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Abstract

Thermalization is one of the most prominent physical effects in our everyday experience
of the world. It refers to the process of a system, which is in a non-equilibrium state,
relaxing to a thermal equilibrium. The remarkable property of this process is that the
thermal equilibrium state is determined by few macroscopic properties of the system, like
the total energy of the system. The information about the precise initial configuration
of the system is lost during this process: on a macroscopic scale, thermalization is an
irreversible process. This is particularly surprising since the fundamental laws of motion,
which describe how the microscopic particles move, is formally reversible at all times. Bridging
this apparent contradiction between the fundamental laws of nature, prescribed by Newton’s
or Schrödinger’s equation, and the emergence of thermalization on a macroscopic scale is a
non-trivial question. Nowadays, the emergence of thermalization in a quantum mechanical
system is understood in a local sense: subsystems are driven towards thermal equilibrium
by the interaction with their remainder. The remainder acts as an effective environment
and in the long-time limit the state of the subsystem becomes independent of the initial
configuration. Over the last decade it was realized that thermalization can be decomposed
into different aspects showing that systems can exhibit qualitatively different non-thermal
behaviors depending on which aspects of thermalization is violated. Although the emergence
of thermal behavior can be explained in this way and non-thermal behavior was found in a
variety of different systems, there are still many open questions.

In this thesis we contribute to three of these open question: First, we analyze environment-
induced effects and investigate in which situations an environment can thermalize a system.
Second, we examine the local memory in thermal and non-thermal systems and how the
information about the initial state distributes over the system. Third, we investigate the
stability of a many-body localized system, one prominent example of a non-thermalizing
systems, with respect to long-range interactions. To address these different issues, we consider
three different model systems: the spin-boson model, the disordered XXZ Heisenberg spin
chain, and a centrally coupled spin chain, respectively. Our analysis is based on a combination
of analytic and numerical approaches. Based on the time-evolution of subsystems, we propose
a measure to quantify the local memory in subsystems, which can be used as an indicator
for thermal and non-thermal behavior in quantum systems. To simulate the dynamics of
the different systems we employ exact diagonalization and the multilayer multiconfiguration
time-dependent Hartree approach. While the first can be used to simulate the dynamics of
small systems for arbitrary times, the later can be used to simulate the dynamcis of large
systems at short and intermediate times.

Our findings demonstrate that all considered systems have a parameter regime in which
they exhibit thermal behavior, i.e. subsystems approach a unique equilibrium state which is
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determined only by macroscopic observables. The relaxation towards the equilibrium state,
however, is qualitatively different for the different models and exhibit a rich and interesting
dynamical behavior. In the weak coupling regime of the spin-boson model we find a transition
from coherent to incoherent equilibration as well as a partial back flow of information, giving
rise to non-Markovian dynamics. In the thermal phase of the disordered XXZ Heisenberg
spin chain we identify different delocalization mechanisms, leading to different time scales
in the relaxation. In the strong coupling regime of the centrally coupled spin chain we
find that the spins of the chain are thermalized by the long-range interactions. On the
other hand, all systems have a parameter regime in which they show non-thermal behavior.
Depending on the spectrum of the environment, we find different non-thermal behaviors in
the strong coupling regime of the spin-boson model. For a gapped spectrum we find a failure
of subsystem equilibration, i.e. the state of the spin remains time-dependent at all times. For
an Ohmic spectral density the spin localizes in its initial state, and thus retains information
about the initial state in local observables. We find a similar effect in the disordered XXZ
Heisenberg spin chain in the many-body localized phase and in the weak and intermediate
coupling regime of the centrally coupled spin chain: some information about the initial
state is stored in the asymptotic state of the spins. Furthermore, our results show that the
initial state of a subsystem can influence the asymptotic state of the system if macroscopic
observables, like the total energy, are influenced by the initial state. This can be seen in the
asymptotic state of the central degree of freedom in the centrally coupled spin chain.
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Zusammenfassung

Thermalisierung ist vermutlich der physikalische Effekte, den wir in unserem Alltag am
häufigsten wahrnehmen. Dabei beschreibt Thermalisierung den Prozess, dass ein System,
welches in einem Nichtgleichgewichtszustand ist, gegen einen Gleichgewichtszustand strebt.
Eine der bemerkenswerten Eigenschaften dieses Prozesses ist es, dass der Gleichgewichtszus-
tand nur von wenigen makroskopischen Eigenschaften des Systems, wie der Gesamtenergie,
bestimmt wird. Die Information über den genauen Anfangszustand des Systems geht
während der Zeitentwicklung verloren. Auf makroskopischer Skala ist Thermalisierung ein
irreversibler Prozess. Das ist insbesondere überraschend, da die fundamentalen Gesetzte,
welche die Dynamik der mikroskopischen Teilchen beschreiben, reversibel sind. Es ist nicht
offensichtlich, wie Thermalisierung aus den fundamentalen Gesetzten der Natur, beschrieben
durch Newtons oder Schrödingers Gleichung, hergeleitet werden kann. In quantenmechanis-
chen Systemen, wird Thermalisierung heutzutage in einem lokalen Sinne verstanden: Kleine
Teilsysteme werden durch die Wechselwirkung mit ihrer Umgebung gegen einen thermischen
Gleichgewichtszustand getrieben. Ihrer Umgebung fungiert als ein effektives Bad und im
langzeit Limes wird der Zustand des Teilsystems unabhängig von dem Anfangszustand des
Systems. Um diesen komplexen Prozess besser untersuchen zu können, wird Thermalisierung
in verschiedene Aspekte aufgeteilt, die separat untersucht werden können. Das bedeutet aber
auch, dass es qualitativ verschiedenes nicht-thermisches Verhalten geben kann, je nachdem
welcher der verschiedenen Aspekte verletzt ist. Obwohl das Auftreten von Thermalisierung
auf diese Weise aus den fundamentalen Gesetzten erklärt werden kann, und nicht-thermisches
Verhalten in verschiedenen Systemen beobachtet wurde, gibt es immer noch viele offene
Fragestellungen in diesem Kontext.

Die vorliegende Arbeit stellt einen Betrag zu drei dieser offenen Fragen dar. Im ersten Teil
untersuchen wir umgebungsinduzierte Effekte und analysieren unter welchen Voraussetzungen
eine Umgebung Thermalisierung induzieren kann. Im zweiten Teil erforschen wir die Infor-
mation in lokalen Observablen in thermischen und nicht-thermischen Systemen und wie sich
diese Information von lokalen auf globale Observablen verteilt. Im letzten Teil untersuchen
wir die Stabilität von einem vielteilchenlokalisiertem System, ein bekanntes Beispiel für ein
nicht-thermalisierendes System, bezüglich langreichweitiger Wechselwirkungen. Um diese
verschiedenen Aspekte zu adressieren, untersuchen wir drei verschiedene Modelsysteme: das
Spin-boson Modell, die XXZ Heisenberg Spinkette mit lokaler Unordnung und eine zentral
gekoppelte Spinkette. Dabei nutzen wir eine Kombination aus analytischen und numerischen
Methoden. Ausgehend von der Zeitentwicklung von Teilsystemen, leiten wir ein Maß für
das lokale Gedächtnis des Systems her, welches als Indikator für thermisches und nicht-
thermisches Verhalten genutzt werden kann. Um die Dynamik der Systeme zu simulieren
nutzen wir exakte Diagonalisierung, sowie die mehrlagige zeitabhängige Multikonfigurations-
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Hartree-Methode. Erstere erlaubt es uns die Dynamik von kleinen Systemen auf beliebigen
Zeitskalen zu beschreiben, wohingegen die zweite genutzt werden kann, um die Dynamik
von großen Systemen auf kurzen und mittleren Zeitskalen zu simulieren.

Unsere Ergebnisse zeigen, dass in allen untersuchten Systemen ein Parameterregime
existiert, in dem die Systeme thermisches Verhalten zeigen: Teilsysteme relaxieren zu ein-
deutigen Gleichgewichtszuständen, welche durch makroskopische Observablen des Systems
bestimmt sind. Die Relaxation gegen den Gleichgewichtszustand ist dabei für die verschiede-
nen Systeme qualitativ unterschiedlich. Im Spin-boson Modell finden wir einen Übergang
von kohärenter zu inkohärenter Relaxation, sowie einen teilweisen Rückfluss von Informa-
tion, welcher zu nicht-Markovscher Dynamik führt. In der thermischen Phase der XXZ
Heisenberg Spinkette identifizieren wir verschiedene Mechanismen, die zu Delokalisierung
führen. Diese manifestieren sich in verschiedenen Zeitskalen in der Relaxation. In der
zentral gekoppelten Spinkette finden wir Anzeichen für Thermalisierung der Spins für starke
Kopplung. Gleichzeitig finden wir in allen Systemen Parameterbereiche, in denen diese nicht
thermalisieren. Im Spin-boson Modell finden wir dieses Verhalten für starke Kopplungen,
jedoch hängt das nicht-thermische Verhalten qualitativ von dem Spektrum der Umgebung
ab. Für eine Umgebung mit einem gegapten Spektrum bleibt der Zustand des Spins auf
allen Zeitskalen zeitabhängig. Für ein Bad mit Ohmscher Spektraler Dichte lokalisiert der
Spin in seinem Anfangszustand und somit bleiben Informationen über den Anfangszustand
in lokalen Observablen erhalten. Ein ähnliches Verhalten finden wir für die XXZ Heisenberg
Spinkette in der Vielteilchenlokalisierten Phase und in der zentral gekoppelten Spinkette für
schwache Kopplungen: Ein Teil der Information über den Anfangszustand bleibt in lokalen
Observablen erhalten. Darüber hinaus kann der Anfangszustand eines kleinen Teilsystems die
Langzeitdynamik des Systems beeinflussen, wenn dieser einen Einfluss auf makroskopische
Observablen des Systems hat. Dieses Verhalten finden wir im asymptotischen Zustand des
zentralen Freiheitsgrades der zentral gekoppelten Spinkette.
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1. Introduction

Thermalization describes the relaxation of a physical system to a thermal equilibrium state
and is arguably one of the most present physical effects in our everyday experience of the
world. A particular prominent example is a hot cup of coffee which eventually cools down to
room temperature. The cup of coffee exchanges energy with its environment, the room,
and thus approaches an equilibrium state which depends only on properties of the room,
like the temperature or the pressure. In this picture the coffee is driven towards thermal
equilibrium by interactions with its surrounding. To understand thermalization from first
principles one has to describe the entire system, consisting of the cup of coffee and the room,
as one joint system. From this perspective, thermalization describes the evolution from a
non-equilibrium state of the joint system, in this case a non-uniform temperature distribution,
to an equilibrium state. The fundamental principles which determine the dynamics out
of equilibrium are the microscopic laws of motion. From this microscopic point of view,
however, it is quite remarkable that the joint system approaches an equilibrium state which
is only determined by some macroscopic properties of the room: A macroscopic system
consists of O(1023) particles, whose time-evolution is determined by the microscopic laws
of motion prescribed by Newton’s or Schrödinger’s equation. In both cases, the state of
the system at time t formally depends on the initial configuration of all constituents. If the
state of the joint system in equilibrium depends only on a few macroscopic quantities, how
can the information about the initial configuration get lost during the time-evolution?

In classical mechanics thermalization is explained by ergodicity, chaotic dynamics, and
mixing [1, 2]. These concepts describe how the phase space is explored under Hamiltonian
dynamics. In this context, thermalization originates from the basic postulate of statistical
mechanics that all microstates compatible with the laws of physics are equally likely [3].
Different microstates of the system, characterized by the positions and momenta of all
constituents, result in the same macrostate, characterized by macroscopic properties like the
temperature, pressure, or the density. In an experiment we observe that macrostate which
has the most microstates. This state is called the thermal equilibrium state [3]. An intuitive
example of a classical system in which this can be demonstrated is given by hard spheres in
a box. At time t = 0 all hard spheres are confined to a small region, which represents a
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1 Introduction

t = 0 t1 t2 t
Figure 1.1: In the left plot the initial position of 100 hard spheres is shown, in the
middle and right plot the positions at two later times t1 and t2 is shown. The initial
configuration can be interpreted as a non-equilibrium situation, i.e. all particles are
confined to a small region. At later times the hard spheres cover the box uniformly.
Although the microstate is changing at all times, the macrostate remains constant after
the transient dynamics.

non-equilibrium initial configuration. Over time, the hard spheres interact, exchange energy
and eventually approach a uniform distribution, which is the macrostate compatible with the
most microstates. Although the microstate is constantly changing, the macrostate of the
system, given by a uniform distribution of the hard spheres, is constant for almost all times.
This is demonstrated in Fig. 1.1 for 100 spheres. We note that for a system consisting of two
hard spheres in a box, ergodicity was proven rigorously [4]. Since the microscopic laws of
motion, i.e. Newton’s equations of motion, are reversible, the information about the initial
state is formally contained in the microstate of the system. However, if the macrostate of
the system is compatible with different microstates, the information about the initial state
is not accessible in experiments, which can only probe the macrostate, thus leading to the
irreversibility of the dynamics.

Describing thermalization of a quantum mechanical system is more involved, since the
concept of a phase space and chaotic motion cannot be transferred directly to quantum
mechanics. Instead, it is nowadays believed that the emergence of statistical mechanics is
related to properties of the spectrum and the eigenstates of the underlying Hamiltonian of
the system. This idea, developed by Deutsch and Srednicki [5–7], is today known as the
eigenstate thermalization hypothesis (ETH), and roughly states that in terms of physical
observables each eigenstate looks thermal, i.e. a single eigenstate describes already a thermal
equilibrium. Formally, this means that the expectation values of local obervables vary little
between neighboring eigenstates, where the fluctuations decrease with increasing system size.
In the thermodynamic limit expectation values of local observables in eigenstates are thus
smooth functions of the eigenstate energy. The stationary value of an observable at long-
times is determined by the expectation value in the contributing energy eigenstates, implying
that for systems obeying the ETH the steady state can be described by a microcanonical
ensemble [8]. Intuitively, this is understood as follows: a subsystem of a large quantum
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system approaches thermal equilibrium by its interaction with its remainder. The remainder
acts as an environment driving the subsystem towards thermal equilibrium. In Sec. 2.3 we
discuss the interesting and non-trivial issue of thermalization in quantum systems in more
detail. We note that to date it is an open question under which assumptions the ETH holds.
Nevertheless, there are strong numerical evidences for its validity in a variety of example
systems [9–12].

From a phenomenological point of view, thermalization is seemingly a straightforward
process: a system which is in a non-equilibrium state relaxes to an equilibrium state. A
closer analysis, however, reveals that this process can be decomposed into several different
aspects [13, 14], which can be analyzed separately. On the one hand, it includes the
relaxation of the system towards an equilibrium state. Second, it imposes certain properties
on this equilibrium state i.e. the equilibrium state should only depend on macroscopic
properties of the initial state, such as the total energy of the system and not on the
precise initial configuration. The fact that thermalization can be decomposed into different
aspects also implies the existence of different manifestations of non-thermal behavior, i.e.
different aspects of thermalization can be violated. We discuss these rich and interesting
physical phenomenons of non-thermal behavior in Sec. 2.4. At this point we emphasize that
equilibration and thermalization have to be distinguished: while equilibration describes the
relaxation to some stationary state, thermalization imposes additional properties on this
stationary state.

It was recently shown by Linden and co-workers [13] that local equilibration is a general
property of quantum many-body systems. Under mild assumptions on the spectrum of
the Hamiltonian, they showed that the reduced state of a small subsystem approaches an
equilibrium state and stays close to this state for almost all times. Similar results were also
proven in Refs. [15–18]. Without further assumptions an interacting quantum system is
thus expected to equilibrate.

The proof, however, does not guarantee that the equilbrium state is a thermal equilibrium
state, i.e. a state which is characterized only by a few macroscopic observables of the
system. One example of systems which equilibrate to a state which depends on extensively
many parameters are so called integrable systems, i.e. systems with an extensive number
of conserved quantities. In accordance with the results of Linden et al. [13] subsystems
equilibrate, but are described by a so-called generalized Gibbs ensemble, which depends on the
initial value of all conserved quantities [19–21]. A particular manifestation of this phenomenon
can be found in localized systems, in which the conserved quantities are local in real space,
thus making them particularly interesting. Localization, first described by Anderson in his
seminal paper [22], describes the absence of transport in in non-interacting systems subject
to strong disordered, a phenomenon nowadays known as Anderson localization. The absence
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1 Introduction

of transport was later extended to interacting systems [23,24] and is known as many-body
localization (MBL). The reason for the absence of transport is the emergence of quasi-local
integrals of motion, so-called ”l-bits”. These conserved quantities, first conjectured in [25,26]
and later proven by Imbrie [27] give rise to a suppression of transport in the system, and thus,
causing a failure of subsystem thermalization. Just recently, this effect was experimentally
observed in trapped ion experiments [28, 29]. Furthermore, it was realized that MBL is
not restricted to disordered systems but can also exist in systems subject to strong electric
fields [30] or in quasi-periodic potentials [31].

The aim of this thesis is to investigate different aspects of thermal and non-thermal
behavior of quantum systems. A quantum mechanical system is said to thermalize, if
subsystems relax towards thermal equilibrium. Hence, thermal and non-thermal behavior of
quantum systems can be investigated by considering the dynamics of subsystems. Formally,
subsystems are described by open quantum system, whose time-evolution is not necessarily
unitary. Throughout this thesis, we use this approach to investigate thermalization and
to identify and analyze different non-thermal behavior in quantum systems. We address
different aspects of thermal and non-thermal behavior, which can be grouped into three
different topics.

1) Thermalization in a quantum system is usually understood as an environment-induced
effect, i.e. a subsystem is driven towards thermal equilibrium by its remainder acting as
an effective environment. We investigate such environment-induced effects and analyze
in which situations an environment can equilibrate or even thermalize a subsystem.

2) One key property of thermalizing systems is that the long-time asymptotic state of
subsystems is independent of its initial state, i.e. no information about the initial
state is stored in local observables. We investigate the local memory in thermal and
non-thermal systems, thus analyzing the process of thermalization and its failure.

3) Many-body localization was extensively studied in locally interacting systems, i.e.
systems with nearest neighbor interactions. We discuss and analyze the stability of
many-body localization in the presence of long-range interactions mediated by a central
degree of freedom

To address these different questions we consider different model systems. This allows us
to focus our analysis on particular aspects separately. Specifically, we consider three model
systems. We consider the spin-boson model to investigate environment-induced effects, the
disordered XXZ-Heisenberg spin chain to study local memory in thermal and non-thermal
systems, and a centrally coupled spin chain to examine the effect of long-range interactions on
many-body localization, respectively. We introduce the different models in the chapters 4, 5,
and 6, respectively, in which we address the above introduced questions. Our analysis is based
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on a combination of numerical, analytic, and perturbative methods. The naive numerical
approach is usually limited to relatively small systems due to the exponential scaling of the
Hilbert space. To circumvent this limitation we employ the multilayer multiconfiguration
time-dependent Hartree (ML-MCTDH) approach, which was previously used to simulate the
dynamics of large quantum systems [32–36] This approach allows us to simulate the dynamics
of large systems at short and intermediate times. We complement the ML-MCTDH approach
with results obtained from exact diagonalization, allowing us to simulate the dynamics of
small systems at arbitrary times. To analyze the dynamics and to develop physical pictures
we support the numerical data with analytic results.

This thesis is organized as follows: In Chap. 2 we introduce the general physical set
up which we consider and discuss the theoretical concepts. This includes a review of the
dynamics of closed and open quantum systems and a discussion of thermal and non-thermal
behavior in quantum systems. Additionally, we give an overview over the most commonly
used indicators for thermal and non-thermal behavior and propose a possibility to quantify the
local memory in quantum system which can be used as a further indicator for thermalization
or its failure. In Chap. 3 we summarize the methodology which we use to discuss and analyze
the dynamics of the different systems. This includes a general overview of the numerical
methods as well as a discussion of perturbative approaches which can be used to obtain
analytic results. In the following three chapters we discuss different aspects of thermal and
non-thermal behavior of closed quantum systems. Chapter 4 focuses on environment-induced
effects, including the ability of an environment to equilibrate or thermalize a subsystem,
memory effects, and non-Markovian behavior. To this end, we quantify the local memory
in the dynamics of the spin-boson model and analyze memory effects using a recently
proposed measure for non-Markovian behavior. In Chap. 5 we investigate the dynamics of
the disordered XXZ Heisenberg spin chain, a paradigmatic model exhibiting a transition
from thermal to non-thermal behavior. Based on the local memory we examine different
mechanisms which potentially destabilize the localization and analyze in which regime the
system exhibits thermal and localized behavior. In Chap. 6 we investigate the influence of a
centrally coupled degree of freedom onto a many-body localized system. We investigate the
interplay between the long-range interactions mediated by the central degree of freedom
and the local interactions in the MBL system, and discuss in which regime the localization
survives. Chapter 7 concludes this thesis with a summary and an outlook.
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2. Dynamics of quantum systems, local
thermalization, and atypical
asymptotic states

Thermalization describes the process of a physical system relaxing to a thermal equilibrium
state. In order to investigate this process, discuss non-thermal behavior of systems, and
to analyze the underlying mechanisms leading to thermal and non-thermal behavior one
first needs to define thermalization. The aim of this chapter is to introduce and discuss the
theoretical concepts which are necessary to describe thermalization from a microscopical point
of view. This includes the time-evolution of quantum systems, the emergence of statistical
mechanics and effects, which can prevent a system from reaching thermal equilibrium.
Furthermore, we examine different approaches how quantum systems can be classified into
either thermal or non-thermal.

Section 2.1 is a short recap of the dynamics of quantum systems. We present the set
up we consider, introduce the relevant notation, and discuss the theoretical issues arising
from the microscopic description of thermalization. In Sec. 2.2 we review the time evolution
of subsystems, i.e. the dynamics of open quantum systems, which is crucial to understand
thermalization of quantum systems. In Sec. 2.3 we discuss the emergence of statistical
mechanics from the microscopic description of a physical system and introduce our working
definition of thermalization in quantum systems. In this context, we introduce the eigenstate
thermalization hypothesis (ETH), a collection of concepts explaining in which situations a
quantum system can be accurately described using equilibrium statistical mechanics, and
discuss under which circumstances quantum systems thermalize. In Sec. 2.4, we discuss
different effects which can prevent a system from reaching thermal equilibrium and introduce
a class of systems which fail to thermalize: many-body localized systems. In the last section,
2.5, we present different approaches to classify a particular system into either thermal or
non-thermal. This includes spectral properties of the underlying Hamiltonian, the time
evolution of certain observables, and a measure to quantify the local memory in quantum
systems.
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

2.1 Dynamics of closed quantum systems

Our goal is to investigate thermalization of a system which is prepared in a far-from
equilibrium state, based on a complete quantum mechanical description of the system. In
this section we introduce the necessary theoretical framework and discuss the set up we
consider to study this question.

The systems we consider are composed of N degrees of freedom. Let Hn be the Hilbert
space of the n-th degree of freedom. The degrees of freedom can be different, i.e. the Hn

need not be equal. The Hilbert space of the joint system H is then given by H = ⊗N
n=1Hn.

Throughout this thesis we assume that the state of the system is pure. Consequently, the
state of the joint system is represented by a vector |Ψ⟩ ∈ H. To investigate thermalization
in quantum systems we consider the following situation: At time t = 0 the system is
initialized in some non-equilibrium state |Ψ(0)⟩ of the form |Ψ(0)⟩ = ⊗N

n=1 |ψn(0)⟩n, where
|ψn(0)⟩n ∈ Hn. Physically this means that there is initially no entanglement between
the different degrees of freedom. For times t > 0, the system evolves according to some
Hamiltonian Ĥ, which typically includes some kind of interactions between the different
degrees of freedom, leading to entanglement between the different degrees of freedom. The
time-evolution of the state is prescribed by the Schrödinger equation

iℏ∂t |Ψ(t)⟩ = Ĥ |Ψ(0)⟩ . (2.1)

In the following we set ℏ = 1. The formal solution to Eq. (2.1) is given by

|Ψ(t)⟩ = e−iĤt |Ψ(0)⟩ , (2.2)

which describes the state of the system at all times t.

In our discussion we distinguish two different dynamical regimes. The first are the transient
dynamics, which take place on short and intermediate time scales. The other regime is the
long-time limit, i.e. the state of the system as t → ∞, also called the asymptotic state. The
question whether the system thermalizes is related to the second regime and can be roughly
phrased as: Can the asymptotic state of the system be described by a thermal equilibrium
state?

There are some subtleties related to the unitary time-evolution of finite-dimensional
quantum systems making this question non-trivial. To demonstrate these issues and to
discuss how they can be resolved, the time dependent state |Ψ(t)⟩ is expanded in the
eigenbasis of the Hamiltonian Ĥ. For finite-dimensional Hilbert spaces H, the spectrum of
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2.2 Dynamics of open quantum systems

Ĥ is a pure point spectrum, yielding

|Ψ(t)⟩ =
∑

d

⟨Ed|Ψ(0)⟩︸ ︷︷ ︸
cd

e−iEdt |Ed⟩ . (2.3)

Here |Ed⟩ are the eigenstates and Ed are the corresponding eigenenergies of the Hamiltonian,
i.e. Ĥ |Ed⟩ = Ed |Ed⟩. From this equation, (2.3), it is not obvious how a finite dimensional
quantum system can thermalize or even equilibrate: |Ψ(t)⟩ is a finite superposition of
periodic functions, and is thus a periodic function itself. Consequently, the state of the
system, |Ψ(t)⟩, can never relax to a time-independent state. In Sec. 2.3 we introduce a
generalized notion of equilibration and thermalization, which resolves these issues. We note
that this apparent contradiction results from the unitary time-evolution and the spectrum of
the Hamiltonian. If, for example, the underlying Hamiltonian has a continuous spectrum,
which can occur for infinite dimensional Hilbert spaces, the wave function of the system can
formally approach a time-independent state as t → ∞.

2.2 Dynamics of open quantum systems

Equilibration and thermalization of quantum systems are usually understood in a local
sense, i.e. subsystems of large quantum systems are driven towards equilibrium by the
interaction with their remainder. To understand equilibration and thermalization it is thus
inevitable to understand the dynamics of subsystems. In the following we introduce the
theoretical framework necessary to describe the time evolution of subsystems.

We are interested in the time evolution of a subsystem S. The remainder of S acts
as an environment and we assume that the joint system consisting of S + E is a closed
quantum system. Formally, the subsystem S can be understood as an open quantum system
in contact with an environment E [37–39]. To discuss the time evolution of S, the Hilbert
space of the joint system is separated as

HSE = HS ⊗ HE, (2.4)

where HS and HE denote the Hilbert spaces of S and E, respectively. Physical states of
the joint system are represented by linear, self-adjoint, positive semidefinite operators of
unit trace on HSE, also called density matrices. We denote the set of all physical states
over a Hilbert space H with S(H). As mentioned above, we assume that the state of the
joint system S + E is pure. In this case the state of the joint system can always be written
as ρ̂SE(t) = |Ψ(t)⟩SE ⟨Ψ(t)|SE. The state of the open system, also called the reduced
state, is obtained by tracing out the environmental degrees of freedom of ρ̂SE ∈ S(HSE),
i.e. ρ̂S = trE{ρ̂SE}, where trE{·} denotes the partial trace over the environment. Note that
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

even if the joint system is in a pure state, the reduced state of S need not be pure. This is,
for example, the case if there is some entanglement between S and E. Throughout this
thesis we focus on the dynamics of finite dimensional subsystems S, and thus, the state of
the reduced state of S can be represented as a Hermitian, positive semidefinite matrix with
trace one.

To describe the time evolution of an open system S we start with the unitary time
evolution of the joint system. We assume that the joint system is described by a Hamiltonian
of the form

Ĥ = ĤS + ĤE + ĤSE, (2.5)

where ĤS (ĤE) describes the Hamiltonian of the open system (environment), respectively,
and ĤSE describes the interaction between S and E. In the following we assume that at
time t = 0 there are no correlations between the open system and the environment. In this
case, the initial state can be written as

ρ̂SE(0) = ρ̂S(0) ⊗ ρ̂E(0). (2.6)

Since the joint system is closed, its time-evolution is described by a unitary time evolution
operator Û(t) = e−iĤt. The state of the open system at time t is thus given by

ρ̂S(t) = trE{e−iĤtρ̂S(0) ⊗ ρ̂E(0)eiĤt}

:= Φtρ̂S(0). (2.7)

For a fixed initial state of the environment ρ̂E(0), Eq. (2.7) defines a linear map Φt on
the set S(HS) as

Φt : S(HS) → S(HS)

ρ̂S(0) 7→ ρ̂S(t) = Φtρ̂S(0). (2.8)

The map Φt, called the dynamical map, is a super operator mapping any initial state of the
subsystem to the corresponding state at time t. Thus, it encodes the complete information
on the time evolution of the reduced state of S. Using Eq. (2.7), one can show that the
dynamical map preserves the Hermiticity and the trace of operators, and that it is a positive
map, i.e. Φt maps positive operators to positive operators [38]. Thus, Φt maps physical
states to physical states, implying that S(HS) is closed under the action of Φt. Note that
the dynamical map is not only positive but also completely positive [37–39]

In the discussion of thermalization, the long-time limit of the reduced state, i.e. the state
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2.2 Dynamics of open quantum systems

of the subsystem S in the limit t → ∞, is of particular importance. This state is called
asymptotic state. For a given initial state ρ̂S(0), the corresponding asymptotic state is
defined as

ρ̂∞
(
ρ̂S(0)

)
=: lim

t→∞
Φtρ̂S(0), (2.9)

provided that the limit exists. In general, the asymptotic state can depend on the initial
state. The dynamical map Φt is called relaxing if there exists a unique state ρ̃∞ ∈ S(HS),
such that

ρ̃∞ = lim
t→∞

Φtρ̂S(0) (2.10)

holds for all possible initial states ρ̂S(0) ∈ S(HS) [40,41]. Note that there are situations, in
which ρS(t) does not become stationary as t → ∞, and the limit in Eq. (2.9) does not exist.
This happens, for example, if decoherence free subspaces in the Hilbert space of the open
system exist [42].

The dynamical map Φt encodes the complete information about time evolution of the
subsystem S in the presence of its environment E. Our goal is to analyze properties of the
dynamical map, without referring to a particular initial state of S. To do this, we employ
different representations of the dynamical map. Let ρS,ij be the matrix representation of
the reduced density matrix, i.e. ρS,ij = ⟨i|ρ̂S|j⟩, where |i⟩ is some fixed basis of the Hilbert
space of the open system. In the following D denotes the dimension of this basis. The
action of the dynamical map on the reduced density matrix can be written as

ρS,ij(t) =
∑
kl

Φt;ij,kl(t)ρS,kl(0), (2.11)

where Φt;ij,kl = tr
{

(|i⟩ ⟨j|)†Φt |k⟩ ⟨l|
}

. In this representation the dynamical map is a rank-4
tensor with D4 complex elements, which can in principle be studied by methods from linear
algebra. For the analysis of the dynamical map, however, it is more convenient to use a
representation of the density matrix in terms of the (D2 − 1) dimensional Bloch vector.
The reason for this is, that the elements of the density matrix are not independent of
each other, since only matrices with trace one represent physical states, i.e. only (D − 1)
diagonal elements are independent of each other. For finite dimensional open systems such
a representation always exists.

Within the (D2 − 1) dimensional Bloch representation [43,44], sometimes also called the
coherence vector representation [38,45], the state ρ̂S is expanded in terms of the (D2 − 1)
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

Hermitian and traceless generators of SU(D) as

ρ̂S = 1
D
1̂+ 1

2

D2−1∑
d=1

adT̂d, (2.12)

where 1̂ is the identity matrix, the matrices {T̂d} are the (D2 −1) generators of SU(D), and
{ad} constitutes the (D2 −1) dimensional Bloch vector, i.e. ad = tr{ρ̂ST̂d}. For a definition
of the matrices T̂d see, for example, [38,46]. Thus, every state ρ̂s is represented by a unique
element of RD2−1. This representation guarantees hermiticity and unity of the trace but not
the positivity. Thus, not all elements of RD2−1 represent physical states, and hence, the
set of physical states is only a subset of RD2−1, denoted with B(RD2−1) which represents
S(HS) and is sometimes called the Bloch-vector space [46, 47]. For N = 2, B(RD2−1)
is the well-known Bloch ball. For D ≥ 3 only some general properties of B(RD2−1) were
proven [46–49]. For our discussion here, however, it is sufficient to know that B(RD2−1) is
closed under the dynamical map, which is guaranteed by the definition of the dynamical
map.

