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Abstract. We present a 10 dimensional supergravity compactification threaded with a simple
flux configuration of Neveu-Schwarz-Neveu-Schwarz (NS-NS) and Ramond-Ramond (RR) 3-
form fluxes to obtain the near-horizon geometry of an extremal black hole, namely, the Robinson-
Bertotti solution. The constraints and conditions that fluxes must fulfill to attain an AdSs x S*
symmetry in 4d space-time, were found by Einsteins equations, Bianchi identities and by the
integrability conditions of 10d chiral spinors.

1. Introduction

The AdSx S? geometry of extremal black holes is a solution that has been studied under different
approaches [1]. In the context of N' = 2,d = 4 ungauged supergravity, this geometry emerges
from the compactification of type IIB superstring theory on a Calabi-Yau (CY) threefold. The
presence of branes wrapping internal cycles of the CY are considered. The effective theory in 4d
space-time is interpreted as an extremal supersymmetric black hole. The AdSs x S? geometry
appears when the near-horizon limit is taken.

We are interested in AdS»x S? solutions of supergravity theories within a flux compactification
scenario. This construction is studied in detail in a previous work by the authors [2]. The aim
of it is to study the conditions under which, a compactification in presence of fluxes, yields a
4d space-time of the type AdSy x S2. The solution we present, considers a constant dilaton
and hence, a constant warping factor. It consists of type IIB string theory compactification
on a SU(3)-structure manifold, Ricci-flat and containing torsion terms. The compactification
is performed in the presence of RR and NS-NS 3-form fluxes. The flux configuration we
use, satisfies the Einstein equations, Bianchi identities and the integrability conditions of the
corresponding ten dimensional spinors. Besides, it yields a null contribution to the 4d scalar
curvature. Therefore, we provide a new way to obtain the AdSy x S? geometry as a near-horizon
solution. We might mention that a well known solution [3], which includes 5-form RR fluxes is
also considered as a solution in our work.

The content of the manuscript is as follows. In section 2, we study the contribution of some
configuration of fluxes, within the context of supergravity compactification, which yield a Ricci-
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flat space-time formed by the product AdSs x .S%. We see how the presence of fluxes modifies (and
enriches) the scalar curvatures. So we can have positive, null or negative curvature. While, in the
absence of fluxes, the only allowed curvatures are null or negative [4]. The analysis is performed,
in spirit of [4], by computing the contribution of the energy-momentum tensor of the n-form
fluxes to the scalar curvature. Then, we study the compatibility of such fluxes with Einstein
equations and Biachi identities. We find a simple flux configuration, consisting of 3-form RR and
NS-NS fluxes, which fulfills these constraints. Section 3 contains the scalar curvatures of spaces
AdS5 and S?, computed as function of flux numbers from the integrability conditions on the 10d
spinors on type IIB supergravity. For this purpose, we choose the simplest flux configuration
with the 3-forms from section 2. We look for solutions preserving N' = 2 supergravity in 4d.
This condition in addition to the assumption of maximally symmetric 2d spaces, imposes the
space-time AdSy x 52 to be Ricci-flat. At the end of the manuscript we present our conclusions.

2. Flux supergravity compactification
We begin our study by defining what kind of fluxes are compatible with a compactification of
the type IIB string theory on a 6-dimensional manifold into a space formed by the product
AdSs x S?. The 6d manifold possesses an SU(3)-structure. The symmetry associated to this
compactification setup is SO(1,1) x SO(2) x SU(3).

Let us start by considering the most generic 10d metric which is invariant under Poincaré
transformations in 4 dimensions [5, 6]

ds? = AW (Gyda'da? 4 Gupdr®dz®) + Ry dy™dy". (1)

We have assigned indices i,j to the coordinates of AdS, space, with i = 0,5 = 1 and indices
a,b to the coordinates of S? space, with a = 2,b = 3. We also have the coordinates of the
internal space, whose indices are the letters m,n, with m,n = 4,...,9. Finally, for a generic 4d
coordinate, we use Greek letters p,v =0, ...,4.

