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C O N D E N S E D  M AT T E R  P H Y S I C S

Cavity-mediated electron-electron interactions: 
Renormalizing Dirac states in graphene
Hang Liu1*, Francesco Troisi1, Hannes Hübener1, Simone Latini1,2*, Angel Rubio1,3*

Embedding materials in optical cavities has emerged as a strategy for tuning material properties. Here, we devel-
op a nonperturbative quantum electrodynamical approach based on a photon-free self-consistent Hartree-Fock 
framework to model the coupling between cavity photons and electrons and crystals. We apply this approach to 
graphene coupled to cavity photons of different polarizations. Photons introduce nonlocal electron-electron in-
teractions, solely due to the quantum nature of light, that lead to substantial renormalization of Dirac bands. The 
nonlocal interactions induced by anisotropic linearly polarized photons give rise to wedge-shaped bands and 
Dirac gap. When isotropic cavity photon modes are introduced, the Dirac cones remain gapless, but a Fermi veloc-
ity renormalization yet indicates the role of nonlocal interactions. This theoretical framework paves the way for 
revealing nonperturbative quantum effects in strongly coupled light-matter systems and allows for a more com-
prehensive discovery of cavity-induced phenomena.

INTRODUCTION
Engineering electromagnetic vacuum field fluctuations via optical 
cavities is emerging as a way to control the ground state of condensed 
matter systems (1–8). Cavity photon vacuum fluctuations have been 
experimentally demonstrated to control the reaction pathway of 
molecules by changing the potential energy landscape (9), affect the 
magneto-transport property of electron gas for tunable Landau levels 
and quantum Hall effects (10–12), and modify the electronic conduc-
tivity of organic and inorganic extended solids (13, 14). These obser-
vations indicate that the vacuum fluctuations in optical cavities can be 
strong enough to mediate interactions and alter properties of quan-
tum materials.

To understand and predict the impact of cavity vacuum fluctua-
tions on materials, various theoretical approaches based on quantum 
electrodynamics (QED) have been used, with the main challenge be-
ing the modeling of cavity-mediated interactions, arising from the 
strong collective coupling of photons with electrons and nuclei. 
Photon-mediated interactions of a nonlocal type, beyond perturba-
tion theory, are crucial for controlling atomic structures (15), charge 
transfer (16), chemical reactivity (5), and van der Waals forces (17) in 
molecules, as well as electron topology in atomic chains (18–21). 
These phenomena can only be grasped by approaches like Hartree-
Fock (HF) approximation (22), coupled-cluster expansion (16), and 
exact diagonalization with partial or full configurations (23), which 
all share the capability of capturing photon-mediated nonlocal 
electron-electron interactions in a nonperturbative fashion. More-
over, quantum electrodynamical density functional theory (QEDFT) 
within the local-density approximation (24,  25) provides another 
framework for exploring photon-mediated interactions and their 
consequent phenomena. It has been used for finite interacting sys-
tems, demonstrating cavity-induced donor-acceptor charge transfer 
(26) and spin glass behavior (27) in molecular clusters. The QEDFT is 

nonperturbative by construction; however, its functionals have not 
yet included nonlocal interactions. The present work can serve a 
guide to develop and improve QEDFT functionals in the future.

For extended crystalline systems, theoretical studies rely on a lo-
cal approximation of cavity-induced interactions, and they are built 
on perturbative approximations (except for those using QEDFT) 
(28, 29). Within perturbation theory, for example, the possibility of 
cavity-engineered topological phase transitions has been proposed in 
Su-Schrieffer-Heeger chains (30), graphene (31–34), and twisted lay-
ered materials (35, 36). Also, modifications of superconducting prop-
erties in crystals have been explored using both perturbation theories 
(37–40) and nonperturbative QEDFT simulations (41). In the latter 
case, a local density approximation is used for the exchange-correlation 
functional, and therefore, if photon-mediated nonlocal interactions 
are to be included, then a different approach has to be devised.

Here, we develop a theoretical approach that addresses the cou-
pling between optical cavities and extended crystals in a nonpertur-
bative manner, enabling a precise description of photon-mediated 
nonlocal (long-range) electron interactions that arise from the 
quantum nature of cavity photons and have no counterparts for 
classical light fields. By making a high-frequency expansion of the 
exact QED Hamiltonian, we arrive at a photon-free Hamiltonian 
which features both local and nonlocal cavity-mediated electron in-
teractions. It is important to stress that the nonlocal electron-
electron interactions are not mediated by the Coulomb potential, 
but they result from the quantum vacuum fluctuations of the cavity 
photons. To solve the photon-free Hamiltonian, we perform the HF 
approximation on this photon-mediated interaction, arriving at 
what we call the photon-free QED-HF formulation, which is nota-
bly distinct from the HF method for Coulomb interactions. The di-
rect and exchange interactions in the QED-HF formulation describe 
a kind of nonlocal electron-electron interaction, induced by fluctuat-
ing cavity photons, which should not be confused with that in the 
usual HF theory for the Coulomb electron-electron interactions. The 
photon-mediated nonlocal interactions arise even in a system of non-
interacting electrons, where the coupling between electrons is medi-
ated by the transverse part of the cavity vacuum field fluctuations.

With the photon-free QED-HF formulation, we investigate gra-
phene coupled with various types of cavity electromagnetic fields 

1Max Planck Institute for the Structure and Dynamics of Matter and Center for Free-
Electron Laser Science, Luruper Chaussee 149, 22761, Hamburg, Germany. 2Depart-
ment of Physics, Technical University of Denmark, 2800 Kgs. Lyngby, Denmark. 
3Initiative for Computational Catalysis, The Flatiron Institute, 162 Fifth Avenue, New 
York, NY 10010, USA.
*Corresponding author. Email: hang.​liu@​mpsd.​mpg.​de (H.L.); simola@​dtu.​dk (S.L.); 
angel.​rubio@​mpsd.​mpg.​de (A.R.)

Copyright © 2025 The 
Authors, some rights 
reserved; exclusive 
licensee American 
Association for the 
Advancement of 
Science. No claim to 
original U.S. 
Government Works. 
Distributed under a 
Creative Commons 
Attribution 
NonCommercial 
License 4.0 (CC BY-NC). 

D
ow

nloaded from
 https://w

w
w

.science.org on N
ovem

ber 27, 2025

mailto:hang.​liu@​mpsd.​mpg.​de
mailto:simola@​dtu.​dk
mailto:angel.​rubio@​mpsd.​mpg.​de
http://crossmark.crossref.org/dialog/?doi=10.1126%2Fsciadv.adz1855&domain=pdf&date_stamp=2025-10-24


Liu et al., Sci. Adv. 11, eadz1855 (2025)     24 October 2025

S c i e n c e  A d v a n c e s  |  R e s e ar  c h  A r t i c l e

2 of 13

and find a substantial renormalization of Dirac electronic states. 
Our results show that the photon-mediated interactions induce a 
topologically nontrivial Dirac gap in graphene for a circularly po-
larized cavity photon mode and a trivial Dirac gap with a wedge-
shaped band feature for a linearly polarized mode, as illustrated 
in Fig. 1, with the latter arising purely from the photon-induced 
nonlocal interactions. The gap opening from a circularly polar-
ized mode, originating from time-reversal symmetry breaking, has 
a classical analog (42, 43), while the gap opening from a linearly 
polarized mode is a result of the anisotropic long-range interac-
tions and is a pure quantum effect induced by the cavity. This dem-
onstrates a key difference in the phenomenology of cavity materials 
engineering versus Floquet engineering (7, 28). When two cavity 
photon modes are present, all symmetries of intrinsic graphene 
can be restored, resulting in a gapless Dirac state with a modified 
Fermi velocity. Moreover, by tuning the mode polarization, am-
plitude, and frequency, the Dirac cones in graphene can be flexibly 
renormalized, establishing material symmetry engineering via op-
tical cavities as a powerful tool for the manipulation of electronic 
band structure and its topology. The developed QED-HF theoretical 
framework is general and can be implemented as a first-principles 
method. Hence, it is applicable to a wide range of materials and cav-
ity configurations and therefore opens the way to accurately model 
the electronic structure of materials strongly coupled to quantum 
vacuum field fluctuations without biasing the results through per-
turbative expansions.

