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K1-1p4e9 K.n., XpHcTo8 E.X. P5- 12410 
0 paanomeHH~X, C8~3aHH~X C npOI-138eAeHH~MI-1 peweHHA 
A8YX peryn~pH~x onepaTopo8 ~HpaKa 

~~ n106oA 8eKTop-ct>yHK4HH f(x)=(f 1 (x), f2 (x)) .:: C 1[0. 17] 
nony4eHa ct>opMyna paanomeHH~ no npoH38eAeHH~M 

( 

(1) (2) (1) (2)) ( {j)) {1)0 (2) X A)= y1 y1 -y2 y2 ~ {j) - y 1 
Y Y ( , ( 1) {2) ( 1) {2) peweHHI-1 y (x.A)- {j) 

Y1Y2 + Y2Y1 y2 
0=1.~ A8YX caMoconp~meHH~x Kpae8~X 3aAa4, onpeAen~eM~x 
CI-ICTeMaMI-1 ~1-!paKa · 

( 0 1) dy0) ( p .(x) q . (X)) {j) (i) ) 
------- + J J y = A y (0 < X < 17 

- 1 Q dx q. (X) - p . (X) - -
J -~ (i) (j) 1-1 rpaHt-t4HbiMH ycn08H~MH Y~ (0) = 0, y 

1 
(17)sina. + y 

2 
(rr)cosa. = 0, 

rAe Pj(x),qj(X)E-C
1

[0,77], aiE[0,17) O=l.J2). KaKcnJACT8He 
npeAnOmeHO npOCTOe AOKa3aTenbCT80 HeKOTOpbiX, 8 OCH08HOM 
1-138eCTHbiX, YT8epmAeH!-1A 1-13 o6paTHOA 3aAa41-1 An~ onepaTopa 
~HpaKa. 

Pa6oTa 8~nonHeHa B na6opaTOPI-1~ 8~41-!CnHTenbHOA TeXHI-IKI-1 
1-1 a8TOMaTH3a4HH OHRH. 

npenpHHT 06beOHHeHHOro HHCTHTyra HaepHbiX HccneaosaHHA, Dy6Ha 1979 

Khristov K.P., Kirchev K.P. 
P5 - 12410 

On Expansions, Associated with Products of 

Solutions of Two Regular Dirac Operators 
We obtai ned for every vector-function f(x) = (f

1 
(x), f

2
(x))t: 

E C 
1

[0, 77] an expansion formulae over products 
y (1) 0 y (2) (x, A)= ~Y\ly{J)- y~1)y ~2), y<i)Y (2)+ y~l) y (~)) T 

of so 1 uti ons y (J) (x, A)= (Y <t) . y ~) ) .fl , U =1.2) of two se 1 f­
adjoint boundary value problems,determined by Dirac systems 
of equation 

( 0 1) -~~~~-- + (Pi (x) 
- 1 0 dx _ q i (X) 

J {j) (. q ·(X)} 
p j (X) = A Y J) , ( Q .$ X .$ 17) 

and boundary conditions 
{j) (j)( ) . {j) ( ) Y 2 (0) = 0, y 1 17 sma i + y 2 17 cosa i = 0, where 1 

p j (x), qj (x) E- C [0. 17], a j E [0. 17), (j = 1.2). 

As a corollary we suggest a simple proof of some, in gene­
rally known, theorems in the universe problem for Dirac 
operator. 

The investigation has been performed at th~ Laboratory 
of Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1979 

"" 

BBB,4BHHB 

1. 06o3Ha'IBM 'lepe 3 lQ(x), a! x paesy ro 3a .na'ly, onpe.nenJieMy ro 

CBCTCMOB ypaBHCHBB ,ll;up a x a 

By'+ Q(x)y=Ay (0.:;: X~17), ('= d/dx) 

B rpaHB'IHhiMB YCDOBBJIMB 

Y
2

(0) = 0, 

r .ne B =( 0 -1 

y 1 (17) sin a + y 
2 

(17) cos a= 0, 

1) ( p(x) 
0 ' Q(x) = q(x) 

q(x) 
-p(x) } r=( ~J 

/ 0 .1/ 

/0 .2/ 

BCIQCCTBCHHhiC cilYHXl{BB P ( X) , q (X) E C 1 [0, TT] , 'IBCDO a E [0, 17) . 

llycTh ¢( X. A) a t/1 (x, A) - pemeHBJI ypasueuuA /0.1/, Taxue, 'ITO 

¢(0 , A)= ( 1, {)) T, t/J( 77 , A)= (cosa , - sina) T /0.3/ 

IT - Tpaucnouuposauae/ u 

w (A) = ¢
1 

(17, A) sin a + ¢
2 

(17, A) co s a = - r/J 
2 

(0, A) /0.4/ 

l Q(x), a! . Kax H3BCCTHO 

(n E- Z = (Q , ±1, .. • )) cilYHXl{BB 

3a,lla'IB /0 . 1/, 0 .2//-

xapaxTepucT&'IecxaJI cllYHXUBJI 3a.na'IB 

/eM., uanpuMep, 111 rn . 1/, uynu An 

w(A) / onpe.nenJIJOmBe cnexTp a .I Q(x), a! 
npoCThle, T .e. w(An) f 0 ( . =a/aA), B npu n -+± oo 

