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Abstract

Graph states are a fundamental class of multipartite entangled quantum states
with wide-ranging applications in quantum information and computation. In
this work, we develop a systematic approach for constructing and analyz-
ing x-colorable graph states, deriving explicit closed-form expressions for
arbitrary . For a broad family of two- and three-colorable graph states, the
representations obtained using only local operations require a minimal num-
ber of terms in the Z-eigenbasis. We prove that every two-colorable graph
state is local Clifford (LC) equivalent to a state expressible as a summation of
rows of an orthogonal array (OA). For graph states with y > 2, we show that
they are LC-equivalent to quantum OAs, establishing a direct combinatorial
connection between multipartite entanglement and structured quantum states.
Furthermore, the upper and lower bounds of the Schmidt measure for graph
states with arbitrary x colorability are discussed, extending the results for an
arbitrary local dimension. Our results offer an efficient and practical method
for systematically constructing graph states, optimizing their representation
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in quantum circuits, and identifying structured forms of multipartite entangle-
ment. This approach also connects graph states to k-uniform and absolutely
maximally entangled states, motivating further exploration of the structure of
entangled states and their applications in quantum networks, quantum error
correction, and measurement based quantum computing.

Keywords: graph states, qudits, multipartite entanglement,
quantum orthogonal arrays

1. Introduction

Multipartite entanglement is a fundamental resource in quantum information science [1], play-
ing a central role in quantum computing, quantum error correction [2-5], quantum networks
[6], and quantum cryptography [7]. Among the many families of entangled quantum states,
graph states provide a structured way to encode entanglement, making them particularly useful
for quantum error correction and measurement-based quantum computation [3, 8—12]. Given
their connection to stabilizer codes [13], it is natural to explore whether the structural properties
of graphs can reveal deeper insights into the computational power, entanglement properties,
and classification of graph states.

One such structural property is the chromatic number, which describes the minimum num-
ber of colors required to assign to the vertices of a graph such that no two adjacent vertices
share the same color [14]. The chromatic number is typically referred to as colorability. While
colorability is a well-studied problem in classical graph theory, its role in the entanglement
structure of graph states remains largely unexplored. Previous works have suggested that col-
orability places upper and lower bounds on the Schmidt measure of graph states [9] and that
almost all two colorable graph states have maximal Schmidt measure [15].

In this work, we develop a systematic approach for deriving closed-form expressions for
two-colorable graph states. We begin by showing that such states are Locally-Clifford (LC)-
equivalent to a summation over rows of a classical orthogonal array (OA) [16, 17]. In our work
we show the direct connection between two-colorable graph states and the OAs. This result
provides an efficient way to construct and manipulate highly entangled graph states, revealing
a deep connection between the structure of graph states and combinatorial designs. Moreover,
since OAs of index unity correspond to classical maximum distance separable codes [17], this
implies a structural link between two-colorable graph states and optimal classical codes.

We then extend this approach to three-colorable graph states, proving that they are LC-
equivalent to quantum OAs (QOAs) [17-21], and therefore can be useful in the context of their
applications [22, 23]. This result highlights an intrinsic combinatorial structure in multipartite
entangled states and provides an intuitive, efficient method for writing highly entangled three-
colorable states directly from their graph structure. For the generic case, lower bounds on
the Schmidt measure are obtained. Additionally, we analyze a special class of three-colorable
graph states that include k-uniform and absolutely maximally entangled (AME) states [24],
showing how additional graph connections modify entanglement properties.

To further explore the implications of colorability, we investigate the relationship between
two- and three-colorable graph states under local unitary (LU) and LC operations. While LC
operations can alter graph connectivity and consequently the colorability, because of local
complementation [25-27], we discuss how we can determine the Schmidt measure of graph
states with x > 2. Furthermore, we identify cases where three-colorable graph states cannot
be transformed back into their corresponding two-colorable forms using any invertible local
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operations [28], highlighting fundamental constraints imposed by graph connectivity on mul-
tipartite entanglement.

Finally, we extend our approach to arbitrary y-colorable graph states, providing closed-
form expressions and examining their entanglement structure by obtaining bounds on Schmidt
measure. Our approach demonstrates that higher-colorable graph states exhibit entanglement
patterns that relate to QOAs, offering insights into multipartite entanglement characterization.
While the computational complexity of colorability remains a challenge, our results suggest
that it provides a structured way to analyze entangled states, with potential applications in
quantum networks and scalable quantum computing architectures.

The remainder of this paper is organized as follows. In section 2, the basics of qudits and
graph states are presented. In section 3, we derive a closed-form expression for two-colorable
graph states and analyze its consequences for state construction and entanglement measures.
In section 4, the closed-form expression and the corresponding impacts for the three-colorable
graph states are displayed. Then, in section 5, we discuss a specialized set of three-colorable
graph states designed to describe k-uniform states. In section 6, the usage of local comple-
mentation and the connection of the given approach to the k-uniform states is made apparent,
indicating the impact of the previously presented results. In section 7, we generalize our results
to arbitrary x colorability, further expanding the scope of our approach. Finally, we conclude
in section 8 by discussing the potential implications of our work and outlining directions for
future research.

2. Basics of qudit graph states

Graph states are highly entangled quantum states associated with a mathematical graph (V, E),
where vertices V represent qudits, and edges E correspond to entangling operations between
them [29, 30]. These states serve as a central resource in quantum information protocols,
including measurement-based quantum computation. Here, we introduce the essential form-
alism for qudit graph states, setting the stage for an exploration of their colorability in the
following sections. Two vertices i,j € V, with the total number of vertices denoted as n, are
called adjacent if they are the endpoints of an edge.

The adjacency matrix I' is a symmetric n X n matrix defined over a finite field F,;, where
each nonzero element I';; = 6;; € I, specifies the entanglement weight between qudits i and j
as noted in [31]:

0; ifijeE
I ()
0  otherwise

It must be underlined that we consider the finite field F;, where d is a prime number.
Mentioning the neighborhood N; C V of a graph G is useful, which is the set of vertices for
which {i,j} € E. Let us briefly review the concept of qudits, which are systems with d levels,
such that the Hilbert space of each qudit is C¢. The action of the Pauli operators Z and X on
the eigenstates of Z is defined as follows [32, 33],

XYy =l|i4+a) and Z°i) = w"|i), )

where w = e12™/4 the dth root of unity, a € F;, and X? =74 =1,. All additions are performed
modulo d. A critical operation for qudits is the Hadamard gate, whose action is defined as:

QU
—_

d—1
. 1 .
H|i) = W), and H'fi) = —= w™"|I). 3)
\/;1 =0

S
I

3
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It must be noted that the Hadamard gate is more properly called the Fourier matrix, when
referring to qudits, though we will use the former. Analogous to the qubit case, the controlled-Z
(CZ) gate is defined for qudits as:

CiZ3linlja = iyl &)
where § € F,. The subscripts in CZ indicate the control (first qudit) and target (second qudit),
but since CZ is symmetric under the exchange of qudits, its effect remains unchanged if the
indices are swapped. In contrast, for controlled-X (CX), the order of the indices is crucial:

the first index corresponds to the control qudit, while the second index receives the modular
addition transformation,

CiX|iy1li)2 = | |i4-j + )2, (5)

where v € [F;. In this case, the order of the indices is significant.

Finally, some useful relations relevant to the upcoming results are presented in appendix A.
For a graph (V, E), where V and E denote the sets of vertices (|V| = n) a graph state is defined
as [9]:

|¢GS> — H CkZJFA/ |_’_>®ﬂ7

{kjreE
where [+) = H|0) and |[+)®"=[+)1 @ @ |[+)u. (6)

For example, if we consider a qubit, with n =3 and the graph is a triangle, utilizing the above
definition, we have:

1
2V2
It should be noted that the normalization factor here is not omitted but, in general, is omitted

unless it is essential to the discussion. Here, the subscript GS indicates that the state |¢gs)
corresponds to the graph representation.