RESULTS
Nonperturbative theory for interacting electrons 
and photons
Here, we present the theoretical framework for the nonperturbative 
modeling of an electronic system interacting with the fluctuating 

photons in a cavity. As discussed below, the framework is built using 
a HF approach and relies on a photon-free QED treatment of the 
light-matter coupled problem.
Photon-free QED Hamiltonian
For a system of Ne (nonrelativistic) electrons interacting with the 
electromagnetic field confined by a cavity, the minimal coupling pre-
scription in Coulomb gauge together with an effective cavity photon 
mode description in the long-wavelength approximation (44) results 
in the following Pauli-Fierz QED Hamiltonian (45)

where �pi = −iℏ∇ri
 is the momentum operator for the electrons (with 

electron charge q = −∣e∣ and mass m), and Â = A0(â
†e∗ + âe) is the 

effective electromagnetic vector potential operator with mode am-
plitude A0 and polarization vector e , and ω is the cavity mode fre-
quency. Physically, the Hamiltonian consists of three parts: the bare 
electron part Ĥe =

∑Ne

i
ĥe(ri) with ̂he(ri) =

p̂
2
i

2m
+ V̂ (ri) , the bare pho-

ton part �Hp = ℏω
(

1

2
+�a†�a

)
 , and the electron-photon interaction 

part Ĥint = −
q

m

∑Ne

i
p̂i ⋅ Â +

q2NeÂ
2

2m
 . The interaction part is in turn 

composed of a paramagnetic term with 
∑Ne

i
p̂i ⋅ Â and a diamag-

netic term with Â
2
.

The diamagnetic term can be absorbed into the bare effective 
photon term using the Bogoliubov transformation in Supplementa-
ry Text A, reducing the Hamiltonian in Eq. 1 to

�H =

Ne∑

i

[
(�pi−q�A)2

2m
+ �V (ri)

]
+ℏω

(
1

2
+�a†�a

)
(1)

�H = �He + ℏω̃
(
1

2
�̃a
†
�̃a
)
−

q

m

Ne∑

i

�pi ⋅
�̃A (2)

Fig. 1. Illustration of the renormalized Dirac cones of monolayer graphene coupled to cavity photon modes of different polarizations. Because of cavity-mediated 
electron interactions, a circularly polarized photon induces an isotropic Dirac gap with nontrivial band topology, while a linearly polarized photon induces a flat and 
anisotropic Dirac gap with trivial topology. In contrast, two isotropic linearly polarized photons, with the same frequency and amplitude and the perpendicular polariza-
tion directions, do not induce the Dirac gap but modify the Dirac Fermi velocity. In the setup, graphene is on the xy plane with z = 0 , and x and y are along the zigzag and 
armchair directions of the graphene structure, respectively. kx and ky denote the coordinates in the two-dimensional reciprocal space of graphene, corresponding to the 
zigzag (x) and armchair (y) directions in real space, respectively. ε represents the energy of the QED-HF bands of graphene.
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with the dressed mode frequency ω̃ and vector potential operator 
̂̃A = Ã0(̂̃a

†
ẽ∗ + ̂̃aẽ) . The polarization of the dressed mode remains 

the same as that of the undressed mode ẽ = e . For a linearly polar-
ized photon mode, diamagnetism renormalizes the mode frequency 

and amplitude to ω̃ = ω

√
1 + ς

2NeA
2
0

ω
 and Ã0 = A0

√
u+ 1−

√
u− 1√

2
 with 

ς =
q2

mℏ
 (=1 in atomic unit) and u =

ςNeA
2
0
+ω√

(2ςNeA
2
0
+ω)ω

 , respectively. Dif-

ferently, for a circularly polarized photon mode, diamagnetism re-
normalizes the mode frequency and amplitude to ω̃ = ω

(
1+ς

NeA
2
0

ω

)
 

and Ã0 = A0 , respectively.
The dressed Hamiltonian in Eq. 2 can be now represented in the 

dressed photon space {∣0̃⟩ , ⋯ , ∣s̃⟩ , ⋯} . Diagonal and subdiagonal 
matrix blocks have nonzero elements, and they satisfy ⟨s̃∣Ĥ∣s̃⟩ = 
⟨0̃∣�H∣0̃⟩ + s̃ℏω̃ and ⟨s̃∣Ĥ∣s̃ + 1⟩ =

√
s̃ + 1⟨0̃∣Ĥ∣1̃⟩ . This structure 

high-lights that when the dressed photon frequency is much higher 
than the typical electronic transition frequencies taken into account, 
the states in different photon sectors go off resonance. As a result, 
the Hamiltonian matrix can be conveniently downfolded into the 
zero photon sector and hence remove the photonic degrees of free-
dom (46, 47). At the first order with respect to Ã

2
0

ω̃
 , the downfolding is

where the integrals are calculated as ⟨0̃∣�H∣0̃⟩ = �He +
ℏω̃

2
 , ⟨0̃∣Ĥ∣1̃⟩ = 

−
qÃ0

m

∑Ne

i
p̂i ⋅ e

 , and ⟨1̃∣Ĥ∣0̃⟩ = −
qÃ0

m

∑Ne

i
p̂i ⋅ e

∗ . This gives rise to the 
effective photon-free QED Hamiltonian

where

represents the photon-induced local single-electron interaction since it 
involves the momentum of the same particle i, and

represents the photon-induced nonlocal electron-electron interaction 
involving two particles i and j, and ζ = ς

m
 (= 1 in atomic unit). The 

induced electron-electron interaction is proportional to the electron 
momentum, which is different from the usual Coulomb electron-
electron interaction that is proportional to 1

∣ri − rj ∣
 . It is important to 

note that the photon-induced nonlocal interaction depends on the 
amplitude, frequency, and polarization of a photon mode, highlight-
ing its tunable nature for controlling matter properties. In addition, as 
the coupled embedded material size (i.e., Ne ) increases, experimental 
setups should target a lower bare frequency or higher bare amplitude 
to achieve the desired interaction strength defined by Ã

2
0

ω̃
.

This cavity-mediated electron-electron interaction is a purely 
quantum phenomenon arising from the transverse component of the 
fluctuating photon fields. This is an effect that has no counterpart 

with classical light. To illustrate this explicitly, we use a coherent 
state of light, ∣λ̃(t)⟩ = e−

∣λ̃∣2

2

∑+∞

s̃=0
λ̃
s̃

√
s̃ !
e−iω̃(s̃+

1

2
)t ∣s̃⟩ satisfying ̂̃a∣λ̃(t)⟩ = 

λ̃e−iω̃t ∣λ̃(t)⟩ , as a proxy of classical light. We project the electron-
photon Hamiltonian in Eq. 2 onto this state, yielding

with Ã(t) = Ã0(λ̃
∗
eiω̃te∗ + λ̃e−iω̃te) . Through this projection, the vec-

tor potential operator ̂̃A acts as a classical vector potential Ã(t) , leav-
ing only light-mediated single electron corrections. The projected Eq. 7 
is the Hamiltonian for classical time-periodic light driving in Floquet 
engineering (7).
Photon-free QED-HF formulation
To find the ground state of the many-particle Hamiltonian in Eq. 4, 
a HF approximation is applied to treat the photon-induced electron 
interactions in Eqs. 5 and 6. The electronic wave function is repre-
sented by a single Slater determinant that is constructed from the 
occupied single-particle orbitals {φi} with energies {εi} . The orbitals 
can be obtained by solving the photon-free QED-HF equation (see 
Supplementary Text B for its derivation based on the minimization 
of the total energy)

with the Fock operator in first quantization

The local part, consisting of the uncoupled electronic Hamiltonian 
and the operator from local interaction, is

with Π̂l = (p̂r ⋅ e)(p̂r ⋅ e
∗) . The direct operator from nonlocal in-

teraction is

and the exchange operator from nonlocal interaction is

with Π̂nl = (p̂r ⋅ e)(p̂r� ⋅ e
∗) + (p̂r ⋅ e

∗)(p̂r� ⋅ e) for any single-particle 
wave function f (r) . The integral in Eqs. 11 and 12 is for coordinate r′ . 
Because the Fock operator depends on its eigenstates, i.e., the occu-
pied orbitals in Eq. 8, self-consistent calculations are required. While 
the self-consistent HF approach has been used for finite molecules in 
chemistry (22), only the nonself-consistent perturbative HF approach 
has been implemented for extended crystalline systems (33).

