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Abstract The Rastall–Rainbow gravity theory has recently
been proposed as a combination of the Rastall and rainbow
theories. This theory can be thought as a generalization of
the Rastall gravity to an energy dependent Rastall theory,
and leads to an additional degrees of freedom. In this paper,
we construct models that admit the wormhole geometries
within this theory. We analyze the properties of static worm-
holes based on the profiles of dark matter halos, which was
demonstrated earlier in Rahaman et al. (Eur Phys J C 74:2750,
2014) that galactic halo possesses the necessary properties in
favour of the existence of wormholes. The main properties
are being analyzed by considering three different kinds of
halo density profiles. Our results indicate that such worm-
holes could potentially exist but the NEC is violated in the
vicinity of the wormhole throat. We have further examined
the stability of the configuration through the adiabatic sound
velocity.

1 Introduction

Lorentzian wormholes (WHs) act as tunnel-like structure
connecting two distinct domains of the same universe or dif-
ferent universes. WHs were first theorized in 1916 by Flamm
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[1] after the immediate discovery of Schwarzschild solution.
Almost twenty years later, this idea was further developed by
Einstein and Rosen [2] joining the two same Schwarzschild
geometries at their horizons. This mathematical representa-
tion is called Einstein–Rosen bridge. However, the break-
through came after the seminal work by Morris and Thorne
[3]. Within the context of general relativity (GR), they devel-
oped WH solution for static and spherically symmetric space-
time. The salient features of their model is that the space-
time does not have any event horizon and possesses a stress-
energy tensor which violates the null energy condition (NEC)
according to the need of the geometrical structure [3]. Such
violation of matter is called ‘exotic matter’ and necessary for
WH geometry to maintain their mouths opened. Moreover,
the WH processed a minimal surface area satisfying a flare-
out condition. Moreover, Morris et al. [4] have also shown the
possibility of transforming WHs into time machines. More
information about WH solutions can be found in [5,6].

For the sake of traversable WHs, the inevitable conse-
quence is the presence of exotic matter for the existence
of the stable configuration [3,6]. within the GR context the
exotic matter means the violation of the null energy con-
dition (NEC) at least in a throat neighborhood of the WH.
This is a basic difficulty in WH geometry, which can be mini-
mized by finding conditions on it [7]. Further, Nandi et al. [8]
have improved this procedure by knowing the exact amount
of exotic matter in a given spacetime. It was shown in [7]
that the exotic matter can be concentrated on the throat of
the WH, by cutting and pasting two manifolds to obtain a
new geodesically complete manifold. This new procedure is
known as thin-shell WHs and need less exotic matter. Follow-
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ing this work Poisson and Visser [9] studied the stability of
the configuration under linear perturbations. Later, thin-shell
WHs have been widely discussed in Refs. [10–13].

Thus a central aspect of WH physics is related to min-
imized/evacuate the exotic matter. Concerning this many
attempts have been taken for the last three decades. On the
other hand, sustainable WH solutions have been found with
phantom energy EoS in Refs. [14–16]. The linearized sta-
bility analysis of phantom WHs were investigated in [17].
The main reason for the consideration is that the violation
of NEC is a natural consequence in the phantom regime,
and also the energy density increases with time. In this spirit,
WHs supported by generalized Chaplygin gas [18–20], poly-
tropic phantom energy [21], varying cosmological constant
[22] and ghost scalar fields [23] have been studied in detail.
In Ref. [24] evolving WH solution supported by phantom
energy EoS was found within GR context.

Any attempt to construct WHs requires the exotic mat-
ter in Einstein gravity. Several attempts have been made to
alleviate the problem or justify them in a legitimate way.
Leaving aside the GR, alternative theories of gravity have
received much attention in competition with GR. Naturally,
some authors have investigated WH solution in modified
gravity. A few related examples of these alternatives theo-
ries are third-order Lovelock gravity [25,26], f (Q) gravity
[27–29], hybrid metric-Palatini gravity [30,31] and extended
theories of gravity [32,33]. In recent times, WH solutions
have also been found in scalar-tensor theories [34–36],
Einstein–Cartan gravity [37,38], braneworld gravity [39–
41], higher order gravity [42,43], higher-dimensional cosmo-
logical WHs [44], Einstein–Gauss–Bonnet theory [45–47].
Traversable WH solutions were further examined in f (R, T )

gravity [48–50] with R being the Ricci scalar of a spacetime
and trace of the matter stress-energy tensor T . Apart from
these studies, authors in [51,52] have showed that one may
construct WH structure satisfying the NEC for normal matter
threading the WH throat. In the same spirit, WHs have also
been found in f (R, T ) gravity without resorting to exotic
matter [53–55].