I - 1 
An = n - a 17 + 0 (n ) • /0.5/ 
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2. Ilycn. Tenepb 3a.AaHbl .ABe KpaeBhle 3a,Aa'IH: I Q . ( x), a 
1
. I 

. J 
(j = 1,2). IlocTpOHM no HX cneKTpaM a. = I A (J) , (n E- Z) I MHO)KeCT-

Ba A=a 1 ua 2 , A"=a1 n a2
, A'=A \ A", r~eBCJie,AcTBHe/0.5/, 

6e3 orpaHH'IeHHJI o611UIOCTH , npe,AnonaraeM , 'ITO A~) 3aHyMepo ­

BaHbl TaK , 'ITO n= m, ecnH A(~)= A(!) . ,LJ,nll KpaTKOCTH o603Ha'leHHH 

DOJIO)KHM 

A(~= A 2n+j (n E- Z; j = 1.2) . /0.6/ 

Onpe,AeJIHM n p oH3Be,AeHHe yC1) o y (2) peweHHH y (j) (X,A)=CY\.i>,y~~T 
ypaBHeHHH 

By (j) , + Q . (x)y (.i) = AY (j) (j = 1,2) 
J 

Y 1 Y 1 -y2 2 • 
n o cllopMyne ( ( 1) (2) (1) y (2) ) 

Y (x A)= Y( 1) o Y(2) (x, A)= (1)y(2) + yCllyC2) 
• y 1 2 2 1 

0603Ha'IHM 'lepe3 

1T 

[f, g] = r (f (x)g (x)- f (x)g (x))dx 
0 1 2 2 1 

/0 .7/ 

/0.8/ 

KOCOCKaJIJipHOe DpOH3Be)leHHe 

3Ha'IHhiX cPYHKUHH f(x) =(f 1,f 2) 

B DpOCTpaHCTBe L 2 KOMnJieKCHO-

(f 1 (x) , f 2 (X)EL 2 .(0, rr)) CO CKa-

JillpHbiM n p OB3Be,AeHBeM 

1T ----- ---- 2 
(f, g) = ( (f (x)g (X)~ f (X)g (x))dx, (\\f\\ = (f, f) ) . 

L 2 0 
1 1 2 2 L 2 L 2 

IlocTpOBM no peweHBJIM ¢ (j) (x, A) B ljJ (j) ( x, A), Y.llOBJieTBO-

pliiOIQBM ypaBHeHBJIM /0.7/ B Ha'laJibHhiM ycnoBHJIM / 0 .3/ c a=a j , 

cPYHKUHH <l>(X,A)= ¢(1) o ¢C2)(x, A), 'I'(X,A) ~Ijf(1)oi/J(2) (X,A) H 

nycTb 0(A) ~(u 1 (A)w 2 (A) , r,Ae wj (A) •w(Q.i(x),aj ;A) . BBe,AeM 

cHcTeMbl !U (x)-=(U 1,Un JI B IVn(x)-(V 1,vn 2)1,noJIO)KHBnpH A E-A' n n, ,2' n, , 

0 - 1 
Un(X)= 0 (An)<l>(X,An), Vn(X) = 'I'(X,An), 

/0.9/ 

a npH A=A2ntl=A2n +2\.: A" 

4 

··- 1 00-1 0 
u 2n+ 1(x) = 20 (A) <l> ( x, A) , u 2n+ix) = 20 (A)<l> ( x, A), 

0 ••• •• - 1 
v2n+ 1 (x) = 'l' ( x, A)- 0 (A)(30 (A)) 'l' ( x, A), v 2n+ 1 ( x) = 'l' ( x, A) . 

C noMOIQhiO BhiTeKaiOmero H3 /0.4/ H /0.7 I TO)I(JleCTBa 

['I' ( x, 11) , <l> ( x, A)]= <11- A) - l (0(11) - O(A)) 

/O.IO/ 

/0.11/ 

HeTPYJlHO npoBepHTh, 'ITO cHcTeMa I V n (x) l 6HopToroHaJibHO co-

npli)KeHa CHCTeMe {BUn(x)l , T.e. 

[V , U ] = (V , B U ) L = 8 (n, m E Z) . n m n m 2 n,m /O. I2/ 

,lJ,JIJI Ka)K,llOH KOMnJieKCH03Ha'IHOH cPYHKUHH f(X) = ( f 1 , f 2 ) E- Lf 

( f
1 

(x), f
2 

(X) E L 
1 

(Q,rr)) nocTpOHM 'laCTH'IHYIO CyMMY 6HOpToroHaJib­

HOrO pll,lla 

N 
S(M, N, f ; x) = l V (x) [f,U ]. 

n=M n n 
/O. I3/ 

HaCTOJIIQaJI pa6oTa COCTOHT H3 JlBYX naparpa$OB. B §I OCHOBHbiM 

pe3yJibTaTOM JIBJIJieTCJI 

TeopeMa 1. ,LJ,nll n106oA KoMnneKCH03Ha'IHOA cPYHKUHB 
1 1 f(x) = (f1, f 2) E C (f 1(x), f2 (x) E C [0 , rr]) 

cnpaBe)lJIBBa cne,AyiOIQaJI IIJopMyna pa3JIO)KeHBJI: 

f(x) = lim SN(f; X) 
N...,., 

(0 < x < rr), /O.I4/ 

r)le npH a
1

> a
2 

SN(f;x)=S(-N+4,N,f;x), a npH a 1 =a 2 SN(f;x) = 

=S(-2N + 3,2N,f ; x ) ; S(M,N,f ; x) onpe,AenlleTcll /0.13/. Cxo,AH­

MOCTh B /0.I4/ paBHOMepHa no X B JII060M HHTepBaJie /';. C (O,rr). 