[thGs) = (|000) + |001) 4 |010) 4 |100) — |011) —|101) — |110) + |111)). @)

3. Two-colorable graph states

Let |12 color) be a two-colorable graph state. A graph is two-colorable if its chromatic number
is x =2, meaning that its vertices can be partitioned into two disjoint sets, which we label as B
(blue vertices) and R (red vertices). The total number of red vertices is ng, and the total number
of blue vertices is ng, so the total number of vertices in the graph is n = ng + ng. Throughout
this section, the notation r € R refers to a qudit in the set of red vertices, and b € B refers to a
qudit in the set of blue vertices.

We assume that the CZ operations in the graph state construction occur between red ver-
tices as controls and blue vertices as targets. The two-colorable graph state |12 color), 1S then
expressed as:

o) =TI G210 ®)

rER,bEB

where the notation |+)®R denotes that every red qudit is prepared in |+) state and similarly
for |[+)®2. This expression highlights the structural simplicity of two-colorable graph states,

4
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as the adjacency matrix of any two-colorable graph state takes a specific block form

B R
N,
r r ( O | 4w ) ©)
2-color = L rb = )
colo AITQB 0

where the block Agp is the ng X ng block containing the weights of edges connecting red and
blue vertices. The diagonal blocks are zero matrices because vertices of the same color are not
connected in two-colorable graphs.

Two-colorable graph states have significant applications in quantum error correction,
measurement-based quantum computing, and entanglement quantification [34, 35]. In the fol-
lowing, we derive a closed-form representation for two-colorable graph states and explore their
implications for their construction, analysis, and applications. Before proceeding it has to be

mentioned that from now and on when it is written Zg;(l) and k = (k- ,k,) is a row vector
. . . d—1 d—1
with n elements it is a short hand notation for > 7} —---> 3 —.

Proposition 1. Let |¢color) be a two-colorable graph state characterized by an adjacency
matrix U.color- Let ng and ng denote the number of blue and red vertices, respectively.
Assuming without loss of generality ng > ng, every two-colorable state satisfies the follow-
ing closed-form expression:

d—1
H®P |ty cotor) = > _[iG), (10)
=0
where i = (i1,02,- . .,ing ) is a rOoW vector of ng elements, and G = []InR | ARB], with Agp being

the top-right block of the adjacency matrix 'y cojor.

Proof. To prove the closed-form expression for |17 color), We assume without loss of generality
that ng > ng. By applying H' to every blue qudit, we start with:

HT®B|¢2-color> _ H HT@BCerI:rb
réR,beB

Using the commutation relation H ZH = X for Pauli operators, the H' gate commutes with the
CZ operation as, (see also (A.1)),

H'C,z," = C.X,"H' .
Substituting this commutation relation, we obtain:

HT@B |,(/)2_0010r> _ H CVX[Erh +> ®RHT®BH®B|O> ®B’

rER,bEB

and thus:

HT®B|¢2—color> - H CrXEFh +>®R|0>®B.

rER,bEB

Recalling that |+) = H|0), the state becomes:

d—1
HT®B|w2—color> = Z H CrX;l;'b

7_0 r€R,bEB

i1 )|0)5.
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Applying the CX operation, the blue qudits are updated as:

d—1
HT®B|1/12-color> — Z H |i1 ".inR>XII:rb'lr|0>®B.

=0 r€R,bEB

For each blue qudit b € B, the X}, operator applies shifts determined by the sum of neighboring
red qudit indices:

d—1

. . Typ-ir
HT®B|w2—color> = Z H |ll cee lnR>XbZ:'€R ’

i=0 beB

0)®5.

Finally, applying the X}, operators to |0)®? yields:

d—1
HT®B|¢2—color> = Z i1 i) ®|erb AN
=0

beB reR
The indices of the red qudits form a row vector i = (i1,i2,...,in,) and defining the generator
matrix as G = []L,R | ARB] , where Agg is the top right block of adjacency matrix I"y ¢ojor, the
equation simplifies to:
d—1
HT®B|"/)2—color> = Z |lg> . (1 ])
=0
This concludes the proof of the closed-form expression. O

This result of the proposition 1 provides a direct, step-by-step method for constructing the
state vector of any two-colorable graph state. The procedure is as follows:

e Step 1: In a two-colorable graph, identify the red and blue vertex sets (R and B). Without
loss of generality, we have assumed ng > ng.

e Step 2: Assign indices to the red vertices.

e Step 3: Compute the indices for the blue vertices as the sum of their neighboring red vertex
indices.

e Step 4: Combine these assignments into the state expression and sum over the red vertex
indices.

To demonstrate the utility of proposition 1, let us consider two examples: a six-qudit circular
graph and a six-qudit cluster graph figure 1.

Example 1. Six-qudit circular graph: Using the graph in figure 1(a), the graph state is written
using the definition in equation (8) as:
d—1
‘\IIGS> — Z wlll4wl412w1215wlsl3wl3léwlﬁll ‘i17i27i3>‘i47i5,i6>. (12)
i1yeenyig=0

In this example, the red vertices are labeled as {ij,i,i3}, and the blue vertices are {is,is,ic}.
Using proposition 1, we assign indices iy,i,i3 to the red vertices. For the blue vertices, their
indices are determined as the summation of the indices of their neighboring red vertices. For
instance:

is=1i1+1iy, Iis=iy+i3, and ig=1i3+1;. (13)
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io iq i i1+ ; i1+ i3 is 1o + i3

. 0—. .f.—O

is i datis i
. —. , .7 .

2 i1+ i9 + i3 iz

i3 ig i3 i1+ 13
(b): Implementation on graph state
(a): Implementation on graph state corresponding to cluster state with six
corresponding to a six-qudit circle. qudits.

Figure 1. Two examples of the implementation of the formula obtained in the proposi-
tion 1. On the left of each sub-figure, we have the indices assigned using the definition
of graph states given by equation (8), and on the right, we have the assignment of indices
using the obtained result.

The closed-form expression directly follows:

d—1
|Velosed-form) = Z |iv,i2,83) i1 + 12, 1> + 03,03 + i1). (14)

i1,i2,i3=0

This example demonstrates how to use the graph’s structure to implement the closed-form
expression.

Example 2. Six-qudit cluster graph: For the graph in figure 1(b), the graph state is expressed
using equation (8) as:
d—1
|Wgs) = Z WS MBI 3 B0 I Ry i is) i, s, dg) - (15)
i oo )i():O
Here, again the red vertices are {i},i,i3}, and the blue vertices are {is,is,is}. Assigning
indices i}, i, i3 to the red vertices, the indices of the blue vertices are computed as:

is =i +iy+1i3, is=1i1+i3, and igz=1ip+i3. (16)
The closed-form expression is:

d—1
|tbetosed-form) = Z li1,ia,13) i1 + 2 + 3,01 + 3,02 +13). a7

i1,i2,i3=0

Proposition 1 has important implications for the Schmidt measure of two-colorable graph
states. From [9], any state vector |¢) € HD @ - @H™ of a compound quantum system with
n components can be expressed as:

A
=Y "GloM) @ @), (18)
i=1

where (; € C fori =1,---,A and |¢i(j )> € H). Bearing this information into account, the
Schmidt measure is defined as [9, 36]:

E; ([)) =1log, (A), (19)
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where A is the minimal number A of the terms in the sum presented in (18), over every linear
decomposition into product states. Proposition 7 of [9] provides upper and lower bounds for
the Schmidt measure of a qubit two-colorable graph state.

np + ng
2

%rank (FZ—color) < Es (|¢2»color>) < |_ J . (20)

This result extends to any local dimension. The proof for the lower bound is given in
appendix B, while the upper bound can be straightforwardly generalized as is done in [9].
This means that if I', oo is @ full rank matrix, the upper and lower bounds of equation (20)
are the same. So in this case, the closed form expression given in proposition 1 provides the
minimum number of terms in the Z-eigenbasis. For instance, every cluster state, like the one
given in figure 1(b), fulfills these requirements.

