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ABSTRACT

We discuss the generalization of the method of helicity amplitudes

proposed by CALKUL collaboration to the non-abelian case {(QCD). In
this paper we give a new definition of the polarization vector which

is suitable for the non-abelian gauge theory, and show that this new
definition formulates the amplitudes in Grassmann algebra.



l. Introduction

Due to the development of high energy accelerator experiments
it is possible now to carry out measurements on multiple Bremsstr-
ahlumg in high energy collisions. In these processes, as far as the
electromagnetic and strong interactions are concerned, electrons,
muons and light quarks can be considered massless. Thus the
theoretical frameworks treating them are the massless gauge theories,
namely massless QED and QCD. When perturbation theory is applicable,
the problem is reduced to the calculation of the amplitudes of
Feynman d}agrams and the cross=sections for processes involving

- (-f.'

multipléiBremsstrahlung .
As is well known, the number of the Feynman diagrams increases
more rapidly than the multiplicity does. This makes the calculation
"of the amplitudes a rather horrible work. Some computer programs
have been developed[9] to aviod manual calculation, but sometimes
the lengthy output printings of the computer dazzle people, and one
can hardly find required results from them.
In view of this difficulty the CALKUL collaboration [2,3,4,6,7,
8] suggested the method of helicity ampitudes for massless gauge
theories which can simplify the calculations remarkably. The
‘general formulism in abelian case (QED) has been given and several
examples such as e'¢— 37, e'e— 47, et —ppy (Z0 boson exchange
included), .ete ——ete v (Z0 bosonlexchange included) and e*e” —»
p*ﬂ‘?’? have been worked out. The method shows indeed obvious
advantages, making the manual calculation realistic, giving compact
results which can easily be interpreted. In treating the non-abelian
case (QCD) , however, we encounter a series of new problems. Although
some QED-QCD processes like e*e—=9¢ 29 or ?'ffqg’ have been calculat-
ed [5]) and some cross-sections of QCD processes 1ike ?Z———r?'?’g and
3§—43933 have been given {1}, the general formalism to treat the
helicity amplitudes in non-abelian gauge theory is still an unsolved

question.



What we would like to do is to generalize the method of helicity
amplitudes to non-abelian case, especially for multiple Bremsstrah-
lung, and find some regularities governing those processes. This

series of papers are organized as follows. In the first paper we

1ive a modified definition of the polarization vector of emitted gauge

boson and put the amplitudes into Grassmann algebra. In the second

one we suggest a method to decompose the amplitudes into gauge-invar-

iant subsets, making use of the advantages of the helicity amplitudes
as much as possible. In the third paper we describe some significant '
features concerning the self-coupling vertices of the gluons. Finally
in the fourth paper we calculate the amplitudes for the process

W— 2 jets + 27 as an example.

2. A Brief Review of Helicity Amplitudes

in QED
Consider the annihilation of €' and e  giving n photons:
et (i e (8 — v k) + (k) A+t 7 (k) (2.1)
where
2 2
= =k =0 (i=1,2, ... ,n) (2.2)

The linear polarization vectors of a photon with momentum k are
defined by referring to the fermion momenta ¢, and § [2,3]:
g = N [(5k) T (Lh) %], (2.3)
= NIEF“F7 %: %f kv’ (2.4)

where

= [208.8)(80(8.0)] % (2.

The polarization vectors satisfy the following relations:
(e")'= (&)=~ (2.6)
(ke")=(ke) = (e"¢!) = 0. (2.7)

The circular polarization vectors are then defined in terms of the

linear ones:
1

ey el |
Eﬁ~ﬁ(8ﬂil€ﬂ)) (2.8)

consequently

F=67 = N[XLL (27— L KOFR)F 206K %], (2.9

where
V6 (L k(8] (2.10)
T : thhat the last term o( (2.9) can be discarded.
AC tuai . Lo ot o Z=k rne trplitudes will be zero due to the gauge -



invariance of the theory, and the spinor of a massless fermion 1s an

eigenstate of Ys . So we write simply

£k B 8= NIKZLE (127~ A KO+ %)) (2.11)

On the other hand the fermion spinors satisfying

Fulp=Fvi) =PI =731P¥=0 (2.12)
can be specified by their helicites, denoted by Wsz(f) and 14(%)

(1*75)“d=('i75)1)¢=ai(fiv,)=171(wv,)=o_ (2.13)
In fact we can put [3]

Us(3) = V2 ()= | §2) (2.14)

Ug ()= Vg (3) = (4] (2.15)
and they satisfy the following equations:

A=K f=0 | / (2.16)

(Wﬂ)l‘@i}:(%il(!in)-_—o‘ (2.17)
(R W) §>= 28, ’ (2.18)
(2.19)

184)<3l =5 (12%) ¢

<P+Ig+>==<P“,Z“>==O) for any p and q. (2.20)

The amplitudes for process (2.1) can be characterized by the
helicities of the particles, denonted bbe(ltﬁ_'lhlh ... ) where
A+,A-,l“ A, - - - are the helicities of the positron, electron and
"the photons with momenta k“ kh =+, respectively, and A+ and 'A;
are related by ‘ ‘

At Ao = (~1) | (2.21)

due to helicity conservation at vector vertices. In view of (2.14),
(2.15) and (2.21) the helicity sign following § is called "helicity
of the fermiorw line". It is the same as the fermion helicity and
opposite to the antifermion helicity.
Taking helicity amplitudes with such a choice of polarization
vectors leads to significant simplification in the calculationsl| 2,31
(1) At least one of the two terms in the definition of ﬁi

(2.11) vanishes owing to (2.13).

ron happens that some helicity amplitudes vanish. For example
when 4 plioton of a given helicity is attached te the external incoming
iermion (outgoing antifermion) of the same helicity, the amplitude is
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‘identically zero. As a result the amplitudes for €+€“—’717 vanish

when all the photons have identical helicities:
Mt F, 4+, H)=M(+,F -, —)=0, (2.22)
(3) In many cases some of the propagator denominators can be
cancelled.

In this formulism simple and elegant expressions for the amplitudes

and cross-sections of €+€———*'3W’ and

(z,4,7].

ete  —— 4y were given

In general, fermion lines associated with pair annihilation
(contributing Y4 ), pair creation (U V), scattering of fermion( U U )
and scattering of antifermion(VV) can appear in the diagrams. We
denote the momentum associated with an incoming line( U or v) by ﬁm

and that with an outgoing line (# or?) by §,, . The definition (2.11)

for polarization vectors is generalized into

,gi::TJ{}{z;uvzﬁ(‘ifn)__zzuﬂgng(l$/%)]l

(2.23)

which leads to the vanishing of the amplitudes when a photon of given
helicity is attached to an external outgoing fermion (incoming
antifermion) of opposite helicity, in addition to the case discussed
above, see Fig.l. We call these the helicity match rule.
Simplification of the calculation can be achieved only when the
reference momenta in defining the polarization vector are associated
with the fermion line to which the photon is attached. Problem arises
when there are more fermion lines in a diagram, to any one of which

the photon can be attached. In the process

epy e (p)y—= P )+ L)+ Y(k), (2.24)

four Feynman diagrams conrtibute to the lowest order (Fig.Z)-

For diagrams (1) and (2) the appropriate polarization vector is

Ey =NIKE S (em)- L8 K (5 w)], (225
. ]

while for (3) and (4) it is

f{::NPU(JU’-'(‘*Ys)~}§/ﬁ_l</(\?7;)}. (2.26)

But in fact we have to use a unique polarization vector to compute

the amplitude to which all diagrams contribute. It appears that ﬁ%
and ﬁ% are related by [3,4)

i___ it‘(” + + 1/

’gl ¢ ’gr+/g )(' (2.27)
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where . . :
e*? =~ NN T [XB KA KK (£1)], | (2.28)
' N (2.29)
p* = Pk Tr [LELX & (1£7)].
Owing to the identities
[M(v"' M(Z)]g=k = [M‘3’+M‘4’]s=k = 0, _ (2.30).

we can use for instance E, for the amplitude and make use of (2.27)

and (2.30) to get
— — i
M"‘IM]E:.E‘* _[M(l)+ M(Z)]g,.eri".e [M(,)-'- M(”]s:&% . (2.31)

The choice of polarization vectors in eq. (2.31) maintains all the

simplification in helicity amplitude calculations as desired.

2. New Definition of Polarization Vecteor

of Gauge Beson

The non-abelian theory is different from the abelian one in two
important pointsﬁ

(1) In the expressions of the scattering amplitudes the polariza-
tion vector of the gauge boson appears not omnly in the form of ﬂ but
also in the form,of inner-product . (SHEE£FW2 where p" is a momentum.
* (2) In addition to the fermion-boson coupling vertex there are
also the self~coupling vertices of gluons, shown in Fig. 3. There-
fore ont only the quarks but also the virtual gluons can emit gluons
(Fig.4).

The first point leads to the new definition of polarization vector,
suitable bo;h in QED and QCD, and the second point needs specific
treatment to be discussed in subsequeht papers[1l1].

In obtaining (2.11) a term k”& in (2.9) was discardeg. Therefore
ﬁ(Z.ll) is not the contraction of a 4-vector with ¥# . This expre-
ssion cannot be used in QCD where inner-product of 4-vectors e.g. (¢p)
is involved. The expression for ﬂ'(2.9) can, however, be rewritten

as

Fr=NKEE Qe+ V8K C3r)—2(80)K),

where

N="[16 (L8008 k) (8077 N

Again when used in calculating helicity amplitudes, the last
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"in (3.1) can be discarded, owing to the gauge invariance of the

theory. Then ‘Z*becomes

£ (k8,00 = N[KEZ (2v)+ £ 8K Q7]

1 (3.3)
which is the contraction with 7” of a 4-vector ﬂ/////
£ oM, oL 1 __L&LL_ Céé//;
€. = (e, 16, )+ J :
,1 \/’2‘ f /l) 2 ”,k)(f,k) k’u‘ (3.4)
When the reference momenta are éhanged from §,§, to h‘ ?, the

polarization vector E;(k,&,&) and 5;(kPufﬂ are still connected
by : ¢r" ’

£ __ L3 * %
ﬂx =¢ ﬂ} + ﬂ,%, (3.5)
where

e = NN T [ZGHR A K EY)], (3.6)

With the projection operator (2.19) it can be shown that

e* = JT Ny KFI X BV k>~ 77 Ny CKELE | k), (3.7)

It is remarkable that the polarization vector §: is complex,
and its normalization is (E:fE#E:—I. There is a phase freedom
which can be exploited to simplify relations. It will be shown in
the next section (eq.(4.13)) that <3,il%23F> and ﬁ(z,zz)-"'differ only

by phase. The normalization constant N (3.2) can be redefined by

N* =+ [J7 <841 8,7 <kFI LD <L, F k1> ]

-1 .
=+ [VE<kF| L 81k1>] | (3.8)
such that (3.7) becomes
i
e =1, (3.9)
Consequently, . . (oot
gi=E 0k, e )0

From (3.8) it follows that
, i \ .
(N*)"=N", (3.11)

With the new definition of £%* (3.3) and N?* (3.8),
J .

g2 (k, 3,80 = 2N* [ 1k®> ChFI§ <041 8,7 5¢8, 7 +
181 3,0 (8 F k> k2]

2 / 2
N i?mLuc-I}[ | kE>C3F) + 100 kel ] (212

in which a relation <P+[g—>=~<3+[ﬁ-—> {4.8) has been used. Quite

remarkably, g, dropé out from the definit;. .n, inferring that the
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polarization vector can be defined in terms of one reference momentum.