With spatial periodicity, the electrons in crystals outside a cavity 
are described by the Bloch states given by he(r)φ0

nk
(r) = ε0

nk
φ0
nk
(r) , 

where n and k define the bands and crystal momenta, respectively. 
To numerically solve Eq. 8, the Fock operator ̂ is expressed as a 

�Heff = ⟨0̃∣�H∣0̃⟩ − ⟨0̃∣�H∣1̃⟩ ⟨1̃∣�H∣0̃⟩
ℏω̃

(3)

�Heff = �He +
ℏω̃

2
+ �Hl + �Hnl (4)

Ĥl = −ζ
Ã2
0

ω̃

Ne∑

i

(p̂i ⋅ e)(p̂i ⋅ e
∗) (5)

Ĥnl = −ζ
Ã2
0

ω̃

Ne∑

i

Ne∑

j≠i

(p̂i ⋅ e)(p̂j ⋅ e
∗) (6)

⟨λ̃(t)∣�H∣λ̃(t)⟩= �He+ℏω̃
�
1

2
+∣λ̃∣2

�
−

q

m

Ne�

i

�pi ⋅ Ã(t) (7)

̂ ∣φi⟩ = εi ∣φi⟩ (8)

 (̂r) = h(̂r) −

Ne∑

j

j (̂r) −j (̂r) (9)

h(̂r) = he(̂r) − ζ
Ã2
0

ω̃
Π̂l

(10)

j(r)f (r)= ⟨φj∣ ζ
Ã2
0

ω̃
Π̂nl ∣φj⟩f (r) (11)

j(r)f (r)= ⟨φj∣ζ
Ã2
0

ω̃
Π̂nl∣ f ⟩φj(r) (12)
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matrix, which we refer to as photon-free QED Fock matrix, in the basis 
set constructed from the electronic states {φ0

nk
} without interaction 

to cavity photons. The matrix elements Fnk n�k� = ⟨φ0
nk
∣̂ ∣ φ0

n�k�
⟩= 

δkk�⟨φ0
nk
∣̂ ∣ φ0

n�k
⟩ indicate that the matrix is diagonal in k space 

(see proof in Supplementary Text C). Thus, the QED Fock matrix can 
be constructed independently for each crystal momentum k , i.e., 
Fnn�k = Fl,nn�k + Fnl,nn�k . The contribution from the local operator is

and the contribution from the nonlocal operator is

with the direct component

and the exchange component

where m indexes the occupied HF Bloch bands. The direct compo-
nent Jnn′k accounts for the interaction of an electron with k to all the 
other electrons and itself, due to the sum of occupied orbitals for all 
crystal momenta k′ in Eq. 15. In contrast, the exchange component 
Knn′k accounts for the interaction of an electron with k to itself and 
the other electrons with the same crystal momentum k , shown 
in  Eq.  16. The self-direct and self-exchange interactions in direct 
and exchange components, respectively, exactly cancel with each 
other (see Supplementary Text B); as a result, the inclusion of both 
direct and exchange components guarantees the QED-HF approach 
to be self-interaction free.

The direct component Jnn′k is proportional to the total electron 
momentum P =

∑occ

mk�
⟨φmk� ∣p̂r∣φmk�⟩ of the system. When P = 0 , the 

Jnn′k is zero, meaning that the Fock matrix is only contributed by the 
local and exchange components; thus, the Fock matrix for each 
crystal momentum k depends only on the states with the same crys-
tal momentum k , which allows the separate self-consistent iterations 
of wave functions for each k . The resulting Fock matrix is solved 
and iteratively updated until convergence is reached.

In the local, direct and exchange components (Eqs. 13, 15, and 16] of 
the photon-free QED Fock matrix, the interaction prefactor Ã

2
0

ω̃
 scales 

with the number of electrons Ne , such as Ã
2
0

ω̃
=

A2
0

ω

(
1+ζ

2NeA
2
0

ω

)−1

 and 
Ã2
0

ω̃
=

A2
0

ω

(
1+ζ

NeA
2
0

ω

)−1

 for a linearly and circularly polarized photon 
mode, respectively. This indicates that the modifications of elec-
tronic states by cavity fluctuating photons depend on the size of 
material systems.
As shown in (44), there is an intrinsic limit to the range over which 
electrons in a material are coupled to the effective cavity photon 
mode. Since the effective photon mode volume is finite, only the 
electrons within this volume should be counted in the light-matter 
interaction. This means that in the bulk limit (44), the light-matter 
coupling is maximized. Filling the mode volume with matter has an 
effect of the photon dressing from diamagnetism, which, in practice, 
implies that when fabricating and designing the cavity, the target 

frequency and amplitude of photon modes to be realized are the 
dressed ones. Last, compared with exact diagonalization, the photon-
free QED-HF approximation is equivalent to an expansion of the 
electron-photon coupling problem on the ground and singly excited 
configuration states, as shown by the Brillouin’s theorem for photon-
induced electron interactions in Supplementary Text D.
The case of multiple cavity photon modes
A single effective photon mode inherently breaks the symmetry of 
matter by constraining the vacuum field to a single polarization. To 
include multiple polarizations, we allow for more cavity photon modes 
in the description of the light-matter interacting Hamiltonian. For 
a multimode cavity, the vector potential operator for Np > 1 pho-
tons is Â =

∑Np

α Âα =
∑Np

α A0α(â
†
α
e∗
α
+ âαeα) with the mode index α . 

While the diamagnetic term resulting from this vector potential op-
erator might mix different photons, a normal mode transformation 
Â =

∑Np

α Âα →
̂̃A =

∑Np

α
̂̃Aα can be found (45), so that the multi-

mode electron-photon Hamiltonian can be written as

with the dressed mode frequency ω̃α , amplitude Ã0α , and pola
rization ẽα.

A high-frequency downfolding procedure, equivalent to the one 
for single mode, can be applied to the multimode Hamiltonian 
in Eq. 17, which follows

The multimode effective photon-free Hamiltonian is then given by

with Ĥl,α = −ζ
Ã2
0α

ω̃α

∑Ne

i
(p̂i ⋅ ẽα)(p̂i ⋅ ẽ

∗
α
) and Ĥnl,α = −ζ

Ã2
0α

ω̃α

∑Ne

i

∑Ne

j≠i
 

(p̂i ⋅ ẽα)(p̂j ⋅ ẽ
∗
α
) . This shows that the photon-free Hamiltonian in the 

case of multiple photons is a summation of the Hamiltonians cor-
responding to the demixed normal effective modes.

The photon-free QED-HF formulation can be directly extended 
to the cavities with multiple effective photon modes ( Np > 1 ). The 
photon-free Hamiltonian in Eq. 19 features a summation of electron 
interactions from all the normal effective photon modes. Accord-
ingly, the operator Ã

2
0

ω̃
Π̂l in Eq. 10 for a single mode should be re-

placed by 
∑Np

α

Ã2
0α

ω̃α

Π̂l,α with Π̂l,α = (p̂r ⋅ ẽα)(p̂r ⋅ ẽ
∗
α
) , and the operator 

Ã2
0

ω̃
Π̂nl in Eqs. 11 and 12 by 

∑Np

α

Ã2
0α

ω̃α

Π̂nl,α with Π̂nl,α = (p̂r ⋅ ẽα)(p̂r� ⋅ ẽ
∗
α
)+ 

Π̂nl,α = (p̂r ⋅ ẽα)(p̂r� ⋅ ẽ
∗
α
) + (p̂r ⋅ ẽ

∗
α
)(p̂r� ⋅ ẽα) . Similar operator replace

ments should be applied to Eqs. 13, 15, and 16. Note that summing 
the interactions over multiple modes can effectively modify the in-
teraction strength. In addition, the interaction term can vanish in 
certain cases. For example, this occurs when a two-dimensional ma-
terial is coupled to out-of-plane polarized photon modes, as the ma-
terial lacks an out-of-plane current response.