Thus, it is always interesting to explore WH geometries in
modified gravity theories in hope of finding solutions without
exotic matter. In this regard, we construct models that admit
the traversable WH geometries in framework of Rastall–
Rainbow (R–R) gravity theory [56]. Motivated by the impor-
tant effect of two distinct theories, namely, the Rastall theory
[57] and the gravity’s rainbow [58], R–R gravity theory was
proposed by Mota et al. [56]. This new theory has been tested
in the strong-field regime. In the astrophysics context, Mota et
al. [56] have studied neutron stars (NSs) assuming relativis-
tic equations of state (EoS) of nuclear matter. They obtained
stable NSs with maximum mass as high as M ∼ 2M�, but
the radii are a bit too large. Same gravity theory has been
considered for anisotropic stars in [59]. In [60,61], authors

have obtained stable quark stars (QSs) showing the effect
of R–R parameters on the mass-radius relations. Indeed, the
charged gravastars solution has recently been undertaken by
[62]. In particular, WH geometry has also been explored in
Ref. [63] for different kinds of EoS and showed the effect
of R–R parameters on it. Given the general nature of f (R)

gravity [64] and its equivalence to scale-dependent gravity,
it is reasonable to inquire whether Rainbow gravity is itself
a special case of one of these proposals. In the case of f (R)

theory the Einstein–Hilbert action is modified by replacing
the Ricci scalar R with a function of R and this construction
successfully deals with the accelerated expansion of the uni-
verse problem without appealing to dark energy. The action is
modified not the metric. Scale-dependent gravity uses ideas
from quantum gravity and speculates that the coupling ’con-
stants’ are in fact variables. The form of the metric is not
affected. On the other hand in Rainbow gravity [56,58], the
main idea is that the metrics are affected by energy scales.
For these reasons we infer that Rainbow gravity is distinct
from both f (R) gravity as well as scale dependent gravity.
Calzada et al. [65] recently proved that every f (R) gravity
can be represented as a scale dependent gravity at the level
of the action and at the level of the field equations. How-
ever, the converse is false and this is demonstrated through
counterexamples.

Motivated by the ongoing prosperity of R–R gravity the-
ory, the present article aims to explore the possible existence
of WHs in the dark matter halo. Our findings concur with the
recently reported results in [66] to corroborate the findings of
WHs in galactic halos due to the dark matter density profiles.
Beside that we have also shown the effect of R–R parameters
on the geometric structure of WH solutions.

The paper is organised as follows: Sect. 2 is devoted to
review the basic properties of R–R gravity theory, focus-
ing on the development of static spherically symmetric WH
configuration. In Sect. 3, we show that the galactic halo pos-
sesses the necessary properties in support for the existence of
traversable WHs, due to the dark matter density profiles. In
the same spirit the energy conditions are tested for the whole
WH spacetime. The Sect. 4 is devoted to the summary and
discussion.

2 Rastall–Rainbow gravity and the structural equation
for wormhole

The R–R gravity theory has been proposed by Mota et al
[56] as a combination of two modified theories, namely, the
Rastall theory [57] and the Rainbow theory [58]. Below,
we will discuss both theories separately and its combination
also.
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2.1 Rainbow theory

Doubly (or deformed) special relativity (DSR) was proposed
as a combination of the modified dispersion relations (MDR)
with the special relativity by Amelino-Camelia [67]. The
DSR is characterized by the velocity of light c and the Planck
energy Ep. Further, generalization of DSR to the curved
spacetime leads to a new theory called as rainbow gravity (or
gravity’s rainbow) [58]. An important aspect in the formu-
lation of gravity’s rainbow is a modified energy-momentum
dispersion relation, and such modification is usually written
as

