories in
ten, nine and eight spacetime dimensions, respectively. The latter are highly constrained,
such that certain higher-dimensional (protected) operators can be computed exactly, and
therefore analysed. The focus will be placed on whether these gravitational operators present
a moduli dependent behaviour compatible with eq. (2.1) above.

3.1 10d Type IIB String Theory

As our first example, we consider Type IIB String Theory in ten dimensions. The bosonic
(two-derivative) pseudo-action in the Einstein frame is of the form [49]

S10d
IIB = 1

2κ2
10

∫
d10x
√
−g

(
R− 1

2(∂ϕ)2
)
− 1

4κ2
10

∫
e−ϕH3 ∧ ⋆H3

− 1
4κ2

10

∫ [
e2ϕF1 ∧ ⋆F1 + eϕF̃3 ∧ ⋆F̃3 +

1
2 F̃5 ∧ ⋆F̃5 + C4 ∧H3 ∧ F3

]
,

(3.1)

with the different field strengths defined as follows: H3 = dB2, F̃1 = dC0, F̃3 = dC2 − C0H3
and F̃5 = dC4 − 1

2C2 ∧ F3 + 1
2B2 ∧H3. The above expression is famously invariant under

the non-compact group SL(2,R). However, the full quantum theory is only expected to
preserve a discrete SL(2,Z) symmetry due to D-instanton effects. Indeed, one can rewrite
the action in eq. (3.1) in a slightly different way

S10d
IIB = 1

2κ2
10

∫
d10x
√
−g

(
R− ∂τ · ∂τ̄

2(Im τ)2
)
− 1

4κ2
10

∫ 1
Im τ

G3 ∧ ⋆Ḡ3 +
1
2 F̃5 ∧ ⋆F̃5

+ 1
8iκ2

10

∫ 1
Im τ

C4 ∧G3 ∧ Ḡ3 ,

(3.2)

where τ = C0 + ie−ϕ is the axio-dilaton and G3 = dC2− τdB2. The modular transformations
then act on the Type IIB variables as follows [50]

τ → a τ + b

c τ + d
,

(
C2
B2

)
→ A

(
C2
B2

)
, A =

(
a b

c d

)
∈ SL(2,Z) ,

C4 → C4 , gµν → gµν , (3.3)

which, as can be easily checked, leave the action (3.2) invariant.
Notice that there is only one dimensionful quantity entering into the supergravity action,

namely the Planck mass. This is imposed by having maximal supersymmetry, thus preventing
us from obtaining further information about the quantum gravity cut-off. Following our
general discussion from section 2, what we should do is look at higher-dimensional operators
involving the Riemann tensor, which are expected to be suppressed by some UV scale, i.e.
the species scale.

Before doing so, let us take advantage of our analysis from section 2.2 to get a feeling
of the kind of modular function that should control the behaviour of the species scale in
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the present setup. Recall that such function must respect the duality symmetries of the
theory, and thus it should be given by some sort of automorphic form. A potential candidate
for ΛQG would be the following(

ΛQG(τ, τ̄)
Mpl, 10

)8

=
(
−log

(
τ2 |η(τ)|4

))−γ
, with γ > 0 , (3.4)

up to finite constants that can be ignored for our purposes here (namely α and β in eq. (2.6)).
In fact, one can easily argue that for the present setup, γ should be equal to 2. To see
this, we compute the asymptotic decay rate (i.e. at infinite distance), λsp, for the species
scale thus defined:

λsp =
∣∣∣∣∣
√

Gτ2τ2∂τ2ΛQG
ΛQG

∣∣∣∣∣ , (3.5)

where Gτ2τ2 = 1
2τ2

2
is the moduli space metric associated to the imaginary part of the modulus

τ and Gτ2τ2 denotes its inverse. Notice that we are ignoring here the axionic contribution to
the decay rate λsp since it goes to zero as we approach the infinite distance boundary [24].
Now, for the case at hand the singularity corresponds to an emergent string limit, so following
the reasoning around eq. (2.16), we find λsp = 1/

√
8 [48], which implies that γ = 2.

Note that the species scale function such defined not only behaves asymptotically as
one would expect, but it also provides an absolute maximum value for ΛQG (precisely when
τ = e

2πi
3 ) compatible with the analysis of [37] (see also [25]), where it was argued that the

‘desert point’ should happen when the BPS gap of (p, q)-strings is maximized.

The R4 operator. In order to check how these EFT expectations are furnished in Type
IIB String Theory, we will look at the first non-trivial higher-curvature operator appearing in
the effective action. Such correction is BPS-protected — so we can be sure that it receives
no further quantum contributions, involves four powers of the Riemann tensor and has the
form (in the Einstein frame) [51–53]

S10d
R4 = 1

ℓ210

∫
d10x
√
−g Esl2

3/2(τ, τ̄) t8t8R
4 , (3.6)

where t8t8R
4 ≡ tµ1...µ8tν1...ν8Rν1ν2

µ1µ2 . . . Rν7ν8
µ7µ8 , with the tensor tµ1...µ8 defined in [54] (see also

appendix 9 of [55]).2 Here Esl2
3/2(τ, τ̄) denotes the order-3/2 non-holomorphic Eisenstein series

of SL(2,Z), which is an automorphic function that can be defined in a series expansion of
the complex valued field τ as follows (see appendix A for details)

Esl2
3/2 = 2ζ(3)τ3/2

2 + 4ζ(2)τ−1/2
2 +O

(
e−2πτ2

)
. (3.7)

Due to automorphicity, it is enough to restrict ourselves to the fundamental domain F of
SL(2,Z) (cf. eq. (2.3)) when studying the asymptotic behaviour of Esl2

3/2. This leaves us with
only one possible infinite distance limit, namely the weak coupling point τ2 →∞, such that,
at leading order, the R4-correction behaves like τ

3/2
2 for large τ2.

2Notice that the quantity t8t8R4 transforms as t8t8R4 → e−2ϕt8t8R4 upon performing the Weyl rescaling
to the 10d string frame metric gµν → eϕ/2gµν .
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How does this fit with our general considerations from section 2? Notice that the R4-
term has mass dimension n = 8, such that upon comparing with the expected behaviour
for higher-dimensional operators in a gravitational EFT in d spacetime dimensions with a
schematic lagrangian of the form (see discussion around eq. (2.1))

LEFT, d ⊃
1

2κ2
d

[(
R +

∑
n

On(R)
Λn−2

QG

)
− ∂τ · ∂τ̄

2τ2
2

]
, (3.8)

we conclude that the coefficient accompanying such term in the effective action should grow
like Λ−6

QG R4 in Planck units. The species scale in the present case is identified with the
string scale, which in Planck units is given by

ms = Mpl, 10(
4πτ2

2
)1/8 , (3.9)

such that Λ−6
QG ∼ M−6

pl, 10 τ
3/2
2 , in agreement with eq. (3.7).

Further tests. One can try to go further with this analysis by looking at the next few
known contributions to the four-(super)graviton effective action in N = (0, 2) 10d maximal
supergravity. These terms — which still preserve some reduced amount of supersymmetry —
involve respectively four and six derivatives of R4 and they receive both perturbative and
non-pertutbative corrections. The first of them, which corresponds to a gravitational operator
of mass dimension n = 10, reads as [56]

S10d
∂4R4 = ℓ210

2

∫
d10x
√
−g Esl2

5/2(τ, τ̄) ∂4R4 , (3.10)

whose moduli dependence arises from the order-5/2 non-holomorphic Eisenstein series, thus
being compatible with the SL(2,Z) invariance of the theory. As it was also the case for the
R4-term before, in order to check whether the expected expansion (3.8) also holds for this
case we only need to look at the large τ2 behaviour. Upon doing so, one finds (cf. eq. (A.3))

L10d
∂4R4 = ℓ210

2

(
2ζ(5)τ5/2

2 + 4π4

135τ
−3/2
2 +O(e−4πτ2)

)
∂4R4 , (3.11)

which to leading order agrees with Λ−10
QG ∂4R4, where ΛQG = ms (cf. eq. (3.9)).

On the other hand, the second term involving six derivatives of the Riemann tensor
reads as follows [38, 39, 57]

S10d
∂6R4 = ℓ410

∫
d10x
√
−g E(τ, τ̄) ∂6R4 , (3.12)

where E(τ, τ̄) is a modular form which does not belong to the non-holomorphic Eisenstein
series. It can be nevertheless expanded around τ2 → ∞, yielding

L10d
∂6R4 = ℓ410

(
2ζ(3)2

3 τ3
2 + 4

3τ2 +
8ζ(2)2

5 τ−1
2 + 4ζ(6)

27 τ−3
2 +O(e−4πτ2)

)
∂6R4 , (3.13)

where the first term corresponds to the tree-level contribution, whilst the remaining pieces —
except for the exponentially suppressed correction — include up to three-loop contributions in
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gs (see [39] and references therein). Notice that since the above operator has mass dimension
n = 14, one expects according to eq. (3.8) a dependence of the form Λ−12

QG ∂6R4, which
indeed matches asymptotically with the species scale computation and the EFT expectations
(see eq. (3.8) above).

Beyond four-point graviton scattering one may also consider higher-dimensional operators
mixing both the gravitational field and the Ramond-Ramond p-forms. In particular, there is
an infinite family of such terms in the 10d Type IIB effective action, which are of the form
R4|G3|4g−4. These, upon compactification on any hyper-Kähler manifold, can be alternatively
computed in terms of the N = 4 topological String Theory [58] (see also [59]).3 Moreover,
their precise moduli dependence has been conjectured to be of the form [60]

S10d
IIB ⊃

∫
d10x
√
−g R4∑

g≥1
ℓ4g−6
10 αg

2g−2∑
k=2−2g

(−1)kτ−2g+2
2 G2g−2+k

3 Ḡ2g−2−k
3

∑
(m,n)∈Z2\{(0,0)}

τ
g+1/2
2

(m + nτ)g+1/2+k (m + nτ̄)g+1/2−k
,

(3.14)

where αg denote some unknown normalization coefficients. Notice that for k = 0, the operators
are simply R4

∣∣∣τ−1/2
2 G3

∣∣∣4g−4
. They are manifestly modular invariant, have mass dimension

n = 4g + 4 and their corresponding Wilson coefficients become Esl2
g+1/2(τ, τ̄). Therefore, at

infinite distance each of these higher-derivative terms behave like τ
g+1/2
2 ∼ m−4g−2

s (in 10d
Planck units), in perfect agreement with (3.8).

A closer look into the EFT expansion. There are a couple of lessons that one can
extract from the previous Type IIB example. First, notice that our candidate (3.4) does not
match with the exact result unless we take the infinite distance limit τ2 → ∞. This may
suggest that, in general, our ansatz cannot give the correct answer, although it may serve as
a good proxy to characterise the qualitative behaviour of the species scale, even within the
bulk of the moduli space. Instead, what one should take here as the species scale globally
defined would be the following modular expression

ΛQG =
(
Esl2

3/2(τ, τ̄)
)−1/6

, (3.15)

which also satisfies the two minimal requirements for defining a bona-fide species scale, see
the discussion around eq. (2.5).

Another interesting fact about the higher-curvature corrections here described is that they
do not strictly organise in powers of the cut-off function (3.15), as the naive expectation from
eq. (3.8) suggests. Indeed, such moduli-dependent functions are seen to be given by certain
automorphic forms of SL(2,Z) (satisfying some eigenvalue equation [61]), which cannot be
written in general as powers of one another. This means that perhaps the sensible way to
think about the gravitational EFT expansion is in terms of some ‘perturbative’ approximation,
which may hold only asymptotically in moduli space, where one usually recovers the weak

3A similar phenomenon happens in 4d N = 2 theories, where certain higher derivative F-terms can be
computed by the N = 2 topological string, see section 4 below.
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coupling behaviour. In fact, it is precisely close to the infinite distance point where one
sees the cut-off expansion in a power series to emerge, with further suppressed perturbative
and non-perturbative quantum corrections (in the appropriate dual frame), which can be
interpreted as some sort of ‘anomalous dimensions’.