To obtain the action of the dynamical map on the Bloch vector one can employ the fact
that the dynamical map is completely positive and trace preserving. Thus, the action of the
dynamical map can be represented in terms of a set of Kraus operators B̂d as [38, 50]

ρ̂S(t) =
D2∑
d=1

B̂d(t)ρ̂S(0)B̂†
d(t), (2.13)

with ∑D2

d=1 B̂
†
d(t)B̂d(t) = 1. Using this representation and the expansion of the reduced

density matrix in terms of the generalized Bloch vector given by Eq. (2.12) the action of the
dynamical map on the generalized Bloch vector, denoted by ϕt, can be written as [38, 51]

ϕt : B(RD2−1) → B(RD2−1)

a(0) 7→ ϕ
(
a(0)

)
= a(t) + M(t)a(0). (2.14)

Here b(t) ∈ RD2−1 and M(t) ∈ R(D2−1)×(D2−1). The map ϕt defines an affine transformation
on B(RD2−1) relating the initial Bloch vector a(0) to the corresponding Bloch vector a(t)
at time t.

In principle, the dynamical map encodes the complete information about the time evolution
of the open system. In practice, it is usually not possible to calculate the dynamical map
directly, since it involves the time evolution of the joint system. It is, however, possible to
construct the dynamical map from the evolution of the open system S: The time evolution
of D2 different, linearly independent initial states of the open system can be used to invert
Eq. (2.11), thus allowing to reconstruct the representation of the dynamical map in terms of
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2.3 Local equilibration and thermalization in quantum systems

the rank-4 tensor. From this representation the quantities M(t) and b(t) can be calculated
by inverting Eq. (2.14). This can be done, for example, by calculating the time evolution
for the initial state a(0) = (0 0...0)T and (D2 − 1) other linearly independent initial Bloch
vectors.

2.3 Local equilibration and thermalization in quantum systems

From a phenomenological point of view, thermalization describes the process that the
state of a physical system, which is initially in a non-equilibrium state, relaxes to a thermal
equilibrium state as t → ∞. As exemplified in the previous section, there is a problem with
this intuitive picture: For any finite quantum system, the wave function is a periodic function,
and thus, can never approach a stationary state. To bridge the microscopic description and
our expectations from the macroscopic world a weaker notion of thermal equilibrium and
thermalization was proposed, motivated by the following idea [5, 6, 13,14].

In a typical experiment one measures expectation values of observables Â which only
probe a finite subsystem S, sometimes called local observables. Let S be this subsystem and
E its remainder, which we denote as the environment of the subsystem. The expectation
value of a local operator Â is not determined by the wave function of the full system, but
by the reduced state of the subsystem S, which is given by

ρ̂S(t) = trE{|Ψ(t)⟩ ⟨Ψ(t)|}, (2.15)

where trE{·} denotes the partial trace over the environment E. The reduce state ρ̂S(t)
can be mixed, and thus, expectation values of local observables can be similar to thermal
expectation values even if the total system is in a pure state. Note that the reduced state is
mixed, if the subsystem S is entangled with its remainder E, which is typically the case in
interacting systems.

These considerations lead to the notion of local thermal equilibrium and local thermaliza-
tion: For a subsystem S, its environment E can act as an environment, thus causing the
subsystem to relax to a thermal equilibrium state, i.e. to thermalize. There are two aspects
involved here. The first is the existence of a thermal equilibrium state, i.e. a pure state of
the total system which leads to thermal expectation values of local observables. The second
aspect is the relaxation of the non-equilibrium state to this thermal state.

The first aspect, i.e. the existence of a thermal equilibrium state, is subject of the eigenstate
thermalization hypothesis (ETH). The ETH, developed by Deutsch and Srednicki [5, 6],
explains the emergence of equilibrium statistical mechanics in terms of properties of the
eigenstates of the underlying Hamiltonian Ĥ. It states that expectation values of few-body
observables in eigenstates of the Hamiltonian Ĥ vary little among neighboring eigenstates.
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

In the following, we briefly explain how this relates to the emergence of statistical mechanics.
For a detailed review of this issue we refer the reader to Ref. [7]. In classical mechanics,
the thermal equilibrium state is given by the microcanonical ensemble, i.e. all microstates
with a given energy E are equally likely. The expectation value of an observable Ô in
thermal equilibrium is thus given by averaging the expectation value uniformly over all
microstates with energy E. For a quantum mechanical system, energy levels are quantized.
The microcanoncial ensemble thus involves averaging over all eigenstates within a small
energy window ∆E. For a quantum mechanical system, the microcanonical expectation
value at the energy E is thus defined as [7]

⟨Ô⟩micro,E = 1
N

∑
Ed∈[E,E+∆E]

⟨Ed|Ô|Ed⟩ , (2.16)

where N are the number of levels being summed over. The width of the energy window
∆E has to be chosen smaller than any energy scale of the problem. We note that for large
systems, the average nevertheless contains a large number of eigenstates. The ETH makes a
statement about the expectation values of an observable Ô in eigenstates of the Hamiltonian.
Specifically, it states that [5, 6]

⟨Ed|Ô|Ed⟩ = ⟨Ô⟩micro,Ed
+ ∆d, (2.17)

where ∆d has zero mean and its amplitude vanishes as the system size increases. In a system
obeying the ETH, every eigenstate already represents a thermal equilibrium state. Note that
it is to date not known for which systems and observables the ETH holds. However, there is
a variety of different numerical studies supporting the validity of the ETH [12,52–54].

The other aspect of thermalization is the relaxation of a non-equilibrium state to an
equilibrium state. As mentioned above, the reduced state ρ̂S(t) of a subsystem can be
mixed. For a finite dimensional system, however, the reduced state ρ̂S(t) cannot become
time-independent, i.e. cannot relax to a stationary thermal equilibrium state. In order to
define a reasonable notion of thermalization one considers the fluctuations of the reduced
state ρ̂S(t) around the time-averaged state [13,17,18]. A subsystem is said to equilibrate,
i.e. approach a time-independent state, if its state approaches some equilibrium state and
stays close to this state for almost all times. To define this in a rigorous way, we need to
define the time-average of a function and the distance between two density matrices. The
time average of a function f(t) is defined as

⟨f(t)⟩t = lim
T →∞

1
T

∫ T

0
f(τ)dτ. (2.18)
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2.3 Local equilibration and thermalization in quantum systems

The distance between two density matrices ρ̂1 and ρ̂2 is defined as

D(ρ̂1, ρ̂2) = 1
2tr{|ρ̂1 − ρ̂2|}, (2.19)

where the modulus of an operator Â is given by |Â| =
√
Â†Â. The state of a subsystem is

said to equilibrate towards the time-averaged state ω̂S = ⟨ρ̂S(t)⟩t, i.e. towards an equilibrium
state, if the fluctuations quantified by

⟨D(ρ̂s(t), ω̂S)⟩t (2.20)

are small. As the relative size of the environment E compared to the subsystem S is
increased the fluctuations are expected to decrease and become unresolvable small in the
thermodynamic limit.

Based on these concepts, thermalization in quantum systems can be defined as follows: a
subsystem of a quantum system thermalizes if the reduced state of the subsystem relaxes to
an equilibrium state, stays close to this state for almost all times, and if the equilibrium state
fulfills properties of a thermal state listed and explained below. In order to investigate this
complex process, modern approaches decompose thermalization into different aspects [13,14].
According to this, thermalization of a subsystem S consists of the following four properties:

1) Subsystem equilibration: A subsystem S equilibrates if its state evolves towards some
particular state, called the equilibrium state, and remains close to this state for almost
all times. Formally this means that the fluctuations defined by Eq. (2.20) are small.
Note that this does not make any statement about the form of the equilibrium state.
In particular, it need not be a thermal state and indeed may depend on the initial
state of the system in an arbitrary way.

2) Bath state independence: The equilibrium state of the system should not depend on
the precise initial state of the effective environment E. That is, the equilibrium state
of S only depends on some macroscopic properties of the initial state of E, e.g. its
energy.

3) Subsystem state independence: If the subsystem S is small compared to its environment
E, the equilibrium state of the subsystem should be independent of its initial state.

4) Gibbs state: The equilibrium state is close to a Gibbs or thermal state. That means
the equilibrium state ω̂S = ⟨ρ̂S(t)⟩t is well described by [55]

ω̂S = trE{Z−1(β)e−βĤ︸ ︷︷ ︸
ρ̂th(β)

}. (2.21)
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

Here Ĥ describes the Hamiltonian of the full system and Z(β) = tr{e−βĤ} describes
the partition function. Note that ρ̂th(β) describes the equilibrium state of the joint
system at inverse temperature β. The inverse temperature β is chosen such that
tr{ρ̂th(β)Ĥ} = ⟨Ψ(0)|Ĥ|Ψ(0)⟩, where |Ψ(0)⟩ is the initial state of the joint system
[56].

A subsystem S of a closed quantum system is thermalized by its environment if the reduced
state of S fulfills the properties 1) to 4). If a subsystem S is thermalized by its environment,
the expectation values of local operators acting on this subsystem S relax towards and remains
close to a thermal equilibrium value, determined only by some macroscopic observables of
the total system, like the total energy.

Recently, Linden and coworkers [13] showed that the first two properties, subsystem
equilibration and bath state independence, are general properties of interacting quantum
systems. Assuming that the Hamiltonian Ĥ has non-degenerate energy gaps, they showed
that any small subsystem approaches and stays close to an equilibrium state, which only
depends on some macroscopic properties of its environment, provided that the dimension
of S is small compared to the number of eigenstates of the full system contributing to the
dynamics [13]. A Hamiltonian has non-degenerate energy gaps if for any four eigenstates
with energies Ek, El, Em, and En, Ek −El = Em −En implies k = l and m = n, or k = m

and l = n. More precisely, Linden et al. showed that the fluctuations around the equilibrium
state defined by Eq. (2.20) are bounded by

⟨D(ρ̂s(t), ω̂S)⟩t ≤ 1
2

√
d2

S

deff
, (2.22)

where dS denotes the dimension of the subsystem and deff = (∑d |cd|4)−1 quantifies the
number of contributing eigenstates, i.e. cd = ⟨Ed|Ψ(0)⟩. Additionally, it was shown that the
equilibrium state of the subsystem ω̂S is similar for most initial states of the total system,
i.e. does not depend on the precise initial configuration of the joint system.

The third aspect of thermalization, the subsystem state independence, turns out to be
more complicated. The main reason for this is that it is in fact not always true, as there
are known examples in which the asymptotic state of an open system depends on its initial
state [42,57–60]. It is, however, possible to connect the subsystem state independence of the
equilibrium state with the ETH, which is typically used to explain the emergence of equilibrium
statistical mechanics in isolated quantum systems. Assuming that the Hamiltonian has
non-degenerate energy gaps, which guarantees that any small subsystem equilibrates, the
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expectation value of a local observable Ô in equilibrium is given by

⟨⟨Ψ(t)|Ô|Ψ(t)⟩⟩t =
∑

d

|cd|2 ⟨Ed|Â|Ed⟩ . (2.23)

The initial state influences this equilibrium value through the coefficients cd. If the ETH
holds, i.e. Eq. (2.17) holds, the expectation value ⟨Em|D̂|Em⟩ can be replaced, within small
corrections, by the microcanonical expectation value defined by Eq. (2.16). The equilibrium
value of the expectation value of Ô, given by

⟨⟨Ψ(t)|Ô|Ψ(t)⟩⟩t ≈
∑

d

|cd|2 ⟨Ô⟩micro,Ed
, (2.24)

thus only depends on the energy distribution of the initial state, and not on the precise
initial configuration. If this distribution is similar for all initial states of the subsystem, i.e.
the influence of the initial state of the subsystem on the total energy is negligible, the
expectation value does not depend on the initial state of the subsystem. If, on the other
hand, the energy of the total system is changed significantly by changing the initial state of
the subsystem, the equilibrium expectation value in general depends on the initial state.

We are particularly interested in the discussion and classification of the failure of ther-
malization. In this thesis, we consider only violations of the first three aspects, and will
not consider the fourth aspect. We note, however, that a recent numerical study discusses
whether the reduced states relaxes to a Gibbs state, and in fact shows that for particular
systems the reduced state approaches a Gibbs state [56].

2.4 Non-thermal asymptotic behavior

A subsystem S of a quantum system fails to thermalize if at least one of the four aspects
is violated. Thus, qualitatively different non-thermal behaviors are possible, depending on
which of the four aspects is violated. In this section, we discuss two of these possible
non-thermal behaviors in more detail. The first is that the reduced state of a subsystem
S does not approach an equilibrium state, i.e. ρ̂S(t) does not relax to some equilibrium
state. We elaborate on this in 2.4.1. Second, the state of a subsystem S can relax to
some equilibrium state, which depends on the initial state of the subsystem S, i.e. some
information of the initial state is retained in local observables. A discussion of this is subject
to 2.4.2, where we also mention some general properties of the equilibrium state provided
that it exists. In Sec. 2.4.3 we introduce many-body localized systems, which represent a
class of systems which fail to thermalize due to the existence of an extensive set of quasi-local
conserved quantities.
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

2.4.1 Failure of subsystem equilibration

As already discussed in the previous section, the reduced state of a subsystem S of a finite
dimensional system remains time-dependent at all times. For thermalizing systems, however,
the fluctuations around the equilibrium state are expected to decrease with increasing size
of its environment E. A violation of equilibration in this context thus means that the
fluctuations around the equilibrium state remains finite in the thermodynamic limit, i.e. as
the size of the environment goes to infinity.

A failure of subsystem equilibration can be explained as follows: According to the proof
of Linden and coworkers [13], every subsystem equilibrates if the underlying Hamiltonian has
non-degenerate energy gaps. A violation of equilibration thus means that the underlying
Hamiltonian has degenerate energy gaps. This happens for example if there is a subsystem
S such that the Hamiltonian assumes the form Ĥ = ĤS + ĤE [13]. For this particular
subsystem S, its remainder cannot act as a bath, thus, preventing relaxation of the reduced
state of the subsystem. We discuss an example of this in Sec. 4.2.3.

2.4.2 Failure of subsystem independence: The generalized Gibbs
ensemble

Linden et al. proved that subsystem equilibration is a general property of interacting
quantum system and that the equilibrium state does not depend on the precise initial state
of the environment [13]. The initial state of the subsystem, however, can influence its
equilibrium state. Thus, a natural question is whether there is a general concept which
determines the equilibrium state when the subsystem does not thermalize.

If a subsystem thermalizes, the equilibrium state is described by a Gibbs state (see
the fourth aspect of thermalization). Thus, the equilibrium state is determined by the
temperature, or the total energy of the system. This dependence originates from the fact
that the energy is a conserved quantity. The Gibbs form of the equilibrium state can in fact
be derived from Jaynes’ principle [61,62] by maximizing the entropy under the constraint
that the expectation value of the energy is known. The corresponding Lagrange multiplier
is connected to the temperature. Following this line of reasoning, the equilibrium state of
systems with more conserved quantities, is expected to depend on all of these conserved
quantities.

A particular interesting class in this context are so called integrable systems, which
posses an extensive number of conserved quantities. Note that there is up to date no
clear definition of integrability in quantum systems [63]. However, one particular property
implying integrability is the existence of an extensive set of local conserved quantities,
i.e. operators which commute with the Hamiltonian and with each other, which are thus
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conserved under the time evolution. The equilibrium state can be derived by applying
Jaynes’ principle with the constraint that the expectation value of every conserved quantity
is known. The thus derived density matrix takes the form of a Gibbs ensemble with one
Lagrange multiplier for each conserved quantity and is nowadays known as the generalized
Gibbs ensemble (GGE) [19, 64]. The applicability of the GGE to describe the asymptotic
behavior in integrable systems has been confirmed in many theoretical works [19–21, 64].
The experimental observation of a stationary state described by a GGE has been recently
reported [65]. The long-time state of integrable systems depends on the initial value of all
conserved quantities, and thus, the system fails to thermalize locally.

2.4.3 Many-body localization: Emergent integrability

A new kind of integrability that aroused a lot of interest in recent years emerges in
systems exhibiting many-body localization. Localization, first introduced by Anderson in non-
interacting lattice models [22], refers to the absence of transport in systems subject to static
disorder. The absence of transport in Anderson localized systems originates from exponentially
localized single-particle states. They give rise to an extensive set of local conserved quantities:
the occupation number of the single particle states. First conjectured [24–26] and later
shown by Imbrie [27], also interacting many-body systems can have an extensive number
of quasi-local integrals of motion, thus leading to a strong suppression of transport in
systems subject to strong enough disorder [23, 24]. This phenomenon is nowadays known as
many-body localization (MBL). These quasi-local integrals of motion are associated with
mutually commuting operators which are exponentially localized in real space and which
commute with the Hamiltonian and among each other [25,26].

The existence of these conserved quantities has an important consequence for the ability
to thermalize, i.e. for the asymptotic state of subsystems of MBL systems. Subsystems of
interacting systems are expected to relax to an equilibrium state which is determined by all
conserved quantities of the system, i.e. they relax to the GGE [13]. For MBL systems, these
conserved quantities are local in real space, and thus, the asymptotic state of subsystems is
sensitive to local changes of the initial state of the system. This allows for the observation of
non-thermal behavior in real space, like a dependence of the asymptotic state of subsystems
on its initial state. Just recently, this dependence was observed in two experiments [28, 29].
To explain this non-thermal behavior and other properties of many-body localized systems a
phenomenological model can be employed [25,26]. For simplicity we consider a system of
spins, which is sufficient to derive the phenomenology of MBL [66]. In spin systems which
exhibit many-body localization there exist a set of pseudospins, also called ”l-bits”, whose z
component are conserved quantities. Let {τ̂ z

n} be the extensive set of conserved quantities.
Since these operators are conserved quantities, the Hamiltonian of a many-body localized
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

system can be written as

Ĥ =
∑
m

hmτ̂
z
n +

∑
m,n

Jm,nτ̂
z
mτ̂

z
n + ..., (2.25)

where the dots indicate interaction terms including three and more operators τ̂n. A key
property of MBL is that the conserved quantities are quasi-local, i.e. they are superpositions
of spin operators with weights that fall off exponentially with the distance to the center of
the conserved quantity [25, 26,67]. The exponential tail of the l-bits mediate a long-range
interactions between them. Since the l-bits are localized around a single lattice site, the
interaction fall off exponentially with distance [26].

The form of the Hamiltonian given by Eq. (2.25) has some consequences for the dynamics:
the z component of the l-bits is frozen, while their x and y components precess about the z
axes of their Bloch spheres at a rate that is set by the interactions with the z components
of all of the other l-bits. Thus, they are subject to dephasing and decoherence due to
the interaction with this static spin bath. A second consequence is that the l-bits can get
entangled only through their direct interaction. Since the effective l-bit interactions in the
localized phase fall off exponentially with distance, after a time t, a given l-bit is entangled
with all other l-bits within a volume ln t. This gives rise to a characteristic logarithmic
spreading of entanglement in many-body localized systems [68]. Besides other characteristics
which we discuss in the next section, the logarithmic increase of the entanglement entropy
serves as an indicator for many-body localization.

We finish with a short comment on the emergent integrability in MBL systems [69].
One characteristic feature of MBL systems is the existence of an extensive set of local
conserved quantities. This seemingly places MBL systems in the same category as other
integrable models. There are, however, some conceptual differences compared to other
known kinds of integrability, like the integrability in non-interacting systems or Yang-Baxter
integrable systems [70]. In contrast, if a non-interacting system, characterized by conserved
occupations of single-particle eigenstates, is perturbed by introducing an arbitrarily weak two-
body interaction, the integrability is immediately destroyed. A similar scenario is expected
to hold for Yang-Baxter-integrable systems [54]. The robustness of the local integrals of
motion reflects the fact that MBL is a dynamical phase of matter, while non-interacting
systems and Yang-Baxter integrability represent isolated points or lines in the phase space.

2.5 Classification of thermal and non-thermal behavior in quantum
systems

A subsystem S of a quantum mechanical system is said to thermalize if the reduced
state of the subsystem fulfills all four aspects of thermalization introduced in section 2.3.
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Consequently, non-thermal behavior is indicated by a violation of one of the four aspects.
Deciding if a particular subsystem fulfills all four aspects of thermalization is, however,
difficult. In particular the distinction between thermalizing and integrable systems can
be challenging, as the reduced state of subsystems equilibrates in both situations: for
thermalizing systems the equilibrium state is given by a Gibbs state, whereas for integrable
systems it is given by a generalized Gibbs state. In both cases the asymptotic state of a
subsystem is determined by all conserved quantities of the total system, i.e. by all operators
which commute with the Hamiltonian and among each other. An obvious way to classify a
system as thermalizing or integrable is to determine all operators which commute with the
Hamiltonian. If an extensive set of operators commute with the Hamiltonian, the system is
integrable. If, on the other hand, only a few global conserved quantities exist the system is
not integrable. Based on the set of all conserved quantities it is thus possible to classify a
system as either integrable or thermal. In practice, however, it is usually difficult to identify
all conserved quantities.

In the following we discuss alternative indicators of integrability in quantum systems
which can be used to classify systems as integrable or thermal without the need to identify
all conserved quantities of the model. These indicators can be separated into two classes.
The first are based on spectral properties of the underlying many-body Hamiltonian, i.e.
properties of the eigenvalues and eigenstates. This approach is further discussed in Sec. 2.5.1.
A second possibility is to study the dynamical evolution of a system which is initialized in
some far-from equilibrium state. This includes, for example, the relaxation of observables
towards some equilibrium value or the spreading of entanglement in the system. We elaborate
on this in section 2.5.2. To exemplify the different approaches we discuss them for the
XXZ Heisenberg spin chain with random local disorder. For weak disorder W this system is
thermalizing, whereas for strong enough disorder the system is many-body localized. In this
section, we only present the behavior of certain observables to demonstrate how they can be
used to classify systems as thermalizing or integrable. A detailed discussion of the model is
provided in Sec. 5.1. In the last section, 2.5.3, we employ the subsystem state independence
in thermalizing system to identify non-thermal behavior. The existence of local conserved
quantities in integrable systems imply that information about the initial state is stored in
local observables at all times. This implies that the asymptotic state of a subsystem depends
on its initial state. Based on the dynamical map describing the time evolution of subsystems,
we propose a measure to quantify this dependence and discuss how it can be used to detect
a violation of subsystem state independence, i.e. a failure of thermalization of S.
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2.5.1 Spectral properties: Level spacing statistics and properties of
eigenstates

Many of the commonly used methods to classify quantum mechanical systems as either
integrable/non-thermal or thermal are based on spectral properties of the underlying Hamil-
tonian. Within this approach the fluctuations of the eigenvalues of the Hamiltonian, i.e. the
energies Ed, are considered. To this end, the spectrum of the Hamiltonian is decomposed
into a system-specific mean level density and a fluctuating part [71]. As we explain in
the following, the fluctuating part can be used to classify a system into either thermal or
integrable. To investigate the fluctuations of the energy levels, one first has to remove the
system-specific mean level density. This procedure is called unfolding of the spectrum. This
can only be done exactly if the system-specific mean level density is known, which is usually
not the case. However, using approximations for the mean-level density, e.g. a least square
fit for the mean-level density, it was shown that local properties, such as the local level
fluctuations, can be extracted [72].

The central quantity of interest in this approach is the probability distribution of energy
level spacings p(s), where s = ϵn − ϵn−1 denotes the difference between neighboring
energy levels of the unfolded spectrum. Originally, this approach dates back to works done
by Wigner and Dyson aimed to understand the energy levels of large nuclei [73–76]. It
was later discovered that the distribution of energy level spacings, i.e. the statistics of
the difference between consecutive eigenenergies can also be used to distinguish between
integrable and thermalizing systems. In this context two results are of particular importance:
Berry and Tabor conjectured that the energy levels in integrable systems can be seen as
independent random variables, meaning that the distribution of energy level spacings is
Poissonian [77]. Later, Bohigas, Giannoni, and Schmit conjectured that in quantum systems
whose classical counterpart is chaotic the energy level spacings are described according to a
Wigner-Dyson distribution [78]. Both conjectures have been confirmed in different settings,
e.g. [52, 53, 78–80] and can also be used to distinguish between integrable and thermalizing
systems when there is no classical counterpart [52,53,81].

The distribution of energy level spacings can thus be used as an indicator for integrability
in quantum systems. The qualitative difference between the distribution of the energy
level spacings is demonstrated in Fig. 2.1 for a thermalizing (left plot) and an integrable
(right plot) system. Classifying a system based on spectral statistics thus seems to be
straightforward: calculate the spectrum of the Hamiltonian, unfold it, and investigate the
distribution of energy level spacings. If the spacing follows a Wigner-Dyson distribution the
system is expected to thermalize; if the spacing follows a Poissonian distribution the system
is expected to be integrable. Based on this approach different models have been investigated
and transitions between thermalizing and integrable dynamics were estimated [52,82–84].
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Figure 2.1: Histogram of the unfolded level spacings of an XXZ Heisenberg chain
with random local disorder W for L = 16. In the weak disorder regime (W = 1) the
system thermalizes, and the level spacing distribution is described by a Wigner-Dyson
distribution. In the integrable case (W = 5) the distribution of the level spacings is
Poissonian. The details of the model are given in Sec. 5.1.

Note that the unfolding of the spectrum can be avoided by considering the ratio of two
consecutive energy gaps [82].

There are a few aspects we want to highlight and discuss in the following. Comparing
the different distributions in Fig. 2.1, the most striking difference between them is their
behavior as s → 0. The Poissonian distribution has its maximum at s = 0, and thus, the
spectrum of integrable systems is dominated by (near-) degeneracies. In contrast to this,
the Wigner-Dyson distribution vanishes as s → 0. Degeneracies are thus exceptional. In
fact, it is possible to derive the Wigner-Dyson distribution by considering a non-integrable
system as an integrable one subject to a random perturbation [85]. In first order perturbation
theory the degenerate eigenstates of the integrable system are coupled leading to an avoided
crossing of the perturbed eigenenergies. If the spectrum of the non-integrable system is
dominated by such avoided crossings, i.e. if most of the eigenstates which are close in
energy are coupled by the perturbation the statistics of energy level spacings is described by
a Wigner-Dyson distribution.

Properties of the eigenstates provide alternative indications of thermal and non-thermal
behavior. One can, for example, test if the eigenstates of the many-body Hamiltonian fulfill
the eigenstate thermalization hypothesis. i.e. if expectation values of local observables
vary little among neighboring eigenstates [54,86]. The entanglement entropy can be used
as further indicator: In thermalizing systems, the entanglement entropy is an extensive
quantity, and thus, the von Neumann entropy of a subsystem scales with the volume of that
subsystem [69]. In many-body localized systems, on the other hand, the existence of the set
of local conserved quantities give rise to a von Neumann entropy which scales with the area
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

of the subsystem [25,69, 87]. Other indicators are correlations between different degrees of
freedom as a function of their distance [88] or the scaling of the mutual information [89].

Although spectral properties provide an easy way to classify quantum system into integrable
or thermal, they have some problems. The first is rather obvious: all quantities which are
based on the eigenvalues and eigenstates of the system require the diagonalization of the
underlying many-body Hamiltonian, which limits this approach to relative small systems
due to the exponential scaling of the many-body basis. The second issue is special to
many-body localized systems and is related to the stability of the MBL phase with respect
to the inclusion of thermal regions. Over the last years it was realized that a single thermal
region embedded in a many-body localized system is capable of thermalizing the full system
through an avalanche-like process [90–94]. In large systems with quenched local disorder,
there are regions in which the random fields are small and the system locally thermalize. In
the thermodynamic limit, such regions occur with probability one. This results in a finite
local bath that then tends to thermalize the nearby localized regions, which ultimately results
in an enlarged thermal region. The stability of the MBL phase in the thermodynamic limit
is then connected to the question, whether this avalanche-like thermalization eventually
stops. Recent numerical investigations in the XXZ Heisenberg chain with random local
disorder indicate that the critical disorder at which the statistics of the energy level spacings
change from Wigner-Dyson to Poissonian is in fact smaller than the critical value at which
the avalanche-like thermalization eventually stops [88, 94]. This shows that the spectral
statistics can be misleading.

2.5.2 Dynamical properties: Equilibration of observables and spread-
ing of entanglement

Instead of considering spectral properties of the Hamiltonian one can alternatively in-
vestigate the time-evolution of certain observables. The idea behind this approach is the
following: the system is initialized in some non-equilibrium state. One then considers the
time-dependent expectation values of certain observables and investigates if these relax to
expectation values compatible with thermal expectation values.

One example of such a quantity, which is used in the context of spin systems, is the
averaged local autocorrelation function of the spins, sometimes also called Edwards-Anderson
spin glass parameter [95],

qEA = 1
L

∑
n

⟨Ψ|Ŝz
n(t)Ŝz

n(0)|Ψ⟩ , (2.26)

where L is the length of the spin chain and Ŝz
n denote the z component of the n-th spin.

As usual they are given by Ŝz = 1
2 σ̂

z, where σ̂z denotes the Pauli matrix. Ŝz
n(t) denotes
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the time-evolved operator, i.e. Ŝz
n(t) = eiĤtŜz

ne−iĤt. The quantity qEA measures the
averaged local correlation between the initial operator and the operator at a later time. If
the system thermalizes these local correlations should vanish as t → ∞ since the asymptotic
value of subsystems is expected to be independent of their initial state. To exemplify the
different behavior we show qEA for the XXZ Heisenberg spin chain in Fig. 2.2a) for an initial
state of the form |Ψ⟩ = |↑↓ ...⟩. For weak disorder (thermalizing regime) the spin glass
parameter qEA decays to a small value, showing that the average autocorrelation of the
expectation value of Ŝz

n(t) with its initial value is small. For a many-body localized system
(large disorder) the asymptotic value of qEA is significantly larger than zero, showing that
there is some correlation between the operator at time zero and at time t. We note that if
the spin chain is initially in the Neel state, |Ψ⟩ = |↑↓ ...⟩, the spin glass order parameter
is equal to the staggered magnetization or the imbalance, which was recently measured
experimentally [28,29].

Another indicator which can be used to distinguish between thermal and non-thermal be-
havior is the spreading of entanglement. Although experimentally hard to measure, it provides
some physical insights into the dynamics of the system. In thermal systems entanglement
spreads ballistically with a power law increase [96,97]. In many-body localized systems the
existence of the quasi-local integrals of motion, together with their interaction which decays
exponentially with the distance, implies a logarithmic spreading of the entanglement entropy,
special to these systems [68,98]. To demonstrate this, the half chain entanglement entropy
(HCEE), i.e. the entanglement entropy of the left half chain with the right half, of the XXZ
Heisenberg spin model in the thermalizing regime (W = 1J) and in the many-body localized
regime (W = 5J) is shown in Fig. 2.2b). In the thermalizing regime, the HCEE exhibits
a fast increase after which it saturates. In the many-body localized regime a logarithmic
increase is visible, which originates from the exponentially decaying interaction between the
local integrals of motion.