E2�(x)2 − p2�(x)2 = m2, (1)

in which x = E/Ep represents the dimensionless energy
ratio between the Planck energy Ep and Ep is the maximum
energy for a test particle of mass m. Here, the correction
terms �(x) and �(x) are the so called rainbow functions, and
responsible for the modification of the energy-momentum
dispersion relation in the high-energy limit. However, in the
IR limit, x = E/Ep → 0, which implies

lim
x→0

�(x) = 1, lim
x→0

�(x) = 1, (2)

and we recover the standard energy-momentum dispersion
relation. Now, the energy dependent metric can be written in
the following form [58]

gμν(x) = ηabeμ
a (x) ⊗ eν

b(x), (3)

where ηab is the Minkowski metric. The energy-dependent
vierbein fields eμ

a (x) are related to the energy-independent
ones by considering a transformation implemented by

eμ
0 (x) = 1

�(x)
ẽμ

0 , eμ
k (x) = 1

�(x)
ẽμ
k . (4)

the index runs from k = (1, 2, 3) represents the spatial coor-
dinates. Finally, the spherically symmetric line element of
gravity’s rainbow is given as [58]

ds2 = − e2�(r)

�2(x)
dt2 + dr2

�2(x)
(

1 − b(r)
r

) + r2

�2(x)
(dθ2

+ sin θ2dφ2), (5)

where the functions �(r) and b(r) depend on the radial coor-
dinate r . One may also observe that the spherical coordinate
(r , t , θ and φ) are independent of the energy of the probe
particles. Since, Eq. (5) represents a WH spacetime having
the following features: (i) a minimal surface area called the
throat of the WH with the condition b(r0) = r0; (ii) the

throat connects two asymptotically flat regions of the space-
time; and (iii) the redshift function �(r) must be finite in
the entire spacetime to avoid the presence of event horizons.
Furthermore, the shape function b(r) should satisfy the con-
dition b′(r0) < 1 at the WHs throat with the flaring-out
condition b(r)−rb′(r)

b2(r)
> 0 [3]. We should also assume that

1 − b(r)/r > 0 for the region out of the throat. In the next
section, we consider the Rastall gravity to an energy depen-
dent Rastall gravity theory by absorbing the the energy metric
and examine the effect of rainbow functions onto it.

2.2 Rastall theory

In 1972, Rastall gravity theory has been proposed as a
phenomenological extension of General Relativity (GR) by
Rastall [57]. According to his proposal the usual conserva-
tion law on the energy-momentum tensor does not hold in
curved spacetime and replaced by the relation

T ν
μ;ν = λ̄R,μ, (6)

Here, the covariant derivative of stress-energy tensor is pro-
portional to the Ricci scalar and λ̄ is an undetermined con-
stant. One can write the Eq. (6) in more convenient form

(

T ν
μ − λ̄δν

μR
)

; ν
= 0. (7)

As a result, there exists a curvature-matter coupling, which
can recast the field equation as follows

Rν
μ − 1

2
δν

μR = 8πG
(

T ν
μ − λ̄δν

μR
)

. (8)

With the help of Eq. (8), the field equation of Rastall theory
takes the final form where the stress-energy tensor stays on
the right side, i.e.,

Rν
μ − λ

2
δν

μR = 8πGT ν
μ, (9)

where λ̄ = 1−λ
16πG and λ is a Rastall free parameter that

includes a nonminimal curvature-matter coupling. Interest-
ingly, we re-obtain the standard general relativistic equation
of motion when λ̄ = 0 (or λ = 1).

2.3 Rastall–Rainbow theory

Following the above discussion, authors in [56] have pointed
out that one can construct another modified gravity theory,
called Rastall–Rainbow (R–R ) gravity by combining both
theories in a specified manner. Thus, using the definition
given by Eq. (9), we can write the modified Einstein’s field
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equations as a combine effect of Rainbow and Rastall gravity,
under a single formalism

Gμ
ν(x) ≡ Rμ

ν(x) − η

2
δμ

ν(x)R(x) = k(x)Tμ
ν(x), (10)

where k(x) = 8πG(x) and G(x) represents the energy-
dependent gravitational constant. As a result, we get an
energy dependent field equations in R–R gravity theory. Fol-
lowing the argument given in [56] that the R–R theory leads to
an interplay between gravity, high-energy physics and quan-
tum theory.

Since we are searching for the WH solutions analytically,
thus we assume an anisotropic stress-energy tensor of the
form

Tμν = (ρ + pt )uμuν + pt gμν − (pt − pr )χμχν, (11)

where uμ is the fluid 4-velocity of matter field, χμ is the
unit radial vector so that χμχμ = 1 and gμν is the metric
tensor. Here, ρ = ρ(r) represents the energy density, while
pr = pr (r) and pt = pt (r) are two pressure components
along the radial and transverse direction, respectively.