3Ty TeopeMy Mbl noJiy'IBM KaK CJie,llCTBBe )lOKa3aHHOH B §I 

MeTO,llOM KOHTypHOrO BHTerpBpOBaHBJI Te.opeMbl 2 0 paBHOCXO)lH­

MOCTB pa3JIO)KeHHJI SN( f E- L 1; X) C pa3JIO)KeHHeM, OTBe'laiOIQBM 

CJiy'laiO Q1 (X)= Q 2( x) = 0. IlpH HeKOTOpbiX orpaHH'IeHBJIX Ha a j 

H3 TeopeMbl 2 BhiTeKaeT /eM. §I, TeopeMa 3/, 'ITO $opMyna /O.I4/ 

cnpaBe)lJIHBa )lJIJI f E L 2 . B §2 npHBe,AeHbl HeKoTopble npHMepbl . 

npHMeHeHHJI TeopeMbl I B o6paTHOH 3a,Aa'le .llJIJI perynllpHoro 

onepaTopa ,LJ,apaKa. 
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0TMCTHM, 'ITO auanorH'IHWB H3naraeMOMY 3~CCb Kpyr 3a~aq 

~n.11 onepaTopoB ,ll;upaKa Ha Bees ocu -oo < x <oo paccMaTpHBanc.ll 

B 12/, a ~n.ll 3a~aq illTypMa·JlByBHnn.ll Ha KOHC'IHOM HHTCpBane • 

B 13/, BCIO~y B ~anbHCBWCM MW DOnb3yeMC.II BBe~eHHbiMH BblWe 

0603Ha'ICHH.IIMH. 

§1. ,40KA3ATEJJhCTBO 4>0PMYJI PA3JIO)J(EHHJI 

1 . TipuBe~eM cuaqana ~Be BcnoMoraTenbHbie neMMbi, ~oxa-

3aTenbCTBO KOTOpbiX XOpOWO B3BCCTHO /CM., HanpHMep 111 

rn. 1; 141 , rn. 1/. 

JleMMQ 1. Tipu Ka>K~OM ljJHKCHpOBaHHOM X peWeHHJI ¢ (X, ,\) 

H r/J (X, ,\) .IIBn.IIIOTC.II ~enWMB ljlyHK~H.IIMH OT ,\, ,llnJI KOTOpbiX 

paBHOMepuo no 0::; x-:;_ rr npa l ft.l-+oo cnpaBe,llnHBbi .o~eHKH 

.¢ (x, ,\) = f(x, ,\) + 0(,\-1 e limA I x ), 

/1.1/ 
r/1 (x, ,\) ~ g(x, ,\}+0 (,\- 1 e I Imft. l (rr-x) ) , 

r~e f(x, ,\)=(cos,\ x, sin ,\X) T , g(x, ,\) = (cos(,\(x- rr)- a), sin (,\(X-77)-a)) ~ 

a TaK>Ke 6onee TO'IHbie 

·- 1 - 1 
¢(x, ,\) ~ f(x,,\) 1(2,\) K(x)f(x, ,\) + o(,\ exp( l lmft. l x)) , 

r/J(X, A) 
- 1 - 1 

g(x, A) 1 (2A) L(x)g(x, ,\) f- o(A exp( llmAI (77 x)). 

3,1lecb MaTpH~bl K(x) 

K(x) ( p:x) - p(O) 

s (x) - q(O) 

H L(X) ODpe,llCJIJII{)TCJI ljlopMyJiaMH 

6 

s+- (x) 

- p(x) 

I Q(O) ) 

-- p(O) ., 

L(X) (~(x) t
1
(X)) 1 (p(11l Q(11l )( -- cos2a 

t (x) - p(x) q(11l - p(77) sin2t, 

sin 2a 

cos 2a )· 

/1.2/ 

/1.3/ 

r,lle 

t X t 11 
S - (X) Q(X) ± f (p 2

(Y) I q2 (y))dy, t - (X) -" Q(X) + ((p 2(y)1 q2 (y))dy. 
0 X 

113 I I. I I nony'laeM 

CAec)cmaue. Tipu lft. l ->"- ljlyHK~HJI 

!.1(,\) '· x(ft.) 1 O(ft. " 1 exp(2 llmft. l 77)), /1.4/ 

r~e 

x(,\) ~ sin(,\" + a ) sin(,\ 11 t a ). 
1 2 

/1.5/ 

JleMMQ 2. TiocTpOHM B KOMDneKCHOB DnOCKOCTH C o6nacTb 

C ~ C \ I ft., C iA - ft. (Ol I:... pI, 
P n.:-. - C'..._ n 

/1.6/ 

I",lle A~~/ , .i -- 11 - (1.1 11 ( n ,_ Z; j ~ 1.2) - Hynu ljlyHK~HH x(,\) /1.5/. 
Tor,lla ,llJIJI mo6o1· o .llOClalO'IHO Manoro p - 0 

l",llC 

sup 
A-- C11 

- 1 >. (,\} exp(2 Im A 11l M ,.. ro.... 

p 

2 . 8BC,IleM OCIIOBHYI{) B HaliiHX DOCTpOCHHliX MaTpH~y 

(;(x . y, Al \l 1 <A)!II'(x. A)c( 1(y, A)!l(x- y) 1 

I~ s' 11(x.A)S (:J 1\y . A) <ll(x,A) 1li(y, ,\)\O(y - x)l, 
I 1, :! 