Fl,nn�k=ε0
nk
δnn� −⟨φ0

nk
∣ζ
Ã2
0

ω̃
Π̂l∣φ

0
n�k
⟩ (13)

Fnl,nn�k = Jnn�k + Knn�k (14)

Jnn�k=−

occ�

mk�

⟨φ0
nk
φmk� ∣ζ

Ã2
0

ω̃
Π̂nl∣φ

0
n�k

φmk�⟩ (15)

Knn�k=

occ�

m

⟨φ0
nk
φmk∣ζ

Ã2
0

ω̃
Π̂nl∣φmkφ

0
n�k
⟩ (16)

�H = �He +

Np∑

α

ℏω̃α

(
1

2
+�̃a

†

α
�̃aα

)
−

q

m

Np∑

α

Ne∑

i

�pi ⋅
�̃Aα (17)

�Heff= ⟨0̃1, ⋯ , 0̃
Np
∣�H∣ 0̃1, ⋯ , 0̃

Np
⟩−

Np�

α

�
1

ℏω̃α

⟨0̃1, ⋯ , 0̃
Np
∣�H∣ 0̃1, ⋯ , 1̃α, ⋯ , 0̃

Np
⟩⋅

⟨0̃1, ⋯ , 1̃α, ⋯ , 0̃
Np
∣�H∣ 0̃1, ⋯ , 0̃

Np
⟩
�

(18)

�Heff = �He +

Np∑

α

(
ℏω̃α

2
+ �Hl,α + �Hnl,α

)
(19)
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The QED-HF theoretical framework assumes cavity configurations 
where photon modes are dominated by the transverse component 
and exhibit negligible spatial variation on the scale of the matter 
system without resonance. However, it can be extended to include 
Coulomb-like direct and exchange interactions arising from the longi-
tudinal photon component; it can also be adapted to on-resonant 
systems by incorporating higher-order downfolding expansions in 
the photon-free QED Hamiltonian. Moreover, the time-independent 
QED-HF framework can be adapted to model matter coupled to a 
driven cavity, where a dynamic Fock operator can be derived by ap-
proximating the wave function as a single time-dependent Slater 
determinant. When the system is time-periodic, Floquet theory can 
be used to eliminate the time dependence of the Fock operator and 
thereby get an effective QED-HF Floquet Hamiltonian, whose di-
agonalization yields the quasi-energy band structure of the driven 
system. Furthermore, the photon-free QED-HF method can be in-
tegrated into ab initio first-principles modeling packages to include 
the collective coupling between electrons, ions, and photons. Also, it 
can be extended to include correlations by combining it with 
QEDFT functional (24, 25) while simultaneously improving the lo-
cal approximation in QEDFT.

Effect of cavity-mediated nonlocal electron interactions on 
Dirac states in graphene
In this section, the photon-free QED-HF approach is used to study 
the modifications of Dirac states in graphene by cavity photons, 
with a specific focus on the modifications resulting from the cavity-
mediated nonlocal electron-electron interaction.

The gapless Dirac states in graphene arise from the 2pz orbitals of 
carbon atoms located at the A and B sites of a honeycomb lattice, 
satisfying, among others, time-reversal, spatial-inversion, and threefold 
rotational symmetries. Graphene is described by a tight-binding model 
with a nearest-neighbor (NN) hopping energy of t0 = −2.7 eV (48), 
giving rise to Dirac cones with a Fermi velocity of vF = 0.87 × 106 m/s 
at ±K valleys. The main ingredient to calculate the cavity-mediated 
electron interactions in graphene is the momentum matrix element 
pmnk = −iℏ⟨φ0

mk
∣∇r∣φ

0
nk
⟩ with band indexes m, n = {v, c} for lower 

valence (v) and upper conduction (c) Dirac bands with crystal mo-
mentum k , whose evaluation from the contribution of 2pz orbital 
(49, 50) is described in Supplementary Text E.

In the ground state, the charge neutral graphene interacting 
with cavity photon modes has total momentum P = 0 . For each 
crystal momentum k , the 2 × 2 QED Fock matrix in the basis set 
{φ0

vk
,φ0

ck
} is iteratively constructed by following Eqs. 13 to 16 (see 

its explicit form for graphene in Supplementary Text F) and solved 
to find the cavity-renormalized HF orbitals. The photon-free QED-
HF solutions are converged to an accuracy of 10−12 eV in the HF 
energy eigenvalue.

The following subsections present the cavity-renormalized Dirac 
states in graphene, interacting with linearly and circularly polarized 
cavity photon modes, as illustrated in Fig. 1. Graphene is on the xy 
plane with z = 0 , and x and y are along the zigzag and armchair di-
rections of the graphene structure, respectively. The correspond-
ing directions in reciprocal space are denoted by kx (zigzag) and ky 
(armchair) with the unit of Å−1 . In this section, the frequency, am-
plitude, and polarization of dressed effective normal photon modes 
are denoted as ω , A0 , and e , respectively, without a tilde symbol (~) 
in the notation for brevity.

Circularly polarized photon
To describe the interaction between the electrons in graphene and 
a circularly polarized cavity photon mode, we set the polarization 
vector to e = ex + iey (parallel to the graphene plane), the photon 
energy to ℏω = 0.3 eV, and the amplitude to A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 , which 

satisfies the high-frequency condition for the photon-free QED for-
mulation for electrons close to the Dirac points and corresponds to 
an experimentally accessible mode volume V = (320Å)3 (32, 51, 52). 
We find that the photon-induced local interaction opens an energy 
gap at the Dirac points as previously reported in literature (31–34), 
while the nonlocal interaction further increases the size of the gap, a 
quantum effect which has thus far not been discussed. As shown 
in Fig. 2A, the local interaction breaks the degeneracy of the Dirac 
point at +K valley, resulting in the massive Dirac cone with a band-
gap Δ ∼ 2 meV. With the inclusion of photon-induced nonlocal in-
teraction, the Dirac gap is enlarged to Δ ∼ 4 meV (Fig. 2, A and B), 
and the valence and conduction electrons acquire a finite isotropic 
effective mass. This demonstrates that the photon-induced nonlocal 
electron-electron interaction in Eq. 6, originating from the quantum 
nature of cavity photons, plays an important role in the renormaliza-
tion of Dirac states in graphene and can only be captured by a non-
perturbative theoretical approach.

To analyze the formation of massive Dirac cones induced by a 
circularly polarized cavity photon, we evaluate the electronic wave 
function and the change of electron density in reciprocal and real 
space, respectively. In the basis set {φ0

vk
,φ0

ck
} , the wave function of 

the cavity-renormalized valence Dirac band in Fig. 2B is expressed 
as φvk = cvφ

0
vk
+ ccφ

0
ck

 for a given crystal momentum k. Figure 2C 
shows ∣cc∣2 , i.e., the component of the original conduction Dirac 
state φ0

ck
 without interaction to photon. This indicates that the origi-

nal valence φ0
vk

 and conduction φ0
ck

 states are hybridized by the cir-
cularly polarized cavity photon mode, leading to the formation of a 
massive Dirac cone at +K valley (Fig. 2, A and B). The hybridization 
is isotropic in reciprocal space, as expected from the symmetry of 
the electron-photon coupling, and it is worth mentioning that the 
equivalent behavior is observed for the −K valley.

Figure 2D shows the cavity-induced modification of the electron 
density, Δρ(r) =

∑
k ∣φvk∣

2 − ∣φ0
vk
∣2 , contributed from the reciprocal 

zone {kx , ky} ∈ [−1, 1] 10−3Å
−1 with respect to crystal momenta 

±K . The zone is large enough to contain all the modified Bloch 
states at ±K valleys for obtaining the density variation (see Supple-
mentary Text G for the calculation details of electron density). For 
the +K valley, the density increases at A sites and decreases at B sites. 
Oppositely, for the −K valley, the density decreases at A sites and 
increases at B sites. As a result, the electron density from ±K valleys 
is different ∣ φv,+K(r) ∣

2
≠ ∣ φv,−K(r) ∣

2 , indicating that time-reversal 
symmetry is broken by the circularly polarized photon.

The size of the cavity-induced Dirac gap can be tuned by adjust-
ing the amplitude and frequency of the circularly polarized photon. 
As shown in Fig. 2E, for a fixed photon energy, the Dirac gap be-
comes larger with increasing mode amplitude, following the relation 
Δ ∝ A2

0
 . For a fixed mode amplitude, instead, the Dirac gap becomes 

smaller with increasing mode frequency and evolves as Δ ∝ ω−1 
(Fig. 2F). The overall evolution of the gap size follows Δ = κ

A2
0

ω
 . Al-

though the evolution is similar to what is predicted for the Floquet 
Dirac gap in graphene induced by a time-periodic circularly polar-
ized light field (42, 43), the Floquet gap is only contributed from the 
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local electron interaction mediated by the classical light. The depen-
dence on the mode amplitude and frequency originates from the 
interaction prefactor A

2
0

ω
 in Eqs. 5 and 6, and the coefficient κ is deter-

mined by the polarization-dependent momentum matrix elements 
of graphene. As a sanity check, we note that the gap size is on the 
order of 10 meV, while the cavity photon energy is on the order of 
0.3 eV; hence, the high-frequency approximation for the photon-
free QED Hamiltonian in Eq. 4 is justified.