Rearranging the Eq. (10) in its covariant form, we can cast
the usual Einstein tensor in the left side, with an effective
energy-momentum tensor on the right-hand side, as follows

Gμν = Rμν − 1

2
gμνR = 8πGτμν, (12)

where

τμν = Tμν − (1 − λ)

2(1 − 2λ)
gμνT . (13)

Finally, starting from (5) and (12), we get the components of
the energy-momentum tensor for R–R gravity in the follow-
ing forms (throughout this study, we assume G(x) = 1)

b′

r2 =8πρ̄, (14)

2

(

1− b

r

)

�′

r
− b

r3 =8π p̄r , (15)
(

1− b

r

)[

�′′+�′2− b′r−b

2r(r−b)
�′− b′r−b

2r2(r−b)
+ �′

r

]

=8π p̄t ,

(16)

where a prime denotes a derivative with respect to the radial
coordinate r , and ρ̄ is the effective energy density with p̄r
and p̄t are the effective pressure components, defined by

ρ̄ = 1

�(x)2 [α1ρ + α2 pr + 2α2 pt ] , (17)

p̄r = 1

�(x)2 [α2ρ + α1 pr − 2α2 pt ] , (18)

p̄t = 1

�(x)2 [α2ρ − α2 pr + α3 pt ] , (19)

with

α1 = 1 − 3λ

2(1 − 2λ)
, α2 = 1 − λ

2(1 − 2λ)
, α3 = − λ

1 − 2λ
.

In the following, we see that the equations (14–16) are differ-
ent from the usual TOV equations for a static spherically sym-
metric anisotropic fluid, but one can recover this for λ = 1
and � = 1. Finally, we have three differential equations
(14)−(16) having five unknown quantities, i.e., �(r), b(r),
ρ(r), pr (r) and pt (r), respectively. Form mathematical view
point this is an undetermined system of equations. To over-
come this challenge, researchers adopted different strategies
elegantly. But, our current interest is to search for a stable
traversable WH in dark matter galactic halos. Subsequent
studies confirm our findings.

3 Commonly considered models for galactic dark
matter halos

In the context of dark matter halos, several investigations
have been conducted that propose the existence of galactic
WHs [68–70]. These investigations primarily rely on rota-
tion curves as their basis. It is worth noting that the concept
of dark matter was initially proposed to explain the flat rota-
tion curves observed in galaxies, based on measurements of
the Oort constants [71] and studies of the masses of galaxy
clusters [72,73]. To account for these flat rotation curves, the
Navarro-Frenk-White density profile function [74,75] was
proposed, which demonstrated improved agreement with cer-
tain dark matter halo simulations [76]. Typically, the WH
throat is enclosed by distinct types of dark matter halos. The
observed violation of energy conditions provides evidence
for the existence of these dark halos. In this study, we aim
to examine the effects and characteristics of various types of
dark matter halos. Consequently, we explore embedded WH
solutions that incorporate multiple diverse dark matter halo
profiles in this section.

3.1 The Navarro–Frenk–White (NFW) profile

The distribution of dark matter halo in the context of Cold
Dark Matter (CDM) is commonly described by the NFW
profile. The NFW profile was derived from N-body simula-
tions [66,74,75,77,78] and can be expressed in the following
form,

ρ ≡ ρNFW = ρs

r
Rs

(

1 + r
Rs

)2 . (20)
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Fig. 1 The plots displayed in this presentation illustrate b(r) and b(r) − b′(r)r using Eqs. (22), (25), and (28), respectively. The parameter values
employed in the analysis are as follows: r0 = 0.85 and λ = 0.36, �[x] = 0.6, ρs = 0.003, and Rs = 0.75, 2.75, 0.30 in Planck units

In the NFW profile, the parameter Rs represents the charac-
teristic radius of the dark matter halo, while ρs corresponds
to the density at the center of the halo (zero radius) in the
universe. For the M87 galaxy, the values for the NFW profile
parameters are as follows: ρs = 0.008×107.5M�kpc−3 [79]
and Rs = 130 kpc [66]. The NFW density profile provides an
explanation for a wide range of models that exhibit extremely
weak effects of particle collisions. This profile encompasses
a vast family of models with such characteristics.

