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We extend the applicability of Achilles (A CHIcagoLand Lepton Event Simulator) by incorporating the
single pion production mechanism in a fully exclusive fashion. The electroweak interaction vertex is
modeled by combining the state-of-the-art dynamical coupled-channels approach with realistic hole
spectral functions, which account for correlations in both the initial target state and the residual spectator
system. Final-state interactions are treated using a semiclassical intranuclear cascade that leverages nuclear
configurations to determine the correlated spatial distribution of protons and neutrons. The meson-baryon
scattering amplitudes used in the cascade are computed within the dynamical coupled-channels framework,
consistent with the electroweak vertex. To model pion absorption, we employ the optical potential approach
of Oset and Salcedo [Nucl. Phys. A484, 557 (1988).]. As an alternative approach, we explicitly model the
production and propagation of resonances which mediate pion-nucleon scattering and pion absorption. We
validate our approach against pion-nucleon and pion-nucleus scattering data, and present comparisons with
electron- and neutrino-nucleus measurements from e4ν, T2K, MINERνA, and MicroBooNE.
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I. INTRODUCTION

Accurately modeling neutrino-nucleus scattering in the
resonance-production region is critical for the success of
accelerator-based neutrino oscillation programs. This
region is particularly important for Deep Underground
Neutrino Experiment (DUNE) [1], as the incoming neu-
trino flux spans energies from 1 to 10 GeV. A precise
understanding of resonance production is also essential for
experiments with lower-energy fluxes, such as the planned
Hyper-Kamiokande [2], since pions produced in neutrino
interactions can be reabsorbed within the nucleus, causing

such events to be misidentified as quasielastic. This effect is
especially relevant when comparing predictions from
nuclear ab initio methods to flux-folded cross sections,
as these misidentified events must be excluded from the
measured cross section [3,4].
Capitalizing on liquid-argon detectors—such as those

used in the Short Baseline Neutrino program [5] and
DUNE—requires modeling neutrino-nucleus scattering in
an exclusivemanner. A complete quantum-mechanical treat-
ment of the complex nuclear dynamics involved in this
process will remain unfeasible in the foreseeable future,
despite ongoing progress using quantum computers to
simulate simplified scenarios [6,7]. Neutrino event gener-
ators make the problem tractable by separating the electro-
weak interaction vertex—treated at the quantum-mechanical
level—from the subsequent intranuclear cascade (INC),
which models the semiclassical propagation of hadrons
through the nuclear medium [8–11].
This work focuses on single pion production on nuclei, a

multiscale problem that involves both hadronic and nuclear
excitations in a region where quantum chromodynamics is
strongly coupled. In addition, the momenta at play are
much larger than the pion mass, which places it outside the
radius of convergence of chiral effective field theory in
this regime. Thus, the model developed by Hernández,
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Nieves, and Valverde (HNV) [12], which evaluates the non-
resonant background amplitudes from a leading-order
chiral Lagrangian, is limited at intermediate energies. To
extend its applicability, particularly in the Δ region, the
authors of Ref. [13] have partially unitarized the model by
imposingWatson’s theorem to the dominant vector and axial
multipoles.
Two of the most widely used event generators, NEUT

and GENIE, rely on the Rein-Sehgal model [14] and its
Berger-Sehgal extension [15]. These frameworks simulate
pion production through the incoherent excitation of
multiple nucleon resonances—primarily the Δð1232Þ,
but also higher-mass N� and Δ states—followed by their
decay into a nucleon and a pion. The Berger-Sehgal model
improves upon the original formalism by accounting for the
charged lepton mass and refining the pion angular distri-
butions. Vector transition form factors are constrained by
electroproduction data, while axial contributions are typ-
ically modeled with a dipole form and tuned to historical
neutrino-deuteron data [16]. NuWro has long included only
the Δð1232Þ explicitly and treated higher invariant mass
production via a smooth interpolation to a deep inelastic-
scattering (DIS)-based hadronization model, invoking
quark-hadron duality [17]. More recently, NuWro has
adopted the Ghent hybrid model [18]. In the low-energy
region, the resonant and nonresonant contributions are
those of the HNV model. At higher energies, the descrip-
tion of the nonresonant background is instead based on
Regge phenomenology [19,20].
In this work, we implement in Achilles the dynamical

coupled-channels (DCC) model [21–24] to compute the
single pion production amplitudes. The DCC approach
provides a unified, unitary description of meson-baryon
scattering and electroweak pion production by solving
coupled integral equations for multiple reaction channels.
This framework enables a consistent treatment of both
resonant and nonresonant contributions, including their
interference, across a broad range of energies and final
states. We note that the recent implementation of the DCC
model in NEUT [25] is fully inclusive. Therefore, it
computes the hadronic response via the structure functions,
and is therefore limited to providing only lepton kinematics,
without access to the hadronic final state. In contrast, our
implementation retains the full dynamical information of the
DCC amplitudes, allowing for the exclusive modeling of the
hadronic final state, including pion and nucleon kinematics.
To account for correlations in the initial target state and

the residual spectator system, we employ realistic hole
spectral functions of 12C [26] and 40Ar [27] nuclei. After the
primary interaction, all produced hadrons are propagated
through the nuclear medium using an INC that accounts for
scattering, absorption, and charge exchange. To gauge the
sensitivity to a range of in-medium effects, we implement
and test two different cascade modes depending on whether
the Δ and higher nucleon resonances are propagating
degrees of freedom.

In the first approach, the relevant meson-baryon cross
sections are computed from the standard decomposition
of the scattering matrix into partial-wave amplitudes.
Crucially, to ensure consistency with the electroweak
interaction vertex, these amplitudes are computed within
the DCC framework. In addition to meson-baryon scatter-
ing, where a meson remains in the final state, absorption
processes play a significant role in the INC. Here, we
implement an approach commonly used in neutrino
event generators, based on the optical potential model of
Oset and Salcedo [28], in which mesons are absorbed via
the imaginary part of their self-energy in nuclear matter.
Crucially in this approach, nucleon resonances are not
propagating degrees of freedom.
In the second approach, we follow the approach taken by

GiBUU [29] and INCL [30], wherewe treat theΔ resonance
as a dynamical degree of freedom that propagates throughout
the nuclear medium. This approach provides a more micro-
scopic description of three-body processes involved in pion
absorption (e.g., πN ↔ Δ;ΔN ↔ NN), and accurately
accounts for the relatively long lifetime of the Δ resonance,
compared to typical intranuclear propagation timescales.
This provides a mechanism to capture rescattering effects
before the decay of theΔ and for medium modifications due
to nuclear correlations.
This paper is organized as follows. In Sec. II, we describe

both the electroweak interaction vertex—including how the
DCC model is incorporated into the extended factorization
scheme—and the INC, using the two different cascade
modes. Section III presents a validation of our approach,
beginning with inclusive electron-nucleus scattering,
followed by comparisons to pion-nucleus scattering
observables. Comparisons with exclusive electron- and
neutrino-nucleus scattering data, including results from
the e4ν, T2K, MINERνA, and MicroBooNE experiments,
are presented in Sec. IV. Finally, in Sec. V, we summarize
our conclusions and outline future directions for Achilles

development.

II. THEORETICAL TREATMENT

Achilles relies upon a factorization of lepton-nucleus
scattering into an incoherent product of the initial electro-
weak interaction, and the subsequent INC which transports
particles out of the nucleus [31]. This amounts to approxi-
mating the squared matrix element as

jMðfkg → fp0gÞj2 ≃
XZ
p

jVðfkg → fpgÞj2

× jPðfpg → fp0gÞj2: ð1Þ

In Eq. (1), Vðfkg → fpgÞ is the amplitude for the initial
hard interaction process, which in Achilles is provided by the
spectral-function formalism. The INC in Achilles provides
Pðfpg → fp0gÞ, the probability for particles fp0g to leave
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the nucleus when starting with particles fpg inside the
nucleus. The INC takes as input nuclear configurations and
uses a semiclassical, impact parameter-based algorithm to
model the propagation of particles in the nuclear medium
[32]. Below, we describe the ingredients necessary for both
the hard interaction and the INC.