3.2 10d Type IIA String Theory

We turn now to ten-dimensional Type IIA String Theory, whose bosonic action is given
in the Einstein frame by [49]

S10d
IIA = 1

2κ2
10

∫
d10x
√
−g

(
R− 1

2(∂ϕ)2
)
− 1

4κ2
10

∫
e−ϕH3 ∧ ⋆H3

− 1
4κ2

10

∫ [
e

3
2 ϕF2 ∧ ⋆F2 + e

1
2 ϕF̃4 ∧ ⋆F̃4 + B2 ∧ F4 ∧ F4

]
,

(3.16)

where H3 = dB2, F2 = dC1 and F̃4 = dC3 − C1 ∧H3. This theory has a trivial U-duality
group [62], with a moduli space MIIA ∼= R parametrised by the dilaton modulus ϕ. Given
that the theory does not enjoy SL(2,Z) invariance, we cannot use our ansatz (2.6) to predict
the functional form of the species scale. However, according to our general discussion in
section 2, it should still be true that such quantity controls the gravitational EFT expansion.
Thus, proceeding analogously as we did for Type IIB String Theory, let us look at the
first non-zero correction of the previous two-derivative action. In the Einstein frame, it
reads as follows [63–65]

S10d
R4 = 1

ℓ210

∫
d10x
√
−g

(
2ζ(3)e−3ϕ/2 + 2π2

3 eϕ/2
)

t8t8R
4 , (3.17)

which is nothing but the expression (3.6) with the instanton sum excluded. In fact, the first
term corresponds to the tree-level contribution (which arises at fourth-loop order in the 2d
σ-model perturbation theory), whilst the second piece is a one-loop string correction in gs.

Let us now check what are the relevant asymptotics of this dimension-8 operator. At
weak coupling, namely when ϕ→ −∞ (equivalently gs → 0), the tree-level term dominates,
and we obtain

L10d
R4 = 2ζ(3)

ℓ210
e−3ϕ/2 t8t8R

4 + . . . . (3.18)

Comparing this with eq. (2.1), we deduce that the coefficient accompanying such term in the
effective action should behave as Λ−6

QG R4 asymptotically. Therefore, since the species scale
coincides with the string scale along the weak coupling limit, we again find that(

ΛQG
Mpl, 10

)−6

∼ e−3ϕ/2 , (3.19)

in agreement with eq. (3.18) above.
Contrary, at strong coupling, it is the one-loop correction which becomes more important,

thus leading to the following dilaton dependence

L10d
R4 = 4ζ(2)

ℓ210
eϕ/2 t8t8R

4 + . . . , (3.20)
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whilst the species counting is now dominated by the tower of D0-brane bound states instead,
since the fundamental string becomes infinitely heavy in 10d Planck units. Following the
definition in (2.2), one recovers that the species scale is capturing the 11d M-theory Planck
scale, given by [22]

ΛQG ∼ m
1/9
D0 M

8/9
pl, 10 ∼ e−ϕ/12Mpl, 10 , (3.21)

such that the quantity Λ−6
QG R4 precisely reproduces the parametric dependence in

eq. (3.20) above.
Let us also stress that the fact that Type IIA String Theory does not enjoy S-duality

invariance is responsible for the two singular limits, namely that of weak/strong coupling, to
behave very differently from one another (cf. eqs. (3.18) and (3.20)). On the other hand, in
the Type IIB setup, SL(2,Z) invariance forces all the terms to be self-dual, which implies
that the physics at weak/strong coupling are exactly the same, and the 11d Planck scale
never dominates the EFT expansion. Finally, let us comment that by performing a similar
analysis to the one done for the Type IIB case regarding the corrections of the form ∂4R4

and ∂6R4, it can be seen that they are not suppressed by the species scale to the expected
power when the M-theory limit is probed. In contrast, different combinations involving the
species scals and the mass of the D0-branes appear. The emergent string limits, however,
are always suppressed by the right power of the ΛQG, but one must take into account that
in such cases the species scale and that of the tower coincide (i.e. ΛQG = ms). It seems
reasonable to single out the R4 as the one probing the QG cut-off (since it has n < d = 10),
whereas different scales can suppress other operators with higher mass dimension. We will
comment further on this in section 4.3 below.

3.3 M-theory on T 2

Let us now turn to the unique 9d N = 2 supergravity theory, which may be obtained by e.g.,
compactifying M-theory on a T 2, whose metric can be parametrised by

gmn = V2
τ2

(
1 τ1
τ1 |τ |2

)
, (3.22)

with τ = τ1 + iτ2 denoting the complex structure of the T 2 and V2 its overall volume (in
11d Planck units). The scalar and gravitational sectors in the 9d Einstein frame read (see
appendix B for details)

S9d
M-th ⊃

1
2κ2

9

∫
d9x
√
−g

[
R− 9

14
(∂V2)2

V22
− ∂τ · ∂τ̄

2τ2
2

]
. (3.23)

This theory has a moduli space which is classically exact and parametrises the manifold
M9d = SL(2,Z)\SL(2,R)/U(1)×R+, where we have taken into account the SL(2,Z) U-duality
symmetry associated to the full quantum theory [50, 66].

The key aspects regarding the (asymptotic) behaviour of the species scale function over
M9d are captured by the so-called species vectors Z⃗, which determine the rate at which
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M-theory

Type IIA

Type IIA

Type IIB

Type IIB

M-theory

Figure 1. Convex hull diagram for the species scale in M-theory on T 2 in the plane (Û , τ̂) =
( 3√

14 logV2 , 1√
2 log τ2). The blue dots in the facets represent the single KK towers, whereas the red

and purple dots at the vertices represent string oscillator and double KK towers. The self-dual line
τ̂ = 0 is fixed under the Z2 remnant symmetry.

the species scale goes to zero asymptotically at each infinite distance boundary and are
defined as follows [24]

Za
sp ≡ −δabei

b ∂i log ΛQG , (3.24)

where ei
b denotes the vielbein associated to the moduli space metric Gij . Equivalently, one

can define such species vectors by taking the logarithmic derivative of ΛQG already in the
canonically normalized frame. In fact, the present 9d example was studied in detail in [24],
and the relevant species vectors are shown in figure 1. Hence, in this case, whatever the
function ΛQG(V2, τ) may be, it should not only go to zero asymptotically as stressed in the
point i) above, but it must do so in a way that recovers the results from [24].

In order to check this, we proceed as in the 10d examples from sections 3.1 and 3.2.
Hence, we look at the next non-trivial correction to the two-derivative lagrangian of maximal
supergravity in 9d. Such operator happens to be precisely the one behaving schematically
like R4, and it is still BPS protected. Its dependence with respect to the moduli space
parametrised by {V2, τ} has been already computed in [44, 67], and it is captured by the
following non-trivial function (see also [39])

S9d
R4 = 1

ℓ9

∫
d9x
√
−g

(
2π2

3 V
6/7
2 + V−9/14

2 Esl2
3/2(τ, τ̄)

)
t8t8R

4 , (3.25)

where SL(2,Z) invariance in ensured by the non-holomorphic Eisenstein series of order 3/2
(recall that the volume modulus is left unchanged under a modular transformation). The
above operator has mass dimension n = 8, such that according to eq. (2.1), we expect it to
behave as R4Λ−6

QG. We consider each asymptotic limit in figure 1 in turn. First, thanks to
SL(2,Z) invariance we can just focus on infinite distance limits where τ2 ≥ 0 (i.e. those living
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in the upper half-plane of figure 1). Moreover, notice that as long as τ2 > V2 the second term
in eq. (3.25) dominates over the first one, which allows us to divide the ‘fundamental domain’
in two different subregions, depending on whether τ2 > V2 or τ2 < V2.

The M-theory regime. Let us start with the region V2 > τ2. In this case, the dominant
term in the expression for the R4-operator depends solely on the internal volume, so that
one can restrict in practice to the large radius limit at fixed (and finite) complex structure.
This is nothing but a full decompactification to 11d supergravity, and thus the species scale
should coincide (up to order one factors) with the 11d Planck scale, which depends on the
moduli fields as follows

Mpl, 11
Mpl, 9

∼ V−1/7
2 . (3.26)

Therefore, according to (2.1) we expect the asymptotic behavior Λ−6
QG ∼ V

6/7
2 in front of the

quartic correction in the 9d action, which indeed matches the correct result.

The Type II regime. In the opposite regime, namely when τ2 > V2, the species scale should
be controlled by the fundamental string mass (defined as mstr ≡

√
Tstr), which corresponds

to the red dot in the upper half-plane in figure 1. This can be readily computed, yielding
mstr

Mpl, 9
∼ V3/28

2 τ
−1/4
2 . (3.27)

Hence, focusing in the second term in (3.25) and using the asymptotic behaviour exhibited
by the order-3/2 non-holomorphic Eisenstein series (cf. eq. (3.7)), we conclude that the
coefficient to the R4-term behaves asymptotically as V−9/14

2 τ
3/2
2 ∼ m−6

str , in agreement with
our prediction.

Decompactification to 10d. For completeness, let us also discuss the two boundaries between
the different asymptotic regions in moduli space, as seen from the diagram in figure 1. These
are moreover associated to certain directions signalling towards partial decompactification to
either 10d Type IIA or Type IIB supergravity. On the one hand, precisely when τ2 = V2 →∞,
a subset of KK modes become light and the theory decompactifies to 10d Type IIA supergravity.
The 10d Planck scale presents the following moduli dependence

M IIA
pl, 10

Mpl, 9
∼ V−9/112

2 τ
−1/16
2 ∼ V−1/7

2 , (3.28)

which agrees asymptotically with both Mpl, 11 and mstr along the aforementioned limit.
Therefore, upon inserting ΛQG ∼M IIA

pl, 10 into eq. (2.1), one obtains perfect agreement with
the behaviour exhibited by (3.25).

On the other hand, for the limit V2 → 0 the species counting is dominated by M2-branes
wrapping the internal space. These states correspond to the KK tower implementing the
M-theory/F-theory duality [68], such that the QG scale becomes identical to the 10d Type
IIB Planck mass, which reads

M IIB
pl, 10

Mpl, 9
∼ V3/28

2 . (3.29)
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Hence, along such limit the R4-operator should be controlled by Λ−6
QG ∼ V

−9/14
2 , thus matching

the behaviour observed in the second term in eq. (3.25).
Before turning to higher-dimensional operators other than t8t8R

4, let us make a couple
of comments. Indeed, from the discussion above one would be tempted to propose ΛQG to
be defined in the present nine-dimensional setup precisely by

ΛQG =
(
2π2

3 V
6/7
2 + V−9/14

2 Esl2
3/2(τ)

)−1/6

, (3.30)

which is automorphic and moreover reproduces the correct asymptotic behaviour in every
infinite distance corner of the moduli space, as we just demonstrated. However, let us stress one
more time that this would imply, via eq. (3.8), that all the following higher order gravitational
operators in the 9d effective action should also be accompanied by appropriate powers of
the function (3.30), which is known not to be the case for e.g., higher-curvature corrections
involving derivatives of the quartic curvature invariants (see below). What seems to be true,
though, is the fact that the species scale, as one typically defines it close to asymptotic
boundaries in moduli space (see eq. (2.2)), is the energy scale organising the EFT expansion
of our quantum-gravitational theories, and thus should be taken as the true QG cut-off.

Second, notice that the function controlling the R4-interaction here is again an eigen-
function (with eigenvalue equal to 6/7) of the Laplace operator in SL(2,R)/SO(2)× R+

∆9d = ∆2 −
7
9 V2 ∂V2 (V2 ∂V2)−

1
3 V2 ∂V2 , (3.31)

with ∆2 = τ2
2
(
∂2

τ1 + ∂2
τ2

)
. This was also the case in the 10d Type IIB case discussed before, and

the eigenvalue seems to be related to the power of the number of species that accompanies
the operator under consideration.

Further tests. Proceeding as in the previous example, let us now look at the next few
contributions to the four-(super)graviton effective action in 9d N = 2 supergravity. For
the four-derivative term we have [39]

S9d
∂4R4 = ℓ39

∫
d9x
√
−g

(1
2V

−15/14
2 Esl2

5/2(τ) +
2ζ(2)
15 V

27/14
2 Esl2

3/2(τ) +
4ζ(2)ζ(3)

15 V−18/7
2

)
∂4R4 .

