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Abstract We investigated the dipolar magnetic field gener-
ated by a static current loop around a compact gravitational
source described by the exponential metric. Starting from
Maxwell’s equations, we derived the expression for the elec-
tromagnetic vector potential in this spacetime and obtained
analytical solutions. The angular dependence of the vector
potential is expressed through Legendre polynomials, while
the radial part is represented by the hypergeometric function
of the first kind. The integration constants were determined
by enforcing the continuity of the vector potential at the loca-
tion of the source and by substituting the solution back into
Maxwell’s equations. The resulting magnetic field is uni-
form in the interior region, resembling the Wald solution,
whereas in the exterior region it assumes a dipolar structure.
Moreover, the external magnetic field strength decreases with
increasing radial distance. We have investigated the effect of
introducing a dipole magnetic field on the motion of charged
particles around the compact object. Our results show that the
presence of this magnetic field alters the particle dynamics
and causes the radius of the innermost stable circular orbit
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(ISCO) to move outward compared with the case of a neutral
particle.

1 Introduction

Magnetic fields surrounding black holes represent a funda-
mental aspect of astrophysics, particularly in the vicinity of
rotating black holes and neutron stars. These fields are not
intrinsic properties of the black holes themselves but are
mainly generated by the surrounding accretion disk mate-
rial. Investigating magnetic fields in strong gravity regimes
is crucial, since the interplay between intense gravitational
forces and electromagnetic fields strongly influences accre-
tion dynamics, jet formation, and the long-term evolution
of compact objects. Recent observational advances, most
notably those from the Event Horizon Telescope (EHT), have
enabled direct probing of magnetic field signatures near the
event horizon, providing new insights into their structure and
astrophysical effects [1].

Investigating electromagnetic phenomena near black holes
involves solving the complex Einstein-Maxwell equations, a
significant mathematical challenge. The simplest exact solu-
tions to these equations include the Melvin universe [2]
and the Reissner—Nordstrom metric [3]. In many astrophys-
ical scenarios, electromagnetic fields are weak enough that
they do not significantly affect spacetime geometry, allow-
ing Maxwell’s equations to be solved on a fixed background
metric. For instance, Wald’s model [4] considers a black hole
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immersed in a uniform magnetic field. Numerical simulations
also show that when magnetized stars collapse into black
holes, they can pass their magnetic fields to the new black
hole, highlighting the critical role of magnetic fields in black
hole astrophysics [5].

Comprehending magnetic fields is essential for under-
standing black hole growth, their interactions with surround-
ing environments, and the formation of relativistic jets that
significantly affect host galaxies. For example, magnetic field
strengths can reach approximately ~ 10® G for stellar-mass
black holes and ~ 10* G for supermassive black holes [6]. In
the force-free regime, where electromagnetic energy density
overshadows particle inertia, currents align with magnetic
field structures governed by Maxwell’s equations in curved
spacetime. In denser regions, magnetohydrodynamic (MHD)
interactions between fluid motion and currents become sig-
nificant. Organized currents are also critical for extracting
rotational energy from Kerr black holes through the Bland-
ford—Znajek mechanism [7, 8], while other mechanisms, such
as the magnetic Penrose process, have also been explored [9—
11].

The dipolar configuration of electromagnetic fields in
magnetized spheres was initially explored in Deutsch’s sem-
inal work [12]. General relativistic solutions to Maxwell’s
equations for the fields of relativistic stars were examined in
early studies [13, 14], with later research [15—-19] focusing on
vacuum solutions to assess relativistic corrections in slowly
rotating neutron stars. Interior solutions of Maxwell’s equa-
tions for gravastars were investigated in [20], while oscil-
lations of magnetic and electric fields near relativistic stars
were analyzed in [21,22]. Within the braneworld framework,
analytical and numerical solutions for magnetized relativistic
stars were derived [23-26], with comparisons to pulsar obser-
vations yielding upper limits on the tidal charge parameter.