A. Argonne National Laboratory–Osaka
DCC approach

The Argonne National Laboratory (ANL)-Osaka
dynamical model describes πN and γN reactions in terms
of hadron degrees of freedom by solving a coupled-channel
scattering equation, which preserves unitarity of scattering
amplitudes. More explicitly, the approach employs an
energy-independent Hamiltonian of the form

H ¼ H0 þ Γþ v: ð2Þ
The first term H0 corresponds to the free Hamiltonian.
The second term Γ describes production and decay of
“bare” excited-hadron states such as the N� and Δ from a
meson-baryon channel (e.g., πN or ηN). The third term v
describes nonresonant interactions as a sum of energy-
independent meson-exchange potentials, which are derived
by applying a unitarity transformation to a phenomeno-
logical Lagrangian [33,34].
The Hamiltonian in Eq. (2) contains stable asymptotic

particles as well as unstable particles. What is desired is an
effective description of the scattering process for the former
that consistently includes the influence of the latter. Standard
Feshbach operator projection techniques [35] can be applied
to produce an energy-dependent nonlocal Hamiltonian in
terms of the stable particles only. The problem at hand is
phrased most conveniently in terms of two-body scattering
matrix T. In Ref. [36], operator projection techniques were
applied to Eq. (2) to yield a unitary set of coupled-channel
equations, allowing the T matrix to be written as

hβjT�ðsÞjαi ¼ hβjt�bgðsÞjαi þ hβjt�resðsÞjαi; ð3Þ
where s is the square of the scattering center-of-mass energy
andα,β denotemeson-baryon channels. Partial contributions
to the total T matrix are denoted with lowercase t. The
superscript � indicates if the outgoing/incoming boundary
condition is applied; in the following equations, we omit this
superscript for brevity. We have separated the resonant
contribution to the T� matrix, t�res, from the nonresonant
background contribution, t�bg.
The nonresonant meson-baryon t matrix is obtained by

solving the coupled-channel equation as

hβjtbgðsÞjαi ¼ hβjVðsÞ þ VðsÞGMBðsÞtbgðsÞjαi; ð4Þ

where GMBðsÞ is the Green function of a meson-baryon
state. The effective two-body interaction VðsÞ is the sum of
the nonresonant interaction v and the contribution of the

so-called “Z-diagram” mechanisms which include ππN
intermediate states; for more details see Fig. 8 in Ref. [36].
The resonant t matrix is given by the sum of the N� or Δ

resonances as

hβjtresðsÞjαi ¼
X
m;n

hχβjΓjN�
mi½D�m;nhN�

mjΓjχαi; ð5Þ

where ½D�m;n is the resonance propagator and hN�
mjΓjχαi

describes the production vertex of the resonance state from
a distorted meson-baryon state,

jχαi ¼ ½1þ GMBðsÞtbgðsÞ�jαi; ð6Þ
where the distortion on the right-hand side arises from the
nonresonant interaction. All free parameters of the meson-
exchange interaction v are determined by fitting the data for
πN → πN from the SAID database [37]. Reference [21]
gives a detailed discussion of how the parameters and
masses entering in the N� transition to meson-baryon states
are determined using different datasets.
Within the DCC model, the electroweak pion production

matrix element, which provides the hard matrix element of
Eq. (1), is a sum of nonresonant and resonant contributions,

hαjjμjNi ¼ hχαjjμbgjNi þ
X
m;n

hχαjΓjN�
mi½D�m;nhN�

mjjμjNi;

ð7Þ
where hαj ¼ hπNj is a pion-nucleon final state, and the first
and second terms on the right-hand side of Eq. (7) are the
electroweak counterparts of v and Γ in Eq. (2), respectively.
The current in the resonant amplitude hN�

mjjμjNi can be
further decomposed as

jμ ¼ jμres þ Γ½1þ tbgðsÞ�GMBðsÞjμbg: ð8Þ

The first term in the resonant amplitude comes from the
direct coupling of the current to the resonance in the DCC
model, while the second term arises because a rescattering
process can also excite the resonance.
The dynamical model was initially developed to study

the electromagnetic structure of the Δ resonance. In this
energy regime, only the πN channel is open. The vector
transition form factors at finite momentum transfer Q2 are
extracted from analyses of pion electroproduction in
Refs. [38,39]. To extend the model to neutrino-induced
reactions, Ref. [39] introduced an axial-vector current
component, guided by the partially conserved axial current
(PCAC) hypothesis,1 while all parameters associated with

1The PCAC hypothesis refers to usage of the axial Ward
identity together with the assumption of pion pole dominance at
low Q2 to write the matrix element for πþn → Rþ, with Rþ a
resonance, as hRþj∂μAμð0Þjni ¼ −im2

πfπ
1

q2−m2
π
Tðπþn → RþÞ,

where T is the on-shell pion-nucleon matrix element.
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the strong interaction and the vector current are kept
unchanged.
The ANL-Osaka DCC amplitudes given in Eq. (7) are

expanded in partial waves and provide the basis of our
calculations for single pion production in electron- and
neutrino-nucleus scattering. Amplitudes for electromag-
netic (EM), charged current (CC), and neutral current (NC)
processes are provided in tabularized form in the πN center-
of-mass frame and boosted to the lab frame following the
procedure given in Ref. [26]. A more thorough discussion
of their implementation is given in the next section. The
DCC model has been successfully extended to account for
the production of ππN final states [38]. However, dis-
cussion of these developments exceeds the scope of the
present work.

B. Electroweak interaction vertex

As mentioned above and emphasized in Ref. [31], the
theoretical treatment of the hard scattering begins with an
explicit factorization ansatz for the hadronic final state jΨfi
immediately following the initial electroweak interaction.
In the quasielastic region, the nuclear current operator
reduces to a sum of one-body terms and the nuclear final
state factorizes as jΨA

f i ¼ jpi ⊗ jΨA−1
f i. Here, jpi denotes

the final-state nucleon with momentum p and energy
eðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

N

p
, while jψA−1

f i describes the (A − 1)-
body spectator system. Supposing a momentum transfer of
qμ ¼ ðω; qÞ, the energy and momentum of the recoiling
system are fixed by energy and momentum conservation,

EA−1
f ¼ ωþ E0 − eðpÞ; PA−1

f ¼ q − p; ð9Þ

where E0 is the ground-state energy of the initial state
nucleus. The incoherent contribution to the hadron tensor
with one nucleon (1N) in the final state is given by

Wμν
1Nðp; q; sp; tpÞ ¼

X
sk;tk

Z
d3k
ð2πÞ3

1

2eðkÞ dEStkðk; EÞ

× hkjjμ†jpihpjjνjkiδð3Þðp − k − qÞ
× δðω − EþmN − eðkþ qÞÞ; ð10Þ

where the integration runs over the removal energy and
initial momentum of the initial-state nucleon and where sk,
tk (sp, tp) label the spin and isospin of the initial (final)
nucleons, respectively, and mN is the rest mass of the
nucleon. We note that, consistent with Ref. [31], the phase
space integrals over the momenta and the spin-isospin
summations of the final-state particles are performed out-
side the hadron tensor (see Appendix A for details on the
phase space integrals). Achilles performs the summation over
these quantum numbers, convolutes the result with the one-
body spectral function, and enforces energy and momen-
tum conservation. The hole spectral function Stkðk; EÞ

provides the probability distribution of removing an
initial-state nucleon with momentum k from the target
nucleus, leaving the residual (A − 1)-nucleon system with
an excitation energy E; it is normalized to the number of
protons Z and the number of neutrons A − Z, depending
on tk.
The factorization scheme readily generalizes to include a

pion in the final state [26]:

jΨA
f i → jpπpi ⊗ jΨA−1

f i; ð11Þ

where a nucleon and a pion with four-momenta p and pπ

are produced in the hard interaction, respectively. The
incoherent contribution to the hadron response tensor with
one nucleon and one pion (1N1π) in the continuum can be
written as [26]

Wμν
1N1πðp; q; sp; tp; pπÞ

¼
X
sk;tk

Z
d3k
ð2πÞ3 dE

1

4eðkÞeðpπÞ
× Ptkðk; EÞhkjjμ†jpπpihpπpjjνjkiδð3Þðpþ pπ − k − qÞ
× δðω − EþmN − eðkþ q − pπÞ − eπðpπÞÞ; ð12Þ

where eπðpπÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

π

p
is the energy of the outgoing

pion and tπ its isospin. Again, the phase space integrals over
the momenta and the spin-isospin summations of the final-
state particles are performed outside the hadron tensor. The
main difference between the above expression and Eq. (10)
resides in the elementary amplitude. To describe the pion
production processes, we need matrix elements of the CC
operator causing the transition from a bound nucleon jki to a
state with a pion and a nucleon jpπpi.
The present work uses the ANL-Osaka DCC model

discussed above to generate the required matrix elements
of the CC operator describing the electroweak transition
from a bound nucleon state jki to a pion nucleon state jpπpi.
The necessary matrix elements are obtained from tables
of amplitudes in the helicity-LSJ mixed representation of
Ref. [21]. This corresponds to a partial-wave expansion of
the final-state pion nucleon pair, as in Appendix B, while the
initial state is described by two-particle helicity states with
total angularmomentum J. From these amplitudes thematrix
elements hpπ; p; spjjμjk; spi, with spðskÞ the final(initial)
nucleons spin, are computed in the center of momentum
system. They are related to thematrix elements of Eq. (12) by
a boost as described in Ref. [26]. In particular, the Wigner
rotation of the spins is properly taken into account; thereby,
all angular dependence of thematrix element is included.The
phase space is again handled using standard techniques
developed for the LHC (see Appendix A). The results
obtained neglecting final state interactions (FSI) have been
validated against inclusive electron scattering data on nuclei
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in Refs. [26,40] and have been interfaced to Achilles using the
Fortran90 wrapper discussed in Ref. [31].

C. Intranuclear cascade

The Achilles INC begins by randomly sampling spatial
distributions of protons and neutrons. For the 12C nucleus,
these are obtained from Green’s function Monte Carlo
calculations [41], thereby fully retaining correlation effects
[32]. On the other hand, despite recent progress in utilizing
artificial neural networks to compactly represent nuclear
many-body wave functions [42], 40Ar is not yet amenable
to continuum quantum Monte Carlo methods. In this case,
the spatial positions of protons and neutrons are sampled
from the single proton and single neutron density distri-
butions, neglecting correlation effects altogether [32].
Particles produced from hard scattering events are propa-
gated through the nucleus in straight-line trajectories in
small steps of time δt.2 At every time step, propagating
particles have the ability to interact with spectator nucleons
based on their impact parameter and the available cross
sections. The probability of an interaction occurring is
based on a Gaussian or cylinder probability model, which
depends on both the impact parameter and the total cross
section. In Refs. [31,32] this approach was validated based
on hadron-nucleus and electron-nucleus scattering data.
Below, we describe newly incorporated hadron-nucleon
scattering models needed to accommodate pion propaga-
tion in the nucleus.