Ve write simply

% a2 ' (3.13)
4 (k,g)—-.:t<3;|ki>[|/c=F><%3Fl+l‘gi)(k:ﬂ]. |

With the help of a relation given in the Appendix

— H
2| BE>(AZI= (A% %IBE> Y L (13, (A.27)

%
the vector €F can be transformed into

CEFl el kF)
JZ3FIkEY (3.14)

All the nice features of the polarization vector defined in [2]

%+
8,‘-—:!:

are preserved here. Actuaily, when ‘ﬂi(3.13) is used in calculating
helicity amplitudes, one of the two terms drops out, since the bras

and kets in (3.13) are helicity eigenstates, and (2,20) is operative.
Again when an external boson line is attached to an external fermion
line, some of the helicity amplitudes vanish. This is, however,
achieved by choosing the reference momentum in the following way.

When the boson has the same (opposite) helicity as that of the ferm-

ion line to which it is attached, the reference momentum is chosen

to be §,, ( 8out). That the helicity match rules discussed in

section 2 are préserved can be easily checked. For example z+u+(gh)
corresponds to the case of same helicity of boson and fermion line

and f(k,Za)“l/(-><3m"f+”a+></‘+' is to be used. Therefore g u,(§,)=2£%*k )| 8t
vanishes because (g-]¢2.+>=0 and </<‘f"8;,',+>=0_ The case E(?owt)g+
corresponds to different helicities of the boson and fermion line

and Uy (§uut) £k, §oue) = (o1 #7(k, fou) vanishes since (§,~1k>=0 and
<goat—l gou.i +> = O.

?

The new definition has also the advantage that when the reference

momentum is to be changed, no phase factor is required:

/= 7 ek,

(3.15)
with
Bk g = ZPTIIE 0
CEFIRDPFIELY |, (3.16)
which follows directly frem (3.13). In the example e+e‘——+-p+ﬂ"y
(Fig. 2 and eq.(2.31)), the amplitude is now

[ T ,
M= A4U)+'N1q‘f, * {p10)+ VﬁqJ

v
o

o«

(3.17)
E= ¢, .



- + '
The additional term § ‘K actually contributes nothing,since M, ,+ M,
and ﬁ4u,+ N1“) are gauge-invariant subsets, independent of each other.
The new polarization vector is expressed in terms of the spinors,
hence it gives the factorization of the amplitudes in a natural way.

Essentially this is the formulation of the amplitudes in Grassmann

algebra, to be discussed in detail in the next section.

More about the new polarization vector is given in the Appendix.

4. Factorization and Formulation

of the Amplitudes in Grassmann Algebra

We first consider the process

et g+ e (3)—= Y(k)+ v (k)

(4.1)

as an example. From eq. (2.22) it follows that
M(£F++)=M(EF,—,—-)=0 (4.2)

and the non-zero ampliludes are M (% F,+,—) and M{x, ¥ - +) . As

shown in Fig.5 there are two Feynman diagrams contributing to this

process. For the amplitude M (—,+ + —) the reference momenta of

Zf and g, are chosen to be §_ and 8, respectively, according

.to the rule explained in previous section:

B = £, )= o (<14 18<kH], ()

vz

iz—':‘ Eu(kz, X'*):_ W[ |k2+><80+' + ‘g+”><kz“'J. (4.4)

It follows that the diagram (1) does not contribute (the helicity

match rule, Fig.l) and we have
M=+ 4 =)= My [~ + +-)

V(§)(-re) g} ‘(;Z/k{i) (-te) & uy ()

\I

({-¥)
e o ,w(““ = (&t l/:)(i l A 18> k~13.4)
l-ez < Xf”é» _><g_—, kz+><kz+' gf') <I(z", X-+)

(8k) <8~ k4> g1 k> .

The amplitude is now expressed as a product of factors

CPEIfF),

which we call the basic products of spinors, and which we use

(4.5)

in the form

throughout .

In “4rtion to the eqs. (2.16) —— (2.20) we choose a phase

converni o Su-i that

(19)¢= ¢ 118" = 193> (4.6)



where (} >)c denotes the charge conjugation of the spinor ]>
and the'matrix C1 satisfies the equation

(4.7)
Indeed (IZi})c satisfies the same equations as | g3

* -l '
C% C =~ ",

It is easy, then, to show that the four types of basic products of

spinors satisfy the relations (see Appendix)

-1 >=(C g+ P> == Cg=1pt> == (<P+HIE)".  (4.8)

Introducing the notation

Cp-lf+d =Py, (4.9)

we have
~[ P> = = —
CE-1p>=<8p> == <Py, (4.10)
CBHIpD = <py* (4.11)
CPHD=—¢pgf (4.12)
It is easy to show that
<P f= 2000 = 2 p 5" | (5.13)

We compare

the basic product of spinors with the ‘usual inner-produgs.
of momenta in Table 1. The product <{P§)> can be called the antisymmétric
inner product of two momehta p and § . Actually the spinors Iii) are
some kinds of representations of the momentum 8, different from its 4-
vector representation %u, with the fermion feature of the associated
particle included. The antiéymmetry of the product (P[) implies thaf the
spinoré are essentially Grassmann variables. Therefore the formulation

given here expresses the helicity amplitudes in Grassmann algebra.

By means of egs. (4.9) —(4.13) the amplitude (4.5) becomes

_ . 2 (Z-kz) <8*k1>*
M(= 4+ -)=~21e L kY <8 k)

vot [(BR) |
(8-k) , (4.14)

in which the symbol == denotes the

ts

identity modulo a phase factor, so
that the norm of the amplitude is

2 4(3*‘3)
M-+, + =) = g ——
| | (k) . (4.15)

Simiiar ¢alculation gives



2 _ 2 a4 (Bk)
IM (== D =Mt = de’ s (4.16)

| M (b= o= [ M (=, 4= = 4o Lt

k), C(4.17)
and since '
8+t 8 =k +k,, _
‘we have o 7 (4.18)
Bk)=(Lk)s-F | (Lh)=(Lk)=-% (4.19)

The spin-averaged (for initial states) and polarization-summed (for
final states) squared amplitude is
_— 2, .2
’Mlz=4e4'tt—+u.“—, , (4.20)
which is the well known reéult, but the intermediate steps in our
calculation are much shorter.
Another simple example is the process
e (p) + € (p)—= H(E) AR+ V() (4.21)
of which the Feynman diagrams are shown in Fig.2. Let h4(AhA2w&,A4,XJ
denote the amplitude with helicities A ofve+',)zof e, ) of u*, A '
of M and AY of 7Y . We calculate N1bn+fﬁ“j+) first. The

polarization vectors are, according to the rule given in section 3,

4

ﬁ’;= £ (k, Z.)=2§j§m[lk-}(i:l+l$.+><k+l], (4.22)

fr= 2" (k=g RO+ IEDKH] (42

and we have two non-contributing diagrams

[Mm]é:z(-“-‘[Mw]e:é?:o, (4.24)

The amplitude if }hen
e R g ' B
M=+, +~+)= [Mn)]£=g!+ [ M(B)‘];_:g' ) (4.25)
Before the calculation of eq. (4.25) we give some identities
useful in the summathxxoverfhéldrentztensor indices in the amplit-

udes. The identities are to be deduced in the Appendix:

CAHIMIBAYCC-1 VP [D-p = 2 CA+[DDCC=| B> (a.28)
and
< AH’Y,&’ B+>= {B-| 7}A!A“>)

(A.24)
-10-



(1F%) | A£)=0, (A.210

and

C .
( [AE)) = [AF) (A.22)
Now the calculation goes straightforward. -

[M(,) (=t +'_’+)] £=8

_ ; M- l(,r"}'k)
(- 6f(?+P)’ Pt p> I~y oAb AR
- -2¢¢}

= Tt hy (1A IR CPH (B0 8

20 (g-Ipty (kS '
OB kD " 200b ChAH (B4 )0] 14

_2/7ied (Pt
CHEF Tk CimTkny AN

- P+

207 i e3

S F T S

— 2736 Ry (4.26)

P D<E

similarly,

Py
A A (4.27)

in which we have made use of the energy-momentum conservation:

Thus lF*+P-= 8++8-+k' (4-2é)

[ M(;) ('—,+:+r-) +)]

e o A% Bp> D)
+ 2J2 ¢ -
Mlzt 4= 1) = 202 06 s ((iﬁk)(l’k) A
— 2/5¢ Ly
¢! <M><s’,f> (A | (4.29)
where
A/’ (Pt ’ 4. = <?+f_}
PRk | Foako<iky . (4.30)
As for its norm we have
|4l =7 (Pk)(?k) ) A= whip , (4.31)
AkAz + e (AR DY Lee

/ RO AL
= ORI (PR b (RS CPRSRB + c.c)
y

T8 ()Pl (k) (£ k) T (RELKL £K)
:__f-j (h1) + (1) _ (h 1) . (i) }

(4.32)

-11-



and thus

| A Al == (u-v,

(4.33)
in which
V= P"‘ — P‘ V, = ?+ — ?-
Pk k), TN TR YA (4.34)
Finally we get
[M(~++"‘+)’z=-—2€‘ - '('U-'l))z 4.35
[ y ’ SS/ ' ( » ( . )
where the variables 7
s=(pth)=2(pp) ‘=Wt =2001),
i= (f,-—-f,)'::-z(ﬂﬁ), = (ﬂ-{.)’-:—z(f%f.), (4.36)
t=(p-f=-2(1), W= Q-8l=-2(28),
are used. The amplitudes for other helicity configurations have the
similar structure:
2
| Mt ==, 4,9 = M=, ) = 2ot (), (4037)
— z_ _ - 43 _py (4.38)
| M= = =M 4 4= ) =268t (09
, 4.3
| M (4=, 4= D=|M (-4 D =268 (g, (437
, ) 2 '
l M (+)-—I +}_I~42=lM(_l+,—)+l +)|2=“’2€‘ susf (vf-v‘). (4 40)
For the unpolarized reaction we have finally
T struwt w2
IM[*=~¢ S5 (B=-Y) (4.41)

Eq. (4.41) is identical with the results of [4]. The present

method enables to further simplify the calculation.