(3.32)
Notice that such term is also an eigenfunction of the scalar laplacian (3.31) with eigenvalue
30/7, as one can readily check. Moreover, the correction is compatible with the SL(2,Z)
invariance of the theory, such that we will restrict ourselves to the fundamental domain
in what follows. The mass dimension of the operator is n = 12, and thus, according to
eq. (2.1), we expect an asymptotic dependence of the form Λ−10

QG ∂4R4 for (3.32) above. In
particular, this prediction is fulfilled in all the cases in which we are probing an emergent string
limit, namely when ΛQG = mstr, whereas in decompactification limits one cannot directly
identify Λ−10

QG as the coefficient in front of this correction. Still, as already mentioned, this
might be understood in terms of corrections which are not only sensitive to purely quantum-
gravitational effects associated with infinite towers of states becoming light asymptotically,
as explained in section 4.3 below.
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3.4 M-theory on T 3

As our final example in this section, we consider maximal supergravity in eight spacetime
dimensions. This theory arises upon compactifying e.g., Type IIB supergravity on a two-
dimensional torus. Such process yields the following 8d action in the scalar-tensor sector
(see appendix B for details)

S8d
IIB ⊃

1
2κ2

8

∫
d8x
√
−g

[
R− 1

6
(∂ν)2

ν2 − ∂τ · ∂τ̄

2τ2
2
− ∂U · ∂Ū

2U2
2
− ν
|τ∂b + ∂c|2

2τ2

]
, (3.33)

where U denotes the complex structure of the internal torus, ν =
(
τ2V22

)−1 is an SL(2,Z)τ -
invariant volume, and b, c are compact scalar fields arising from the reduction of the NS and
RR 2-form fields of 10dN = (2, 0) supergravity on the internal 2-cycle. Note that there are two
modular symmetries visible from the action (3.33) above: that associated to the axio-dilaton

— which is inherited from ten dimensions, as well as an additional one which transforms the
complex U field in a fractional linear fashion. There is, however, an extra ‘hidden’ SL(2,Z)T

symmetry associated to the Kähler modulus T = b + iV2,4 which can be made manifest upon
changing variables from {ν, τ} ↔ {φ8, T}, where φ8 denotes the 8d dilaton

e−2φ8 = e−2ϕV2 . (3.34)

What is important for us is that the full U-duality symmetry of the theory is actually
larger, namely it consists of SL(2,Z) × SL(3,Z), where the modular factor acts solely on
the complex structure modulus. In fact, upon introducing the following symmetric 3 × 3
matrix with unit determinant [69]

B = ν1/3


1
τ2

τ1
τ2

c+τ1b
τ2

τ1
τ2

|τ |2
τ2

τ1c+|τ |2b
τ2

c+τ1b
τ2

τ1c+|τ |2b
τ2

1
ν + |c+τb|2

τ2

 , (3.35)

which transforms in the adjoint representation of SL(3,Z) (cf. eq. (A.11)), one can rewrite
the action (3.33) in a manifestly SL(2,Z) × SL(3,Z) invariant way5

S8d
IIB ⊃

1
2κ2

8

∫
d8x
√
−g

[
R− ∂U · ∂Ū

2U2
2

+ 1
4tr

(
∂B · ∂B−1

)]
. (3.36)

Therefore, we conclude that the moduli space of the theory is described by a coset of the
form M8d = SL(2,Z)\SL(2,R)/U(1) × SL(3,Z)\SL(3,R)/SO(3), where the discrete piece
corresponds to the U-duality group of the eight-dimensional theory [62].

In the following, it will be useful to phrase all our discussion using a dual description in
terms of M-theory compactified on a three-torus, whose bosonic action reads [71]

S8d
M-th⊃

1
2κ2

8

∫
d8x
√
−g

[
R− 1

4

(
gii′gjj′+1

6gijgi′j′
)

∂gij∂gi′j′−
1

2V23

(
∂C

(3)
123

)2]
, (3.37)

4Note that upon performing a T-duality on any of the two 1-cycles within the T 2, one arrives at Type IIA
String Theory on a (dual) torus, which is moreover described by the same exact action as in eq. (3.33) with
the U and T fields exchanged.

5Both SL(2,Z)τ and SL(2,Z)T transformations are embedded within SL(3,Z) as upper and lower block-
diagonal subgroups [70].
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Figure 2. Convex hull for the species scale in M-theory on T 3 ignoring the axionic directions, as seen
from two different angles [24]. The blue dots in the facets of the convex hull correspond to single KK
towers (n = 1), the light purple dots in the edges indicate double KK towers (n = 2) and the purple
and red dots in the vertices correspond to triple KK towers (n = 3) and string towers, respectively.
The encircled points represent the particular set of states that we are choosing as representatives
of the vertices of the fundamental domain, which is indicated by the triangle tha arises by joining
their vertices.

where gij is the internal metric, V3 denotes the overall volume in M-theory units and the
scalar C

(3)
123 arises by reducing the antisymmetric 3-form field along the T 3. In order to make

contact with the previous Type IIB perspective, one needs to identify the modulus U with
a complex-valued field T , which is defined as follows

T = C
(3)
123 + iV3 , (3.38)

as well as relate the moduli entering into the matrix B in eq. (3.35) with the ‘unimodular’
metric components of the torus, namely Bij → g̃ij = V−1/3

3 gij . This recovers the action (3.36)
written in a manifestly SL(3,Z) invariant form, as explained in detail in appendix B.

Once again, one would expect the species scale ΛQG to be an automorphic function of
the moduli, whose asymptotic behaviour should match the usual species counting procedure,
as predicted by [24]. This is summarised in figure 2 below, where the convex hull generated
by the relevant Z-vectors is explicitly shown.

Before proceeding with a systematic study of the higher-dimensional operators appearing
in the 8d effective action and their relation to the QG cut-off, let us first try to guess what
could be at least the SL(2,Z) dependence of the species scale based on our general discussion
from section 2.2. There, a natural candidate for a modular invariant species scale function
was proposed, which essentially depends on a single real parameter γ (cf. eq. (2.17)). In fact,
the precise value for γ could be easily determined in terms of the spacetime dimension of
our theory as well as the nature of the unique infinite distance degeneration in the SL(2,Z)
subsector. Therefore, upon applying eqs. (2.16) and (2.17) in the present eight-dimensional
setup for the limit T → i∞, and taking into account that along this limit the 8d theory
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effectively decompactifies back to the original 11d supergravity, we obtain γ = 1. This leads
to the following functional form for (a subset of) the effective number of light species

N ⊃
[
−log

(
T2 |η(T )|4

)]
, (3.39)

which moreover behaves like N ∼ T2 as T2 → ∞.

The R4 operator. In order to check the proposed species function (3.39), as well as to
further extend it so as to include the additional SL(3,R)/SO(3) sector, one can look at known
higher-dimensional operators appearing in the 8d N = 2 effective action. Therefore, we start
from the general form for the scalar and gravitational sectors of the theory

L8d
M-th ⊃

1
2κ2

8

[(
R +

∑
k

Ok(R)
Λk−2

QG

)
− ∂T · ∂T̄

2T 2
2

+ 1
4tr

(
∂g̃ · ∂g̃−1

)]
. (3.40)

A particularly interesting set of operators within a given spacetime dimension d are those
verifying k = d, since eqs. (2.2) and (3.40) predict an asymptotic moduli dependence for them
of the form Λ2−d

QG Od(R) ∼ N(ϕ⃗)Od(R), where ϕ⃗ denotes collectively all the massless scalars
in the theory. In the particular 4d N = 2 case analyzed in [25] (see also section 4 below)
this is precisely the coefficient of the operator R2, which is controlled by the topological
genus one partition function F1. In our 8d setup, it would rather correspond to a term
behaving schematically like R4. This was already computed and studied in detail in [44, 57],
and it reads as follows

L8d
R4 =

(
Êsl3

3/2 + 2Êsl2
1

)
t8t8R

4 , (3.41)

where Êsl2
1 , Êsl3

3/2 are the regularised Eisenstein series of order 1 and 3/2 for SL(2,Z) and
SL(3,Z), respectively (see appendix A). In the following, we show that the expression (3.41)
matches asymptotically the diagram depicted in figure 2, including our prediction (3.39).

First, notice that due to SL(2,Z)×SL(3,Z) duality, it is enough to focus on a fundamental
domain containing the minimal non-redundant information captured by the asymptotic convex
hull diagram [24, 72, 73]. For concreteness we take the sub-polytope generated by the vertices
corresponding to a fundamental Type II string, a 10d Planck scale implementing M/F-theory
duality and the 11d Planck mass of the full decompactified theory. Note that written in a
particular orthonormal basis (see eq. (B.3)), this corresponds to the convex cone generated by
the following three vectors in figure 2: one of the red dots at the vertices (string), one of the
purple dots at the other vertex sharing a common edge (11d Planck mass), and finally one of
the light purple dots (10d Planck mass) that belongs to the same facet as the other two and
shares an edge with the red dot but not with the purple one. These three vectors comprise the
minimal set generating the desired cone representing a fundamental domain. In addition, note
that the aforementioned domain automatically includes the vectors associated to yet another
partial decompactification of two extra dimensions (light purple dot, 10d Planck mass, at an
edge), and one partial decompactification of one extra dimension (blue dot, 9d Planck mass,
at the interior of the cone). A particular choice of such representative vectors is given by the
encircled dots in figure 2, and the intersection between the fundamental domain and the convex
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hull is the highlighted triangle that results from joining them. These choice of vectors reads

Z⃗osc, 3 =
(
0,−

√
2
21 ,

1√
14

)
, Z⃗KK-M, 3 =

( 1
4
√
2

,− 1
2
√
42

,
1

4
√
14

)
,

Z⃗KK, (123) =
(
0,

1√
42

,
2

3
√
14

)
,

(3.42)

where we follow the notation of ref. [24], namely Z⃗ =
(
Z τ̂ ,Z ρ̂,Z Û

)
. In terms of M-theory

variables {τ2, R3,V2}, this fundamental domain is given by the following inequalities

V9/7
2 R−2

3 ≥ τ2 ≥ 1 , V2 ≥ R
−7/6
3 . (3.43)

The three corresponding (asymptotic) QG cut-offs associated to the vectors (3.42) are given
by (in 8d Planck units)

mstr ∼ R
1/3
3 V−3/14

2 , Mpl, 10 ∼ R
1/12
3 V−3/56

2 τ
−1/8
2 ,

Mpl, 11 ∼ R
−1/6
3 V−1/7

2 ∼ V−1/6
3 ,

(3.44)

which eq. (3.41) ought to reproduce upon taking appropriate limits within said fundamental
domain.

The M-theory regime. Let us first consider the region of the selected fundamental domain
where Mpl, 11 is the lightest of these three scales, and therefore fixes the species scale, i.e.
ΛQG = Mpl, 11. This corresponds to the T 3 decompactification limit V3 →∞, with V2 ≤ R7

3,
restricted to (3.43). This is associated to the SL(2,Z) sector of the theory, since the Êsl2

1
term in (3.41) dominates in this region. From eq. (A.8) it follows that in all the asymptotic
regimes associated to this region we have

2Êsl2
1 (T , T̄ ) = −2πlog

(
T2 |η(T )|4

)
∼ π2

3 V3 ∝
(

Mpl, 11
Mpl, 8

)−6

, (3.45)

where the asymptotic dependence should be understood when taking the limit T2 → ∞.
This matches exactly with our prediction in eq. (3.39) for the SL(2,Z) sector, recovering
the expected suppression of the R4 term with Λ6

QG.

The Type II regime. The regime in which the 10d string scale is the lightest within the
fundamental domain (3.43) is given by V2 ≥ R7

3, and thus corresponds to ΛQG = mstr. In this
region, the leading contribution to (3.41) comes from the order-3/2 Eisenstein series, Êsl3

3/2,
and all encompassing asymptotic boundaries correspond to the limit ν → V−18/7

2 R4
3 τ

−3/2
2 → 0

(where the change of coordinates corresponds to performing Type IIB/M-theory duality in
8d — see discussion around eq. (B.19)). Thus, upon using the expansion (A.21), one finds
the leading order contribution

Êsl3
3/2 ∼ 2ζ(3)V9/7

2 R−2
3 ∝

(
mstr

Mpl, 8

)−6

, (3.46)

which in turn reproduces the expected suppression of the R4 operator with Λ6
QG.
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Decompactification to 10d. Note that the two regimes described so far cover the entire asymp-
totic region associated to the fundamental domain (3.43). However, along certain directions
they also coincide with other partial decompactification limits, as presented in the following.
Within the selected domain, the region where the 10d Planck mass sets the species corresponds
to the boundary where it coincides with the string scale, namely τ2 = V9/7

2 R−2
3 and V2 ≥ R7

3.
In that case, the mass scale of the double KK tower represented by the light purple dot is
lighter than the string scale and we see a decompactification to 10d, with the 10d Planck
mass parametrically of the same order as the string scale, namely ΛQG = Mpl, 10 ∼ mstr.
The dominant contribution to the R4 term thus takes the same form as in (3.46), which
can be equivalently expressed as

Êsl3
3/2 ∝

(
Mpl, 10
Mpl, 8

)−6

, (3.47)

recovering again the expected result.