The no-hair theorem states that black holes cannot
maintain intrinsic electromagnetic fields, but surrounding
plasma or matter can produce them. The dipolar electro-
magnetic fields generated by a stationary current loop near a
Schwarzschild black hole were first studied by Petterson [27],
with extensions to Kerr spacetime in subsequent work [28].
Related studies are found in [29-36]. The problem of elec-
tromagnetic fields generated by localized sources in curved
spacetime has a long and well-established history. Early
analytical investigations of a point charge in Schwarzschild
spacetime by Cohen and Wald [37] and Hanni and Ruffini
[38] demonstrated that the separation of Maxwell’s equations
naturally leads to multipolar field structures in curved back-
grounds. Later studies, including the analysis of black-hole
magnetospheres by Ghosh [39], further clarified the role of
gravitational curvature in shaping electromagnetic configu-
rations. More recently, Kerner et al. [40] constructed polar
magnetic-field solutions in black-hole spacetimes using a
separation-of-variables approach and analyzed their multipo-
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lar properties. In contrast to these vacuum black-hole geome-
tries, the present work investigates a non-vacuum exponential
metric sourced by a scalar field. This modification alters the
structure of the radial equation and leads to hypergeometric-
type solutions, implying that the dipole moment and near-
field magnetic configuration acquire explicit dependence on
the exponential metric parameter while preserving the correct
flat-spacetime limit. In Schwarzschild geometry, the dipolar
vector potential is described using special functions like Leg-
endre and Jacobi polynomials [27], while in flat Minkowski
spacetime, the azimuthal potential has a simpler analytical
form [41].

Black holes provide an exceptional laboratory for testing
gravity in the strong-field regime and for exploring possible
observational signatures of modified theories of gravity. In
particular, within the Scalar-Tensor—Vector Gravity frame-
work, the presence of a Yukawa-type interaction may alter
the spacetime geometry surrounding compact objects. Such
modifications can influence the thermodynamic properties
of black holes, the dynamics of circular particle motion, and
high-energy processes such as particle collisions occurring
near the event horizon [42-45]. These theoretical deviations
from general relativity can be confronted with observations
through several complementary astrophysical probes, includ-
ing black-hole shadow measurements motivated by Event
Horizon Telescope observations, quasinormal-mode spectra,
and timing phenomena such as quasi-periodic oscillations
that are sensitive to epicyclic motion in strong gravitational
fields [46—48].

Gravitational lensing provides another powerful and
largely independent tool for probing the underlying space-
time geometry and constraining parameters of alternative
gravity models. Lensing phenomena have been extensively
studied in both weak and strong regimes, ranging from
galaxy-scale surveys such as SLACS to strong gravitational
lensing and photon propagation in plasma environments sur-
rounding compact objects [49-52].

Magnetic fields in the environment of compact objects can
influence relativistic dynamics in two complementary ways.
If the electromagnetic stress—energy is sufficiently strong, it
backreacts on the geometry and the system is more appro-
priately described by exact magnetised black-hole space-
times rather than by test electromagnetic fields. Prototypical
examples are the magnetised Schwarzschild and Kerr con-
figurations constructed by Ernst and by Ernst—Wild [53,54],
which embed the black hole into a Melvin magnetic uni-
verse. In such Kerr—Melvin backgrounds, global properties
—including the existence and extent of ergoregions — depend
sensitively on the magnetisation [55]. Moreover, once mag-
netisation is incorporated at the metric level, integrability
may be lost, so that both timelike and null geodesics can
become nonintegrable [56-60]. Recently, however, a differ-
ent exact magnetised Kerr solution was obtained, namely
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the Kerr—Bertotti-Robinson spacetime, which describes a
Kerr black hole immersed in a Bertotti-Robinson electro-
magnetic background. Unlike the Kerr—Melvin spacetime,
the Kerr—Bertotti—-Robinson geometry is of Petrov type D
and is supported by a non-aligned, non-null Maxwell field.
Dynamically, it also belongs to a different class of space-
times: timelike geodesics are nonintegrable, whereas null
geodesics remain integrable. These results show that strong-
field magnetised black-hole spacetimes are not dynamically
equivalent and should be distinguished when discussing par-
ticle motion and integrability [61,62].

In many astrophysical situations, on the other hand,
the field is too weak to appreciably deform the space-
time, yet it can still govern the dynamics of charged par-
ticles via the Lorentz force. In this test-field regime, mag-
netic fields can shift circular-orbit properties and stabil-
ity boundaries, reshape the phase-space structure of bound
and unbound motion, and trigger transitions from regular to
chaotic dynamics [63—69]. This motivates accurate long-time
integrations in curved spacetimes, where explicit symplectic
schemes and adaptive-step implementations provide robust
numerical tools for resolving sensitive dynamics [70-74].
Related electromagnetic effects have also been explored in
broader settings, including modified-gravity or hairy black-
hole backgrounds [75-78].