5. Conclusion

The new definition of polarization vectors of gauge bosons
is a step further based on the helicity amplitude formalism
developed by CALKUL collaboration. It simplifies the calculation

for QED processes, and is especially suitable for QCD processes to be

discussed in subsequent papers{ll].
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Appendix
1, General Convention

We use the metric and matrix convention as in the book of Bjorken
and Drell [10]. '

2. Products of Spinors
Let

i) =v(H)= 18+ wll=uwul=]¢), (A.1)
. 4
T =T =<+, wA)=TID=<F, (A.2)

which satisfy
L1 =%l g =0,

(A.3)
(1F %) 82> = <] (12 %) =0, (A.4)
(3] Wit = 2%, (A.5)
=
[1£X<8E] = (12 1)L (A.6)
(IHIPE> =< =1 P> =0, (A.7)
in which § and J are any 4-momentg satisfying gzz-fﬂ= 0.
We put as a conyention ‘
[+ = 11>, (->°=]et), (A.8)
where B ‘
[¥=c 1), Cl=—%1c" (A.9)
and
c, % ¢! =, (A.10)
C,= c,“=c,".—.=c,“.—_¢‘T (A.11)
So, | ’ . 7
(B-1p0> = (<p+ 1) = *<P+IZ—>"§ Kpel el 8- =~ Cpel =X
== {1 {+D
that is o :
Prlgt>==Co-Ipey. (4.12)
In defining o
(P=lit)=<Pi>, ' (A.13)
we have : .
Pt p->=<Pes, (A.14)
<p-1pey=—<r> . (A.13)
Chrig=> == <pid* (A8
and ’
P = -l = L T b g (1-%) = 2 (PY). (A.17)
In eeneral, when n is even,
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(<PHW e M 1 8D) = =l e v - Wl 14"
=0T Yy Yy G = M S e Y [ o

= - <P", 'Y’,,,. .. 'Y,anl t+>,

and at the same time

((P.H Y, - 7/‘»’ ?——>)¥ = <?"l 'YI“"- .. ’)‘," | P+>‘

therefore: :

<P Wy o M 4> = =<8 Yy - - Wl D,
or : : :
{p-14 - - -K;lf+>=—<;f?l,k;"‘/ZIP+}(n even) - (A.18)
Similarly,
(f"")ﬁ%'g");"'(fﬂkn/k;”’-}(n even) (A.19)
and
<P+’/KK"?+>=<2-I’K"I(”P'>(11 odd) (A.20)
where ki (i=1,... , n) is any momentum with or without f=’0.
More generally, let iAi} be any spinor satisfying
(1F%)]A2> =0, | (A.21)
A =14, 1A= =140, | (A.22)
we have )
(AFIBEY=—(BF| ALY (A.23)
<A+l?,‘lB+>=<B—lAr,‘IA¥>, A (A.24)
and if |A+) has the form |
,K°'-)alfi> , (n even).
[AxD>= {J(w'-lnl?%), (n odd ) (A.25)
then . .
JA:!:>C={/K'..X“[{:F>. (n even)
~ke e M 1D, (n odd ) (A.26)
3. Summation over Lorentz Tensor Indices
We want to caléulate, savy, '
CAH YU B (C=l ¥ D), ,
The matrix | BHH(A+] can be expanded into linear sum of 1,
Y, Vs, Y Y and Y%7, (pFv): .
2 B (A+]= (A NIBH> Y O1=m), (A.27)

Multiplying the both sides of (A.27) by (C-| from left and |D->
[ t and noting that

fo>=%41‘%HD§)

-14-



we get

CAH Y B 1D = 2(A+HID-D>-{C~IB+) ~ (A.28)

Making use of egs. (A.24), (A.25),(A.26) and (A.28) we can complete

similar summation such as

CAH Y| BHD-CCHIYHID+)

and

b SASITB=> 1 Do),
Actually this summation is a particular application of the Fiertz
rearrangement theorem.
Another useful rearrangement of the spinor products is the identity
CA-1BDCC-1D1> = CA-ID+>CC-IB4>+ CA-ICH(B-IDED,  (a.29)
The proof of (A.29) is as follows.

| A+>(A+|B-><B~] + | B+>(B+|A->{A-]
= 2 AHWAD Y =) L (B w1+ %) +
FF BB Y (=) 2 (Al A>T (14 7s)
=5 CAHTAD B=[1 18> (v y" + v vF) (4 7,)

=3 CAHNIA4> <B-17"(B-> (14 %)
= (AHIB-D (B A+D L (1+7)
therefore - ‘
CA=1BH> F 1+ 9)= I1B+CA-| — | A+>CB-). (A.30)
Multiplying the both sides of (A.30) by (C-| from left and [D+>
from right we get (A.29).

A Special case of (A.29) is that

P >< Py P4>=<f"f;><Pslbz>+<P:f3><7pzf’4>’ : (A.31)

which enables us to sum up contributions form different diagrams in

multiple Bremsstrahlung.

4. Properties of the New Polarization Vectors

Define
B KD = gl el + k] aus2)
we have
£r =4 AFI VulkF) (A.33)
VZ (PF kD,
(€)= &, O (A.34)
(k)= (&'f) =0, (A.35)
(£+£#):(E‘£‘):Ol (A.36)
(€)=~ O (A.3T7)

-15-



1f

&= ek, {) E,=¢(k, §), (A.38)
then
(efel)=(e¢)=0, (A.39)
(£hEr) = - <fhf<fkf (A.40)
(k) CERY .
And if
Ex-‘: 3”‘.?), Er""&(k, P), (A.41)
then - :
(8;51*)‘-—"((5_;5‘-—):0, (A.42)
g = & + ¢* k, : (A-44)
where
4 /Z {pFI{L)
e VST T (A.45)
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Table Captions

Table 1 Comparison of <pf> and (P§)

Table 1

basic product of spinors inner-product of momenta

. antisymmetric, symmetric,
symmetry 1n

permutation <PZ>='“<3P> (pg): (8P)

reality complex real
dimension [M] [M?]
relation I<P§>IZ=Z<PU

Figure Captions

Fig.l1 Vanishing configurations of helicities of bosons and fermions.
Fig.2 Feynman diagrams of @Y¢ —= p7u v,
Fig.3 Self-coupling vertices of gluons.

Fig.4 Examples of Feynman diagrams with the internal gluon line
emitting gluons.

Fig.5 Feynman diagrams of e'e — 2 7%
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ABSTRACT
In QED the Feynman diagrams are grouped into gauge inVariantA
subsets. according to the photon attachment to fermion lines. 1In
QCD we show that contributions from the diagrams with gluon self-
coupling can be aecomposed into parts to be included in these
subsets. In thi? way the calculations of helicity amplitudes can

be simplified as far as possible.



The cross sections of multiple Bremsstrahlung processes at high
energy invabelian, oSpecially in non-abelian gauge theories are of
interésts for both experimentalists and theoreticians. The method
given by CALKUL collaboration can simplify remarkably the calcula-
tions of the helicity amplitudes for these processes [2-8]. The key
to thio method is to refer tho polarization vectors of gauge bosons
to the ‘momenta of fermion lines to which they are attached. In the
‘hprev1ousvpaperr[9jrwe proposed a modlfled deflnltlon of polarlzatlon
='vectors whlch can be used 1n both abellan.(QED) and non-abelian. (QCD)
casenand_can.furthor §%mpl1fy ?he caloulations. sWhen more than‘oﬁo
fermion. lines éppear‘ih tho'Feyoman diagrams, in QED the diaorams
:form gauge—invariant subsets naturally according to the photon
attochment‘to fermion lines, thus we ooed not worry about tho ose
of different reference momenta. But tﬂé existence of self—ooupling
Vertices of gluons in QCD leads to complications compared with QED,
since in some Feynman diagrams gluoné are . emitted from an internal
gluon line due to the 3-gluon and 4-gluon vertices. In this paper
we discusé the decomposition of these Feynman diagrams into gauge-
invariant subsets for single and .double Bremsstrahlung processes,
making the results reiatively simpie. ‘More general features of such
oiagrams will be.discussed in the subsequent papers [10].

1. Singlé Bremsstrahlung in QCD

The four Feynman diagrams contributing to the amplitudes for the

QED process

e’ (p) + e (p) —= p L)+ pTE) + 7 (k) (1.1)

are shown in Fig.l. We know that [4,9]



[M(l) + M(z)]g:l( = [M(3)‘f' MM)]E:J( =0 , ‘ (1.2)

‘that 1is, thé‘diagrams (1)+(2) and (3)+(4) form two independent gauge-
invariant subsets of the Feynman diagrams. Because of eq.(l.2) we

can write

M (ete — /ﬁ/’f’)’): [M(x5+M(2)]5=5;+ (Mt M‘M)Ja:gi" (1.3)

if the new definition of polarization vectors [9] is used.

When we treat, however, the analdg process in QCD

| P+ 7P - T L)+ I (1.4)

the situation turns out to be different. The Feynman diagrams of
this process are shown in Fig.2. In addition to the QED-like
diagrams, Fig.2(1)—(4), there is another diagram, -Fig.2(5), in

which a gluon is emitted by the virtual gluon due to 3-gluon vertex.-
"Thus eq. (1.2) is no longer correct, and we have to consider -the
additional term due to the use of diferent polarization vectors

[3,9]:

[Mje=€§ - [Ma)"LM”’]F% T Mot M“’]E:Er *

+p[M(i)+M(4)Jg=/(+[MU)]E:EZ , (1.5)
in which the relation
&= &t Fk | (1.6)
is taken into account. This brings complication in adding up the

terms and makes the amplitude asymmetric with respect to the momenta
p and qg.
In order to make use of the advantages of helicity amplitudes

as much as possible, we decompose the additional term A4w)into two

parts: : -



M M(s>+M(5>, (1.7)

()

such that

[M(I)+M(2)+M(‘S)]£ k [M(;)+M(4)+M(5)] =0- (18)
Therefore we have a similar identlty, comparable with eq.(1.3),

MITI—=T'8' 9= [My+ Myt M(;)}g +(M(3) (4)+M(Z)]é=ep .9

We refer to this method as the decomposition of amplitudes into

-gauge-invariant subsets.

‘The dgComposition.is rather straightfdrward in this case. We
héve |
, f ,— _ :
[Myt Mol == Fase 53'—’—_(P++P_)z 9"V (b VT UR)-U(E) 7T, VILL) (1.10)
— 3___L_* Ve — .
[ Myt Mplsok™ Tase & (4,1 1.7 §" VYTV (R)- UL, Ty VI, (1.11)

and due to the gauge-invariance of the theory,

[M(S)Js=k:— [M<U+M(2>}£=k~ (Mt Moleak : (1.12)

where ¢ is the coupling constant, g”“ is the space-time metric
tensor , Ta is the generator of the'gauge (colour) group SU( fau
is the structure constant of the group, U and ¥V are the spinors with

colour wave functions included, and ¢ 1is the colour index of the

emitted gluon (a,b,c=1,°+'-+, N2-1 ). Now we put
M, = aM ' ”—(r—)M | : 1.13
(s) : (5) > M(s)—‘ a (5) ‘ (1. )
where a is a parameter depending on the momenta concerned. It is

determined by (1.8):

P’ ‘ (1.14)

where



P=p+p Q= .+ (1.15)

and

P-Q'=2(Pl)=2(Qk)=((P+Q)L), C o (1.186)

because of the energy-momentum conservation:

P=Q+k. (1.17)

Therefore,
, - QZ ‘ . ’
Mio==pcg M.
n. Pz '
M(5)= p-Q? M(s)- (1.19)

.Furtherﬁoré, sincé
_ L | | '
TaTy =57 Sas 1+ 2 (due t550) T2, (1.20)

where I is the unit NXN matrix and a%% is the symmetric tensor of
the gauge group (see Appendix), the amplitudes consist of three

parts depending on different tensors of the gauge group, i.e.
MI(TE =T858 =MP+MY+ mP (1.21)
where h4“{ Nﬂ@ and A4¢)are proportional to 5@5(5w) , dabc and f,,.

respectively. : )

It is easy to show that they are independently gauge-invariant:

(e) —_ (4) ~ ) . ) .22
(M J£=k (M ]£=k =[M Jg:k =0, : ‘l )
and are incoherent: |
2 2 2
IM I =] M@ + [ M| +I,M”’jz) (1.23)
where the sum over colour indices is understood. Actually W1@)and

qu)are simple extensions of the corresponding amplitudes in QED,

P4<€%:*HVFY)1 to which Aﬂv does not contribute:

e / . ' QED
VVL:Z#'W(U](K)[Aﬂo+A@y]QH&+§%I(&Yn({Q[Mw+Aﬁ”J( .