2.5.3 Measuring the influence of the initial state on the dynamics
of an open quantum system

Another key property of thermalizing systems is the subsystem state independence: the
asymptotic state of a subsystem is independent of its initial state. A dependence of the
asymptotic state of a subsystem on its initial state is thus an indication of non-thermal
behavior. This can be investigated by considering the time evolution of a subsystem S for
different initial states of the subsystem S while keeping the state of its environment fixed.
To quantify the influence of the initial state of S different approaches are possible. The
easiest way is to choose a particular observable Ô, initialize the subsystem S in different
initial states, and investigate the time dependent expectation value of Ô. This approach,
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Figure 2.2: In the left panel the spin glass order parameter is shown, in the right panel
the half chain entanglement entropy (HCEE) is shown. The red lines represent the
results for a thermalizing system (W = 1J) the blue lines represent the results for a
many-body localized spin chain (W = 5J). For a thermalizing spin chain, qEA decays
to a value close to zero and the HCEE quickly saturates. In the many-body localized
phase, the spin glass order parameter approaches a value significantly larger than zero
and the HCEE exhibits a characteristic logarithmic increase.

however, depends on the choice of the considered observable Ô, as well as, the choice of the
two initial states. Alternatively, one can consider the distance between the time dependent
reduced state of S for two different initial conditions, given by Eq. (2.19). In thermalizing
systems, this distance decays to zero as t → ∞, for all pairs of initial states. In Fig. 2.3 this
is shown for a single spin in the XXZ Heisenberg spin chain. As can be seen, the distance
of the pair of initial states in the long-time limit is smaller for the thermalizing system
(W = 1J) compared to the localized system (W = 5J). In principle, the time-dependent
trace distance can be used as an indication of thermal behavior or non-thermal behavior. As
can be seen from the results, however, the distance D depends on the choice of the two
initial states. In the following we discuss a possibility to quantify the influence of the initial
state of a subsystem on its dynamics without referring to a particular initial state. Based on
these considerations it is possible to detect a failure of subsystem state independence. We
note that the dependence of the equilibrium state on the initial state of a subsystem has
been investigated in [99], employing the time average of the quantum dynamical map. Here,
we consider the full time dependence of the quantum dynamical map. This not only allows
us to discuss the influence of the initial state on the equilibrium state, but also to bound
the impact of the initial state on expectation values. A further advantage of this approach
is that, compared to the analysis based on spectral properties of the total Hamiltonian, an
analysis of the dynamical map is much more feasible, as its dimension is determined by the
subsystem. As we discuss in detail in chapter 5 this measure can also be used to investigate
delocalization mechanisms and information loss in quantum systems, thus allowing us to
analyze the underlying processes.
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Figure 2.3: Shown is the time-dependent distance D between the reduced state for two
different initial states for the XXZ-Heisenberg chain with random disorder for L = 15.
The red curve (W = 1) represent the results for a thermalizing system, the blue curve
(W = 5) represents results for a many-body localized system. The distance between
the two different initial states is smaller for the thermalizing system compared to the
localized system. The two plots show the influence of the chosen initial states: the pair
of considered initial states in the left and in the right plot are different. We defined
|⇄⟩ = 1√

2
(

|↑⟩ ± |↓⟩
)

In order to quantify the influence of the initial state of a subsystem S on its dynamics, i.e.
the local memory of S, we consider the following scenario. We separate the full system into
the subsystem, of which we want to quantify the local memory, and its remainder, i.e. its
environment E. The initial state of the subsystem is arbitrary, whereas the initial state of its
remainder is kept fixed. From this viewpoint, the subsystem S is an open quantum system
in contact with an environment E. Consequently, the time evolution of the subsystem is
described by a dynamical map, as discussed in Sec. 2.2. The dynamical map encodes the
full information of the time evolution of the open system, including the dependence of the
asymptotic state on the initial state of the subsystem. In the following we discuss how the
influence of the initial state of an open system, represented by the initial Bloch vector a(0),
on its time evolution can be quantified by means of the dynamical map, i.e. by properties of
the two quantities M(t) and b(t). Our starting point is the action of the dynamical map on
a generalized Bloch vector, defined by Eq. (2.14). More precisely, we consider the action
of the dynamical map on all possible initial states, i.e. the image of B(RN2−1) under the
dynamical map ϕt. To analyze and characterize this image we employ the singular value
decomposition of M(t) given by

M(t) = V(t)S(t)WT (t). (2.27)

Since M(t) has real entries, V(t) and W(t) can be chosen to be real, orthogonal matrices
and S(t) is a positive-semidefinite diagonal matrix.
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Before discussing the influence of the initial state, we first note that if the time-evolution
of the open system is unitary, e.g. for vanishing system-environment coupling, it directly
follows that b(t) = 0 and MT (t)M(t) = 1, i.e. M(t) is an orthogonal matrix. The first can
be shown by considering the action of the dynamical map on the Bloch vector 0 = (0 0 ...)T .
From Eq. (2.12) it follows that 0 is preserved under a unitary transformation. Thus, ϕt0 = 0,
which directly implies b(t) = 0 for all times t. The orthogonality of M(t) can be shown by
employing b(t) = 0 and the fact that the euclidean norm of the Bloch vector under unitary
time-evolution is preserved [38]. This implies that ||M(t)a(0)||2 = ||a(t)||2 holds for all
times, where ||x||2 =

√∑
n x2

n denotes the euclidean norm of a vector x. This implies that
M(t) is orthogonal for all times.

We start our analysis of the influence of the initial state by investigating its influence
on the expectation value of an observable Ô. To quantify this influence, we consider two
different initial states of the open system, ρ1

S(0) and ρ2
S(0), and investigate the quantity

δ1,2(t; Ô) = |tr
{
Ô
(
ρ2

S(t) − ρ2
S(t)

)}
|, (2.28)

where | · | denotes the absolute value. The quantity δ1,2(t; Ô) describes the difference of
the expectation value of Ô at time t for two different initial states of the open system.
Alternatively, δ1,2(t; Ô) can be interpreted as the amount of information one can obtain
about the initial state of the open system by measuring the observable Ô. For δ1,2(t; Ô) = 0
the outcome of a measurement is equal for the two initial states, thus no information about
the initial state of the open system is obtained by measuring Ô. If, on the other hand,
δ1,2(t; Ô) ̸= 0 the outcome of the measurement depends on the initial state, and some
information about the initial state of the open system can be obtained.

The quantity δ1,2(t; Ô) relies on the choice of two initial states. Employing the singular
value decomposition of the matrix M(t), a general upper bound can be derived yielding

δ1,2(t; Ô) ≤ N3/2
√

2
|omax| smax(t) ||a1(0) − a2(0)||2. (2.29)

Here, omax is the eigenvalue of O with the largest absolute value, smax(t) is the largest
singular value of M(t) at time t and ||x||2 is the Euclidean norm of the vector x. The proof
of Eq. (2.29) is provided in appendix A.1. Equation (2.29) holds for any observable Ô, and
thus, we conclude that the largest singular value of M(t) is a measure for the influence of
the initial state on the state at time t which is independent of the observable and the initial
state. Alternatively, the largest singular value can also be interpreted as the local memory.
If smax = 0 no information about the initial state is stored in local observables, for smax ̸= 0
some information about the initial state can be obtained by measuring local observables.
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As a second aspect, we discuss different long-time behaviors of an open system and how
this can be classified by means of M(t). From Eq. (2.14) it directly follows that if the two
limits

b∞ = lim
t→∞

b(t) (2.30)

M∞ = lim
t→∞

M(t) (2.31)

exist, every initial state has an asymptotic state, which is given by

a∞ = b∞ + M∞a(0). (2.32)

The initial state a(0) has in general an influence on the asymptotic state. Equation (2.32)
becomes independent of the initial state if all possible initial states are mapped to the same
vector b∞ ∈ RN2−1. This is exactly the case if the image of M∞ is zero dimensional, i.e. if
M∞ = 0. This follows from the fact that for any dimension of the open system the Bloch
sphere B(RN2−1) includes the (N2 − 1) dimensional sphere with radius rs =

√
2

N(N−1) [100].
The image of this sphere is only zero dimensional if M∞ = 0. In this case, Eq. (2.32)
becomes independent of the initial state and the unique asymptotic state is given by b∞.
Note that in this case δ1,2(t; Ô) → 0 as t → ∞ independently of Ô, implying that the
expectation value of any observable becomes independent of the initial state a(0).

We conclude that the asymptotic state exists for all initial states if the limits (2.30) and
(2.31) exist. The dynamical map is relaxing, i.e. the asymptotic state is unique, if and
only if all singular values of M(t) decay to zero as t → ∞. If the two limits (2.31) and
(2.30) exists, but M∞ ̸= 0, the asymptotic state exists for all initial states but depends on
the initial state of the open system. If, on the other hand, one of the quantities b(t) or
M(t) remain time-dependent for all times, there is at least one initial state for which the
asymptotic state does not exist. Note that it is possible that the asymptotic state exists for
some initial states, whereas for others the state of the open system remains time-dependent
at all times. In such a situation, some singular values of M(t) become stationary and others
remain time dependent.

Using the above derived concepts, a failure of subsystem state independence can be
detected in the following way: consider a particular subsystem S of a quantum system
and calculate the corresponding dynamical map ϕt. If the largest singular value of M(t)
decays to a non-zero value as t → ∞ some information about the initial state are stored
in local observables, thus the asymptotic state is not independent of the initial state of
S. If, on the other hand, smax → 0 as t → ∞ this is an indication that the subsystem
under consideration is thermalized by its environment. Note that this is not a full proof of
subsystem thermalization, as this only proves two of the four aspects of thermalization, i.e.
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2 Dynamics of quantum systems, local thermalization, and atypical asymptotic states

subsystem equilibration and subsystem state independence. In chapter 4 we demonstrate
this approach of classifying the asymptotic behavior for the spin-boson model. In chapter
5 we then use this to investigate the local memory in different dynamical phases of the
disordered XXZ-Heisenberg spin model.
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3. Theoretical methodology

In order to investigate thermal and non-thermal behavior in quantum systems we consider
the time-evolution of different observables. That is, we are interested in the expectation
values of observables Ô defined by

⟨Ô⟩ (t) = ⟨Ψ(t)|Ô|Ψ(t)⟩ , (3.1)

where |Ψ(t)⟩ is the wave function of the system at time t. The time-evolution of the
wave function is prescribed by Schrödinger’s equation defined by Eq. (2.1). To study time-
dependent expectation values of the form (3.1) we thus need to calculate the time-dependent
wave function, i.e. we need to solve the time-dependent Schrödinger equation.

In this chapter, we discuss various approaches which we use to calculate and analyze time-
dependent expectation values. In the first section, 5.1, we introduce exact diagonalization
(ED), which is based on an expansion of the wave function and the Hamiltonian in a complete
basis of the Hilbert space. This method can be used to calculate the wave function at
arbitrary times is, however, limited to relatively small system sizes due to the exponential
scaling of the dimension of the Hilbert space. In order to simulate the dynamics of larger
systems, more efficient representations of the wave function are necessary. In Sec. 5.2, we
introduce one particular example of such a representation: the multilayer multiconfiguration
time-dependent Hartree (ML-MCTDH) approach. These two methods allow us to cover
two different regimes: ED can be used to investigate small systems at arbitrary times, while
the ML-MCTDH approach allows us to simulate large systems at short and intermediate
times. If one is interested in the expectation value of observables, which only probe a finite
subsystem S, it is sufficient to know the reduced state of S. In the last section, 5.3, we
discuss some aspects of the time-evolution of the reduced state of a subsystems. First, we
present a formal proof that, in the thermodynamic limit, the dynamics of the reduced density
matrix of a subsystem S coupled to a particular type of interacting environments can be
described by an environment consisting of harmonic oscillators with an effective spectral
density. By this, we extend an earlier result of Makri, who proved this for non-interacting
environments [101]. Second, we discuss how the reduced system dynamics can be obtained
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3 Theoretical methodology

perturbatively. This approach can be used to derive some analytic results and to develop
physical pictures for the numerical data.

3.1 Exact diagonalization
Exact diagonalization (ED) refers to the diagonalization of the Hamiltonian in a complete

basis of the underlying Hilbert space. This means, that it can be used to treat finite
dimensional systems. Within this approach one calculates the eigenenergies and eigenstates
of the many-body Hamiltonian numerically. As discussed in Sec. 2.1 the solution to the
time-dependent Schrödinger equation can be expressed in terms of the eigenstates {|Ed⟩}
and eigenvalues {Ed} of the Hamiltonian Ĥ, i.e. the wave function at time t can be written
as

|Ψ(t)⟩ =
∑

d

e−iEdt ⟨Ed|Ψ(0)⟩ |Ed⟩ . (3.2)

This means, that once the eigenvalues and eigenstates are known, the time-dependent wave
function |Ψ(t)⟩, and thereby any observable, can be calculated at arbitrary time. Since the
only assumption is the Hermiticity of the Hamiltonian Ĥ, this approach gives exact results
for all parameter regimes at all times. To calculate the eigenvalues and eigenstates of the
Hamiltonian, the operator Ĥ is expanded in a complete basis of the Hilbert space, i.e. is
expressed as a matrix, which can be diagonalized numerically.

Exact diagonalization is an exact method which can be used to calculate the time-
dependent wave function of the system. The numerical effort, however, increases exponentially
with the system size as the dimension of the Hilbert space scales exponentially with the
number of constituents of the system. Since the numerical diagonalization of a matrix scales
with O(D3), where D is the dimension of the matrix, this approach is limited to relatively
small systems. On a usual computer, for example, only systems consisting of up to 16 to 18
two-level systems (spins) can be simulated.

3.2 Multilayer multiconfiguration time-dependent Hartree approach
The obvious limitation of ED is that only small systems can be simulated. The reason for

this is that in the ED framework the wave function and the Hamiltonian are represented in
a complete basis of the Hilbert space of the total system. This implies that the number of
parameters of the wave function scale exponentially with the number of degrees of freedom.
To demonstrate this the wave function can be expanded in the time-independent tensor
product basis of the individual constituents yielding

|Ψ(t)⟩ =
∑

j1,...,jN

Cj1,...,jN
(t)

N⊗
n=1

|jn⟩ , (3.3)
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3.2 Multilayer multiconfiguration time-dependent Hartree approach

where we assumed that the system consists of N degrees of freedom, labeled by n. The
{|jn⟩}fn

i=1 constitute a basis for the Hilbert space of the n-th degree of freedom and fn

denotes the corresponding dimension. In this representation the wave function is determined
by the N -dimensional tensor Cj1,...,jN

(t), and is thus parametrized by ∏N
n=1 fn complex

numbers. The number of parameters which are necessary to describe the wave function
grows exponentially with the system size.

In many situations, however, a much smaller number of parameters is sufficient to
accurately describe the wave function or specific observables. This is in particular true for
systems exhibiting many-body localization for the following reason. Eigenstates of MBL
systems obey the so-called area law for the entanglement entropy, i.e. the entanglement
entropy of a region in space tends to scale as the size of the boundary of the region. Such
states, however, only constitute a small subspace of the full Hilbert space. This follows
from the following statement proven by Page [102]: a randomly picked state of a Hilbert
space will most likely have an entanglement entropy between subregions that will scale like
the volume of the subregion. Thus, eigenstates of MBL systems are strongly restricted
to a small region of the Hilbert space, which can be parametrized by fewer parameters.
A particular representation of the wave function which makes use of this observation is
the representation in terms of a matrix product states (MPS) or, more generally, tensor
networks [103]. Within these approaches the number of coefficients needed to accurately
describe the wave function typically scales with the entanglement between the different
degrees of freedom, i.e. the smaller the entanglement the fewer coefficients are needed.
Using such representations, the ground state and the time-evolution of systems inaccessible
for ED have been investigated [104,105]. The representation of the wave function as a MPS
turned out to be particularly efficient for one dimensional systems [106,107].

In this thesis, however, we are interested in systems which are not necessarily one
dimensional: The star-like geometry of the spin-boson model and the centrally coupled many-
body localized system make the simulation based on matrix-product operator techniques
like time-evolving block decimation inefficient [107]. To simulate the dynamics of these
systems, we employ the multiconfiguration time-dependent Hartree (MCTDH) approach and
its multilayer extension (ML-MCTDH) to simulate the dynamics of quantum systems. The
ML-MCTDH [108–111] is a well-established, accurate (numerically exact) method to simulate
the dynamics of quantum systems with many degrees of freedom. It represents a rigorous
variational basis-set method, which uses a multiconfiguration expansion of the wave function,
employing time-dependent basis functions and a hierarchical multilayer representation. In
previous publications the ML-MCTDH was used to simulate the dynamics of different systems
with a star-like geometry like the spin-boson model [32, 34, 36], a single spin coupled to
a bath of spins [35], and a subsystem coupled to anharmonic environments [33]. For a
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a)

|Ψ(t)⟩ =
∑

J
AJ(t)

Q∏
q=1

|ϕq
jq

(t)⟩ , (3.4a)

|ϕq
j(t)⟩ =

∑
I
Bq,j

I (t)
R(q)∏
r=1

|ν(q,r)
ir

(t)⟩ , (3.4b)

...

b)

Figure 3.1: Expansion of the wave function used in the ML-MCTDH framework. In
the left panel the formal expansion of the wave function |Ψ(t)⟩ and the single particle
functions of the first layer is shown. In the right panel the expansion as a tensor tree
network is shown.

comprehensive overview of the method we refer to the reviews [108,110,111].

Within the ML-MCTDH approach the time-dependent wave function is recursively ex-
panded as depicted in Fig. 3.1a). Here, AJ(t), Bq,j

I (t), and so on are the expansion coefficients
for the first, second, etc., layers, respectively; |ϕq

jq
(t)⟩, |ν(q,r)

ir
(t)⟩, etc., are the single particle

functions (SPFs) for the first, second, etc. layers. In Eq. (3.4), Q denotes the number of
single particle (SP) groups in the first layer and R(q) denote the number of level two (L2)
SP groups in the q-th level one (L1) SP group. Such a recursive expansion can be carried
out to an arbitrary number of layers. Finally, the multilayer hierarchy is terminated at a
particular level by expanding the SPFs in the deepest layer in terms of time-independent basis
functions/configurations, each of which may contain several physical degrees of freedom.
The recursive expansion of the wave function |Ψ(t)⟩ over many layers in the ML-MCTDH
framework is a representation which corresponds to a hierarchical tensor decomposition in
the form of a tensor tree network, shown in Fig. 3.1b).

Following the Dirac-Frenkel variational principle [112], the equations of motion are obtained
from a variation of the wave function |Ψ(t)⟩ with respect to the expansion coefficients of
each layer [108,111], resulting in

i
∂

∂t
|Ψ(t)⟩L1 coefficients = Ĥ(t) |Ψ(t)⟩ , (3.5a)

i
∂

∂t
|ϕ(q)(t)⟩L2 coefficients =

[
1− P̂ (q)

][
ρ̂(q)(t)

]−1
⟨Ĥ⟩

(q) (t) |ϕ(q)(t)⟩ , (3.5b)

i
∂

∂t
|ν(q,r)(t)⟩L3 coefficients =

[
1− P̂

(q,r)
L2

][
ϱ̂

(q,r)
L2 (t)

]−1
⟨Ĥ⟩

(q,r)
L2 (t) |ν(q,r)(t)⟩ , (3.5c)

...
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3.2 Multilayer multiconfiguration time-dependent Hartree approach

where, the SPFs for each group are summarized in a symbolic vector as |ϕ(n)(t)⟩ =
{|ϕ(n)

1 (t)⟩ , |ϕ(n)
2 (t)⟩ , ...}T and analogously for the other SP groups. The time derivatives

on the left hand side are only performed with respect to the expansion coefficients of a
particular layer (denoted by the respective subscript). Ĥ(t) represents the Hamiltonian
matrix in terms of the first layer configurations, i.e.,

(
Ĥ(t)

)
JL

=
(

N∏
n=1

⟨ϕn
jn

(t)|
)
Ĥ

(
N∏

n=1
|ϕn

ln(t)⟩
)
. (3.6)

In Eq. (3.5), ρ̂(q)(t) and ϱ̂(q,r)
L2 (t) are reduced density matrices for the first and second layers,

respectively. The object ⟨Ĥ⟩
(q) (t) and ⟨Ĥ⟩

(q,r)
L2 (t) are mean-field operators for the first and

second layer, respectively, and the P̂ (q) and P̂
(q,r)
L2 are SP-space projection operators for

different layers. For the precise definition of these quantities we refer to Ref. [111].

To demonstrate the concept of the ML-MCTDH aproach and show its limitations, we
discuss two limiting cases of the above described expansion of the wave function. To simplify
the discussion we assume that each SP group contains one physical degree of freedom. We
emphasize, however, that this is not necessary. If only one SPF for every degree of freedom
is used, this results in a representation of the wave function as a single Hartree product of
the form

|Ψ(t)⟩ = A(t)
Q∏

q=1
|ϕq

jq
(t)⟩ . (3.7)

This form of the wave function describes a state in which no entanglement between different
degrees of freedom is present. It accurately describe the dynamics of a system consisting of
non-interacting degrees of freedom. An interaction between different degrees of freedom
typically lead to entanglement between the respective degrees of freedom which cannot
be described with a single Hartree product of the form (3.7). The representation of the
wave function in terms of a single Hartree product is insufficient. If, on the other hand, the
number of SPFs for each degree of freedom is equal to the dimension of the underlying
Hilbert space, the set of SPFs constitute a basis for this Hilbert space. Consequently, the
projection operator on the SP-space P̂ (n) = 1 and set of differential equations (3.5) reduces
to the usual Schrödinger equation. Upon increasing the number of SPFs, the solution to
Eqs. (3.5) converges to the solution of the Schrödinger equation.

The number of SPFs for each degree of freedom describes how much entanglement
between this particular degree of freedom and the remainder can be accurately described by
the ML-MCTDH wave function. If the system is many-body localized, i.e. the entanglement
entropy of the state obeys an area law and is thus small, the ML-MCTDH approach allows
for an accurate description of the dynamics using only a few SPFs for degree of freedom. In
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such situations the ML-MCTDH approach allows for the simulation of much larger systems
compared to ED. If, on the other hand, the system thermalizes, i.e. entanglement is an
extensive quantity, many SPFs are needed to represent the wave function accurately and the
benefits from using the ML-MCTDH approach compared to ED is expected to be small.

3.3 Time-evolution of the reduced density matrix

The two above introduced methods, exact diagonalization and the multilayer multicon-
figuration time-dependent Hartree approach, can be used to calculate the time-dependent
wave function of the total system, from which expectation values for any observable can be
calculated. In order to study thermal and non-thermal behavior in quantum systems we are
often interested in local observables, which only probe a small subsystem S. The expectation
value of such observables can be calculated from the reduced state of the subsystem ρ̂S as

⟨Ô⟩ (t) = trS{Ô ρ̂S(t)}, (3.8)

where ρ̂S is defined by Eq. (2.15). Instead of calculating the time-evolution of the full
system, i.e. the time-dependent wave function |Ψ(t)⟩, one can calculate the time-evolution
of the reduced state of the subsystem in the presence of its environment. Following this
approach, one can derive an equation of motion for the reduced density matrix ρ̂S(t) which
includes the influence of the environment. Examples are given by the Nakajima-Zwanzig
equation [113–115], the time-convolutionless master equation [116,117], or the hierarchical
equations of motion [118–121]. Alternatively, one can derive a path integral representation
of the reduced density matrix, in which the influence of the environment is included in
the influence functional [101, 122]. In this section we discuss different aspects of the
time-evolution of the reduced density matrix which we use in our analysis.

If the environment consists of infinitely many non-interacting modes it is known that
the influence of the environment on the subsystem S is completely determined by the first
non-vanishing correlation function of the environment, provided that the coupling of the
subsystem S is distributed uniformly over all environmental modes [101]. In the first part of
this section, 3.3.1, we show that this still holds for a particular kind of interaction between
the environmental degrees of freedom. In Sec. 3.3.2, we discuss a perturbative master
equation for the reduced density matrix, which we use later to analyze different aspects from
an analytic perspective and to develop physical pictures of the numerically observed results.
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3.3 Time-evolution of the reduced density matrix

3.3.1 Linear response property for interacting environments

When considering the dynamics of the reduced state of the subsystem, the goal is to
include the influence of the environment in some way into the equations of motion for
the reduced density matrix ρ̂S(t). Typically, the environment consists of many-degrees
of freedom, and thus, the influence of the environment on the subsystem S depends, in
general, on all of these degrees of freedom. Surprisingly, the influence of an environment
consisting of infinitely many non-interacting modes is completely characterized by the first
non-vanishing correlation function provided that the interaction between the subsystem S

and the environment is distributed uniformly over all modes [101]. This fact can simplify the
treatment of complex environments and was used, for example, to describe the dynamics of
a two-level system coupled to a spin bath consisting of independent spins [101,123] and to
a bath of anharmonic vibrational degrees of freedom [33]. If the environmental modes are
interacting, on the other hand, the influence of the environment is usually not that simple
and correlation functions of all orders are needed to describe the effect of the environment
on the subsystem S exactly. In a recent publication, for example, the effect of the interaction
in Luttinger liquid leads was investigated by including the next-to-leading order correlation
function in the hierarchical equation of motion approach [124]. This is, however, only a
perturbative treatment of the effect of interactions in the environment on the subsystem S.
In the following we show that for a specific type of interactions between the environmental
modes, the influence of the environment on the subsystem S in the thermodynamic limit is
still completely determined by the first non-vanishing correlation function. Our prove closely
follows the one in Ref. [101], which is based on a cumulant expansion of the influence
functional of a path integral representation of the reduced density matrix ρ̂S(t). In particular,
we show that under, certain assumptions about the interaction between the environmental
modes, all terms in the cumulant expansion except the leading order term vanish in the
thermodynamic limit. It is thus possible to construct an effective harmonic environment,
which results in the same leading order term, and thus, in the same reduced system dynamics.
By this we extend the result of Makri, who proved this for non-interacting environments [101].

In the following we consider an environment which consists of N degrees of freedom and
assume that the Hamiltonian of the environment can be written as

ĤE =
N∑

n=1
ĤE,n +

N∑
n=1

B̂E,nB̂E,n+1, (3.9)

where ĤE,n and B̂E,n act on the Hilbert space of the n-th environmental mode. We assume
that the initial state of the environment, denoted by ρ̂E, factorizes between the different
degrees of freedom and is an equilibirium state of the Hamiltonian of the environment, i.e.
[ĤE, ρ̂E] = 0. The interaction between the subsystem S and the environment we consider
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is of the form

HSE = V̂S

N∑
n=1

cnF̂n, (3.10)

where V̂S acts on the Hilbert space of the subsystem S and F̂n acts on the Hilbert space
of the n-th environmental mode. We assume that [F̂m, F̂n] = 0 for all m and n, i.e. the
environmental modes are either spins or bosonic modes. To evaluate the different terms in
the cumulant expansion, the time-dependent operator

f̂(t) =
N∑

n=1
cn eiĤEtF̂ne−iĤEt︸ ︷︷ ︸

:=F̂n(t)

(3.11)

is required, which describes the force exerted on the subsystem S due to its interaction with
the environment. Furthermore, we assume that

[ĤE,n, B̂E,n] = 0 (3.12)

for all n. This assumption is crucial for our proof and guarantees that the time-evolved
operators F̂n(t) remain local at all times. This implies that the following holds

[F̂n(t), F̂m(t′)] = 0 ∀t, t′ ≥ 0 and ∀|m− n| ≥ 2. (3.13)

This follows from the fact that the operator

F̂m(t) = eiHEtF̂me−iHEt (3.14)

only acts on the Hilbert space of the modes m− 1, m and m+ 1. This can be proven by
using the fact that [ĤE,n, B̂E,n] = 0 and the resulting factorization of the operator

eiHEt =
∏
n

eiHE,nteiBE,nBE,n+1t. (3.15)

In order to calculate the different terms in the cumulant expansion of the influence
functional we need to calculate the k-point correlation functions defined as [101]

C(k)(t1, ..., tK) = ⟨f̂(t1)...f̂(tK)⟩0 , (3.16)

where ⟨...⟩0 denotes the expectation value with respect to the initial state of the environment.
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3.3 Time-evolution of the reduced density matrix

In the following we assume that the average force exerted on the subsystem is zero, i.e.

tr{ρ̂EF̂n(t)} = 0 ∀n. (3.17)

This holds, for example, if the F̂n are linear in creation or annihilation operators. This also
implies that only expectation values with an even number of F̂n(t) with the same index n
are non-vanishing. From this assumption, Eq. (3.17), it follows that the 1-point correlation
function vanishes, i.e.

C(1)(t) = 0. (3.18)

In the following we show that in this situation the influence of the environment, in the
thermodynamic limit, is completely determined by the force-force autocorrelation function

C(2)(t1, t2) = ⟨f̂(t1)f̂(t2)⟩0 . (3.19)

We note, however, that if the 1-point correlation function is not equal to zero, i.e. if
Eq. (3.17) does not hold, our arguments can be used to show that the influence of the
environment is completely determined by the 1-point correlation function. Following the
arguments of Makri [101], the higher order cumulants vanish if the higher order correlation
functions either vanish or can be expressed in terms of 2-point correlation functions. Using
Eq. (3.11) and the condition (3.17), the 2-point correlation function can be written as

C(2)(t1, t2) =
N∑

m=1
c2

ntr{ρ̂EF̂m(t1)F̂m(t2)}. (3.20)

In the thermodynamic limit this expression diverges unless the couplings cn scale as ∼ N−1/2

[101]. Thus, we consider this scaling of the coupling in the following. To finish the proof, we
show that in the thermodynamic limit the k-point correlation functions factorize, i.e. can be
expressed in terms of 1-point and 2-point correlation functions plus a correction of the order
O(N−(k/2−1)). To demonstrate this we consider the 4-point correlation function defined as

C(4)(t1, t2, t3, t4) =
∑

m,n,o,p

⟨F̂m(t1)F̂n(t2)F̂o(t3)F̂p(t4)⟩0 . (3.21)

We note that our arguments apply to all correlation functions for k ≥ 3. As explained above
there have to be an even number of F̂n in the expectation value ⟨·⟩0 to be non-vanishing.
Thus, two of the four indices have to be equal and the 4-time correlation function can be
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decomposed as

C(4)(t1, t2, t3, t4) =
∑
m,n

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)F̂n(t3)F̂n(t4)⟩0

+
∑
m,n
m ̸=n

c2
mc

2
n ⟨F̂m(t1)F̂n(t2)F̂m(t3)F̂n(t4)⟩0

+
∑
m,n
m ̸=n

c2
mc

2
n ⟨F̂m(t1)F̂n(t2)F̂n(t3)F̂m(t4)⟩0 . (3.22)

To keep the equations simple, we only show how the first term on the right hand side can
be written in terms of 2-point correlation functions plus a correction which vanishes like
N−1 as N → ∞. The double sum appearing in Eq. (3.22) can be decomposed as

∑
m,n

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)F̂n(t3)F̂n(t4)⟩0 =

∑
m

c4
m ⟨F̂m(t1)F̂m(t2)F̂m(t3)F̂m(t4)⟩0

+
∑
m

c2
mc

2
m+1 ⟨F̂m(t1)F̂m(t2)F̂m+1(t3)F̂m+1(t4)⟩0

+
∑
m

c2
mc

2
m+1 ⟨F̂m+1(t1)F̂m+1(t2)F̂m(t3)F̂m(t4)⟩0

+
L∑

m,n
|m−n|≥2

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)F̂n(t3)F̂n(t4)⟩0 .

(3.23)

For the chosen scaling of the coupling, i.e. cn ∼ N−1/2 as N → ∞, the first three terms
vanish like N−1 as N → ∞ [101]. Thus, we conclude that

L∑
m,n

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)F̂n(t3)F̂n(t4)⟩0 =

L∑
m,n

|m−n|≥2

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)F̂n(t3)F̂n(t4)⟩0

+ O
(

1
N

)
. (3.24)

Because the operators in the expectation value act on different Hilbert spaces, see Eq. (3.13),
and the initial state factorizes, it follows that the expectation values can be factorized as

L∑
m,n

|m−n|≥2

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)F̂n(t3)F̂n(t4)⟩0 =

L∑
m,n

|m−n|≥2

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)⟩0 ⟨F̂n(t3)F̂n(t4)⟩0

(3.25)

Adding the terms for m = n and |m − n| = 1 to the double sum on the right hand side
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gives an error of O(1/N), and thus, we can write

∑
m,n

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)F̂n(t3)F̂n(t4)⟩0 =

∑
m,n

c2
mc

2
n ⟨F̂m(t1)F̂m(t2)⟩0 ⟨F̂n(t3)F̂n(t4)⟩0

+ O
(

1
N

)
(3.26)

=C(2)(t1, t2)C(2)(t3, t4) + O
(

1
N

)
, (3.27)

where we have identified the 2-time correlation functions. The other two terms in Eq. (3.22)
can be treated similarly, resulting in the following expression for the 4-point correlation
function for the thermodynamic limit

lim
N→∞

C(4)(t1, t2, t3, t4) = lim
N→∞

C(2)(t1, t2)C(2)(t3, t4)

+ C(2)(t1, t3)C(2)(t2, t4)

+ C(2)(t1, t4)C(2)(t2, t3). (3.28)

Using this one finds that the fourth order term in the cumulant expansion of the influence
functional vanishes in the thermodynamic limit [101]. In a similar way one can show that all
higher order terms in the expansion vanish, proving that in the thermodynamic limit the
influence functional is completely characterized by the force-force autocorrelation function
of the environment. This extends the result of Ref. [101] to interacting environments, in
which the interaction operators between different environmental modes obey Eq. (3.12). One
of the consequences of this is that for such an environment it is possible to construct an
effective environment of harmonic oscillators which gives rise to the same dynamics of ρ̂S(t)
as the interacting environment.

3.3.2 Time-convolutionless master equation approach

Although it can be shown that the influence of the environment is completely characterized
by the force-force autocorrelation function defined by Eq. (3.19), the exact equations of
motion for the reduced density matrix ρ̂S(t) are usually not solvable. They can, however, be
used to derive approximative equations by employing perturbation theory in the coupling
between the subsystem S and its environment [39]. These perturbative equations can be
used to analyze different aspects from an analytic perspective and can help to develop
physical pictures of the numerically observed results.

In this thesis we employ the time-convolutionless master equation up to second order
(TCL2). Within this approach the equation of motion for the reduced density matrix of the
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subsystem S is determined by the equation [39]

∂tρ̂S(t) = −i[ĤS, ρ̂S(t)] −
∫ t

0
trE{[ĤSE, [ĤSE(τ − t), ρ̂S(t) ⊗ ρ̂E]]}dτ, (3.29)

where the time-dependent interaction Hamiltonian ĤSE(t) is defined as

ĤSE(t) = ei(ĤS+ĤE)tĤSEe−i(ĤS+ĤE)t. (3.30)

Here, ĤS (ĤE) describes the Hamiltonian of the subsystem (environment), respectively.
ĤSE describes the interaction between the subsystem and the environment. The equations
of motion for the reduced density matrix depend on the model system and in particular on
the form of the interaction. The model specific equations are presented and discussed in the
subsequent chapters, in which we analyze the dynamics of the different model systems.