What follows next is to calculate the curvature of the maximally symmetric 2d spaces. With
this purpose, by taking the Einstein trace-reverse equations, the Ricci scalar R(g;;) = Ry for

AdSs satisfies

~ 1

Ry + (=T} + 1 Ly = e724v2e24) (2)
where Thsn is the energy-momentum tensor in 10d. Integration over the internal manifold fixes
the right-hand side of this equation to vanish. Then, a relation between curvature and the field
content contribution from the second term of left-hand side, is established. On the other hand,
we have the expression of the energy-momentum tensor for a general n-form [4, 7]

n—1

1 ,
T =-T!+ T} = —Fingygy F MMt y™

2

1 F-. (3)
A similar result is obtained for Ry and 75 for S2. Now, it is necessary to consider specific flux
configurations which preserve the SO(1,1) x SO(2) symmetry in 4d. At this point we can have
different configurations of n-forms fulfilling this requirement. We can consider internal fluxes,
with all their indices filling the internal space, or fluxes with indices in one of the 2d spaces, i.e.,
fluxes of the general form F,, = wy A f,_2. The contribution of the later to the curvature can
be positive or negative, as we shall see.
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2.1. Ricci flat space

We study the contribution to 4d scalar curvature of different fluxes by following [4, 7]. We start

with those which have 2 indices in one of the 2d subspaces, then, we continue our analysis with

internal fluxes and finally, we take into account fluxes with four indices in the external 4d space.

Remember that we are considering fluxes compatible with the symmetry SO(1,1) x SO(2).
Case I

Fluxes with general form F,, = ws A f,,_o, with 2 indices filling one of the 2d spaces, namely the

AdSs space. Let wy, which is the volume 2-form of the space-time AdSs, be

1 . ,
wy = §w,~jdxl A dx? (4)
The first term of the right-hand side of Eq.(3) yields
; 2
‘Fle---Lnfl‘Fle.“Ln_l ==F? (5)
n
From the above expressions, (4) and (5), the contribution to R; for 77 in terms of a general

form flux F,, is

n—9
o F2. (6)

Since F? < 0, it follows that all n-forms in type IIB theory contribute positively to 7; and
negatively to R1, except for 9-forms which contribution make the curvature vanishes.

'E:

Case I1
Fluxes whose general form is G,, = @y A g,,_2, with

1
Wy = iwabd:va A dz?, (7)
where the contribution to E(z) by T2y is given by

n—9 ,
The contribution to 73 by the field strengths n-forms in type IIB theory is negative. Hence, the
contribution to the S? curvature, turns to be positive. For values of n = 9, curvature vanishes.
Case II1
Finally, we consider internal fluxes and fluxes of the form G,, = Voly A hy—4. The contribution

of internal fluxes to T is,

n—1
F? 9

From this expression we see that 1-forms make curvature vanishes while all n-forms of type II1B
theory yield a negative curvature. In addition, the contribution to curvature from fluxes G is
given by

T:

9 —
2n"g3;. (10)

The above cases illustrate the possibility of having positive, negative or null scalar curvatures.
Since our goal is to obtain a Ricci-flat 4d space-time, based on

T =—

ﬁ4 = ﬁl + ﬁg = —€2AT = —62A(7-1 + 7-2) s (11)
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the natural step is to choose fluxes such that, their contribution to 7 leads to a vanishing
curvature, i.e. fluxes satisfying 71 + 7o = 0. This constraint is not just satisfied by RR 5-form
fluxes F5 = wo A F3 [3], but by a wider number of flux configurations. An important remark
is the fact that, the fluxes F,, and G,, can be chosen such that no tadpole is generated in the
internal space Xg, avoiding in this way, the presence of orientifolds. This fact allows to keep two
supersymmetries in four dimensions.

2.2. Examples

Some examples will illustrate the obtention of a null curvature by the incorporation of specific
fluxes configurations. We will consider the presence of fluxes from type IIB supergravity theory.
Let us take 5-form fluxes which general formula is fo A F3. The coefficients are Fjjp,,, for the
AdSy and Fapppy for S2. Recall that we are labeling 2d coordinates & on AdS, with letters
{i,j,k,1} and on S? with letters {a,b,c,d}, while internal coordinate are denoted by indices
{m,n,p,...}. The corresponding curvatures are

e2A(Y)

= -

|F5 |2, Ry = |F5 . (12)

Hence, the 4d scalar curvature vanishes. On the other hand, we can choose a more general flux
configuration, let H,, be an n-form with two legs on AdSs (and the rest of them on the internal
space Xg) and an internal flux F,,. Then, the corresponding 4d scalar curvature vanishes if

2n m—1 1]—“,3, (13)

9—n m

|H| =

Now, we shall focus on a simpler case in which NS-NS 3-form fluxes are turned on. Let NS-NS

flux H3 and RR flux F3 be defined by

Hs = (Nd:no Adazt + Mdz? A dm3) Ada,
Fy = (Pdz® Ada' + Qda® A dz®) A da, (14)

with a being a function of internal coordinates. The next step is to obtain the scalar curvatures,
which according to (6) are,

R = —2eW(N? + P?)(Va)?,
Ry = 2e24W(M? 4+ Q%) (Va)?. (15)

From these expressions we can find that total 4d curvature vanishes if M? + Q> = N? + P2
Under these conditions the 4d space-time with an AdSs x S? geometry becomes the near-horizon
limit of an extremal Reisner-Nordstrém black-hole.