(1.24)
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MW= dae Tal® Ty (7)1 (O -

, .25)
in which |
Tl =) T X(]), (1.26)
Tb({')=3’T(ZQ7‘I, e () (1.27)
1= oD x(}), | (1.28)
L) =X (T), (1.29)

and X(?)'i$ the colour wave function of the guark (antiquark) such that
'U(Pf')=b<(/’—)ll’(?)) Ulig)=ulf) ;(A/g?); : (1.30)
V= Ve (]), VD=0 e (7)) (1.31)

and A4ma» is the amplitude for QED process eﬁ;*y”%—y with coupling
constant € replaced by §. A4(ﬁ is the particular one in QCD to get
contributionbfrom Mesy . Let us calculafe the helicity amplitude
ﬁ4(— ++ - +) iniwhich the signs in the bracket indicate the helicities
of g} a g} g and } respectively. We choose the polarizatioﬁ vectors

as, according to the rule explained in [9] ,

S ‘/"'
9?;=ﬁ’ (k, g-)=ﬁ;>—[Jk~><2;l+!i_+><l<+fj{ (1.32)
F= (kp)=—L— 1 e
)= LIk A+ T <t ] (1.33)
Then itrfollows that
[M(z)]g:g{f:[Mw]g 6;:0 (1.34)
[Meuliee == A Fue T (D Tol) - [ Mo e o
= acT&( T /' - g <F
Tare Tal D) Tl ) ”2_5’)<P+r><z+f<><f_/<> (135
f)
LrM(s)]E:g!’;: 2 ﬁu;cTa/Z)Tb/Z) [M(J)J(gQEgi
_ <FZ«>
= fase T (D Tol8) - V27 (LGB kB LS (1.36)



in which the notation for the basic product of Spinors [9] is used.

On the other hand,
s |
Ms) = Fase Tal8) Th(E) 8 _52—5; <t V/A[F-+)<g_“‘7u12+~>'
= (e(P+Q) ¢ = 2kM e F 264k ] | <1‘3;7>

- Due to egs. (1.32), (1.33) and (1.17) we have

CCRAHE I =X =0, LY
"(E('PA?Q)): Z-CEP) =2(eQ), - | (1.39)
DY TSNP ¢t § R3¢ Rl o
20 Q)=2(&8,) =" (=Tt , (1.40)
. E: N R 2l 5 DA /R B D, (1.41)
2(aP=208p) CPlkt> )

therefore,

/

[Mff)v]E=E_‘{
3
= fase T ()T (E)- P (ZP..QZ) [ <AHIED <=1 pt> (& (P+Q) —
aRCUEATERE AR A

2 l

=. ! . 3 —_— — ——
Jase Tal8) Tu(8) - V2 & P POy i k+>(</a+/ 50 CP=1842 Cm [ 840 Bt LD

+ <P kD= 145 k= 8> <t 1k

P W mas 2 PR Ltk
‘ﬁwc'/’ DTl 2 S gy CioIktS ChHICEHO184)

, 2(fek) (REY
=f&£cTa/?)TL/Z)'\/’Z_?‘B'/ZJO?;/K_Q <ﬂ°f’—><5+ﬂ’)><§-/<), (1.42)
Similarly,
[M.C;/)J€=8;
-2) (B k LY
= fuse TalQ)Tu (8 2 &° ((ﬁ)ﬁ(éw <g+g_><f>+k>>(f>_l<> ] o (L.43)
Adding up eqgs. (1.34)——(1.36) and (1.42)——(1.43) results in



MP =+, 4, - )

. KPR
= Fuc 1) (-7 3% s U A=A A
wbre .
Pl (bl ST+ (5K
and

' A :_._ﬁﬁfQL_ A — <5¥&2
PRk 0 T KR <ERD

p4(ﬁ 1 44) 1s similar in structure to A%w) and M

(d)

M (=, ) R

= (2 @) 737 ><M> [+ 1(5)72./5')/%},—-—NLT0/Z.>I(Z’) A1,

MO (= +,+,~, +)

——<iwc7kq)71@9 (‘ j,)ZE?Si%%?—_(AP

Since
» .
e S BT Tt
| A},"Aglz ":—'4. (Vo "Uz)z )
, . B ,
where '
P+ _ P __ & f-
ROT e o YTl T
and

1y = [1Of = N,

|Tpl= |1 f= £+ (N=1),

T l) Tl = 4 fute Fae = T WP 20,

| dase T/ Tt | *-Ldm duse= —L/NE»U(M—@,
T (= 10) T ()= 0.

7=

(1.

.44)

.45)

46)

.47}

.48)

.49)
.50)

.51)

.52)

.53)
.54)
.55) =

.56)

.57)



in which the sum over the colour degrees of freedom of quarks and

gluons is understood (see Appendix), the squares of the amplitudes are

| M@ (=, - +)l —]N* ’—()( 25) (v,,+vg) (1.58)
[ M (“'+,+,—,+)12“7@‘<N D(N-4) (- 25)sg (V=) (1.59)
| M (-, + +)1 —WN (NE1) (—236)3%(&,1)?—/\31);)2, (1.60)

-and finally we get
o 2 (NED! z 2
MU=t — o= 28055 RS [ (y=wp' ]
+,"2N’ [()\f,v,, "M i)—-(% U+ 4, p]} (1.61)

It is easy then to get the unpolarized, colour—averaged norm squared:

2 2 12 2
[M[? = —gt BRI {C, [Ovvp=ag v+ (=] +

+Cz[(k;, =g Vg )= (Y~ ;)2+4(va{)]}, (1.62)

where [1]

s= (Pt pie20pP) S=(L+1)=2(88) , z
f='(/%~?4>2= —2(p 0, u=(p=§)=~2(p8.), (1.63)
t'=(p~f)=-2(r1), W= (L) =-2(p ) [
C = (yél”/\‘lgz ’ C’Z ’/"é"NL (1.64)

Actually the first term in the curly bracket is much greater thah the
second one since (N2-1)>>1. The averagenorm (1.62) is comparable with

that for QED process [4.9]:

o it 2
y o (1){,—1@) (1.65)

[P

[ M

and that for the process g’/gz—f[/@} given in [1].



2. Double Bremsstrahung in QED

To the lowest order there are twenty Feynman diagrams contributing

to the double Bremsstrahlung process in QED [8]

er(p) + e (p)—= p () + pL)+ v(k) + 7(k) (2.1)
as shown in Fig.3.

It is easy to prove that the diagrams in Fig.3 form four independ-

ent gauge-invariant subsets:

Tist )], =W+ +02],, =

= [+ +uel,,=[on+-+@o],, =0, (2.2)
in which (1) is the abbreviation for ﬁ4m, etc., and &=k means that
&=k, and Ez=kz.. The amplitude becomes then

M= [ty +--- -+(6)],328-+ [(7)+ - +(l2)JW o F

+[({3)+-'-+<16>J!F/22+[(,7>+---+(20>J (2.3)

13, 2p
where the subscript [4,2¢{ means that Eﬁ:&g, &z&zg, etc., and Eg(ﬁy is

referred to the momentum §; or Z-(ﬂ or ﬁ) depending on the helicities
of the particles.

For the amplitude P1(—,+,+,*,+;f) wﬁere the signs represent the
“helicities of €+,€,y+,ﬂi Y and Y, , respectively, and the photons:have

identical helicities, the choice of the polarization vectors

fog=1¢ (h,g)-;;~;;;[:k DL+ 14 ChH ] (2.4)
and

£l = " (ke )=y [ k>l + ] p><hot 1] (2.5)
(1=1.2) leaves six amplitudes non-vanishing, corresponding to diagrams
(1), (2), (7), (8), (13) and (17), due to the helicity match rule [8,
9]. The resulting amplitude is



M= 44— 4 ) = dict ol (A=A (A Aag), (2.6)

where

B2 (83> |
A;,‘P—': <P+1((><F-/(,> , ALZ'=<Z+1’:><Z.7’;> , ((,=‘[,2> (2.7)

In comparison with the single Bremsstrahlung amplitude [9]

: : _ 3 <f'i—:2 o :
l‘\/1 (—v/+/+/—/+) 2jzie <P+P-'><Z+$_> (A[J Ag} ’ ; (2.8).

and the elastic scattering (¢'e"—uf)’) amplitude
, HH

A _ _ = 2 ____{EJQ__ 2.9)
P1( ’+”+’ ) <hF><Z+&> ;. o (
an interesting rule follows: starting with the elastic séatteringv

amplitﬁde (2.9) for each additional bremsstrahlung photon the amplitude

is multiplied by a factor

T=17 e (Ay=Asy), ' (2.10)
in which A¢ and fAQ (2.7) are associated with the momentum h of the
added photon. Therefore, the helicity amplitude for e'e— u*s+n¥ where

all photons have the same helicity is

M=t b= s e, 1) = () B a) o (Ay=dap) . (211

This rule is also discussed in Ref.[8] in some different form.
As to the amplitudes with different helicities of the photons the

calculation is more complicated, the result turns out to be:

M=+ 4+ — 4 —)=—4ce"
L * o C p_ D\ _
L s [ (A i) (B i)

A=) (L) (k)
B T B <m><m+>J

+ srdwdw [(A -E:FTF?)(B = k))
4 sy (kPR
<f>+—/<,~ kZ)z(P_-—f(‘— [(J’ </’"X—><ID+- g-;)J +

+3’;o(,zd;f,Az+%d(P°<zz 82}; (2.12)
-10-




in which
| | I L '
Xp= Thikio<Pky Aig = {Gki><8-k) » (i=1.2) (2-13)

A= CpF| (GHKD 14> =< 3= (E= KOl P>,
B=<Gt | (E+ ) b+> = P Hh-K)| 8,
C=<hHl Bk kL] D

(2.14)
D= {6?++/%/k;/g:| P—+>/
C'=<prLk KL,
D=t 1B K] Rt
S= (gt p)*, =6+ 1) - }
, Z , (2.13)
5 = (/7++/)~‘_k')1: /Z,+§.+/<2)2) 8= (ﬂ-f'F_-—/Q):(frf‘f-'f'l’«) .