1. ANL-Osaka DCC model

To incorporate meson-baryon interactions in the INC, we
make use of the standard decomposition of the scattering
matrix into partial-wave amplitudes (PWAs). For complete-
ness, definitions of the PWA are collected in Appendix B.
In addition to πN, the other zero strangeness meson-baryon
channels (ηN, KΛ, KΣ) are included. For consistency with
the pion production model, the amplitudes are all obtained
from the ANL-Osaka DCC model.
The total meson-baryon cross section is the sum of the

angle-integrated cross sections for all kinematically acces-
sible channels. The cross section for each process i → f,
where i, f denote a meson-baryon state, is given in terms of
squared PWAs:

σifðsÞ ¼
4π

jkij2
X
L

�
LjτL;−if ðsÞj2 þ ðLþ 1ÞjτL;þif ðsÞj2

�
; ð13Þ

where
ffiffiffi
s

p
is the center-of-mass energy, and ki the center-

of-mass (CM) momentum of the initial pair. The reduced
PWA for given orbital angular momentum L, and total
angular momentum J ¼ L� 1=2, τL;�if , are defined in

Appendix B. A particular meson-baryon scattering event
is selected according to the weight given by the partial cross
sections σifðsÞ. The final-state kinematics are then deter-
mined by the cross section in the center-of-momentum
frame. The CM scattering angle z ¼ k̂i · k̂f ¼ cos θ of the
meson-baryon pair is generated according to the cross
section

dσif
dΩ

¼ 1

jkij2
����
X
L

PLðzÞ
h
LτL;−if ðsÞ þ ðLþ 1ÞτL;þif ðsÞ

i����
2

þ 1 − z2

jkij2
����
X
L

P0
LðzÞ

h
τL;þif ðsÞ − τL;−if ðsÞ

i����
2

; ð14Þ

where PL and P0
L denote the Legendre polynomials of

order L and their derivatives. Validations of both the total
and angular differential cross sections can be found in
Appendix C. The distribution of the azimuthal angle in the
CM frame is uniform.
While the interference between different partial waves

cancels for the angle-integrated cross section, the angular
distribution does include interference terms. We use the full
angular distribution given by the polynomial of Eq. (14),
including all interferences exactly. Since the PWAs con-
stitute a model-independent, complete basis for the scatter-
ing matrix, any approach for meson-baryon scattering in
the resonance region, such as the Jülich-Bonn-Washington
analysis [43], can be included straightforwardly.
Note that we choose to include this set of two-body

channels explicitly, but the full DCC analysis includes
additional final states, notably the ρN, σN, and πΔ
channels, which are doorway states for two-pion produc-
tion. This subset of channels will underpredict the total
cross section obtained from the optical theorem

σi→X ¼ 2π

jkij2
X
L;J

ð2J þ 1Þ Im½τL;Jii �: ð15Þ

It is possible to rescale the total cross section based on this
value, but to saturate this total rate with the correct particle
content, one needs to include explicitly multipion final
states. This will be pursued in future work.

2. Oset model

Another common approach to pion-nucleon interactions
in neutrino event generators involves the optical-potential
model of Oset [28]. The model begins with the pion-
nucleus optical potential, which is computed in infinite
nuclear matter and corrected for finite nuclei by using the
local density approximation. The model also includes
certain in-medium effects such as Pauli blocking and in-
medium modifications to the Δ propagator. The p-wave
probability for a pion to interact in the nuclear medium is
obtained by computing the Δ self-energy associated with

2The option to bend these trajectories using nuclear potentials
is available in Achilles; see Ref. [31] for details.
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the excitation of a Δ-hole pair. Interactions in the nuclear
medium modify the Δ, giving rise to a self-energy function
with imaginary part

ImΣΔðTπÞ ¼ −½CQðρ=ρ0Þα þ CA2ðρ=ρ0Þβ þ CA3ðρ=ρ0Þγ�;
ð16Þ

where ρ0 ¼ 0.16=fm3 is the nuclear saturation density and
ρ is the local nuclear density.
The different terms in Eq. (16) arise from quasielastic

scattering, and pion absorption on two and three nucleons,
respectively. The coefficient functionsCQ;CA2; CA3, and the
corresponding exponents are parametrized in Ref. [44] in
terms of the pion kinetic energy, Tπ , up to 350 MeV. In this
work evaluate Eq. (16) for pion kinetic energies beyond this
value to compute absorption cross sections and comment on
this effect in Secs. III and IV. Oset et al. also provide a
parametrizationof the s-wave, nonresonant part of theoptical
potential, which is important at Tπ < 50 MeV.
Though this model can be used to compute microscopic

cross sections for πN quasielastic scattering, we utilize it
only to compute pion absorption cross sections as follows.
Consider first the case of absorption on two nucleons.
When a candidate pion-nucleon pair is chosen for possible
interaction, the absorption cross section is computed by
searching for a nearby secondary nucleon to participate in
the interaction. This search involves all isospin combina-
tions, i.e., if the interacting pair is a πþn pair, then both a
secondary neutron for πþnn → pn and a secondary proton
for πþnp → pp are considered. To select the actual
interaction experienced by the candidate pair, the cross
sections are weighted according to the isospin dependence
of the elementary cross sections [45]. In this way the
absorption cross sections on asymmetric nuclei can be
consistently computed as soon as separate proton and
neutron densities are given. For simplicity we have only
implemented the two-nucleon absorption process, though
we retain the three-nucleon absorption term to maintain the
overall rate. We leave the inclusion of genuine 4-body
initial states to future work.

3. GiBUU delta model

An alternate approach to pion-nucleus interactions, used
in the GiBUU event generator [29] and the Liége INC [30],
treats the Δ as a propagating degree of freedom. Although
explicit propagation of unstable particles introduces certain
complications (namely, requiring models for their produc-
tion, interactions, and decay), its utility extends beyond the
simple case of the Δ resonance. For example, a framework
for propagation of unstable particles provides the ability to
decay final-state particles such as π0 → γγ.
When the Δ is a propagating degree of freedom,

pion interactions occur via a two-step process, where first
a πN interaction creates a Δ which propagates through

the nucleus, and second this Δ either reinteracts or
decays back to a πN. For example, pion absorption would
occur via

πN → Δ ð17Þ

ΔN → NN: ð18Þ

Decays are handled probabilistically at each time step
according to PðtÞ ¼ 1 − e−δt=τ, where δt is the time step for
the cascade, and τ ¼ γℏc=Γ is the lifetime in the lab frame
of the particle with a vacuum width of Γ. When a decay
occurs, the decay channel is selected according to
the branching ratios.3 The decay is rejected if any of the
decay products are Pauli blocked, thereby capturing some
in-medium effects on the resonance width.
Additional interaction channels (like NN → NΔ and

NΔ → NΔ) are physically possible and indeed required for
theoretical consistency. Detailed balance [46] relates the
reactions NN → NΔ and NΔ → NN:

σcd→ab ¼ σab→cd

�
pab

pcd

�
2 ð2Ja þ 1Þð2Jb þ 1Þ
ð2Jc þ 1Þð2Jd þ 1Þ

Sab

Scd
; ð19Þ

where pij ¼ jpij ¼ jpjj is the CM three-momentum of
particles i or j, Ji is the total spin of particle i, and Sij is a
symmetry factor for particles i and j, e.g., 1=2 for identical
particles.
The cross section for the two-bodyNN ↔ NΔ scattering

process can be generically parametrized as

dσNN→NΔ

dμ2ΔdΩ
¼ jMNN→NΔj2

64π2s
pNΔ

pNN
AΔðμ2ΔÞ: ð20Þ

The resonance spectral functionAΔðμ2ΔÞ for theΔ is related
to the Breit-Wigner propagator and is given by

AΔðμ2ΔÞ ¼
1

π

μΔΓ
ðm2

Δ − μ2ΔÞ2 þ μ2ΔΓ2
; ð21Þ

wheremΔ is the on-shell mass, μΔ is the off-shell mass, and
Γ ¼ 112 MeV is the width. Reference [47] (see also recent
theses [48,49]) has computed the process pp → nΔþþ at
leading order using the interaction Lagrangian,

L¼FðtÞ
mπ

½fNNπðN̄γμγ5τaNÞ∂μΠaþfNΔπ
ffiffiffi
z

p ðΔ̄μTaNÞ∂μΠa�;

ð22Þ

where Δμ is a spin-3
2
Rarita-Schwinger field for the Δ

baryon, N is a spin-1
2
field for the nucleon, and Πa is

the pion field, where τa are the Pauli isospin matrices

3Currently, only two-body decays are implemented in Achilles.
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describing the 1
2
→ 1

2
transition while Ta represent the 2 × 4

isospin coupling matrices, which obey the relation

TaT
†
b ¼ Iδab −

1

3
τaτb ð23Þ

for the 1
2
→ 3

2
processes. The dimensionless coefficients

fNNπ ¼ 1.008 and fNΔπ ¼ 2.202 are the effective cou-
plings of the pion to the nucleon and Δ, respectively.4 The
vertex form factor FðtÞ is taken to have the form