(I) 
S (X, ,\) 

' IJ) 
v 

(3 I) - T 
d; - (X,,\), Y ~ (13Y) O(x) = 1 

npux O,O(x) 0 npu X Q. 0\feBH,IlHO, CCJIH Q
1 

(X) = Q
2

(X) 

MaTpH~a G paa11a 

( ' (x. \',A) \ - 1 (AJI >f(X. A) f(y, ,\){}(X - Y) t 

II) (:1 II --
\ ~ t, ( x. A) ( (y, A) - <[;(x, ft.h7(y, ,\)]O(y - X) I, 

J 1 •) 

/1.7/ 

/1.8/ 

0' 

/1.9/ 

7 



r.n:e ,XC\) onpe.n:enJieTCJI 11.51, ~(X, A)= (cos2AX, sin2AX) T , 

T 
17(x, A)= (cos(2A(X -77)- a

1
- a

2
), sin(2A(X- 77)- a 

1
- a

2 
)) , 

. T 
t:;(J) (x,A)=(cos(A(2X-77)-aj ), sin (A(2 X-77)- aj)) 

Jle.w.wa 3. PasHoMepHo no 0 ~ x, y < 77 

11.61 HMCCT MCCTO OUCHXa 
npH 177 1 -+oo H AE- C . p 

- 1 
G(x, y, A)= f'(x, y, A)+ O(A exp(-2 llmAII x - yi)E t-

11.101 

+ fJ(y - x)!O(A exp(- llmAI(77- I2x-"l)) +- o(A )IE, E -
1 1 

, -1 . -1 ( 1 1) 
H, B qacTHOCTH, I 1.101 BbmonHJieTCJI npH N ... oo 

OXpy)f(HOCTJIX 
H a 

1 
" a 

2 
Ha 

-1 - 1 
c :A - (411) (77- 2(a +a )) + 4 (2N- 3) exp(i¢), (0 ,_ ¢ ' 277), 

N 1 2 

11.111 

a npH a =a = a 
1 2 

- Ha oxpy)f(HOCT Jix 

eN : A= ·-a17- 1 t- 2-1 ( 2N- 1) exp(i¢), (0 .:::; ¢.:::; 217). I 1.121 

,40KQ3allleAbC11160 nonyqaeTCJI CTaH.n;apTHhiM 06pa30M C flOMOJ.UbiO 

neMM 1 H 2, Tax xax H3 11.41 H 11.91 cne.n:yeT u- 1 (A) 

=x- 1(A)(1+0(A-
1

)) (IA I -+oo ':y-A EO Cp).0TMeTHM nHWb, 'ITO .n;nll 

oueHxH cnaraeMhiX s<J)(x, A)S( .J)(y, A) s 11.81 Heo6xo.n;HMo 

BOCflOnb30BaTbCJI 11.21 H 11.31. 

3aMe'laHue 1. IlpH scex .n:ocTaTo'IHO 6onbwHx N H3 11.41, 
11.91 H TeopeMbl Pywe cne.n;yeT, 'ITO BHyTpeHHOCTb OKpy)f(HOCTH 

11 .111 co.n:ep)f(HT I c y'leToM HyMepauHH /0,61 I co6cTseHHhle 'IRena 

A 11 (n = N, N - 1, ..• , ~N + 4). a BHyTpeHHOCTb oxpy)f(HOCTH I 1.121 -
'IRena A 11 (n = 2N, 2N - 1, ... , - 2N + 3). 

Onpe.n:enHM Tenepb c 11
2 

+. = 2n - 2a. I 11 (n E Z; j = 1.2), r.n:e 
n J J 

a -f a , «<JyHXUHH 
1 2 

j - 1 . - 1 . 
u 2111 j(x) = (-1) 11 sm (a 1- a 2)(cos112nlj x, sm11 2nt-j x), 

11.131 

8 

:1 

j 

v 211 t- j (X) ~ (cos <11 211 t- j X t (-l)j (a 
2 

-a 
1 

)) , sin <11
211 

t- j X t- (-- 1) j ~a2 ·- a 
1 

)) , 

11.141 

a npH a 1 = a 2=a H 11 11 = 2n - 2a/ 77 - «<JyHXUHH 

u ( x) = 77-
2

(cos 11 x,sin 11 x), ~ 2n ' 1 n n 

u 211 1 2 
(x) - 77-2 (-2x sin 1111 x, 2x cos 11 11 X), 

11.151 

v 2111_ 1 ( x) =(-~x-rr)sin(tt 11 ( X · -77)-2a), ~x-")cos(11n (x-77) - 2a)), 

v 211 1 2 
(X) - (cos1111 x, sin 1111 X), 

3a.we'laHue 2 . Tax xax u 11 (x) 