Some remarks are important. First, because of the SU(3)-structure of internal manifold we
have assume, it is not possible to expand a flux in terms of internal vector components. For this
reason, we take a smeared internal index of the 3-form fluxes as the most general case. Second,
we have H3z A F3 = 0, then our choice is consistent with the absence of RR five-form fluxes. This
fact does not force us to have a CY as internal space, because, as we shall further see, some
torsion terms arise. In the next section we will study and verify the compatibility of our flux
configuration with 10d Einstein equations and Bianchi identities.
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2.8. FEinstein equations
In this section we will compute the 2d Ricci tensors for each 2d subspace following [7]. First,
let us consider the bosonic part of the type IIB superstring action,

_ 1 10 . —2¢ o 1 2
5= 1O/d V=G (R oGl (16)

where Gjsn is the 10d metric and G = F3 — 7H3. This action is written in the string frame.
It follows now, that the 10d component of the Ricci tensor is given by,

_ 1 /Gy QR
Ryn = T (48G MN — GMQRG ) (17)

Recall that we want to preserve the symmetries of the compactification setup, and it is
necessary to consider the adequate metric. The most general one we choose is

ds? = 62A(y)§ijd:vidmj + 2BW G dxtdz® + efQA(y)?Lmndymdy”. (18)

Then, the corresponding Ricci tensors are

R;; = Eij —eta (%QA +2VA-VB— 2(%14)2) Gij (19)

Rab - ﬁab - 62(A+B) <62B — 2614 . ﬁB + 2(6B)2) galn (20)

where V is the covariant derivative with respect to the non-warped metric Emn From these
expressions and the corresponding components of Eq. (17), the Ricci tensors of subspaces AdS,
and S? are, respectively

- -~ ~ _ 1 G?% 1 ~ QR

Ry = 2AtD) <62B —2VA-VB + 2(§B)2> Gab

1 (G} 1 5 QR
— - — . 21
ImT ( 48 Gab 4GaQRGb (21)

These expressions are written in terms of the nonwarped metric. The next step is to compute
the Bianchi identities in order to look for possible constraints that fluxes must fulfill.

2.4. Biachi identities

Bianchi identities are trivially satisfied because we are working with 3-form fluxes having a
smeared index on the internal space. Hence, it is necessary to look for more astringent conditions
provided by the dual Bianchi identities, d * F5 = d * H3 = 0. From these we get

(Q+7M) (~20m(2A+ B)3"a + &a) = 0

(P+7N) (+20m(~44 + B)d"a + &%) = 0. (22)
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It follows that A = B for nonvanishing Q) +7M and P+ 7N. On the other hand, it seems that
even though Ms and Ms are independent, they share the same warping factor in a background
threaded with fluxes (14). Then, for A = B both expressions reduce to

P*a = 6e7249, A0 o = 2676‘4(&%64%1)(87”0[). (23)

Comparing (21) with the Bianchi identities, we have, for the AdSs space

- | 3
Vie*r —a) = 2R + 56_6A(3me4A3me4A) - §8me4’43ma
1
+57 (=P? — 77N? 4+ 2(Im 7)PN) e *40,,00™ av. (24)
m T

The configuration (14) has been taken to compute the flux components. Similarly, by making
the comparison of R,, with Bianchi identities, the result is

~ 1 3
V(e —a) = 2Ry + 5676A(8me4‘48me4‘4) — §3me4A8ma
1
4Im T

+ (Q* +77M? +2(Im T)QM) e *A0,00™ 0, (25)

for the $2 space. Since Ry = E(l) + E(Q) must vanish for AdSy x S?, we add (24) and (25). The
result is

Ve —a) = e (0,0 et — 30,61 0ma + L ((Q2 — P?) — 17(M? — N?)
4Im T

+2(Im 7)(QM + PN)) e 240,,a0™a. (26)

The left side of (26) vanishes if we integrate over a compact manifold. Consequently, the values
for the flux numbers and the warping factor are constrained. There are several possibilities.
Among all these, we can choose a nonconstant warping factor but the solution would be more
complex and it is beyond the scope of this study. Then, we will concentrate on the simplest
solution involving a constant warping factor. We are looking for the minimal conditions under
which we can construct the Robinson-Bertotti solution in 4d. There are some cases to consider
(all of them satisfying the general condition for 7 = 0, M? + Q? = N? + P?) in which Eq. (26)
vanishes:

(i) (M,N,P,Q)#0and M =—N,Q = P.