We close this section with a brief discussion of the parameter regime in which the
TCL2 approach is expected to give good results. We note that for the spin-boson model
a comparison of various perturbative approaches, including different master equations,
with the numerically exact ML-MCTDH method was done in Ref. [32]. Since the TCL2
approach involves a perturbative treatment of the coupling between the subsystem S and its
environment, its validity is restricted to the weak coupling regime. Furthermore, it is assumed
that the correlations in the environment decay much faster than the system’s relaxation rate
and the internal dynamics of the subsystem S [39]. For the spin-boson model, for instance,
the perturbative master equations capture the reduced spin dynamics less accurate for an
adiabatic environment [32]. This also implies that for low temperatures the master equations
are less accurate, as a higher temperature typically reduces the correlations.
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4. Dynamics of the spin-boson model:
A case study of
environment-induced effects

A key property of thermalizing quantum systems is that the reduced state of a subsystem
is driven towards a thermal equilibrium state by the interaction with its remainder: The
remainder acts as an effective environment. The aim of this chapter is to investigate different
environment induced effects in a clean set up. To do this, we consider the spin-boson model,
which consists of a single spin, the subsystem of interest, and an environment of harmonic
oscillators.

In the first part, section 4.1, we introduce the spin-boson model and discuss some details
which are relevant for the present work. This includes the specific models of the environment
which we consider, the perturbative equations of motion which we use to analyze the
dynamics, and the numerical treatment within the ML-MCTDH framework. In section 4.2
we analyze under which situations an environment can drive a system towards an equilibrium
state and discuss indications for thermalization. Furthermore, we identify situations in which
the environment fails to thermalize the spin. To this end, we investigate the dynamics of the
spin using the concepts derived and discussed in 2.5.3. We demonstrate three qualitatively
different asymptotic behaviors of the spin and explain how these can be classified based
on the measure for the influence of the initial state of an open system on its dynamics. In
section 4.3 we investigate a less-well understood effect of an environment: memory effects.
Employing a recently proposed measure for non-Markovian behavior based on the information
exchange between the open system and its environment, we examine memory effects in a
broad range of parameter and employ our numerically exact results to validate perturbative
approaches and demonstrate certain limitations.

4.1 The spin-boson model

The spin-boson model, which involves a spin, or more generally a two-level system,
interacting linearly with a bath of harmonic oscillators, is a paradigmatic model to describe
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dissipative quantum dynamics [125,126]. Despite its simplicity, the spin-boson model can
be used to describe a variety of different processes and phenomena, including electron
transfer [127] and macroscopic quantum coherence [128]. On the other hand, the spin-boson
model is also interesting from a more fundamental point of view as it shows a transition from
coherent dynamics to incoherent decay as well as a quantum phase transition [36,57,58] and
exhibits qualitatively different asymptotic behaviors. In the context of thermalization, one
central question is under which circumstances the harmonic oscillators can equilibrate or even
thermalize the spin as t → ∞. Just recently, the equilibration of the spin was observed in an
experimental realization of the model using trapped ions: for a sufficiently large environment,
i.e. sufficiently many harmonic oscillators, the spin approaches an equilibrium state and
stays close to this state for most of the time [129–131].

As mentioned above, the spin-boson model consists of a single spin which is linearly
coupled to a bath of harmonic oscillators. In mass-weighted coordinates, the Hamiltonian
describing this model reads

H = ∆σ̂x + 1
2

N∑
n=1

(p̂2
n + ω2

nq̂
2
n) + σ̂z

N∑
n=1

cnq̂n, (4.1)

where σ̂x and σ̂z are the Pauli matrices, ∆ denotes the coupling between the two spin states,
and ωn, q̂n, and p̂n represent the frequency, position, and momentum of the bath oscillators,
respectively; cn denotes the coupling strength of the spin to the n-th harmonic oscillator of
the bath.

To discuss environment-induced effects in the spin-boson model, we consider the influence
of the harmonic oscillators, which constitute the environment, on the dynamics of the spin.
For the spin-boson model, it was shown that the influence of the harmonic oscillators on
the spin is completely determined by the spectral density of the harmonic oscillators defined
as [125,126]

J(ω) = π

2

N∑
n=1

c2
n

ωn

δ(ω − ωn). (4.2)

In order to investigate different environment induced effects, like dissipation and decoherence,
unique and non-unique asymptotic states, and non-Markovian effects in the dynamics of
the spin, we consider two different models for the environment, i.e. two different spectral
densities: the well-known Ohmic spectral density JO(ω) and a gapped spectral density JG(ω)
which is inspired by the experimental realization of the spin-boson model in Ref. [131]. The
Ohmic spectral density is defined as [125,126]

JO = π

2αωe−ω/ωc , (4.3)
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Figure 4.1: The two considered spectral densities for α = 1. In blue (left axis) the
Ohmic spectral density is shown for ωc = ∆. In red (right axis) the gapped spectral
density is shown. The green markers denote the experimental parameters. Note that
the gapped spectral density is zero below ωmin and above ωmax

where α denotes the system-bath coupling strength and ωc the characteristic frequency of
the bath. The Ohmic spectral density is arguably one of the most studied models for the
environment in the spin-boson model. In particular, it is known that qualitative different
dynamics of the spin can be observed, depending on the coupling strength α. For α ≲ 0.5
the spin exhibits a coherent decay, whereas for 0.5 ≲ α ≲ 1 one finds an incoherent decay
to a unique asymptotic state [34]. For 1 ≲ α and T = 0 the spin localizes in its initial state,
i.e. the asymptotic state of the spin depends on the initial state [57, 58, 125, 126,132]. This
model is thus well suited to discuss the measure for the local memory introduced in Sec. 3.2.

The second model for the environment we consider is a gapped spectral density described
by the function

JG(ω) = π

2αa(ω − b)e−( ω−b
c

)3
χ[ωmin,ω max], (4.4)

where a, b, and c are fitting parameters which we determine by a least square fit of the
function (4.4) to the parameters of the experimental realization with 5 environmental
harmonic oscillators. For the parameters we find (a, b, c) = (0.677, 0.541, 1.28). The distinct
feature of the experimental set up is that the lowest frequency of the environmental degrees
of freedom is given by the frequency of the ion trap, which is always non-zero [131]. This
implies that the corresponding spectral density is zero below some ωmin > 0, leading to a
gap in the spectrum of the environment. The support of the spectral density, i.e. ωmin and
ωmax are determined by experimental parameters, and α denotes the coupling strength. As
we will discuss later, the existence of the gap in the spectral density can lead to a failure of
subsystem equilibration for sufficiently strong coupling α. The qualitative differences of the
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two spectral densities are presented in Fig. 4.1 for α = 1.

Up to date, no analytic solution for the dynamics of the spin-boson model is known. Our
analysis of environment-induced effects is based on two approaches. On the one hand we
employ perturbative equations of motion and their analytic solution. This approach allows us
to analyze the dynamics in the weak coupling regime, i.e. α ≪ 1. To simulate the dynamics
of the spin-boson model in the full parameter regime, we employ the ML-MCTDH approach
introduced in section (3.2), for which it was demonstrated that it can be used to simulate
the dynamics in a broad range of coupling strengths [34].

In the weak coupling regime, i.e. α ≪ 1, the TCL2 method discussed in Sec. 3.3.2
can be used to derive a generalized master equation for the reduced density matrix of the
spin [39,125,133]. The state of the spin is completely characterized by the three components
of the Bloch vector, i.e. by the three expectation values of σ̂x, σ̂y, and σ̂z. Within the TCL2
approach, the equations of motion for these three expectation values are [32,39]

∂t ⟨σ̂x⟩ (t) = −Γxx(t) ⟨σ̂x⟩ (t) − Γx(t) (4.5a)
∂t ⟨σ̂y⟩ (t) = −2∆ ⟨σ̂z⟩ (t) − Γyz(t) ⟨σ̂z⟩ (t) − Γyy(t) ⟨σ̂y⟩ (t) (4.5b)
∂t ⟨σ̂z⟩ (t) = 2∆ ⟨σ̂y⟩ (t), (4.5c)

where the time-dependent rates Γij(t) are determined by the spectral density J(ω) and ∆,
and are defined in [32]. These equations can be solved numerically to obtain the dynamics
of the spin in the weak coupling regime.

To analyze the dynamics of the spin analytically, we consider the stationary rate approxi-
mation, i.e. we replace the time dependent rates Γij(t) with their long time limit, in the
following denoted with Γij := limt→∞ Γij(t). Within this approximation, the three equations
(4.5a), (4.5b), and (4.5c) constitute a system of first order autonomous differential equations
which can be solved analytically. Their solution read

⟨σ̂x⟩ (t) =e−Γxxt ⟨σ̂x⟩ (0) − Γx

Γxx

(1 − e−Γxxt) (4.6a)

⟨σ̂y⟩ (t) =e−Γyy/2t

(
cos(∆̃t) ⟨σ̂y⟩ (0) − Γyy

2∆̃
sin(∆̃t) ⟨σ̂y⟩ (0)

− 2∆ − Γyz

∆̃
sin(∆̃t) ⟨σ̂z⟩ (0)

)
(4.6b)

⟨σ̂z⟩ (t) =e−Γyy/2t

(
2∆
∆̃

sin(∆̃t) ⟨σ̂y⟩ (0) + cos(∆̃t) ⟨σ̂z⟩ (0)

+ Γyy

2∆̃
sin(∆̃t) ⟨σ̂z⟩ (0)

)
, (4.6c)

where ∆̃ denotes the renormalized tunneling frequency of the spin which is given by ∆̃ =
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1
2

(
8∆(2∆ − Γyz) − Γ2

yy

)1/2
. These equations describe the time-evolution of the three

components of the Bloch vector for weak coupling and large ωc for an arbitrary initial state
of the spin. We note that the stationary rate approximation, leads to errors in the transient
dynamics, i.e. on the dynamics on short time scales.

The analytic equation for ⟨σ̂z⟩ given by Eq. (4.6c) is derived using perturbation theory in
the coupling strength α. For an initial state of the spin of the form (⟨σ̂x⟩ ⟨σ̂y⟩ ⟨σ̂z⟩) = (0 0 1)
a renormalized perturbation theory, employing a resummation of all terms linear in the
coupling strength of a path integral solution [126], can be used to derive another analytic
solution for ⟨σ̂z⟩ (t) reading

⟨σ̂z⟩ (t) = e−γt
[

cos(∆̃t) + γ

∆̃
sin(∆̃t)

]
, (4.7)

where the renormalized frequency ∆̃ and the damping depend on the characteristic bath
frequency ωc and the coupling strength α and are given by

∆̃ = [Γ(1 − 2α) cos(πα)]
1

2(1−α)
(2∆
ωc

) α
1−α 2∆ (4.8)

γ = π

2α∆̃e− ∆̃
ωc . (4.9)

We note that the solution for ⟨σ̂z⟩ given by Eq. (4.7) has the same functional form as the
solution of the TCL2 equation for this particular initial state of the spin. However, the
renormalized frequency ∆̃ and the damping γ differ. To be more precise, the renormalized
frequency ∆̃ in the TCL2 solution and Eq. (4.9) have the same Taylor expansion at α = 0,
and hence, they coincide for α → 0.

The approaches discussed so far are based on a perturbative treatmenf of the coupling α,
and thus, are only valid in the weak coupling regime [32, 34]. In order to investigate the
dynamics of the spin-boson model in the full parameter regime, we employ the ML-MCTDH
approach introduced in section 3.2, to simulate the dynamics numerically. It was previously
demonstrated that the ML-MCTDH approach can be used to simulate the dynamics in a
broad range of coupling strengths [34]. In the following we briefly explain how the ML-
MCTDH approach can be used to simulate the dynamics of the spin-boson model. The
general concept of the method is described in Sec. 3.2. The two spectral densities introduced
above describe a condensed phase environment with a formally continuous distribution of
bath modes. The ML-MCTDH approach can only be used to propagate the wave function
for a system with a finite number of degrees of freedom. For finite timescales, a finite number
of bath modes can be used to represent the condensed phase environment, thus making
the treatment with the ML-MCTDH approach feasible. To simulate the dynamics of the
spin-boson model for the condensed phase we thus simulate the dynamics for an environment
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consisting of N harmonic oscillators, and consider N as a convergence parameter. To
ensure convergence to the continuum limit over the timescale considered, we employ several
hundreds of modes. In the past, different discretization have been used [34, 134]. While
the expectation value of σ̂z converges well for different discretization schemes, we find
numerically that the expectation values of σ̂x and σ̂y converges faster for an equidistant
discretization. In the following we thus use an equidistant discretization. The implementation
of the ML-MCTDH theory we use, has up to four dynamical layers plus one static layer.

4.2 Initial state dependence in the dynamics of the spin-boson model

An environment can drive a small system towards thermal equilibrium by inducing decoher-
ence and dissipation. In this section we investigate different aspects of this phenomenon for
the spin-boson model. In particular, we discuss under which situations an environment can
drive an open system to thermal equilibrium, under which circumstances the environment
fails to thermalize the system, and how one can classify this based on the dynamics of
the open system. Our analysis is based on the influence of the initial state of the open
system on its dynamics. In particular, the influence of the initial state on the asymptotic
behavior of the open system as t → ∞ can be used to classify the dynamics into thermal
and non-thermal. To investigate this influence, we employ the measure developed in 2.5.3
to investigate the dependency of the initial state of the spin on its dynamics.

An open quantum system can exhibit three qualitatively different asymptotic behaviors as
t → ∞. First, the open system can relax to a unique asymptotic state. This is the expected
behavior if the open system is thermalized by its environment. Second, the open system can
relax to an asymptotic state which depends on the initial state. This represents a violation of
subsystem state independence. Last, the open system may not relax to an asymptotic state
and the reduced state of the subsystem ρ̂S(t) remains time-dependent at all times. This is
a violation of subsystem equilibration. A non-unique asymptotic state or a reduced state
which remains time-dependent at all times are thus indications for non-thermal behavior. In
these situations the environment is not able to thermalize the open system.

Our goal is to discuss the influence of the initial state of the spin on its dynamics for
a fixed initial state of the environment. We consider the zero temperature limit of the
environment, i.e. the harmonic oscillators are initially all in their ground state. In this limit
it is known that for an Ohmic spectral density the spin localizes in its initial state above
a critical coupling strengths [36, 57, 58], i.e. the asymptotic state of the spin exhibits a
dependence on its initial state. We further assume that the initial state of the spin is pure.
Hence, it can be parametrized by the two Bloch angles θ and φ. The corresponding wave
function of the spin, as well as graphical representation in terms of the Bloch vector is shown
in Fig. 4.2.
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a) b)

|ψ(0)⟩spin = cos θ2 |↑⟩ + eiφ sin θ2 |↓⟩ (4.10)

Figure 4.2: The initial state of the spin parametrized by the two Bloch angles θ and φ.
In the left panel the graphical representation in terms of the three dimensional Bloch
vector is shown. The red dot represents the Bloch vector corresponding to the wave
function |ψ(0)⟩spin. In the right panel the corresponding wave function is shown.

To analyze the asymptotic behavior of the spin we consider properties of the dynamical
map. More precisely, we consider the action of the dynamical map on the Bloch vector
representation of the reduced state of the spin, i.e. we consider the two quantities M(t) and
b(t). As discussed in Sec. 2.5.3, the matrix M(t) can be used to investigate the influence of
the initial of the open system on its dynamics and on the asymptotic behavior. To obtain the
dynamical map we simulate the dynamics of the spin-boson model for four different initial
states of the spin using the ML-MCTDH approach. Using the time-dependent Bloch vectors
for the different initial states of the spin, Eq. (2.11) can be inverted to obtain Φt;ij,kl(t).
Using Φt;ij,kl(t), and Eq. (2.14), M(t) and b(t) can be calculated numerically.

The remainder of this section is organized according to the three possible asymptotic
behaviors of an open system. In the first part, 4.2.1, we discuss the relaxation to a unique
asymptotic state. We find this behavior in the weak coupling regime for the Ohmic and
gapped spectral density. In part two, 4.2.2, and three, 4.2.3, we extend our investigations
to the strong coupling regime for the Ohmic spectral density and the gapped spectral
density, respectively. In this regime the dynamics of the spin differs significantly between
the two spectral densities. For the Ohmic spectral density we find a violation of subsystem
state independence, whereas for the gapped spectral density we find a failure of subsystem
equilibration.

4.2.1 Thermalization: Relaxation to a unique stationary state

The first situation we discuss is the relaxation of the spin to a unique stationary state. We
find this behavior in the weak coupling regime for both spectral densities. As discussed in
section 2.5.3, the singular values of the matrix M(t) can be used to discuss the influence of
the initial state of the spin on its dynamics. In the following, we denote the singular values
of M(t) with si(t) and sort them in descending order, i.e. s1(t) ≥ s2(t) ≥ s3(t). In Fig. 4.3
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Figure 4.3: The three singular values of M(t) as a function of time for α = 0.1. In the
left plot the results for the Ohmic spectral density for ωc = 20∆ is shown, in the right
plot for the gapped spectral density. In both plots the inset shows ⟨σ̂z⟩ for different
initial states of the spin for φ = 0 and varying θ. The black line in the inset shows
smax(t).

the singular values of M(t) are shown for the Ohmic and the gapped spectral density for
α = 0.1, together with the expectation value of σ̂z for different initial states of the spin.

We first note that for vanishing coupling α the expectation value of σ̂z oscillates with a
frequency given by ∆. The qualitative effect of the environment is very similar for the two
spectral densities. The coupling to the environment induces a damping of the oscillations
and leads to a renormalization of the frequency, i.e. the frequency of the spin is decreased.
As shown in Fig. 4.3, the expectation value of σ̂z decays to zero for different initial states of
the spin. This is an indication that the asymptotic state of the spin is in fact independent
of its initial state. It is, however, no general proof of subsystem state independence as this
only shows that the expectation value of σ̂z approaches the same asymptotic value for a
subset of all possible initial states of the spin.

Employing the measure for the influence of the initial state developed in section 2.5.3 we
can analyze the asymptotic behavior without referring to the dynamics for a particular initial
state. It directly follows from Eq. (2.14) that M(0) = 1. Consequently, all three singular
values are initially one. As can be seen in Fig. 4.3, the three singular values decay to zero for
both spectral densities, reflecting the vanishing influence of the initial state on the state of
the open system at a later time. The first two singular values exhibit periodic modulations.
We find that s1(t) > s2(t) for all times, i.e. the two singular values never cross. The third
singular value decays monotonically. Furthermore, the largest singular value, denoted by the
black lines in the insets, provides an upper bound for the influence of the initial state on
expectation values at time t. Note that according to Eq. (2.29) the quantity δ1,2(t; σ̂z) is
bounded by 4smax(t), while we find δ1,2(t; σ̂z) ≤ 2smax(t). This is related to the fact that in
the derivation of Eq. (2.29) no property of the observable Ô was used. For Ô = σ̂z one can
employ that the expectation value of σ̂x and σ̂y vanishes in both eigenstate of σ̂z. Using
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this, one can show that δ1,2(t; σ̂z) is bounded by 2smax(t).

For the Ohmic spectral density, one can use the weak coupling solution of the expectation
values of σ̂x, σ̂y, and σ̂z, given by Eqs. (4.6a), (4.6b), and (4.6c), to relate the time-dependent
expectation values of the spin with the singular values of M(t). We emphasize again that
the analytic solution is only valid for small α and large ωc [32, 125,126]. The derivation of
the weak coupling solution of M(t) and b(t) are provided in Appendix A.2. The analytic
solution reveals that the periodically modulated singular values s1(t) and s2(t) are related
to the coherent decay of ⟨σ̂y⟩ and ⟨σ̂z⟩. The two singular values are exponentially damped,
with the same damping as ⟨σ̂y⟩ and ⟨σ̂z⟩. The frequency of the periodic modulations of
s1(t) and s2(t) is given by 2∆̃, where ∆̃ denotes the renormalized frequency of the spin.
The monotonically decaying singular value s3(t) describes the monotonic decay of ⟨σ̂x⟩ (t).
Both, the singular value s3(t) and ⟨σ̂x⟩, decay exponentially with the same decay rate.

We conclude that in the weak coupling regime the harmonic environment drives the spin
towards a unique asymptotic state for both spectral densities considered here.

4.2.2 Local memory of the initial condition: Relaxation to a non-
unique asymptotic state

Next, we consider the dynamics of the spin for the Ohmic spectral density in the strong
coupling regime and discuss how a non-unique asymptotic state can be detected by employing
properties of the dynamical map characterized by M(t) and b(t).

For the Ohmic spectral density the spin localizes in its initial state above a critical coupling
strength αc [34,36,57,58,125]. For sufficiently strong coupling α the asymptotic state of
the spin depends on its initial state, i.e. some information about the initial state of the spin
is stored in local observables. Thus, we expect that for α < 1 the spin relaxes to a unique
asymptotic state, whereas for 1 < α the asymptotic state depends on the initial state, i.e.
we expect a violation of subsystem state independence for 1 < α. We note that for finite
ωc/∆ both critical couplings shift to larger values [32, 34,36,135]. In Fig. 4.4, the first and
second singular value of M(t) are shown for ωc = 20 for different values of the coupling
strength α. The third singular value shows a very similar behavior as the second one and is
thus not shown. In addition, the expectation value of σ̂z for different initial states of the
spin is shown for α = 1.2.

At t = 0 the dynamical map is the identity and, thus, all three singular values are initially
one. In contrast to the weak coupling regime, all three singular values decay monotonically to
zero for 0.5 < α < 1. They show, however, an opposite trend upon increasing the coupling
strength. The time scale associated with the decay of s2(t) and s3(t) becomes shorter upon
increasing the coupling strength. The decay of s1(t) slows down and eventually approaches

51



4 Dynamics of the spin-boson model: A case study of environment-induced effects

0.0

0.5

1.0
s 1

0.0 0.5 1.0 1.5 2.0
t /

0.0

0.5

1.0

s 2

= 0.5
= 0.7

= 0.9
= 1.2

0 2 4 6 8 10
t /

1

0

1

<
z
>

0

/3

2 /3

Figure 4.4: In the left panel the first and second singular value of M(t) as a function
of time for different values of α are shown. In the right panel the expectation value of
σ̂z as a function of time for different initial states parametrized by θ is shown. In this
plot ωc = 20∆, α = 1.2, and φ = 0. The results show that the asymptotic state of the
spin depends on the initial state of the spin.

a non-zero value as t → ∞ for 1 ≲ α, indicating a non-vanishing influence of the initial
state on the asymptotic state of the spin. This behavior of M(t) implies that for 1 ≲ α

the spin relaxes to an asymptotic state which depends on the initial state. This violation
of subsystem state independence manifests itself in a dependence of expectation values on
the initial state of the spin at all times. We demonstrate this for ⟨σ̂z⟩ in the right panel
of Fig. 4.4 for α = 1.2. For all initial states of the spin, the expectation value becomes
stationary as t → ∞. However, the asymptotic value of ⟨σ̂z⟩ depends on the initial state of
the spin. The fact that only one singular value of M(t) approaches a non-zero value means
that the image of M∞ = limt→∞ M(t) is one dimensional. This implies that some initial
states are mapped to the same asymptotic state.

To classify those initial states which are mapped to the same asymptotic state, we use
the singular value decomposition of M∞, given by M∞ = V∞S∞WT

∞. In the following we
assume that only one singular value of M(t) is non vanishing as t → ∞, as it is the case
for the localization of the spin discussed above. In this case, the limit of the dynamical map
as t → ∞ (see Eq. (2.14)) can be written as

a∞ = s∞,1 ⟨w∞,1, a(0)⟩ v∞,1 + b∞, (4.11)

where v∞,1 (w∞,1) are the vectors formed by the first column of the matrix V∞ (W∞),
respectively, and ⟨x,y⟩ = ∑

xi, yi is the standard scalar product between the real vectors
x and y. From this equation it follows that all initial states, for which the scalar product
⟨w∞,1, a(0)⟩ is equal, are mapped to the same asymptotic state. That means that all initial
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Figure 4.5: In the left panel the set of initial states, which lead to the same asymptotic
state is indicated. The plane which is defined by the vector w∞,1 is represented by the
light blue area. The intersection of this plane with the Bloch sphere is represented by
the orange area. In the right panel the expectation value of σ̂z for different initial states
in this set is shown.

states contained in the set

Pc = {a(0) ∈ B(R3)| ⟨w∞,1, a⟩ = c} (4.12)

are mapped to the same asymptotic state. This set is the intersection between a plane and
the Bloch sphere. The constant c parametrizes a family of planes which are all parallel to
each other. One example for a set Pc is shown in Fig. 4.5a). Note that the asymptotic
state of the spin depends on the constant c, i.e. for different sets Pc the asymptotic state is
different. For the parameters considered in Fig. 4.4 we find w∞,1 ≈ (0 0.13 0.99). The
planes, defined by w∞,1 are thus tilted compared to the XY -plane. For the angle between
the planes defined by w∞,1 and the XY -plane we find ≈ 7.25◦. In Fig. 4.5b) we show the
expectation value of σ̂z for different initial states to demonstrate our findings. In the upper
plot the different initial states of the spin are all in P0.1, whereas in the lower plot they are
in P0. As one can see, the asymptotic value of ⟨σ̂z⟩ is equal for all initial states in one Pc

but differs for different c.

The localization of the spin can be explained in terms of a renormalized system frequency
∆̃. This approach, first used by Silbey and Harris [136,137], employs a variational Polaron
transformation to map the Hamiltonian of the spin-boson model to H̃ = ∆̃σx +Henv + H̃I ,
where ∆̃ describes a renormalized frequency and H̃I describes a modified interaction between
the spin and the environment. Note that Henv describes the harmonic oscillators and is
not changed by the transformation. Minimizing the Bogoliubov-Peierls upper bound with
respect to the variational parameters of the transformation yields an implicit equation for
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4 Dynamics of the spin-boson model: A case study of environment-induced effects

the renormalized system frequency ∆̃ [138, 139]. In their two papers Silbey and Harris
demonstrated that the renormalized system frequency captures the qualitative dynamics
of the spin and yields good results even in low order perturbation theory. For an Ohmic
spectral density the resulting renormalized spin frequency ∆̃ as a function of the coupling
strength α is shown in Fig. 4.6. The renormalized system frequency decreases monotonically
for increasing coupling strength α. Above a critical coupling αc it vanishes thus explaining
the localization of the spin in its initial state.
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Figure 4.6: Renormalized system frequency ∆̃ for ωc = 20∆ obtained from the
variational calculation described in Refs. [136,137].

We conclude that for the spin-boson model with an Ohmic spectral density the spin
always approaches a time-independent asymptotic state. For coupling strengths α ≲ 1
the asymptotic state is unique, i.e. we find indications of thermalization of the spin. For
couplings 1 ≲ α and T = 0, the spin localizes and the initial state of the spin influences
the asymptotic state. Thus, the spin equilibrates but we find a failure of subsystem state
independence.

4.2.3 Failure of subsystem equilibration

The third and last possible asymptotic behavior of an open system is that the reduced
state remains time-dependent at all times, i.e. the the open system does not relax to an
asymptotic state. This represents a violation of subsystem equilibration. As we demonstrate
in the following, this type of behavior can be found for the gapped spectral density for
sufficiently strong coupling α.

In Fig. 4.7a) the three singular values of M(t) are shown for the gapped spectral density
for strong coupling α = 1.2. All three singular values exhibit a fast initial decay. After the
initial decay, the smallest singular value decays further and remains close to zero, while the
other two singular values of M(t) exhibit undamped oscillations. Since the limit limt→∞ M(t)
does not exist, there exists at least one initial state for which the asymptotic state does not
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Figure 4.7: in the left panel the three singular values of M(t) as a function of time
for α = 1.2 are shown. The inset shows the expectation value of σz for different initial
states of the open system, where φ = 0. The black line in the inset shows the largest
singular value of M(t). In the right panel the renormalized spin coupling ∆̃ as a function
of the coupling strength for the gapped spectral density is shown. The dashed line
represent the smallest bath frequency.

exist, and the state of the spin remains time-dependent at all times. For longer times, i.e.
t∆/2π > 5 the period of the oscillations of the singular values have twice the frequency of
the spin, similar to our findings for the weak coupling regime discussed in Sec. 4.2.1. We
note that for small times, i.e. t∆/2π < 5, the singular values cross, whereas for larger times
the singular values do not cross.

The failure of subsystem relaxation and the influence of the initial state on the dynamics
can be seen in the expectation value of σ̂z shown in the inset of Fig. 4.7. At short times
the expectation value exhibits a complex behavior. Here, we will not discuss the transient
dynamics. Instead we focus on the long-time dynamics of the spin. For t∆/2π > 5 the
expectation value of σ̂z exhibits undamped oscillations demonstrating the failure of subsystem
equilibration. The initial state has an influence on the dynamics at all times. Nevertheless,
the largest singular value, denoted by the black line in the inset of Fig. 4.7, provides an
upper bound for the influence of the initial state at all times t.

Qualitatively, this behavior can be explained in a similar way as the localization in the
strong coupling regime of the Ohmic spectral density, i.e. in terms of a variational polaron
transformation and a renormalized spin frequency introduced by Silbey and Harris. In
Fig. 4.7b) the renormalized spin frequency ∆̃ is shown as a function of the coupling strength.
The renormalized system frequency is a monotonically decreasing function. For sufficiently
strong coupling α, the renormalized spin frequency ∆̃ is smaller than the smallest bath
frequency. For the transformed Hamiltonian, the influence of the environment can be
understood in perturbation theory [136,137]. Thus, we conclude that for sufficiently strong
coupling the environment fails to equilibrate the spin since there is no spectral weight at
the renormalized spin tunneling. For α = 1.2 the renormalized system frequency is close
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4 Dynamics of the spin-boson model: A case study of environment-induced effects

to the smallest bath frequency. For this situation we find that the environment cause a
partial decoherence of the spin, as ⟨σ̂⟩z is damped at short times. However, the environment
cannot equilibrate the spin completely and the state of the spin remains time-dependent.

4.3 Non-Markovian effects in the spin-boson model at zero temper-
ature

Dissipation and decoherence are arguably the best-known effects of an environment. As
discussed in the previous section, they can induce relaxation of the open system’s state to
an equilibrium state. Besides these well-understood effects, the environment can also act as
a memory for the open system leading to non-Markovian dynamics in the time evolution of
the open system. In this section we investigate memory effects and non-Markovian behavior
in the dynamics of the spin-boson model with an Ohmic spectral density. We will follow the
lines of our publication [140],

Non-Markovian effects in the spin-boson model at zero temperature
Sebastian Wenderoth, Heinz-Peter Breuer, and Michael Thoss
Physical Review A, 104, 012213 (2021)
DOI: 10.1103/PhysRevA.104.012213
©2021 American Physical Society.

In the first part, 4.3.1, we give a short overview of non-Markovianity in the dynamics
of open quantum systems and discuss how memory effects can be quantified using the
distinguishability between quantum states. Using the numerically exact ML-MCTDH ap-
proach we investigate memory effects in the spin-boson model at zero temperature, where
non-Markovian effects are expected to be particularly pronounced [141]. The numerical
results are supported by analytic results obtained from the weak coupling solution given by
(4.7). We first focus on the scaling regime (ωc ≫ ∆) in Sec. 4.3.2. In Sec. 4.3.3 we discuss
memory effects for ωc ≈ ∆.

4.3.1 Measuring non-Markovianity in quantum systems

Memory effects in the time-evolution of an open system are usually associated with
the presence of a memory kernel in the Nakajima-Zwanzig equation which describes the
time-evolution of the reduced density matrix of an open quantum system [113–115,142].
A time-local master equation, like the time-convolutionless master equation [116, 117] is
consequently associated to a Markovian time-evolution. This definition of non-Markovianity,
however, is insufficient since memory effects induced by the environment can be, and in fact
are, included in the time-dependent rates of the time-local master equation [141]. Moreover,
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4.3 Non-Markovian effects in the spin-boson model at zero temperature

a definition of non-Markovianity should provide a general mathematical characterization
which does not rely on a specific representation of the dynamics.

In order to define quantum non-Markovianity in a representation independent way, different
mathematical and physical concepts have been developed in recent years. Definitions of
non-Markovianity can be based on the divisibility properties of the underlying dynamical
map, or on the correlations of the open system with an ancilla system [143–146]. For
recent reviews of this topic see e.g. [147–149]. Our analysis of non-Markovianity is based on
a physically motivated definition of non-Markovianity using the distinguishabiliy between
quantum states [150,151]. In a recent review the different approaches have been related
to each other resulting in a hierarchy of concepts of quantum non-Markovianity [152].
According to this, the definition based on the distinguishability is the most restrictive concept
of quantum non-Markovianity: An increasing distinguishability implies non-Markovianity
according to all other concepts. A monotonically decreasing distingusihability, however, does
not imply a Markovian time-evolution according to other concepts.