(n E- Z). 
11.161 
11.171 

V11 (x) npH Q 1(x) = Q
2

(x) = 0, 
H v 11 (x) nony'laiOTCJIH3 U11 (X) H 

To H3 10.121 cne.n:yeT cpaJy, 

TOrO, HeTpy.n;HO npoBepHTb, 'ITO 'ITO (v11 , Burn) L 
2 

= 8 n,m . lionee 

Ma TpHUa 2-1 l (X, y, A = 11/2) JIBnJieTCJI MaTpHUeH rpHHa xpaeBOH 

Ja.n:a'IH: 

By' = !LY (0 "- x · 77), y 
1 

(77} sin(a
1 

t- a
2

) 1 y
2

(77} cos(a
1 

t a
2

) · 0, 

y (11)cos2a - y (77)sin 2a - y (0) -· 0 , 
1 2 2 2 1 

11.181 

H .n:anee noxaJaTb, xax B 151, rn. 1, 'ITO npH a
1 

f. a 
2 

CHCTeMa 

I v 2n+j (x)l 11.141 JIBnJieTCJI nonHOH B L 1 H MHHHManbHOH cHc­

TeMOH C06CTBeHHhiX «<JYHXUHH, OTBe'laiOJ.UHX C06CTBeHHbiM 'IHCnaM 

11 2n+j Ja.n:a'IH 11.181, a npH a 1 =a 2 CHCTeMa lv11 (x)! 11.161, 
11.11 I JIBnJieTCll nonHoH H MHHHManbHOH cHcTeMOH co6cTBeHHbiX 

v 211 + 2(x) . (n E Z) H npHcoe.n;HHeHHhiX «<JyHXUHH v 211 +- 1 (x) (n E Z), 

OTBe'laiOJ.UHX co6cTBeHHbiM 'IHcnaM 11 11 Ja.n:a'IH I 1.181 c a 1 =a 2 . 

Teope.wa 2. CocTaBHM .n:nJI «<JyHXUHH f E L 1 npH a 1 >a 2 qac-

TH'IHYIO cyMMY sN(f; x) = L:= - N+4 v 11(X)[f, u 11 ], r.n:e u 11 (x) H 

V 11 (x) onpe.n:enJIIOTCJI 11.131, 11.141, a npH a
1
=a2 - SN ( f ; x) = 

2N 
= L n = - 2N+ 3 V11 (x) [f, u 11 1. r.n:e u 11 (x) H v 11(X) onpe.n:enJIIOTCJI 

l1.15l-l1.17l. Tor.n:a .n:nJI nro6o8 f E L 1 

lim 
N -+oo 

sup Is (f;x)-S (f;x)I=O 
xE~C(0,11) N N 

11.191 

H 
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lim 
N ... oo 

sup 
o < x<JT 

Is (f; x) -- S (f; x) I < ""· 
N N 

/1.20/ 

BBH.IlY 3aMe'!aHHH 2 3Ta TeopeMa )lonycKaeT cne)lyiOII(YIO 3KBH· 

aaneHTHYIO cllopMynHpOBKY. 

· TeopeMa 2'. B o6o3Ha'!eHHHX TeopeMLI 2 JlJIH Ka>K)lOH cllYHKUHH 

"'"' L 1 pa3JIO>KeHHe SN(f; x) paBHOCXOJlHTCH B CMbicne I I. 19/, 

I 1.20/ c pa3no>KeHHeM s N (f; x) no co6cTaeHHbiM npa a 
1 

I a
2 

/nu6o no co6cTBeHHbiM H npucoe)lHHeHHbiM npa a 
1 

= a 2 / cllYHK· 

UHHM KpaeBOH 3a)la'IH /1.18/. 

77 
,4oKa3ameAbcmeo. TiocTpOHM «<lYHKUHIO F(x, >.) = ( G(x,y,>.)f(y)dx 

0 

(f ~ (f 1 , f 2 ) T I= L 1) H paCCMOTpHM KOHTypHbiH HHTerpan IN (X) = 

~ F( x, ,\)d,\, r)le HHTerpHpoaaHHe npa a 
1 

· a 
2 

Be)leTCH 

no OKpy>KHOCTH CN /1.11/ npOTHB '!aCOBOH CTpeJIKH, a npH a
1

= a
2

-

no oKpy>KHOCTH eN I 1 .12/. TaK KaK acne)lCTBHe neMMbl 1 u 

,;J .i (,\ 2 n 1 j ) I 0 npu n1060M x ,. (0, 11) F(x,>.) HBJIHeTcH aHanHTH­

'!eCKOH «<lYHKUHeH OT ,\, HMeiOII(eH non10ca He 6onee BTOporo 

nopHJlKa B TO'!Kax .\ 2nij , TO no TeopeMe o Bbl'leTax nonyqaeM 

a cuny paaeHCTB 

. I.. I I) (X A ) c .I, (.i) (X.,\ ) (II - Z: i 1. :~) 
~ 1 ;,!11 I .J 2 11 t .J '/· ~ 0 1 .J • 

/1.21/ 

u 3aMe'!aHHII I x neMMe 3, 'ITO npu acex JlOCTaTO'IHO 6oJibWHX N 

IN(X) SN(f; x) 0TCIO.Ila H H3 neMMbi 3 BbiBOJlHTCII, KaK o6bi'IHO 

/eM., HanpuMep, l!">' rn. 12/, 'ITO 

Jim sup 
N •-.... X' ,\ (0, r. ) 

1 .. s (f:x) - - : '~'c 
N 2771 N 

" I l'(x, y. Alf(y)cty (d,\ 0 . /1.22/ 
0 

,Un11 TOrO 'IT06bl noJiy'IHTb /1.19/, OCTaeTCII 3aMeTHTb, 'ITO no 

TeopeMe 0 Bbi'IeTax (277if 1 tPcN I r l ' (x, y, >.)f(y)dy ld,\ ; SN(f: x). 