They are consistent with those given in [8], if the phase difference
in the polarization vectors used here from those in [8] is taken into
account. But numerical computation shows that the norms of amplitudes
with different photon helicities are about one fifth or less of that
with identical photon helicities for most of the final angular config-
urations. As approximation we ignore their contributions and get fo;

the average norm squared a compact expression [8]:

Z - : teut+ g, z 2
(M (ete—ptpy v) P = F e EEEH (- ) (v ) (2.16)

where

A A 2 |
YTy TR o TR k. LY (2.17)

3. Double Bremsstrahlung in QCD

Among the thirty-six Feynman diagrams contributing to the QCD

process

~11-



Tip) + B T8+ &8I +3(k) + k), (3.1)
there are twénty—four QED-like diagrams shown in Fig.4, and eight
diagrams with one gluon emitted from the internal gluon line shown in
Fig.5, and four with both gluons emitted from the internal gluon line
shown in Fig.6. The diagrams in Fig.4 through Fig.6 are referred to
as the diagrams with naught, single and double internal radiations,
and denoted by Nﬁ” A4“) an Ad(ﬂ respectlvely

Just as in QED we can seperate A4“) into four subsets: {Q&g, (Q%;)
‘(oh% and (Q&F , as shown in Flg‘4( ) through (4), in which (O)gg is
the abbreviation of A4ﬁk%¢calculated with £ﬁ=&218ﬁ=54 , etc. But

each set is no longer gauge-invariant:

[(0)gleak ¥ 0, étc. (3.2).
Contributions from single and double internal radiation diagrams must
be included in order to form gauge-invariant subsetsﬂ

We apply the decomposition rule for single Bremsstrahlung process
{eg.(1.18) and (1.19)) to the sihgle internal radiation diagrams, that
is, for each diagram with a piece shown in Fig.7 we decompose the

amplitude into two terms,

R:Rg‘f'RP, (3.3)
where |
12
Rg ———7—277 R (3-4)
. 2z
RP”E‘J‘?@?T R, | | (3.5)

and calculate Rg‘by’puttiﬁg £=§ and RF by pﬁtting =& . Here p’ and

Q are not necessarily p+p and {,+§ . So the single internal radiation
amplitude MY are also decomposed into four subsets: U)ﬁ, (L%P, (L%g
and (UZF' The sum of the corresponding subsets of Pﬂ“ and M%” is not

yet gauge-invariant:

-12-



[(O)gng(f)gg]s:k#O, etc. (3.6)

The crucial step here is to decompose the amplitude A4Q)into four

parts:
such that ' |
[‘/O)gi+(l)§{+(2)§f]8={<:0»" etc. ' (3.8)

The decomposition:of A4m is to cancel the following factors

respectively when & is put being k :

’ [(O)%z-}- (l)gg ]VE,:!(:—:SL[—ZLF«ZG +%_FuG"27%‘DFIZV K'2~é(+w le Kzz]‘, (3.9)

[(O)H,-t U)},P]E:k;——gjr[%F,zG +-2L‘FUG+2-(-&) Fia Klz+2“(’$—;§5y Ku], (3.10)

- [
[(O%8+<()pg]£=k - é_[ EZG’"(EH%E5'§E§PJ> Ez}Cz], (3.11)
| -1 (o
[+ 0y Year =5 [ Fa €~ (g 5) For K, (342
where
F= ff‘,ae Tese Ta(Z)T;/Z'), ' (3.13)
sz:ﬂzaefc,be‘l;(ngb(g/)) (3.14)
G= 3" W, (3.15)
K= /c;‘,"lcz" Wi, | (3.16)
Kav= k[ k) Wy, , (3.17)
Wi =04* T (p) % uth)a(g) v, V(i) (3.18)
and v
P=P++F_ , Q=114 : | (1.15)

s=p*,  s=QY, }
5 , : s (2.15)
s,= (P-k)Y=(Q+k) s, =(P-k)=(0+k) .

-13-



There are four double internal radiation diagrams, as shown in Fig.6

f ,
Mm)”*‘ ~ ss’s, Fiz W,uu‘[ (s+5-5~28,) 8{‘5: ~ 4 (&k) Efk: — 4 (&k,) f<,'u5: +

t 4 sz@“f k= klely+ 4 ce Py e k)= klel)+
T4 lhE) kfkf—4<€‘P)(ezQ) g1, (3.19)
Mw"“'s‘Ts!T&; F;-I'Wpu'[ (S+s’~s;—2s.) g e —4 (k) kel -4 (5 k) X LY +
tAEQ (g ki~ ki) + 4 (szp)(g,*‘.k,”~ krel) +
| t4(8&) kKl — 4 (5 (P ] (3.20)
M= = STTATE (Fam Fa) Wy |
{4 Ceak) [ (h+ I(z)*‘slngl“({(,;;(z)“] n
Al (e (e k) (ks e 1+ 488 (K k- kI )+
+f4(&,Q)(EzP)~4(a,p)(ezQ)-z(e,a) (Pk)-(Pky) ] g*‘"}) | (3.21)
Mio == 56 Wao [ Fu (el =2l el + (5i8) 37)

— Fai (281‘“55*5523—(5151) gyu>], ' (3.22)

where we have méde use of the Bianchi identity

fc,czg Fase ::fc,ae fc,,ée ~—fc‘zae fc,be V (3.23)
and the energy-momentum conservation |

P=Q+k +k, (3.24)
to simplify the expressions. It is convenient to define ﬁﬁm, and KZM)

in terms of M, and M such that

My + My = Mey + My, (3.25)

where

~14-



4lec) :—;—‘E%’—F’Z W/‘V '{S,"ef—-z Ef&lu +2—([éﬁ((k,+kz)ﬂ5r“5f ("f"' A’z)ul_f'
RS e (k)= (ktk) &1+ Pt (k- K+

+T’g7 [2 (£ Q)(:P) -2 (6P)(6:Q) (5,E) (Qk) + (B8P k)] 8

~ |- ' 2(E:k)
Mw= 355 FaWu { 2gle;— €7 e+ o L (k) er—& (k+ k)] +

(& ke Y / v v
2<f'k))[e Chit k) = <,t<,+1<l)”al]+—‘?'<—§é3l(/<,"!<zvl<ff<,)+

taplreoEn -2 e+ (s5)(@k) (58 )(PR)] 9"} (s.

The new amplltudes with twiddles appear more symmetrical.

Now we decompose these dlagrams in the following way:

. M(a):: , M(a.) + a, M(A) + a; M(A) ’

Mwm= b, My + b Mwy + by My,

’

(3
H(e)z & M(c) + & MJ.(U + S M(c),
MJ(,;): 4, /Cf/(,u + d, M(a) + d, mw ,
with |
a+a, + a3 =h+b,Fby=c+c,+ ¢ =dtd,+di= 1, (3.
and put
(7-)” = a, MAU.).A.‘“" by My + Clvl\r;f/m + 4, ;\4/(.4) ,
(2)p, = @ My + by Moy + © M + dy Mu |
(3

(2);,3 == d3 M(d) + C5 MV(C))
(Z)g}, = b My, + d? M.

Taking into account that

-15-
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27)
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29)

.30)



[ Muo) ook == 575 [~ 4 (PR(Qk) Fix G + (55— ) Fre Kia ], (3,31

[ M lemk == o5 [ =4 (Pk)(QK) Fu G F (5= 5 =5) Ft Kar, (3.32)
[ Mo ler= 55 [(~(PE+(Qk) F2 G + Fuu K], (3,33
[ M) eoie= 557 [ ((Pk)+(Qk) Fa G + Fay Koy ] (3.34)

’

we set the coefficients of F, G, FuG, F2K,. and Fy Kz in (3.8) equal
to zero, respectivelyi in order to meet the requirement of separate
gauge invariance of tbe subsets of diagrams, and obtain
k) ____1__5;,_ (Pk) (Qk) (Pk)
k) T2 (Qh) A= °/: }[ (Pk) (erz)J

@k (Pky 1 s8)rLQk), Pk
b =’3% » L2xl b::—L Q , b4==dz( 2)[1;‘“+ }

_ 1
4 = ¥,

2 (Pk), = (Pk) ~ (Qk)
e | (3.35)
c,:;"(——g—)[sﬁz(qk,)], czzg(L % [s=20Pk)], q:;};ss
b= (E) [se200k)], d=g- (-4 [s~2(P1<>] dy= =k ss
in which
o =s(Pk)—s(Qk), ' (3.36)

o= S (Pk)—s'"(Qk). (3.37)
Thus the decomposition is accomplished.
We calculate the helicity amplitude with identical gluon helicities

M =441+ . There are twelve different colour factors in the

amplitude and the notations (1.29) and (1.30) are to be used.

- {2
M= +,+,— +t)=2 4; c: D (3.38)
where
b1y
Z—-4o§ NASIE S S (3.39)
and '
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¢=7 Tl Ta{Ta, Ted)8) , Dy=Alfn b k)A(L E k),
=7 ({Te, T T TlE) ,  Da=App k) Alh b k),

= F T (Tl T, Tal(2) ,  Di= 813k k)= B({e bk k),

=T ([T TITHO Tal?), Dy= Bip bk k) = B (AP, ko k),

o= (T T (D(TaT) (1), s=— AP k) Al B k)
¢=(Te, T) (D) (TaTe) (1), D= Al k) Alhe Py k),
= ([T D (TeTa) (D), Dy=—A (P g k) A lfs 2o k),
G=(Te T ([T To]) [E), | Dy= AlF, i, k) AP P k),
6= (T T[T Ta(E),  Dy= Alh b, k) Alr k),
= [T DO TeT) ), Do== Al 8o k) AlPto k),

6= [ Te, 1) (1) ([ Ta, T 1) (),

D= :'- {=20QK)[(8ek) BOTe, 8o, ki k) = (8k) B (86 8- ko, k)] +
+2(Pk)[ (Bk) BCR B ki ko) — (Bks) B (Pr Pk, k) T+
+(2(Qk9—55<&kJ,4(ﬁ,ﬁjh)A(&,fvh)+
4 (=2(Pk) =5 (Ph) ACPy B k) A (B 8o k)4
~ 4Pk Bek) AP Pok) A (Je 8- k) ],

o= ([Tee, TN [ T0, T D(E)
D= [ 20QR) [(8:k) B8 8 ki k) = (8.k) B (803 ko, k) )
—20Pk) [ (k) B (P P ko k) — (P kD BP £k k)]
- (20Qk)=5) (Bek) A (3,3 k) A (P 3 k) +
+(=2(Pk) =) (pika) A (P G k) A (P b k) +

— L08R AT T k) Alb p k) )
—-17- |



and

_ <bhE> .
A(/b!,f’z,k)—<;,k></;2;(> , _ (3.41)
i (3.42)

B (Pr, P, l(:, k:) = <h k,></72 k> <k kz> .