According to our result given in proposition 1, when H' is applied to every blue qudit, the
number of terms obtained in the closed-form is d"%. This outcome has important implications
for computational purposes. The reason is that following the standard definition of a graph
state |t)gs) given in equation (6), one has to explicitly evaluate the full state vector in the
computational basis by summing over d** ™ terms each of which are weighted by a product
of phase factors up to O((ng + ng)?) stemming from the graph structure an the adjacency
matrix I'y c1or given in equation (9). In contrast, our closed-form expression for graph states
allows us to compute the full state by summing over only d** terms while the phase factors
are completely eliminated. For each term of the vector /G, one has to multiply a row vector
with length ng with the ng x (ng + ng) generator matrix G. Therefore, it is apparent that with
our closed-form expression the exponential scaling is reduced from d" to d"*, which can be
significantly smaller when ng < ng.

A final important implication of proposition 1 is that every two-colorable graph state can
be written as a state that can be defined based on an OA. According to [16], an OA denoted
as OA(r,n,d, k) is a positioning formed up by r rows, n columns, and the entries are taking
values ranging from the set {0,--- ,d — 1}. An important property is that every subset with &
columns has all the combinations of symbols, which occur the same number of times through
the rows. To clarify this idea, let us discuss an example. The OA(4,4,2,2) that has 4 rows, 4
columns, 2 levels per factor, and a strength of 2. This means that for any two columns chosen,
all combinations of the levels 0 and 1 will appear equally across the trials. As an example, the
following can be written:

0 0 0
0 1 1
1 0 1
1 1 0

S = = O

Two OAs are equivalent if one can be transformed into the other by applying permutations or
relabeling symbols within rows or columns.

As per [16], an OA can be defined if a row vector X = (xy, - - - ,x4) and a generator matrix of
theformG = [I; | M] are assumed where the matrix M is a d x p matrix. Then, the OA can
be written in the form OA = X - G. The closed-form expression in proposition 1 takes precisely
the OA form X - G, establishing that every two-colorable graph state is LC-equivalent to a sum-
mation over rows of a classical OA. To our knowledge, this is the first result demonstrating
this connection. As discussed in [19], OA-based states possess strong multipartite entangle-
ment and are useful in quantum information protocols. Our result shows that these properties
are universally present across all two-colorable graph states.

8
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4. Three-colorable graph states

Extending our analysis to three-colorable graph states (x = 3), we now consider graphs where
the vertex set can be partitioned into three disjoint subsets. Unlike the two-colorable case,
three-colorability introduces additional structural complexity, and determining a valid 3-
coloring is known to be NP-hard [37-39]. Let R, G, B denote the sets of blue, green, and red
vertices, respectively, with cardinalities ng,ng, and ng. The total number of vertices in the
graph is then given by n = ng + n¢g + np. In our notation, choosing a vertex r € R corresponds
to selecting a red vertex, and similarly for b € B and g € G. Therefore |1)3_color) 1S given as
follows:

|'(/}3—color>: H C,ZE'b H Crzg’*’ H ngggb |+>®RUGUB. (2])
reR,bEB rér,geG g€G,beEB

Partitioning the adjacency matrix into blocks clarifies the interactions between different
color groups, allowing us to systematically construct the graph state. The adjacency matrix for
x = 3 is denoted as:

R G B
AN AN A
0 | Agr | Apr
F3—color—general = Agk 0 Agc . (22)
Afg | Agg | O

Additionally, the matrix Ggp gp (additional connection between green and blue vertices
compared to Ggp) is a generator-like matrix with dimensions (ng + ng) X (ng + ng + ng)
defined as:

Grna = [HW | [;;‘BR} } , 23)
BG

with Agg and A g the corresponding blocks of matrix (22). For the upcoming discussion, it will
also be helpful to note that the index g; denotes a qudit having the green color and therefore
je{1,---,ng}. The vector (Agg) ¢» denotes the vector constructed from extracting the row g;
of the matrix Agg, which corresponds to the row containing all the elements of the adjacency
matrix (22) that describe a specific green qudit g;.

Proposition 2. Let |3 co1or) be a three-colorable graph state characterized by an adjacency
matrix I'3_color-general- Let np, nr, and ng denote the number of blue, red and green vertices,
respectively. Assuming without loss of generality ng > ng > ng, every three-colorable state
satisfies the following closed-form expression:

d—1 ne ﬁ‘(gck)

B i -
H s coor) = | QZg | W+ Gra,aa), (24)
7=0 \ j=1
where i = (U1,Uy. . .Uy, ), V= (V1,- -+, Vy,) both row vectors, with ng and ng elements respect-

ively, and w = (id,V) is the concatenation of i and V.

Proof. Let us start with the definition given in equation (21). Recalling equation (27), we can
define the following row vectors il = (uy,uy. .., Uy, ), V= (v1, - ,Vp,). It is useful to define the

9
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vector w = (i, V), the concatenation of i and V. Let us perform the CZ operations that involve
the blue qudits:

HT®B|w3-color HT®B Z H C Z re ‘—;> ®j(b)+fg(b)|+ (25)

i,y=0reRrR,geG beB

where f,(b) = 3, cguL' and fo(b) =3 Vel 'gp. We should note that, till this point, we
have not performed the HT®8 operation. It is clear that since it is a local operation acting only
on the blue qudits, it will commute via the remaining CZ operation between the green and the
red qudits. This will lead to:

HT@bZ;)}(b)+fe(b) — )(f;r(b)‘i’fg(b)HT@b’ with b€ B. (26)
This implies that:

d—
HT@B |w3—color Z H Crzg'g ‘7> ® v +fg (27)

it,i=0 \reRr,geG bEB

=

At this point, there is a remaining CZ operation between the green and the red qudits.
Unfortunately, the trick of using another Hadamard gate can not be applied here. We have
to understand that the primary goal is to find a way to obtain as few terms as possible in the
Z-eigenbasis. In any case, we seek to reduce the number of phases in front of each bracket, but
this would unavoidably increase the number of terms used in the Z-eigenbasis. We can define
the matrix Ggp g, which is generator-like matrix with dimensions (ng + ng) x (ng +ng + ng),
as:

Gro.n = [ﬂnﬁnc | [ABR” , (28)

Apg

with Apg and Agg the corresponding blocks of matrix (22). In this juncture, the equation (27)
will read as:

d—1
Toe | =
HT®B|w3—color> = Z H Cng ¢ |W : gRB,GB>a (29)
w=0 \r€ER,g€C
where w = 0 denotes the range of the indices uj, ..., Up,, Vi,..., vy, = 0.
The final step is to realize the power of the adjacency matrix (22). Assume that the index g;
denotes a qudit having the green color and therefore j € {1, ,n¢}. Finally, define the vector

(KGR) ¢» 10 denote the vector constructed from extracting the row g; of the matrix Agg, which
corresponds to the row containing all the elements of the adjacency matrix (22) that describe
a specific green qudit g;,

d—1 nG AGR
HT®B|'¢)3—color> = Z ® gl |V_15 . gRB,GB>.
w=0 \j=1
This concludes our proof. O

At this point, we turn our focus to discussing the implications of proposition 2. Let us start
with the fact that we are equipped with an easy way to write a general three-colorable graph
state. Here, a step-by-step process is presented:

10



J. Phys. A: Math. Theor. 58 (2025) 355301 K-R Revis et al

i3 ) i3 iy + i3 + 5
14 71 i4 71
i5 i 15 i1+ 14 + 15

Figure 2. An example of implementation of the closed-form expression for a 6 qudit
three-colorable graph state.

e Step 1: In a three-colorable graph identify the colors of the graph and assign the colors
following that without loss of generality ng < ng < ng.

e Step 2: Assign indices to the red and green qudits.

e Step 3: The indices of the blue qudits are the summation of the neighboring indices of each
blue qudit weighted with the corresponding weight of the adjacency matrix.

e Step 4: To identify the correct exponent for the Z operations for each green qudit, we need
to identify the red neighbors of each green qudit and multiply their indices scaled with the
adequate weight imposed by the adjacency matrix (22)