Now, utilizing Eqs. (14–16) and Eq. (20) specific to zero-
tidal-force WHs, we derive the expression for the shape func-
tion as follows,

b(r) = 8πρs R3
s

λ�[x]2

[

Rs

r + Rs
+ log(r + Rs)

]

+ Ca, (21)

where Ca is the integrating constant. This value can be deter-
mined by imposing the condition b(r0) = r0, which leads to
the following equation,

b(r) = r0 + 8πρs R3
s

λ�[x]2

[

Rs

r + Rs
+ log(r + Rs)

]

−8πρs R3
s

λ�[x]2

[

Rs

r0 + Rs
+ log(r0 + Rs)

]

. (22)

The shape function is dependent on both parameters λ and
�, respectively. Thus, to fulfill the required conditions for a
static WH solution, we examine a specific WH model with
the throat located at r0 and b′(r0) < 1. This can be accom-
plished by assigning suitable values to the remaining param-
eters, namely ρs , Rs , �, and λ. By fixing these parameter
values, we can generate plots of the shape function and the
embedding diagram, obtained by rotating the WH configura-
tion around the z-axis over a 2π angle. These plots provide
valuable insights into the existence and characteristics of the
WH, (see the left panel of Figs. 1 and 2 to observe the plotted
shape function and embedding diagram.)

3.2 The Thomas–Fermi (TF) profile

In contrast to the Cold Dark Matter (CDM) model, the
Bose–Einstein Condensation (BEC-DM) model demon-
strates notable advantages in describing the small-scale
behaviors of galaxies. In reality, within the inner regions of
galaxies, particle interactions become exceedingly strong,
resulting in a departure from a cold state. The density profile
for the BEC-DM model can be effectively described by the
Thomas–Fermi (TF) profile [80], which can be expressed as
follows,

ρ ≡ ρT F = ρs
sin( π

Rs
r)

π
Rs
r

, (23)

where ρs represents the center density of the BEC-DM halo
and Rs corresponds to the radius at which pressure and den-
sity vanish. When compared to the NFW profile, the BEC-
DM model predicts a notably lower density in the centers of
galaxies. In the case of the Milky Way galaxy, the values for
the BEC-DM parameters are ρs = 3.43 × 107M�kpc−3 and
Rs = 15.7 kpc, as reported by Hou et al. [81] and Xu et al.
[82].

Now, employing Eqs. (14) through (16) and Eq. (23) for
zero-tidal-force WHs, we can determine the shape function
as follows,

b(r) = 8ρs Rs

λ�[x]2

[ R2
s sin

(

πr
Rs

)

π2 −
r Rs cos

(

πr
Rs

)

π

]

+ Cb,
(24)

where Cb is the integrating constant. We can determine its
value by imposing the condition b(r0) = r0, which leads to
the following formula,

123



  573 Page 6 of 11 Eur. Phys. J. C           (2024) 84:573 

z(r) > 0

(z(r) < 0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

–1.5

–1.0

–0.5

0.0

0.5

1.0

1.5

r in [km]

z
(r
)

Upper and Lower Universes

z(r) > 0

(z(r) < 0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

–1.0

–0.5

0.0

0.5

1.0

r in [km]

z
(r
)

Upper and Lower Universes

z(r) > 0

(z(r) < 0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

–1.5

–1.0

–0.5

0.0

0.5

1.0

1.5

r in [km]

z
(r
)

Upper and Lower Universes

Fig. 2 The plots presented here portray the embedding diagram (Top panel) and the embedded surface z(r) (Bottom panel) for the three analyzed
DM models. The parameter values used in the analysis are as follows: r0 = 0.85 and λ = 0.36, �[x] = 0.6, ρs = 0.003, and Rs = 0.75 in Planck
units

Fig. 3 The plots presented here illustrate the evolution of ρ for the three analyzed DM models. The parameter settings used for the analysis are as
follows: r0 = 0.85, ρs = 0.003, and Rs = 0.75, 2.75, 0.30 in Planck units

b(r) = r0 + 8ρs Rs

λ�[x]2

[ R2
s sin

(

πr
Rs

)

π2 −
r Rs cos

(

πr
Rs

)

π

]

− 8ρs Rs

λ�[x]2

[ R2
s sin

(

πr0
Rs

)

π2 −
r0Rs cos

(

πr0
Rs

)

π

]

. (25)

This second shape function is also dependent on both param-
eters λ and � and satisfies the necessary conditions for a
static WH solution, specifically b′(r0) < 1 at r0. To achieve
this, we can fix appropriate values for the remaining parame-
ters, namely ρs , Rs , �, and λ. Subsequently, we can generate
plots of the shape function and the embedding diagram by
rotating the WH configuration around the z-axis over a 2π
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angle. These plots offer valuable insights into the existence
and characteristics of the WH (refer to the middle panel of
Figs. 1 and 2 to observe the plotted shape function and embed-
ding diagram).