A gap size of Δ = 1.8 meV, induced by a circularly polarized cav-
ity photon with ℏω = 0.3 eV and A0 = 1.87 × 10−8

kg ⋅m

C ⋅ s
 , has been 

previously reported on the basis of perturbation theory (31–34). 
This is quantitatively consistent with our results for the case with 
only the photon-mediated local electron interaction, which demon-
strates that the photon-induced nonlocal electron-electron interac-
tion is missed in the previous perturbation modeling. Thus, the 

nonperturbative self-consistent photon-free QED-HF approach is 
necessary for the predictions of the photon-induced nonlocal in-
teraction on the renormalization of Dirac states in graphene, as a 
unique quantum effect arising from cavity photons (with no coun-
terpart for classical light, as discussed in the “Photon-free QED 
Hamiltonian” section).
Linearly polarized photon
For a linearly polarized photon mode, we choose the polarization 
e = ex (i.e., along the zigzag direction of graphene) and keep the 
photon energy ℏω = 0.3 eV and mode amplitude A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 

as before. As shown in Fig. 3A, the photon-mediated local interac-
tion does not break the Dirac degeneracy. In contrast, with the in-
duced nonlocal interaction, the Dirac degeneracy is destroyed, and 
a bandgap of Δ ∼ 2 meV is formed at both ±K valleys. As shown 
in Fig. 3B, the gapped Dirac cones are anisotropic in reciprocal 
space and so are the effective masses associated to the bands.

Different from the case of a circularly polarized photon where 
the renormalization is isotropic, the cavity-renormalized Dirac states by 
a linearly polarized photon are in an anisotropic superposition of 
valence and conduction basis states in reciprocal space. This can be 
quantified through the electron wave function φvk = cvφ

0
vk
+ ccφ

0
ck

 
shown in Fig. 3C. Here, the conduction component ∣cc∣2 has a but-
terfly shape elongated along the kx direction in reciprocal space, in-
dicating that threefold rotational symmetry is broken by the linearly 
polarized photon.

Figure 3D shows the modification of the electron density from 
the ±K valleys, where the density variation, which is the same 
for the two valleys, is mainly on the A − B bonds between the NN 
sites. The density increases on the vertical bonds and decreases on the 
other bonds, showing that the threefold rotational symmetry, intrinsic to 
the bare graphene, is broken. At the same time, the renormalized 
Dirac electron wave functions satisfy ∣φv,+K(r)∣

2 = ∣φv,−K(r)∣
2 , indi-

cating that time-reversal symmetry is not broken. In other words, the 
Dirac gap opening in the case of a linearly polarized cavity photon is 
not a consequence of time-reversal symmetry breaking and instead 
connected to the long-range anisotropy (characterized by threefold 
rotational symmetry breaking) in the presence of the photon-induced 
nonlocal electron-electron interaction.

In Fig. 3 (A and B), approaching +K along the +K − Γ direction, 
the renormalized Dirac bands change abruptly to become perfectly 
flat in the direction of the cavity polarization vector. The bands are 
instead shaped like a wedge. As discussed below in the section related 
to the effective hopping integrals, these sharp kink features are a 
consequence of an unphysical infinitely long-range electron-electron 
interaction due to the long wavelength approximation and can be 
prevented by truncating the interaction range. By introducing a 
small sublattice potential difference VAB = ±2 × 10−5t0 at A and B 
sites [or a weak spin-orbit coupling (SOC) strength, which would 
be there for realistic graphene], the bands smoothen, as shown 
in  Fig.  3A. The long-range anisotropy from nonlocal interaction 
dominates the global band renormalization as in the case of VAB = 0 
(see Supplementary Text F and the section related to the effective 
hopping integrals).

To understand the flat-line band, we analyze the wave functions 
φvk = cAφ

0
Ak

+ cBφ
0
Bk

 for valence Dirac states in the sublattice basis 
set {φ0

Ak
,φ0

Bk
} (see Supplementary Text E for the φ0

Ak
 and φ0

Bk
 func-

tions). We specifically choose a path along ky for kx = k0 = −2× 

Fig. 2. Dirac states in graphene coupled with a circularly polarized photon 
mode. The mode has ℏω = 0.3 eV, A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 , and e = ex + iey . (A) HF bands 

of the +K valley (inset) along Γ ← +K → M path. (B) Representation of the blue 
band in (A) in the two-dimensional reciprocal zone {kx , ky} ∈ [ −1, 1] 10−3Å

−1
 cen-

tered at the crystal momentum +K . (C) Component ∣cc ∣2 of the conduction basis 
state φ0

ck
 for the lower valence band ( φvk = cvφ

0
vk

+ ccφ
0
ck

 ) in (B). (D) Variation of the 
electron density, Δρ(r) =

∑
k
∣φ

vk
∣2 − ∣φ0

vk
∣2 , at the specific z = 0.33 Å plane, where 

the 2pz atomic orbital of carbon has its maximum. The left (right) shows the contribu-
tion to density from the +K ( − K ) valley. The cross signs mark the position of the A and 
B sites. (E and F) Evolution of the Dirac bandgap in (A) as a function of the A0 (with 
fixed ℏω = 0.3 eV) and photon energy ℏω (with fixed A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 ), respec-

tively. The star in (E) denotes the data from perturbation approach (32, 34).
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10−4Å
−1 (indicated by the gray plane in Fig. 3B). We consider both 

the case of zero and finite sublattice potential VAB . In Fig. 3E, we plot 
the quantity δAB =∣cAk∣ − ∣cBk∣ , which describes the difference 
in the magnitudes of the wave fuction coefficients for the two lattice 
sites. When VAB = 0 , both sites are equivalent, i.e., δAB = 0 , pre-
serving spatial inversion symmetry. Looking at the phase differ-
ence θAB = Arg(cAk) − Arg(cBk) in Fig. 3F, we observe a discontinuity 
crossing the flat line, where a QED-HF solution cannot be found 
exactly at the kink and flat line. This indicates the presence of an 

unphysical singularity. The singularity is removed by introducing a 
finite VAB , as evidenced by the continuous and smooth behaviors of 
δAB and θAB in Fig. 3 (E and F).

Last, the size of the Dirac gap, induced by a linearly polarized 
photon, is also tunable through adjustments of the photon parame-
ters. As shown in Fig. 3 (G and H), with only the local interaction, 
the Dirac cones remain gapless regardless of the choice of photon 
parameters. With the nonlocal electron-electron interaction includ-
ed, the Dirac gap goes again as Δ = ξ

A2
0

ω
 , but the prefactor ξ is differ-

ent from that for a circularly polarized mode. Also, the length of the 
flat line is affected by photon parameters and evolves as L = χ

A2
0

ω
 . The 

direction of the singular flat line in reciprocal space corresponds to 
the polarization direction of the photon mode in real space and hence 
can be rotated in the kxky plane at will by changing the mode polar-
ization in the xy plane (see details in Supplementary Text H). The 
emergence of the singular flat-line band feature is analytically dem-
onstrated using the two-dimensional low-energy effective Dirac 
model in Supplementary Text I, and also the prefactors ξ and χ for 
the bands evolution are analytically derived. The case of a linearly 
polarized cavity photon mode demonstrates that the nonperturbative 
QED-HF approach is essential to grasp the unique quantum effect, 
missed in perturbation theory, from the photon-induced nonlocal 
interaction in the collective electron-photon hybrid system.
Ellipticity and band topology
Here, we investigate the renormalization of Dirac states by a cavity 
photon as its polarization transitions from circular to linear. The el-
liptically polarized photon is implemented by setting the polariza-
tion vector to e = excosη + ieysinη and keeping the mode frequency 
and amplitude as before. A circularly and linearly polarized photon 
mode has the ellipticity degree tanη = 1 and 0 with the ellipticity 
angle η =