The state given on the left-hand side of figure 2 can be written as:

d—1
las) = Z (iviaFiaistisiatisistisistHisi +iriz +alg+iis li1,i2,13,i4,is, i¢) (30)
i ) i ) i *
ityeeyig=0

Applying our methodology, the indices for the red and green qudits are kept as they were
before, but the indices for the red qudits are given with respect to the red and green qudits,
as the right-hand side of figure 2 indicates. With these steps, we have implemented steps 1
to 3. The determination of the correct exponents for the Z operators is easy, since one has to
simply identify the green qudits that have a red connection. Then multiply the indices with the
corresponding weight coming from the adjacency matrix, which in this case is one. So, the
closed-form expression of this example is:

d—1
[scoor) = D ZUETIRZES iy iy iy 4 ds, iy, dayds b1 e is). (31)

i1,i3,i4,i5=0

To avoid confusion, the indices g;, and g;, are used to denote the Z operations acting on the
green qudits that in figure 2, are denoted with indices i3 and is. It is important to note that there
is a difference between the indexing to implement the closed-form expression and the indices
to name and group the qudits according to their color. At this juncture, it has to be pointed out
that the above example was not chosen randomly. According to [19], this state is also an AME
state of six qudits with local dimension d being a prime number. We denote these states as
AME(6,d). In section 5 we are going to tailor the formalism presented here to better represent
graph states that are highly entangled.

Our analysis shows that every three-colorable graph state can be rewritten in the form of
a QOA, reinforcing the deep connection between graph states and highly entangled quantum
states [17-20]. QOAs are combinatorial designs that contain rows composed of pure multipart-
ite quantum states and exhibit high entanglement properties. Bearing in mind the definition of
the classical OAs, the QOAs are constructed assuming specific parameters for the OA [40].
As previously mentioned, QOAs display high entanglement properties and therefore they can

1
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J
Figure 3. A simple example where our closed-form expression given in proposition 2
achieves the lower bound for the Schmidt measure.

be used to generate k-uniform states and AME states [18]. Additionally, they are rather useful
in decoupling schemes in quantum networks [22, 23]. Various QOA setups have been studied
in works like [19, 21].

In general, proposition 2 implies that every three-colorable graph state can be written as a
QOA. Initially, it is trivial to understand that if the correct vector w and the correct Ggp Gz mat-
rix, following the notation from proposition 2, is used then, the object w - Grg Gp represents an
OA. The reason why any three-colorable graph, is in general, a QOA relies on the additional Z
phases that we were not able to eliminate. In the scope of graph states, it is easy to understand if
we recall that every three-colorable graph can become two-colorable if the appropriate number
of edges is deleted. Reversing the process, adding edges to a two-colorable graph means that
in general, we act with a non-local CZ operation between vertices that have the same color,
and thus we create a three-colorable graph. This means that we are acting with a non-local
operator on a state that is initially described by an OA. This implies that every three-colorable
graph is described as a QOA since the so-called ‘quantumness of the QOA’ is modified as is
mentioned in [19]. We refer the reader to the aforementioned work for a detailed analysis of
this concept.

Another remark regarding proposition 2 is about the Schmidt measure of any three-
colorable graph. As it is already explained in section 3, this discussion is essentially the same
as finding the minimal number of terms required to describe the state in the Z-eigenbasis.
The proof for the lower bound provided in appendix B can also be used here. Therefore, two
bipartitions A and B are considered. In our formalism, the matrix I'y | denotes the connections
between the vertices of the sets A and B. In the case of x > 2, both bipartitions A and B can
include more than one set of colors. Recalling the result of appendix B we arrive at:

max {rank (I'g/gp) ,rank (Ug|gg) ;rank (Igjrg) } < Ey (|¥3-cotor)) - (32)

For the upper bound, we refer to the discussion after proposition 7 in [9]. Any graph, which
is not two-colorable, can be transformed into a two-colorable one by deleting the appropriate
vertices on cycles with odd length. This corresponds to Z measurements. This idea can be
straightforwardly generalized to qudits. Therefore, we can adapt the equation (20) as follows:

n+K

ES(|1r/)3—color>) < I_ )

1, (33)

where K is the number of vertices deleted. Figure 3 presents an example where the closed-form
expression from proposition 2 yields the minimal number of terms in the Z-eigenbasis.
Before concluding this section, let us provide a formal discussion of the advantages of the
closed-form expression from the computational aspect. Following the definition of a graph
state given in equation (6), d"*"+"s terms need to be summed and each one of them needs
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Figure 4. A schematic description of the creation of the three colorable graph states
studied in this work.

to be weighted with a product of phases up to O((ng + ng + ng)?). For our result, we have
a systematic way to reduce the number of summations to @**7"¢ and the number of required
phases to O((ng +ng)?). This improvement is important for computational purposes, espe-
cially when one wants to store this information or use the state for a classical simulation.

5. A special class of three-colorable graph states

We extend our analysis of three-colorable graph states to a special class tailored for the con-
struction of k-uniform and AME states. This approach serves two main purposes. Firstly, these
states are of particular interest in quantum information applications. Secondly, the presented
methodology is an alternative approach to obtaining the closed-form expression for this special
class of three-colorable graph states.

e Start with a two-colorable graph as the one assumed in section 3 for the graph state |t color)>
therefore, in this case, the ng < np without loss of generality once again.

e Assume that the blue qudits are separated into 2 disjoint sets named B, and B,,. The number
of blue qudits in the set B, is ng, and the number of blue qudits in the set By, is np, .

e It is crucial to assume that ng < np,. In principle, we can also impose conditions on the rela-
tionship between ng and np_, but, as we are going to establish later on, this is not important.
Therefore, without loss of generality, we are going to assume that ng < ng,_.

e Among the qudits belonging in the set B, without omitting any of the connections estab-
lished in the initial graph, create a new two-colorable graph. This means that now the set of
qudits, belonging to B, either remain blue qudits or change to become green qudits. The set
of these green qudits is denoted as G and the total number of green qudits is denoted as ng.
The set of these blue qudits is denoted as B, \ G and the total number of these blue qudits is
denoted as np \ . We impose without loss of generality that ng < ng\g-

e The blue qudits belonging to B, remain unaffected as they were in the 2-colorable graph

state W)Z—color> .

The above procedure is summarized in figure 4. Although it may look like many restrictions
have appeared in the construction of this type of three colorable states, these setups have
appeared in various contexts, for example for k-uniform states [28] or for cluster states, where
a few qudits of the same color have been connected like in [41]. Bearing in mind this inform-
ation, |13_color) is defined as follows:

Ly Ty Ty RUB, UB,
|w3—color> = H Cbe/bll H CbZr’ H Cth b |+>® . (34)
b,b’'E€B, bEB,rER bEB,,rER
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At this point, understanding the form of the adjacency matrix is crucial to proceed with our
main results. Its form is given by equation (35):
R B, BA\G G

e e N st =~
0 Ap.r | Ap.\Gr AGr

AT o 0 0
'3 color = 35
el Apar | O 0 | Acpac G

Alr 0 | Agpac 0

The comparison of the matrix (35) with the general form of the adjacency matrix of any three-
colorable graph given in equation (22) is unavoidable. In both cases, the matrices given in
equations (35) and (22) are block matrices. The non-zero blocks denoted with A and a subscript
with two or more letters indicating the sets of different colored qudits, are assumed they be
connected. It is also obvious that the matrix (22) is a generalization of the matrix (35). Finally,
the reason we denoted with bold letters the part of the matrix (35) is to make apparent the
condition we have imposed, firstly, one has to assume a two-colorable graph, this is the top
block with bold letters. Then, if additional connections are assumed, we have the contribution
of the additional connections on the two-colorable graph to make a three-colorable graph.
Finally, the parts that are non-zero but still not indicated in bold represent the connection of
the green and the blue qudits with the red ones. If this connection is not maintained, then we
would have ended up with two disconnected diagrams, which is not the case for us.