4. Evaluation of the amplitudes and their norms

The helicity amplitude (3.38) with (3.39) — (3.42) are expressed
~in terms of the basic spinor product <{fP¢> and colour factors. For
easy numerical evaluation of (p¢> we introduce Weyl representation of

7—matrices and the notations ki and ki for momentum-k/‘[5,7,8]:

0 1 . 0 —ot
o= vi=| (i=1,23) (4.1)
17 0/ . gt 0/,
and
ki=kotky  ky= kot ky=]ki] e = [hik e’ , (4.2)

where ﬂ'is the 2X2 unit matrix and 6[(i=1.2.3) the Pauli matrices.

By suitable choice of the phase we get [5]

JE 0

P 0
_|Jkoe"x N | . |
[k +> ; ’ [k=> JE et | (4.3
0 Wk

and
k= o=l kt> =Nk ke ¥ — ki ko % | (4.4)
It satisfies the relation

Chiky=—<kko, (4.5)

Therefore the I%% in (3.38) can be computed. The square of the

amplitude (3.38) 1is then

-18-



D,
DZ 1 * * »
0@2 , °©'—(D11Dz, ;D/z)) (4 7)
D.
and
G =(Cy=(cq). (=1, 12) (4.8)
Since
(Ta - TUD (T TP = To (Tar - ToTur - T2, (4.9)

the element Cf@ is a product of two spurs of product of several

generators T7,, and by repeatedly makiné use of the identities

! .
TaT5=—5£,—<>‘451+7(dm+wa)72 (1.20)
and
T (I)=N | Tr(T) =0, (4.10)
they are reduced to contractions of the tensors d}b, dmu , and ﬁuc,

which can be calculated by the method given in the Appendix. We find
that cfg is a polynomial in (N2-1) up to the third power divided by N2, and we
can retain only the highest term in the numerator since (N2-1)> 1.

So the matrix (¢ becomes

1,43
@— 32N2 G , ( )

-19-



—
-
—_—
—
—_

/1 0 0 0 0 0 1)
o f o o 0 o f-f 1 1 1 |
o o {t 0 0 0 -1 0 o { -1 |
o 0 0 [ 0 0 0 < | 0 | -f
o 0 0 0 2 0 2 0 2 0 2 0
- o 0o o 0 0 2 0 2 0 2 o 2 (4.12)
¢= ;1 1 -1 0 2 0 4 2 2 0 4 2
It o - 0 2 2 4 0 2 2 4
{0 12 0 2 0 4 2 4 2
[t { 0 0 2 0 2 2 4 2 4 {
{1 -t 1 2 0 4 2 4 2 8 4
/1 -1 0 2 2 4 2 4 4 8)

The amplitudes with different helicities of gluons are much more
complicated, but can be ignored according to the reason explained in
Section 2. Therefore the unpolarized, colour-averaged norm sqguared

of the process (3.1) is

-— ) _1_[3 LLZ 2 r2 ;2 _}
M = 8 Q/N" TerL e 96D, (4.13)

5._Conclusion

In the conventional formalism of QCD it is very difficult to find
compact expressions of the amplitudés for multiple Bremsstrahlung
processes. The method proposed by CALKUL collaboration promotes the
solution of this problem. By means of the new polarization vectors
and the decomposition of gauge-invariant subsets we achieve satisfa-
ctory results for single and double Bremsstrahlung in QCD. The method
of decomposition of the amplitudes into gauge-invariant subsets is
systematic and can be generalized to higher Bremsstrahlung process-
es. More features concerning higher internal radiation diagrams will
be discussed in a subsequent paper [10].
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Appendix
SU(N) as Gauge Group
Suppose that T, (a=1,:--,N2-1) is the hermitian generator of the

matrix group SU(N) satisfying Lie relation

[T&,Tb}——-‘ L‘fMCTC) (alb'cz/l.._lNZ__/) (A.l)
’ A
in which wa is the antisymmetric structure constant. Ta 1is traceless:

Tr(T.)=0 (A.2)

ahd normalized by

TA(TaT) =4 6. - | (A.3)
We have another relation

{T;,71}==ﬁ& Sap 1+ dase Te (A.4)

in which daﬂ is symmetric, thus

Tka-‘—"_ZJﬁ &Lbl“'-gL(dabc—{-[faJ»c)Tc, (A.5)
TeTe="3" 1. (28

From the following identities

[[A B] cJ+HB Cl, AJ+Hc,AJ,BJ=o,

{{A, B ] } {{8, -[Ic, Al B] =0,

(A.7)
vy f[BC ~[{c, A}, B] =0,
[{A,BS,C]*[?B,C},AJ%[{C/A}/B]=o}

we get
fabe fe:cd + fade febc + face f&d& :0) (Bianchi)
(&w cd_a‘ad Sbt)+d“5€decd aa’é’ dﬂf’t +face fedb‘
| (A.8)

faJe decd + fcut'_é débc +facc aledb = O)

dMe fecd - dade felvc —fa.ce dedb =0,
' -21-



What we need is contractions of the tensors Juy, fuyu.. and dasc .

It is known that
2
Saa= h/—-f, , (A.9)

faj,cfaéc/':/\/&cc’) (A.10)

and by making use of the above relations it is easy to get all the
contractions of up to four tensqfs f and d.

A schematic symbol is helpful here. The tensor ﬁwc or dam: can
be represented by a circle with three legs, see Fig. A(1l). 1In the
.cése of antisymmetric f the circle is directed ana'we put an arrow to
indicate the order of its indices. The legs can rotate freely, but
exchanging of two legs or reversing of thé arrow direction leads to a

minus sign in f . More circles appearing in the same scheme represent

the product of the tensors. Whén two indices are contracted the
corresponding legs are connected together, see Fig. A(2) for some
exampies. If all the indices are contracted out there will be no free
‘leg in the scheme and itris a scalar.

In this formulation the contractions we need in calculating thé
norms of amplitudes for single and double Bremsstrahlung processes are
shown in Fig. A(3). Note that for scalar the tensors f (d) must appear

in pairs, otherwise the contraction 1is zero.
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Captions

Feynman diagrams of ete ——pfu v,
Feynman diagrams of Z{-—>7¢' 4.
Feynman diagrams of ete——ptumy 7,

Naught internal radiation (QED-like) diagrams of '?g-*'?72'}f.r

(1) gg-subset, (2) pp-subset, (3) pg-subset, (4) gp-subset.

Single internal radiation diagrams of Ti—Ti 47
Double internal radiationAdiagrams of ‘?g-—*-?”g’géh
Decomposition of single internal radiation diagram.
Schematic representation of colour tensors and their contrac-
tions. (1) Tensors f and 4. (2) Contractions of tensors.

(3) vValues of contractions needed in single and double

Bremsstrahlung processes.
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1. Introduction

In order to apply the helicity amplitude formalism develop-
ed by the CAILKUL collaboration [1] to QCD processes with
multiple gluon Bremsstrahlung, we adopt the polarization vectors
defined and the method developed in [2] . Two problems are
can be achieved. These are: (1) treatment of the gluon self-
coupling vertices, or more generally non-Abelian gauge boson

self-coupling vertices, and (2) decomposition of the ampli-



STRACT

The method developed on the basis of helicity amplitude
forﬁglism préposed by CAIXUL collaboration is applied to QCD
processes involving gluon self;coupling verticés. A general
réduction formula is obtained in which a tree diagram involv-
ing gluon self-coupling vertices is related to a corfesponding
diagram with gluons attached to a fermion line in the case of
saﬁe helicity of the gluons. The case of different gluon heli-
cities is more complicated just as in QED. We demonstrate in
an example that the formalism again leads to sigmificant sim-
plification. When combined with the decomposition of amplitudes
into gauge invariant subsets, the present formalism provides

a general framework of calculating amplitudes of QCD processes

involving tree diagrams with multiple gluon Bremsstrahlung.



tudes into gauge invariant subsets of diagrams in the case of
more than one fermion line: present in the diagrams.

The formalism has been proved very efficient in QED &s well
as in QCD with gluon-cuark coupling[ 1] 7. It remains to be
studied how gluon self-coupling vertices behave J:.n the forma-
lism. Attempts to relate amplitudes with gluon self-coupling
with those with quark-gluon conpling only were proved to be
successful, which ensures that the simplifying program works
for amplitudes with gludn self coupling too. In Sec. 3 and
Sec. 4 we discuss the reductions of amplitudes of processeé
involving tree diagrams with gluons of the same and diffrent
helicities respectively. In Sec. 5 we illustrate the method
in the example of W'+ u+ ;*Y* Y in which the non-Abelian
couplings WYy snd WWYY are operativé. In Sec. 2 the de-
finition of polarization vector for a massive bqson ('or for an
off-shell massless boson) is given. ;I‘he problem of decomposi-
tion: of amplitudes 1nto-gauge invariant subsets of diagrams

with gluon self-coupling is disentangled in £ 3.] .

2. Polarization Vector for a Massive Boson

The polarization vector of a gluon is defined to be [_'2]

étft(k e +{r¥l Y’“Ik?? - 2 k2]Y ] red
S VICrA kL) VT KrElks>
°r f‘(lr-t><£tlflkr><"¥l) (2.1)
Y
Ehe) s 25

Lrelks)



This definition is essentially to fix the gauge choice for
the polarization vector of the gluon of momentum k with the
help of a reference momentum /~ on the light cbne., Vectors £
and ¥ , both on the light cone. enter into the definition
(2.1) in a symmetrical way. It follows from (2.1) that

£ £
. = .« € ) =
r-e thkr) = & (4,r) =0, (2.2)

% | .
and conseduently (drfﬁ")fe (kr) =0 for any constants
& and g . For different choice.of r , € differs only by

a vector proportional to (’ .

The 4~momentumK .of a massive vector boson can be written

as

K zLear
) (2.3)
with

K1= Zdlé-".>0,

(2.4)

Actually, given any time-like K and fixed reference momentum
’ &

r( r‘=0) + there always exists a scalar —;;g“ = o

such that K—-M‘Ei( is a 4-momentum on the light cone

l

K—-{I(r é) kl"o. (2.5)

3
_The gorrespondence between the vectors X (K 490) and
k ( I(:= 0) through the reference momentum p ( r*=0)
given by (2.5) will be repeatedly used where momenta on the

light cone are denoted by small letters. The transverse



polarization vectors for[{ are defined as
£ £
€ (Kr) = € (},P)) (2.6)

* .
" where K is defined in (2.5) ‘and €(4,r) given by (2.1). The
longitudinal polarization vector 6"‘ is defined as

o k-«r
e (K,r)- T (2.7)

for time—likeK . For space-like K (momentum of a virtual -

boson),

° &-I- «r K
€ (](,r)= a -

a unit space-like vector in the direction ofK . It follows
that €% €*=0 and €°= ={  for both (2-7) and (2.8).
For a time-likeK , we have from ‘(2.6) and (2.7).

K-*(Kr) =« K- e Kr)=0. (2.9

€* and €° form a triad of polarization vectors for { . The

polarization vectors forﬁ’ are defined in terms of the vectors
k and + Dboth on the 1light cone, This is necessary since all
calculations are being carried out in terms of products ("*l(’-)

l -—— e~ - - -
ete. [2]. ForK =0 ' we have &« =0 and only e‘t survive,

The definition (2.1) is a special case of (2.6) and (2.7).