In this study, we examine the electromagnetic fields pro-
duced by a stationary current loop encircling a compact
object described by the exponential metric. This metric is an
exact non-vacuum solution to Einstein’s equations, sourced
by a massless scalar field, and serves as a scalar-charged
extension of the Schwarzschild solution [79]. Investigating
the motion of charged particles in this geometry is significant,
as their motion can form static current loops that generate
dipolar magnetic fields [80—-82].

The structure of the paper is as follows. In Sect. 2, we
consider Maxwell equations including the source term in the
exponential metric. In Sect. 3 present an analytical solution
of Maxwell’s equations for the vector potential of the elec-
tromagnetic field produced by a stationary current loop in
the exponential metric. The conclusions and discussions of
the results are summarized in Sect. 5. Throughout the paper,
we adopt geometrized units G = ¢ = 1 and the spacelike
signature (—, +, +, +). Greek indices run from 0 to 3, while
Latin indices are restricted to the spatial range 1 to 3.

2 Maxwell equations in exponential metric

Physically, the exponential metric of Ref. [79] may be viewed
asrepresenting the gravitational field of a source whose effec-
tive potential decreases exponentially with radial distance.
In contrast to the Schwarzschild solution, the exponential
metric remains regular everywhere for » > 0 and, for suit-

able choices of parameters, may avoid both an event horizon
and a curvature singularity. Consequently, it is frequently
employed as a toy model for horizonless compact objects
and as a framework for probing the robustness of relativistic
effects in non-Schwarzschild spacetimes. Historically, expo-
nential metric functions emerged in early alternative gravity
approaches and phenomenological models of compact con-
figurations.

To study the electromagnetic fields around compact
objects described by the exponential metric, we begin by
introducing the line element. The exponential Papapetrou
metric takes the form [79]

ds? = —e~ T di? + e (dr2 +r2d6? + r2 sin 9d¢2) ,
ey
where M is a mass of the central object. The determinant of

. . M 4.y
the metric tensoris g = e’ r*sin“ 6.
The first pair of Maxwell’s equations are

1
VMF'LW = \/T_gau(«/ _ngLU) = —47'[.]‘), (2)
~ 1 ~
VP = ——3,(J=gF"") =0, 3)

V=g

where F*V is the electromagnetic tensor, FMisits dual, and
JV represents the four-current density.

For the azimuthal component of the vector potential Ay
in the background of the exponential metric (1), the Maxwell
equation simplifies to

1 1
0 (T PEF®) £ ——p(sin 0 FP?) = —az J?, (4)
e r sin 6

where J is a source of the electromagnetic field and the
components of the Faraday tensor are

_aM
Fré — g"g¢¢Fr¢ = - 9 Ag, 5)
r4sin- 0
_4AM
FP = "¢ Fpy = ——— 0y Ay, (6)
r*sin“ 0

After simple algebraic manipulations, the Maxwell equa-
tion for the vector potential Ay takes the form:

2.7 (‘LME)A )+sinea 1 9 A
reer e
d e v sin @ 053¢

— _4me T A sin20J°, %)

Let’s focus on the source term of the magnetic field gen-
erated by the static current loop. According to the Ref. [27],
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the total current is determined as
I = / J®didé

where hatted quantities are measured in local frame defined
as

A M
dt = e” 7 dt, (8)
N M
dr =erdr, O]
dh = e rdo, (10)
dp = e rsin0de. (11)

Using this formalism, one can show that the azimuthal com-
ponent of the current density in the global coordinate frame
takes the form (See e.g. [27])

o 1 _m
J? = =e 7 8(r —ro)8(cos ), (12)
r

where [ is the total current flowing in the loop located at a
radial coordinate ro (with ro = risco corresponding to the
innermost stable circular orbit of test particle), and §(x) is
the Dirac delta function ensuring localization of the current
distribution.

3 Solution for the vector potential

The solution describing a multipolar magnetic field in
the Schwarzschild spacetime was first obtained by Petter-
son [27]. In his analysis, the Maxwell equations were sep-
arated in the Schwarzschild background under the assump-
tion of a stationary, axisymmetric test electromagnetic field.
As a result of the separation of variables, the vector poten-
tial can be decomposed into radial and angular parts. The
radial dependence of the electromagnetic vector potential is
governed by a second-order differential equation whose solu-
tions can be expressed in terms of Jacobi polynomials. Mean-
while, the angular dependence is determined by Gegenbauer
polynomials, reflecting the underlying spherical symmetry of
the Schwarzschild geometry. This decomposition provides
a complete set of multipolar magnetic-field configurations
around a non-rotating black hole and has since served as a
standard framework for studying electromagnetic fields in
curved spherically symmetric spacetimes.