3.3 The pseudo isothermal (PI) profile

Apart from the CDM model and the BEC-DM model, there
is another significant class of models associated with mod-
ified gravity theories called Modified Newtonian Dynamics
(MOND) [83]. In the MOND model, the density profile is
described by the PI profile, which can be expressed by the
following formula,

ρ ≡ ρP I = ρs

1 +
(

r
Rs

)2 . (26)

In this context, ρs represents the central density, while Rs

represents the scale radius. For the ESO1200211 galaxy, the
reported values for the parameters of the PI profile are ρs =
0.0464M�pc−3 and Rs = 0.57 kpc, as provided by Robles
and Matos [84].

Now, using Eqs. (14)–(16) and Eq. (26) for zero-tidal-
force WHs, we can calculate the shape function as follows,

b(r) = 8πρs R2
s

λ�[x]2

[

r − Rs tan−1
(

r

Rs

) ]

+ Cc, (27)

where Cc is the integrating constant. We can determine its
value by imposing the condition b(r0) = r0, which leads to,

b(r) = r0 + 8πρs R2
s

λ�[x]2

[

r − Rs tan−1
(

r

Rs

) ]

−8πρs R2
s

λ�[x]2

[

r0 − Rs tan−1
(

r0

Rs

) ]

. (28)

The third shape function considered in this context is deter-
mined by the parameters λ and �. It satisfies the necessary
conditions for a static WH solution, particularly ensuring that
the derivative of the shape function with respect to the radial
coordinate, denoted as b′(r0), is less than 1 at r0. To achieve
this, appropriate values for the remaining parameters, namely
ρs , Rs , �, and λ, can be chosen. Subsequently, by rotating the
WH configuration around the z-axis through a complete 2π

angle, we can generate plots illustrating the shape function
and the embedding diagram. These plots provide valuable
insights into the WH’s characteristics and existence (see the
right panel of Figs. 1 and 2 for visual representations of the
shape function and embedding diagram).

3.4 Energy conditions

In this section, we specifically focus on the ECs related to
the matter content of the WH that are essential for achieving
stability and traversability within dark matter galactic halos.

3.4.1 Energy conditions for NFW profile

Based on the preceding assumptions, the remaining two non-
vanishing components of the gravity field equations can be
expressed as follows,

pr (r) = −ρs R3
s

λr3

[

r2((λ−1)r0+(λ−2)Rs)+r Rs(r0−Rs)+r0R2
s

(r+Rs)2(r0+Rs)

+ log(r+Rs)− log(r0+Rs)

]

−r0�[x]2

8πr3 , (29)

pt (r) = ρs R3
s

2λ

[

r2(r0−2λ(r0+Rs))+r Rs(r0−Rs) + r0R2
s

(r+Rs)2(r0+Rs)

+ log(r+Rs)− log(r0+Rs)

]

+r0�[x]2

16πr3 . (30)

To analyze the ECs related to the matter content of the
WH, we start by using the field equations (29)–(30) and
considering the NFW density profile given by Eq. (20). In
this analysis, we focus on the Null Energy Condition (NEC),
which is defined by ρ + pr ≥ 0 and ρ + pt ≥ 0. The explicit
expressions for the NEC can be obtained as follows,

ρ + pr = ρs R3
s

λr3

[

r(2r+Rs)

(r+Rs)2 − log(r+Rs)− r0

r0+Rs
+ log(r0+Rs)

]

−r0�[x]2

8πr3 , (31)

ρ+pt = ρs R3
s

λr3

[

r(2r+Rs)

(r+Rs)2 − log(r+Rs)− r0

r0+Rs
+ log(r0+Rs)

]

−r0�[x]2

8πr3 . (32)

3.4.2 Energy conditions for TF profile

Under the same assumptions as before, the remaining two
nonvanishing components of the gravity field equations can
be expressed as follows,

pr (r) = ρs Rs

π3λr3

[

−
(

π2(λ − 1)r2 + R2
s

)

sin

(

πr

Rs

)

+πr Rs cos

(

πr

Rs

)

+ Rs

(

Rs sin

(

πr0

Rs

)

−πr0 cos

(

πr0

Rs

)) ]