A closing note is that the total number of red qudits is denoted by ng, the total number of
blue qudits is represented with ng, the total number of green qudits is expressed as ng, the
total number of blue qudits belonging to the set B, is symbolized as np, and the total number
of blue qudits belonging to the set B.\ G is indicated as np\¢. Finally, yet importantly, it
is assumed without loss of generality that ng < ng+ng and ng < np\g- At this point, the
following proposition can be presented:

Proposition 3. Let us assume a three-colorable graph state described by the adjacency mat-
rix (35), defined as in equation (34), satisfying the set conditions described in the step-by-

step construction at the beginning of this section and without loss of generality ng < ng,, and
ng < np\g- Then, any such graph state satisfies the following equation:
d—1 d—1
HI®BNTHT B ior) = ) [iiGa,r) A 1855.\6), (36)
=0 §=0
where it = (uy,uy. .., Uny ), § = (81, ,&ng) both rowvectors, Gp.r = [Lu, | Af g], Gp\g =

[]InR | AEBE\G}  feeB. = D cg Unty, and the operator A is defined as following:

n ng.\G X
A= (éz’%) Qx| 37)

The proof of proposition 3 is given in the appendix C. At this juncture, an implication of this
proposition must be underlined. Firstly, proposition 3 can be extended to not only the assumed
set-up of the three colorable graph states which is depicted in figure 4, where we have only
one set of B, qudits. It is possible to have s different numbers of B, -like setups that need to
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Red Particles| )
Three-Colorable Graph< Not Connected (By)]
Blue Particles]
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Not Connected (Bes)

Figure 5. A schematic description of the creation of the most general three-colorable
graph state studied in this work. In this case we have multiple B.-like setups ranging
from B, till B ;.

obey the same rules. To make it evident, this idea is depicted in figure 5. The extension of the
proposition to an arbitrary number of s different B.-like sets is trivial:

s d—1 K d—

1
QY HIFPANCHT B s 1or) = " [iiGa,r) Q) Ak Y [8iG5,06.),  (38)
k=1 gk

k=1

1

=

where each term that got a k subscript in the equation (38) is trivially extended for any subset
B, where k =1,--- s taking into account the definitions given in the equations (36) and (37).

At this point, the significance of the proposition 3 will be discussed. To begin with, similarly
to the case of two-colorable graph states we are equipped with a step-by-step methodology to
write the closed-form expression of the discussed three-colorable graph states. Let us present
the aforementioned guide of how to use the formula:

e Step 1: Identify the set every node belongs to, namely one should consider 4 sets:
G,R,B,,B. \ G and ensure that the conditions ng < np, and ng < ng ¢ are satisfied.

e Step 2: Assign indices on the qudits belonging to the R and G sets. Using these indices, find
the indices for the blue qudits belonging in the B, and the B, \ G, by adding the indices of
their neighbors, precisely like it was done for the 2 colorable cases.

e Step 3: To find the A operator one has to apply the Z operations to the green qudits of
the B, graph and the X operations to the blue qudits. Then the definition of the function
fveB. = Y ex Lty must be recalled.

e Step 4: The function fiep, = >, I'iit, represents the coupling of the red qudits with the
green and blue qudits belonging to the B, graph. For this reason, to find the functions f; for
each qudit in B, one has to find every red qudit that are connected and for each case multiply
the index assigned for a red qudit in step 2 and multiply it with the weight between these
two vertices. Then, for each qudit belonging to the B, set one has to add these coefficients
to determine each one of the ficp,.

e Step 5: Thanks to steps 3 and 4, the A operator is obtained. Therefore, the final step is to
get the result from step 2 for the qudits belonging in the B, and R sets. Then, place the
A operator found in step 4 and finally write the second result of step 2 which is the two-
colorable closed-form expression for the B, subgraph and the formula of the desired state is
found.

A general idea of how proposition 3 works is depicted in figure 6. To make the implement-
ation of the above steps transparent, let us present the application of proposition 3 for two
representative examples.

Example 1. As the first example, assume the graph state corresponding to the graph given in
figure 7. The first step is to ensure the conditions ng < np, and ng < nBAG which are obeyed

15
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ALocalOperators

R

Figure 6. An example schematic representation of closed-form expression given in pro-
position 3. On the left-hand side, the three-colorable graph is shown. On the right-hand
side, the two colorable subgraphs are presented. Between them At ocaioperators 18 applied.
This figure illustrates the process of obtaining the family of states satisfying the required
conditions to apply the closed-form expression. In this example on the right-hand side,
we have a completely bipartite graph (left of the A) and a 1D cluster state (right of A).
However, this idea extends to any state that satisfies the corresponding conditions.

Step 3

@itk
@i+j+k+!
itj k4
itj k4

itk

itk

Figure 7. Example 1: Presentation of the first three steps of the algorithm to obtain the
closed-form expression (42) using proposition 3.

since ng =4, ng, = 6, ng\g =2 and ng = 1. Step 2 requires assigning indices to the green
and the red qudits. Step 3 demands to find the indices for the blue qudits, which is simply
the addition of the indices found in step 2 of the neighboring indices. This means, that for the
connections involving the qudits belonging to the R and the B, set we have:

d—1
ST DRI +j+k+D)i+j+k+D]i+j+k+1)
i k,1=0
lit+j+k+D]i+j+k+Di+j+k+1). (39)

Similarly, we have the term for the qudits belonging to the G and the B, \ G set:

d—1
> le)lg)le)- (40)
g=0

Step 3 requires to construct the A operator. For this, we know that on the blue qudits of the B,
graph, X gates must be applied, while for the green qudit a Z gate. Step 4 requires determining
the function fi¢p,, which here is easy since we have assumed that we have weights equal to 1:

frep, =1 xi+1xj+1xk+1x1, A1

16



J. Phys. A: Math. Theor. 58 (2025) 355301 K-R Revis et al

where the multiplication by one is used to make explicit how the corresponding weight must
be used. Bearing the above procedure in mind and combining every step, the final state can be
written as:

d—1
[Gexample1) = Y [DIDIK)DIi+j+k+D]i+j+k+1)
i.j,k,1=0
li+j+k+Dli+j+k+Dli+j+k+Dli+j+k+1)
d—1
(Xi'l‘!'.l'+k+l ® Zij_j+k+l ®Xi—3ﬁ-j+k+l) Z |g>x1 |g>x2 |8>x3 ] (42)
g=0

It has to be underlined, that in equation (42), the indices x; and x3 represent the blue qudits
of the B, graph and x, the green qudit. In fact, this example has a dual goal. The first was to
demonstrate the detailed way to apply the closed-form formula presented in proposition 3. The
second one is that if the B, graph is a one-dimensional cluster state, the closed-form expression
becomes rather interesting. As we explain in the appendix D, in those cases, if B, has 2 qudits,
then the Bell basis is obtained. When we have 3 qudits the GHZ basis is obtained.

Example 2. Let us proceed with the presentation of the second example presented in figure 8.
Here in this example, we have two different B, sets. This does not have any impact on the
application of the step-by-step procedure of the algorithm. In this case, the condition ng < ng
nG,1 < NpAG,1» and ng» < np\g,2, Which they do since ng = 4, ng, =5, NBA\G,1 = Lng =1,
npaG,2 =1 and ng = 1. The second step is to assign the indices to the red and the green
qudits. Here, we did so for the red qudits, but we have assigned the indices to the blue qudits
to make it crystal clear that if ng s = np\g,, for whatever s, then it is irrelevant where the
indices will be assigned. In any case, one has to apply them to the same group of colors. Step 3
is straightforward and presented in figure 8. So, we have obtained the summations we intended
to. For the connection between the R and B,, qudits we have:

u’

d—1
ST DRI +j kA Dli+j+k+Dli+j+k+ 1)
i, 1=0
|i+j+k+l>|i+j+k+l>, 43)

while for the B ; and B, , we have:
d—1
> Iby)lbs), where s=1,2. (44)
by=0
Step 3 requires to construct the A operator. For this, we know that on the blue qudits of each B,
graph, X gate must be applied, while for the green qudits Z gate. Step 4 requires determining

the function fi¢p,, for both B, sets assumed in this, which here is easy since we have assumed
that we have weights equal to 1:

frep., =i+j+k+I, where s=1,2. (45)
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Figure 8. Example 2: Presentation of the first three steps of the algorithm to obtain the
three-colorable closed-form expression (46) using proposition 3.