To solve the Maxwell equation in the exponential met-
ric with the given current source (12), we expand the vec-
tor potential in terms of Legendre polynomials. The general
ansatz for Ay is taken as

d Py (cos0)

Ap = R in6
o 1 (r)sin 70

(13)
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where Pr(cos®) denotes the Legendre polynomial with
orbital number L. This form automatically satisfies axisym-
metry and ensures the correct parity properties of the
magnetic-type vector potential. Substituting the above decom-
position into the Maxwell equations reduces the problem to a
set of ordinary differential equations for the radial functions
Ry (r), which can be solved once the explicit form of the
exponential metric and the current distribution are specified.
The Legendre polynomial satisfies the well-known differen-
tial equation

L d (Gng@PLCOSON L)1 4 1)P,(cos) = 0
— | sinf ——— cosf) =0,
sin6 do do L
(14)
and normalized as
b4
d6 sin 6 Py (cos 0) Py (cos ) = 51 15
/O 00 PL(0sO) Pu(eost) = =810 (19

Substituting the ansatz into the Maxwell equation yields
the following radial differential equation for Ry (r):

R
e (RN DR (16)
dr dr
d Py (cos0) Mo
X ——— = —4mulrcer sin@8(r — rog)é(cosh).

do

For simplicity, we first consider vacuum solution which
equivalent to the homogeneous solution for equation above.
Hereafter neglecting the source term and performing the sim-
ple algebraic manipulations, the radial Eq. (16) can be written
as

r2R}(r) + 2M R} (r) — L(L + 1)R.(r) = 0. (17)

Our calculations show that a solution to the radial equation
(17) can be found as

Rp(r) =arUp(r) + BLVL(r), (18)
with
r \L+1 2M
Up(r) = (—m) 1F1 (—L—l;—ZL; T)’
AN 2M
Vi(r) = <—T) 1F1 <L; 2L +2; T) R (19)

where | F) (a, b; c; x) is the hypergeometric function, coeffi-
cients oy, and S are constants of the integration found from
the boundary conditions. For simplicity, we first consider the
solution for the dipolar configuration of the magnetic field,
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which is responsible for L = 1. In this case, the radial func-
tion becomes

Ri) = [ (1422 20
N PV r r2

3r2 M 2M?* o
+ A1 1+—+r—2—6" . (20)

2M?

Boundary conditions play a crucial role in mathemati-
cal physics and theoretical astrophysics, as they ensure that
the solutions of differential equations have physical mean-
ing. In any physical process or model, such as fields around
black holes, the propagation of electromagnetic waves, or
the motion of particles, the complete solution can only be
obtained by specifying appropriate boundary conditions.
These conditions are generally classified into two main types:
initial conditions, which specify given values at the begin-
ning of the process in time, for example the initial velocity
or position of a particle, and boundary conditions in space,
such as the requirement that the field tends to zero at infinity
or that smoothness conditions are satisfied at the singular-
ity of the exponential singularity. In astrophysical modeling,
for instance when calculating the magnetic field or gravita-
tional potential near black holes, choosing correct bound-
ary conditions guarantees the stability of the solution and its
physical interpretation. At the at origin, functions must not
diverge, while at spatial infinity they must approach physi-
cally expected values. Therefore, in any theoretical analysis,
boundary conditions must be included, as they provide con-
sistency between the mathematical model and the physical
process. We explicitly impose the matching conditions

(int)
Ay

_ 4 (ext)
=A o

ro

) ar Agnt)

ro

- a,Af;“>

ro

21

ro

These conditions uniquely fix the remaining integration con-
stants and guarantee smoothness of the vector potential. After
imposing these constraints, the solution is fully regular across
r = ro. Therefore, the radial function is expressed as

UL(r)Vr(ro), r <ro,
R = 22
L) =a {UL(ro)vL(r), r = ro, @

where ay is the new unknown coefficient. To find this
unknown coefficient let us rewrite Eq. (16) in the following
form:

[ d (ezy RL(r)> L+ l)ezyRL(r):| (23)

dr dr r2

AP (cos
« % — _dxle ¥ sin08(r — rg)8(cosd),

and integrate it near the position of the source ry. Conse-
quently, one can get

dPr(cosO) Ry (r)|ro+e
L

M
70 dr e = —4mle’o sinf§(cosh), (24)

a

where € is an infinitesimal quantity. Simple analyses shows
that

ro+e
Ry()| = Uno)Vy () = U (o) Ve ()

2L +1 2m
— 2; e, (25)

and equation (24) becomes

2L +1dPy(cosf ~%
ar, 2; Lc(;eos )=—47tle "0 sin 66 (cos ), (26)

By multiplying sin 6d Py (cos 0)/d6 from both sides of the
last equation and using the following integral notations:

T . dPr(cos0)dPr(cos®) 2L (L' +1)
dOsiné = SLrs
0 de dé 2L + 1

d Py (cos )
do

T
/ do sin® 08 (cos 6) = P;,(0), 27)
0

the unknown coefficient a; can be found as

A IM

_M
— ST PO, (28)

ar

Ay(r,0) = 4n1e*%—(2L +DAO)
2L(L+1)
.y dPL(cos0) {UL(rWL(ro)

X sin (29)
de UL(ro)Vo(r)

For simplicity, we first consider the solution for the dipolar
configuration of the magnetic field corresponding to L = 1.
For this particular case the vector potential can be written as

3xlrir? _m

ﬁe 0 gin% @
oM | 2M* oM | 2M> s

<1+T+r—2><1+ﬁ+7—e 0)

X
<1+2—M+2r—”§2>(1+2TM+2rL22—e27)
0

Ap(r,0) = —

ro

Physically, magnetic field lines in axisymmetry coincide
with the contour surfaces of Ay = const. When Ay, itself is
constant everywhere, there are no spatial gradients to gen-
erate a curl, and hence no magnetic field is present. Such
a potential is gauge-trivial and can be removed by a gauge

@ Springer
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1oy h\dagnetic field line/s
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-10 -5 0 5 10

Fig. 1 The magnetic field line in the exponential spacetime. The static
current is to be located at ro >~ 1.7M

transformation. In Fig. 1 we show magnetic field line in the
exponential spacetime.

Interior solution: From Eq. (30), one can easily see that
in the interior region of the current loop (0 < r < rg), the
vector potential of dipolar magnetic field can be written in
the following form:

1, oM 2M?\ .,
Ap = =Br {14+ —+ ——|sin“ 0, 3
¢ 2 }"2

where B is the uniform magnetic field measured near the
compact object defined as

_ 3wirg Ly 2M
I

2M?2 )\ _m
+—F——e’ Je M. 32)
r() rO

The Faraday tensor for the electromagnetic field yields

Fop = B (r2 F2Mr+ 2M2) sin 6 cos 6, (33)
Fry = B(r + M)sin®0, (34)

The components of the magnetic field measured by a proper
observer are determined as

B" = \[Foy FO9 = Fpy\/ %9599, (35)
Bé = ,/Fr(pFrqb = Fr¢ g”g¢¢. (36)

@ Springer

and within the stationary current loop they yield

; o oM 2M?
B = Be r 1+7+r—2 COSQ, (37)

0 _awm MY .
B’ =Be 7 (14 — |sin6. (38)
r

It is worth emphasizing that the expressions (37) and (38)
demonstrate the modification of the dipolar magnetic field
structure due to the gravitational field of the compact object.
In the flat—spacetime limit (M — 0), one immediately recov-
ers the standard magnetic dipole field inside a circular current
loop, i.e.

B’ — BcosO, Bé — Bsin9,

showing the self-consistency of our solution. The additional
correction terms proportional to M /r and M?/r? encode the
relativistic effects arising from spacetime curvature. These
corrections increase in magnitude as one approaches the
gravitational radius, indicating that the interior magnetic field
is significantly distorted near the compact object.

Furthermore, the exponential redshift factor e =M/ explic-
itly accounts for the gravitational suppression of the field as
measured by a local observer. This factor ensures that the
magnetic field strength decreases as the observer approaches
the horizon, which is consistent with the fact that physi-
cal measurements in curved spacetime are affected by both
frame-dragging and gravitational redshift.

The field structure can also be analyzed in terms of the
field-line geometry. Combining (37) and (38), the magnetic
field lines satisfy the differential equation

2
dr B’ (1+27M+2% )
— = i cotf,
(1+5)

I3

d_G_Bé

which governs the deviation of the field lines from the New-
tonian dipole configuration. Far from the compact object
(r > M), this relation reduces to the standard dipolar depen-
dence r sin2 0 = const. However, near the origin (r ~ 0),
the relativistic corrections substantially deform the field-line
geometry, leading to more tightly wound and compressed
magnetic structures in the polar directions.