OueHKa /1.20/ IIBJIHeTCH np11M.J'M cne.llCTBHeM I 1.10/. TeopeMa 

JlOKa3aHa. 

,4oKa3ameAbcmeo meope.Mbl 1. B CHJIY /1.22/ cllopMyna pa3no>Ke­

HH.II /0.14/ nonyqaeTC.II Henocpe)lCTBeHHO H3 paBeHCTBa 

71 71 

(l'(x. y . AH(y)dy .-!f(x) - -
2
L I l ' (x,y.A)Bf'(y)dy • 

0 ,\ A o 

10 

t -~- I r (x, o. >.) B f(O)- r (x, 77, >.) B f(77ll, (0 < X< 77), 
2A 

r)le f(x) E C 1 , KaK, HanpaMep, a 151, rn. 12. TeopeMa .llOKa3aHa. 

Teope.Ma 3. ,UnH n106o8 «<lYHKUHH f(x) E L 2 

lim ll f(x)-SJf;x) II L = 0. 
N ->00 2 

/1.23/ 

r )le cyMMa S (f; x) onpe)lenHeTCH, KaK B TeopeMe 1 c a 
1 

=77/ 2, 

a
2 

= 0 H a 1 =a 2 = 0 COOTBeTCTBeHHO. 

,40KU3U1/IeJibCIII60 B CHJIY TeopeMbl 2 CBO)lHTCH K YCTaHOBJieHHIO 

CXOJlHMOCTH lim llf(x)-sN(f;x)IIL =O, 'ITOJlJIH SN(f;x) C a 1 =77/2, 
N ... oo 2 

a 2 = 0 . T. e. JliiH 

sN(f;x) = -~ 2 sinnx ( f (y)sinnydy, -~ ( f (y)dy + 
( 

N-2 11 11 

71 n = 1 0 1 77 0 2 

1 -~ 2 cosnx (f
2

(y)cosnydy, 
N ·2 77 ) 

11 n = 1 
0 

HBJIHeTCH XOpOWO H3BeCTHbiM cllaKTOM )lJIH PH.IlOB cl>ypbe; a )lJIH 

SN(f;x) c a
1 

=a
2

=0, T.e. JliiH 

2 ( 11 N 77 s (f; x) o- --, ( f (Y) y dy t- 2 2 1(71 -- X) sin 2nx ( f1 (Y) sin 2ny dy t 
N 71 2 0 1 n .- 1 0 

71 

I cos 2nx r f 1 (Y)Y cos 2ny dy !. 
0 

11 N 77 
(77 -- x) (f

2
(y)dy 12 2 l (77 -- x)cos 2nx (f

2
(y)cos 2nydy 1 

0 n - 1 0 

' •in "'x ! f 2 (Y)Y •in 2ny dy ~ 
ycTaHaanaaaeTcH nerKo c noMOII(biO nony'!eHHoro B .A.H:nbHHbiM 

KpnTepHH 6a3HCHOCTH 161. TeopeMa JlOKa3aHa. 
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§2. HEKOTOPME HPHMEHEHHJI TEOPEMhl 1 

-
1 

II m 11
2 

06o3Ha'IHM 'lepe3 {3 2n+j = t/J (X. A2n+j L
2 

(nEZ) 

uopMhl co6cTseuuwx 4Jyuxuuii xpaesoii 3a,na'IB I Q J (x), a J 
Xopowo H3BeCTHO, 'ITO 

KBa,npaT 

!. 

_ 1 (j) . ~ j (A)cosaj ~ j (A) sina j 
{3 = t/J (0 ,\) w . (A) = ------------- = - ----:----------- I A- A 

2n + j 1 ' J q/~)(rr,A) ¢ ~) (rr,A) - 2n + j 

12.11 

llOJJOlKBM Tenepb B 10.141 f(X) = (q
2

(x) - q
1

(X), . p
1

(X) -p
2

(x)) 

I Pi , q i - 3JJeMeHThl MaTpuu Qi B ypasueuuu 10.7 I I u Bhl'IBCJJBM 

K034>4JBUBeHThl pa3JJO)I(eHBJI [f, U2n+j ) C DOMOIUbiO TO)I(,neCTBa 

[ )] (2)( ) (1)( ) (2)( ) (1)( ) f(x), <l>(x, A = <P 
1 

rr,A ¢
2 

rr,A- ¢
2 

rr,A, ¢ 
1 

rr, A, 

DpBHBMaJI BO BHBMaHBe. 12.11 B paBeHCTBa W j (A 2n+ j ·) = 0 

(n E- Z; j = 1,2). B pe3yJJLTaTe 3TOB BhlKJJa,nxu u c y'leToM acuMn­

TOTBKB 10.51 DOJJy'laeM CJJe,nyiOIUBe yTBep)l(,neHBJI. 