Therefore, combining the above results for the graph states depicted in figure 8, the final
form is obtained:

d—1
Wexample2) = > (DD +j+k+Dli+j+k+D]i+j+k+1)
i.j,k,1=0

d—1
X |itj4+k+D]i4j+k+1) (X"*f“‘“ R Z PN b1>|b1>>
b1=0

d—1
® <Xi+j+k+l ®Zi+j+k+l Z |b2>|b2>) . (46)

bry=0

The described three-colorable graph state with adjacency matrix, given by equation (35),
is, according to the proven proposition 3, on the form of a QOA, therefore every scenario, in
which the QOAs are utilized, becomes automatically an interesting area for the assumed fam-
ily of three-colorable graph states. To be more precise, we refer the reader to equation (38)
of the [19]. In this work, it is explained that we can multiply the so-called quantum columns
of a QOA. This idea is also apparent in the equation (38) of this work. In section 4, we have
explained that every three-colorable graph state is a QOA. In this section, bearing in mind the
equation (38) we conclude the same result. In fact, with this methodology, we are presenting
a general way to construct QOAs, since we just have to assume several B.-like graphs that
either have 2 or 3 qudits. In reality, we suspect that we can construct states that are QOAs by
concatenating Bell, GHZ, and other AME states of a lower number of qudits in the quantum
part of the QOA, but this is a matter of future research. Graphically, this means one can use
multiple B.-like graphs in the original two-colorable one. The second reason why this setup is
important is connected with the construction of k-uniform states. For this, not only the discus-
sion in this paragraph must be considered, but also the results presented in [28], which will be
presented in section 6.3.

A final remark is about the initial condition imposed on the number of ng and ng, qudits,
which must satisfy ng < np,. For this, we have to recall the fact that we can always make
an arbitrary graph two-colorable if an adequate number of odd-numbered circles are removed
from a non-two-colorable graph. In this case, one has to recall the equation (33) and the fact that
K is the number of vertices removed. What we carried out in practice was the reverse process,
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where we started with a two-colorable graph and we started added new edges. The physical
implication of the demand that the bound np < np, is not violated is that, in case it is, then the
entanglement properties of the new three-colorable graph state have changed radically, and
the correlation with the entanglement properties of the initial two-colorable case is no longer
apparent. This result is completely consistent with the fact that the entanglement properties of
a state can change only with joint operators. Last but not least, recalling that almost all two-
colorable graph states have maximal Schmidt measure [15] for the qubit case, it is rational to
examine if it is possible to transform the three-colorable graph state we examined to a two-
colorable state. This question will be addressed in the next section.

6. Local transformations between two- and three-colorable graph states

6.1. Short overview on local transformations

Entanglement characterization is crucial in the study of graph states, making the examination
of equivalence classes a natural problem. Moreover, graph states frequently arise in quantum
networks, where each vertex represents a spatially separated qudit or laboratory, preventing
joint operations [41]. Consequently, quantum operations £ must be considered as a subclass
of completely positive maps (CP maps) that remain separable under the finest partitioning.
We are interested in the transformation from state |1);) to |1),) with a non-zero probability,
if a CP map £ is adopted. Characterizing the complete class of every transformation &£ that
belongs to the local operations and classical communications (LOCCs) is broad and generally
challenging. Usually, it is assumed that:

N N
£(p)=QErQ)E, 7)
j=1  j=1

which means that: |1),) = ®jV: 1 Eilwr). At this point, let us present three dissimilar classes
of local operations [8]. The first one is the invertible stochastic local operations assisted by
SLOCC [42], which means that the operation performed in each qudit is of the form &; €
SL(d,C). The probability of achieving an SLOCC transformation is typically less than one.
Then, the LU equivalence must be taken into account, which means that each operation on
every qudit is & € U(d). Finally, the LC are operations on each qudit such that & € C;, which
means they are one of the Clifford unitaries [32]. The last two have the probability of being
achieved, if they exist, equal to unity. The generalized Pauli group is generated as follows [32]:

P={w'X"Z}, with a,b,c€F,. (48)

The n-body Pauli group P, is defined as the tensor product of P. Then, the Clifford group for
n qudits C,, can be presented, which is the normalizer of the P,.

6.2. Local complementation, LC equivalence, and two-colorable closed-form expression

It is noteworthy that for qubits, there is a simple graphical rule to determine and examine if
two graph states are LC equivalent [26] and is called local complementation [25]. The rule is
rather simple: one has to choose a vertex, let us assume we call it A. Then, the neighborhood
N, of A must be checked. If two vertices are connected, the edges are deleted, if they are not,
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Jjooity

Figure 9. An example usage of the Local Complementation to transform a three-
colorable graph to a two-colorable graph. On the left, the initial three-colorable graph
is given. On the right, the implementation of the method for the closed-form expression
is performed.

a connection is established. Additionally, it was shown in [9] that the aforementioned rule is
as follows:

LCy = v—iXs ® ViZp. (49)

bEN,

The idea of a graphical rule to determine LC equivalency has been extended to qudits [32],
and the corresponding local transformations are found in [43, 44]. It must be noted that, if two
graph states are not LC equivalent, this does not imply that they are also not LU equivalent if
the number of qudits is above 8, as it was shown in [45]. In [46], an approach to constructing
examples for this case is presented. Finally, one has to bear in mind that the application of LC
operations on a graph state does not necessarily lead to a graph state directly, but in general,
it should be a stabilizer state [41]. But since stabilizer states can be realized as graph states,
as it was shown in [13], every stabilizer state is LC equivalent to some graph state. A final
remark is that, even if an efficient algorithm for graphs has been developed [25], as well as
the algorithm for the determination of two stabilizer states are LC equivalent, the endeavor of
increasing the number of qudits and finding the LC orbit for a large number of qudits turns out
to be a challenging goal [47].

In any case, and especially for a small number of qudits, it is always a good idea to find
whether a three-colorable graph can be transformed into a two-colorable one by local comple-
mentation and then apply the formula found in proposition 1. An example, in this case, is given
by figure 9, where local complementation on the qudit indicates that k eliminates the connec-
tion between the qudits b; and g, transforming it into a two-colorable graph state, where the
closed-form formula is known.

6.3. Association of the presented approach with k-uniform states

The goal of this subsection is to indicate that the three-colorable graph states, assumed in
section 5, with the adjacency matrix given by equation (35), arise naturally in the case of the
k-uniform states. In a few words, k-uniform states are highly entangled pure states, and their
property is that all of their k-qudit reduced density matrices are maximally mixed [17, 19, 28,
48-50]. The way to construct the k-uniform graph states, presented in [28], fits exactly into
the approach of proposition 3. To elaborate on that, it is stated that one has to assume graph
states with adjacency matrix given by the following matrix:

01]A
1—‘k—uniform = (T‘T) . (50)
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The only requirement is that the matrix A, as well as each one of its submatrices, are non-
singular while the block matrix B is not limited by anything. It is clear that for B =0, a two-
colorable graph state is obtained and in proposition 1, the closed-form expression has been
given. Additionally, if it is assumed that the matrix B has the following structure:

([ 0B
o= (i) 5

where B and each one of its sub-matrices is non-singular, the so-called hierarchical graph
states are created. In this case, the graph state assumed, is simply a special case of the three-
colorable graph state described by the adjacency matrix (35). In [28], two important results
regarding the SLOCC equivalence are described. In their work, it is interpreted under the scope
of k-uniform states, but as we explained, the colorability understanding is essentially the same.
In both cases, the conditions regarding the A block of the matrix (50) must hold.