FðtÞ ¼ Λ2 −m2
π

Λ2 − t
; ð24Þ

with Λ ¼ 0.63 GeV [47]. Each ΔNπ vertex also gives an
additional form factor

ffiffiffi
z

p
of the form

zðt; μΔÞ ¼
λðμΔ; mN;

ffiffi
t

p Þ þ κ2

λðmΔ; mN;
ffiffi
t

p Þ þ κ2
; ð25Þ

where λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ab − 2ac − 2bc is the
Källén function, and κ ¼ 0.2 GeV is a parameter obtained
from a fit to πþp → πþp scattering data for μΔ < 1.4 GeV
[47]. Additional details on the calculation of the matrix
elements and a validation of the NN → NNπ cross section
are given in Appendix D.
In addition to Δ production, we also include elastic

scattering of Δ’s with nucleons (i.e., NΔ → NΔ). The
implementation in Achilles follows the calculation done in
Refs. [29,48,49]. The differential cross section is given as

d2σ
dμΔf

dΩ
¼ jMNΔi→NΔf

j2
64π2s

pNΔf

pNΔi

AΔðμ2fÞ; ð26Þ

where pNΔi
and pNΔf

are the CM momentum of the initial
and final states, respectively, and μΔf

is the off-shell mass of
the final state Δ. The matrix element is again obtained from
the one-pion exchange model. See Appendix D for further
details.
Following the work of Ref. [50], where it was shown that

in-mediumchanges to theNN → NΔ cross sections improve
agreement with neutrino scattering data on 40Ar, we imple-
ment as anoption thedensity suppression of this cross section
following the work of Song and Ko [51]. This modifies the
resonance excitation in NN collisions according to

σNN→NΔðρÞ ¼ exp

�
−α

ρ

ρ0

�
σNN→NΔð0Þ; ð27Þ

where α is a tunable parameter and ρ is the local nuclear
density. This affects both pion productionvia Eq. (27) aswell

as pion absorption through the reversed processNΔ → NN.
For reference, the authors of Ref. [50] used a value of
α ¼ 1.2. We found that including this effect reduces overall
agreement with experimental data, and therefore set α ¼ 0.0
for the results shown in this paper.
Finally, in addition to allowing the Δ to propagate in

NN → NΔ → NNπ, we offer the option to immediately
decay the Δ. This allows us to compute the Δ resonance
contribution to NN → NNπ in models where the Δ is not a
propagating degree of freedom.

4. Achilles cascade modes

The above models contain all the ingredients necessary
for pion propagation within the nucleus. In contrast to the
propagating resonances which mediate πN interactions in
the GiBUU Δ model, the πN interactions in the Oset and
ANL-Osaka DCC model in the virtual resonances cascade
are time-independent point interactions (i.e., the production
and decay vertices are not displaced). This is due to the fact
that the virtual resonances are already integrated out when
computing the interaction cross sections.
Given this, we have developed two cascade modes

dubbed virtual resonances and propagating resonances.
Table I summarizes the ingredients of these two modes.
The virtual resonances mode relies on the ANL-Osaka

DCC model to simulate meson-baryon to meson-baryon
scattering (i.e., πN → πN), the Oset model for pion
absorption, and utilizes the Δ resonance contribution of
the NN → NNπ process where the intermediate Δ is
immediately decayed. The propagating resonances mode
mainly uses the GiBUU Δmodel with a propagating Δ, but
also includes the S-wave piece of the Oset model for pion
absorption. This is included to reproduce the behavior of
the pion absorption cross section at lower pion kinetic
energies. The propagating resonance mode neglects inter-
ference effects and higher mass resonances between differ-
ent interaction channels in the πN → πN chain that are

TABLE I. Available initial and corresponding final states in the
virtual resonances and propagating resonances modes of the
Achilles cascade. The final row with initial state πNN corresponds
to pion absorption; the corresponding s- or p-wave contributions
are computed using the Oset model. The s-wave absorption in the
propagating resonances mode also uses the Oset model to capture
this process (see the text for more details). As indicated, not all
initial states are present in each case.

Final states in different cascade modes

Initial
states

Virtual resonances
mode

Propagating resonances
mode

NN NN;NNπ NN;NΔð→ NNπ; NNγÞ
πN πN; ηN;KΛ; KΣ Δð→ πN; γNÞ
ηN πN; ηN;KΛ; KΣ Initial state not present
ΔN Initial state not present NN;ΔN
πNN NN (s- and p wave) ΔNð→ NNÞ, NN (s wave)

4These numbers differ slightly from those of the DCC model
but are consistent with Ref. [47].
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included within the ANL-Osaka DCC model. In future
work, we plan to include the higher resonances to fully
handle the ANL-Osaka DCC model range of validity. The
difference between these two choices gives an estimate of
the uncertainty associated with modeling resonances during
the INC.

III. VALIDATION

A. Hard scattering

The hard scattering model of Sec. II was validated
against ðe; e0Þ data on 12C at several beam energies and
scattering angles in Ref. [26]. For these comparisons the
authors of Ref. [26] used the spectral function of 12C
computed using correlated-basis function theory [52],
which is also used in Achilles [31]. Recently, high-precision
ðe; e0Þ and ðe; e0pÞ data were recorded at Thomas Jefferson
Lab (JLab) on 12C, 40Ar, and 48Ti [53–55]. These experi-
ments were intended to test the scaling behavior of the
ðe; e0Þ cross section and to study nuclear effects in ðe; e0pÞ
scattering on 40Ar and 48Ti, relevant for the next generation
of liquid-argon based neutrino experiments. To compare to
data taken on 40Ar, we have incorporated the proton and
neutron spectral function of 40Ar extracted from ðe; e0pÞ
data on 40Ar and 48Ti [27,54,55]. Figure 1 shows the Achilles

comparison to a selection of ðe; e0Þ data taken at Ebeam ¼
2.222 GeV and θe0 ¼ 15.541° on 12C and 40Ar including
contributions from quasielastic scattering and single pion
production.
The quasielastic (QE, orange) and Δ peaks (green) in

both nuclei are qualitatively reproduced. The significant
difference between the data and predictions in the dip

region between the QE and Δ peaks is due to the lack of
meson-exchange currents (MECs) in Achilles, known to fill
this region [26]. Similarly, the deficit at high energy
transfers beyond the Δ peak can be explained by the lack
of multipion production and DIS in Achilles. The inclusion of
these additional hard scattering processes will be the focus
of future efforts. The small shift in the QE peak relative to
the data is due to neglected final-state interactions in the
hard scattering matrix elements. The effect of final-state
interactions is twofold: the dispersion relation of outgoing
hadrons is modified,5 and strength is redistributed over
asymptotic final-state channels. The INC takes care of the
latter; crucially it goes beyond the optical-potential
approach by explicitly populating accessible final states
[27,56]. The former affects the nuclear response integrated
over final states, and hence the hard scattering matrix
element of Eq. (1). This can be incorporated within the
factorized picture via a folding function approach [26,57],
by treating the outgoing particles as scattering states in a
suitable real potential [58] or through the (relativistic)
Green function approach of Refs. [59–61]. The effect in
this kinematic region is a slight shift toward lower energy
transfers and reduction of the height of the quasielastic
peak [62]. Implementing this in a manner that is consistent
with the INC exceeds the scope of the present work. We
also compare the Achilles predictions for the total cross

FIG. 1. Achilles comparison to inclusive electron scattering data on 40Ar (left) and 12C (right) from JLab at Ebeam ¼ 2.222 GeV and
θe0 ¼ 15.541° [53] as a function of energy transfer (ω). The data and predictions have been normalized to the number of nucleons in each
respective nucleus. The total prediction from Achilles is in blue, while the quasielastic component is in orange and the pion production
component is in green. Gaps between the data and Achilles ’ prediction for the differential cross section are expected to be largely filled by
the eventual inclusion of contributions from meson-exchange currents and deep inelastic scattering.

5The full final-state system is an eigenstate of the interacting
many-body Hamiltonian. The momentum of any single nucleon
is not a conserved quantum number: essentially the nucleon and
residual system may exchange momentum, and jpi ⊗ jΨA−1

f i
only asymptotically resembles a free nucleon with fixed mo-
mentum and an (A − 1) system.
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section for pion production on nucleons against the
reanalyzed bubble chamber data from ANL and BNL
[16]. These include νμp → μ−pπþ, νμn → μ−nπþ, and
νμn → μ−pπ0, the latter being extracted from data on
deuterium instead of free neutrons. Figure 2 shows that

the implementation of the ANL-Osaka DCC model in
Achilles reproduces the neutrino energy dependence of these
elementary cross sections very well.

B. Pion-nucleus scattering

We compute the πþ-carbon, and πþ-argon reaction, and
absorption cross sections. The results for the reaction cross
sections, using both the virtual and propagating resonances
model are shown in Fig. 3. We remind the reader that the
DCC piece of the virtual resonances model uses only the
contribution from explicit final-state meson-baryon chan-
nels ðπN; ηN;KΛ; KΣÞ without in-medium modification
of the cross sections. Both models undershoot the data
for the reaction cross section on carbon in the high-pπ tail.
This is to be expected since two-pion production and
other channels are not included. Surprisingly, both model
predictions exceed the data near the Δ peak, around
pπ ¼ 300 MeV, which could point to the need to incor-
porate in-medium modifications of the πN cross sections in
both models. Other explanations are also possible. For
instance, the present treatment describes the nucleon
momentum distribution using a local Fermi gas. A more
realistic distribution would include some high-momentum

FIG. 2. Comparison of total pion production cross sections for
νμ scattering on nucleons. The data are from measurements at
ANL and Brookhaven National Laboratory (BNL) reanalyzed
in Ref. [16].