Decompactification to 9d. Finally, let us study the special point corresponding to the center
of the facet included in the fundamental domain of figure 2, to which we can associate a single
KK tower signaling decompactification from 8d to 9d. This point is such that all the potential
candidates for ΛQG in (3.44) scale asymptotically in the same way, namely τ2 = V2 = R7

3,
which obviously represents a particular geodesic direction towards one of the boundaries of the
region defined in (3.43). In this limit, we then have ΛQG = Mpl, 9 ∼Mpl, 10 ∼Mpl, 11 ∼ mstr,
such that

Êsl3
3/2 ∝ Êsl2

1 ∝
(

Mpl, 9
Mpl, 8

)−6

, (3.48)

yielding once again the dependence of the R4 term with the number of species N = Λ−6
QG.

All in all, we conclude that the function N = Êsl3
3/2 + 2Êsl2

1 captures every single relevant
asymptotic behaviour of the species scale in 8d maximal supergravity, being moreover invariant
under the SL(2,Z) × SL(3,Z) U-duality group and thus reproducing precisely the convex
hull diagram depicted in figure 2.

Finally, as for the previous cases, one can look at other corrections proportional to
extra derivatives of the quartic curvature invariants that have already been computed in the
literature [39]. Upon doing so, one finds that they are not suppressed by the appropriate power
of the species scale along certain type of limits, but by some rather intricate combination of
scales. The physical rationale for this discrepancy will be explained later on in section 4.3,
but for the moment let us stress one more time that we believe the R4-correction to be the
one capturing the UV divergence of the eight-dimensional EFT related to the species scale.

4 Lower dimensional String Theory examples

In this section we will focus on 4d N = 2 settings arising from Type IIA String Theory
compactified on a Calabi-Yau threefold X3. Such theories are known to present, beyond the
two-derivative lagrangian, interesting higher-dimensional and higher-curvature corrections.
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In particular, there is an infinite number of F-terms, which are 1
2 -BPS and thus protected by

supersymmetry, ensuring that their dependence with respect to the vector multiplet moduli
can be computed exactly. They read as follows [74–77]:

L4d
IIA ⊃

∑
g≥1

∫
d4θFg(XA)W2g + c.c. , (4.1)

where Fg(XA) is a chiral superfield that is related to the g-loop topological free energy of
the supersymmetric closed string, θα denote the fermionic N = 2 superspace coordinates
and Wµν = F+

µν − R+
µνρσθσρσθ + . . . , is the Weyl superfield, which depends (in Euclidean

signature) on the self-dual components of the graviphoton field-strength and the Riemann
tensor, see e.g. [77]. Thus, upon performing the integration over the fermionic variables,
one obtains terms in (4.1) of the form

L4d
IIA ⊃

∑
g≥1
Fg(XA)R2

+ F 2g−2
+ + c.c. , (4.2)

where XA with A = 0, . . . , h1,1 denote the bottom (i.e. scalar) components of the chiral
superfields XA.

As originally proposed in [42, 43], one can alternatively compute the quantities Fg for
g ≥ 0 using the duality between Type IIA string theory on X3 and M-theory on X3 × S1.
For a single BPS particle of mass m = |Z| — where Z denotes its central charge, one indeed
obtains a generating function via a Schwinger-type one-loop computation in the presence of
a constant self-dual graviphoton field-strength background, as follows∑

g≥0
Fg F 2g−2

+ =−1
4

∫ ∞

0

dτ

τ

1
sin2 τF+Z̄

2

e−τm2

= 1
4

∫ ∞

0

dτ

τ

∑
g≥0

22g(2g−1)
(2g)! (−1)gB2g

(
τF+
2

)2g−2
e−τZ+O

(
e
− Z

F+

)
, (4.3)

where in the second step we have changed the integration variable τ → τ/Z̄ and we have
performed a perturbative expansion using the following mathematical relation

1
sin2(x)

=
∞∑

n=0

22n(2n− 1)
(2n)! (−1)n−1B2nx2n−2 , (4.4)

which is valid for 0 < |x| < π. Notice that the coupling of the BPS particle to the background
field crucially involves the anti-holomorphic piece of the mass [78]. The B2g are the Bernouilli
numbers, which are given by

B2g = (−1)g+12(2g)!
(2π)2g

ζ(2g) . (4.5)

From eq. (4.3) one may already get a feeling of which Fg are UV sensitive/divergent versus
those which actually provide for a convergent contribution. The claim would be that for
g ≥ 2, the above integral converges in the UV, whilst for g = 0, 1, one needs to adopt some
regularization scheme. Indeed, one finds

Fg ∝
∫ ∞

ε
dτ τ2g−3e−τZ = Z2−2gΓ(2g − 2, εZ) , (4.6)
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where ε is nothing but the Schwinger implementation of the UV cut-off [22]. Therefore, for
g > 1, the incomplete gamma function converges to Γ(2g − 2) = (2g − 3)! , whilst for the
remaining cases one finds a UV divergence that needs to be carefully dealt with.

In what follows, we will study the moduli dependence of the coefficients Fg(XA) when
probing certain representative infinite distance limits in the vector multiplet moduli space [41].6

We will distinguish between operators that are relevant/marginal (in the Wilsonian sense),
from those which are irrelevant (and thus UV convergent). The focus will be placed on
understanding whether the EFT expansion proposed in eq. (2.1) is fulfilled or not in the
present setup.

4.1 The R2 term

Let us start with the only relevant BPS operator in the 4d lagrangian (4.2), i.e. the one
associated to g = 1. It is proportional (in Euclidean signature) to the self-dual part of
the curvature tensor squared, and its Wilson coefficient can be identified with the A-model
topological free energy at genus 1. In addition, the function F1 has been recently argued to
provide for a global definition of the species scale in 4d N = 2 theories [25].7

In order to make contact with our discussion in section 2.2, we will henceforth concentrate
in theories exhibiting SL(2,Z) invariance. As a simple example, let us consider Type IIA
String Theory compactified on the Enriques CY

(
K3× T 2) /Z2 [82], which is known to be

dual to a heterotic compactification on K3× T 2. In this case, one finds (at large volume)
that the moduli space metric behaves as GT T̄ = 1

4T 2
2

, whereas the genus-one topological
free energy takes the following simple form [31, 83]

F1 = −6 log
(
T2|η(T )|4

)
+ const. , (4.7)

where T denotes the (complexified) Kähler modulus associated to the internal torus. In the
original Type IIA frame, an emergent string limit arises when taking T2 →∞, corresponding
to a large volume limit for the internal T 2. In the dual heterotic frame, such infinite distance
limit is mapped to a perturbative weak coupling point for the fundamental string. Therefore,
according to our ansatz (2.6), we predict for the present 4d setup a value γ = 1 (cf. (2.16)),
which is precisely what is observed in eq. (4.7) above.

An analysis along similar lines can be performed when probing other kind of infinite
distance limits within the vector multiplet sector of 4d N = 2 theories, including partial
decompactifications to M-/F-theory in 5 and 6 spacetime dimensions, respectively. This was
done in detail in refs. [25, 31], so we refrain from repeating it here and refer the interested
reader to the original works.

6The quantities Fg, as computed by the topological String Theory, are holomorphic in the chiral coordinates
XA. There exists, however, a holomorphic anomaly in the quantum effective action associated to the
contribution of the massless fields [75]. For our purposes here, it will be enough to focus just on the
holomorphic piece.

7The authors in [25] identify F1 with the (moduli-dependent) number of species N , giving various motivations
for this. Note that this is also suggested by the Emergence Proposal [20, 79–81], since upon taking the species
scale as the UV cut-off, the one-loop computation of the R2-term in 4d N = 2 theories can be shown to behave
asymptotically as F1 ∼

∑N

n=1 ∼ N [22].
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4.2 The UV convergent terms

Let us turn now to the BPS operators in eq. (4.2) with g > 1. Using eq. (4.3), we find that
the contribution to Fg>1 due to a particle of mass m = |Z| is

Fg>1 =
(2g − 1)
(2g)! (−1)gB2g

∫ ∞

0
dτ τ2g−3e−τZ , (4.8)

where one should substitute the appropriate Bernouilli numbers from (4.5). In the following,
we will extract the relevant asymptotic behaviour of these higher-dimensional operators
depending on the infinite distance limit that is approached. Later on, in section 4.3 we
will comment on how these examples fit within the general expectation for a gravitational
EFT expansion.

Large volume limit. The large volume point (with 4d dilaton fixed and finite) corresponds
to a decompactification limit to 5d M-theory, where the M-theory circle grows large. This can
be easily understood by looking at the light spectrum of the theory along the aforementioned
limit, where it is precisely the tower of D0-branes which become light the fastest (see
e.g., [84]). These states are 1

2 -BPS, with a mass given by

mn = 2π|n| ms

gs
= |n|mD0 , (4.9)

where n ∈ Z \ {0} is the D0-brane charge. Notice that we are excluding the contribution
of the massless (i.e. n = 0) fields here, which would be actually part to the 4d EFT. After
substituting in (4.8), one finds

FD0
g>1 = χ(X3)

(2g − 1)ζ(2g)
(2π)2g

∑
n∈Z\{0}

∫ ∞

0
dτ τ2g−3e−τ n mD0

= χ(X3)
(2g − 1)ζ(2g)

(2π)2g
Γ(2g − 2)m2−2g

D0
∑

n∈Z\{0}

1
n2g−2

= χ(X3)
2(2g − 1)ζ(2g)Γ(2g − 2)

(2π)2g

ζ(2g − 2)
m2g−2

D0
, (4.10)

which is of course convergent and moreover depends solely on the mass scale of the tower
of states, i.e. mD0, instead of the UV cut-off given by the species scale.

Decompactification to 6d. Let us next consider the possibility that our Calabi-Yau
threefold presents some elliptic fibration π : X3 → B2 (for simplicity we assume it to be
non-singular). This means, in particular, that there exists an infinite distance limit at large
volume within the vector multiplet moduli space, where the base of the fibration blows
up, whilst the volume of the elliptic fibre remains constant. Such limit corresponds to a
partial decompactification limit to 6d F-theory [41], where a tower of bound states with
arbitrary D2 and D0-brane charge becomes asymptotically light. The mass spectrum for
such tower would read

mn,ω = 2πms

gs
|ωz + n| , (4.11)
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where z is the Kähler modulus associated to the elliptic fibre and (n, ω) ∈ Z2 correspond to
D0 and D2-brane charge, respectively. To properly account for the effect of such a tower, one
needs to sum over the two quantum numbers (ω, n) independently, yielding

Fell
g>1(z) = χ(X3)(−1)g−1 (2g − 1)B2gΓ(2g − 2)

2(2g)!
1

m2g−2
D0

∑
(ω,n)∈Z\{0,0}

(ωz + n)2−2g

= χ(X3)(−1)g−1 (2g − 1)B2gΓ(2g − 2)
2(2g)!

1
m2g−2

D0
G2g−2(z) , (4.12)

where in the last equality we have introduced the holomorphic Eisenstein series

G2k(z) =
∑

(ω,n)∈Z2\{(0,0)}

1
(ωz + n)2k

. (4.13)

Notice that the resulting operator is modular invariant,8 as one can see from the fact that the
terms in the lagrangian (4.2) are homogeneous in the fields XA of degree 2−2g, whose Kähler
transformation is exactly compensated by that of the graviphoton background F+

µν . Indeed,
the relevant SL(2,Z) transformation corresponds to some generalized (double) T-duality
which acts on the Kähler modulus as follows

z → a z + b

c z + d
, with A =

(
a b

c d

)
∈ SL(2,Z) , (4.14)

whilst the vectors get transformed linearly through the matrix A, which is moreover embedded
into the group of (Kähler) symplectic transformations Sp(2h1,1 + 2,Z), thus leaving the F-
terms in (4.2) invariant.9 Note that the scale suppressing the tower of BPS operators becomes
again that of the D2 particles (equivalently D0 particles, since both have asymptotically
the same mass), and not the QG cut-off.