In the following we explain in more detail how the distinguishability can be used to quantify
memory effects in the time-evolution of an open quantum system. The central quantity
in this approach is the trace distance between two quantum states D(ρ̂1, ρ̂2) defined by
Eq. (2.19). The trace distance can be interpreted as the distinguishability between the two
states ρ1 and ρ2 [153]. Assuming that the initial state factorizes between the open system
and the environment, the time evolution of the open system is determined by a family of
completely positive and trace preserving (CPT) maps Φ(t) (see section 2.2 for more details).
Any pair of initial states ρ1,2(0) then evolves into ρ1,2(t) = Φ(t)ρ1,2(0).

To quantify the time-dependent distinguishability, and hence the information flow between
the open system and its environment, we consider the time-dependent trace distance defined
as

D(t) = D(ρ1(t), ρ2(t)). (4.13)

Note that CPT maps are contractions for the trace distance, i.e., D(t) ≤ D(0) [154]. The
CPT property alone, however, does not imply monotonicity of the trace distance as a function
of time. If D(t) is a monotonically decreasing function of time the two states ρ1(t) and
ρ2(t) become less and less distinguishable. This can be interpreted as a continuous loss
of information from the open system to the environment, and consequently, the dynamics
is defined to be Markovian. A temporal increase of the trace distance, on the other hand,
can be interpreted as a flow of information from the environment back to the open system,
which is a unique signature of memory effects, and thus, of the non-Markovian character of
the dynamics. On the basis of this interpretation one can define a measure for the degree of
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4 Dynamics of the spin-boson model: A case study of environment-induced effects

non-Markovianity of the dynamics as [150]

N =
∫

σ>0
σ(t)dt, (4.14)

where σ(t) = d
dt

D(t) and the integral extends over all time intervals in which σ(t) > 0. By
definition, this measure is strictly zero if the trace distance decreases monotonically, i.e., if
there is no information backflow from the environment to the system, which corresponds to
Markovian dynamics. Such a behavior occurs, e.g., if the family of dynamical maps Φ(t) is
CP-divisible [148]. The simplest and best known example is given by a dynamical semigroup
with a time-independent generator in Lindblad form. By maximizing over the initial state
pair the measure defined by Eq. (4.14) becomes a property of the dynamical map alone.

4.3.2 Memory effects and non-Markovianity in the scaling regime

In the following we investigate memory effects in the spin-boson model at zero temperature
using the time-dependent trace distance (4.13) and the measure for the non-Markovianity
defined by Eq. (4.14). We begin our discussion of non-Markovian effects in the scaling
regime, i.e. ωc ≫ ∆.

To evaluate the time-dependent trace distance defined in Eq. (4.13), we simulate the
dynamics for two different initial states of the spin using the ML-MCTDH approach. The
state of the environment is fixed, and, since we are interested in the zero temperature limit,
all harmonic oscillators are initially in the ground state. We further assume that there are
initially no correlations between the spin and its environment.

To calculate the time-dependent trace distance we employ the representation of the
reduced state of the spin in terms of the Bloch vector a(t) = (⟨σ̂x⟩ (t), ⟨σ̂y⟩ (t), ⟨σ̂z⟩ (t))T ,
where ⟨σ̂i⟩ (t) = ⟨ψ(t)|σ̂i|ψ(t)⟩. Employing this representation, Eq. (4.13) can be expressed
as

D(t) = 1
2 ||a1(t) − a2(t)||2, (4.15)

where a1(2)(t) is the time-dependent Bloch vector corresponding to the first (second) initial
state, respectively, and ||x⃗− y⃗||2 denotes the Euclidean distance between the two vectors x
and y. It was shown that initial system states leading to a maximal non-Markovianity N
must have the maximal initial trace distance D(0) = 1 and, hence, must have orthogonal
supports [155]. For the present case of a spin this implies that the initial states must be a
pair of pure orthogonal states (antipodal points on the Bloch sphere).

In the following, we focus on a particular process defined by the dynamical map and the
initial state pair. We consider the two eigenstates of σ̂z, ρ1(0) = |↑⟩ ⟨↑| and ρ2(0) = |↓⟩ ⟨↓|
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4.3 Non-Markovian effects in the spin-boson model at zero temperature

as the two initial states. For this specific choice of the initial states, the time evolution of a2

can be related to that of a1 by employing a symmetry of the spin-boson model. The technical
proof is provided in Appendix A.3. Using this and the relation ⟨σ̂y⟩ (t) = 1

2∆∂t ⟨σ̂z⟩ (t), the
trace distance can be written in terms of ⟨σ̂z⟩1 and its derivative as

D(t) =
√[

⟨σ̂z⟩1 (t)
]2

+
[ 1
2∆∂t ⟨σ̂z⟩1 (t)

]2
, (4.16)

where ⟨σ̂z⟩1 (t) denotes the expectation value of σ̂z with respect to the first initial state,
i.e. a1. Taking the derivative of (4.16) with respect to time, it directly follows that
∂t ⟨σ̂z⟩1 (ts) = 0 implies ∂tD(ts) = 0, i.e. if ⟨σ̂z⟩1 has a stationary point at ts, the trace
distance also has a stationary point at ts. Physically, this means that non-Markovian intervals
either start or end at stationary points of ⟨σ̂z⟩. We note that this result does not rely on
perturbation theory, and thus, Eq. 4.16 holds for all parameters.

Before discussing the numerical results we mention that the analytic solution of ⟨σ̂z⟩,
defined by Eq. (4.7), can be used to derive an analytic expression for the trace distance D(t)
which is valid for weak couplings α. The corresponding equation reads

D(t) = e−γt

√
1
2
[
1 + η

]
+ β sin(2∆̃t) + 1

2
[
1 − η

]
cos(2∆̃t), (4.17)

where, β, and η are constants which depend on the coupling strength α and on the
characteristic bath frequency ωc and are defined as

β = γ

∆̃

η = β2 + ∆̃
2∆(1 + β)2. (4.18)

We highlight one particular property of the analytic solution which is particularly important
for our analysis. Using Eq. (4.17) it is easy to show that

D(t+ π

∆̃
) = e− πγ

∆̃ D(t) (4.19)

holds for all times t. In the weak coupling regime we thus expect that the trace distance
exhibits an exponential decay with periodic modulations.

As a starting point of our discussion of memory effects, we recapitulate the dynamics of
the spin and discuss the corresponding dynamics of the trace distance [34,125,126]. In the
left panel of Fig. 4.8 the dynamics of the spin for different values of the coupling strength α
for ωc = 40∆ is shown. Since ⟨σ̂y⟩ (t) = 1

2∆∂t ⟨σ̂z⟩ (t) holds, we only show the dynamics of
⟨σ̂x⟩ and ⟨σ̂z⟩.
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Figure 4.8: In the left panel the expectation value of σ̂x and σ̂z in the three different
dynamical regimes of the spin-boson model for ωc = 40∆ are shown. In the right panel
the corresponding trace distance is shown. For α = 0.1 the first four non-Markovian
intervals are marked by dashed lines. The figures are taken from [140]. ©2021 American
Physical Society

To discuss relations between the time evolution of the spin and the time-dependent trace
distance we give a short recap of the dynamics of the spin. The dynamics of the spin can
be grouped into three qualitatively different dynamical regimes: In the weak coupling regime
(α < 0.5) the spin decays coherently to its stationary value. For increasing coupling strength,
the oscillation frequency of ⟨σ̂z⟩ decreases. The intermediate regime (0.5 < α < 1) is
characterized by a monotonic or incoherent decay of the spin. Upon increasing the coupling
strength further, the decay slows down and eventually the spin localizes for coupling strengths
larger than α ≈ 1. In all three regimes ⟨σ̂x⟩ relaxes monotonically to its equilibrium value.

In the right panel of Fig. 4.8 the corresponding trace distance is shown. Similar to the
dynamics of the spin itself, the behavior of the trace distance can be grouped into three
different regimes. For weak coupling (α ≲ 0.5), the trace distance exhibits an overall decay
to zero with periodic modulations including temporal increases, which indicate the presence
of memory effects. This is consistent with the above mentioned property of the analytic
solution given by Eq. (4.19). In the regime of incoherent decay, i.e. (0.5 ≲ α ≲ 1), the trace
distance decays monotonically. The decay slows down upon increasing the coupling strength.
In both regimes, the overall decay reflects a relaxation of the spin to an equilibrium state,
where the equilibrium state is independent on the initial state (see discussion in Sec. 4.2.1).
For couplings 1 ≲ α the trace distance relaxes monotonically to a non-zero value indicating
a dependence of the asymptotic state on the initial state as discussed in Sec. 4.2.2.

Summarizing this, we find that the coherent decay of the spin is non-Markovian, whereas
incoherent decay and localization is Markovian. In the following we analyze the non-Markovian
regime in more detail. As mentioned above, a stationary point of ⟨σ̂z⟩ implies a stationary
point of the trace distance. Numerically we find that the corresponding stationary points
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Figure 4.9: Non-Markovianity N as a function of the coupling strength α for different
characteristic frequencies ωc. The symbols represent the data, the lines are a guide to
the eye. The inset shows the first increase of the trace distance for different values of
ωc for α = 0.1. The figure is taken from [140]. ©2021 American Physical Society

of the trace distance are all local maxima and, therefore, the non-Markovian intervals end
at the extremal points of ⟨σ̂z⟩. This is demonstrated in Fig. 4.8 for α = 0.1. We find this
behavior for all couplings α < 0.5, as long as ωc ≫ ∆. As the coupling strength approaches
the coherent-to-incoherent transition (α ≈ 0.5), the renormalized frequency ∆̃ vanishes,
leading to a monotonically decaying spin. Additionally, the increases in the trace distance
become weaker as α → 0.5. Thus, the non-Markovian intervals shift to infinite time and
memory effects disappear as the dynamics changes from coherent to incoherent decay. As a
result, the regime of incoherent decay (0.5 ≤ α ≤ 1) is Markovian.

Next, we want to quantify the non-Markovianity as a function of the coupling strength α.
To this end, we use the cumulative measure N defined in Eq. (4.14). We first consider the
behavior of N as α → 0. In this limit we are not able to converge N as the decay slows
down and we are unable to simulate the dynamics of the spin for long enough times. In the
weak coupling regime, however, the analytic solution given by Eq. (4.17) can be used to
analyze the non-Markovianity. We discuss the validity of the weak coupling solution in detail
at the end of this section. First note that for α = 0 the evolution of the spin is unitary,
and thus, D(t) = 1 holds for all times. Consequently, N = 0, as expected for a unitary
time-evolution. To calculate the asymptotic behavior of N as α → 0, we employ the above
mentioned property of the analytic solution, i.e. D(t + π

∆̃) = e− πγ

∆̃ D(t). Employing this
property the summed non-Markovianity can be written as

N = N1

1 − e−π γ

∆̃
, (4.20)

where the N1 denotes the information back flow during time interval [0, π
∆̃ ] and the denomi-

nator accounts for the infinitely many, periodically reoccurring information back flows. The
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Figure 4.10: Comparison between the numerically exact results (solid lines), the TCL2
master equation approach (dashed-dotted lines), and the analytical equations (4.7)
(dashed lines), for α = 0.1 [blue curves] and α = 0.3 [red curves]. Here, we set
ωc = 20∆. The figure is taken from [140]. ©2021 American Physical Society

derivation of Eq. (4.20) is provided in Appendix A.4. As α → 0 the information back flow
during one interval decreases. However, there are infinitely many of them. Using the Taylor
expansion for the analytic expression of D(t), γ, and ∆̃ for small α one finds

N ∼ − 2
π2 e

2∆
ωc

[
ln
(2∆
ωc

)
+ γEMC + π2

4 e− 2∆
ωc

]
as α → 0, (4.21)

where γEMC denotes the Euler-Mascheroni constant. Since this limit is finite, we find that
limα→0 N > 0, and thus, N is not analytic at α = 0. The physical intuition of this result
is that the relaxation time diverges as α → 0, and thus, memory effects are present at all
times although the individual information back flows become infinitesimal.

For α > 0.1 we can use the ML-MCTDH approach to obtain N numerically. Fig. 4.9
shows N as a function of the coupling strength α for different values of ωc. Because the
trace distance exhibits memory effects in the regime of coherent decay, i.e. for α < 0.5, the
measure of non-Markovianity N is non-zero. In this regime, the cumulative information back
flow decreases monotonically as a function of the coupling strength. For a monotonically
decaying spin, i.e. for α = 0.5, the trace distance decays monotonically, and consequently,
the non-Markovianity N vanishes. For an increasing characteristic bath frequency ωc the
non-Markovianity increases. The origin of this behavior can be seen in the inset of Fig. 4.9:
the information back flow during one period is larger for larger ωc.

We close this section with a discussion of the performance of the different perturbative
approaches. Using the numerically exact results obtained from the ML-MCTDH approach,
we can test the validity and demonstrate limitations of the analytic solution defined by
Eq. (4.17) and the TCL2 master equation defined by Eqs. (4.5a), (4.5b), and (4.5c). We
note that the TCL2 approach was previously used to investigate memory effects in the spin-
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Figure 4.11: Dynamics of the trace distance (left) and σ̂z (right) for ωc = ∆ in the
weak coupling regime. For better visualization, only results for short times are shown.
The non-Markovian intervals of σ̂z are marked by dashed lines. The figure is taken
from [140]. ©2021 American Physical Society

boson model [141]. In Fig. 4.10 the numerical exact results obtained with the ML-MCTDH
approach, together with the other two methods is shown.

For α = 0.1 the TCL2 master equation approach, as well as the analytical equations
(4.7) and (4.17), give qualitatively good results for ⟨σ̂z⟩ and D. As the coupling strength
increases, the approximations become less accurate and eventually break down. Although
the analytic solution still gives qualitatively good results for α = 0.3, the deviations from
the numerically exact solution are larger compared to the results for α = 0.1. The TCL2
approach, on the other hand, predicts unphysical results for longer times, in particular ⟨σ̂z⟩
and D exceed one. This indicates that perturbation theory, as it is employed in the TCL2
method, is no longer valid for this value of the coupling strength. The analytic approach,
on the other hand, uses renormalized perturbation theory, employing a resummation of all
terms linear in the coupling strength of a path integral solution [126], and thus has a broader
range of validity.

4.3.3 Memory effects and non-Markovianity for a slow environment

In the following, we discuss non-Markovian effects outside the scaling limit, focusing on
the particularly interesting crossover regime ωc ≈ ∆, where the timescales of spin and bath
are similar. In this regime the perturbative solutions introduced above are not valid and we
are restricted to numerical results.

For weak coupling α, shown in Fig. 4.11 for ωc = ∆, the overall dynamics are very similar
to the scaling regime, i.e. the spin shows damped, coherent oscillations and the trace
distance decays to zero with periodic modulations. The memory effects, however, exhibit a
qualitatively different behavior. Unlike in the scaling regime, the non-Markovian intervals
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Figure 4.12: Dynamics of the trace distance (left) and ⟨σz⟩ (right) for different
characteristic frequencies ωc in the moderate and strong coupling regime. The non-
Markovian intervals are marked with dashed lines. For better visualization not all
non-Markovian intervals are marked. The figure is taken from [140]. ©2021 American
Physical Society

begin at the extremal points of ⟨σ̂z⟩, indicating that D has local minima at the extremal
points of ⟨σ̂z⟩.

We find further differences of the non-Markovian behavior for stronger coupling α. The
numerical results are depicted in Fig. 4.12. The dynamics in this regime depends sensitively
on ωc and, thus, we show results for different values of ωc. In contrast to the scaling
regime, the dynamics of the spin is partially coherent for α ≥ 0.5 (see also Refs. [32,34]),
with an initial decay which does not slow down as the coupling strength is increased. We
find a qualitatively different non-Markovian behavior in the crossover regime, ωc ≈ ∆.
To demonstrate this, consider the first local minimum and maximum of ⟨σ̂z⟩ for the case
ωc = 2∆ in Fig. 4.12. In the weak to moderate coupling regime (up to α ≈ 0.7), the
stationary points of D associated to the two local extrema of ⟨σ̂z⟩ are both local minima and,
thus, both non-Markovian intervals begin at the local extrema. As the coupling strength is
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Figure 4.13: Non-Markovianity N as a function of the coupling strength α for different
characteristic frequencies ωc. The figure is taken from [140]. ©2021 American Physical
Society

increased, the non-Markovian interval associated to the local maximum of ⟨σ̂z⟩ first shrinks
to zero and then extends to the left (i.e. to shorter times) with fixed end point at the local
maximum of ⟨σ̂z⟩. Eventually the two distinct intervals merge to a single non-Markovian
interval extending from the local minimum to the local maximum. Upon further increasing
the coupling strength, the initial decay becomes weaker and the following increase in the
trace distance becomes smaller. This transition in the non-Markovian behavior results in a
non-monotonic dependence of the memory effects on the coupling strength α caused by this
pair of extrema of ⟨σ̂z⟩, i.e. memory effects first increase with α up to the point at which
the two intervals merge and then decrease again. Similar transitions in the non-Markovian
behavior are observed for later local extrema of ⟨σ̂z⟩, albeit for weaker coupling α.

This dependence of memory effects on the coupling strength α is reflected in the cumulative
measure for non-Markovianity N which is shown in Fig. 4.13.For weak coupling α, N is
very small for ωc ∈ [2∆, 3∆], whereas it assumes significant values for ωc = ∆. This is
consistent with previous investigations of memory effects in the spin-boson model employing
perturbative master equations, which predict Markovian dynamics if the effective spectral
density of the environment is flat around the transition frequency of the spin [141], i.e. for
ωc = 2∆. In the moderate and strong coupling regime, the transitions in the non-Markovian
behavior discussed above give rise to different features in the non-Markovianity measure.
For ωc = 2∆ and ωc = 3∆, the transition of the first local minimum and maximum of ⟨σz⟩
lead to a pronounced maximum of N . Additionally, we find structures at α ≈ 0.71 and
α ≈ 0.52 for ωc = 2∆ and ωc = 3∆, respectively, which coincide with the transition of
non-Markovian behavior of the second local minimum and maximum of ⟨σz⟩. For ωc = ∆,
only the third oscillation of ⟨σz⟩ exhibits a transition at α ≈ 1.4, leading to weak shoulder
in the non-Markovianity N . Otherwise N increases monotonically over the shown range of
coupling strengths.
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4.4 Summary

In this chapter, we have investigated various aspects of the dynamics of the spin-boson
model, with the goal to analyze different aspects of environment-induced effects. To this end
we have employed the numerically exact ML-MCTDH framework, to simulate the dynamics
in a broad range of parameters. In order to understand and analyze the numerical results we
have used approximative analytic solutions for the dynamics of the spin.

In the first part, Sec. 4.2, we have examined the ability of an environment to equilibrate
an open system, and discussed different situations in which this fails. To this end we have
analyzed the measure to quantify the influence of the initial state on the dynamics of an
open system developed in section 2.5.3. We have demonstrated that this measure can
be used to not only classify the asymptotic behavior of the open system, but can also be
used to quantify the influence of the initial state on expectation values of observables. We
have discussed the failure of subsystem state independence in the strong coupling regime
of an Ohmic spectral density and have identified an example of the failure of subsystem
equilibration. In both situations the non-thermal behavior can be explained in terms of a
renormalized spin coupling.

In the second part, 4.3, we have explored memory effects in the spin-boson model at zero
temperature. Our results cover a broad range of parameters and reveal a rich dynamical
behavior. While in the scaling limit of a fast bath, the dynamics transition from non-Markov
to Markov as the decay of the spin changes from coherent to incoherent decay, the crossover
regime, without separation of timescales between spin and bath, exhibits a complex, non-
monotonic dependence of the non-Markovianity on the coupling strength. Furthermore, we
have used our numerically exact results to test the validity of the perturbative approaches
and demonstrate certain limitations.
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5. Local memory and delocalization
mechanisms in disordered systems

A key feature of thermalizing quantum systems is the subsystem state independence, i.e.
the asymptotic state of subsystems is independent of their initial state, provided that their
initial state does not change macroscopic observables of the total system. This implies that
in thermalizing systems no information about the initial state is stored in local observables.
One example of non-thermal behavior, a failure of subsystem state independence, can thus
be detected by investigating the local memory of subsystems. Many-body localized systems
(introduced in Sec. 2.4.3) constitute one class of systems which are expected to retain some
memory about their initial state in local observables. These systems are characterized by a
suppression of transport [22–24] and an extensive set of local conserved quantities [25,26]. As
the asymptotic state of subsystem is described by a generalized Gibbs state (see Sec. 2.4.2),
i.e. depends on all conserved quantities, we expect to find signatures of the initial state
in local observables at all times. In this chapter, we discuss and analyze the local memory
in thermalizing and non-thermalizing systems. As discussed above, the local memory is
expected to exhibit qualitatively different behavior for thermalizing and localized systems,
and thus, can serve as a further indicator for the thermal or non-thermal behavior. The
spin-glass order parameter, defined by Eq. (2.26), is one possibility to quantify this local
memory and was previously used to detect thermal and non-thermal behavior [55,88,156].
Other approaches considered the information backflow from an environment to a system by
monitoring the bipartite entanglement shared between a probe-qubit and a system-qubit [157]
or the Holevo quantity, an information theoretic measure that gives an upper bound for the
accessible information of a quantum state [158].

In this thesis, we quantify the local memory by considering the reduced dynamics of a
single spin and employ the concepts derived in Sec. 2.5.3. We investigate the dynamics
of the XXZ Heisenberg spin chain, a paradigmatic model in the context of many-body
localization. Depending on the parameters, this model can exhibit three different dynamical
phases: Anderson localization, many-body localization, and thermalizing behavior, thus
making it a perfect model for discussing local memory in different phases. By investigating
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the local memory, and particularly the loss of this to the environment, we can identify some
of the underlying mechanisms which are responsible for the spreading of information in the
system. Additionally, this approach of investigating thermal and non-thermal behavior is
based on local properties of the system. In comparison to the other approaches presented
in Sec. 2.5, like spectral properties of the Hamiltonian or the entanglement entropy, this
approach is experimentally more accessible.

This chapter is organized as follows. In section 5.1 we introduce the disordered XXZ
Heisenberg spin chain and explain in detail how we quantify the local memory in this model.
The goal of the second part, 5.2, is to understand and analyze different delocalization
mechanisms by investigating the loss of local memory in different set ups. In Sec. 5.3,
we discuss the local memory across the thermal-to-localized transition in terms of the
mechanisms identified before. We finish with a summary in 5.4.

5.1 Disordered XXZ Heisenberg spin chain

In this chapter, we investigate the local memory in the disordered XXZ Heisenberg spin
chain. The disordered XXZ Heisenberg spin chain consists of a linear chain of spins with
nearest neighbor interactions and random local fields and is described by the Hamiltonian

ĤXXZ =
L∑

l=1
hlŜ

z
l + J

L−1∑
l=1

(
Ŝx

l Ŝ
x
l+1 + Ŝy

l Ŝ
y
l+1

)
+ Jz

L−1∑
l=1

Ŝz
l Ŝ

z
l+1, (5.1)

where Ŝx
l , Ŝy

l , and Ŝz
l denote the x, y, and z component of the l-th spin. As usual they

are given by Ŝx = 1
2 σ̂

x and similarly for the other two components. Here σ̂x, σ̂y, and σ̂z

are the three Pauli matrices. The hl are random variables which are uniformly distributed
in the interval [−W,W ], where W is the disorder strength. J describes the interaction of
neighboring spins in x and y direction, whereas Jz describe the interaction of neighboring
spins in z direction. The model is schematically shown in Fig. 5.1. To discuss the underlying
mechanisms of the system we note that the Hamiltonian (5.1) can be written as

ĤXXZ =
L∑

l=1
hlŜ

z
l + J

2

L−1∑
l=1

(
Ŝ+

l Ŝ
−
l+1 + Ŝ−

l Ŝ
+
l+1

)
+ Jz

L−1∑
l=1

Ŝz
l Ŝ

z
l+1, (5.2)

where Ŝ±
l = Ŝx

l ± iŜy
l are the raising and lowering operators for the spin at site l. The

coupling in x and y direction of the spin induces spin flips between neighboring spins, whereas
the coupling in z direction describes an antiferromagnetic interaction. From Eq. (5.2) it is
also apparent that the total spin in z direction is conserved under the time-evolution.

The disordered XXZ Heisenberg chain can exhibit three different dynamical phases
depending on the parameters of the model. For Jz = 0, the Hamiltonian defined by Eq. (5.2)
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left environment right environment

Figure 5.1: Schematic illustration of the disordered XXZ Heisenberg spin chain. The
spins are represented by the red arrows in blue circles. The orange and green lines
represent the coupling J and Jz, respectively. The black circle indicates the subsystem
S, of which we want to quantify the local memory, i.e. a single spin in the middle of the
spin chain. The remaining spins constitute the environment, which can be separated
into a left and right environment.

can be mapped to non-interacting fermions on a lattice with random local disorder using
the Jordan-Wigner transformation [159]. In his seminal paper, Anderson showed that in
such systems transport is absent for any non-zero disorder strength W [22], a phenomenon
nowadays known as Anderson localization. Due to the absence of transport for Jz = 0,
the XXZ Heisenberg spin chain is localized for any disorder strength W and subsystems
never thermalize. For Jz ̸= 0, on the other hand, the XXZ Heisenberg spin chain exhibits
a transition from thermalizing to many-body localized behavior as the disorder strength
is increased. For weak disorder, the model exhibits thermal behavior: the spectrum of
the Hamiltonian (5.1) displays a Wigner-Dyson distribution [83,88] and local expectation
values relax to their thermal value and remains close to it for almost all times [156]. For
sufficiently strong disorder the system displays many-body localized behavior: the spectrum
has Poissonian statistics [83,88] and some information about the initial state is retained in
local observables [31, 160].

For Jz ̸= 0 the disordered XXZ Heisenberg model thus exhibits a transition from thermal
to localized behavior. The value of the critical disorder strength Wc, at which this transitions
occurs, is currently under debate. For Jz = J the critical disorder Wc was estimated to
be between 3J − 4J , based on spectral properties of the Hamiltonian [88,161]. However,
more recent investigations of the stability of many-body localization with respect to rare
thermal regions estimated the critical coupling to be larger than 7J [94]. The reason for
this discrepancy between the values for the critical disorder lies in the different mechanisms
responsible for thermalization. For weak disorder, the eigenstates are delocalized over
the whole system, and thus, the spectrum of the Hamiltonian follows a Wigner-Dyson
distribution. For higher disorder strengths, the eigenstates are not delocalized over the full
system and the spectrum of the Hamiltonian follows a Poissonian distribution. However, for
sufficiently large system sizes, regions in which the local disorder is small exists almost surely.
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5 Local memory and delocalization mechanisms in disordered systems

These small regions can locally thermalize and form a finite thermal region. It was argued
that such finite thermal regions can seed an ’avalanche’-like mechanism which ultimately
leads to a thermalization of the full system [92–94]. Many-body localization can survive
in the thermodynamic limit if this avalanche-like process eventually stops (see Sec. 2.5.1).
This second mechanism, however, is only present in large enough systems. Since spectral
properties can only be investigated for small systems, this effect is not apparent in the
existing spectral investigations. In this thesis, we focus on the first mechanisms and do not
discuss the effect of rare thermal regions on the local memory.

To investigate the local memory in the spin chain, we employ the concepts developed
in Sec. 2.5.3. That means, we consider a single spin of the chain as an open system. The
remainder of this spin acts as an environment. Throughout this chapter, we consider the
spin in the middle of the chain as the open system, of which we want to quantify the local
memory. In the following we denote this spin as the central spin. The environment thus
consists of all spins except the central one. The environment can be separated further into
the left environment, consisting of all spins to the left of the central spin, and the right
environment, consisting of all spins to the right of the central spin. This separation of the
spin chain is indicated in Fig. 5.1. The time-evolution of the spin of interest is described by
a dynamical map of the form (2.14), i.e. by the two quantities M(t) and b(t). As argued in
Sec. 2.5.3 the largest singular value of M(t) can be interpreted as a measure for the local
memory. In general, the dynamical map, and thus the local memory, depends on the initial
state of the environment ρ̂E(0), as can be seen from the definition (2.7). In this chapter,
we assume that the initial state of the environment is always a pure state and that the
initial state factorizes between the central spin and the environment. In the following, we
denote the initial state of the environment with |ΨE(0)⟩. The state of the environment thus
assumes the form

|ΨE⟩ = |ψE,left⟩ ⊗ |ψE,right⟩ , (5.3)

where |ψE,left⟩ (|ψE,right⟩) denotes the state of the left (right) environment.

To quantify the local memory of the central spin, we calculate the dynamical map for the
central spin, i.e. we calculate M(t) and b(t) defined by Eq. (2.14). To this end, we simulate
the dynamics for four different initial states of the central spin, while keeping the state of
the environment fixed. From these four trajectories the dynamical map of the central spin
can be reconstructed as discussed in Sec. 2.2. Here, we use exact diagonalization (ED) to
simulate the dynamics of the system. This is motivated by the following considerations. We
are interested in the asymptotic behavior of the local memory. For many-body localized
systems, the time scale of the relaxation to the asymptotic state can be of the order of
O
(
105

)
. Simulating the dynamics of the system on these time scales with propagation

70



5.2 Loss of local memory and delocalization mechanisms

methods, like the ML-MCTDH approach, is very challenging. In the ergodic regime, on the
other hand, the entanglement entropy is extensive. This implies that a large number of SPFs
is required to converge the expectation values obtained with the ML-MCTDH approach,
thus limiting the system sizes treatable within the ML-MCTDH approach also to relatively
small systems. We emphasize that for the small system considered here the local memory
never becomes zero, even if the system thermalizes. If not stated otherwise, all results are
disorder averaged over 1000 disorder realizations.

5.2 Loss of local memory and delocalization mechanisms

In this section, we investigate different processes which lead to a loss of local memory.
We first note that the Hamiltonian (5.1) conserves the total spin in z direction. Hence, the
quantity

Sz
tot =

L∑
l=1

⟨Ψ(t)|Ŝz
n|Ψ(t)⟩ (5.4)

is conserved under the time evolution. This means that the subspaces corresponding to
different values of Sz

tot can be considered separately, which reduces the numerical effort.
In order to discuss different delocalization mechanisms, we focus on the dynamics within
the two subspaces corresponding to a total magnetization of Sz

tot = −(L − 1)/2 and
Sz

tot = −(L− 2)/2. That is, we consider initial states in which only one or two spins are
initially in the state |↑⟩, while the remaining spins are initially in the state |↓⟩. The dimension
of these two subspaces scale linearly and quadratically with the chain length, respectively.
Hence, we can simulate the dynamics for relatively large system sizes, thus reducing the
influence of finite size effects. In Fig. 5.2 the disorder averaged expectation value of Ŝz of
the central spin is shown for different chain length to demonstrate the finite size effects.
The results for L = 11 differ from the results for larger chain lengths, thus showing that
for L = 11 finite size effects are still pronounced. The results for L = 21, L = 31, and
L = 41, are similar and the finite size effects have only a minor influence on the dynamics.
We note that for higher disorder strengths W , the influence of finite size effects is smaller,
as the system is deeper in the localized phase. In the following, we always consider a chain
length of L = 31. For this chain length, finite size effects have a small influence, but the
simulations are still numerically feasible for all different initial conditions we consider.

The remainder of this section is separated into two parts, according to different parameter
regimes of the model we consider. In the first part, 5.2.1 we discuss dynamics in Anderson
localized systems and the loss of local memory due to spin flip processes. In the second part,
5.2.2, we investigate the influence of the antiferromagnetic interaction on the local memory.
The influence of this interaction is of particular importance since this interaction can either
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Figure 5.2: Disorder averaged expectation value of Ŝz of the central spin for different
chain length L. The shaded area represents the error of the mean. Here we set W = 0.5J
and Jz = 0. The finite size effects are smaller for higher disorder strengths W as the
system becomes stronger localized for higher disorder strength.

induce thermalization of the system (weak disorder W ) or many-body localization (strong
disorder W ).

5.2.1 Local memory in Anderson localized systems

We first discuss the local memory in Anderson localized systems, i.e. we consider Jz = 0
for which it is known that the system is localized for any non-vanishing disorder strength
W . For this special situation the interaction between the spins only induces spin-flips, thus
creating entanglement between different spins. To simplify the discussion, we define the
many-body states |Φk⟩, in which the k-th spin is in the up state |↑⟩ and the rest is in the
down state |↓⟩, i.e.

|Φ1⟩ = |↑↓↓ ...⟩

|Φ2⟩ = |↓↑↓↓ ...⟩

|Φ3⟩ = |↓↓↑↓↓ ...⟩

...

To understand the dynamics of the system in this regime, we first discuss the expectation
values of Ŝz

l . This will later help us to analyze the loss of information. We first consider the
dynamics of the spin chain for the initial state |Φ16⟩, i.e. the state of the central spin is
initially in the state |↑⟩ and all other spins are in the down state. In Fig. 5.3a) the disordered
magnetization pattern, i.e. the expectation value of Ŝz

l as a function of l is shown at different
times for W = 1J .
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Figure 5.3: Expectation value of Sz
l as a function of the site l for different times Jt

for L = 31. The spin chain is initially in the state |Φ16⟩. In the left panel the disorder
averaged results for W = 1J are shown. In the right panel the results for W = 0 are
shown, for which the system is not localized. In both cases the expectation values are
symmetric around l = 16.