3. Reduction of Amplitudes of

Processes Involving Tree Dia-

grams with Gluons of the

Same Helicit



Let two polarization vectors &*C K,r) and e"CS.r)

of the same helicity be coupled through a 3-gluon vertex
(Fig. 1)

9fuie T P-5K)= 3Fsc [Pe$)Td" v
+(-S+K)F9" 4 (-k-P"37]

By (2.1) and (2.6) the polarization vectors are

6‘,*(/(,()-'- t("*’)’t’f?‘)
7 relks) |

‘and | (3.2)

S B L

‘ G(r-rlst)
J
wheré . - .
o k=K - 5(_, r : {3.3)
s= S - s° r

2S8.r J
3
with k¢8t=° . Focusing our attention on the spacetime

TP -$,-K) €% (Sr) €% (Kr)
- e*tke)(PS) 2l (Sr) | (3.4)
b (K-SS € SrIE ) — €*(5r)-(Ke P) KD

Substituting (3.2) into (3.4) and making use of 4-momentum
conservation P::K+ .S , Dirac equation /I re>=0



and the following relations proved in [ 2],
L t /

V4 r;ls:f._) {sz|re) ’ (3.5)

{r¥|lra> =0 ,

] _ (3.50)
[ s> 32| » ‘ﬁ(/*)i-)f »

(3.5¢)

{ril }( | s£) =( fi'l $Cte )W 152> =(r*llf>(kfl‘*), (3.54)

( r:l?,.lkf)(fviY’I ‘*)‘30'*“1)(““?)) | (3.5e)
CrelVplkedrel Tilsey=0, (3.51)

we rewrite (3.4) in the following way
THUP-s5-K) €V(Sr) (k)
(MIA;“M)(!’HY"I:»!-)“‘<"'Fl‘l'”=><n”ﬁ.'é¥>
=" 2<relk2><r¥lss)
sl Yté | ra) kel se) « (rel YL L r2) (b2 s%)
Lrelke) {rx|st)
crelpsy  wf@lpelrerlhelse) s L)yt pe>

Lrelsey <rel ks> _7ALrE] pe>
- (relpe> " Y (3.6)
o <p1=(f (Kr) |s2> ¢ (Pr),
where 2
e . P 2
pe Pzt ph-o.

We have therefore: Two gluon polarization vectors of the
same helicity ét (S, r) and ét(K") coupled through
the 3-gluon vertex T"vr(l’,..s-. ..K) glve rise to a vector



proportional to 6;(2, r) of the same helicity.
The vector resulting from the coupling of three glﬁon

.
polarization vectors € (Kr), é‘(&,r) and €*(S.r) of the
same helicity through a 4-gluon vertex is (Fig.2)

P*e C8'[ fate fute (55170 * Froa fuae (579" 4%9")
*fuefuc (JA'“j”- j""ji')]. ej (Kr) e'f, (Qr) e:(s,r) |

= b‘.’l[fdtefcle' (.G*(K,r) . €*(S.r) G‘f(a; r)
—c *(k,r)~e*(0,r) eresr) ) + cycl. perm. (dlc.d)(l(’,@,felz

= 0,
(3.7)
Since e‘(l(,r)-eé(.\"r) =0 etc., because of (3.5f). Consequently
4-gluon vertices do not cohtribifte in the case of identical
gluon helicity. This enables u's to conclude that any number
of polarization vectors of gluons of the same heiicity defined
by (2.1) with same r couple in a tree diagram to yield a vector

proportional to e*'(l(.r’) of the same helicity, where K is

the resultant momentum.
We consider the coupling of gluon line to a fermion current.
£
Substituting € ,,(S',r) and e*"(R r) in (3.6) by respective

expressions (2.1) we obtain
TH P -S.-K) e (K relYel=z)
= {rF| Y ]pF> (f¥/¢‘l’(l(:r)/$"> |

(3.8)
S rzxl v L Lk ] SES



Disregarding the vertex factors (coupling constant and color
factors) and the scalar factors in the pfopagators (including
denominators and +C or -¢ ), the left hand side of (3.8)
represents the coupling of a gluon polarization vector:
-e-""(K,r) and a fermion current {r¥ [ Yy[{s¥) shown in Pig.3a,
and the right hand side represents the amplitude for the dia=
gram Fig.3b since

o *
KA k) [se>=(F-f) frekos (575,
where P-r is the momentum of the virtual fermion line appear-
ing in the propagator, which differs from P by a vector pro-
portional to I , owing to (2.5). The sign &% in Fig.3 means
ecuality modulo vertex factors and scalar factors in propagators.

If instead of <r#lYulsg> we use &s#/),[r¢> for ef (s, r)
22-_')) then a relation similar to (3.8) follows:

THT(R-5,-K) €5 CKkr) <selY [ re>
o (p Wl < st 2tk [ 12>

= s+ ei(!(lr)/yf Iu)‘ (3.8a)

This can be interpreted as shown in Fig. 3¢ and Fig. 3d. What.
we learn from the foregoing arguments is that when a gluon-is -
coupled through a 3-gluon vertex to a fermion current and the
referenge for the polarization vector is to be chosen as the
momentum of the incoming (Shtgoing) fermion line when the
nelicity of the gluon is the same as (different from) the heli-
city of the fermion line, corresponding to the mateh rule in

Iz]. the eauivalence between the diagrams shown in Fig. 3¢ and



Fig 3d (the diagrams Fig. 3a and Fig. 3b) is established: the
gluon can be transplanted on the outgoing (incoming) line.

To go a step further we start from the following equalijty

Leeltol g5l Jel 2 K] )|se >= Loel Y, g6 (ki) Jsw> |
Applying to both side T""(P.-Q‘-K) t—:(lCc)and using (3.8) we
obtain for the 1eft-hand side

Tﬁw(P,-Q;K) e2ckre) Crel ol ,;}([;lft(k,'ulﬁ>

. <r:(1/*:fa=><,ﬂ¢*cx.r)1;*>< fe| g2 (Kir) |s7>

= dralyl g gt ) YEKI D 15T
e Lral Y CED ko) (A-F) §2 K0 st D>,

Equating this to the right-hand side, we obtain

TP -Q -k)er ) LrelYy (B-F) 2k 057>
= {rg] T"(I{-/)ft(l(.r)_(ﬂ{,é {*[kf')lsf>_ (3.9)

The left hand side of (3.9) can be interpreted as the ampltude
for the diagram Fig. 4a while the right hand side that for
Fig. 4b, modulo vertex factors and scalar factors in propagators.
_Combining (3%.8) and (3.9) (i.e. Fig. 3 and Fig. 4) we see
that step-by-step reduction holds when the gluon helicities
are the same (Fig. 5). The procedure of generalization from
(3:.8) to (3.9) can be repeated any number of times, and therefore
we conclude:
- When a“%umber of gluons—-of the same helicity are attached
to a gluon line coupled with a fermion current and the reference
momenta for the polarization vectors of all the gluons are

taken to be the momentum of the incoming (outgoing) fermion



lin2 in case the helicity of the fermion line is the same as
(different from) that of the gluons, then the step-by-step reduc-
tion holds, in which the gluons can be transplanted one by one /
to the outgoing (incoming) fermion line leaving the amplitude
unchahged modulo vertéx factors and scalar factors in propagators.
(Fig. 6)

When a 4-gluon vertex is coupled to a fermion current (Fig.7),
in which the two gluons have the same helicity and the same re-
ferenc2 momentum f', it is appearent that the fermion curent is
eouivalent‘uaet(g,r) when the reference momentum is pro-
perly chocen as shown in Fig. 7 such that the diagrams.give no
contribution to the amplitude by (3.7). This argument persists
when the fermion line is loaded with anv number of gluons with -
nelicities identical to those involved in the 4-gluon vertex.
Actually all gluons loaded on the fermion line-can be trans-
plantad on the virtual gluon line according to Fig. 5, leaving
the current with unloaded fermion lines {r#lY/[se )= {selY*[r%>
proportional to et/‘(g,r) . Applying our previous knowledge
on_the coupling of two_polarization vectors of the same helicity
through 3-gluon vertex and the coupling of three polarization
~vectors of the sume helicity through Z-gluaon vertex, we conclude
thut the avove assertion is true.

In the foregoing derivations no restriction was imposed on

/(z. éi(erj can designate a real gluon, or a "gluon trz2e"”
composed of any number‘of gluons of the same helicity counled

through 3-gluon vertices.



4. Reduction of Amplitudes of

Processes with Gluons of Different

Helicities

Iﬂ QED amplitudé of mui%iple Bremsstrahiung proéesses with
photons of the same helicity are much simpler than the amplituds
of the vrespective processes when photons of different helicities
are involved. Exactly the same situation occurs. with QED—like
diagrams in QCD. PFurthermore, it is much more difficult to
reduce the amplitudes of diagrams with gluons of different heli-
cities attached to the virtual gluon line. VWe try to relate the
amplitude with gluons attached to the virtual gluon line to the
corresponding amﬁlitudes with these gluons transplanted to the
fermion line. We consider the general case in which the fermion
line is alread& loaded with gluons (Fig.8). We use polérizatioh
vector €k for a gluon of momentum 4 without 'referring to the
definition (2.1) to obtain a relation of general validity, and
go over to (2.1) in specific applicatiohs. The amplitude for

the diagram Fig. 8a is proportional to

- X
TR -s-k) e <5t Fel Yo o[ 54 (1)
where S'= CQ-I-Q/, We vewrite (4.1) as

ME- TIPS 4) et TH(S), (a2

: |
usiny the notation

ToS) Lsslfol vy -] 0,

(4.2b)

It is necessary to roeduce



TIUR-5k) et Yy - PRI 4 (-5eb) o 4 (o0,
; (4.3)

relating it to Y/‘(}é'fl) f‘, and {‘, (}14»[) Y"‘ corre-~
sponding to diagrams Fig. 8b and Fig. 8c. This can be achieved

by considering, for instance,
(P+S)-6 Y= (aP-k)-6¥'c aPe, ¥'e (Plet APy

By permuting 7/" through, we have finally
TIUP-S-k) €Yy = YUg ) o + fochepp )"
o4 S -

Substituting this ecuality back into (4.1), we have

ML= (ot fe A C ) e 7 f e[ 05
e Lssl ol o (o g R o1 €
_ Qs AV A e s
@t A Y S
ek SHS) ~PReTHS).

(4.4)
Te :irst two terms arz equal to MC and MS‘ (Pigs 8b and 8c)
modulo vertex factors and propagator scalar factors. Thera-
- fore, in the general case a gluon from 3-gluon vertex couplad
to a fermion line can be trunsplanted to this fermion line
with 4 additional terms.

In the :derivution of (4.4) the rel:ation l. e& =0 has been



used .

Wh2n all the gluons have the same helicity which is, say,
apositz to (the same as) thut of the fermion line and the
polarization vectors assume the form (2.1) with referaznce mo-
mentum § (t'L the outgoing (incoming) momentum of the fermion
line, all terms except the first (second) one in (4.4) vanish.
This is, just what we obtained before. In mocre general case,
the eouivalence takes a more complicated form, eauation (4.4),
We demonstraté the application of (4.4) to the process _
wouedeysy in the next section, and ve will find that

many terms in (4.4) do not contribute.