− r0�[x]2

8πr3 , (33)

pt (r) =
[

ρs Rs

π3λr3

[

−
(

π2(λ − 1)r2 + R2
s

)

sin

(

πr

Rs

)
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Fig. 4 The plots presented here illustrate the evolution of ρ + pr for the three analyzed DM models. The parameter settings used for the analysis
are as follows: r0 = 0.85, ρs = 0.003, and Rs = 0.75, 2.75, 0.30 in Planck units

Fig. 5 The plots presented here illustrate the evolution of ρ + pt for the three analyzed DM models. The parameter settings used for the analysis
are as follows: r0 = 0.85, ρs = 0.003, and Rs = 0.75, 2.75, 0.30 in Planck units

+πr Rs cos

(

πr

Rs

)

+ Rs

(

Rs sin

(

πr0

Rs

)

−πr0 cos

(

πr0

Rs

))]

− r0�[x]2

πr3

]

. (34)

To examine the ECs associated with the matter content of
the WH, we start by employing the field equations (29)–(30)
and considering the density profile given by the TF model, as
described in Eq. (23). In this regard, we can derive the NEC
for the TF model in the following manner,

ρ + pr = ρs Rs

π3λr3

[

(πr − Rs)(πr + Rs) sin

(

πr

Rs

)

+πr Rs cos

(

πr

Rs

)

+ Rs

(

Rs sin

(

πr0

Rs

)

−πr0 cos

(

πr0

Rs

))]

− r0�[x]2

8πr3 , (35)

ρ + pt = ρs Rs

2π3λr3

[

(

π2r2 + R2
s

)

sin

(

πr

Rs

)

−πr Rs cos

(

πr

Rs

)

+ Rs

(

πr0 cos

(

πr0

Rs

)

−Rs sin

(

πr0

Rs

))]

+ r0�[x]2

16πr3 . (36)

3.4.3 Energy conditions for PI profile

With the assumptions mentioned earlier, the remaining two
nonvanishing components of the gravity field equations can
be represented as follows,

pr (r) = ρs R2
s

r3λ
(

r2 + R2
s

)

[

− λr3 + Rs

(

r2 + R2
s

)

(

tan−1
(

r

Rs

)

− tan−1
(

r0

Rs

))

+r2r0 − r R2
s + r0R

2
s

]

− r0�[x]2

8r3π
, (37)

pt (r) = ρs R2
s

2r3λ
(

r2 + R2
s

)

[

− 2(λ − 1)r3 − Rs

(

r2 + R2
s

)
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Fig. 6 The plots presented here illustrate the evolution of v2
s for the three analyzed DM models. The parameter settings used for the analysis are

as follows: r0 = 0.85, ρs = 0.003, and Rs = 0.75, 2.75, 0.30 in Planck units

(

tan−1
(

r

Rs

)

− tan−1
(

r0

Rs

))

−r2r0 + r R2
s − r0R

2
s

]

+ r0�[x]2

16πr3

]

. (38)

By employing the field equations (29)–(30) and consid-
ering the density profile given by the PI model as described
in Eq. (26), we can investigate the ECs associated with the
matter content of the WH. Specifically, we focus on deriving
the NEC for the PI model, which can be done in the following
manner,

ρ + pr = ρs R2
s

r3λ
(

r2 + R2
s

)

[

Rs
(

r2 + R2
s

)

(

tan−1
(

r

Rs

)

− tan−1
(

r0

Rs

))

+ r2r0 − r R2
s + r0R

2
s

]

−r0�[x]2
8πr3 , (39)

ρ + pt = ρs R2
s

2r3λ
(

r2 + R2
s

)

[

− Rs
(

r2 + R2
s

)

(

tan−1
(

r

Rs

)

− tan−1
(

r0

Rs

))

+ r2(2r − r0) + R2
s (r − r0)

]

+r0�[x]2
16πr3 . (40)