Physically, this means that the interior magnetic field gen-
erated by the stationary current loop is not only enhanced
by curvature effects but also redistributed anisotropically.
The radial component B’ grows faster in the polar regions
(6 — 0, ), while the transverse component B is ampli-
fied near the equatorial plane (¢ = m/2). Such behavior
has direct implications for particle acceleration, plasma con-
finement, and magnetospheric processes in the vicinity of
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compact astrophysical objects such as neutron stars or mag-
netized black holes.

Exterior solution: Similarly, the vector potential and
magnetic field outside the loop can be analyzed.

3ur? 2M 2M? )\ .,
(14 T+ T — e ) sin? e, (39)
r

where p is a dipole moment of the magnetic field generated
by a static current loop in the exponential metric defined as

o, 2M  2M?
w=mnle "rgl14+—+—7—1].
ro }’O

In the proper observer frame, non-vanishing components
of the magnetic field exterior region of the current loop r > rg
can be calculated by following expressions

;3 2M  2M?\ _om
B =50 1— 1+7+_r2 e |cos@, (40)

;3 M %
B9=ﬁ[1—7—(1+7)e—2y]sine, @1)

which are results very similar with the expressions for the
component of the magnetic field of the relativistic magne-
tized star in the paper [23], but here the difference is that the
dipole moment of the compact object depends on the expo-
nential metric.

It should be emphasized that the expressions (40) and (41)
illustrate how the dipolar magnetic field in the exterior region
of the current loop is modified by the exponential metric. In
the flat—spacetime limit (M — 0), the familiar magnetic
dipole field produced by a circular current loop is recovered,
namely

.2
B = 2 cos, (42)
r
B’ = —Esine, 43)
r

which confirms the consistency of our results. The additional
terms proportional to M /r and M?/r? capture the relativistic
corrections induced by the curvature of spacetime:

. 2u 3M  6M? 33
ro__ _ 3
B = =% cost [1 St +O(M /r ) (44
5 M 3M?
B = Lsno|1-2 127 40 <M3/r3) . (45)
r3 r 5r2

These relativistic corrections grow more pronounced as one
approaches the gravitational radius, implying that the mag-
netic field becomes increasingly distorted in the vicinity of
the compact object.

It is useful to briefly compare our multipolar solution with
several standard electromagnetic potentials used in curved
spacetime. The general symmetry-based framework underly-
ing self-consistent constructions in the Kerr family is rooted
in the global analysis of Carter [83], while the recent discus-
sion by Liu and Wu [84] addresses charged-particle dynamics
in combined gravitational and electromagnetic fields, where
the electromagnetic structure plays an essential dynamical
role. In the present work, by contrast, we adopt the test-
field approximation: Maxwell’s equations are solved on a
fixed exponential background sourced by a scalar field, and
the electromagnetic field does not backreact on the met-
ric. We also note that the generalized potential proposed by
Azreg-Ainou [85] is formulated for black-hole spacetimes
immersed in an external uniform magnetic field, primarily
in rotating settings. Unlike such uniform-field models, our
configuration is generated by a localized stationary current
loop and therefore naturally yields a dipolar behavior in the
exterior region. The exponential metric modifies the radial
equation, leading to a hypergeometric-type structure and an
explicit dependence of the dipole moment and near-field
magnetic configuration on the exponential-metric parame-
ter, while preserving the correct flat-spacetime limit.

4 Charged particle motion

In this section, we investigate the motion of a charged test par-
ticle in the exponential spacetime in the presence of an exter-
nal magnetic field. The dynamics of the particle is described
by the Lagrangian