π

4
 and 0, respectively. As shown in Fig. 4A, for a single photon 

mode, the cavity-induced Dirac gap decreases with decreasing tanη : 
With only the photon-mediated local interaction, the Dirac gap 
decreases to zero, whereas the gap stays finite with the nonlocal in-
teraction included. We also note that decreasing the ellipticity de-
gree, i.e., tanη = 1,0.41,0.02 respectively with η =

π

4
, π
8
, π

180
 , the Dirac 

dispersion becomes sharper around crystal momenta ±K (Fig. 4B).
Since a circularly polarized light field can affect the band topol-

ogy of Dirac states in graphene (32–34, 42, 43), we now discuss the 
evolution of the Berry curvature of cavity-renormalized Dirac bands 
as the ellipticity degree tanη goes from 1 to 0. The Berry curvature 
for the occupied valence Dirac band is computed, after the self-
consistent QED-HF iterations, as

with velocity operators v̂x =
�̂

�kx
 and v̂y =

�̂

�ky
 and the photon-free 

QED Fock operator ̂. Figure 4C shows that, with circular polariza-
tion ( tanη = 1 ), the Ωk for the valence band is nonzero around the 
±K valleys. The integration of Ωk in the first Brillouin zone (BZ) 
gives rise to a finite Chern invariant C =

1

2π
∫
BZ
Ωkdk = 1 . This indi-

cates that a circularly polarized photon induces a topologically non-
trivial phase, which can support quantum anomalous Hall states, 
and is consistent with time-reversal symmetry breaking shown in 
the section related to circularly polarized photon modes.

Ωk=−
2Im[⟨φvk∣v̂x∣φck⟩⟨φck∣ v̂y∣ φvk⟩]

(εck−εvk)
2

(20)

Fig. 3. Dirac states in graphene coupled with a linearly polarized photon mode. 
The mode has ℏω = 0.3 eV , A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 , and e = ex . (A) HF bands of the +K 

valley with and without nonlocal interaction. The former are also shown in the pres-
ence of a tiny sublattice potential value VAB = ± 2 × 10−5t0 . (B) Representation of the 
blue band in (A) in {kx , ky} ∈ [ −1, 1] 10−3Å

−1
 centered at +K . (C) Component ∣cc ∣2 of 

the conduction basis state φ0
ck

 for the lower valence band ( φvk = cvφ
0
vk

+ ccφ
0
ck

 ) in (B). 
(D) Variation of electron density, Δρ(r) =

∑
k
∣φ

vk
∣2 − ∣φ0

vk
∣2 , at z = 0.33 Å plane for 

VAB = 0 . The left (right) shows the contribution from the +K ( − K ) valley. (E and F) The 
difference of wave function amplitude δAB (phase θAB ) between the A and B sites for 
the valence states across the plane kx = k0 = −2 × 10−4 Å

−1
 [the gray plane in (B)]. 

Blue (orange) lines are for graphene with VAB = 0 ( ±2 × 10−5t0 ). (G and H) Evolution of 
the Dirac bandgap in (A) as a function of A0 (with fixed ℏω = 0.3 eV) and ℏω (with fixed 
A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 ) for VAB = 0 , respectively.
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As the ellipticity degree tanη decreases, the Berry curvature 
gets sharper around the crystal momenta ±K , as shown in Fig. 4C. 
The Chern number is still C = 1 , and hence the nontrivial topol-
ogy is preserved for the elliptically polarized mode. The relation 
Ω−k = Ω+k ≠ 0 indicates the preserved spatial-inversion symmetry 
and broken time-reversal symmetry. In addition, the Ωk in two-
dimensional BZ shows that the threefold rotational symmetry is bro-
ken, showing that the gap opening from the mode with 1 > tanη > 0 
is also related to anisotropy in a long-range distance (accompanied 
with threefold rotational symmetry breaking).

For zero ellipticity degree tanη = 0 , i.e., a linearly polarized pho-
ton, the Berry curvature is zero everywhere in the BZ except on the 
flat-line band dispersion discussed in the section related to the lin-
early polarized photon, where its value cannot be calculated since 
the wave functions are singular. The zero Berry curvature for all the 
physical states indicates that the Dirac bandgap induced by a lin-
early polarized mode is topologically trivial.
Two linearly polarized photons: Isotropic case
Experimentally, it might be challenging to set up a cavity with a per-
fectly linearly polarized single photon mode, as it would require to 

fully suppress the mode with the other polarization direction. Hence, 
for a more general description, we discuss the case of two photon 
modes linearly polarized along the planar directions x and y. We 
start by considering an isotropic cavity with two degenerate linearly 
polarized photons with the same mode amplitude A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 

and the same photon energy ℏω = 0.3 eV, as before. As shown in 
Fig. 5 (A and B), there is a very small difference (on the order of 
~1 μeV) of energy eigenvlues in the renormalized Dirac bands when 
only local or both local and nonlocal interactions are included. No-
tably, the renormalized Dirac cones remain gapless, while the Fermi 
velocity is slightly modified. Along the +K→M paths, the Dirac 
Fermi velocity at the valley has the maximum variation of 0.5 per mil.

To show the effects of the two photons, we study again the wave 
functions and density of electrons for the renormalized Dirac cones. 
As shown in Fig. 5C, the original Dirac valence and conduction 
states hybridize with each other. Compared with that in the case of a 
circularly and linearly polarized photon, respectively, in Figs. 2C and 
3C, the states hybridization at the +K valley is significantly weaker in 
the case of the two isotropic linearly polarized photons. Correspond-
ingly, the renormalization of Dirac bands in Fig. 5 (A and B) is much 
weaker than that in the case of a circularly and linearly polarized 
photon, shown in Figs. 2 (A and B) and 3 (A and B), respectively.

The modification of the electron density is analyzed for the four 
valence states corresponding to the generic crystal momenta −k0 , 
+k0 , +k

�

0
 , and +k��

0
 at the ±K valleys (inset in Fig. 5D). The momenta 

−k0 and +k0 are related by inversion symmetry, and +k0, +k
�

0
 , and 

+k��
0

 are connected by threefold rotational symmetry. As shown 
in Fig. 5D, the density variation for each of the four crystal momenta 
satisfies Δρ(r) = Δρ(−r) , showing that the interacting system has 
spatial-inversion symmetry. At the same time, Δρ−k0 (r) = Δρ+k0 (r) 
holds, indicating that time-reversal symmetry is preserved. Fur-
thermore, the density variation for +k0 , +k

�

0
 , and +k��

0
 satisfies 

Δρ+k0 (r) = Δρ+k�
0
(Ĉ3r) = Δρ+k��

0
(Ĉ3Ĉ3r) , with Ĉ3 threefold rotation-

al operator, showing that the interacting system is threefold rotation 
symmetric. Thus, the two isotropic linearly polarized photons do 
not break the symmetries of graphene, and consequently, the Dirac 
cones in the electron-photon interacting system remain gapless, 
while the Fermi velocity is modified. In Supplementary Text I, the 
analytical QED-HF solutions also suggest that the Dirac cones re-
main gapless for graphene interacting with two isotropic linearly 
polarized photons.

By changing the amplitude and frequency of the two linearly po-
larized photon modes, the renormalization of the Dirac Fermi ve-
locity can be modified. As shown in  Fig.  5 (E and F), for a fixed 
photon energy ℏω = 0.3 eV, the Fermi velocity increases with the 
mode amplitude; with fixed mode amplitude A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 , in-

stead, the Fermi velocity decreases with increasing frequency. This 
shows the variation of the Dirac Fermi velocity follows the relation 
∣ΔvF∣ = τ

A2
0

ω
 , where τ is determined by the momentum elements of 

graphene. If only local interaction is included, then no changes in 
the Dirac Fermi velocity are observed.
Two linearly polarized photons: Anisotropic case
We now study the evolution of the Dirac states in graphene when 
changing the two linearly polarized photon modes from isotropic 
to anisotropic. For the two modes, the photon energy is fixed to 
be the same as before; the amplitude of the x mode is fixed as 
A0x = 2 × 10−8

kg ⋅m

C ⋅ s
 , while the amplitude of the y mode is tuned 

Fig. 4. Evolution of cavity-renormalized Dirac states and band topology. (A) Using 
a single photon mode with ℏω = 0.3 eV, A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 , and e = excosη + ieysinη , 

the Dirac bandgap changes with mode ellipticity degree tanη . (B) HF bands of 
the ±K valleys, from local and nonlocal interactions, for ellipticity degrees 
tanη = 1,0.41, and 0.02 , corresponding to ellipticity angles η =