TeopeMa 4. llycTL ,nJJJI co6cTseuuwx queen xpaeswx 3a,na'l 

I Q j (X). a j! B I Q j (x), aj ! (j = 1.2). r.ne .a2 f. a 2 • BhlDOJJHJIIOTCJI 

paBeHCTBa A 2n + 1 = An (Q 1 (X), a 1) = A n (Q 2 (X). a 2) (n E Z) 

B A n (Q 1 (X), a 1 ) ,. An (Q 2 (X), a 2 ) = A2n+ 2 (n E- Z \ Z o ) , 
r,ne Z 0 - KOHe'IHOe MHO)I(eCTBO BH,neKCOB n. Tor,na a 

1 
= a 

2 
, 

a 1 =a 1 B 

Q (x)- Q (x) = 2 
2 1 nE Z 

0 

w 1 (A 2 '!_:!:J!}_ 
v2n + 2 (x) {3 2n + 2 -~~(~~-n + 2) 

r,ne MaTpB'IHhle 4JyBKUBB 

- (- V (x) V . (X)= 2n+j,2 
2n+J V . (x) 

2n + J,1 

v2n+ j, 1 ( x) ) 
v ', 

2n+j, 2 (x) 

f32n+j onpe,neJJJIIOTCJII2.1I, w1(A2n+2)=w(Q1(X), a2;A 2n+ 2 ) . 

IH3 ycJJOBBJI A 2n+ 1 = ,\ n (Q 2 (x). a 2 ) (nE Z) B nepeMe)l(aeMOCTB 

'IBCeJJ An (Q 2(x) • a 2) B An (Q 2 (x)' a2) cne,nyeT, 'ITO Wt (A ~) 
.fO (nE Z)l. 2 n+ 

12 

CAeOcllfaue 1. Ecnu B TeopeMe 5 Z0= "· TO Q
1
(x) Q2(x) 

(0 '5_ X ::; TT) • 

TeopeMa 5. llycTL 3a,nauw .nse xpaesble 3a,naqu: I Q i (x), 

(j = 1,2). ,nJJJI KOTOPbiX co6cTBeHHhle 'IBCJJa A2n+t = A 2n+ 2 

HOpMBpOBO'IHhle 'IBCJJa iJ2n+ 1= {3 2n + 2 DpH 
3 

nE .Z' ,u 
t = 1 

z<n 
0 • 

(0 
Z O - KOHe'IHble MHO)I(eCTBa BH,neKCOB n: 

Z ~l) = In E Zl' A 2n + 1 = ,\ 2n + 2' {3 2n + 1 ~ {3 2n + 2 !, 

Z b2) = In,.: Zl A 2n + 1 =I ,\ 2n + 2 • f3 2n + i f3 2n t 2 !, 

(3) 
Z 0 =I n E Z I>. 2n+ 1 =/ ,\2n t 2' {32n+ 1= {32n + 2 = {3 n! • 

Tor,na a =a u 
1 2 

Q2(x) - Ql(X) = _'i (f32n+2-f32n+l)V2n+2(x) + 
ncz<;) 

+ ~'i (2)!32n+2 v2n+2(x) ·- {3 2n+ tv 2n+l(x)! + 
n-=:: Z 

0 

aj ! 
H 

r.ne 

+ 'i (
3

) f3n IV 2n +Jx) - V 2n + 1(x) !, (0 S x S rr), 
nE Z 

0 

12.31 

r,ne V 2n+ j (x) 

12.11. 
onpe,nenJieTCJI, xax B TeopeMe 4, a {3 2n+ i - B3 

(E) z =" <E=l,2,3). 0 
5 CAeOcllfaue 2. Ecnu B TeopeMe TO 

Q
1 

(X)= Q 2 (x) (0 :S ,X :S 77) 

CAeOcllfaue 3. llycTL 3a,nauw xpaesaJI 3a,naqa I Q (x), a! u 

noJJO)I(BTeJJLHoe 'IBCJJO f3m . Tor.na e,nuucTseuuaJI xpaesaJI 3a,naqa 

IQ(x), al, ,nJJJI KOTopoii cneKTP al Q (x), al = al Q(x), a I, uop­

MBpOBO'IHhle 'IHCJJa {3 n (Q( x), a)= {3 n (Q(x), a) (n E- Z, n =I m) H 

{3m (Q:x), a) = {3m , onpe,neJJJieTCJI C DOMOIUbiO 

'Q:x) ~ Q(x) + ji!!l_~~~.E2.-(- 21/J 1 (~) t/J 2 (x) 

I(x) t/J;(x) -t/J:(x) 

.p ;ex) - t/J ~(x) )i ~ 12.41 
2t/J1(x)t/J2(x) 
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r.ne .p(x) = .p (x, A ) - co6cTaeuuaJI 4JyHKUBJI 3a,na 'IH {Q(x) , al , 
m 1J 

OTBe'laromaJI co6cTaeun oMy qacny A , I(x) = 1 + <{3 - {3 ) 1 I .jJ 21 (Y) + 
m m m x 

~ 1/J ~ (y)ldy • . 

,/{oKa3a111eAbCJteo. 