1
L = mgnUU” +q AU, (46)

where m and g denote the mass and electric charge of the
test particle, respectively. The four—velocity of the particle
is defined as U* = x* = dx*/dt, where t is the proper
time along the particle trajectory. The four—velocity satisfies
the normalization condition U, U* = —1. The equation of
motion follows from the Euler—Lagrange equations and takes
the covariant form

dut q
= i rkpeyf =L
dt tlap m

F*'U,, (47)
where I‘gﬂ are the Christoffel symbols associated with the
spacetime metric, and Fog = Ag o — Ag, g i the electromag-
netic field tensor constructed from the four—potential A,.
Due to the stationarity and axial symmetry of the space-
time, the motion admits two conserved quantities corre-
sponding to time translations and rotations around the sym-
metry axis. These constants of motion follow from the gen-
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eralized momentum 6.0
5.5¢
0.Z ;
W= YT =mguwU" +qA,. (48) -
In the exponential spacetime, the conserved quantities in the g4.5
presence of an external magnetic field can be written as < 40! <0 0
Pi=guU' = —E, Psy=gppU®+qAp=L, (49 3.5
. 3.0¢
where E and L represent the total energy and the azimuthal
angular momentum of the particle, respectively. ~10 —05 00 05 L0

Using the four—potential introduced in Eq. (39), the con-
served quantities measured at infinity, namely the specific
energy £ = E/m and the specific angular momentum
L = L/m, take the form:

r__ ¢ 4q —
gnlU' = =€, 8o U" + ZA¢ =L. (50)
These relations demonstrate that the specific energy of the
particle remains unaffected by the magnetic field, whereas the
specific angular momentum experiences a shift proportional
to the electromagnetic interaction term (g/m)Ay.

Employing the normalization condition of the four—ve-

locity together with Eq. (49), the radial-polar motion of the
particle can be written as

grr(UN? + gog(UD> + V(r,6) =0, (51)

where the effective potential is defined as
e 1 2
V(r,9)=1+—+—(z:—1A¢) . (52)
8t 8o m

For simplicity, we restrict our analysis to particle motion in
the equatorial plane, & = /2, where U 9 — 0. In this case,
the radial equation of motion reduces to

P2 =E>—V({r), (53)

where V (r) is the effective potential defined as

2
V(r) = e+ [E +e (r +2M — rezfu)} e, (54
r

and the dimensionless magnetic parameter € is defined as

3qu
€= ———.
4mM?3

This parameter can be interpreted as the cyclotron (Larmor)
frequency expressed in geometrized units. Equation (53)
describes the radial dynamics of a charged particle moving
in the exponential gravitational field under the influence of

@ Springer
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Fig. 2 The dependence of the ISCO position risco from the magnetic
parameter €

an external magnetic field. Due to the Lorentz force motion
of the charged particle is influenced by the external magnetic
field. Circular orbits correspond to the extrema of the effec-
tive potential and are determined by the conditions 7 = 0 and
¥ = 0. The stability of circular orbits is determined by the
second derivative of the radial potential. The innermost sta-
ble circular orbit (ISCO) is defined as the marginally stable
orbit separating stable and unstable circular trajectories. The
ISCO radius risco is therefore obtained from the conditions
7 =0, 7 = 0 (corresponding to V'(r) = 0) and V" (r) > 0.
Solving this system of equations allows one to determine the
specific energy &, the specific angular momentum £, and the
radius risco of the marginally stable orbit. The presence of
the magnetic field modifies the effective potential through the
coupling parameter €, leading to a shift of the ISCO radius
compared to the non—magnetized case. In particular, depend-
ing on the sign and magnitude of the charge-magnetic field
interaction, the ISCO radius can move either closer to or far-
ther from the central compact object, indicating that magnetic
effects may significantly influence the dynamics of charged
particles in strong gravitational fields.

Our numerical analysis indicates that the presence of an
external dipole magnetic field significantly affects the loca-
tion of the innermost stable circular orbit (ISCO) for charged
particles. In particular, the ISCO radius for a charged parti-
cle becomes larger than the corresponding value for a neu-
tral particle. This behavior arises from the additional Lorentz
force generated by the interaction between the particle’s elec-
tric charge and the external magnetic field, which effectively
modifies the radial force balance governing circular motion.