The spin chain is initially in the state |Φ16⟩. Consequently, ⟨Ŝz
l (0)⟩ = 1/2 for l = 16 and

−1/2 else, resulting in a magnetization pattern which is peaked at l = 16. As can be seen
from the expectation values at Jt = 5 (orange curve) there is a wave front at l ≈ 11 and
l ≈ 21. For |l − 16| ≲ 5 the expectation value of Ŝz

l has changed, whereas the expectation
value of Ŝz

l for spins which are further away is still ≈ −1/2. This wave front propagates over
time with a finite velocity, which can be seen by comparing the curves at different times.
For Jt = 10 (green curve), we find that ⟨Ŝz

l ⟩ = −1/2 for l ≲ 5. Over time the wave front
smears out. For Jt = 10, for example, the wave front is broader and weaker pronounced
compared to Jt = 5. As t → ∞ the magnetization pattern approaches an exponentially
localized form. Formally, expectation values of finite dimensional systems do not have a
well-defined limit as t → ∞. However, for non-vanishing disorder the fluctuations of the
disorder-averaged expectation values of Ŝz

l around their time-averaged value are negligible,
i.e. the disorder-averaged expectation values approach an asymptotic value for W ̸= 0. In
contrast to that, transport is not suppressed for vanishing disorder and transport is possible
for W = 0. The magnetization pattern does not approach a localized form, as can be seen
in Fig. 5.3b). We emphasize that for non-vanishing disorder W , the expectation value of the
central spin, i.e. ⟨Ŝz

16⟩, is similar for all times Jt ≳ 2 and does not change significantly at
later times.

To explain this behavior, we first note that spin flips can only occur between neighboring
spins which are anti aligned, i.e. spins which have opposite spin. In this case, the interaction
entangles these two spins, resulting in a change of the expectation value of ⟨Ŝz

l ⟩ of these
two spins. For the subspace considered in Fig. 5.3, this means that the Hamiltonian couples
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the state |Φk⟩ with the two states |Φk−1⟩ and |Φk+1⟩. Initially, the spin chain is in the
state |Φ16⟩. At short times, the interaction thus induces transitions from |Φ16⟩ to |Φ15⟩ and
|Φ17⟩, and with this a change of Ŝz

15, Ŝz
16, and Ŝz

17. After these first spin-flips, the wave
function has some contribution from the states |Φ15⟩ and |Φ17⟩, allowing for spin-flips with
the spins at l = 14 and l = 18. For vanishing disorder, i.e. W = 0, these consecutive
spin-flips continue, thus giving rise to transport. This is demonstrated in Fig. 5.3b): the
magnetization pattern does not remain localized as t → ∞. For W > 0, the system is
Anderson localized. The spin-flip processes are suppressed and the above described cascade
eventually stops, thus giving rise to the above described dynamics of the magnetization
pattern. This cascade-like process of entanglement spreading implies that the information
of the initial state of the central spin propagates with a finite velocity, a result also known
as the Lieb-Robinson bound in quantum systems: There is an upper limit of the speed at
which information can propagate in non-relativistic quantum systems [162].

Next, we discuss the local memory resulting from the above described dynamics of the
spin chain. To this end, we calculate the dynamical map for the central spin for different
initial states of the environment |ΨE(0)⟩ (see Sec. 5.1) and consider the largest singular
value of M(t) as a measure for the local memory. To start with, we consider a particular
simple initial state of the environment: we investigate the local memory for an environment,
in which all spins are in the state |↓⟩. We refer to this state as the polarized environment.
In this situation, the initial state of the environment, denoted by |ΨE,0⟩, is given by

|ΨE,0⟩ = |ψleft,0⟩ ⊗ |ψright,0⟩ , (5.5)
|ψleft,0⟩ = |↓⟩⊗15 ,

|ψright,0⟩ = |↓⟩⊗15 .

In Fig. 5.4a) the expectation value of Sz
16 is shown for different disorder strengths W if

the spin chain is initially in the state |Φ16⟩, i.e. the central spin is initially in the state
|↑⟩. Additionally, we show the largest singular value of M(t), in the following denoted with
smax(t). The expectation value of Ŝz

16 and smax exhibit a very similar dynamical behavior. At
Jt = 0 we find that ⟨Ŝz

16⟩ = 1/2 and smax = 1, as expected from the initial configuration. At
short times (Jt ≲ 1) both exhibit a decay, whose strength decreases with increasing disorder
strength. At intermediate times (Jt ≲ 10) the two observables show damped oscillations. For
higher disorder strength W the oscillations are more pronounced and persists for longer times.
In the long time limit, both quantities, Ŝz

16 and smax, approach an asymptotic value and
stays close to this value. The asymptotic value of both observables increases for increasing
disorder strength.

The dynamical behavior of the two quantities can be explained in the following way. The
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Figure 5.4: In the upper plot of a) the disorder averaged expectation value of Ŝz
16 as a

function of time is shown for different disorder strengths if the spin chain is initially in
the state |Φ16⟩. In the lower part the corresponding disorder averaged largest singular
value of the dynamical map M, smax, is shown. The shaded area represents the error of
the mean. In b) the corresponding time-averaged quantities are shown. In both cases,
the time-averaged values can be interpreted as the asymptotic values. The dashed lines
represent the corresponding limit for a perfectly localized system (W → ∞).

initial decay of the two observables is caused by the hybridization of the central spin with its
neighbors. This hybridization is induced by spin-flip processes. These spin flips entangle
neighboring spins, which lead to a change of the expectation value of Ŝz

16. If the spins get
entangled, the information about the initial state of the middle spin is partially contained in
the entanglement between the spins, and is thus not accessible by measurements of a single
spin. Consequently, the local memory, quantified by smax, decreases. For increasing disorder
strength these spin-flips are suppressed, and thus, the initial decay becomes weaker for
increasing disorder strength. The oscillations at intermediate times are caused by coherent
oscillation between the central spin and its direct neighbors. For stronger disorder strength
the interaction with the other spins is suppressed, and thus, these coherent oscillations
persists for longer times.

The reason for the similar dynamical behavior of the two quantities is the polarized initial
state of the environment, defined by Eq. (5.5). For this special choice, there is a close relation
between the local memory of the central spin and the corresponding expectation value of
Ŝz

16: If the middle spin is initially in the state |↓⟩, the state of the total system assumes the
form |↓↓ ...⟩. This is an eigenstate of the Hamiltonian, and is thus time-independent. This
implies that the local memory of the central spin vanishes if and only if the reduced state
of the spin relaxes to the state |↓⟩ ⟨↓| for all possible initial states of the middle spin, thus
explaining the direct relation between the two quantities.

In Fig. 5.4b) the time-averaged quantities Sz,∞
16 := ⟨⟨Ŝz

16(t)⟩⟩t and s∞
max := ⟨smax(t)⟩t are

shown, where ⟨f(t)⟩t denotes the time average of a function f(t) defined in Eq. (2.18). As

75



5 Local memory and delocalization mechanisms in disordered systems

can be seen from the results in Fig. 5.4a) this time average is dominated by the long-time
dynamics, and can thus be interpreted as the asymptotic value of the two quantities. In
particular the asymptotic value of s∞

max = limt→∞ smax(t) represents the local memory about
the initial state on long times, and can thus be used as an indicator for thermal and non-
thermal behavior. The dashed lines represent the values for a perfectly localized system, i.e.
for the limit W → ∞. For weak disorder, we find Sz,∞

16 ≈ −1/2 and s∞
max ≪ 1, indicating

a weak localization. As the disorder strength increases both asymptotic values increase
monotonically and approach the limit of a perfectly localized system, i.e. for Sz,∞

16 → 1/2
and s∞

max → 1 as W → ∞. This dependence can be explained in terms of the Anderson
localization of the system. For any non-zero disorder strength, the system exhibits Anderson
localization, and the magnetization pattern approaches an exponentially localized form (see
Fig. 5.3). The decay length of this exponential form, however, depends on the disorder
strength: for higher disorder strength the decay length decreases [22]. For increasing disorder
strength, the dynamics are stronger localized, thus explaining the dependence of Sz,∞

16 and
s∞

max. Although the system is localized for any disorder strength W the information about
the initial state of the central spin can distribute over more sites for weaker disorder strength.

From this discussion we conclude that for this simple situation, i.e. Jz = 0 and an
environment in which all spins are initially in the state |↓⟩, the loss of local memory is
related to the initial hybridization of a spin with its direct neighbors, mediated by spin-flip
processes. The time scale of this loss of information is approximately given by Jt ∼ 1. As
the hybridization is suppressed and the system becomes more localized for higher disorder
strength W , the loss of information decreases as W increases.

In general, the dynamical map, and thus the local memory, depends on the initial state
of the environment. In the following we discuss this influence for an Anderson localized
system, i.e. for Jz = 0. To keep the analysis simple, we assume that in the initial state of
the environment one spin is in the state |↑⟩ and all other spins are in the state |↓⟩. We
parametrize the position of the environmental spin which is in the state |↑⟩ by its distance d
to the central spin. The corresponding initial state of the environment, denoted with |ΨE,d⟩,
is given by

|ΨE,d⟩ = |ψleft,d⟩ ⊗ |ψright,0⟩ , (5.6)
|ψleft,0⟩ = |↓⟩⊗(15−d) ⊗ |↑⟩ ⊗ |↓⟩⊗(d−1) ,

|ψright,0⟩ = |↓⟩⊗15 .

Thus, in the state |ΨE,d⟩, the spin with index n = 16−d is in the state |↑⟩ and the remaining
environmental spins are initially in the state |↓⟩.

In Fig. 5.5 the largest singular value is shown for different initial states of the environment,
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Figure 5.5: Disorder averaged largest singular value of the dynamical map M(t) as a
function of time for different distances d. The parameters are W = J and Jz = 0. The
black line represent the results for for a polarized initial state of the environment (5.5).
The inset shows the entanglement entropy of the central spin with the environment.

i.e. for different distances d between the central spin and the flipped spin in the environment.
The qualitative influence of the environmental state on the local memory is similar for all
considered disorder strengths, and thus, we only present data for the case W = J . On short
times scales, Jt ≲ 1, smax exhibits a decay which is independent of the initial state of the
environment, i.e. it is independent of the distance d and the decay is equal to the decay
observed for the polarized environmental state. On intermediate time scales (1 ≲ Jt ), the
initial state of the environment has an influence on smax. If the environment is initially in a
state of the form |ΨE,d⟩, the local memory is smaller compared to the polarized initial state
of the environment. For increasing distance d this effect becomes weaker and shifts to later
times. As the distance increases, the results obtained for an initial state of the environment
of the form |ΨE,d⟩ approaches the one for the polarized initial state |ΨE,0⟩.

As discussed previously, the loss of information on short time scales (Jt < 1), i.e. the
initial decay of smax, is related to the hybridization of the central spin with its direct neighbors.
Consequently, this loss is independent of the state of the environment. The influence of the
environmental state on longer time scales, as well as its dependence on d can be explained in
the following way. The speed at which information can travel through the system has a finite
velocity (see previous discussion). If the distance between the flipped spin in the environment
and the central spin is larger, i.e. for larger distances d, it takes a longer time until this
flipped spin can influence the central spin, thus explaining the shift of the influence of the
environmental state on smax with increasing d. Similar to the localization of the central spin
shown in Fig. 5.3, the influence of the flipped spin in the environment is also localized. For
increasing d the flipped spin gets further away from the central spin, and thus its asymptotic
influence becomes weaker. As d → ∞ this influence should vanish and the results should
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be equal to the local memory for |ΨE,d→∞⟩ should be equal to the results for |ΨE,0⟩. As
the localization length decreases upon increasing the disorder strength, the influence of the
flipped environmental spin becomes weaker as the disorder strength is increased.

The local memory, quantified by smax, decreases over time to a non-zero value, indicating
a partial loss of the local memory. This means that part of the information about the initial
state of the central spin is not accessible by measuring the central spin. The information
about the initial state can either be stored in the entanglement between the central spin and
its remainder or in the corresponding state of the environment [148,163]. In the following
we investigate the influence of the environmental state, i.e. the influence of |ΨE,d⟩, on these
two aspects. To quantify the entanglement between the central spin and its environment we
consider the von Neumann entropy of the reduced state of the central spin defined as

S16 = −tr{ρ̂16 ln ρ̂16}, (5.7)

where ρ̂16 denotes the reduced state of the central spin. To analyze the information which is
contained in the environmental state, we investigate the influence of the initial state of the
central spin on the corresponding reduced state of the environment. To do this, we consider
two different initial states of the total system |Ψ(1)(0)⟩ and |Ψ(2)(0)⟩, which differ only in
the state of the central spin. For these two different initial states we calculate the reduced
state of the environment at a later time t, i.e. we calculate ρ̂(i)

E (t) = tr16{|Ψ(i)(t)⟩ ⟨Ψ(i)(t)|},
where tr16{·} denotes the partial trace over the central spin. To discuss the influence of the
initial state of the central spin on the reduced state of the environment, we consider the
time-dependent distance between the two reduced states of the environment defined by

DE(t) = D(ρ̂(1)
E (t), ρ̂(2)

E (t)), (5.8)

where ρ̂(1)
E (t) (ρ̂(2)

E (t)) denotes the reduced state of the environment corresponding to the
first (second) initial state of the system, and D(ρ̂(1)

E , ρ̂
(2)
E ) denotes the trace distance between

density matrices defined by Eq. (2.19). If this distance is zero, the initial state of the central
spin has no influence on the reduced state of the environment. If, on the other hand, the
distance is non-zero, different initial states of the central spin lead to different reduced states
of the environment.

In Fig. 5.6, the two quantities, S16 and DE(t), are shown for different initial states of the
environment. For the entanglement entropy we consider |↑⟩ as the initial state of the central
spin. For the distance between the two environmental states DE(t) we consider |↑⟩ and
|↓⟩ as the initial state of the central spin. At time t = 0 the state of the system factorizes
between the central spin and the environment, and thus, the entanglement entropy is zero
at t = 0. Additionally, the two considered initial states |Ψ(1)(0)⟩ and |Ψ(2)(0)⟩ differ only
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Figure 5.6: In the left panel the disorder averaged entanglement entropy S16 is shown
for different initial states of the environment. In the right panel the disorder averaged
distance between the reduced state of the environment for two different initial states
of the central spin DE is shown. The black line represents the result for the polarized
environment.

in the state of the central spin. Hence, the reduced state of the environment is equal for
|Ψ(1)(0)⟩ and |Ψ(2)(0)⟩ and DE vanishes for t = 0. Both quantities exhibit an initial increase
on the same time scale as the initial decay of smax discussed before (see Fig. 5.5). Hence, the
information about the initial state of the central spin is stored in the entanglement between
the central spin and its remainder, as well as, in the reduced state of the environment. The
initial increase is independent of the initial state of the environment, and thus, we conclude
that this increase is caused by the hybridization of the central spin with its neighbors.

After this initial increase, both quantities approach an asymptotic value and stays close
to this for all times. This takes place on a time scale of 1 ≲ Jt ≲ 10. On these time
scales we find an influence of the initial state of the environment: compared to the polarized
environment, a flipped spin in the environment increases the asymptotic value of the
entanglement entropy, whereas the asymptotic value of DE is decreased. For increasing
distance d both effect become weaker. This means that upon decreasing the distance d,
the information about the initial state contained in the entanglement entropy increases,
whereas the information stored in the state of the environment decreases. Given that the
local memory, quantified by smax, decreases as d becomes smaller we conclude that the
flipped spin in the environment increases the entanglement between the central spin and its
environment, thus reducing the local memory of the central spin.

From our discussion we conclude that the local memory in Anderson localized systems is
partially lost on two time scales. On short time scales 1 ≲ Jt the central spin hybridize with
its direct neighbors, leading to a decrease of the local memory. The state of the environment
can further reduce the local memory by creating entanglement between the environment and
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Figure 5.7: Disorder averaged expectation value of Sz
l as a function of l at different

times. At time t = 0, the spins at l = 6 and l = 16 are in the up state, whereas the
remaining spins are in the down state. The dashed lines, not visible in the upper plot,
represent the results for Jz = 0.

the central spin. As argued above, this effect is observable on a time scale 1 ≲ Jt ≲ O(L).
For increasing disorder strength W the system becomes more localized and the loss of local
memory is reduced, as expected for Anderson localized systems. We emphasize that for any
non-zero disorder strength W some information about the initial state is retained locally for
all times.

5.2.2 Influence of interaction in two particle systems

As a next step, we examine the influence of the antiferromagnetic interaction Jz on
the local memory. Note that for Jz ̸= 0 the Hamiltonian cannot be expressed in terms
of non-interacting fermions, and thus, the dynamics cannot be understood in terms of
single-particle states. In order to discuss the influence of the antiferromagnetic interaction
in the simplest set up, we consider the dynamics of the central spin when the environment
is initialized in a state of the form |ΨE,d⟩ defined by Eq. (5.6). That means that the spin at
site n = 16 − d is initially in the state |↑⟩ and the remaining spins of the environment are in
the state |↓⟩. To analyze the influence of the antiferromagnetic interaction we compare the
results for Jz = 0 and Jz = J . In the following plots, the dashed lines always represent the
results for Jz = 0, whereas the solid lines represent the results for Jz = J .

Similar to the previous section, we begin with a discussion of the expectation values of
Ŝz

l as a function of l at different times. To demonstrate the effect of the antiferromagnetic
interaction we consider the initial state, in which the spins at l = 6 and l = 16 are in the
state |↑⟩ and the remaining spins are in the state |↓⟩. Fig. 5.7 shows the resulting expectation
values of Ŝz

l as a function of l for W = J at different times. For Jt ≲ 5, the dynamics of
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Figure 5.8: Disorder averaged largest singular value of the dynamical map M as a
function of time for different distances d. The disorder strength is W = J . The colored
dashed lines (three horizontal lines) represent the results for Jz = 0, the black line is
the result for Jz = 0 for an environment which is initially in a polarized state.

the expectation values Ŝz
n is similar to the dynamics of the magnetization pattern discussed

above: The spin-flips induce a spreading of the magnetization around the two spins which
are initially in the state |↑⟩. At short times, Jt < 5, the dynamics of the spin chain is
independent of the antiferromagnetic interaction, i.e. the results for Jz = 0 and JZ = J are
equal. At later times we find an influence of the antiferromagnetic interaction, as can be
seen in the lower plot of Fig. 5.7. In particular, the antiferromagnetic interaction leads to a
broadening of the magnetization pattern, and hence to a further delocalization of the spins.
The fact that the antiferromagnetic interaction only influences the dynamics on later times
can be explained as follows. In the subspace of a total magnetization of −(L− 2)/2, the
antiferromagnetic interaction influences those states in which the two up spins are next to
each other. These states are initially not occupied, thus the antiferromagnetic interaction
has not influence on short time scales. Since the magnetization spreads with a finite velocity
(see Sec. 5.2.1), the antiferromagnetic interaction influences the dynamics only at later times,
once the corresponding states are occupied.

Next, we analyze how this antiferrmagnetic induced delocalization affects the local memory
in the spin chain. To this end, we consider the central spin as an open system and consider
the largest singular value of M(t) as a measure for the local memory. In the following, we
choose |ΨE,d⟩, defined by Eq. (5.6), as the initial state of the environment. In Fig. 5.8 the
largest singular value of M(t) for different distances d is shown. In this plot we set W = J ,
the dashed lines represent the non-interacting results (Jz = 0), and the black line represents
the result for a polarized environment, i.e. for an initial state of the form |ΨE,0⟩. On short
time scales, Jt ≲ 1, smax exhibits a decay which is independent of the antiferromagnetic
interaction Jz and of the distance d. Since this decay is caused by the hybridization of the
central spin with its direct neighbors this is not surprising. In the Anderson localized system,

81



5 Local memory and delocalization mechanisms in disordered systems

10 1 101 103 105

ln Jt

0.4

0.5

0.6

S 1
6

10 1 101 103 105

ln Jt
0.6

0.7

0.8

E

d=3 d=12

Figure 5.9: In the left panel the disorder averaged entanglement entropy S16 is shown
for two different initial states of the environment. In the right panel the corresponding
disorder averaged distance between the reduced state of the environment DE is shown.
The dashed lines represent the result for Jz = 0.

a flipped spin in the environment leads to a decrease of the local memory caused by an
increased entanglement between the central spin and its environment. This process decreases
the local memory on a time scale of 1 ≲ Jt ≲ O(L) and can be seen by a comparison
between the black line (polarized environment) and the dashed colored lines (Jz = 0). The
antiferromagnetic interaction leads to a further decrease of the local memory on a slow,
logarithmic like time scale, i.e. for times 101 ≲ Jt ≲ 103. For an increasing distance d
the onset of this second time scale shifts to larger times, as can be seen by the deviations
between the dashed (Jz = 0) and solid (Jz = J) lines in Fig. 5.8. This shift originates from
the finite spreading of entanglement, which we already discussed above.

As discussed previously, the information about the initial state of the central spin is either
stored in the entanglement between the central spin and its environment or in the state of
the environment. For Jz = 0 we have found that a flipped spin in the environment increases
the entanglement between the central spin and its environment, thus leading to a decrease
of the local memory. To discuss the influence of a flipped spin in the environment for the
case Jz = J , we show the entanglement entropy and the distance between the reduced
states of the environment, defined by Eq. (5.8), in Fig. 5.9. At time t = 0 the entanglement
entropy, as well as, the distance DE are zero. As discussed previously for the case Jz = 0,
this follows from the initial state and the definition of the quantity DE. For Jz = J both
quantities exhibit an initial increase. This initial increase is caused by the hybridization
of the central spin with its direct neighbors, and is thus independent of the distance d
and of the antiferromagnetic interaction Jz. On longer time scales (101 ≲ Jt ≲ 103), the
antiferromagnetic interaction induces a slow change, similar to the observed decay of smax.
The qualitative influence of the antiferromagnetic interaction depends on the distance d.
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Figure 5.10: The disorder averaged largest singular value of M(t) as a function of
time for different disorder strengths W . In the left plot the distance is d = 3, while in
the right plot d = 11. After the initial decay, we find a logarithmic decay of smax for
all investigated disorder strength. The strength, as well as the onset of this time scale
depends on the disorder strength and the distance d.

For small distances (blue curve) the antiferromagnetic interaction reduces the entanglement
entropy and increases the corresponding distance between the environmental states. For
larger distances, exemplified for d = 12, on the other hand, the antiferromagnetic interaction
induces an increases of the entanglement entropy and DE. Given that smax is decreased
by the antiferromagnetic interaction for small and large distances d, we conclude that for
small distances d the antiferromagnetic interaction transfers the information about the
initial state of the central spin to the state of the environment. For larger distances d, the
antiferromagnetic interaction increases DE and leads to a higher entanglement between the
central spin and its environment, which is both indicating a loss of local memory.

We finish this section with a qualitative discussion of the influence of the disorder strength
on the decay of smax induced by the antiferromagnetic interaction. In Fig. 5.10 the largest
singular value of M is shown for two different distances and different disorder strengths W .
The decay of smax on short time scales (1 ≲ Jt) is caused by the hybridization between the
central spin with its direct neighbors. Consequently, it is independent of the antiferromagnetic
interaction and exhibits the same dependency of the disorder strength, which we already
discussed in 5.2.1, i.e. it becomes weaker as the disorder strength is increased. For larger
disorder strengths W the spin-flips are suppressed, thus leading to a weaker hybridization of
the central spin with its neighbors. For later times, the antiferromagnetic interaction gives
rise to a slow logarithmic decay of smax. This decay exhibits some qualitative difference for
small and large distances d. For d = 3 the slow decay starts almost directly after the initial
decay at Jt ∼ 1. In this case, the onset of this time scale is independent of the disorder
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strength. For d = 11, on the other hand, the onset of the second time scale exhibits a strong
dependence on the disorder strength: for increasing disorder it shifts to larger times. In both
cases, the overall loss of information induced by the antiferromagnetic interaction, i.e. the
loss associated to the slow time scale, decreases as the disorder strength is increased.

The decreasing influence of the antiferromagnetic interaction for increasing disorder
strength can be explained as follows. Although the system is interacting, i.e. the system is
not Anderson localized, the dynamics of of the magnetization pattern shown in Fig. 5.7 and
the non-vanishing local memory suggest that the system is still localized. For increasing
disorder strength, the dynamics are stronger localized. For the environmental states considered
in Fig. 5.10, this implies that the occupation of those states which are influenced by the
antiferromagnetic interaction, i.e. states with two up spins next to each other, are stronger
suppressed.

Qualitatively, the dependence of the onset of the slow decay can be explained in the
following way. During the time-evolution of the wave function the states which are influenced
by the antiferromagnetic interaction (two up spins next to each other) get occupied by spin-
flip processes. The first states which get occupied and are influenced by the antiferromagnetic
interaction are the ones where the two up spins are approximately in the middle of the
flipped spin in the environment and the central spin, i.e. at a distance ≈ d/2 from the
central spin. This leads to a first delay of the influence of the antiferromangetic interaction
on smax. Once these states are occupied, the antiferromagnetic interaction can influence
the dynamics of the spin chain. The first influence of this interaction is thus observable in
the dynamics of the spins with a distance of ≈ d/2 from the central spin. However, this
influence also propagates with a finite velocity through the system, leading to a further
delay of the influence of Jz on smax. We find that for short distances, i.e. d = 3 the delay is
almost independent of the disorder, whereas for large distances (d = 11), the delay shifts to
significantly larger times as the disorder strength increases. Giving a more precise microscopic
explanation for this process remains an open question.

Summarizing this section, we find that for the initial states considered in this section
the dynamics still exhibit clear signatures of localization even for Jz ≠ 0, i.e. if the system
is not Anderson localized. This can be seen by the asymptotic magnetization pattern
Fig. 5.7 and a non-vanishing asymptotic value of smax. The antiferromagnetic interaction
Jz induces a further delocalization mechanism in the system which manifests itself in a
broader magnetization pattern and a slow decay of the local memory. This time scale displays
similarities with the logarithmic time scale of the half chain entanglement entropy, which is
typically associated to many-body localization [68].
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5.3 Local memory across the ETH-MBL phase transition

In the following, we investigate the local memory across the ETH-MBL phase transition.
That means we analyze the local memory as the dynamics changes from thermalizing to
localized and explore the possibility to extract information about the phase from the local
memory. Here, we focus on initial states of the total system which have a total magnetization
close to 0. For these initial states the critical disorder strength Wc, i.e. the disorder strength
at which the dynamics changes from thermalizing to localized, was estimated to be around
W = 3J − 4J . For a more detailed discussion about the phase transition in the XXZ
Heisenberg spin chain see Sec. 5.1.

To quantify the local memory we proceed in a similar way as in the previous section.
We consider the spin in the middle of the chain as an open system, the remaining spins
constitute the environment, and calculate the dynamical map for the central spin from
the time-dependent wave function of the total system. To obtain the later we use exact
diagonalization. Since the dimension of the considered subspaces grow exponentially with
the system size, we are restricted to relatively small system sizes. Thus we discuss the
dynamics for L ∈ [9, 11, 13, 15]. In particular, we consider the following initial states for the
different system sizes

|Ψ(0)⟩9 = |↑↓↑↓⟩ ⊗ |σ⟩ ⊗ |↓↑↓↑⟩ (5.9)
|Ψ(0)⟩11 = |↓↑↓↑↓⟩ ⊗ |σ⟩ ⊗ |↓↑↓↑↓⟩ (5.10)

|Ψ(0)⟩13 = |↑↓↑↓↑↓⟩ ⊗ |σ⟩ ⊗ |↓↑↓↑↓↑⟩ (5.11)
|Ψ(0)⟩15 = |↓↑↓↑↓↑↓⟩ ⊗ |σ⟩ ⊗ |↓↑↓↑↓↑↓⟩ . (5.12)

The reason for choosing these states is that the vicinity of the central spin is equal for all
system sizes. This allows for a better comparison between the results for different system
sizes. To calculate the dynamical map for the central spin we proceed as described above:
we calculate the time-dependent wave function of the system for four different initial states
of the central spin, while keeping the initial state of the environment fixed. Using Eqs. (2.11)
and (2.14), the quantities M(t) and b⃗(t) can be calculated.

We begin our discussion with an overview of the dynamics. In Fig. 5.11 the largest singular
value of M(t) as a measure for the local memory is shown for different system sizes. In
the main plot the disorder strength is W = 1.5J , in the inset the results for W = 5J are
shown. To distinguish the different mechanisms we show the results for Jz = 0 (dashed
lines) and for Jz = J (solid lines). We first discuss the dynamics of the local memory for
Jz = 0, i.e. for which the system is Anderson localized (dashed lines). At short times we
find a decrease of smax. This initial decay is caused by the hybridization of the spin with
its neighboring spins, and is thus independent of the system size. For Jz = 0 the spin flips
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Figure 5.11: The disorder averaged largest singular value smax as a function of time
for different systems sizes. In the main plot the disorder is W = 1.5J . The dashed lines
represent the results for Jz = 0. In the inset the disorder is W = 5. The black dashed
line represents the results for L = 15 and Jz = 0.

create entanglement between the central spin and the environment, thus leading to a loss of
local memory. This takes place on a time scale Jt ≈ 10. Consequently, smax approaches
its asymptotic value on these time scales. For L = 9 to L = 13 we find a decrease of the
asymptotic value indicating a dependency of the local memory on the system size. The
asymptotic value of smax for L = 13 and L = 15, however, is similar. From this we conclude
that for Jz = 0 some information about the initial state is stored in local observables, which
is the expected behavior for Anderson localized systems. From a comparison with the results
for W = 5J , we find that for higher disorder the local memory increases, i.e. the dynamics
are more localized.

As discussed in the Sec. 5.1, the antiferromagnetic interaction can either drive the system
towards thermal equilibrium or induce many-body localization, depending on the disorder
strength W . In the following, we discuss the influence of this antiferromagnetic interaction
on the local memory. From the results presented in Fig. 5.11 we find two effects which we
explain in the following. The first effect can be seen on short time scales. The initial decay
of smax is similar for Jz = 0 and Jz ̸= 0. However, at Jt ≈ 1 we find a further decrease
of smax induced by the antiferromagnetic interaction. This decrease of the local memory
does not depend on the chain length. Thus, we conclude that this effect is caused by the
interaction of the central spin with its vicinity which is equal for the different system sizes.
The second effect can be seen on longer time scales, i.e. for times 101 ≲ Jt ≲ 103. In this
regime, we find a slow decay of smax, which, in contrast to the influence of Jz on short time
scales, exhibits a dependence on L. For increasing system size L the decay extends over a
longer time scale and the asymptotic value decreases with system size. For increasing L
more information about the initial state of the central spin is lost during the time-evolution.
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Figure 5.12: The disorder averaged largest singular value of M as a function of time
for different disorder strengths. The system size is L = 15.

This is an indication for thermal behavior. This slow decay is similar to the loss of local
information which we found for the environmental states with a single flipped spin (see
Sec 6.2.2). By increasing the system size, we add spins at the two ends of the spin chain.
For W = 1.5J these added spins eventually get entangled with the central spin thus causing
a loss of the local memory of the central spin. For W = 5J we find a qualitatively similar
influence of the antiferromagnetic interaction. The dependency on the system size, however,
is much weaker. In particular the results for L = 13 and L = 15 are very similar, showing
that the added spins have only a weak influence on the local memory of the central spin.

Next, we discuss the influence of the disorder strength on the local memory and on the
different time scales. In Fig. 5.12 the largest singular value of M(t) is shown for different
disorder strengths. Here, the system size is always L = 15. For all shown disorder strengths,
smax exhibits the initial decay discussed above. This initial decay is caused by the hybridization
of the central spin with its neighbors. This hybridization becomes weaker for increasing
disorder strength, hence the initial decay of smax becomes weaker as the disorder strength
increases. For all disorder strength except for W = 0.5J (purple line) the largest singular
value exhibits the above discussed slow, logarithmic decay. For 1.5J ≥ W the decay of smax

induced by the antiferromagnetic interaction slows down and becomes weaker. For weak
disorder 0.5J ≲ W the suppression of the transport due to the disorder is very weak. In this
case the loss of local memory induced by the spin flips is already large and the additional
decay induced by the antiferromagnetic interaction is not visible. The asymptotic value
of smax shows a clear trend as a function of the disorder strength: as W is increased the
asymptotic value of the local memory increases, indicating a stronger localization.

As a last aspect, we discuss the dependence of the asymptotic value of s∞
max on the

disorder strength. We obtain the asymptotic value as the mean of smax in the interval
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Figure 5.13: The plateau value of smax as a function of the disorder for different
chain lengths L. The plateau value is calculated as the mean of smax in the interval
Jt ∈ [108, 1010]. In the inset the asymptotic value times the chain length is shown to
demonstrate the scaling behavior.