Emergent string limits. Finally, we come to analyze infinite distance points in the vector
multiplet moduli space corresponding to emergent string limits. These arise when the Calabi-
Yau threefold exhibits some K3/T 4-fibration [41], with the leading tower of asymptotically
light states being the excitation modes of a dual critical string obtained by wrapping an NS5-
brane on the generic fibre. As a concrete example, we consider here Type IIA compactified
on P1,1,2,8,12[24], which has h1,1 = 3, h2,1 = 243 and moreover exhibits a K3-fibration over
a P1-base. The triple intersection numbers are [87]

K111 = 8 , K112 = 2 , K113 = 4 , K133 = 2, K123 = 1 . (4.15)

Upon probing the limit tb →∞, where we denote by tb := t2 the Kähler modulus associated
to the P1-base, one encounters an infinite distance boundary of the emergent string kind, as

8The particular case of g = 2 is a bit subtle, since it appears to be proportional to G2(z) which by itself is
not a modular form (cf. footnote 1). However, the holomorphic anomaly [75] crucially solves this problem by
promoting G2(z) in eq. (4.12) to its non-holomorphic cousin, namely G̃2(z, z̄) = G2(z)− π

Im z
, which now has

definite modular weight.
9In general, these transformations are more complicated and also take into account the non-trivial fibration

structure of the threefold. This involves promoting the (double) T-duality in (4.14) to a Fourier-Mukai
transform [85, 86].
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discussed before. There, a critical and asymptotically tensionless string arises by wrapping
a NS5-brane on the K3-fibre, with tension

TNS5, str = M2
pl, 4
VK3
2V , (4.16)

where VK3 = 1
2K2ijtitj = (t1)2 + t1t3 denotes the (classical) volume of the generic fibre and

V that of the threefold. Along the aforementioned limit, the 4d theory admits a dual String
Theory interpertation in terms of a perturbative (i.e. weak coupling) limit for an heterotic
compactification on K3× T 2. In such scenario, the quantities Fg>1 arise at one-loop level in
string perturbation theory [76, 77]. The dual theory is obtained by compactifying the E8×E8
heterotic string with an SU(2) bundle (of instanton number 12) embedded in each of the E8
factors, and with all non-abelian symmetries higgsed. The remaining U(1) factors therefore
come from the 3 vector multiplets associated to the complex dilaton S = 1

2
(
σ + ie−2φ4

)
[88],

and the geometric {T, U} moduli of the internal torus, as well as the graviphoton.
Incidentally, the moduli dependence of all the relevant higher-derivative couplings can be

encapsulated at once upon defining a generating function F (λ, T, U) =
∑∞

g=1 λ2gFhet
g (T, U).

Hence, one finds the following formal expression for F (λ, T, U) in the case of interest [89]

F (λ, T, U) = 1
2π2

∫
F

d2τ

τ2

G4G6
η24

∑
Γ2,2

q
1
2 |pL|2 q̄

1
2 |pR|2

( 2πiλη3

θ1(λ̃|τ)

)2

e
−πλ̃2

τ2

 . (4.17)

Here F denotes the SL(2,Z) fundamental domain, G4(τ) and G6(τ) are holomorphic Eisen-
stein series (cf. eq. (4.13)), θ1 is the Jacobi theta function with characteristics (1/2, 1/2),
and we have defined the quantities

λ̃ = pRτ2λ√
2T2U2

, q = e2πiτ , (4.18)

where pL,R are the right-/left-moving momenta along the torus:

pL = 1√
2T2U2

(
n1 + n2T̄ + m2U + m1T̄U

)
,

pR = 1√
2T2U2

(n1 + n2T + m2U + m1TU) . (4.19)

The important point for us is that all Wilsonian couplings captured by F (λ, T, U) arise at
one-loop and are thus proportional to (S − S̄)0 in the string frame. Therefore, upon going
to the 4d Einstein frame and taking the perturbative limit, namely when S → i∞ — and
for generic values of the moduli {T, U}, the functions Fg>1 behave as follows

Fhet
g>1 ∼M2−2g

pl, 4 (Im S)g−1 ∼ (mstr, het)2−2g , (4.20)

where Mpl, 4 is the 4d Planck scale and mstr, het denotes the fundamental heterotic string scale.
In the original type IIA frame, this means that upon probing the limit tb →∞, one finds

F IIA
g>1 ∼M2−2g

pl, 4 tg−1
b ∼ (TNS5, str)1−g , (4.21)

with TNS5, str given in eq. (4.16) above. In this case, the scale suppressing the F-terms (4.2)
does coincide with the species scale along the limit tb →∞, since the latter is given by the
(emergent) heterotic string scale. However, as we comment further in section 4.3 below, the
power does not agree with the expectations from eq. (2.1).

– 27 –



J
H
E
P
1
2
(
2
0
2
4
)
0
1
9

4.3 General lessons

After the previous general considerations, we are now in a position to discuss the asymptotic
mass dependence of the irrelevant F-terms appearing in generic 4d N = 2 theories arising
from quantum gravity. We argue in the following that the relevant UV scale controlling
these terms in the EFT is the mass scale of the lightest tower (rather than the species scale),
such that the series expansion reads

LEFT, 4 ⊃
∑
n>4

On(R)
mn−4

tower
, (4.22)

where n denotes the mass dimension of the corresponding operator. To see this, we first
note that the dimension of the operators R2

+ F 2g−2
+ is n = 2g + 2 > 4 for g > 1, such

that they are all irrelevant in the Wilsonian sense. Furthermore, the asymptotic moduli
dependence arising in the three possible types of infinite distance boundaries within the vector
multiplet moduli space matches the behaviour exhibited in (4.22), where mtower becomes
either mD0 or T

1/2
NS5, str. For instance, in the large volume limit we found Fg>1 ∝ m2−2g

D0 ,
cf. eq. (4.10), whilst for the emergent heterotic string the dependence was of the form
Fg>1 ∝

(
T
1/2
NS5, str

)2−2g
, see eq. (4.21).

Our aim in this section will be to take the first steps towards understanding whether
this observed suppression of the gravitational irrelevant terms by the lightest scale of the
tower is an artifact due to some sort of fine tuning [90], or rather it represents some general
behaviour in quantum gravity. We distinguish between decompactification and emergent
string limits in what follows, for reasons that will become clear along the way.

Decompactification limits. Let us consider first infinite distance limits signalling towards
decompactification of one or more internal dimensions. Along these, the dominant tower
of states becomes the Kaluza-Klein replica, whose masses scale inversely with the volume
of the decompactifying cycle.

In the supersymmetric examples studied both in sections 3 and 4.2 it was found that
for such decompactification limits, the suppression exhibited by those operators which are
irrelevant (both in the lower and higher-dimensional theory) was of the form

LEFT, d ⊃
∑
n>d

On(R)
Λn−d
UV

, (4.23)

which follows the usual rules of EFT expansions with ΛUV = mKK ≪ ΛQG. This includes the
BPS operators ∂4R4 and ∂6R4 appearing in maximally supersymmetric setups in 8 ≤ d ≤ 10,
as well as those of the form R2

+ F 2g−2
+ (for g > 1) arising in 4d N = 2 theories. What we would

like to point out here is that this behaviour would fit into a general picture where gravitational
operators which are relevant/marginal are suppressed by the species cut-off (with respect to
the Einstein-Hilbert term), as in eq. (2.1), whilst those which are irrelevant follow the pattern
in (4.23). A potential heuristic explanation would be the following: the former probe the UV
physics associated to quantum gravity and therefore should be controlled by the corresponding
QG cut-off. The latter, on the other hand, are typically convergent in the UV, and thus end
up being controlled by the mass scale of the towers/states that have been integrated out.
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To motivate this claim, let us consider the following simple example: k-(super)graviton
scattering in d spacetime dimensions. We focus here on the contributions arising from 1

2 -BPS
operators of the schematic form Rk. In fact, the contribution of a KK-like tower to such an
amplitude can be nicely expressed using the worldline formalism. Therefore, assuming that
the vertex insertions saturate alone the fermionic integrals over the zero modes [91], one finds

Ak, d = K̃
∑

n∈Z\{0}

∫
ddp

∫ ∞

0

dτ

τ
τk e−τ(p2+m2

n) , (4.24)

where mn = |n|mKK and K̃ denotes the appropriate kinematic factor that accounts for
the Lorentz structure of the amplitude.10 Upon performing the integration over the loop
momentum variables one is left with

Ak, d = K̃
∑

n∈Z\{0}

∫ ∞

0
dτ τk−1−d/2 e−τ m2

n . (4.25)

Notice then, that the integral converges in the UV (i.e. τ ∼ 0 region) if and only if 2k− d > 0,
which is equivalent to ask for the operator Rk to be irrelevant — in the Wilsonian sense — in
the d-dimensional theory. Still, this does not guarantee the full amplitude to be convergent.
To ensure this, one needs to subsequently perform the summation over all KK quantum
numbers, thus yielding

Ak, d = 2K̃ Γ
(

k − d

2

)∑
n>0

1
m2k−d

n

= 2K̃ Γ
(

k − d

2

)
ζ(2k − d)

m2k−d
KK

. (4.26)

The resulting amplitude is thus finite if the stronger condition, 2k − (d + 1) > 0, is fullfilled,
due to the convergence properties of Riemann’s ζ-function. Notice that this is equivalent
to the operator being irrelevant in the D = (d + 1) parent theory, in agreement with the
discussion around eq. (4.23). As a side remark, notice that if instead of performing the
summation over all KK modes we instead truncate up to some maximum excitation number
Nmax — such that NmaxmKK ∼ ΛQG, one still recovers the above result up to a correction
of the form Acorr

k, d ∼Md−2
pl, d Λ2−2k

QG , which despite being similar to the expectation in (2.1), is
of course subleading with respect to (4.26).

In a similar vein, one could consider operators involving spacetime derivatives of the
Riemann tensor, such as ∂2ℓRk, whose mass dimension is 2(ℓ + k). Indeed, essentially the
same argument as before leads to the following schematic form of the amplitude (after
integrating over loop momenta)

Ak+ℓ,d = K̃ ′ ∑
n∈Z\{0}

∫ ∞

0
dτ τk+ℓ−1−d/2 e−τ m2

n =2K̃ ′Γ
(

k+ℓ− d

2

)
ζ(2(k+ℓ)−d)

m
2(k+ℓ)−d
KK

, (4.27)

whose convergence properties now depend on whether 2(k + ℓ)− (d + 1) > 0 or not, which
again is equivalent to the corresponding operator being irrelevant or otherwise.

For completeness, let us mention that the above analysis may be easily generalized to
the case of p compact extra dimensions. Indeed, restricting ourselves for simplicity to the

10The kinematic factor K̃ can be easily obtained as a linearized version of the relevant operator whose
corrections we are computing (e.g., Rk).
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case of a p-dimensional flat torus with metric Gij , the one-loop contribution to the k-point
supergraviton amplitude in d = D − p dimensions can be computed to be

Ak, d = K̃
∑
{ni}

∫ ∞

0
dτ τk−1−d/2 e−τ Gijninj

= K̃ (detGij)1/2 ∑
{ℓi}

∫ ∞

0
dτ̃ τ̃−k−1+d/2+p/2 e−τ̃ Gijℓiℓj

, (4.28)

where in the second step we have performed a Poisson resummation, thus exchanging the
sum over momenta {ni} with that of (worldline) windings {ℓi} and we have defined a new
variable τ̃ = τ−1. Notice that the UV contribution (i.e. τ̃ →∞) is now associated to the zero
winding sector, and its convergence depends on whether the corresponding higher-curvature
operator — of dimension 2k — is irrelevant in the parent D-dimensional theory, namely
whether d + p ≤ 2k is fulfilled or not.