They showed that the k-uniform state with adjacency matrix given by (50) and B = 0, and the
state, given by the same adjacency matrix, and the block B given by matrix (51), do not belong
in the same SLOCC class. In our perspective, this means that we need to consider a general
two-colorable graph state described by the matrix (9) and to assume that every submatrix of
Agp is nonsingular. The second stage is to assume we have the three colorable graphs using
our approach described by the matrix (35) and just impose that every submatrix of Gp\g is
non-singular. Then, these two states do not belong to the same SLOCC class.

The second example is to assume a two-colorable graph state, described by the adjacency
matrix (9), and impose the conditions to have an AME state. Then, the second graph state is
the same as the first one, but the B, graph has only two qudits. Then, if the total number of
qudits is odd, these two states are not SLOCC equivalent. These two examples showcase that,
indeed, in some cases, it is not possible to transform the theorized 3 colorable graph states
described by the adjacency matrix (35) to their corresponding two-colorable graph state with
the adjacency matrix given by (9).

7. x-colorable graph states

Generalizing the formalism developed so far, we extend our analysis to graph states with arbit-
rary colorability x. This requires considering graphs with a chromatic number Y, where the
vertex set is partitioned into x disjoint color classes. Instead of assigning specific names to the
colors, we denote them as color 1, color 2, up to color x, forming corresponding sets of vertices
labeled as ¢y, c¢a,. .., cy. The cardinality of each set ¢; (where [ € {1,2,...,x}) is denoted as
n;. Without loss of generality, we impose the ordering n; <ny < --- <n,_; <n,. The total

number of vertices in the graph is n = Z}‘zl n;. A x-colorable graph state is defined as:

‘wx»color> = CZX|—|—>®CI |+>®Cz . |—|—>®Cx )

where CZ, is defined as:

cze= [ I oz (53)

I<i<j<xPECiq€e;
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The adjacency matrix of a y-colorable graph state is structured as follows:

C1 (&) Cx

N = N ~ =
0 ACZ’CI o Ac »Cl
T .

AT |0 . :

F)(—color = . (54)

T: 0 T - Acy ey

AT o0 Al 0

For our upcoming analysis, it is also useful to define the following quantity,

ng;

x—1 e
£~ Q@7 -

i=2 j=1

where the object (Ag; ¢, ),j is the generalization of the vector defined in proposition 2. Namely,
this symbolizes the vector created by the extraction of the column of the block matrix A, ,
that corresponds to the jth qudit with color ¢;. We proceed with our analysis by defining a set
of vectors as follows:

Yo = (vi"‘,--- 7";:;,) , where, me{l,--- x}. (56)
Let us denote the concatenation of every vector "/, with [ € {1,---,x — 1}, starting from V"'
till v*x-1 as follows:

VX:(\j’CI7...7f,fx—l). (57)

It will also be useful to note that we are going to denote as I, the identity matrix of dimen-

sion Z}‘;ll n. Finally, we define a generator-like matrix G, , with dimensions (Z}gl ncj> X
(Z/X=l nc/) as:
A

CxC1

G, = |1, (58)

|

Cx,Cx—1

Bearing the above definitions into mind, we have the following proposition, which is a direct
generalization of the results obtained in the previous sections.

Proposition 4. A qudit x-colorable graph state defined in equation (52) with the correspond-
ing adjacency matrix of the graph defined in (54) can be written as:

d—1
HT@CX |wx—color> = Z ZX*1|‘7X ' gX>7 (59)

V=0
with every element used in this proposition defined from the beginning of this section.

Proof. The proposition 4 is remarkably straightforward to prove, if the same steps of the proof
for proposition 2 are adopted. O

It is notable that for y = 3, we are reproducing the closed-form expressions presented in the
propositions 2 and 3 respectively. Following the thought process of displaying the implications
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of each proposition presented, we start by equipping the reader with the step-by-step guide to
write the closed-form expression of a y-colorable graph state.

Step 1: Identify the color of each vertex, with colors starting from c; till ¢, and assign

indices to them.

o Step 2: The indices of the vertices with color ¢, will be the summation of the neighboring
indices with color ¢;, where € {1,---,x — 1} multiplied with the corresponding element of
the adjacency matrix given by equation (54).

e Step 3: The exponent of the Z operator for every vertex with color ¢, will be the multiplica-
tion of their indices with the indices of the color ¢; weighted with the corresponding element
of the adjacency matrix given by equation (54).

e Step 4: We proceed iteratively with the exponents of the Z gates for every element with a
color ¢; where here / € {2,--- ,x — 1} and we multiply their indices with the indices of every
vertex with color ¢;—; where [ € {2,---,x — 1}.

e Step 5: We sum over every element of the concatenated vector VX, which has been defined

in equation (57).

Applying the same idea as to why every three-colorable is a QOA, it is straightforward to
understand that, given the definitions of \7X (56) and G, (58), the mathematical object ‘7X -Gy
forms an OA. Taking into account that we have to apply Z,, and sum-over, we can understand
that a x-colorable graph state can be written as a QOA with the following dimensions:

x—1 X
QOA | > ne, > ne.d.k | =QOA(n—ny,n,d.k), (60)
j=1 j=1

where k satisfies the following relation [19]:

x—1

kTrpl,w,p,,,k (|wx—color> <wx—color|) = chj I, (61)

j=1

for every subset of n — k parties {p1,---,pu—i}-

In this work, we have already described multiple times how to derive strict lower bounds
on the Schmidt measure of a graph state and how to connect it with the minimum number of
terms needed to write the state in the Z-eigenbasis. The upper bound on Schmidt measure is
given by equation (33). Recalling the result of appendix B, for x > 3 we arrive at:

max {rank (FS\S") | SC {Cl PR 7CX} ) 0< |S‘ < X/Q’} < EX (lwx-color» . (62)
The total number of combinations in this case is ,CLEIJ (jf) Equipped with these results, we
point out some important remarks regarding the lower bounds on the Schmidt measure. It is
well known that the graph states with a star-shaped graph (y =2) is LC equivalent to the GHZ
state [8]. It is also trivial to understand that the completely connected graph with n vertices has
x = n. Itis well established that the completely connected graph state is LC equivalent to the
GHZ state, which means that it is also LC equivalent to the star-shaped graph. Therefore, these
three states must have the same Schmidt measure. This makes the discussion very interesting
because it illustrates that the endeavor of finding the stricter lower bound for every y —colorable
graph state is a much more complicated task. To do so, a numerical approach is to find every
state that is LC equivalent to the state we are interested in. Then find the states that have the
smallest x and calculate their Schmidt measure. Since the two states are LC equivalent, they
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have the same Schmidt measure. This endeavor is a matter of future research, and we hope
that the insights given in this work will assist in this.

8. Conclusions and outlook

In this work, we have established a systematic approach for deriving closed-form expressions
for two- and three-colorable graph states, providing an efficient and intuitive method to rep-
resent these states with minimal terms in the Z-eigenbasis for some cases. We further invest-
igated a special subclass of three-colorable graph states, revealing their natural connection to
k-uniform states. Extending our approach, we formulated a general approach for constructing
and analyzing x-colorable graph states. By leveraging graph state colorability, we demon-
strated deep connections between QOAs, LC equivalence classes, and multipartite entangle-
ment structure. Our results show that every two-colorable graph state is LC-equivalent to a
state expressible via an OA, while all graph states with x > 2 are LC-equivalent to a QOA,
establishing a direct link between combinatorial designs and quantum information theory.

Beyond formal classification, our results for the closed form expression provided a system-
atic approach to reduce the classical computation resources required to study graph states
and utilize them. The introduced approach enables a compact representation, with direct
applications in quantum networks, quantum error correction, and in general, measurement-
based quantum computing. Additionally, our generalization to arbitrary x-colorability opens
a pathway to systematically characterizing multipartite entanglement classes in graph-based
quantum states.