FIG. 3. Validation of the pion modes in Achilles INC against experimental data. Achilles results are shown using both the propagating
resonances model (solid line) and the virtual resonances model (dotted line). Left: absorption cross section for πþ on carbon (top) and πþ

on argon (bottom). Experimental data are for πþ absorption measurements on carbon (DUET [63] and Ashery [64]) and on argon
(LADS [65]). Right: total reaction cross section for πþ on carbon (top) and πþ on argon (bottom). Data for carbon are from Ref. [66].
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nucleons, which would lead to additional smearing of
features.
Figure 3 compares the predictions of the absorption cross

section to πþ data on carbon and argon. Both models
slightly underestimate the data for the absorption cross
section on carbon at pion momenta around the Δ peak. For
argon, both models give excellent agreement with the
LADS data [65], except for the propagating resonances
model at the highest pion momentum. We note that the
direct NNΔ → NNN process is missing in the propagating
resonance model, which when included could improve
agreement with the data. At the moment the Achilles cascade
does not handle three-body initial states. Additionally, we
note that the strength at low pion momentum comes almost
entirely from the Oset S-wave absorption process.
Although experiments on the deuteron have shown this
to be an important process at low energies [67], little is
known about this process in heavier nuclei. We leave the
investigation of these two aspects for future work.
As mentioned previously, we have extend the use of the

Oset model beyond its original limit of Tπ ¼ 350 MeV in
the virtual resonances cascade. We have investigated the
effect of this by freezing the various pion absorption cross
sections at kinetic energies beyond this limit to their values
at Tπ ¼ 350 MeV. As expected, this only affects the
π-carbon and π-argon absorption cross sections above
Tπ ¼ 350 MeV (pπ ≈ 470 MeV), where the absorption
cross sections are reduced by roughly 30%. The agreement
with the data is not qualitatively changed. We have
confirmed that this change has very little effect on the
various electron- and neutrino-nucleus observables we will
compare to, and we leave it to further work to analyze this
approximation for higher-energy experiments.

IV. EXCLUSIVE ELECTRON- AND NEUTRINO-
NUCLEUS SCATTERING

Modern accelerator neutrino experiments utilize broad-
band beams spanning the energy range from hundreds of
MeV to tens of GeV. This enables us to test neutrino-
nucleus interaction models against multiple nuclear targets
over a wide range of energies where multiple processes
contribute to the observed event rate. Additionally, elec-
tron-nucleus scattering has become invaluable for con-
straining the vector part of the nuclear electroweak current
[68–70]. Electrons probe the same nuclear ground state as
neutrinos, and hadrons leaving the nucleus undergo similar
final-state interactions. In this section we update the
comparisons made in Ref. [31] with exclusive electron-
carbon scattering data from the e4ν Collaboration [70], as
well as present comparisons with flux-folded neutrino
scattering data from T2K, MINERνA and MicroBooNE.
These experiments operate in complementary beam lines
and probe targets composed of hydrocarbon (MINERνA
and T2K), and argon (MicroBooNE). A global comparison
including these experiments highlights the need to capture

both the energy and A dependence of neutrino-nucleus
cross sections.

A. Comparison to e4ν

The CLAS and e4ν Collaborations have analyzed data
on electron-nucleus scattering at similar energies—and
using similar hadron detection thresholds as neutrino
scattering experiments [70]. This analysis focused on
the comparison of different neutrino energy estimators
experiments used compared to the known electron beam
energy. Although data for carbon, iron, and helium-4 are
available at 1.159, 2.257, and 4.453 GeV, we focus on
comparisons with carbon using the lowest electron beam
energy, 1.159 GeV, as this energy range is the least
impacted by DIS and multipion production. The choice
of carbon is to compare against neutrino experiments
utilizing similar targets.
Figure 4 shows comparisons to the 0π cross-section

measurement by e4ν differential in EQE, defined as

EQE ¼ 2mNϵþ 2mNEe0 −m2
e0

2ðmN − Ee0 þ pe0 cos θe0 Þ
; ð28Þ

where the average separation energy ϵ ¼ 21 MeV was
determined in the experimental analysis. This quantity is an
energy estimator used by Cherenkov detectors like Super-
Kamiokande and MiniBooNE, where outgoing hadrons are
often under detection threshold, and each neutrino event is
assumed to be produced via QE neutrino-nucleus scatter-
ing. The only relevant measured kinematic variables are the
outgoing lepton energy and scattering angle. Events with
EQE reconstructing near the incoming beam energy are
dominated by QE scattering, whereas those in which a pion

FIG. 4. Comparison of the electron-carbon 0π differential cross
section with respect to EQE measured by e4ν and CLAS [70]
compared to predictions by Achilles. The black vertical dashed line
shows the true incoming beam energy.

JOSHUA ISAACSON et al. PHYS. REV. D 113, 036005 (2026)

036005-10



was produced and then absorbed during the cascade or was
under threshold for detection reconstruct to lower values of
EQE. We note that the deficit of events in Achilles at large
EQE might be partially caused by the neglect of interference
effects in the cascade and the effect of final-state inter-
actions on the hard scattering matrix element which lead to
a shift to lower energy transfer. The latter cause a modest
shift in the peak, and MECwill also contribute a tail at large
EQE [71]. The deficit at low EQE will be improved once
MEC and DIS are incorporated. Both cascade modes give
similar results in the region dominated by resonance
production, meaning that pions are absorbed at similar
rates in both models at this beam energy.
Moving to more exclusive final states, Figs. 5 and 6 show

comparisons to the 1p0π cross-section differential in Ecal as
well as PT . This more restrictive signal reduces the
contribution from resonance and DIS events. The calori-
metric reconstructed energy is the neutrino energy estima-
tor used by detectors like MINERνA, MicroBooNE, and
the future DUNE experiment, where the energies of out-
going charged hadrons (and neutral mesons) can be
measured. Ecal is in general defined as

Ecal ¼ El0 þ
X

Tp þ
X

Eπ� þ
X

EK� þ
X

Eγ þ ϵ;

ð29Þ

where Tp is the kinetic energy of the measured outgoing
protons, Eπ�ðEK�Þ is the energies of the measured outgoing
charged pions (kaons), the sum of photon energies, and ϵ is
the average nucleon separation energy, taken here as 21MeV.
In this particular e4ν analysis, since the signal is one proton
and zero pions, Ecal is given by Ecal ¼ Ee0 þ Tp þ ϵ.

We find in Fig. 5 that the peak near the beam energy is
well described by Achilles and is dominated by QE events.
Resonance events contribute to smaller values of Ecal as
they lead to knocked-out neutrons or other undetected/
underthreshold particles. Their contribution is diminished
compared to the 0π selection because of the single proton
requirement. Figure 6 shows the comparison with the cross-
section differential in the transverse momentum imbalance,
PT , defined by

PT ¼ jpe0T þ ppT j: ð30Þ

PT belongs to a class of observables called transverse
kinematic imbalance (TKI), variables which offer sensi-
tivity to a range of nuclear affects. In contrast with the
energy estimators, PT is more sensitive to the kinematics of
the outgoing nucleons from πN interactions in the INC.
Further information about PT and other TKI variables can
be found in Appendix E. Figure 6 shows small differences
between the two cascade modes in the resonance contri-
bution. We expect the additional strength needed to match
the data will be provided by MEC and a small contribution
from DIS.

B. Comparison to T2K

This section presents comparisons to measurements by
the T2K Collaboration for neutrino scattering on plastic
scintillator ðC8H8Þ in the T2K ND280 near detector with
lan average beam energy of hEνi ≈ 600 MeV. The mea-
surements include both CC pionless (CC0π) [72] and CC
single pion (CC1πþ) events [73]. Events were generated
with Achilles using the T2K beam flux from Ref. [74]. We
note that the nucleon axial form factor used in these and all
following comparisons is the z-expansion form factor fit to

FIG. 5. Comparison of the electron-carbon 1p0π differential
cross section with respect to Ecal measured by e4ν and CLAS
[70] compared to predictions by Achilles. The black vertical
dashed line shows the true incoming beam energy.

FIG. 6. Comparison of the electron-carbon 1p0π differential
cross section with respect to PT measured by e4ν and CLAS [70]
compared to predictions by Achilles.
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deuterium data [75]. A detailed study of uncertainties from
the form factors is left for when Achilles includes all
interaction channels [76]. Comparisons were carried out
by writing events to the NUHEPMC file format [77] and
processing them through the NUISANCE framework [78].
Figure 7 shows comparisons to CCNp0π cross-section

measurements by T2K, differential in the TKI variables
δpT and δαT defined in Appendix E. As expected for CC0π
events at the beam energies of T2K, the contribution from
resonance scattering followed by pion absorption is small
compared to the dominant QE scattering. The resonance
contribution to the 0π sample in the virtual resonances
cascade mode is larger than that from the propagating
resonances mode, which is a reflection of the differences in
the pion absorption cross section shown in Fig. 3. The
Achilles predictions are in agreement with the data, except at
large δpT and large δαT . In these regions MEC producing a

two-nucleon final state are expected to contribute at the
10% level. Their inclusion will be the subject of future
work and is expected to increase the agreement with the
data. DIS interactions are expected to contribute at the
percent level or below.
Figure 8 shows comparisons to CC1πþ cross-section

measurements by T2K differential in the TKI variables pN

and δpTT . The agreement with the data is excellent, with
contributions from resonant scattering accounting for
nearly the entire cross section. This dataset is complemen-
tary, as pion absorption decreases the contribution of
resonance events in this sample, whereas it leads to an
increase of events in the 0π sample. In the 1π sample this is
reflected in the larger cross section predicted by the
propagating resonances vs virtual resonances mode, again
consistent with the different pion absorption cross sections
predicted by these two modes. We note that the contribution

FIG. 7. Left: comparison of the CC0π differential cross section with respect to the transverse momentum imbalance δpT measured by
T2K [72] compared to predictions by Achilles. Right: comparison of the CC0π differential cross section with respect to the transverse
boosting angle δαT measured by T2K [72] compared to predictions by Achilles.