(i) P =0 and % = ;;;i
(ili) @ =0 and & = JFHL
(iv) Nannd%:%
(v) M =0and § = 5755

For the above expressions, H3z A F3 is satisfied as expected for a configuration without a
5-form RR flux.

We proceed to compute the curvature scalars from the integrability conditions on the 2d
components of 10d spinors. We shall concentrate on a configuration of RR and NS-NS 3-form
fluxes given by (14) satisfying one of these constraints, it turns out that conditions (2) to (4)
are easier to be considered in this procedure.
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3. Near-Horizon geometry from 3-form fluxes

Our next task, is to compute the curvature scalars of the 2d spaces from the integrability
conditions on the 2d components of 10d spinors within a type IIB supergravity flux
compactification scenario. We are working with flux configuration (14). The form of the 10d
space-time is AdSy x S? x X® with an SU(3)-structure for X°® and arbitrary curvatures for
AdS, and S?. In principle, we are not assuming any relation among the flux coefficients but
we look for solutions preserving N' = 2 4d supergravity. Under this condition, the AdSy and
S? curvatures are restricted to be equal in magnitude. Therefore the 4d space-time will be
Ricci-flat.

When supersymmetry is preserved, the gravitino variation is

1 1
6\IIM:VME—ZHM036+1—66¢F3FM01620 (27)

1
where o are Pauli matrices, and € = < 2 ) are the chiral spinors. Since the ten-dimensional

chiral spinors €2 are correlated by the vanishing of the gravitino variation (27), we shall obtain

an independent equation for each one by using the vanishing supersymmetric variation of the
fermi fields.

We start by taking the 4d component of §¥! in a background threaded with the flux content
(14). Using the fact that

[Fia F]km] = {FZa Fabm} = 0, (28)

the Ms-component of gravitino variation is

1 1
Ve — ZH,U?’E + 1—6€¢Pi(Fé1) — gz))ale =0, (29)

where Fgl) = FO'"T,, and ng) = F23Ty3,.. The strategy we will follow is commuting T';
with F'3 in the last term of the above equation by using the dilatino variation for a constant
dilaton given by

1 1
o\ = —§H30'36 — Z€¢F30'16 =0, (30)
this will allow to decouple the ten-dimensional spinors e'2. However, this seems difficult to
perform unless F M or 7 (2)5 vanishes, but according to section 3, this is an available condition
on the fluxes. Then, we choose P = 0 corresponding to F%'"™ = 0. The i-component of the
gravitino variation yields

(i o+ gratts) & = (1)

a similar expression for the a-component is computed.
From now on we are going to concentrate on the equations for €', while the expressions for
€2 are similar. It is important to notice that both spinors are decoupled just in the presence of

non-trivial fluxes Hsg and Fj.
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Then, we can express (31) as

VET)el = (VZ + KJZ')EI =0, (32)

with k; = —%Hz + %FiH&
The next step is to compute the corresponding components of the connection by using the

metric ds? = e2A(y)§de“dx” + hmndy™dy™. The i-component of the covariant derivative of the

spinor €' is

~ |
Vie = (Vi—§7¢w®a®aA+m> el =0, (33)

we have denoted the covariant derivative with respect to the metric g;; as V and V, =

Vi — %yﬁ ® 7 ® JA. On the other hand, we have an expression for the Riemann tensor in
terms of the connection,

-~ 1~

and together with the variation of gravitino, we will have,

~ ~ 1. - 1 -
Vi, V)€t = —(0,A0™ A)yij + 5[%‘7 ®7® A, ki) + §[I€z‘,7ﬂ ® 0 @ JA] + [ki, ke’
(35)

If we take the constant warping factor as a solution, the last expression reduces to [x;, ﬂj]el.
Therefore, the new expression for the Riemann tensor is

1~
ZRijkl'}/kl — [ki, k] = 0. (36)

On this point it is worthy to emphasize some facts. The first one is to notice that in the
fluxless case, the Riemann tensor and the contorsion would be zero, leading us to Minkowskian
space-time. As a second fact, let us consider the flux case, then, even for a constant warping
factor, there are contributions to the curvature because of the contorsion term. Let us compute
explicitly the i =0, j = 1-components of [k;, £;] which yields

o, H) + g oMy, Ty Hs) — o Ho 1) — 5 (o, 1)

= —3%(]\72 —i—MQ)(VOéQ)"le. (37)