3.5 Analyzing the three solutions and their stability

To begin our construction, we analyze the parameters sep-
arately, using values adopted in R–R gravity. We choose
three values for λ = 0.36, 1, 1.6 and three values for
�[x] = 0.6, 1, 1.8. These values are applied to the three
examined dark matter models: the NWF profile, TF profile,
and PI profile, respectively. The density profiles are inves-

tigated within the context of WH analyses, and their valid
behavior is illustrated in Fig. 3 for the three models under con-
sideration. Moreover, Fig. 3 demonstrates that in the vicinity
of the WH throat, r0 = 0.85, the density remains positive in
both the NFW and PI models. However, in the TF model, the
density is positive at the throat but becomes negative at a cer-
tain distance. By considering specific values for the param-
eters: λ = 0.36, 1, 1.6, �[x] = 0.6, 1, 1.8, ρs = 0.003,
and Rs = 0.75, as shown in Fig. 3, it can be confirmed that
the density profiles exhibit the expected behavior and are
consistent with the chosen parameter values. In Fig. 4, we
present plots of ρ + pr by using the following parameter
values: r0 = 0.85, λ = 0.36, 1, 1.6, �[x] = 0.6, 1, 1.8,
ρs = 0.003, and Rs = 0.75. We observe that ρ + pr < 0 in
all three cases. It is worth noting that when λ = 1 and � = 1,
we obtain the GR solution for dark matter halo geometries.
Subsequently, we plot ρ + pt as shown in Fig. 5 with the
same parameter sets. It is evident that ρ + pt > 0 throughout
the spacetime. This violation of the NEC arises due to the
flaring-out condition. By employing the same analysis, we
also determine the NEC of the WH solution at the throat.
Consistently, we find that ρ + pr < 0 and ρ + pt > 0. We
see in the vicinity of the WH throat, the NEC is violated.
Upon examining the earlier analysis of the ECs, it is evi-
dent that the influence of different density profiles is quite
similar. Although the three models considered are applied in
distinct scenarios, they share certain properties in WH forma-
tion. This phenomenon is visually evident as some behaviors
related to ECs practically coincide. In contrast, in scenar-
ios involving very high densities and microscopic WHs, as
anticipated, the model with the most significant deviation
from GR prevails over the others.

Let us now turn our attention to the stability analysis of
the static solutions described above, focusing on the adiabatic
sound velocity denoted as v2

s = ∂<p>
∂ρ

. Here, < p > repre-
sents the average pressure across the three spatial dimensions,
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specifically given by < p >= 1
3 (pr +2pt ). It is worth noting

that this property holds true under the constraint 0 ≤ v2
s < 1.

By incorporating Eqs. (20), (23), and (26), along with
Eqs. (29), (30), (33), (34), (37), and (38), we can calculate
the explicit expressions for the adiabatic sound velocity cor-
responding to the three analyzed models using the following
formula,

v2
s = d < p >

dr

(

dρ

dr

)−1

. (41)

The adiabatic sound velocity plays a critical role in ensuring
the stability of the solutions. It enables us to investigate the
propagation of perturbations within the throat and verify the
validity of our approximations for the ratio of the WH throat
radius to the compactified space coordinate. Interestingly,
the adiabatic sound velocity exhibits a distinct behavior with
respect to the compactified space coordinate, as depicted in
Fig. 6. Notably, within this compactified space, we observe
that the flaring-out condition and stability conditions are
simultaneously satisfied.

4 Concluding remarks

Our aim in this article is to find the possibility of having
Lorentzian WHs in R–R gravity theory. The recently pro-
posed R–R theory as a combination of the Rastall and rain-
bow theories has attracted a lot of interest in astrophysics
and beyond. This theory may also be treated as a general-
ization of the Rastall gravity to an energy dependent Rastall
theory. Here, our main motivation for considering WH solu-
tions in dark matter halos around active galaxies. This was
first pointed out in Ref. [69] that galactic halo would be a
favourable location in existence of WHs. Thus, in order to
obtain a complete description of WHs, we consider three dif-
ferent kinds of matter distribution within a halo (known as
its ‘density profile’), such as (i) the Navarro–Frenk–White
(NFW) profile, (ii) the Thomas–Fermi (TF) profile and (iii)
the pseudo isothermal (PI) profile, respectively.

Next, using the field equations and density profiles, we
obtain the shape function satisfying the necessary conditions
to have WH solutions, see Figs. 1 and 2. Then, we investigate
the energy conditions using those models under considera-
tion. We see that the matter content WHs violate the NEC at
the throat and it’s neighbourhood, as can be readily verified
from Figs. 3, 4 and 5. Interestingly, the behaviour of ECs are
almost similar in every cases under consideration. Finally,
we examine the stable of the solution via adiabatic sound
velocity. This requirement is also satisfied depending on the
model parameters λ and �, as shown in Fig. 6. The results
illustrate that WHs could exists in galactic halo region, but

needed more astrophysical datasets to confirm their possible
existence.
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