In Fig. 2, we present the dependence of the ISCO radius,
rIsco, on the magnetic interaction parameter €, which char-
acterizes the coupling strength between the particle charge
and the magnetic field. As the magnitude of € increases, the
ISCO radius shifts outward, indicating that stable circular
motion can only occur at larger distances from the compact
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object. Physically, this reflects the fact that the magnetic inter-
action introduces an additional contribution to the effective
potential, altering the stability conditions of circular orbits.
Another important feature visible in Fig. 2 is the symmetry
of the ISCO position under the transformation € — —e. This
symmetry implies that the ISCO radius depends only on the
magnitude of the magnetic interaction parameter rather than
its sign. In other words, reversing the direction of the mag-
netic coupling—equivalently changing the sign of the particle
charge or the orientation of the magnetic field—does not affect
the radial position of the ISCO, although it may influence the
direction of the Lorentz force acting on the particle. To clarify
the behavior of the ISCO position, one can analyze the forces
acting on a charged particle. In this case, three main contribu-
tions must be considered: the gravitational force, the Lorentz
force due to the external magnetic field, and the centrifugal
force associated with orbital motion. For a stable circular
orbit, these forces must balance each other. In the presence
of an external magnetic field, the vector potential modifies
the conserved angular momentum of the test particle. As a
result, the effective centrifugal force is altered. Specifically,
the magnetic field can either enhance or oppose the rota-
tional support depending on the charge and field orientation.
This modification shifts the equilibrium condition for circu-
lar motion. Consequently, the radius at which the balance
between gravitational attraction and the combined centrifu-
gal and Lorentz forces is achieved changes. In particular,
one finds that the ISCO radius increases in the presence of
an external magnetic field, reflecting the additional influence
of electromagnetic interaction on the particle’s dynamics.

5 Conclusions

In this research, we have investigated the structure of the mag-
netic field produced by a static current loop in the background
of the exponential metric. In particular, we have provided
the analytical solution of Maxwell’s equations for the vector
potential associated with the electromagnetic field generated
by charged matter orbiting a compact gravitational object
described by this alternative metric. The exponential met-
ric serves as a nontrivial modification of the Schwarzschild
spacetime, incorporating the effects of a scalar parameter,
and thus allows us to explore the influence of such modifica-
tions on electromagnetic processes near compact sources.
We have shown that the angular dependence of the vector
potential of the electromagnetic field is expressed in terms of
Legendre polynomials, while the radial part is governed by
the hypergeometric function of the first kind. The full solu-
tion was constructed by imposing appropriate boundary con-
ditions, namely the continuity of the vector potential across
the location of the source and the self-consistency of the solu-
tion when substituted back into Maxwell’s equations. These

conditions uniquely determine the integration constants and
ensure physical consistency of the field configuration.

Moreover, we have presented the explicit analytical form
of the multipole components of the magnetic field, both in the
interior and exterior regions of the stationary current loop. In
the dipole approximation, the interior magnetic field exhibits
a nearly uniform profile, which closely resembles the well-
known Wald solution [4] generalized to the exponential met-
ric. In contrast, the exterior magnetic field asymptotically
behaves like a dipolar configuration, as expected for local-
ized sources. This distinction highlights how the exponential
metric modifies the near-field structure while preserving the
classical dipolar decay in the far-field regime.

An important feature we have identified is that the strength
of the external magnetic field components is suppressed by
the presence of the scalar parameter characterizing the expo-
nential metric. This result stands in sharp contrast to the find-
ings of Ref. [23], where the tidal charge in braneworld sce-
narios enhances the magnetic field of relativistic magnetized
stars. The different roles played by the scalar parameter and
the tidal charge underline the sensitivity of electromagnetic
fields to the underlying geometry and additional degrees of
freedom in alternative theories of gravity.

For compact objects such as black holes, we have also
observed that the radius of the innermost stable circular
orbit (ISCO) exhibits a pronounced dependence on the scalar
parameter, which in turn directly affects the interaction
between the electromagnetic field and orbiting matter. This
result suggests that astrophysical observables, such as the
dynamics of charged or magnetized test particles and the
emission properties of accretion disks, may serve as poten-
tial probes of deviations from general relativity introduced
by exponential-type modifications.

Finally, the obtained vector potential (30) provides a
robust foundation for further investigations. In particular,
it can be employed to study the dynamics of charged and
magnetized particles around compact objects in the expo-
nential metric, the properties of synchrotron and curvature
radiation in modified gravity backgrounds, and the possible
signatures in accretion and jet-launching processes. These
applications would not only deepen our understanding of
electromagnetic phenomena in alternative gravitational the-
ories but also open new avenues for confronting such models
with astrophysical observations. In summary, the inclusion
of a dipole magnetic field modifies the dynamics of charged
particles around the compact object and leads to an outward
shift of the ISCO radius compared to the neutral case. The
numerical results demonstrate that the ISCO position grows
with increasing magnetic interaction strength and exhibits
a symmetric dependence on the parameter €. This behav-
ior highlights the important role played by electromagnetic
fields in determining the structure of particle orbits in strong
gravitational environments, which may have potential impli-
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cations for astrophysical processes occurring in magnetized
compact-object systems.
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