(Ko, 1] =

Finally, the curvature of the AdSs subspace is given by
1
Ry = —g(N2 + M?)(Va)?, (38)

where expressions (36) and (37) were used and then, there is the maximal symmetry on AdSs
with symmetry SO(1,1). A similar analysis reveals, that the scalar curvature for the S subspace
with symmetry SO(2), is exactly the same that R; but with opposite sign, i.e. Ro = —R;. The
total curvature of the 4d space formed by the product AdS, x S? vanishes. Hence, the result is
a unique solution called the near-horizon geometry.
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There is a remarkable fact in the analysis carried in sections 2 and 3. In the former, the
relation among fluxes was established by hand in order to reproduce the near-horizon geometry.
While, in the later, this relation is established by requiring ' = 2 supergravity in 4d, which, in
consequence lead us to decoupling both spinors, €' and €. Besides, we have found an alternative
way for constructing a 4d space-time with an AdS, x S? symmetry by turning on 3-form fluxes,
including NS-NS, rather than the inclusion of only 5-form fluxes.

Before we continue, there are some remarks which summarize the results so far obtained:

(a) In the fluxless case, i.e. for M = N = 0 the result is a Minkowski space-time.

(b) Accordingly with (38), RR fluxes seem not to play a role in the curvature, however they can

not vanish because in their absence, the contribution to R4 from Einstein equations by 7
would not be zero.

(c) There exists a metric, g, which can be induced from R; and Ry. The form of the metric
is

2 h
dsj = _%dwg + —5da} + hdah + h sin®zyday (39)
7

with h = 2/|R;|. In addition to reproduce the curvature of the space-time in 4d, this metric
must satisfy the 4d effective theory. If the presence of moduli scalar fields, as a result of
the compactification procedure is ignored, the effective theory contains gravity and fields
with two antisymmetric indices induced by the presence of RR and NS-NS fields, which
are effectively interpreted as electromagnetic tensor fields with no sources. The NS-NS and
RR fluxes have both a smeared leg on the internal manifold. Hence, in the presence of an
homogeneous electromagnetic field of the form

~ 1
Fy, =2|Ry| = Z(N2 + M?)(Va)?, (40)

there exists a unique solution for the Einstein-Maxwell equations known as the Robinson-
Bertotti solution, which is the near-horizon metric of an extremal black hole. Another
noticeable point is that coordinates of the F3 and Hs fluxes, are related to the homogeneous
electromagnetic field.

(d) The curvatures of the subspaces are proportional to the flux numbers (N2 + M?). If the
numbers are big, the spaces will be highly curved and its horizon area will be small.

(e) The integrability conditions for the second spinor €? yield the same result already discussed.
The reason lies in the contorsion term

1 1
Ki = ZHZ - grzﬂ (41)
Then, the curvatures of both subspaces remain unchanged with respect to those computed
by the equations of €.

(f) From the cases reviewed at the end of section 2, another possibility is to consider a RR flux
configuration in which @ = 0. This choice will yield the near-horizon metric as a solution
in 4d space-time too.

4. Conclusions

We present a simple way to obtain the Robinson-Bertotti solution by compactifying a type I1B
supergravity theory in the presence of only NS-NS, Hs and RR, F3 3-form fluxes. We assume
a 10d space-time conformed by the product of two maximally symmetric 2d spaces and a 6d
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space with SU(3)-structure, i.e. AdSy x S? x X%. By requiring a 4d Ricci flat space, we find the
conditions that flux configuration must fulfill in order to satisfy this symmetry. To achieve the
goal we use Einstein equations and dual Bianchi identities. As a result of this analysis we find
that one viable solution involves a constant warping factor and the condition M?+Q? = P2+ N?
for the flux numbers.

On the other hand, we use the integrability conditions on the 2d components of the chiral 10d
spinors €' and €2, with the purpose of finding the expressions for the 2d subspaces curvatures.
An interesting feature extracted from this approach is the fact that, by preserving N' = 2 in 4d
(which implies the decoupling of spinors in Eq.(27)), the conditions that fluxes must fulfill that
renders a Ricci-flat space-time arises naturally, provided by supersymmetry.

Another issue is the possibility to obtain positive and negative curvatures since there are
many other different flux configurations that can be considered. It is important to notice that the
possibility to achieve different values for the curvature increases by not requesting a maximally
symmetric 4d space-time.

As an alternative to the well known case of five forms associated to D3-branes and considered
in literature so far, we show a way to construct a 4d space-time with an AdSy x S? symmetry
by turning on 3-form fluxes including NS-NS fluxes.
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