5. Application to the Process

wt— utd+y+y

We consider the process

WHP) = wig e d g+ yk) + Yik,)
(5.1)

Altoaetner 13 Feynman diagrams contribute to the amplitude to

the lowest order of coapllngs (7ig.9). This is a process in~
which only electromagnetlc and weak interactions ave involved.

quslww' i
In the Weinberg-Salam theory of SLN!)L X Ju) gauge fislds,
the electromagnetic 1nteract10n of Pv orviginatas from the
non-Abelian coupling

. L EWE S L

and . >

Lo, © ol k™Y
"3’_‘3 G;)[ ebn[ W/ﬁ- ”y 'V W >

which gives among others the effective ceoupling:



-ce (W:;; n/')v‘#

and * .2
s (Ww a s -wlw ), P
- where W= —',;.-(W’NW‘) . Therefore the arguments on the reduction
of non-Abelian coupling are api.licable and at the same time' "
field theory rules for vector particles can be used. The W boson
has a finite mass, and the mumerator of its propagator is
"j/“’ _-Ptl:T?‘.' R wheref is the momentum. The additional term
'P,‘?y/H‘ has no contribution to the amplitude, because in all
diagrams of Fig. 9 the fermion current to which a W boson pro-
pagator is coupled is either unloaded with photons or loaded with
‘onlv one photén; such that the current is proportional: to G(J?r)
and 7’,‘ e’t('P,r) =0 where y cun be either ¢ or 7' . In
addition, the left handedness of the charged weak current demands
the negative helicity of the fermion line in this process.
First consider the case in which the photons ‘have the same,
say positive, helicity. The amplitude of process (5.1) is then

M) exloM(+4), _—

where e;'lu'; is the polarization vector of the W' particle and
q takes three possible states +, 0 and -. Since the nhelicity
of photons is different from thiat of the fermion line, the refer-
ence momentum for the polarization vectors of photons is chosen
to be? , the outgoing momentum, and consecuently
y I3 ((3+><é,-+14l£:-><j-l)
‘#(‘6‘31) = (6,-[@4) - (5.4)

/’ ’ ’
Tt immediately follows that diagrams b, b, C,C, €, € do

not contribute, becaure in these diagrams 1 photon of rnositive



"elicity huangs on the outgoing end of fermion line of negative

a2licity. Among the nonvinishing contributions, we have
L
ﬂ‘_ & o/’{d - 'A{J{ »

, (5.5)
’MAI.‘Q—' ﬂd' &‘%I.

The primed diagrams differ from the corresponding unprimed ones
only by the exchange of € (k) and €(Ki) . Therefore it

g M
is sufficient to evaluate one diagram to get y‘{ . For

instance
/

/’(:(”)‘ ;/_%;_ A (7#).14"{, .z<[-/r‘¢:/)/5f)

Kbt [P KD 4> <hielp > q—/b{*x 1655,

(5.6)

where Q4 is thed aquark charge in unit of e, Ye define the
momentump on the light cone, connected wit‘qP bv the foliow-

ing relation {2.4):
2

f‘?"mi i (5.7)

Then it follows that
GF-P13+>- Flje> =yl

R Q4 , .z<]-/)"‘//’->(/‘/ff>
N T N XS R

and

M=

(RH GRS [

(5.8)
Int roducing short-hand notations waich appear in smpli-

tudes of various diagrams:



l

&y

x._" (P—-;)‘lla'bt, '
X 84°
“ptakep, (5.98)

* characterizing the vertex factors and propagator scilatr factors

’
of diagrams(a Jandfa ) , respectively, and

G - {4t ’({/’"{) l I*></ll*[0¢f-)
G,p = <LF l(ﬁﬁ) lIf) {&,—r[i'..) ’ (5.9b)

characterizing the emission of photons (&, K, ) and
(k. l(;) and the propagator spinor factor between the emission

of two photons. The x factors for diagrams (dl'(dl,,(f) '
/
and(f) are respectively

Q4
x‘ = Hs | 8 4
[(P"k\-) -M “":Hrl] "_3'@ ,
- - & _
E7 [ep-b)'=u"eiul] 2prbe

f (5.10)

Xf i [cP-£)" - M‘H‘Mr’][*”’-y'} cHr]
L / |
Xf’. ) [CP-b)—H"+iHI ][ 5-7’— MEculr] ,

wherew width is taken into account by using Breit-Wigner ox-

and

pression in the propagator denominator. PFinally we have

~ c g s 2T -l D
2 =L
Metere g (}—-Iln} <p-llat

.-[()(u)(uxf)ézl +(XotXyt )9[)5,‘ (5.11)

a z A
To find g { M (*")l we make ure of the relations
< < F 7 P
and g o ,PV) I M*

Pui- 1Y p-D= <K°/CT/*%.‘3/)/P’>=° .



The result is

: o
Z ]M*(H') )1 a —'/{ﬁ(ﬁ) J’[/‘(H‘)
[}

e 4P | : ¢
et (Xt Xt X, )y + (KartXar1 Xy ) 6
! Jl gk I f (5.12) J

The amplitude M “(--) 1is connected with M *(+ ) in

a straightforwvard way. When the helicity is changed, a photon
attached to the U quark line is now switched over to the d an-
tiauark line and vice versa, due to the helicity match rulef 2].
At the same time the reference momentum for the polarization
vectors changes from 7 to 7’, and vice versa [2]. The he-
1icities in -the basic product <a+[£-) undergo sign changes

everywhere. Therefore finally we have
P :

M‘(V“‘) = M (+t) Ii* ‘_’fl’; Q“G—"‘al; k;“""’lt*)

(5.13)
and . .
2 ¢ 4(1*7’) ’ / /I

¢ ,1*-9¢€¢ —4 +X ot +Xer+Ker)

PALNC (-4 (f'k) | (XetXethe ) Gra +(XertKert Kyr 6y

>

(5.14)

in which |,

Yo X (Jerfls @280

X=Xy ([@f’, Q. B

Xe = Xy ([»5', Qu <> -84) (5.16)
Xer= Xar (Jof' Quer-0g) —

’are just theX f:ctors of Figs. 8(c) (c') (e) (e') respectively,

and

and

By = bai([=]V

G/.zl=6-/:e (["f') ) | (5.17)



Certainly (5.13%) can te confirmed by direct evaluation of the
amplitude M (- -).

Next we consider the case of different photon helicities.
Assuming the helicities of l, and é; to be positive and
negative respectively, we then choose 2 and g' to be the're-
ference momenta for €¥( £,) =nd € (k)
Cp-lr“1 k=)
ﬁ("‘lh*)

e th g LAY
| RLhLEIP-> .
Consequently f"{&,"’)[,!.).(I..)#"((urga y i.e. 6"[‘4.f) and
e-l‘;,{') can only be gttached to [71) and <K~[ respectively

€+f‘[£l,3)=
(5.18)

for a non-vanishing amnlitude. The non-vanishing amplitudes

are therefore

,AZ; , ,4?2 , ,ﬁ%;, _____ QFD like diagrams.
Ha, My, Sy, My, Ay

diagrams with non-

Abelian coupling

W2 concentrate onwthe reducticn of amplitudes-with non-Abelian
coupling, to which (4.4) can be applied directly,
From (3.8) we have
/WQ:E#M? : Mes £ AG(’.
Consider first Md. The corresponding quantities in (4.4) are.
Tl YR ik p | 9>
Q=g, R™"f%&, S-p+t'+4.

. Taking into account the following observationsig

€on P20

S.T ()= Lf-1 (oK) /*(h.f}{f’—)
= apb L polfth I

—o)



4nd factorizing an amplitude M; into the product of the
X factor and a reduced amplitude M.

AJ:"T":J[c)

we find accordiﬁg to (4.4)

(5.19a)

/
M= mg= metmy gk Lo, (5.19b)
where o
. 1

| 1y, g€ 17
2.2 % g <3"“") e 177> L pelhad < 7"""2>5.<2£a§ L

as well as
'p'f' = mCl = 47""4' Mc*‘zi“‘ Zﬁo

(5.19¢)
We also find that the amplitude of diagram 8g is
My= Xy 2o, (5.21)
where
= L3 :
% ag.r.—M'u SM[C . (5.22)

Consequently, everything is reduced to the calculation of
QED-like amplitudes end an additional termZ . To obtain the

final result, we write down the explicit expressions for!n‘,1n‘

and Mg ;
J/E}?Cl V. v ’ N bl
Mes €rp i e DR (Pof) Lt X+ LK Up ) (A5,
| chyget CGhe> Gl f kYoo £D 190

a €
Mot SR 3 [Hh><f-lhety

ige AT Al S S e 25§ 2
Me= pfe L k)<t Tht) ko <THIRL

(5.200)



Then we have finally
M(+-)= { me (Xat Xy +Xf)+ m‘(X”/\f“Xff- e"’(f')

+ me (X4 )(¢,+Xf,)+zo[.:1’.l,(xd+,?)
‘f‘-!z‘; {xe’*y'fl)'f/\f,]}, A (5.23)

expressed in terms of QED-like amplitudes and the additional
factor Zo‘ All X factors are given by (5.10) (5.14) and (5.22a)

except for Xc’; X‘ and Xc_ . For these factors we have
Y¢I= Xe (‘,H &) s ,
. - Qu 8
. X3 = Q: d
and 4§k -4
5.27b
Xe = Qai/cp-l')‘ 1[“: . ( )
For M(-+) » we have
M(-+)= MCio)]
ko> ky (5.24)

The differential cross-sections of Wi>u+d+ ytYy win

be calculated numerica;lly and given in a forthcoming paper.

Concluding Remavrks

The formaliSm developed provides a framework for calculating
amplitudes of multiple Bremsstrahlung processes in non-Abelian'
gauge theory so far as tree diagrams are concerned. The cal-
culation is reduced to the evaluation of amplitudes of a few
QED-like diagrams. 'hen all the gauge vector bosons have the
same helicity, the reduction is clear-cut and complete. When
the bosons have both kinds of helicities we have to make case

study, but the reduction is ualso systematic, leading to the



evaluations of amplitudes of QED-like diagrams plus some simple
terms. When supplemented by the decomposition of amplitudes
into gauge invariant subsets [ 3] , the formalism is efficient
in calculating tree diagram contributions to amplifudes in non-
Abelian gauge theory. The simplification achieved in rather

remarkable.
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Figure Captions

Fig.1

Fig.2

Fig.

Fig.4

Two polarization vectors of same helicity coupled through
a 3-gluon vertex. ’ )
Thrée pglarization vectors of same helicity conﬁled th-
rough a 4-gluon vertex. |

Equivalence of %-gluon coupling to the coupling of a gluon
to a fefmion line

Equivalence of amplitudes.

Step-by-step reduction of amplituds with two gluons hav-
ing same helicity |

Step-by-step reduction for n gluons of the same helicity.
4-gluon vertex coupled to a fermion current

Reduction of amphtude in the general czse. Dots in di-
agrams répresent any number of gluon insertions.

Feynman diagrams contributimg to wt— d*‘*}'*}'
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