Emergent string limits. Next, we turn to emergent string limits, where the dominant tower
of asymptotically light states becomes the excitation modes of a (possibly dual) fundamental
string. Recall that it was precisely along these limits where the EFT expansion in (2.1)
was fulfilled in maximal supergravity setups, even for irrelevant operators such as ∂4R4

and ∂6R4 (cf. section 3).
A first clue that the situation is dramatically different for string towers than for KK

towers is provided by the (asymptotic) degeneracy of states. Namely, even if the one-loop
contribution to say Ak, d converges in the UV for each oscillator mode in the tower (whenever
the corresponding operator is irrelevant, as discussed after (4.25)), the summation over the
oscillator number n diverges, a priori

Aosc
k, d ∝ K̃ Γ

(
k − d

2

)∑
n>1

dn

m2k−d
n

→∞ , (4.29)

where m2
n = 2πm2

s(n− 1) and dn ∼ n−11/2e4π
√
2n in the case of a e.g., Type II fundamental

string. This means, in particular, that a simple analysis using worldline/QFT techniques
is not valid anymore when probing the (strict) weak coupling point of a critical string, as
we already knew. Instead, a worldsheet computation should be more appropriate. In this
regard, what does string perturbation theory tell us about the suppression of these terms
in a generic gravitational EFT action?

To address this question, let us come back at the 4d example from section 4.2, where
we considered Type IIA String Theory on P1,1,2,8,12[24]. From this simple example we can
extract two important lessons. First, even for emergent string limits, one can in principle find
an infinite number of gravitational terms in the effective action which do not accommodate
the ansatz proposed in (3.8). This follows from a straightforward genus counting, such that
whenever the higher-curvature operator in question receives a tree-level contribution in string
perturbation theory, the behaviour predicted by (3.8) will be automatically fulfilled. On the
contrary, if the leading term — whenever g−1

s ≫ 1 — comes at one-loop order, one rather
finds agreement with eq. (4.22), thus giving some a priori smaller suppression. However, this
does not cause any real problem though, since the scale controlling these operators relative to
the Einstein-Hilbert term behaves like m

n−d
n−2
s , such that for large enough classical dimension

n it asymptotes to ms, which precisely provides for the species cut-off ΛQG.
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On hindsight, the reason why the higher-dimensional examples analyzed in section 3
presented the ‘correct’ dependence with the string mass was that all such operators exhibited
some non-vanishing contribution at tree-level. Thus, according to the discussion in the
previous paragraph, one would have indeed expected precise agreement with the expansion in
eq. (2.1). Analogously, one can check that in the 4d N = 2 example above, when viewed from
the heterotic frame, the only higher-derivative F-term of the form (4.1) that receives a tree-
level contribution is the R2-operator, which is the relevant one (again in the Wilsonian sense)
and moreover can be seen to descend from the 10d R4-interaction via classical reduction.

5 Summary and discussion

In the present work we have pursued the idea of trying to identify the species scale as the
energy cut-off signalling the breakdown of any semi-classical description of gravity [15, 16].
The main focus has been placed on looking at the moduli dependence of certain higher-
dimensional operators in the EFT expansion, following the ideas put forward in [25, 31].
Such terms seem to probe the ultra-violet nature of quantum gravity in a non-trivial way,
and indeed can have a great impact on the IR physics through e.g., (small) Black Holes
and entropy considerations (see e.g., [26, 35]).

We thus first described what are the expectations from a general EFT analysis in the
presence of gravity in section 2.1. Next, in section 2.2 and based on duality symmetry
considerations, we proposed a strategy to look for potential candidates for a globally-defined
species scale function in certain instances (see also [27] for related ideas). We exemplified
such considerations within the particular case of SL(2,Z), which arises in many setups in
String Theory and where the mathematical theory of modular forms is fully developed, such
that it can be readily applied. However, we noticed that the minimal physical requirements
for a bona-fide species scale, namely the fact that it should be bounded from above — by
the Planck scale — and that it should go to zero asymptotically, are not strong enough so
as to uniquely determine such functions. These can be given in general by combinations of
‘well-behaved’ automorphic forms (see appendix A), such that there is no fundamental reason
a priori to select any specific one. Despite this apparent freedom, and based on our String
Theory experience as well as certain threshold computations existing in the literature [45],
we proposed an educated guess in terms of some particular (regularised) non-holomorphic
Eisenstein function as a proxy for the species scale in any SL(2,Z)-sector of the theory.
Note that, even though the rest of the analysis of higher curvature corrections carried out
in this paper is independent of the argument for the proposed general form of the species
scale, we also showed both qualitative and quantitative agreement in all the cases where
the duality group includes an SL(2,Z)-sector.

One of the main questions motivating this work was to explore to what extent the
formulation of the species scale as a quantity defined over the whole moduli space from
analyzing (protected) higher curvature corrections, originally proposed in the context of 4d
N = 2 theories [25], could be promoted to a general prescription that recovers the right
asymptotic results. In order to address this, we tested these ideas in well-understood, highly
supersymmetric setups. In particular, we analysed the structure of the first higher-curvature
BPS-protected operators in maximal supergravity in 10, 9 and 8 dimensions, as well as
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revisited the 4d N = 2 scenario arising from e.g., Type II compactifications on Calabi-Yau
manifolds [25]. For the specific case of maximal supergravity in d = 8, 9, 10, the first non-
trivial correction to the two-derivative lagrangian, arises from certain combinations of four
Riemann tensors (see section 3). In all these cases, the moduli-dependent function controlling
such terms in the EFT was seen to match asymptotically with the usual species counting
computations [22, 24] in a non-trivial fashion. This means that, starting from any dual frame,
one can retrieve the fundamental QG scale at any other corner of the duality web of the
theory (including those living in higher dimensions) by looking at the moduli dependence of
the corresponding Wilson ‘coefficient’. This extends the results from refs. [25, 31], which we
reviewed and broadened in section 4. There, a similar procedure was performed in 4d theories
preserving eight supercharges. Despite this encouraging agreement with our expectations
from section 2.1, several relevant observations regarding the scale(s) suppressing the set of
higher-curvature corrections were made. First, the simple expansion in power series of the
inverse cut-off was seen to arise only asymptotically. Therefore, even though when expanding
around any infinite distance corner of the moduli space the different gravitational operators
are suppressed by the appropriate species scale, this may be no longer the case when venturing
towards the bulk. We believe this has to do with the fact that the expansion in (2.1) should
be taken as some sort of approximation strictly valid close to the infinite distance boundaries,
where weak couplings appear and the perturbative series rapidly converge. There, the classical
dimension of the different operators in the EFT expansion is a good proxy, whilst in the
interior, large quantum corrections (both perturbative and non-perturbative) may occur,
thus giving rise to big ‘anomalous dimensions’. Second, we found that certain non-leading
gravitational operators in the theory, given by higher derivatives of four Riemann tensors in
maximal supergravity [38, 39] or higher-dimensional F-terms of the form R2 F 2g−2 in the 4d
setup (Fµν being the graviphoton field strength), do not seem to exactly follow the pattern
proposed in eq. (2.1), but are instead controlled by different integer powers of the lightest
tower scale (rather than the species scale). This was interpreted as pointing out that such
operators are not really sensitive to the UV cut-off of the theory, but instead are generated
by integrating out the towers in a UV-convergent way. Therefore, it seems reasonable that
the right way to proceed in order to properly identify the species scale in a given theory is to
look at the low-dimensional (but absent in the two-derivative action) relevant or marginal
gravitational operators, which really probe the UV-physics of the theory.

Another interesting feature that we observed was that these operators present a particular
moduli dependence tightly related to the moduli space geometry. Indeed, the functional
coefficients were seen to satisfy certain eigenvalue/Poisson equations with respect to the
moduli space laplacian. In some cases, this can be related to supersymmetry (see e.g., [61, 92]),
but it is not entirely clear if it is really a consequence of the latter, of rather some deep
property of the species scale. In particular, it would be interesting to investigate whether
the presence of this eigenvalue/Poisson equation could be related to certain IR Swampland
conditions, such as the Scalar Weak Gravity Conjecture [93] (see also [94, 95]). We leave
further investigation of these issues for future work.

Finally, several questions can be raised at this point. First of all, the role of the species
scale in the gravitational EFT expansion might not be fully understood yet. It would be
interesting to pinpoint precisely which operators can be expected to be suppressed by the
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appropriate powers of the species scale (instead of just that of the towers). One could also
try to extend this analysis to other setups both in different number of spacetime dimensions
and supersymmetries. This is particularly interesting in the case of 16 supercharges or
less, where certain infinite distance limits probe running-solutions (i.e., not vacua) [96] and
where the computation of the species scale seems challenging [72, 73]. Finally, one could
try to study further implications of these considerations within the Swampland program, as
well as to revisit certain naturalness/fine tuning arguments that are commonly employed
in model building scenarios.

Acknowledgments

We would like to thank F. Marchesano, M. Montero, D. Prieto, I. Ruiz, A. Uranga, I. Valenzuela
for useful discussions and correspondence. A.C. would like to thank the Theoretical Physics
Department at CERN for hospitality and support, where most of the work was completed.
This work is supported through the grants CEX2020-001007-S and PID2021-123017NB-I00,
funded by MCIN/AEI/10.13039/501100011033 and by ERDF A way of making Europe.
The work of A.C. is supported by the Spanish FPI grant No. PRE2019-089790 and by the
Spanish Science and Innovation Ministry through a grant for postgraduate students in the
Residencia de Estudiantes del CSIC.

A Relevant automorphic forms

This appendix serves as a mathematical compendium for the relevant set of automorphic
functions that appear at several instances in the discussion from the main text. We will
focus mostly on the discrete groups SL(2,Z) and SL(3,Z), since they capture the duality
symmetries in 10d, 9d and 8d maximal supergravity (see section 3). A similar analysis
can be performed for the (bigger) duality groups that arise upon reducing the number of
non-compact spacetime dimensions, but we refrain from reviewing those in the present work.

A.1 SL(2,Z) Maas waveforms

An automorphic function of a given Lie group G is defined as a map from a space M
admitting some natural group action for G, to R (or more generally C), such that it is left
invariant under the corresponding group action for any g ∈ G. In the following, we will
particularise to those automorphic functions of SL(2,Z) which are moreover real analytic,
since they may appear as (generalised) ‘Wilson coefficients’ in the EFT expansion of our
gravitational effective field theories. In fact, there is an economic way to generate such
analytic functions as eigenfunctions of some appropriate elliptic operator previously defined.
Now, since we want these functions to be automorphic forms as well, we can simply take
the hyperbolic Laplace operator, which is both elliptic and SL(2,Z)-invariant (in a precise
sense that we specify below). This operator reads

∆2 = τ2
2

(
∂2

∂τ2
1
+ ∂2

∂τ2
2

)
, (A.1)

where again we define τ = τ1 + iτ2. Note that this is nothing but the Laplacian operator
associated to the metric (2.4). Therefore, the eigenfunctions of this operator — which are
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moreover modular invariant — are called singular Maas forms [92]. Here we will be interested,
for reasons that will become clear later on, in a subgroup of such set of functions, those
denoted simply as Maas forms, which have the additional property of growing polynomially
(instead of exponentially) with τ2, as τ2 →∞. An example of Maas form that plays a key role
in the discussion from the main text are the so-called non-holomorphic Eisenstein series [92]

Γ(ℓ)
2πℓ

Esl2
ℓ (τ, τ̄) ≡ π−ℓ Γ(ℓ) 12

∑
(m,n)∈Z2\{(0,0)}

τ ℓ
2

|m + nτ |2ℓ
, (A.2)

which converge absolutely if Re ℓ > 1. It can be shown (upon using that the fractional linear
transformation in eq. (2.5) conmutes with the operator ∆2), that indeed Esl2

ℓ (τ) are both
automorphic and eigenfunctions of the hyperbolic Laplacian, with eigenvalue given by ℓ(ℓ−1).
The polynomial growth of the Eisenstein series can be also easily understood, since upon
taking the limit τ2 → ∞, the infinite series is clearly dominated by the terms with n = 0,
which grows as τ ℓ

2 . More precisely, the functions Esl2
ℓ (τ) have an alternative Fourier expansion

in τ1, which can be obtained upon Poisson resumming11 on the integer n, yielding

Esl2
ℓ =

[
2ζ(2ℓ)τ ℓ

2 + 2π1/2Γ(ℓ− 1/2)
Γ(ℓ) ζ(2ℓ− 1)τ1−ℓ

2

+ 8πℓτ
1/2
2

Γ(ℓ)

∞∑
m=1

mℓ−1/2σ1−2ℓ(m) cos(2πmτ1)Kℓ−1/2(2πmτ2)
]

, (A.3)

where σ1−2ℓ(m) =
∑

d|m dℓ runs over all divisors d of m, and Kℓ(y) is the modified Bessel
function of second kind, which is defined as follows

Kℓ(y) =
1
2

∫ ∞

0
dx xℓ−1 exp

[
−y

2

(
x + 1

x

)]
, (A.4)

and decays asymptotically as Kℓ(y) ∼
√

π
2y e−y for y → ∞.