FIG. 8. Left: comparison of the CC1πþ differential cross sections with respect to the initial nucleon momentum pN and Right: to the
double transverse momentum imbalance δpTT measured by T2K [73] compared to predictions by Achilles.
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from DIS is expected to be small at these energies, and its
inclusion will not dramatically alter our conclusions.
Additional comparisons to T2K data can be found in

Appendix F.

C. Comparison to MINERνA

This section presents comparisons to measurements by
the MINERνA Collaboration for neutrino scattering on
plastic scintillator with an average beam energy of hEνi ≈
3 GeV [79]. Reference [79] focused on CC0π events with
one or more final-state protons but zero final-state pions.
Events were generated with Achilles using the MINERνA
beam flux from Ref. [80]. Comparisons were carried out by
writing events to the NUHEPMC file format [77] and
processing them through the NUISANCE framework [78].
The neutrino beam at MINERνA’s experimental setup

in Ref. [79] is at substantially higher energies than T2K
in Sec. IV B. Figure 9 shows the cross sections for
the transverse boosting angle δαT and the reconstructed
initial neutron momentum precon

n defined in Appendix E.
Although MINERνA’s CC0π measurement has a similar
signal definition to T2K’s, resonance scattering plays a
much more important role at these energies. For example, at
large δαT , roughly one-third to a half of events come from
resonance scattering. The absolute fractions for precon

n >
0.3 GeV are similar. Interestingly, at these energies the
difference between the two cascade modes’ predictions of
the resonance contribution is enhanced, with the virtual
resonances mode providing twice the predicted contribu-
tion from pion absorption when compared to the propa-
gating resonances. This highlights the additional power of
neutrino-nucleus scattering over hadron-nucleus scattering
for constraining pion-nucleus interactions.
In the region where QE scattering is expected to

dominate with only small contributions from FSI, i.e., at

low δαT, the Achilles prediction is in excellent agreement
with the data. The underprediction outside this region is
due to the lack of MEC, which is predicted to give a larger
contribution at MINERνA beam energies than in T2K.
MEC interactions shift the δαT distribution towards higher
values, due to the primary outgoing proton having only a
fraction of the transferred momentum [81]. A similar dis-
crepancy occurs at values of δpT and precon

n > 0.3 GeV.
Additional comparisons to MINERνA data can be found
in Appendix F.
We refrain from showing comparisons to MINERνA Nπ

data as the contributions from DIS are comparable to that
from resonance scattering.

D. Comparison to MicroBooNE

This final section presents comparisons to measurements
by the MicroBooNE Collaboration for neutrino scattering
on liquid argon with an average beam energy of hEνi ≈
0.8 GeV [82], similar to T2K. Ignoring detector related
effects, comparisons between T2K and MicroBooNE can
be used to isolate A-dependent nuclear effects. We compare
to two measurements from MicroBooNE: Ref. [83], which
focused on CC1p0π events with one final-state proton and
zero final-state pions, and Ref. [82], which focused on
NC1π0 events with and without protons. Events were
generated with Achilles using the MicroBooNE Booster
Neutrino Beam (BNB) flux from Ref. [82]. All Achilles

predictions have been folded with the corresponding
smearing matrix, defined in Ref. [84] as AC, in order to
bring our predictions into the regularized space used by
MicroBooNE [82,83].
Figure 10 shows comparisons to CC1p0π cross-section

measurements by MicroBooNE, double differential in
δpT and δαT . Measurements of δpT where δαT is small
have been used to isolate nuclear structure effects, while

FIG. 9. Left: comparison of the CC0π differential cross section with respect to the transverse boosting angle δαT measured by
MINERνA [79] compared to predictions by Achilles. Right: comparison of the CC0π differential cross section with respect to the
reconstructed initial neutron momentum precon

n measured by MINERνA [79] compared to predictions by Achilles.
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at large δαT FSI and inelastic interactions dominate.
Achilles reproduces the qualitative shape of the data in
each bin, while the normalization is underpredicted. This
deficit is unsurprising for bins with moderate to large δαT
given the lack of MEC in the Achilles predictions. The lack
of strength in the lowest δαT bin is notable, as this bin is
supposed to have the smallest contribution from inelastic
interactions.
Reference [27] studied the same type of events with

several different INCs and hard scattering models and found
a similar underprediction. We comment on several possible
causes. First is an increase in the axial form factor consistent
with that found by lattice QCD calculations [85–87],
and a recent measurement byMINERνA [88,89]. Both point
to an axial form factor, which is over 20% larger at
Q2 > 0.4 GeV2 than that extracted from neutrino-deuterium
scattering [75], leading to a 10–20% increase in CC0π c

ross sections at BNB energies. However, this increase
would have to be reconciled with high-Q2 data from other
neutrino-nucleus cross-section measurements. Second is a
lack of interference between one- and two-body currents
leading to one-nucleon knockout [90–92]. In Ref. [91] this
interference was shown to lead to a 10% increase in the
neutrino-nucleus cross section on carbon at MiniBooNE.
On an asymmetric nucleus like argon with more np pairs
than carbon, this enhancement could be even larger. Lastly,
we note that migration between bins caused by the AC
matrix could mean that this low δαT receives a large
contribution fromMECs whenmeasured in the regularized
space reported by MicroBooNE. This effect will be inves-
tigated further once MECs are included in Achilles

predictions.
Figures 11 and 12 show our last two comparisons to

NCπ0Xp cross sections from MicroBooNE, differential in

FIG. 10. Comparison of CC1p0π double-differential cross-section measurement with respect to the transverse momentum δpT and the
transverse boosting angle δαT measured by MicroBooNE [83] in units of 10−39 cm2=GeV=degree compared to predictions by Achilles.

FIG. 11. Comparison of NC1π0 double-differential cross-section measurement with respect to the scattering angle cos θπ0 and
momentum pπ0 momentum of the final-state π0 measured by MicroBooNE [93] in units of 10−39 cm2=GeV=nucleon compared to
predictions by Achilles.

JOSHUA ISAACSON et al. PHYS. REV. D 113, 036005 (2026)

036005-14



π0 scattering angle and double differential in π0 momen-
tum. These events contain a single π0 and any number of
additional hadrons. Neutral current π0 production is an
important background in electron neutrino appearance
measurements as the two photons from π0 decay can
mimic the EM shower from a single electron. We find
that the Achilles prediction is in excellent agreement with the
data for both the single and double-differential cross
sections. The propagating resonances cascade mode con-
sistently predicts a cross section 10–15% larger than
the virtual resonances mode. This is consistent with the
differences between the two cascade modes’ predictions for
T2K CC1πþ cross sections shown in Fig. 7. This is most
likely from the larger absorption cross section predicted by
the virtual resonances mode, but could also stem from the
different charge-exchange cross sections predicted by the
DCC and GiBUU Δ models.
The exclusive predictions provided by the Achilles DCC

implementation are key to obtaining the correct kinematics
for the outgoing π0. In the future, comparison of the cross-
section split into 0p and Np final states will allow us to
constrain the isospin dependence of the pion absorption
models in Achilles. We note that Achilles does not currently
include NC coherent pion production, which contributes
mostly at forward pion scattering angles, or DIS, which is
expected to be subdominant at BNB energies.

V. CONCLUSIONS

The present work has extended the Achilles Monte Carlo
event generator by incorporating single pion production in
a fully exclusive fashion. The electroweak interaction
vertex is modeled by combining the state-of-the-art DCC
approach with realistic hole spectral functions, which
account for correlations in both the initial target state
and the residual spectator system. We have validated the

hard interaction vertex by comparing to high-precision
inclusive electron scattering data from JLab, as well as
bubble chamber data from the ANL and BNL experiments
that used elementary nucleon targets. These comparisons
serve to validate both the implementation of the DCC
model in Achilles as well as its ability to describe quanti-
tatively experimental data from both vector and axial-
vector probes.
The present work has also extended the Achilles INC to

include pions using two different treatments of resonances
to furnish an estimate of theoretical uncertainty. In the first
model, resonances have been fully integrated out so that the
only propagating degrees of freedom are nucleons and
pions; the required πN scattering amplitudes are provided
by DCC and the Oset optical-potential models. In the
second model, all πN interactions during the INC are
mediated by propagating Δ resonances, which are pro-
duced and decayed as explicit propagating degrees of
freedom along side pions and nucleons. The two cascade
modes qualitatively reproduce hadron-nucleus scattering
observables like the total pion reaction cross section on
carbon and the pion absorption cross section on carbon and
argon. In some instances (e.g., the total reaction cross
section of πþ scattering on 12C for pπ ≳ 0.5 GeV or the
πþ − 12C absorption cross section near the Δ peak),
differences between the modes’ predictions as well as
differences with the data suggest that additional in-medium
effects and interaction mechanisms in the cascade will be
important to improve agreement with data. Additional
study of these effects will be the subject of future work.
We compared Achilles predictions to exclusive electron-

and neutrino-nucleus scattering data for a range of beam
energies and targets. Section IVA presented comparisons to
recent measurements from CLAS and e4ν for electron-
carbon scattering, focusing on QE-like 1e1p0π events.
Similar comparisons were carried out previously in
Ref. [31] including QE events only. As expected, inclu-
ding single pion production has improved agreement
between Achilles ’ predictions and the experimental data.
Section IV B presented comparisons to measurements of
neutrino scattering on plastic scintillator at hEνi ≈ 0.6 GeV
by T2K including CC0π and CC1π events for TKI
observables. Few-sigma qualitative agreement in essen-
tially all kinematic bins was observed. Section IV C also
compared to neutrino scattering on plastic scintillator, this
time for measurements at higher energies (hEνi ≈ 3 GeV)
from MINERνA. As expected, resonance events make
up a larger fraction of the total cross section, but there
are also significant contributions fromMEC and DIS which
our prediction is currently missing. At these energies,
observables like the transverse boosting angle δαT and
reconstructed initial neutron momentum precon

n were found
to be sensitive to difference in the pion mode (virtual
resonances vs propagating resonances) used in the INC.
Finally, Sec. IV D gave comparisons to neutrino-argon