Jt ∈ [108, 1010]. In Fig. 5.13 this is shown as a function of the disorder strength for different
system sizes L. In the inset we plot Lsmax to indicate the scaling of the local memory with
the system size. For all system sizes L the asymptotic value of smax increases monotonically
with the disorder strength. For higher disorder the transport is stronger suppressed, thus
explaining this general trend. For weak disorder strength W ≲ 3J the asymptotic value of
smax decreases with increasing system size, whereas for higher disorder strength the influence
of the system size becomes smaller. This indicates that the local memory is not influenced
by the spins at the end of the chain for sufficiently strong disorder. This is a clear indication
for localization. In the limit W → ∞ the dynamics become trivially localized independently
of the system size. Thus all curves should approach 1 in this limit, independently of the
system size.

As can be seen from the inset of Fig. 5.13, the asymptotic value of smax scales approximately
with L−1, for W ≲ 2J and slower for 2J ≲ W . From this we conclude that in the weak
disorder case, the information about the initial state of the central spin is distributed over
the full system. This is a clear indicator for thermal behavior. For disorder strengths W ≳ 2
the asymptotic value of the local memory scales slower, indicating that the information
is not distributed uniformly over the full system. At this point we emphasize that recent
investigations of the stability of many-body localization suggest that for W ≳ 3 the
localization is destroyed by rare thermal regions [94]. Using only ED we cannot investigate
the effect of such rare thermal regions on the local memory as this approach is limited to
small system sizes.
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5.4 Summary

In this chapter we have applied the measure to quantify the influence of the initial state of
an open system on its dynamics to study the local memory in the disordered XXZ Heisenberg
spin chain. We explored the possibility to extract information about the phase of the model
from the local memory.

In section 5.2 we have analyzed the local memory in the XXZ Heisenberg spin model for
a particular simple class of initial states. By analyzing the loss of local memory of a single
spin we have identified different delocalization mechanisms: In Anderson localized systems
the hybridization between a spin and its environment creates entanglement leading to a
partial loss of local memory. For Jz ̸= 0 we have found a slow decay of the local memory
induced by the antiferromagnetic interaction. This decay exhibits similarities to the time
scale usually associated to MBL physics.

In the second part, 5.3, we have investigated local memory across the thermalizing to
many-body localized transition and identified different time scales of the loss of local memory.
On short time scales the interaction of the spin with its vicinity gives rise to a loss of the
local memory which is independent of the system size. For longer times we have found a
slow, logarithmic decay of the local memory which extends over a longer time for increasing
system sizes. As the disorder strength increases, both effects become weaker and the system
retains more information about the initial state in local observables. Last, we have discussed
the asymptotic value of the local memory as an indicator for thermal behavior. In the
weak disorder regime, i.e. for W ≲ 2J , the asymptotic value of the local memory scales
approximately with L−1. The information about the initial state spreads over the total
system, which is an indication of thermal behavior.

It has been argued that in the thermodynamic limit rare thermal regions can drive
disordered systems towards thermal equilibrium [92–94]. In the present discussion we used
exact diagonalization to investigate local memory, and thus, are restricted to small system
sizes. For future work it might be interesting to investigate this by coupling a many-body
localized system to a macroscopic environment and study the loss of local memory in the
presence of a thermal environment.
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6. Effect of non-local interactions in a
centrally coupled many-body
localized system

Recently, the first experimental observations of many-body localization (MBL) have been
reported [156, 164, 165]. In these experiments trapped ions are used to realize certain
physical models which are expected to show MBL. The interaction between the ions in
the experimental set up is typically long-ranged, i.e. the interaction between different ions
is not restricted to a nearest neighbor interaction but decays with the distance between
the ions as r−α. However, in many of the existing theoretical literature of MBL systems
with short range interaction, like the disordered XXZ Heisenberg spin chain discussed in the
previous chapter, are considered [31,66–69,88,97,166–168]. This also includes the formal
proof of MBL in one particular system [27]. The stability of MBL in long-range interacting
systems, in particular in the thermodynamic limit, is still an open question. This stability
was already discussed by Anderson for non-interacting systems [22]. In his paper he argued
that localization can exist in systems with long range hopping if the hopping strength decays
sufficiently fast. In recent years these considerations have been extended to interacting
systems by different theoretical approaches. It was argued that MBL can exist in long-range
interacting systems if long-range interactions decay sufficiently fast [169,170]. Furthermore,
it was hypothesized that a one dimensional system can exhibit MBL for low temperatures
and low energy densities if the interaction scales as ∼ r [171]. Recently, it was pointed
out that long-range hopping has a stronger influence on the delocalization than long-range
interactions [172].

The above mentioned publications about long-range interactions considered direct interac-
tions between the constituents, which decay with the distance. A different kind of non-local
interactions can be realized by coupling all degrees of freedom of the many-body localized
system to one central degree of freedom. The thus introduced long-range interactions are
qualitatively different compared to direct interactions. First, the long-range interactions
mediated by the central degree of freedom do not decay with the distance, i.e. all con-
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stituents of the many-body localized systems are coupled equally. Second, the delocalization
mechanisms induced by the long-range interactions are mediated via the central degree of
freedom and not by the direct interaction. Nandkishore et al. considered the influence of
a bath of interacting bosons on a fully MBL system [173]. They showed that a bath with
a continuous density of states thermalizes the localized system for any non-zero coupling.
Ponte et al. investigated the influence of a central two-level system on a fully many-body
localized system, i.e. they consider a system of non-interacting local integrals of motion and
showed that the central two-level system can induce thermalization of the full system for
sufficiently strong coupling [91]. In [174] the influence of a centrally coupled spin on the
disordered XXZ Heisenberg spin chain was considered. It was demonstrated that the central
spin influences the critical disorder strength Wc and can in fact delocalize the spin chain
completely.

In this chapter we investigate the stability of MBL with respect to a centrally coupled
d level system. To this end, we consider the dynamics of a disordered spin chain with
antiferrmagnetic nearest neighbor interaction. We introduce long-range interactions to the
model by adding a centrally coupled system with d levels to the model. In contrast to previous
investigations of such systems, we consider the case of d > 2 and place a constant ”magnetic
field” on the central degree of freedom. As we discuss in the first section of this chapter,
this has some crucial implications for the stability of MBL in these systems. Furthermore, we
extend the investigations to much larger systems than previously investigated by employing
the ML-MCTDH approach.

In this chapter we will loosely follow the lines of our publication [175],

Non-Markovian effects in the spin-boson model at zero temperature
Nathan Ng, Sebastian Wenderoth, Rajagopala Reddy Seelam, Eran Rabani,
Hans-Dieter Meyer, Michael Thoss, and Michael Kolodrubetz
Physical Review B, 103, 134201 (2021)
DOI: 10.1103/PhysRevB.103.134201
©2021 American Physical Society.

We augment the discussion with further details and extend the analysis of the strong coupling
regime, in which the system is expected to obey the eigenstate thermalization hypothesis.

This chapter is organized as follows: In 6.1 we introduce the centrally coupled spin model
which we investigate, explain how we simulate the dynamics using the ML-MCTDH approach,
and discuss some analytic results, which we use to analyze the dynamics of the system. In
the second part, 6.2, we focus on the localized regime of the system. We investigate the
interplay between the local and non-local interaction and examine the stability of localization
in finite and infinite systems. In the last part, Sec. 6.3, we expand the discussion to the
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Figure 6.1: A schematic illustration of the centrally coupled spin chain. The spins are
represented by red arrows in blue circles. The yellow dot represents the state of the
qudit. Ω describes the energy difference between the different qudit levels, g describes
the antiferromagnetic interaction between spins, and γ describes coupling between the
qudit and each spin.

thermalizing regime and investigate subsystem equilibration for strong coupling between the
spin chain and the central degree of freedom. Section 6.4 concludes this chapter with a
summary.

6.1 Centrally coupled many-body localized system

In order to investigate the influence of long-range interactions in a many-body localized
system, we consider a spin chain with antiferromagnetic interactions and random local
disorder. The long-range interactions are introduced to the system by coupling a central
degree of freedom to all spins in the chain. As the central degree of freedom, we consider
a d level system, in the following denoted as the qudit. The model is described by the
Hamiltonian

Ĥ = Ĥ0 + Ωµ̂z + γĤ1(µ̂+ + h.c.), (6.1)

Ĥ0 =
L∑

l=1
hζlσ̂

z
l + gσ̂z

l σ̂
z
l+1,

Ĥ1 =
L∑

l=1
σ̂x

l ,

where µ̂z = ∑d
n=1 n |n⟩ ⟨n| and µ̂+ = ∑d−1

n=1 |n+ 1⟩ ⟨n|. The states {|n⟩} label the states
of the central degree of freedom. Here, σ̂z

l and σ̂x
l denote the Pauli matrices and the ζl are

random variables drawn uniformly from the interval [−1, 1]. The chain length is denoted
by L, and we consider periodic boundary conditions for the spin chain, i.e. we identify the
index L+ 1 with 1. A schematic figure of the model is shown in Fig. 6.1. Throughout this

93
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chapter, we consider a scaled spin-qudit coupling of the form

γ = γ0√
L
. (6.2)

This particular scaling of the coupling γ guarantees that the qudit dynamics converge in the
thermodynamic limit, i.e. for L → ∞. Note that this is not trivial, since the environment
consists of interacting modes. We elaborate on this later in this section. The dynamics of
the qudit in the thermodynamic limit can be used to discuss some aspects of the dynamics of
the spin chain as L → ∞, a parameter regime which is inaccessible by numerical simulations.

The spin part of the Hamiltonian can be seen as a phenomenological model for many-body
localization deep in the MBL phase. The spins represent localized bits (l-bits) and the
exponentially localized interaction is restricted to only nearest neighbor interactions. For
vanishing γ the spin chain is thus trivially localized, i.e. all σ̂z

l are conserved quantities.
The centrally coupled d level system induces flips of the l-bits, thus creating entanglement
between different l-bits. This leads to a delocalization of the l-bits, which can potentially
lead to thermalization of the system for a sufficiently strong coupling γ.

To discuss the effect of the centrally coupled qudit in more detail, we note that for large
Ω an effective Hamiltonian, describing the dynamics of the spins, can be derived [176]:
In the limit d → ∞ the model defined by Eq. (6.1) can be mapped to a spin chain with
an external drive, where the driving frequency is given by Ω and γ describes the coupling
strength between the spin chain and the external drive [176,177]. Using this representation
of the model, an effective Hamiltonian for the spin chain, which is valid for finite d, can be
derived. This effective Hamiltonian reads [176]

Heff = H0 + (H1)2 |d⟩ ⟨d| − |1⟩ ⟨1|
Ω + O(Ω−2). (6.3)

From this expression it follows that, in lowest order in Ω−1, i.e. for γ2/Ω ≪ 1, the centrally
coupled qudit induces an all-to-all interaction, mediated by (H1)2, if the edge states of
the qudit are occupied. Thus, we expect that for small edge occupation of the qudit, the
long-range interactions mediated by the qudit only play a minor role in the dynamics. Based
on these considerations and numerical investigations, a phase diagram was proposed in [176]
and later modified in [175]. The resulting phase diagram is shown in the left panel of Fig. 6.2.
In the limit d → ∞, which corresponds to the right part of the phase diagram, the dynamics
of the spin chain are equivalent to the dynamics of a spin chain with a periodic external
drive. The external drive can thermalize the spins for sufficiently strong coupling γ, thus
leading to a transition from localized to thermal behavior. As d → ∞, the precise value of
d should not matter, thus leading to a horizontal separation between the two phases in this
limit. The value of the critical coupling γc, at which the dynamics of the spins change from
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Figure 6.2: In the left plot a schematic phase diagram is shown. The phase diagram is
taken from Ref. [175] and was modified. For sufficiently strong γ the central degree
of freedom delocalizes the spins and eventually leads to a thermalization of the spins,
indicated by the red region. For sufficiently low coupling γ, the spins remain localized,
indicated by the blue region. The diagonal lines in the left part represent the parameters
discussed in section 6.2. The dots on the vertical line represent the parameters for the
data shown in the right plot, in which the generic behavior of the spin glass parameter
qEA is shown for thermalizing and non-thermalizing behavior of the spins.

localized to thermal, depends on the parameters of the Hamiltonian. For the parameter set
we consider in this chapter, i.e. h = 1.3, g = 1.07, and Ω = π/0.8, the critical coupling was
estimated to be approximately γ ≈ 0.33 [176]. The behavior for small d/

√
L, i.e. the left

part of the phase diagram, is more complicated. As we discuss in Sec. 6.2, for fixed d, the
spins always remain localized in the limit L → ∞, if the coupling γ is scaled with L−1/2. In
this limit, the spins thus become localized above a certain chain length for any coupling
strength γ. This limit corresponds to the diagonal lines in the phase diagram. To estimate
the phase separation in the limit L → ∞ for fixed d, the all-to-all interaction mediated by
the qudit can be treated in a mean field approximation. Based on this consideration it was
argued that couplings which tend to zero faster than L−1/6 will result in a localized spin
chain as L → ∞. This scaling results in the curved blue region around the origin [175].

In order to investigate thermal and non-thermal behavior of the system we use different
observables. To characterize the localization of the spin chain we consider the spin-glass
order parameter qEA, or Edwards-Anderson order parameter [95], defined as

qEA(t) = 1
L

L∑
l=1

⟨Ψ(0)|σ̂z
l (t)σ̂z

l |Ψ(0)⟩ , (6.4)

which we already introduced and discussed in Sec. 2.5.2. Here |Ψ(0)⟩ denotes the initial
state of the system. The spin-glass order parameter measures the correlation of σ̂z

l at time
zero and at time t averaged over all spins. In thermalizing systems the asymptotic state of a
single spin is independent of its initial state, and thus, we expect that for such systems the
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correlations ⟨Ψ(0)|σ̂z
l (t)σ̂l(0)|Ψ(0)⟩ vanish. This implies that qEA → 0 as t → ∞. If, on

the other hand, the spins are not thermalized, some information about the initial state is
stored in local observables, and consequently |qEA| > 0 as t → ∞. This is demonstrated in
Fig. 6.2 for different points in the phase diagram for L = 8 and d = 7. The corresponding
points in the phase diagram are indicated by the vertical line. Deep in the localized regime
(γ0 = 0.1) the spin-glass order parameter remains close to its initial value of 1, whereas in
the thermalizing regime (γ0 ≥ 0.5) it decays to 0. In the intermediate regime (γ0 = 0.3) we
find a slow decay. For γ0 = 0.3 it is not clear if qEA decays to zero as t → ∞.

To discuss the dynamics of the qudit we consider the qudit occupation variance ∆2
Q

defined as

∆2
Q = ⟨(µz)2⟩ − ⟨µz⟩2 . (6.5)

This quantity measures the width of the qudit occupation, i.e. ∆2
Q = 0 if only one level of

the qudit is occupied, whereas it assumes larger values if multiple levels are occupied. For a
uniform distribution, for example, we have ∆2

Q = (d2 − 1)/12. Considering this quantity is
motivated by the effective Hamiltonian defined by Eq. (6.3). For large Ω the central qudit
mediates an all-to-all interaction if its edge states are occupied. In most of our discussion
we initialize the qudit in the middle state. Hence, a small value of ∆2

Q signals a small
occupation of the edge states, and negligible all-to-all interaction. In [175] it was shown
that in the weak coupling regime the spin glass parameter and the qudit occupation variance
are linearly related. The proof employs secular perturbation theory, which is expected to be
valid up to times t ∼ O(γ−1), and results in the relation

∆2
Q ≈ L

2 (1 − qEA). (6.6)

If the coupling γ scales with L−1/2, this relation is expected to be valid up to times
t ∼ O(

√
L), and thus, we expect that Eq. (6.6) is valid for longer times as the chain length

is increased.

As a third indicator for MBL we consider the entanglement entropy of the left half spin
chain, denoted in the following by SA, with the remainder, consisting of the other half of
the chain and the qudit. As discussed in the previous chapters, a common indication for
MBL is the logarithmic increases of the entanglement entropy. This characteristic spreading
of entanglement is caused by the interaction between different local integrals of motion
(LIOM), which decays exponentially with the distance between different LIOMs. We note
that in the centrally coupled spin system the intuitive explanation for the logarithmic increase
of the entanglement entropy breaks down as there is no clear notion of distance between
different LIOMs. Still it was demonstrated that it is possible to see the logarithmic growth
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in centrally coupled systems [174].

In this chapter, we set h = 1.3, g = 1.07, Ω = π/0.8. If the model with these parameters
is mapped on to the corresponding Floquet system (i.e., d → ∞), it shows a localization-
delocalization transition at a critical coupling γc ≲ 0.33. Furthermore we restrict ourselves
to central qudit size d = 7, which is large enough to display Floquet-like behavior but small
enough that the finite qudit size plays an important role. As the initial state of the spin
chain we consider the ”super-Néel” state |↑↑↓↓ ...⟩. If not stated otherwise, the qudit is
initially always in the state |4⟩. The initial wave function of the system |Ψ(0)⟩ is thus given
by

|Ψ(0)⟩ = |↑↑↓↓ ...⟩ ⊗ |4⟩ . (6.7)

6.1.1 Methodology

In the following we explain and discuss the methodology we use to simulate the dynamics
of the system. On the one hand we employ the ML-MCTDH approach to simulate the
dynamics of the system. On the other hand, we use the perturbative master equation
approach introduced in Sec. 3.3.2, to simulate the dynamics of the qudit in the weak coupling
and large L limit, i.e. for γ0 ≪ 1 and L → ∞.

To simulate the dynamics of the system consisting of the qudit and the spin chain we
employ the multilayer multiconfiguration time-dependent Hartree (ML-MCTDH) approach.
A general overview of this method is given in section 3.2. In the present application we
separate the wave function in the highest layer into one part describing the qudit and one
part describing the spin chain. The part describing the spin chain is then further expanded
in a binary way up to blocks of 12 spins. As an example this decomposition is shown in
Fig. 6.3 for L = 48. All results are converged on the time scales presented. We note that in
general, the results are easier to converge, i.e. require less SPFs, if the coupling γ is smaller.
Additionally, we note that in the thermalizing regime we only obtain converged results if the
full basis of the Hilbert space is used. That means that for this parameter regime we are
restricted to small systems sizes.

To investigate the dynamics of the qudit in the thermodynamic limit, i.e. for L → ∞,
we consider the spin chain as an environment and employ the time-convolutionless master
equation to derive an equation of motion for the reduced density matrix of the qudit.
Although the Hamiltonian of the environment, i.e. Ĥ0 defined in Eq. 6.1, includes an
interaction between different environmental modes, it is easy to check that Ĥ0 fulfills all
assumption of the proof presented in Sec. 3.3.1. Thus, the model fulfills linear response in
the thermodynamic limit, and it is possible to construct a harmonic environment with an
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Figure 6.3: Tree representation of the ML-MCTDH wave function which we employ to
propagate the wave function. In the first layer the wave function is separated into one
part describing the qudit and one part describing the spin chain. The part describing
the spin chain is then further expanded in a binary way up to blocks of 12 spins.

effective spectral density which leads to the same reduced qudit dynamics as the original
environment as L → ∞.

To do this we have to find a harmonic environment which results in the same force-force
autocorrelation function defined as

C(t1, t2) = γ2
0
L

L∑
l=1

⟨ΨEnv|σ̂x
l (t1)σ̂x

l (t2)|ΨEnv⟩ , (6.8)

where |ΨEnv⟩ = |↑↑↓↓ ...⟩ denotes the initial state of the spin chain. In general, the
correlation function depends on the initial state of the spin chain, the interaction g, and the
probability distribution of the local random fields. For the ”super-Néel” state considered
here a simple calculation shows that

C(t1, t2) = γ2
0
sin

(
2h(t1 − t2)

)
2h(t1 − t2)

, (6.9)

where γ0 is the unscaled coupling strength. For this particular initial state, the correlation
function is thus independent of the antiferromagnetic interaction g. From this force-force
autocorrelation function, the effective spectral density can be calculated as described in [101]
yielding

Jeff(ω) = π

2
γ2

0
h
χ[−2h,2h](ω), (6.10)

where χI is the characteristic function of the interval I, i.e. χI(ω) = 1 if ω ∈ I and 0 else.
In the thermodynamic limit, i.e. L → ∞, a harmonic environment with this spectral density
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gives rise to the same reduced qudit dynamics as the environment consisting of the spins.
We note that this statement is independent of the coupling strength γ0.

Using the time-convolution less master equation up to second order introduced in Sec. 3.3.2,
a master equation for the reduced state of the qudit can be derived reading

∂tρQ(t) = −iΩ[τ z, ρQ(t)] − γ2
0
π
k(t)[τx, [τ−, ρQ(t)]] − γ2

0
π
k∗(t)[τx, [τ+, ρQ(t)]], (6.11)

where k(t) is defined as

k(t) =
∫ t

0
C(τ)eiΩτ dτ, (6.12)

with the bath correlation function C(τ) defined in terms of the effective spectral density
Jeff(ω) as

C(t) =
∫
Jeff(ω)e−iωτ dω. (6.13)

This result allows us to investigate the qudit dynamics in the thermodynamic limit of the
spin chain, i.e. L → ∞.

6.2 Localized spin chain

We start the discussion with the regime in which the spin chain remains localized, even in
the presence of long-range interactions. Following the discussion in the previous chapter, we
expect this behavior for sufficiently weak coupling γ0, which is indicated by a non-vanishing
qEA. In this section we investigate the weak and intermediate coupling regime, represented
by the two diagonal lines in the schematic phase diagram in Fig. 6.2. Using the numerically
exact results obtained from the ML-MCTDH approach and results obtained by the master
equation approach, we discuss the dynamics and investigate the interplay between local and
non-local interactions. The section is organized according to the two diagonal lines in the
phase diagram in Fig. 6.2: in 6.2.1 we discuss the weak coupling regime, which corresponds
to the lower diagonal line. The intermediate coupling regime, corresponding to the upper
diagonal line, is subject to Sec. 6.2.2.

6.2.1 Weak coupling regime

We start our discussion in the weak coupling regime, i.e. γ0 ≪ 1. In Fig. 6.4 the spin
glass parameter qEA and the qudit variance are shown. Additionally, the scaled spin glass
parameter is shown to demonstrate the validity of relation (6.6). All data are disorder
averaged over O(101) − O(102) realization. For larger system sizes fewer realization are
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Figure 6.4: In the left panel, the spin glass order parameter qEA is shown. The colored
dashed lines represent the results for g = 0. In the right panel the qudit variance and
the scaled spin glass order parameter are shown. The shaded area represents the error
of the mean. The black dashed line represent the qudit variance obtained with the
time-convolution less master equation with the effective spectral density. In all plots
γ0 = 0.35. The figures are taken from [175]. ©2021 American Physical Society.

needed. We first discuss the dynamics of the spin glass order parameter and the qudit
variance. At t = 0, the spin glass parameter is one. On short time scales we find a decay
of qEA which is independent of the antiferromagnetic interaction g but depends on the
system size. For increasing chain length the initial decay of qEA becomes weaker. On longer
time scales, Ωt/(2π) ≳ 2, we find a slow decay of the spin glass parameter which is only
present for g ̸= 0. From this we conclude that the decay is induced by the antiferromagnetic
interaction. This slow decay becomes weaker for increasing system size. We find a general
trend of qEA → 1 as the system size is increased. Additionally the spin glass parameter
is close to one (qEA > 0.98) for all times and all system sizes considered. This suggests
that for increasing system size the spin chain becomes more localized. This observation is
supported by the formal expression of ⟨σ̂z

l (t)⟩, which reads

⟨σ̂z
l (t)⟩ = ⟨σ̂z

l (0)⟩ + 2γ
∫ t

0
⟨Ψ(τ)|(µ̂+ + µ̂−)σ̂x

l |Ψ(τ)⟩ dτ, (6.14)

where |Ψ(t)⟩ is the wave function of the total system. Both operators appearing in the
expectation value in the integral are bounded, and thus, the time-dependent expectation
value ⟨σ̂z

l (t)⟩ is bounded by

⟨σ̂z
l (t)⟩ ≤ ⟨σ̂z

l (0)⟩ + 2γCt. (6.15)

Since γ ∼ L−1/2, we find that for a fixed time t the deviations of ⟨σ̂z
l (t)⟩ from its initial

value decay with L−1/2, or faster, as L → ∞. We stress that this is only an upper bound
on the scaling behavior. As we discuss later, our numerical data suggest that qEA ∼ L−1 as
L → ∞.
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6.2 Localized spin chain

The qudit occupation variance ∆2
Q exhibits an initial increase from zero to a small value

(≲ 0.1), which is independent of the system size and the antiferromagnetic interaction. On
longer time scales, ∆2

Q displays a slow increase which becomes weaker for increasing system
size, similar to the slow decay of the spin glass parameter. For g = 0, the slow increase of
the qudit occupation variance is absent. The results for g = 0 are independent of the system
size and agree with the dynamics for L → ∞ obtained with the time-convolution less master
equation. In this regime (weak coupling γ0), we expect that the master equation gives
good results, i.e. the black line represents an accurate description of the qudit occupation
variance for L → ∞. In particular, the dynamics of the qudit become independent of the
antiferromagnetic interaction in this limit. Hence, we expect that the dynamics of the qudit
for g ̸= 0 approach the results for g = 0 as L → ∞. We emphasize at this point that, in
contrast to the dynamics for g ≠ 0, the results for g = 0 are converged with respect to
the system size for L = 96. As suggested by Eq. (6.6) we find a good agreement between
the qudit occupation variance and the scaled spin-glass parameter. In particular for g = 0
we find an almost perfect agreement on all time scales between the qudit variance and the
scaled spin glass order parameter. The deviation of qEA from 1 thus vanish with L−1 as
L → ∞, i.e. in the thermodynamic limit of L → ∞ the spins of the chain remain localized.

We first explain the weak hybridization between the qudit and the spins for large L. This
can be explained in terms of the effective spectral density. The support of the spectral
density is [−2h, 2h]. The transition frequency of the qudit is Ω. For the chosen parameters
we have Ω ≈ 3h, hence the spectral density has no weight at the transition frequency of the
qudit, thus explaining the small hybridization. This exhibits similarities with the failure of
subsystem equilibration described in the dynamics of the spin-boson model for the strong
coupling regime of the gapped spectral density (see 4.2.3). In contrast to the situation in
the spin-boson model, the Hamiltonian of the qudit does not induce dynamics, and thus,
the state of the qudit is time-independent after the initial hybridization.

Next, we discuss the origin of the different time scales. The initial dynamics of both
observables are independent of the antiferromagnetic interaction g. Thus, we conclude that
these dynamics are induced by the hybridization of the qudit with each spin of the chain.
The hybridization strength is determined by the coupling γ, i.e. the scaled coupling. Since
this coupling is scaled with L−1/2, the hybridization between a single spin and the qudit
decreases as the system size increases, resulting in a weaker decay of qEA for increasing
chain length L is increased. Since the scaling of the coupling γ is chosen such that the
overall influence of the environment is independent of the chain length, the qudit occupation
variance on short times is independent of the system size. Since the second time scale is
absent for g = 0, we conclude that it is induced by the antiferomagnetic interaction. The
emergence of this slow time scale can be explained as follows. The state of the spin chain is
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Figure 6.5: Half-chain entanglement entropy in the weak coupling regime, i.e. for
γ0 = 0.35. The shaded area represents the error of the mean. The main plot shows the
short times, the inset shows the long time behavior. The black dashed line represents
the results for g = 0.

initially in an eigenstate of H0. Thus, the antiferromagnetic interaction within the spin chain
do not entangle different spins in the chain. Due to the hybridization of the spins with the
qudit the spins in the chains are tilted. In this situation the antiferromagnetic interaction can
induce hybridization between different spins in the chain, resulting in a further delocalization
of the spins, i.e. to a slow decay of qEA. The tilting of the spins depends on the coupling γ.
Since this scales with L−1/2, this effect becomes weaker as the chain length is increased.
More formally this can be phrased as follows: In the weak coupling regime the centrally
coupled qudit induces partial flips of the spins in the chain, thus leading to a superposition
of different spin patterns in the wave function. Since this is not an eigenstate of H0 the
antiferromagnetic interaction induces hybridization, thus leading to a further delocalization
of the spins. From our results, however, we conclude that this is not sufficient to drive the
spins towards a thermal equilibrium, since we find signature of localization, i.e. qEA remains
close to one, at all times considered.

A unique signature of many-body localization is the slow, logarithmic like growth of
the entanglement entropy. To investigate the character of the localization we consider the
entanglement entropy of one half of the spin chain with its remainder consisting of the other
half and the qudit. In the following we denote this entanglement entropy with SA. In Fig. 6.5
we show the short and long time dynamics of the entanglement entropy SA. Let us first
focus on the short time behavior of the entanglement entropy SA, shown in the main plot of
Fig. 6.5. On these time scales we find an increase of SA, which is independent of the system
size and the anti ferromagnetic interaction g. On longer time scales, shown in the inset, we
find a slow increase of the entanglement entropy which is induced by the antiferromagnetic
interaction g. The slope of this growth of the entanglement entropy decreases for increasing
system size and approaches the results for g = 0. Following the discussion of the other two

102



6.2 Localized spin chain

observables we can assume that the results for L = 96 and g = 0 describe the results for
L → ∞.

As discussed above, the initial dynamics are induced by the hybridization between the
qudit and the individual spins. The interaction between the individual spins and the qudit
creates entanglement between them thus leading to an increase of SA on short time scales.
The scaling of the coupling γ is such that the influence of the spin chain on the qudit
is independent of the system size, and thus, the initial increase of SA is independent of
the system size and of the antiferromagnetic interaction g. For the slow increase of the
entanglement entropy we have two explanation. One possibility is that this increase is caused
by the increased entanglement between the qudit and the spins, indicated by the increasing
qudit variance ∆2

Q depicted in Fig. 6.4. A second possibility is that this increase is induced
by the antiferromagnetic interaction along the spin chain. Based on our results we cannot
exclude one or the other, leaving the origin of this slope as an open question.

6.2.2 Intermediate coupling regime
The discussion in the previous sections shows that for weak spin-qudit interaction the

spin chain remains localized for all system sizes and time scales we considered. Furthermore,
our analysis reveals that the delocalization of the spins is driven mostly by the local
antiferromagnetic interaction and not by the long-range interaction mediated by the centrally
coupled qudit. In the following we consider the intermediate coupling regime, γ0 = 1,
and investigate the stability of the localization with respect to increasing the spin-qudit
coupling. In Fig. 6.6 the dynamics of the spin glass parameter qEA, the qudit occupation
variance ∆2

Q, and the scaled spin glass parameter are shown. Qualitatively, the dynamics are
similar to the above discussed weak coupling regime. On short time scales, the spin glass
parameter exhibits an initial decay which depends on the system size, i.e. it becomes weaker
for increasing system size. This decay is independent of the antiferromagnetic interaction,
as the results for g = 0 and g ̸= 0 coincide. On long time scales qEA exhibits a slow decay
for g ̸= 0, which is absent for g = 0. Compared to the weak coupling regime, the spin glass
parameter is significantly smaller, i.e. the spins are less localized for increasing coupling
strength. As a function of the system size, however, we find a similar trend as in the weak
coupling regime, i.e. qEA → 1 as L → ∞. As the qualitative behavior is very similar to the
weak coupling regime, the dynamics can be explained in a similar way: on short time scales
the hybridization between the spins and the qudit induces a decay of qEA. The strength of
this hybridization is given by the scaled γ, and thus becomes weaker for increasing system
size. On longer time scales the antiferromagnetic interaction leads to a hybridization of the
spins along the chain. As the second mechanism is only present if the spins in the chain are
entangled with the qudit, the second time scale becomes less pronounced as the system size
increases and the effective coupling γ decreases.
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Figure 6.6: In the left plot the spin glass order parameter is shown for different chain
length L. The colored dashed lines represent the results for g = 0. The shaded area
represents the error of the mean. In the right plot the scaled spin glass order parameter
and the qudit variance is shown to demonstrate their relation. The black dashed line
represent the qudit variance obtained with the time-convolution less master equation
with the effective spectral density. In these plots γ0 = 1. The figures is reprinted
from [175]. ©2021 American Physical Society.

The qudit occupation variance exhibits an initial increase. This initial increase is indepen-
dent of the antiferromagnetic interaction and the system size. For long times we find an
increase of ∆2

Q, which is only observable for g ̸= 0. Similarly to the dynamics of the spin
glass order parameter the qualitative behavior of the occupation variance can be explained
in the same way as in the weak coupling regime. We note, however, that the influence
of the antiferromagnetic interaction can be seen on earlier times compared to the weak
coupling regime. For g = 0, the dynamics of the occupation variance seem to be converged
with respect to the system size. Since the results for g ̸= 0 become independent of g in
the thermodynamic limit, we expect that the results for non-vanishing antiferromagnetic
interaction approach the results for g = 0 and L = 96 as L → ∞. Furthermore, we find that
the linear relation between qEA and ∆2

Q seems to hold for g = 0, although it formally assumes
a small coupling γ0. From these two observations we conclude that in the thermodynamic
limit the deviations of qEA from one, i.e. 1 − qEA scales with L−1 as L → ∞ for g ̸= 0.
This demonstrates that in the thermodynamic limit the spin chain remains localized.