Let us finally mention that the modular function
(
2πℓ

)−1
Γ(ℓ)Esl2

ℓ (τ), when seen as a
function also of the variable ℓ, has a meromorphic continuation to al ℓ ∈ C, which is thus
analytic everywhere except for simple poles at ℓ = 0, 1. Moreover, if the divergence for ℓ = 1
is ‘extracted’, namely upon selecting the constant term (with respect to ℓ) in the Laurent
series for Esl2

ℓ at ℓ = 1, one obtains the following function [92]

2π (γe − log 2)− π log
(
τ2 |η(τ)|4

)
, (A.5)

where γe is the Euler-Mascheroni constant and η(τ) denotes the Dedekind eta function,
which may be defined as

η(τ) = q
1

24

∞∏
k=1

(
1− qk

)
, q = e2πiτ . (A.6)

11The Poisson resummation identity reads as follows∑
n∈Z

F (x + na) = 1
a

∑
k∈Z

F̃
(2πk

a

)
e2πikx/a

with F̃ (ω) =
∫∞
−∞ dx F (x)e−iωx the Fourier transform of F (x).
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To conclude, let us note that even though the function Êsl2
1 (τ) = −π log

(
τ2 |η(τ)|4

)
arises as

some sort of analytic extension of Esl2
1 (τ), it is actually not a Maas form, since ∆2Ê

sl2
1 (τ) is not

proportional to Êsl2
1 (τ) itself but it rather gives a constant value. This can be easily checked

upon noting that ∂∂̄Êsl2
1 (τ) = π

4τ2
2

, as well as ∆2 = 4τ2
2 ∂∂̄, where we have defined ∂ = ∂/∂τ

and ∂̄ = ∂/∂τ̄ . In any event, what remains true is that the large modulus behaviour of Êsl2
1 (τ)

matches with that expected for Esl2
ℓ=1(τ), since upon using the Fourier series expansion for η(τ)

η(τ) = q
1

24
(
1− q − q2 + q5 +O(q7)

)
, (A.7)

one finds the following relevant asymptotic expression

−πlog
(
τ2 |η(τ)|4

)
∼ −πlog

(
τ2 e−

πτ2
3
)
∼ π2

3 τ2 − πlog(τ2) , (A.8)

whose first term precisely is 2ζ(2)τ2 (cf. eq. (A.3)).

A.2 SL(3,Z) Maas waveforms

Motivated by the examples considered in the main text — in particular maximal supergravity
in d = 8 spacetime dimensions, let us extend the previous analysis so as to incorporate other
groups into the game. Such groups typically appear as the U-dualities of the corresponding
supergravity theory, a prototypical example being SL(3,Z) (see e.g., [71]). The question then
is: can we analogously define automorphic forms for SL(3,Z) following the same procedure
as for the Möbius group? The answer turns out to be yes, as we outline below.

Therefore, let us first introduce the appropriate elliptic SL(3,Z)-invariant operator,
namely the Laplace operator on the coset space SL(3,R)/SO(3)

∆3 = 4τ2
2 ∂τ ∂τ̄ + 1

ντ2
|∂b − τ∂c|2 + 3∂ν

(
ν2∂ν

)
, (A.9)

where the precise physical meaning of the different coordinates will become clear later on in
appendix B. For the time being, it is enough to realise that the previous coordinates can be
compactly grouped into the following 3 × 3 matrix (see e.g., [70])

B = ν1/3


1
τ2

τ1
τ2

c+τ1b
τ2

τ1
τ2

|τ |2
τ2

τ1c+|τ |2b
τ2

c+τ1b
τ2

τ1c+|τ |2b
τ2

1
ν + |c+τb|2

τ2

 , (A.10)

which moreover satisfies B = BT as well as detB = 1. The reason why it is useful to introduce
the matrix B is because it transforms in the adjoint representation of SL(3,Z), namely upon
performing some transformation A ∈ SL(3,Z), one finds that

B → AT BA . (A.11)

With this, we are now ready to define the Eisenstein SL(3,Z) series of order ℓ:

Esl3
ℓ =

∑
n∈Z3\{0⃗}

 3∑
i,j=1

ni Bij nj

−ℓ

=
∑

n∈Z3\{0⃗}

ν−ℓ/3
[
|n1 + n2τ + n3 (c + τb)|2

τ2
+ n2

3
ν

]−ℓ

,

(A.12)
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with Bij denoting the components of the inverse matrix of B. Note that the above expression
is manifestly SL(3,Z)-invariant, since the vector n = (n1, n2, n3) transforms as n → AT n
under the duality group. As also happened with the non-holomorphic Eisenstein series defined
in eq. (A.2) above, the functions Esl3

ℓ are eigenvectors of the Laplacian ∆3, satisfying

∆3E
sl3
ℓ = 2ℓ(2ℓ− 3)

3 Esl3
ℓ . (A.13)

Let us also mention that the series Esl3
ℓ , when viewed as a function of ℓ, are absolutely

convergent for ℓ > 3/2, whilst Esl3
3/2 is logarithmically divergent. This state of affairs reminds

us of the situation for the modular non-holomorphic Eisenstein series Esl2
ℓ , which had a

simple pole for ℓ = 1. Therefore, proceeding analogously as in that case, one may define

Êsl3
3/2 ≡ lim

ℓ→3/2

(
Esl3

ℓ −
2π

ℓ− 3/2 − 4π(γe − 1)
)

, (A.14)

where again γe denotes the Euler-Mascheroni constant. Such newly defined function is no
longer singular and remains invariant under SL(3,Z) transformations, with the price of not
being a zero-mode of the Laplacian (A.9) anymore.

Fourier-like expansions. In what follows we will try to rewrite the SL(3,Z) Eisenstein series
in a way which makes manifest the perturbative and non-perturbative origin of the different
terms that appear in the expansion, similarly to what we did for the SL(2,Z) case. We closely
follow appendix A of [70]. First, let us introduce the following integral representation

Esl3
ℓ = πℓ

Γ(ℓ)

∫ ∞

0

dx

x1+ℓ

∑
n∈Z3\{0⃗}

exp

−π

x

 3∑
i,j=1

ni Bij nj


= ν−ℓ/3 πℓ

Γ(ℓ)

∫ ∞

0

dx

x1+ℓ

∑
n∈Z3\{0⃗}

exp
[
−π

x

(
|n1 + n2τ + n3 (c + τb)|2

τ2
+ n2

3
ν

)]
, (A.15)

which can be shown to coincide with the defining series (A.12) after performing the change
of variables y = x−1 and using the definition of the Γ-function, namely

Γ(z) =
∫ ∞

0
dy yz−1e−y . (A.16)

After carefully separating the sum in the integers ni and performing a series of Poisson
resummations (see footnote 11), one arrives at a Fourier series expansion of the form [70, 97, 98]

Esl3
ℓ = 2ν−ℓ/3τ ℓ

2ζ(2ℓ) + 2
√

πT2
(
τ2ν

1/3
)3/2−ℓ Γ(ℓ− 1/2)

Γ(ℓ) ζ(2ℓ− 1) + 2πν2ℓ/3−1 ζ(2ℓ− 2)
ℓ− 1

+ 2
πℓ√τ2

Γ(ℓ)νℓ/3

∑
m,n ̸=0

∣∣∣∣mn
∣∣∣∣ℓ−1/2

e2πimnτ1 Kℓ−1/2(2π|mn|τ2) +
∑

m,n∈Z\{(0,0)}
Iℓ

m,n , (A.17)

where we have defined T2 ≡ Im T , with T = b + i (ντ2)−1/2, and

Iℓ
m,n = 2 πℓνℓ/6−1/2

Γ(ℓ)τ ℓ/2−1/2
2

∑
k ̸=0

∣∣∣∣m + nτ

k

∣∣∣∣ℓ−1
e2πik[n(c+τ1b)−(m+nτ1)b] Kℓ−1

(
2π|k| |m + nτ |

√
ντ2

)
.

(A.18)
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Notice that upon using the Fourier expansion for the SL(2,Z) series in eq. (A.3), one can
group the terms which depend on ν−ℓ/3 into the following expression

Esl3
ℓ = ν−ℓ/3Esl2

ℓ (τ) + 2πν2ℓ/3−1 ζ(2ℓ− 2)
ℓ− 1 +

∑
m,n∈Z\{(0,0)}

Iℓ
m,n . (A.19)

The origin of each term in the above expansion will become clear when discussing maximal
supergravity in eight spacetime dimensions, see section 3.4. For the moment, let us just
say that the fact that the same modular Eisenstein series appear also in eq. (A.19) can
be understood from dimensional reduction arguments, since the 8d theory inherits certain
perturbative and non-perturbative corrections from its 10d and 9d analogues, where the
SL(2,Z) duality group is all there is. Additionally, the sum over the pair of integers (m, n)
will be seen to correspond to certain instanton corrections arising from bound states of
(p, q)-strings wrapping some T 2 of the internal geometry.

Furthermore, there exists another set of coordinates on SL(3,R)/SO(3) apart from those
employed in eq. (A.9), in which {ν, τ} are exchanged with {φ8, T}, where e−2φ8 = τ

3/2
2 ν−1/2

and physically it corresponds to an eight-dimensional dilaton (see section 3.4 and appendix B
for details). Using such parametrisation, one can expand Esl3

ℓ around ‘weak coupling’ as
follows [39]

Esl3
ℓ =2ζ(2ℓ)e−

4ℓ
3 φ8+π1/2Γ(ℓ−1/2)

Γ(ℓ) e−(
2ℓ
3 −1)φ8Esl2

ℓ−1/2(T )

+ 2πℓ

Γ(ℓ)T
ℓ/2−1/4
2 e−(

ℓ
3−

1
2)φ8

∑
m,n ̸=0

∣∣∣∣mn
∣∣∣∣ℓ−1/2

e2πimnτ1 Kℓ−1/2(2π|mn|τ2)

+ 2πℓ

Γ(ℓ)T
1/2
2 e(

2ℓ
3 −1)φ8

∑
k ̸=0

∣∣∣∣m+nτ

k

∣∣∣∣ℓ−1
e2πik[n(c+τ1b)−(m+nτ1)b]Kℓ−1 (2π|k| |m+nτ |T2) ,

(A.20)

where one should take τ2 as a function of {φ8, T2} in the previous expression.

The Esl3
3/2 series. To close this section, let us briefly discuss the particular case of the SL(3,Z)

Eisenstein series of order-3/2, since it plays a crucial role in our analysis in section 3.4 from
the main text. In fact, as already mentioned, Esl3

ℓ , when seen as a function of the variable
ℓ, has a simple pole at ℓ = 3/2.12 Regularising in a way that preserves automorphicity (see
eq. (A.14)), one finds for the series expansion the following expression [70]

Êsl3
3/2 = 2ζ(3)τ

3/2
2

ν1/2 + 2π2

3 T2 +
4π

3 log ν

+ 4π

√
τ2
ν

∑
m,n ̸=0

∣∣∣∣mn
∣∣∣∣ e2πimnτ1 K1(2π|mn|τ2) +

∑
m,n∈Z\{(0,0)}

I3/2
m,n , (A.21)

12This is easy to see from eq. (A.17) above, since the functions ζ(1 + x) as well as Γ(x) present simple poles
at x = 0. Indeed, one obtains the following expansions around the pole:

ζ(1 + ϵ) = 1
ϵ
+ γe +O(ϵ) , Γ(ϵ) = 1

ϵ
− γe +O(ϵ) .
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which in the limit (A.20) becomes [39]

Êsl3
3/2 = 2ζ(3)e−2φ8 + 2Êsl2

1 (T ) + 4π

3 φ8 +O
(
exp(−(T2e

2φ8)−1/2), exp(−(T−1
2 e2φ8)−1/2)

)
.