FIG. 12. Comparison of NC1π0 differential cross-section
measurement with respect to the π0 scattering angle measured
by MicroBooNE [93] compared to predictions by Achilles.
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scattering with hEνi ≈ 0.8 GeV at MicroBooNE. Achilles

underpredicts the CC0π1p double-differential cross section
dσ=dδpTdδαT , a feature which has been noted previously
in predictions from other generators [27]. Better agreement
is observed for NCπ0Xp cross sections, where Achilles

reproduces the experimental data at the ≈1σ level in
essentially all kinematics bins.
Overall, the inclusion of single pion production in Achilles

represents an important milestone toward our goal of
including all physical processes relevant for the acceler-
ator-based neutrino program. In the near future, we also
plan to include support for MEC and DIS. The results of the
present work (e.g., in comparisons to MINERνA data)
highlight the importance and utility of neutrino cross-
section measurements to distinguish between different
model treatments of nuclear effects. It will be interesting
and important to revisit these effects in the future once
Achilles also includes MEC and DIS.
Finally, once all interaction mechanisms are present,

providing a complete error estimate will be important to
determine necessary paths for improvement to meet the
needs of the DUNE experiment.
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APPENDIX A: PHASE SPACE HANDLING

The following is based closely on the TASI lecture notes
from Höche [99]. In general, the differential final-state
phase space element for a 2 → ðn − 2Þ scattering is

dΦnðfp⃗gÞ ¼
�Yn
i¼3

d4pi

ð2πÞ3 δðp
2
i −m2

i ÞΘðEiÞ
	
ð2πÞ4δð4Þ

�
p1 þ p2 −

Xn
i¼3

pi

�
; ðA1Þ

where p1 and p2 are initial-state momenta; mi are the on-shell masses of the outgoing particles. Generic techniques for
handling high-dimensional phase space integrals were proposed in Ref. [100]. The authors showed that it is possible to
factorize the phase space into three components, which correspond to 2 → 2 scattering, 1 → 2 decay, and 2 → 1
annihilation processes. Equation (A1) factorizes as [101]

dΦnðp1; p2;p3;…; pnÞ ¼ dΦn−mþ1ðp1; p2;p3;…; pn−m; PÞ
dP2

2π
dΦmðP;pn−mþ1;…; pnÞ; ðA2Þ

where P denotes a virtual intermediate particle. While the
particle P has no direct physical interpretation, it may be
associated with an s-channel propagator formed by the set
of external states fpn−mþ1;…; png. Leveraging knowledge
of the Feynman diagrams involved in the matrix element
allows one to efficiently map out the peak structure of
certain diagrams squared. Therefore, the ability to match P

to a propagator in the Feynman diagram enables efficient
Monte Carlo sampling of the integral. However, each
diagram can have many different combinations of propa-
gator structures, leading to the need to use the multichannel
method to find the optimal integrator over the full matrix
element squared [102]. Repeating the process in Eq. (A2)
allows a decomposition of the complete phase space into
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three elementary building blocks defined as

dΦ2ðpa;pb;pi;pjÞ ¼
λðsab; si; sjÞ
16π22sab

d cos θidϕi;

dΦ2ðpij;pi;pjÞ ¼
λðsij; si; sjÞ
16π22sij

d cos θidϕi;

dΦ1ðpa;pb;piÞ ¼ ð2πÞ4d4piδ
ð4Þðpaþpb −piÞ; ðA3Þ

where λ is the Källén function. The different building
blocks can be associated with t- and s-channel vertices,
while the dP2=2π can be associated with a propagator. This
enables the usage of techniques developed for automatic
matrix element calculations to also be used for generating
the phase space, as is the case in the automated matrix
element calculator COMIX [103].

APPENDIX B: MESON-BARYON SCATTERING
AMPLITUDES

We express the cross section for meson-baryon scattering

miðkiÞ þ Bið−kiÞ → mfðkfÞ þ Bfð−kfÞ; ðB1Þ

with ki, kf the momenta in the CM frame, in terms of
standard PWAs τL;�;I

i;f . The PWAs have well-defined pion-
nucleon orbital angular momentum L, total angular momen-
tum J ¼ L� 1=2, and total isospin I. The indices i, f denote
the initial, final meson-baryon pair πN; ηN;KΛ; KΣ.
From isospin conservation, the PWA for each channel i,

f can be decomposed in terms of total isospin I of the
meson-baryon pair. That is, I ¼ 1=2 or 3=2 for πN andKΛ,
and I ¼ 1=2 for ηN and KΣ. The PWAs for a specific
process mB → m0B0 are then given by

τL;�mB;m0B0 ¼
X
I

ðIm; Im3 ; IB; IB3 jI; I3ÞðI; I3jIm
0
; Im

0
3 ; IB

0
; IB

0
3 ÞτL;�;I

i;f ; ðB2Þ

where Im=B; Im=B
3 denote the total isospin and its projection of the meson/baryon, respectively. The Clebsch-Gordan

coefficients ðIm; Im3 ; IB; IB3 jI; I3Þ couple the isospin of the meson-baryon pair in the initial and final state to total isospin I. In
the following we express the cross section for a specific process in terms of PWA. We drop the subscript mB;m0B0 for ease
of notation.
The differential cross section in the CM frame can be written in terms of two amplitudes:

dσ
dΩ

¼ 1

jkij2
ρiρfðjTþþðs;ΩÞj2 þ jTþ−ðs;ΩÞj2Þ ¼

jkfj
jkij

ðjhðs;ΩÞj2 þ jgðs;ΩÞj2Þ: ðB3Þ

Here, Tþþ; Tþ− are helicity flip and nonflip amplitudes; h, g are spin-flip and nonflip amplitudes, respectively. The phase
space factors for initial and final state ρi, ρf are given by

ρðkÞ ¼ π
k
W

EmEB; ðB4Þ

with Em, EB the CM energy of the meson and baryon, respectively, and k the CM momentum. The helicity amplitudes are
expanded in terms of the total angular momentum of the meson-baryon system J,

Tλ0;λðs;ΩÞ ¼
X
J

ðJ þ 1=2ÞTJ
λ;λ0 ðsÞeiðλ−λ

0ÞϕdJλ;λ0 ðθÞ: ðB5Þ

All angular dependence of Eq. (B3) is given by the Wigner small-d functions. For helicities λ ¼ �1=2 they are related to
Legendre polynomials Pl as

ðJ þ 1=2ÞdJ�1
2
;1
2

ðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos θ

2

r
ðP0

Jþ1=2ðcos θÞ ∓ P0
J−1=2ðcos θÞÞ; ðB6Þ

where the primes denote the derivative with respect to cos θ. The relation between the helicity amplitudes and amplitudes
with definite parity, and hence L, is

2TL;�ðsÞ ¼ TJ¼L�1=2
þþ ðsÞ � TJ¼L�1=2

þ− ðsÞ: ðB7Þ
The (dimensionless) PWAs are then defined as

τL;�ðsÞ ¼ − ffiffiffiffiffiffiffiffiffi
ρiρf

p
TL;�ðsÞ: ðB8Þ
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We have explicitly
ffiffiffiffiffiffiffiffiffi
ρiρf

p
Tþ�ðs; θÞ ¼

X
J

ðJ þ 1=2ÞdJ�1
2
;1
2

ðθÞðτJ−1=2;þðsÞ � τJþ1=2;−ðsÞÞ: ðB9Þ

The differential cross section of Eq. (B3) is then most conveniently expressed as

dσ
dΩ

¼ 1

jkij2
����
X
L

PLðcos θÞ½LτL;−ðsÞ þ ðLþ 1ÞτL;þðsÞ�
����
2

þ sin2θ
jkij2

����
X
L

P0
Lðcos θÞ½τL;þðsÞ − τL;−ðsÞ�

����
2

: ðB10Þ

Here, the first and second terms are proportional to the spin-
flip and nonflip amplitudes jhj2; jgj2, respectively.
Efficient sampling of the CM scattering angle is readily

obtained via the inverse sampling transform using the
cumulative distribution function. To do so, we express
the probability density function for the scattering angle,
given by the normalized angular distribution of Eq. (B10),
in a monomial basis. This is done using the expansion
coefficients Gl;n

k and Hl;n
k , defined as

Xlþn

k¼0

Hl;n
k xk ≡ ð1 − x2ÞP0

lðxÞP0
nðxÞ; ðB11Þ

Xlþn

k¼0

Gl;n
k xk ≡ PlðxÞPnðxÞ: ðB12Þ

These coefficients aremultiplied by thePWAas inEq. (B10),
yielding the angular distribution. The cumulative distribution
function is the integral of the resulting polynomial, given
analytically in terms of the same coefficients.
From the orthogonality of the associated Legendre

polynomials, the angle-integrated cross section is given
by squared PWA:

σðWÞ ¼ 4π

jkij2
X
L

ðLjτL;−ðsÞj2þðLþ 1ÞjτL;þðsÞj2Þ: ðB13Þ

APPENDIX C: VALIDATION OF MESON-
BARYON SCATTERING

We validate the results for both the total cross sections,
and angular distributions from the ANL-Osaka DCC model
for meson-proton scattering by running the INC simulation
for a stationary proton target. Results are shown in Fig. 13
for incoming pions and eta mesons, validating the agree-
ment between the Achilles INC and the original ANL-Osaka
model. For the angular distributions on the right of Fig. 13,
the pion isospin channels not shown have almost exactly
the same angular distribution at this momenta, as this
kinematic point is almost exactly on top of the Δ peak,
where the different pion cross sections differ only by
isospin factors. Results for neutron and Hyperon targets
can be obtained in a similar manner.
As a final check, Fig. 14 shows the total cross sections

for charged and neutral pion production off of a hydrogen
target using the results from the GiBUU Δ model. To
compare with our predictions, we utilize the parametri-
zations of the total cross sections from GiBUU [29],

FIG. 13. Validation of the Achilles implementation of the ANL-Osaka DCC Model. Left: angle-integrated cross sections for πþ (red),
π0 (blue), π− (green), and η (purple) scattering off the proton. Results only include the contributions for meson-baryon final-state
channels πN; ηN;KΛ; KΣ. Results shown by histograms are computed from the Achilles INC, while the dashed lines show the
calculation directly from Eq. (B13). Right: angular distributions in the CM frame for πþ (red), and η (purple) scattering off the proton at
pπ=η ¼ 300 MeV. Results shown by points are computed from the Achilles INC, while the dashed lines show the calculation from the
ANL-Osaka model. The angular distributions for π0 and π− are identical to πþ at these kinematics.
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which have been fit to global NN → NNπ scattering data.
Here, one can see that the predictions from Achilles lie
slightly below the data as we only include contributions
from the resonant process NN → NΔ → NNπ. The miss-
ing strength is given by the nonresonant, background
NN → NNπ contributions, which are for now not included
in Achilles.

APPENDIX D: DELTA MATRIX ELEMENTS

Figure 15 shows the diagrams in the tree-level calculation
for pp → nΔþþ; other channels follow using isospin sym-
metry and Clebsch-Gordan coefficients. The cross section is
the sum of three contributions: a direct term, a crossed term,
and their interference. The direct contribution is given by

jMðdirectÞj2 ¼ zðt; μΔÞ
�
fπf�πF2ðtÞ
m2

πðt −m2
πÞ
	
2 4m2

Nt
3μ2Δ

× ½t − ðμΔ −mNÞ2�½ðμΔ þmNÞ2 − t�2: ðD1Þ

The crossed contribution follows from the exchange of the Mandelstam variables t ↔ u. Finally, the interference term is
given as

2Re½MðdirectÞM�ðcrossedÞ� ¼
�
fπf�πF2ðtÞ
m2

πðt −mπÞ2
	�

fπf�πF2ðuÞ
m2

πðu −mπÞ2
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

zðt; μΔÞzðu; μΔÞ
p �

2m2
N

μ2Δ

�

×



½tuþ ðμ2Δ −m2

NÞðtþ uÞ − μ4Δ þm4
N �½tuþmNðμΔ þmNÞðμ2Δ −m2

NÞ�

−
1

3
½tu − ðμΔ þmNÞ2ðtþ uÞ þ ðμΔ þmNÞ4�½tu −mNðμΔ −mNÞðμ2Δ −m2

NÞ�
�
: ðD2Þ

The comparison between the implementation and the calculationwithinGiBUUcan be seen in the right panel of Fig. 14. The
agreement between the two implementations is at an acceptable level andmaydiffer fromexact values of couplings andmasses.
The matrix element for the process NΔ → NΔ is

jMNΔi→NΔf
j2 ¼ I

1

8

�
fNNπfΔΔπ

mπ

�
2 F4ðtÞ
ðt −m2

πÞ2
×
16ðμi þ μfÞ2 þm2

Nt

9μ2i μ
2
f

× ð−μ2i þ 2μiμf − μ2f þ tÞ

× ðμ4i − 2μ3i μf þ 12μ2i μ
2
f − 2μiμ

3
f þ μ4f − 2μitþ 2μiμft − 2μ2ftþ t2Þ: ðD3Þ

In the above equation, FðtÞ is the same form factor defined in Eq. (24); μi and μf are the masses of the off-shell Δ
resonance in the initial and final state, respectively. The NNπ coupling constant fNNπ ¼ 0.946 and the ΔΔπ coupling
constant is given as fΔΔπ ¼ 9=5fNNπ . Finally, the isospin factors (I) are given in Table II.

FIG. 14. Comparison of results between Achilles and GiBUU. Left: pion production cross sections vs
ffiffiffi
s

p
and pbeam for pp → pnπþ

(blue) and pp → ppπ0 (red) in Achilles compared to the parametrized results from GiBUU [29]. Right: comparison of Δ cross sections
described in Eqs. (19), (20) against the cross sections obtained from GiBUU [29].
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APPENDIX E: TKI

TKI variables are popular observables designed for
sensitivity to nuclear effects in neutrino-nucleus scattering
[104]. To establish notation, consider CCNp0π scattering
events νþ A → lþ pþ X, where l and p are, respec-
tively, the outgoing lepton and leading proton. The trans-
verse momentum δpT is defined via the vector sum of the
outgoing transverse lepton and leading proton momentum,

δpT ≡ pl
0

T þ pN
0

T : ðE1Þ

The notation δpT is meant as a visual reminder that this
transverse momentum would vanish in the absence of
nuclear effects. As for any three-vector, δpT is completely
specified by its magnitude and two angles,

δpT ≡ jpl0T þ pN
0

T j ðE2Þ

δαT ≡ arccos

�
−pl0T · δpT
pl0
T δpT

�
ðE3Þ

δϕT ≡ arccos
�
−pl0T · pN

0
T

pl0
T p

N0
T

�
; ðE4Þ

where pl0
T and pN0

T are the projections of the momentum of
the outgoing lepton and leading proton onto the transverse
plane defined by the incoming neutrino momentum. The
angle δαT is referred to as the transverse boosting angle,

while the angle δϕT is the transverse deflection angle.
Reference [104] discusses physical expectations for these
observables and provides a diagram of the kinematic setup.
Note that these same variables are used in electron-nucleus
scattering as well, often denoted as pT .
Doubly transverse variables [105,106] can be defined

analogously for CCNp1πþ events νþ A → l0 þ p0 þ
π0 þ X. A double-transverse axis zTT is defined with respect
to the plane of the initial and final-state lepton momenta,

ẑTT ≡ pν × pl
0

jpν × pl
0 j : ðE5Þ

Projecting the resonance momentum pN
0 þ pπ

0
, with pN

0
the

leading proton, onto the double-transverse axis gives the
double-transverse momentum imbalance,

δpTT ≡ ðpN0 þ pπ
0 Þ · ẑTT: ðE6Þ

The magnitude of the initial nucleon momentum pN is
defined in terms of its components transverse and longi-
tudinal to the initial neutrino momentum,

pN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðδpCC1π

T Þ2 þ ðpCC1π
L Þ2

q
: ðE7Þ

The transverse momentum in CCNp1πþ events is given by

δpCC1πT ¼ pl
0

T þ pN
0

T þ pπ
0

T : ðE8Þ
The longitudinal component pL can similarly be computed
in terms of final-state observables, although the expression
is somewhat longer and will not be needed here. Details can
be found in Ref. [73].

APPENDIX F: ADDITIONAL EXPERIMENTAL
COMPARISONS

This appendix collects additional comparisons between
experimental measurements and the predictions of Achilles.
Figure 16 shows a comparison to the CC0π differential
cross sections measured by MINERνA [79] with respect to
several different kinematic variables. Figure 17 shows a
comparison of measurements by T2K.

TABLE II. Isospin factors for the process NΔ → NΔ. The
neutron channels are given by isospin symmetry.

Process Isospin factor (I)

pΔþþ → pΔþþ 9=4
pΔþ → nΔþþ 3
pΔþ → pΔþ 1=4
pΔ0 → pΔ0 1=4
pΔ0 → nΔþ 4
pΔ− → pΔ− 9=4
pΔ− → nΔ0 3

FIG. 15. Tree-level Δ production diagrams arising from the Lagrangian Eq. (22). A solid line denotes a nucleon, the double lines
denote a Δ, and a dotted line denotes a pion.

JOSHUA ISAACSON et al. PHYS. REV. D 113, 036005 (2026)

036005-20



FIG. 16. Comparison of CC0π differential cross sections measured by MINERνA [79] compared to predictions by Achilles. In the first
row, the cross sections are differential in momentum pp and scattering angle θp. In the second row, the cross sections are differential in
momentum pμ and scattering angle θμ of the outgoing muon. In the third row, the cross sections are differential in the transverse
momentum imbalance δpT and the transverse deflecting angle δϕT .
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