One notable difference to the weak coupling regime is that at long times (Ωt/(2π) ≳ 100)
the spin glass order parameter exhibits a slow decrease and the qudit variance exhibits a slow
increase even for g = 0. This increase is not present in the perturbative solution obtained
with the TCL2 master equation. As discussed previously, the weak hybridization between the
qudit and its environment can be explained by the effective spectral density: the transition
frequency of the qudit lies outside of the support of the spectral density. The coupling
of the environment, however, induces a broadening of the transition frequency. Since this
broadening is not included in the TCL2 master equation we assume that this broadening
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Figure 6.7: Half-chain entanglement entropy for intermediate coupling γ0 = 0.3. The
shaded area represents the error of the mean. The main plot shows the short times, the
inset shows the long time behavior. The black dashed line represents the results for
g = 0.

and the resulting hybridization of the qudit with its environment is the origin of the slow
increase of ∆2

Q, which we find for g = 0.

Last, we discuss the entanglement entropy SA for the intermediate coupling γ0 = 1,
which is shown in Fig. 6.7. On short times the entanglement entropy exhibits an increase,
which is independent of the system size and the anti ferromagnetic interaction. For g ̸= 0
we find a second increase on a longer time scale. Similar to the weak coupling regime the
increase becomes weaker as the system size increases. The reason for this is that the origin
of this increase is the spin-spin interaction which can only influence the dynamics of the
chain once the spins get entangled with the qudit. The influence of the antiferromagnetic
interaction shifts to shorter times for increasing γ0. Similarly to the dynamics of the spin
glass parameter and the occupation variance, we find a slow increase of the entanglement
entropy for g = 0 at long times (Ωt/(2π) ≲ 50).

We finish the discussion of the localized regime with some remarks. From the results
presented here, we find that on the time scales accessible with ML-MCTDH the spin chain
exhibits signatures of localization, i.e. the spins in the chain retains some information on
these time scales. Furthermore, we find indications that for γ0 ≲ 1 the deviations of the
spin glass parameter qEA from one, which is a measure for the delocalization of the spins,
vanishes as L−1 as L → ∞.

6.3 Strong coupling regime: Thermalization induced by the qudit

In the previous section we discussed the weak and intermediate coupling regime. In these
regimes, we find signatures of localization of the spins, i.e. for all times accessible with
the ML-MCTDH approach and for all considered system sizes the spin glass parameter is
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6 Effect of non-local interactions in a centrally coupled many-body localized system

significantly larger than 0. Furthermore, we argued that for the scaled coupling γ the spin
chain always approach localization in the thermodynamic limit L → ∞. This originates
from the fact that the initial state of the spin chain is a localized equilibrium state of the
spin part of the Hamiltonian. In the thermodynamic limit, the influence of the qudit on the
spin chain vanishes and the spins remain in their initial state.

According to the phase diagram, the system is expected to thermalize for a fixed system
size L and sufficiently strong coupling between the qudit and the spin. This strong coupling
regime, where the system is expected to thermalize, is analyzed in this section. Specifically,
we consider the dynamics in the strong coupling regime of the system for fixed system size
L. In thermalizing systems, the entanglement obeys an volume law, i.e. the entanglement
entropy of a region in space tends to scale with the volume of the region. For the ML-
MCTDH approach this implies that a large number of single-particle functions is required to
accurately describe the wave function of the system (see discussion in Sec. 5.2). In order to
obtain converged results in the strong coupling regime, we find numerically that we need to
employ the full basis of the underlying Hilbert space. Thus, we are restricted to relatively
small system sizes.

In the following, we discuss and analyze signatures of thermal behavior for a spin chain of
length L = 8 and L = 12. To this end, we consider the spin glass parameter defined by
Eq. (6.4), the local memory of a single spin, and the occupation of the qudit. To quantify
the local memory of a single spin, we proceed in a similar way as in the previous chapter.
We consider a single spin as an open system and calculate the corresponding dynamical map,
i.e. we calculate the two quantities M(t) and b(t). As discussed in Sec. 2.5.3 the largest
singular value of M(t) can be interpreted as the local memory of a subsystem. For a single
disorder realization, the local memory is different for the different spins in the spin chain.
The disorder averaged result describes the local memory of the considered spin averaged
over different disorder realizations. Since the disorder average of the random local fields is
uniform, the averaged local memory of a particular spin describes the average local memory
of any spin.

We start our discussion with the dynamics of the spins. In Fig. 6.8 the spin glass parameter
qEA and the local memory is shown for γ0 = 3.5. Initially, the spin glass order parameter
is 1. For both system sizes qEA exhibits a decay towards zero, which is an indication for
the thermal behavior of the spins. For L = 12 the initial decay of qEA is weaker than for
L = 8. As discussed in the previous section, this initial decay is caused by the hybridization
of the qudit with the spins whose strength is determined by γ. For L = 12 this coupling
is smaller due to the scaling of the coupling, thus explaining the weaker initial decay. The
asymptotic value of qEA is zero for both system sizes, which is an indication for the thermal
behavior of the system, i.e. the average correlation of a spin with its initial state is zero. At
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Figure 6.8: Spin glass parameter qEA (upper plot) and the local memory of a single spin
(lower plot) for γ0 = 3.5. The shaded area represents the error of the mean. The qudit
is initialized in the fourth state. Both quantities decay to zero, which is an indicator for
the thermalization of the spins.

t = 0 the largest singular value of smax is one. Similar to the overall decay of qEA we find
that smax decays towards zero as t → ∞. Compared to the initial decay of the spin glass
parameter the initial decay of the largest singular value exhibits a delay. In the long time
limit smax decays to a value close to zero. In contrast to the asymptotic value of qEA we
find a dependence of the asymptotic value of smax on the system size. For L = 12 the local
memory is smaller compared to the asymptotic value of L = 8 as t → ∞. For larger system
sizes the local memory is smaller, which is the expected behavior for thermalizing systems.
The results presented in Fig. 6.8 indicate that for fixed system size, the centrally coupled
qudit is able to thermalize the spins for sufficiently strong coupling.

Next, we consider the dynamics of the qudit and investigate whether the qudit also
thermalizes as t → ∞. In order to discuss the asymptotic behavior of the qudit and to
investigate the influence of the initial state of the qudit on its dynamics we show the qudit
occupation for two different initial states of the qudit in Fig. 6.9. For both initial states of the
qudit we find different time scales. The dynamics of the qudit on short time scales are similar
for the two considered initial states: the occupation of the initial state ni decreases and the
occupation of the two neighboring states ni−1 and ni+1 increases. The initial dynamics are
driven by the hybridization of the qudit and the spin chain. This interaction induces spin
flips in the chain which are accompanied by a transition of the qudit from the level i to
the levels i− 1 and i+ 1. For intermediate times (Ωt/(2π) < 102) the occupation of all
levels increases and we find a rich dynamical behavior. On this time scale, the dynamics are
different for the two different initial states. As t → ∞ the occupation of the qudit saturates,
i.e. the qudit relaxes to an equilibrium state. However, the asymptotic state of the qudit is
different for the two different initial considered here. We conclude that the qudit equilibrates
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Figure 6.9: Occupation of the qudit levels ni for different initial states of the qudit.
The shaded area represents the error of the mean. In the left plot the qudit is initially
in the second level, in the right plot the qudit is initially in the fourth level. In both
situations the qudit occupation equilibrates, but the asymptotic occupation differs for
the different initial situations.

but fails to thermalize as the equilibrium state violates the subsystem state independence.

We explain this violation of subsystem state independence by the dependence of the total
energy on the qudit level spacing Ω. For the parameters considered here, Ω is the largest
energy scale. One consequence of this is that the total energy depends significantly on the
initial state of the qudit. For the two considered initial states, the total energy differs by
a factor of 2 (see the boxes in Fig. 6.9). This implies that even if the system obeys the
eigenstate thermalization hypothesis, i.e. expectation values of local operators are smooth
functions of the energy of the system, the asymptotic state of the qudit can depend on its
initial state as the total energy depends strongly on the initial state of the qudit. We note
the qualitative behavior of the spins described above is independent of the initial state of the
qudit, i.e. the two quantities qEA and smax decay to zero as t → ∞ for both initial states
of the qudit.

6.4 Summary

In this chapter we have investigated the stability of many-body localization with respect
to long-range interactions mediated by a central degree of freedom. To this end we have
analyzed the dynamics of a spin chain with random local fields and an antiferromagnetic
nearest neighbor interaction in the presence of a centrally coupled d-level system, the qudit,
in different parameter regimes.

In the weak and intermediate coupling regime we find numerical signatures of localization of
the spins for all considered system sizes and times. Our analysis reveals that two mechanisms
can lead to a delocalization of the spins. The first mechanism is the hybridization of the

108



6.4 Summary

spins with the qudit, the second one is the delocalization induced by the antiferromagnetic
interaction. The second mechanism can only induce a delocalization if individual spins are
entangled with the qudit. For the scaled spin-qudit coupling considered here, the second
mechanism becomes weaker as the system size increases. Thus, in the thermodynamic limit
the spins become localized for any γ0, provided that the spin-qudit coupling is scaled as
L−1/2. Our analysis suggests that that the delocalization of the spins vanishes like L−1 in
the thermodynamic limit.

For fixed system sizes and strong enough coupling γ0 we find indications for the thermal-
ization of the spins, i.e. the average autocorrelation of the spins at time t with its initial
state vanishes and the local memory is small and decreases with the system size. For the
qudit, on the other hand, we find non-thermal behavior. In particular we find a failure of
subsystem state independence, which can be seen by the dependency of the asymptotic
qudit occupation on the initial state of the qudit. This behavior is a consequence of the
chosen parameters and is related to the large level spacing of the qudit: the total energy of
the system depends significantly on the initial state of the qudit. Consequently, expectation
values of local operators can depend on the initial state, even if the total system obeys the
eigenstate thermalization hypothesis.

Here, we have considered the influence of a central degree of freedom on a phenomeno-
logical model of many-body localization. A possible next step is to investigate the influence
of such a central degree of freedom on a system which is not trivially localized, such as the
disordered XXZ Heisenberg spin chain discussed in the previous chapter.
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7. Summary and Outlook

Thermalization describes the relaxation of a system, which is in a non-equilibrium state, to a
thermal equilibrium state. Although a seemingly straightforward process, thermalization turns
out to be a highly non-trivial phenomenon if investigated in terms of the basic dynamical laws
of nature, prescribed by Newton’s or Schrödinger’s equation. In particular, the description
of this problem within a fully quantum mechanical framework reveals a variety of interesting
consequences, including an explanation of the statistical nature of thermalizing systems in
terms of entanglement [5, 6, 13,178] and a variety of non-thermal effects [22, 24,42,58]. In
this thesis, we have contributed to different aspects of this highly topical field of research, by
addressing several open questions. In Chap. 4 we investigated environment-induced effects
and analyzed in which situations an environment can equilibrate or thermalize a system.
In Chap. 5 we examined the local memory in thermal and non-thermal systems and the
possibility to extract information about the dynamical behavior of the system from this. In
Chap. 6 we investigated the stability of a many-body localization, with respect to long-range
interactions. To address these questions and to focus on different aspects of thermalization
separately, we considered the spin-boson model, the disordered XXZ Heisenberg spin chain,
and a centrally coupled spin chain, respectively. Our analysis is based on a combination of
analytic, numerical, and perturbative approaches. To calculate the time-dependent wave
function and time-dependent expectation values, we employed exact diagonalization (ED)
and the multilayer multiconfiguration time-dependent Hartree (ML-MCTDH) approach. The
numerical results are supported with analytic results obtained from a perturbative treatment.

To discuss thermal and non-thermal behavior of the different systems, we considered
the dynamics of subsystems, which is formally described by a linear, completely positive,
trace preserving map, called the dynamical map. Based on properties of the dynamical map
we have proposed a measure for the local memory in quantum systems (see Sec. 2.5.3),
which can be used to detect thermal and non-thermal behavior. Using this measure a key
feature of thermalizing systems can be investigated: As t → ∞, no information about the
initial state is stored in local observables, i.e. the reduced state of a subsystem becomes
independent of its initial state. For certain parameters, all three models investigated exhibit
this expected thermal behavior: In the weak coupling regime of the spin-boson, model the
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spin relaxes to a unique stationary state (Sec. 4.2.1), in the thermal phase the local memory
in the disordered XXZ Heisenberg spin chain decreases with L−1 (Sec. 5.3), and in the
strong coupling regime of the centrally coupled spin chain, the spins lose their local memory
(Sec. 6.3). On the other hand, the proposed measure can be used to detect two qualitatively
different failures of thermalization: a violation of subsystem state equilibration and a violation
of subsystem state independence. Both violations can be found if the remainder of the
subsystem cannot act as a true environment for the subsystem. In the strong coupling
regime of the spin-boson model with the gapped spectral density, discussed in Sec. 4.2.3, we
have found a violation of subsystem equilibration. Examples for the violation of subsystem
state independence are the localization of the spin-boson model discussed in Sec. 4.2.2, the
many-body localization of the disordered XXZ Heisenberg spin chain discussed in Sec. 5.3,
or the initial state dependence of the asymptotic state of the qudit in the centrally coupled
spin chain in Sec. 6.3.

To understand thermalization it is crucial to understand environment-induced effects. In
Chap. 4 we considered the spin-boson model as particularly simple model in which different
environment-induced effects can be investigated. We focused on two effects: the ability to
drive a subsystem towards a unique equilibrium state by inducing decoherence and dephasing
(Sec. 4.2) and the ability to act as a memory for the subsystem thus leading to non-Markovian
dynamics (Sec. 4.3). In the weak coupling regime of the spin-boson model we find clear
indications that the environment thermalizes the spin, i.e. the asymptotic state becomes
independent of the initial state of the spin. For strong spin-environment interaction different
spectral densities give rise to different non-thermal behavior: A failure of subsystem state
independence for the Ohmic spectral density and a failure of Subsystem equilibration for
the gapped spectral density. Based on the measure for the local memory, the different
asymptotic behaviors can be classified and investigated.

Another less well-understood effect of an environment is to act as a memory for a
subsystem thus leading to non-Markovian dynamics. For the Ohmic spectral density and a
particular initial state we analyzed memory effects in two different parameter regimes: a fast
bath, i.e. ωc ≫ ∆, and the cross over regime ωc ≈ ∆. In the scaling limit, i.e. ωc ≫ ∆, we
employed a perturbative analytic solution and the numerically exact ML-MCTDH approach
to discuss memory effects and non-Markovian effects for a broad range of couplings strengths.
Furthermore, we identified a non-analyticity of the non-Markovianity at α = 0. The results
show that the dynamics transition from non-Markov to Markovian as the decay of the
spin changes from coherent to incoherent decay at α ≈ 0.5. Using our numerically exact
results we tested the validity of an analytic solution and a perturbative master equation, and
demonstrated certain limitations. For the particularly interesting cross over regime, ωc ≈ ∆,
the analytic solution as well as the master equation are not valid and we have to use the
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ML-MCTDH approach. In this regime we have found a complex, non-monotonic dependence
of the non-Markovianity on the coupling strength.

In our analysis of Non-Markovian effects, we have focused on a particular pair of initial
states. For future work, it is of interest to investigate the influence of the initial state on
memory effects. For this, it might be beneficial to relate memory effects to the dynamical
map itself. This would allow for a discussion of memory effects without analyzing the
dynamics of the open system for particular initial states. Additionally, the influence of
anharmonicities or interactions in the environment on the memory effects is an interesting
continuation of this topic.

Many-body localization (MBL) is a known effect which prevents certain systems from
reaching thermal equilibrium. In Chap. 5 we have analyzed local memory in thermalizing
and many-body localized systems. To this end, we have considered the disordered XXZ-
Heisenberg spin chain, a paradigmatic model which exhibits a transition from thermalizing to
many-body localization as the disorder is increased. In the first part, 5.2, we have investigated
the loss of local memory and have analyzed different delocalization mechanisms. On short
and intermediate time scales the hybridization between the spins, induced by spin flips, lead
to a loss of local memory. On longer time scales the antiferromagnetic interaction induces
a slow decay of local memory, similar to the logarithmic time scale usually associated to
many-body localization. Additionally, we have analyzed the local memory across the thermal
to many-body localized transition. We have identified a slow decay of the local memory on
a logarithmic time scale, similar to the logarithmic increase of the entanglement entropy,
which is one of the indicators for many-body localization. For weak disorder strengths,
W ≲ 2J , the local memory distributes equally over the system size as t → ∞, i.e. it scales
approximately with L−1. We have interpreted this as an indicator for thermal behavior. For
stronger disorder, 2J − 3J ≲ W , the local memory scales slower than L−1 and it is not
obvious how to classify this into either thermal or non-thermal behavior.

Our analysis was based on exact diagonalization, i.e. we have considered relatively small
systems. It was recently pointed out that there is a regime in which thermalization in
many-body localized systems can be induced by rare thermal regions. These regions are
unlikely for small systems, but become more likely for increasing system sizes. For future
works, it might be of interest to consider the effect of these rare thermal regions on the
local memory. Similar to the discussion in [94], this can potentially be used to estimate the
critical disorder strength of many-body localization for larger systems.

In the last chapter we have investigated the stability of many-body localization with
respect to non-local interactions induced by a central degree of freedom. To this end, we
have considered a disordered spin chain with nearest neighbor antiferromagnetic interaction
and a centrally coupled degree of freedom. The central degree of freedom, the qudit
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mediates long-range interactions. For weak qudit-spin coupling, we have found signatures of
localization of the spin chain. In this regime, we have identified delocalization on short time
scales induced by the qudit-spin coupling. The antiferromagnetic interaction in the spin
chain lead to a further delocalization of the spins on a longer time scale. The hybridization
between the spins and the qudit allows the antiferromagnetic interaction to delocalize the
spins. As a consequence of the scaled qudit-spin coupling, signatures of delocalization of
the spins vanish as L−1 as L → ∞. Consequently, the spin chain remains localized in
the limit L → ∞, for any qudit-spin coupling strength. For fixed system size and large
enough qudit-spin coupling we have found indications for the thermalization of the spins,
i.e. the local memory decays towards zero as t → ∞. The qudit state, on the other hand,
equilibrates but violates the subsystem state independence. For the parameters considered
here, the initial state of the qudit influences the total energy of system significantly, thus
explaining the violation of subsystem state independence. Although the central degree of
freedom drives the spins towards a unique equilibrium state, the spins fail to thermalize the
qudit.

There are some unanswered questions, which need further investigations. First, we have
identified a slow increase of the entanglement entropy. From the results presented here, we
cannot decide if this is driven by the qudit-spin interaction or the delocalization induced
by the antiferromagnetic interaction of the spins. Second, we have found a slow increase
of the qudit variance, accompanied by a corresponding decay of the spin glass parameter
for vanishing antiferromagnetic interaction. We have hypothesized that this is induced by a
level broadening. To verify this, more sophisticated methods like the hierarchical equation of
motion approach can be used [118–121]. Finally we note that the model we considered here
is just a phenomenological model for many-body localization. An obvious continuation of
this work is to investigate a centrally coupled XXZ Heisenberg spin chain, which exhibits a
transition from thermal to many-body localized behavior.

Besides continuing the work in the different directions discussed above, there are other
directions for further research. One possibility is to investigate memory effects for an
environment which can be tuned from thermal to localized behavior, e.g. considering the
disordered XXZ Heisenberg spin chain as an environment. Since memory effects can be
investigated by the dynamics of the small system alone, this approach can potentially be used
to classify systems into thermal or localized based on the induced non-Markovianity. Another
interesting question is, whether it is possible to derive conditions for the dynamical map, which
guarantee a unique stationary state. As was previously shown, non-degenerate energy gaps of
the Hamiltonian guarantee subsystem equilibration and bath state independence [13]. It would
be interesting to derive a similar condition which implies subsystem state independence.
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A Technical proofs

In this appendix we have collected the proofs for different equations we use to discuss
physical aspects. The proofs presented in this section are purely technical and not necessary
to understand the physical discussion.

A.1 Proof of the bound for δ1,2(t; Ô)

Here we prove the bound for the quantity δ1,2(t; Ô) defined by Eq. (2.28) to quantify the
influence of the initial state on the dynamics of an open system. The quantity for which we
want to find an upper bound is denoted with δ1,2(t; Ô) and is defined as

δ1,2(t; Ô) = |tr{Ô(ρ̂1(t) − ρ̂2(t))}|, (A.1)

where Ô is some observable of the open system, and ρ̂1/2(t) denotes the time evolved density
matrix corresponding to first/second initial state respectively . The difference between the
two density matrices ρ̂1(t) and ρ̂2(t) can be written as

ρ̂1(t) − ρ̂2(t) = 1
2

N2−1∑
n=1

(
a1

n(t) − a2
n(t)

)
Tn, (A.2)

where ai
n(t) = tr{T̂nρ

i} and T̂n are the generators of SU(N). We evaluate the trace in the
eigenbasis of Ô yielding

δ1,2(t; Ô) = 1
2
∣∣∣N2−1∑

n=1

N∑
a=1

(
a1

n(t) − a2
n(t)

)
oa ⟨oa|T̂n|oa⟩

∣∣∣. (A.3)

Using the triangular inequality and rearranging the sums yields

δ1,2(t;O) ≤ 1
2

N2−1∑
n=1

∣∣∣(a1
n(t) − a2

n(t))
∣∣∣ N∑

a=1
|oa|

∣∣∣ ⟨oa|Tn|oa⟩
∣∣∣ (A.4)
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Let omax be the eigenvalue of Ô with the largest absolute value. The second sum is bounded
by

N∑
a=1

|oa|
∣∣∣ ⟨oa|T̂n|oa⟩

∣∣∣ ≤ |omax|
N∑

a=1

∣∣∣ ⟨oa|T̂n|oa⟩
∣∣∣ (A.5)

Similarly, it can be shown that the expectation value of T̂n in an eigenstate of Ô is bounded
by the eigenvalue of T̂n with the largest eigenvalue, which in this case depends on n:

∣∣∣ ⟨oa|T̂n|oa⟩
∣∣∣ ≤ tn,max (A.6)

From the definition of the generators of SU(N), see [46], it directly follows that tn,max is
bounded by

√
2. Using this, one obtains a bound for δ1,2(t; Ô) reading

δ1,2(t; Ô) ≤ 1
2 |o max|

√
2N

N2−1∑
n=1

|a1
n(t) − a2

n(t)| (A.7)

where the factor N originates from the sum over the eigenbasis of Ô. The remaining sum is
the L1 norm of the vector a1(t) − a2(t), i.e.

δ1,2(t; Ô) ≤ 1
2 |omax|

√
2N ||a1(t) − a2(t)||1. (A.8)

To relate the distance between the time-dependent Bloch vectors to the initial distance we
first employ that the sum norm of a vector x⃗ can be bounded by the Euclidean norm as
||x||1 ≤

√
N ||x⃗||2. Using the singular value decomposition of M(t) one can write

||a1
n(t) − a2

n(t)||2 = ||V(t)S(t)WT (t)
(
a1(0) − a2(0)

)
||2. (A.9)

Using the fact that S is a positive semidefinite diagonal matrix, it is easy to show that
||Sx||2 < smax||x||2, where smax is the largest diagonal element of S. Using this, together
with the fact that the Euclidean norm is invariant under orthogonal transformations one can
write

δ1,2(t; Ô) ≤ N3/2
√

2
|omax| s max(t) ||a1(0) − a2(0)||2, (A.10)

which finishes the proof of Eq. (2.29).

A.2 Weak coupling solution for the Bloch vector

Here, we present the analytic expression for the dynamical map for the Ohmic spectral
density in the weak coupling and large ωc limit. The two quantities M(t) and b(t) can be
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derived from the analytic expression for the three components of the Bloch vector. They are
given by

⟨σ̂x⟩ (t) =e−Γxxt ⟨σ̂x⟩ (0) − Γx

Γxx

(1 − e−Γxxt) (A.11)

⟨σ̂y⟩ (t) =e−Γyy/2t

(
cos(∆̃t) ⟨σ̂y⟩ (0) − Γyy

2∆̃
sin(∆̃t) ⟨σ̂y⟩ (0)

− 2∆ − Γyz

∆̃
sin(∆̃t) ⟨σ̂z⟩ (0)

)
(A.12)

⟨σ̂z⟩ (t) =e−Γyy/2t

(
2∆
∆̃

sin(∆̃t) ⟨σ̂y⟩ (0) + cos(∆̃t) ⟨σ̂z⟩ (0)

+ Γyy

2∆̃
sin(∆̃t) ⟨σ̂z⟩ (0)

)
, (A.13)

where ∆̃ denotes the renormalized frequency of the spin and is given by ∆̃ = 1
2

(
8∆(2∆ −

Γyz) − Γ2
yy

)1/2
. These equations describe the time-evolution of the three components of

the Bloch vector for weak coupling and large ωc. The stationary rate approximation, leads
to errors of the transient dynamics.

Using the analytic solution for the three components of the Bloch vector the action of
the dynamical map, defined by the quantities b(t) and M(t) can be derived. The quantities
b(t) and M(t) read

b(t) =
(

Γx

Γxx
(1 − e−Γxxt) 0 0

)T
(A.14)

M(t) =


e−Γxxt 0 0

0 e−Γyy/2t
(

cos(∆̃t) − Γyy

2∆̃ sin(∆̃t)
)

−2∆−Γyz

∆̃ e−Γyy/2t sin(∆̃t)
0 2∆

∆̃ e−Γyy/2t sin(∆̃t) e−Γyy/2t
(

cos(∆̃t) + Γyy

2∆̃ sin(∆̃t)
)
 .

(A.15)

Note that in this perturbative treatment, the time-evolution of ⟨σ̂y⟩ (t) and ⟨σ̂z⟩ (t) is
independent of ⟨σ̂x⟩ (t), and thus M(t) is block diagonal. The singular values of M(t) are
given by the square root of the eigenvalues of MT (t)M(t). Thus, the singular value which
is associated to the dynamics of ⟨σ̂x⟩ is given by e−Γxxt. The other two singular values are
obtained by diagonalizing the 2 × 2 block associated to the dynamics of ⟨σ̂y⟩ and ⟨σ̂z⟩. The
two singular values s±(t) are given by

s±(t) = e−Γyy/2t

2

(
A(t) ±

√
A2(t) − 4 B(t)

)
, (A.16)
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where we defined

A(t) =
(

Γ2
yy

2∆̃2
+ 4∆2

∆̃2
− (2∆ − Γyz)2

∆̃2

)
sin2(∆̃t)

+ 2 cos2(∆̃t)

B(t) =
Γ4

yy

8∆̃4
sin4(∆̃t) − 2

Γ2
yy

4∆̃2
sin2(∆̃t) cos2(∆̃t)

− 4∆2

∆̃2

(2∆ − Γyz)2

∆̃2
sin4(∆̃t) + cos4(∆̃t)

Since A(t) and B(t) are periodic with period 2∆̃, it follows that s±(t) are described by
damped oscillations, where the damping is given by e−Γyy/2t and the period of the oscillation
is 2∆̃. These two singular values describe the coherent decay of ⟨σ̂y⟩ (t) and ⟨σ̂z⟩ (t).

A.3 Symmetry of the spin-boson model and relation between differ-
ent initial states

In this section we discuss how a symmetry of the spin-boson model can be employed to
relate the dynamics of the spin for different initial states. To prove this, we first note that
σ2

x = 1 and σ†
x = σx holds, and thus the transformation ˜̂

O = σxÔσx is unitary. Expectation
values are invariant under unitary transformations:

⟨σ̂i⟩ = tr{σ̂xσ̂iσ̂xσ̂xe−iĤtσ̂xσ̂xρ̂(0)σ̂xσ̂xeiĤtσ̂x} (A.17)

= tr{ˆ̃σie−i ˆ̃Ht ˆ̃ρ(0)ei ˆ̃Ht}.

This transformation only acts on the Hilbert space of the spin, and thus, transforms only
the spin operators. The transformed operators read

σ̂†
xσ̂xσ̂x = σ̂x, (A.18)

σ̂†
xσ̂yσ̂x = −σ̂y, (A.19)
σ̂†

xσ̂zσ̂x = −σ̂z. (A.20)

Using the relations (A.18), (A.19), and (A.20) the transformed Hamiltonian can be calculated
yielding

ˆ̃H = σ̂†
xĤσ̂x = ∆σ̂x + ĤB + σ̂z

∑
n

(−cn)q̂n, (A.21)

where ĤB denotes the Hamiltonian of the harmonic environment. The transformation only
changes the sign of the couplings cn. The properties of the environment which influences
the dynamics of the spin are fully characterized by the spectral density [125,126], which is
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defined as

J(ω) = π

2
∑

n

c2
n

ωn

δ(ω − ωn). (A.22)

Since the spectral density depends on the squared couplings, the two Hamiltonians Ĥ and
ˆ̃H give rise to the same spectral density. Consequently, the reduced spin dynamics induced
by Ĥ and ˆ̃H are equal.

Last, we discuss the action of the unitary transformation on the initial state. Any pair
of initial states ρ̂1 and ρ̂2 which are represented by antipodal points on the great circle on
the Bloch sphere through the north pole and the point (1 0 0)T , are transformed into each
other by the unitary transformation mediated by σ̂x. Thus, we conclude that for these pairs
of initial states ρ̂1 and ρ̂2 the following holds for all times

⟨σ̂x⟩2 (t) = ⟨σ̂x⟩1 (t) (A.23)
⟨σ̂y⟩2 (t) = − ⟨σ̂y⟩1 (t) (A.24)
⟨σ̂z⟩2 (t) = − ⟨σ̂z⟩1 (t). (A.25)

In this case the trace distance can be written as

D(t) =
√

⟨σ̂z⟩2
1 + ⟨σ̂y⟩2

1. (A.26)

A.4 Asymptotic behavior of the non-Markovianity in the spin-boson
model

Here, we prove Eq. (4.20) which we use to analyze the asymptotic behavior of the summed
non-Markovianity for the spin-boson model as α → 0. The starting point of the derivation
is the analytic solution for the trace distance given by Eq. (4.17) and the property

D(t+ π

∆̃
) = e− πγ

∆̃ D(t) (A.27)

Since this holds for all times t, the same holds for the derivative of the trace distance
σ(t) = ∂tD(t). Assuming that the non-Markovianity N is finite, which is true for all
parameters considered here, the defining integral of N can be partitioned as

N =
∞∑

n=0

π/∆̃∫
0

σ>0

dt σ
(
n
π

∆̃
+ t

)
. (A.28)
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Employing property (A.27), this can be written as

N =
∞∑

n=0
e−nπγ/∆̃

π/∆̃∫
0

σ>0

dt σ(t), (A.29)

where the integral measures the information back flow during the first period of the time
evolution. Let I ⊂ [t, t+ π/∆̃] denote the times at which σ(t) > 0. For simplicity, we assume
that I consists of a single, connected interval. This is true for the analytic solution given by
Eq. (4.17). In the following we denote with tmin and tmax the lower and upper end of the
interval I, respectively. From the fundamental theorem of calculus it then follows that

N =
∞∑

n=0
e−nπγ/∆̃

(
D(tmax) − D(tmin)

)
︸ ︷︷ ︸

N1

. (A.30)

Since πγ/∆̃ > 0 the geometric series can be resumed resulting in

N = N1

1 − e−πγ/∆̃
, (A.31)

which represents the resumed expression for the non-Markovianity used in Sec. 4.3.

B Experimental realization of the spin-boson model

The gapped spectral density considered in Sec. 4.2.3 originates from an experimental
realization of the spin-boson model using trapped ions [131]. Using a linear Paul trap a
spin-boson model with up to five bosonic degrees of freedom was realized. The distinct
feature of the experiment is that the smallest frequency of the bosonic environment is
determined by the frequency of the trap, and is thus always larger than zero. We consider
the the continuum limit of the experimental spectral density which is derived as follows. The
spectral density of the five ion model is given by

J5(ω) = π

4α
5∑

n=1
ωnM2

nδ(ω − ωn), (B.1)

where ωn and Mn are determined from experimental parameters and the geometry of the
trap [129–131]. α denotes the coupling strength between the spin and the environment. To
study the dynamics for different coupling strengths α, we fit the experimental parameters
for J5(ω)/α with the function

Jfit(ω) = π

4a(ω − b)e−
(

ω−b
c

)3

, (B.2)
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where a, b and c are fitting parameters. The gapped spectral density we consider is thus
given by

JG(ω/ω1) = α
π

4a(ω − b)e−
(

ω−b
c

)3

, (B.3)

where α denotes the coupling strength, and (a, b, c) = (0.677, 0.541, 1.280).
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