B TOM , 'ITO peweuae 

HHJI By'+ G(x) y =AY 

H enocpe.ncTaeuuoii npoa epKoii y6e)I(J);aeMCJI 
- - T .jJ (x, A) : .jJ (rr, ,\) = (cosa, - · sin a) ypaaue -

.na eTC JI 4JopMy JIOB 

J (X, ,\) = 1/J (X, ,\) - !!_~-~~-m_ f (1/J 1 (X) 1/J 1 (y) 
I(x) x .p2 (x) 1/J 1 (y) 

.p 1(x) .p 2(Y)) .jJ(y, A)dy. 

t/1 (x).jJ 2 (y) 5/ 
2 /2. 

llOJIO>KBB 3J);eCb X= 0, DOJiy'laeM BCJieJJ;CTBHe y CJIOBHJI 1/J 2(0)= 0 B 

onpe.nen eHHJI w(,\} / 0 .4/, 'ITO w(Q(x), a; ,\) = w(Q(x), a ; ,\), 
-1 

a acne.ncTBHe paaeucTB (.jJ (x, ,\ n) , 1/J (x, Am) L = o n m {3 m , 'ITO 
2 • - - ·1 

tjJ 
1 

(0, ,\ n) = t/1 1 (0, An) npa n :/ m H .jJ 1 (0, ,\ m) = .jJ 1 (0, ,\ rJ/3 m {3 m ._ 

Tenepb ocTa eTcJI y'leCTb /2 .1/ a npaMeHHTb cne.ncTBHe 2. 

3aMe'laHUe 1. TeopeMbl 4 H 5 MO)I(J{O paCCMATpHBATio KAK 

o6o6meuae ueKoTopwx B3 TeopeM XoxwTa.nTa n I /eM . TAK>Ke pa6o ­

Tbl lleBBTana /d/ / o c TpyKType pa3HOCTB n oTenuaanoB .nsyx 3a ­

.na'l WTypMa-llayBBJIJIJI . Cne.ncTBHJI 1 a 2 JIBJIJIJOTCJI JJ;JIJI Kpaeaoii 

3AJ);A'IB ,lJ;apaKa AHAJIOrAMB B3BeCTHbiX TeopeM e,nHHCTBeHHOCTB 

Bopra Ia/ a Map'leHKO 1101 a o6paTuoii 3a,naqe JJ;JIJI p er yngpu oro 

onepaTopa WTypMa-llayaanmr. KoHCTPYKUBJI 4JopMyn / 2.4/ a / 2.5/ 
no.ncKa3ana pa6oToii racwMoBa a lleaaTana Ill/, r.ne p eweua o6-

paTnaJI 3a,naqa JJ;JIJI cacTeMw ,D;apaKa ua nonyoca. 06paTHAJI 3a,na'la 

J);JIJI peryJIJlpHOro onepaTopa ,lJ;apaKa /B DOCTAHOBKAX COOTBeT­

CTBYlOIQHX CJieJJ;CTBBH 1 B 2/ H3y'leHa B /1 2/ . 

3aMe'IUHUe 2 . Pe3YJibTATbl HACTOJIIQeB pa60Tbl 6e3 Tpy.na ne­

peHOCJITCJI ua o6maii cny'laii .nsyx Kpaeawx 3a,naq IQ j ( x), a i , {3 i I 
(j = 1. 2), . onpe.nenJleMwx y paaneHBJIMH /0 .7/ a rpaHH'IHbiMH yc­

JIOBHJIMH 

(j) ( ) . (i) ( ) (i) . (i) y
1 

rr smai+Y 
2 

rr cosai~ 0, y 1 (O)sm {3i +Y 2 (O)cos{3i= 0 , 

eCJIH BOCDOJib30BATbCJI CJieJJ;yroiQeB JieMMOH, JJ;OKA3A TeJibCTBO KOTO­

poii BbiTeKaeT uenocpe.ncTBenuo H3 /11/ . 

14 

JleMMa 4. llyCTb CHCTeMbl 4JyHKUHB IUn ( x) I H I vn (x) l no-

CTpoeuw no KpaeBbiM 3a,na'laM I Q . (x) , a . , {3 . I (j = 1.2) yKa-
J J J 0 . 

3aHHbiM BO BBe,neHHH CDOC060M, nyTeM 3aMeHbl cp J (X,,\):cp(J)(O,,\)= 
T · · T (0) 

= ( 1. 0) ,Ha cp<J) ( x, ,\): ¢ (J) (0, ,\) = (cos {3 i , - sin{3i) HUn (x) , 

y (~) (x ) - 4JyHKUHH /0 .9/-/0. 11/, OTBe'laJOIQHe KpaeBbiM 3a.I);A'IAM 

-1 . 
IA({3i) Qi (x) A ({3i) , {3i- a i I (J = 1.2). 

( 
cos {3 -sin{3) ( ) (0 ) r.ne A (/3)= . {3 

13
.Tor.na Un(x)= A{3 1+ {3 2 Un (x), 

sm cos 

V (x) = A ({3
1 

~ {3
2

) V (
0
\x) , [V , U ] = [V (O)• U (O)] (n, m E Z) a 

n n n m n m 

(0) 
[f. Un ] = [ A ({3 1 +{3 2) f, U n] ( f E- L 1) . 
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