π

4
 , π
8

 , and π

180
 , re-

spectively. (C) Berry curvature for the valence band in (B). (D) Change of the Dirac 
bandgap with mode amplitude ratio 

A0y

A0x
 in the presence of two linearly polarized 

photon modes with e = ex and ey . The photon energy of the two modes is ℏω = 0.3 eV, 
and the amplitude of x-polarized mode is fixed as A0x = 2 × 10−8

kg ⋅m

C ⋅ s
 . (E) HF 

bands of ±K velleys, from local and nonlocal interactions, for the amplitude ratio 
A0y

A0x
= 0.0,0.5, and 1.0 . (F) Berry curvature for the valence band in (E), where the 

cross signs indicate that the Berry curvature is singular for the valence band at the 
crystal momenta ±K.
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between A0y = 0 and A0y = A0x . Such a cavity setup could be real-
ized, for instance, in a cavity whose mirrors are made of a material 
with an anisotropic dielectric function. The most convenient way to 
represent the two cavity photon modes is by aligning them along the 
principal axes, which are assumed to be the perpendicular x and y 
directions here. Any other choice would be equivalent but would 
result in additional mode mixing terms in the Hamiltonian. As 
shown in Fig. 4D, we observe a smooth transition from the com-
pletely anisotropic case, with a Dirac bandgap Δ ∼ 2 meV induced 
by a single linearly polarized photon (Fig. 3), to the completely iso-
tropic case, with no Dirac bandgap instead (Fig. 5). We stress once 
again that this behavior holds only if the photon-induced nonlocal 
interaction is included. In Fig. 4E, the bands along the −K→ +K 

path are shown for different ratios 
A0y

A0x

 , evolving from the anisotropic 
to the isotropic case. Along with the reduction of gap size to zero, 
the length of the singular flat line of the Dirac bands (Fig. 3) gradu-
ally decreases to zero. The quantum effects on graphene of two anis-
tropic linearly polarized modes remain qualitatively the same as 
those in the single-mode case. Experimentally, such anisotropic 
photon mode configurations can be achieved using spatially aniso-
tropic cavity designs, including Fabry-Pérot cavities with anisotro-
pic mirror geometry or dielectric properties, split-ring resonator 
cavities with inherent structural anisotropy, and photonic crystal 
cavities (29, 53–55).

As shown in Fig. 4F, the Berry curvature Ωk of the valence Dirac 
band is zero, and it is undefined for the crystal momenta ±K , which 
shows that the Dirac gap induced by the two linearly polarized pho-
ton modes is topologically trivial regardless of the anisotropy. Note 
that, also for the graphene outside the cavity, the Ωk is zero and un-
defined for the ±K . In addition, the relation Ω−k = Ω+k = 0 indi-
cates that both time-reversal and spatial-inversion symmetries are 
preserved. The narrowing of Dirac gap is related to the recovery of 
isotropy (together with threefold rotational symmetry) when ap-
proaching the case of two isotropic photon modes, i.e., 

A0y

A0x

→ 1.
Effective hopping integrals
In the section for the case of linearly polarized photons, we sug-
gested that the presence of the singular flat line in the band structure 
of graphene coupled to a single linearly polarized photon is a symp-
tom of the unphysical infinite-range description of the photon-
induced interactions. To corroborate this claim, we here analyze the 
electron interactions in a real space tight-binding representation, 
where we map the interactions (both local and nonlocal) to hopping 
terms and show how a physical description of the interaction can be 
recovered. We compute the mediated effective electron hopping in-
tegrals by photon-induced interactions for arbitrary range as fol-
lows: The QED Fock matrix F{v,c} k in the basis set {φ0

vk
,φ0

ck
} , directly 

obtained from the calculations in k space (as performed in all sec-
tions above), is transformed into F{A,B} k

in the AB site representation with the basis set {φ0
Ak
,φ0

Bk
} , where 2pz 

orbitals are used for the sites and the elements are constructed as 
FIJ k =

∑
Re

ik⋅Rt0I ,RJ with I , J ∈ {A,B} and cell index R (see Supple-
mentary Text E for the details of lattice structure). The effective elec-
tron hopping integrals in real space can be found from the Fourier 
transformation t0I ,RJ =

1

Nk

∑
ke

−ik⋅RFIJ k . Last, the range of the photon-
induced interactions can be selected by truncating the effective hop-
pings in real space and performing an inverse Fourier transformation 
to get the QED Fock matrix in momentum space.

For the following results, we adopt the photon mode with energy of 
ℏω = 0.3 eV and amplitude of A0 = 2 × 10−7

kg ⋅m

C ⋅ s
 . The most interesting 

case is that of graphene coupled to a single linearly polarized photon. To 
aid numerical convergence, we introduced a nonsignificant sublattice 
potential difference VAB = ± 0.004t0 (which corresponds to a bandgap 
of 0.022 eV in the bare graphene); as shown later, the energy scales, af-
fected by the range of the considered cavity-mediated interactions, are 
much larger than the one introduced by this sublattice potential. The 
schematic in Fig. 6A highlights the anisotropy at all orders of the 

F{A,B} k =

[
FAA k FAB k

FBA k FBB k

]
(21)

Fig. 5. Dirac states in graphene coupled with two isotropic linearly polarized 
photon modes. The two modes have the same ℏω = 0.3 eV and A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 , 

but the perpendicular polarization vectors e = ex and ey . (A) HF bands for the +K 
valley. The bottom shows the variation of the bands due to addition of the nonlocal 
interaction. (B) Representation of the blue band in (A) in {kx , ky} ∈ [ −1, 1] 10−3Å

−1
 

centered at +K . (C) Component ∣ cc ∣2 of the conduction basis state φ0
ck

 for the 
lower valence band ( φvk = cvφ

0
vk

+ ccφ
0
ck

 ) in (B). (D) Variation of the electron density, 
Δρ(r) =

∑
k
∣ φvk ∣

2 − ∣φ0
vk
∣2 , at z = 0.33 Å plane. The four panels show the contribu-

tion from the valence states with crystal momenta − k0 , +k0 , +k
�

0
 , and +k��

0
 . −k

0
 is 

inversely symmetric to +k0 , and the +k�
0
 and +k��

0
 are rotated by 120° and 240° with 

respect to +k0 . (E and F) Evolution of the Fermi velocity along +K → M as a function 
of A0 (with fixed ℏω = 0.3 eV) and ℏω (with fixed A0 = 2 × 10−8

kg ⋅m

C ⋅ s
 ), respectively.
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hopping integrals by showing that the threefold rotational symmetry 
of the original graphene is lost. Figure 6B shows that the change in the 
electron hopping integrals, when including the cavity-induced nonlocal 
interaction, is finite and anisotropic over a long range of distance [over 
hundreds of nanometers, which is comparable to characteristic cavity 
confinement length (44)]. The hoppings decay much slower with 

distance than the exponentially decaying ones in pristine graphene. 
In Supplementary Text F and the section for the linearly polarized 
photon, we show that while tAB provides an increase of the distance 
between conduction and valence bands across the BZ, the modified 
sublattice hoppings tAA and tBB provide a further modification to the 
bands close to the ±K valleys.