(A.22)

B Maximal supergravity in 8d

In this appendix we give some details regarding the construction of 8d N = 2 supergravity
and the relation between the different relevant duality frames. The material presented here
is complementary to the analysis of section 3.4.

B.1 The two-derivative action

Our strategy will be to first obtain the two-derivative bosonic action from M-theory compact-
ified on T 3 in a two-step procedure, namely we first compactify on a two-dimensional torus,
yielding maximal supergravity in 9d, and subsequently we reduce on a S1. This allows us to
relate the relevant physical quantities that appear in this setup, as studied in [24], with their
Type II duals, where most of the higher-order corrections have been obtained.

Therefore, we proceed as in section 3.3, i.e. we compactify M-theory on T 2, yielding a
9d N = 2 theory with an action whose scalar-tensor sector reads

S9d
M-th = 1

2κ2
9

∫
d9x
√
−g

[
R− 9

14
(∂V2)2

V22
− ∂τ · ∂τ̄

2τ2
2

]
, (B.1)

where V2 is the volume of the T 2 in 11d Planck units and τ = τ1 + iτ2 denotes its complex
structure. Upon further compactifying on a circle of radius R3 (in 9d Planck units), we
obtain the following action

S8d
M-th =

1
2κ2

8

∫
d8x
√
−g

[
R− 9

14 (∂ logV2)2−
7
6 (∂ logR3)2−

∂τ ·∂τ̄

2τ2
2

−V
−12/7
2 R−2

3
2

(
∂C

(3)
123

)2
−V

9/7
2 R−2

3
2τ2

∣∣∣∣∣∂
(

Im(τ ξ̄M)
τ2

)
+τ ∂

( Im(ξM)
τ2

)∣∣∣∣∣
2]

,

(B.2)

where C
(3)
123 arises from the reduction of the 11d 3-form C3 along the T 3, whilst ξM =

−C1
1 + iC1

2τ2 with {C1
1 , C1

2} being compact scalar fields parametrising the orientation of the
two-dimensional torus within the overall T 3.

Several comments are now in order. First, notice that one can relate the moduli fields
appearing in eq. (B.2) with their canonically normalised analogues, as defined in [24]. In
particular, for the non-compact scalars one finds

ρ̂ =
√

7
6 logR3 , Û = 3√

14
logV2 ,

τ̂ = 1√
2
log τ2 .

(B.3)
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Second, let us also mention that one can rewrite the action (B.2) above in a way that makes
manifest the SL(2,R) × SL(3,R) symmetry that the theory enjoys at the classical level.13

This requires us to extract the overall T 3 volume, which is given by

V3 = V2 R3
ℓ9
ℓ11

= V6/7
2 R3 , (B.4)

where the 9d and 11d Planck lengths are related by ℓ711 = ℓ79 V2, as well as repackage the
action as follows

S8d
M-th = 1

2κ2
8

∫
d8x
√
−g

[
R + 1

4tr
(
∂g̃ · ∂g̃−1

)
− ∂T · ∂T̄

2T 2
2

]
, (B.5)

where the 3× 3 matrix g̃ is obtained from the internal metric of the three-dimensional torus
with the overall volume extracted, i.e. g̃ij = V−1/3

3 gij , and we have also defined the complex
field T = C

(3)
123 + iV3 in the previous expression. Note that the SL(2,R) group acts on the

variable T , whilst the SL(3,R) transformations only affect the matrix g̃, which moreover
transforms in the adjoint (see discussion around eq. (A.11)).

With this, we can now perform several duality transformations so as to match the action
functional in eq. (B.2) with the corresponding ones arising from compactifying Type II String
Theory on T 2. To do so, we first relate M-theory with Type IIA String Theory, and then
upon T-dualising, we translate the result into the Type IIB dual description. Therefore, upon
taking the circle with radius R3 to be indeed the M-theory circle, one arrives at Type IIA
String Theory, where the following identifications should be made

T ←→ T = b + iT2 ,

τ ←→ U = U1 + iU2 ,

V9/7
2 R−2

3 ←→ e−2φ8 = e−2ϕ T2 ,

(B.6)

where the l.h.s. variables correspond to the M-theory ones, whilst the r.h.s. denote the Type
IIA moduli. These are the usual (complexified) Kähler modulus T , whose imaginary part
controls the volume of the Type IIA torus in string units, U denotes its complex structure
and φ8 is the 8d dilaton. Hence, after performing the change of variables in (B.6) one
arrives at an action of the form

S8d
IIA = 1

2κ2
8

∫
d8x
√
−g

[
R− 2

3 (∂φ8)2 −
∂T · ∂T̄

2T 2
2
− ∂U · ∂Ū

2U2
2

− e−2φ8

2U2

∣∣∣∣∣∂
(

Im (Uξ̄A)
U2

)
+ U ∂

( Im (ξA)
U2

)∣∣∣∣∣
2 ]

,

(B.7)

where ξA = −C1
1 + iC1

2U2 with {C1
1 , C1

2} being interpreted now as coming from the reduction
of the RR 1-form C1 on any of the two one-cycles within the T 2.

On a next step, we perform some T-duality which relates the two Type II string theories
in eight dimensions. Therefore, the familiar Buscher rules translate into the exchange of

13Quantum-mechanically, the symmetry group is broken due to instanton effects down to its discrete
SL(2,Z)× SL(3,Z) part, see section B.2 below.
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Kähler and complex structure moduli, i.e. T ↔ U , whilst the 8d dilaton is left unchanged.
Additionally, one finds for the complex ξB field the following new expression

ξB = −b + iτ1 T2 , (B.8)

where τ1 = C0 corresponds to the RR 0-form of Type IIB String Theory. This yields an
action for the scalar-tensor sector of the theory of the form

S8d
IIB = 1

2κ2
8

∫
d8x
√
−g

[
R− 2

3 (∂φ8)2 −
∂U · ∂Ū

2U2
2
− ∂T · ∂T̄

2T 2
2

− e−2φ8

2T2

∣∣∣∣∣∂
(

Im (T ξ̄B)
T2

)
+ T ∂

( Im (ξB)
T2

)∣∣∣∣∣
2 ]

.

(B.9)

Let us also mention that, even though the Type IIB action only exhibits SL(2,Z)T ×
SL(2,Z)U invariance in eq. (B.9), the full 8d theory is known to accommodate a larger
SL(2,Z)×SL(3,Z) duality group, as discussed around eq. (B.5). This latter fact can be made
manifest upon performing a change of (moduli) coordinates of the form {φ8, T} → {ν, τ},
where ν =

(
τ2 T 2

2
)−1 and τ is the Type IIB axio-dilaton. Upon doing so, one arrives at

S8d
IIB = 1

2κ2
8

∫
d8x
√
−g

[
R− 1

6
(∂ν)2

ν2 − ∂τ · ∂τ̄

2τ2
2
− ∂U · ∂Ū

2U2
2
− ν
|τ∂b + ∂c|2

2τ2

]
. (B.10)

Notice that now the action becomes manifestly invariant under the modular symmetry
SL(2,Z)τ × SL(2,Z)U , where the first factor acts on the axio-dilaton and is different from the
one transforming the Kähler structure. In fact, as explained in section 3.4 one can introduce
a 3 × 3 matrix with unit determinant, B, as follows [69]

B = ν1/3


1
τ2

τ1
τ2

c+τ1b
τ2

τ1
τ2

|τ |2
τ2

τ1c+|τ |2b
τ2

c+τ1b
τ2

τ1c+|τ |2b
τ2

1
ν + |c+τb|2

τ2

 , (B.11)

in terms of which the previous 8d action reads as (cf. eq. (B.5))

S8d
IIB = 1

2κ2
8

∫
d8x
√
−g

[
R− ∂U · ∂Ū

2U2
2

+ 1
4tr

(
∂B · ∂B−1

)]
, (B.12)

thus exhibiting the full duality symmetry of the theory.

B.2 Higher-derivative corrections

Our discussion so far has been restricted to the two-derivative action, where quantum effects
do not play any role. However, when considering certain physical processes, such as four-point
graviton scattering, one has to take into account several effects of quantum-mechanical
origin, which are typically encapsulated by various higher-dimensional operators On(R) in
the effective action. In fact, according to our general discussion in section 2, one expects
such gravitational EFT series to break down precisely at the QG cut-off ΛQG, namely the
species scale. Therefore, it is of great interest to study those operators as well as their
moduli dependence.
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The first non-trivial correction to the bosonic action (B.10) includes an operator comprised
by four Weyl tensors contracted in a particular way. This has been computed in the past using
a variety of methods, ranging from one-loop calculations in M-theory to non-perturbative
instanton computations. The result is [44, 57] (see also [70, 97, 98])

S8d
R4, IIB =

∫
d8x
√
−g

(
Êsl3

3/2 + 2Êsl2
1

)
t8t8R

4 , (B.13)

where t8t8R
4 denotes a particular contraction of four Riemann tensors [54]. The functions Êsl3

3/2
and Êsl2

1 are (appropriately regularised) Eisenstein series of order 3/2 and 1 for the duality
groups SL(3,Z) and SL(2,Z), respectively. They can be expanded as follows (see section A):

Êsl3
3/2 = 2ζ(3)τ

3/2
2

ν1/2 + 2π2

3 T2 +
4π

3 log ν

+ 4π

√
τ2
ν

∑
m,n ̸=0

∣∣∣∣mn
∣∣∣∣ e2πimnτ1 K1(2π|mn|τ2) +

∑
m,n∈Z\{(0,0)}

I3/2
m,n , (B.14)

with

I3/2
m,n =2 π3/2ν−1/4

Γ(3/2)τ1/4
2

∑
k ̸=0

∣∣∣∣m+nτ

k

∣∣∣∣1/2
e2πik[n(c+τ1b)−(m+nτ1)b]K1/2

(
2π|k| |m+nτ |

√
ντ2

)
, (B.15)

for the SL(3,Z)-invariant piece, whilst the second factor in eq. (B.13) reads as

2Êsl2
1 = −2πlog

(
U2 |η(U)|4

)
. (B.16)

The physical origin of both terms can be easily understood upon looking at the variables
entering in each of the two expansions. Indeed, Êsl2

1 encodes certain KK threshold corrections,
which depend on the complex structure of the torus, whilst the structure of Êsl3

ℓ is richer:
it contains both α′ and gs perturbative contributions, together with the D(−1)-instanton
series — which is already present in 10d, see section 3.1 — as well as non-perturbative
(p, q)-string instantons, whose action is controlled by quantity entering the modified Bessel
function in (B.15), namely |m+nτ |√

ντ2
= |m + nτ |T2.

Before proceeding any further, let us note that if instead of the {ν, τ}-parametrisation
one chooses the alternative {φ8, T} coordinates, whose leading order action is shown in
eq. (B.9), the SL(3,Z)-series can be expanded as follows

Êsl3
3/2 = 2ζ(3)e−2φ8 + 2Êsl2

1 (T ) + 4π

3 φ8 +O
(
exp(−e−φ8)

)
, (B.17)

which of course agrees with the first few terms of (B.14).
In order to connect with our discussion in the M-theory picture [24], we need to rewrite

the previous R4 correction in terms of the variables adapted to the action in eq. (B.2). To
do so, it will be enough to know how the 8d dilaton φ8 and Kähler modulus T2 depend
on the M-theory variables {V2, R3, τ2}. Thus, upon using the map between Type IIB and
M-theory descriptions

T ←→ U ,

τ ←→ T ,

V9/7
2 R−2

3 ←→ e−2φ8 ,

(B.18)
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as well as the expression of the T 3 volume in terms of V2 and R3 (see eq. (B.4)), one finds

V2 = T
2
3
2 e−

2φ8
3 , R3 = T

3
7
2 e

4φ8
7 . (B.19)

From these one may even obtain the expression of the Type IIB coordinate ν in terms of
M-theory variables, which reads ν = V−18/7

2 R4
3 τ

−3/2
2 .

Using the previous expressions one may rewrite the first few terms of Êsl3
3/2 as

Êsl3
3/2 = 2ζ(3)V9/7

2 R−2
3 + 2π2

3 τ2 − 2πlog(τ2)−
2π

3 log
(
V9/7
2 R−2

3

)
+ . . . , (B.20)

where the ellipsis indicates further non-perturbative contributions.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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