Fig. 6. Cavity-mediated effective hopping integrals in graphene. The photon energy is ℏω = 0.3 eV, and the mode amplitude is A0 = 2 × 10−7
kg ⋅m

C ⋅ s
 . (A) Schematic of 

hopping integrals from A to B sites, induced by a linearly polarized mode ( e = ex ). Gray and light gray dashed lines show the NN integrals tNN and t′
NN

 , while blue and light 
blue dashed lines show the third NN integrals t3NN and t′

3NN
 . (B) Hopping integrals, induced by a linearly polarized mode, change with distance between sites. (For numerical 

stability, we use a negligible V
AB

= ±0.004t
0
 ). tAB , tAA , and tBB along +y and directions rotated by ±120° from +y are shown. Hopping integrals with exponential decay in 

intrinsic graphene are shown. (C) The cavity-induced Dirac bandgap increases by including hopping integrals [in (B)] over a longer range. Inset shows the bands for trun-
cated and infinite ranges. (D) Schematic of hopping integrals from A to B sites, induced by two isotropic linearly polarized modes. (E) Integrals tAB , induced by two isotropic 
linearly polarized modes, change with distance between A and B sites. tAA and tBB remain unchanged at zero. (F) The cavity-renormalized Dirac Fermi velocity changes by 
including hopping integrals [in (E)] over a longer range. (G) Schematic of hopping integrals induced by a circularly polarized mode with e = ex + iey . Gray dashed lines 
show the second NN SOC-like integrals from local interaction, while blue dashed lines show long-range SOC integrals from nonlocal interaction. (H) Hopping integrals, in-
duced by a circularly polarized mode, change with distance between sites. tAB along +y and directions rotated by ±120° from +y are shown. SOC integrals between A − A 
(and B − B ) sites, along +x and direction rotated by ±120° from +x , are shown. (I) The cavity-induced bandgap quickly plateaus with increasing hopping range.
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Cutting the range of interaction (i.e., setting the effective hop-
ping integrals to zero for a distance larger than a given threshold) 
has a direct effect on the size of the Dirac gap, as shown in Fig. 6C: 
Long-range hopping integrals up to at least ~150 nm are needed to 
reach convergence on the gap size of ~0.22 eV (note that this value 
is significantly larger than that from the artificial sublattice potential 
VAB used for numerical stability). Crucially, the inset in Fig. 6C dem-
onstrates that the kinks on the flat line in bands and the singular 
behavior of wave functions, discussed in the section for the linearly 
polarized photon, are removed when the interaction range is trun-
cated. For instance, when the interaction is truncated to a finite 
range d = 800 or 400 Å , the band kinks are removed, but the flatness 
of the bands in the direction of the polarization remains (Fig. 6C). 
This confirms that the singularity is a consequence of the infinite 
range of the photon-induced interactions which no realistic cavities 
could support.

For comparison, we performed an equivalent analysis for the 
case of two isotropic linearly polarized photons and the case of a 
single circularly polarized photon. In the presence of two isotropic 
linearly polarized cavity photon modes (Fig. 6, D and E), we observe 
a range of interaction similar to the case for a single linearly polar-
ized photon, but as discussed in the section related to the two lin-
early polarized isotropic photons, because no symmetry is broken, 
no electronic Dirac gap is opened. Nevertheless, the renormaliza-
tion of the Fermi velocity at the ±K valleys shows a dependence on 
the interaction range (Fig. 6F). Last, for a circularly polarized pho-
ton, Fig. 6G illustrates that SOC like effective electron hoppings are 
induced (already at the level of cavity-induced local interactions), 
indicating that time-reversal symmetry is broken. Effectively, the 
interacting electron-photon system can be mapped to an Haldane 
model. The cavity-induced nonlocal interaction introduces long-
range effective SOC electron hoppings (Fig. 6, H and I), up to a dis-
tance of ~10 nm which is considerably smaller than that in Fig. 6 (B 
and C) for a single linearly polarized mode.

DISCUSSION
In conclusion, a nonperturbative QED-HF theoretical approach 
based on the photon-free self-consistent framework is formulated 
to address the photon-mediated local and nonlocal interactions of 
electrons in the extended materials collectively coupled with the 
fluctuating photons in optical cavities. The photon-induced nonlo-
cal electron-electron interaction, originating from the quantum na-
ture of light confined by a cavity, naturally arises in the formulation 
of our photon-free QED-HF approach. Such a nonlocal interaction, 
quite different from the Coulomb charge-charge repulsion interac-
tion, is properly treated through the self-consistent iterations of 
electronic wave functions in the coupling systems of crystalline mat-
ter and optical cavities.

Using the QED-HF approach, we have shown that photon-induced 
nonlocal interaction plays a crucial role in the renormalization of 
the Dirac electronic properties in graphene. By accounting for only 
the photon-mediated local interaction, a circularly polarized pho-
ton opens a topologically nontrivial Dirac gap from time-reversal 
symmetry breaking, while a linearly polarized photon does not lift 
the band degeneracy at the Dirac points. In contrast, with the photon-
induced nonlocal electron-electron interaction included, both the 
circularly and linearly polarized photon modes open a Dirac band-
gap, with nontrivial and trivial electronic topology, respectively. The 

formation of topologically trivial gap with flat-band dispersion is 
related to the anisotropy in the presence of photon-induced interac-
tion over a long range. With two isotropic linearly polarized pho-
tons, all the symmetries in intrinsic graphene are restored, and the 
Dirac cones remain gapless, while the Dirac Fermi velocity is slight-
ly affected purely by the photon-induced nonlocal interaction. We 
repeatedly show that the nonperturbative nature of the QED-HF ap-
proach is crucial for describing the renormalization of the Dirac 
electronic structure by cavity photons, demonstrating that the non-
perturbative treatment is a necessity to capture the key quantum 
features (missed in perturbative methods, even qualitatively) result-
ed from the collectivity of electron-photon coupling inherent to the 
quantum nature of cavity photons.

In contrast to our work, previous studies on graphene embedded 
in a cavity (31–34) rely on perturbation theory, which, by construc-
tion, only includes photon-induced local interactions. As a result, 
these works overlook the quantum phenomena arising from nonlo-
calities. Similarly, studies on crystals other than graphene, e.g., one-
dimensional and twisted layered materials (30, 35, 36), suffer from 
the same perturbative considerations.

Along with the renormalization of electronic bands, the optical 
and transport properties of Dirac states in graphene are expected to 
be modified. The linearity of the massless Dirac bands in pristine 
graphene gives rise to a universal, frequency-independent, and spa-
tially isotropic optical conductivity σ , namely, Re[σ] = e2

4ℏ
 (56). When 

graphene is embedded inside a cavity, the opening of an electronic 
gap is expected to disrupt the universal behavior of the conductivity, 
inducing zero conductivity within the gap. When graphene is cou-
pled to anisotropic cavity modes, the response of the material is ex-
pected to be altered differently in the x and y directions for frequencies 
above the gap, hence leading to an anisotropic optical conductivity. 
Furthermore, in the case of circular mode polarization, the emer-
gent nontrivial topology of the effective graphene band structure is 
expected to give rise to a quantized Hall conductivity and related 
robust topological edge states for graphene when structured to a na-
noribbon form. This suggests that graphene embedded in an optical 
cavity could serve as a platform for developing optoelectronic and 
topological devices.

The cavity-induced modifications of Dirac states in graphene differ 
from those achieved by other material engineering approaches. For 
instance, applying uniaxial strain to graphene introduces anisotropy, 
which shifts the Dirac points in reciprocal space without the opening 
of an electronic gap (57). An topologically trivial gap can be opened by 
placing graphene on a substrate, via inversion symmetry breaking 
(58), but this does not result in a flat dispersion with an infinite effec-
tive mass like that induced by a linearly polarized photon in a cavity. 
From a microscopic point of view, the difference stems from the fact 
that in both strain and substrate engineering, the modifications arise 
from changes to the local electronic potentials, whereas cavity cou-
pling introduces fundamentally different nonlocal effects.

The modifications in graphene proposed in this work can be probed 
through various experimental techniques. As highlighted above, the 
Dirac gap manifests as zero optical conductivity within the gap fre-
quency range, while anisotropy from linearly polarized modes appears 
as directional differences in optical conductivity. Circularly polarized 
modes reveal nontrivial topology via quantized Hall conductivity and 
ballistic transport in graphene nanoribbons. In addition, the QED-HF 
band structure and effective mass renormalization can be observed us-
ing angle-resolved photon emission spectroscopy.
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As a general theoretical framework based on wave function itera-
tions, our photon-free QED-HF approach can be used to study a 
wide range of electron-photon interacting material systems that in-
herently have the photon-mediated electron-electron interaction 
over large distances due to quantum cavity confinement effects. This 
opens the door to predicting cavity-induced quantum phenomena 
in extended crystalline matter and providing deeper insights into 
how quantum confinement effects mediate long-range interactions 
and fundamentally influence material properties. For example, it 
would be intriguing to investigate how cavity photons modify three-
dimensional Dirac states, potentially revealing phenomena distinct 
from those observed in graphene as a two-dimensional Dirac sys-
tem, such as the transition from Dirac to Weyl fermions in three 
dimensions. The manipulation of transition-metal dichalcogenides 
and their twisted Moiré superlattices by cavity photons also presents 
an exciting avenue for engineering the properties associated with 
valley electrons and charge-ordered states.

Supplementary Materials
This PDF file includes:
Supplementary Text
Figs. S1 to S4
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