This work opens multiple research directions. While we extended known lower bounds for
two- and three-colorable qudit graph states and extended these results to higher x, an open
challenge remains to determine the tightest possible bounds for y-colorable graph states and
their implications for entanglement distribution in quantum networks. Another fundamental
question is the refinement of QOAs. Given that we provided evidence that every OA corres-
ponds to a two-colorable graph state, while QOAs correspond to higher chromatic number
states, a deeper mathematical exploration is needed to tighten the connection between QOAs
and multipartite entanglement.

By integrating concepts from graph theory, combinatorial designs, and quantum entangle-
ment theory, our work lays a conceptual and practical foundation for the systematic study of
graph states. The link between colorability, OAs, and multipartite entanglement provides a
novel perspective for constructing and analyzing highly entangled states. We anticipate that
these results will be instrumental in advancing quantum state classification, quantum error
correction, and scalable quantum computing architectures.
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Appendix A. Some useful properties

Let us present some useful for our analysis relations. The first one is the commutation of
H'CZ|kj), which is given by the following equation:
H' CZ|kj) = CXH'|kj), (A.1)

and it is proven here. Let us assume a two-body state |k,j) with k,j € Z,, where d is the local
dimension,

H CZ|kj) = Y HT |kj) = kf|k Zw—’qz (A2)

On the other hand, let us apply the following assuming the control is happening always on the
first qudit:

d—1 d—1
1 .
CXH'|kj) = —Cx|k§ w i = —d|k>§ w i+ k)
=0

QU
—_

oy (1 -
= — k) W R k) = kfk w1y, A3
7 | | Z . (A3)

0

-
Il

Therefore, the proof is completed. Another useful property is that the X operator to the power
a € F, is given by the following equation:

X* =H'7°H. (A.4)

The above property is proven here. The application of X“ yields X“|i) = |i + a). While for the
H'ZH we have:

d—1

d—1
HES Zw”|l> = Z'Hli) = Zw”w“l|l)
1=0 1=0
d—1d—1

HTZaHl Zzwzl al mllm

m=0 [=0

which leads to H'Z¢H|i) = |i + a) and therefore the proof is completed. Finally, a mathematical
fact we are going to use extensively in our analysis is:

1 i 1
Nz (exp (;l (kj))) =65, for kjez, (A.5)
1

where 0, j is the Kronecker delta.

Appendix B. Bounds on Schmidt measure for qudits

Consider a bipartition (A, B) of a graph G = (V,E). Let G4p represent the subgraph of G that
is imposed by the edges between A and B. I'4p is the |A| X |B| diagonal submatrix of T'g
representing the edges between bipartitions A and B:

_ L'y FZ;B _ 0 F/T-;B
FG_(FAB ) and Tg, = o0 ) (B.1)
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Consider a qudit graph state represented by the graph G. For the measurements of the vertices
a € A the outcomes are given by {|z) = &), |2,w™) }. After the measurement, the graph state
|G — A) is left, and thus the following correction terms based on the measurement outcomes
are required:

[T 1 2= @16 - a) = [[ 2o @ [[ 2™

a€AceN, acA beB

G—A). (B.2)

All computations are performed in F4, and e’ = ;. Therefore, the following state vector
is obtained:

w(ET6-52) |§> ® HZZ<eb|FA32)
bEB

G—A). (B.3)

At this point, we can define the following local unitaries:

U =[]z« " (B.4)
beB

and since U(z1)|G —A) and U(z2)|G — A) are orthogonal if and only if U(z; —z) #1 the
partial trace with respect to any partition A is:

4 (1G)(G]) = ﬁZU(ZHG)(GW(Z)T. (B.5)

The above equation is crucial because the Schmidt measure of a graph state |G) with respect
to an arbitrary bipartition (A, B) is given as:

E;(IG)) > E?)(|G)) = log, (rank (tra (IG)(G)))).. (B.6)
One can easily conclude that:

rank (tr4 (|G)(G|)) = dim (span {U () |G — A) : 2 € F}}). (B.7)
Considering for each 7 the equivalence classes, i.e. {z' € F4: U(z) = U(z’)} for which:

7 —z€{zeF;:U(R) =1}, (B.8)
we have that:

log, (tra (|G)(G)) = |A| —log, {z € Fy : (€”|Tapz) =F, 0,Vb € B}
= ‘A‘ —dim (kerHTdFAB) = rank]Fd (FAB) ) (B9)

by the rank-nullity theorem.

Appendix C. Proof of proposition 3
Proof. Let us start by applying H'®F = HT®B:UBu.

B By — B Ly Ly
Hi®Bi® ‘1/}3—color> —H® H Cbe,“, H Cer’
b,b’'€B, bEB.,reR

« HT®Bu H Cerl;br ‘+>®R|+>®Bu
beB,,rcR

+)%5. €D
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It is clear that if ng < np, and @ = (uy,uy. . .,u,,) a row vector :

HT®B. H CpZlw | |+ )R |+) ®Be = Z|u ®|erbur (C2)

bEB,,reR =0 beB, reR

Therefore, it is possible to obtain the following:

H®Be [t ®B, > — Z Hi®B: H Cy le:lbb’ H Cy Z}“br
=0 b,b’E€B, bEB.,rER
06 Q)| X T Y5 0)°”
beB, ' rER
F /
— Z HT ®B. H Ch Zb/bb H Cerl;br
=0 b,b’E€B, bEB.,rER
11, r) ™ |0) %5, (C3)
where Gg g = [I[nR | Agu R]. However, this form is not helpful to proceed with our calcu-

lation, therefore we are going to expand \ﬁggu z) and use the closed-form expression at the
ending point of our proof. The primary goal is to commute H'®5: through the two products
with the controlled-Z operations. For this reason, the following is performed:

] czy | =% | [] Gz | H¥5H % = Oppres H®. (C4)
b,b’€B, b,b’E€B,

For clarification, we have defined an operator named Oy, j,/¢p, as follows:

Oppres, = H'®% H CbZ;l:/bh/ HBe, (C.5)
b,b'€B,

The operator defined in equation (C.5) will help us commutes as following:

Hi®B: H Cbsz' _ H Cbxfb,- HT@R-7 (C.6)
beEB,rER beEB:,rER

and thus equation (C.3) can be written as:

d—1
. I —
HT®B(HT®BN|’(/)3—COIOI> = g Ob,b’EBc H CrXbrb |u>
=0 réR,bEB,

X (@ |Zr,,,u,>> |0) @5 (C.7)
beB, reR

Finally, using similar steps as the concluding steps in the proof of proposition 1 and recalling
that ngr g np,:

d—1
HI®BETOB ). >—Z<|ﬁ>®|2rmur>> (ob,b/e&@ZFrb“»)- (€5)
=0

beB, reR beB. reR
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Therefore, one writes the following:

d—
HT@B(HT@B“ |'(/)3—c010r Z ugB“ <Ob,b’€BL- ® | erbur>> : (C.9)

beB. reR

The connections of the blue qudits imposed in the setup are apparent in the above equation, as
well and the fact that the qudits belonging to the B, set are still connected with the red qudits
is obvious from the coupling in the | > _.T'»u,). Hence, we are going to define the parameter
fr as follows:

rer

fi=> Ty, (C.10)

reR

This parameter describes the connections of a specific qudit named k with every red qudit.
By construction, the qudits belonging to the B, are assumed to be a two-colorable subgraph,
and thus the total graph is a three-colorable one. This means that the B, graph has qudits that
maintain their blue color. These qudits belong to a set which we are going to denote as B, \ G
and this is a set with elements B. \ G = {b{,--- b, }. Therefore, the total number of qudits
belonging to the B, graph that maintain their blue color is ng \g- Following the same structure,
the B, graph has some qudits that became green. Their total number is ng, they belong to the

set G and this set has elements denoted as G = {g1, -, gn, }. With these points in mind, we
have that:
Q1D Ty =Q i) = Qlfe) Q) Ifv)- (C.11)
beB. reR kEB. geG beBN\G

Bringing us back to the equation (C.9) we have to calculate the following:

Oppres, @Y Trvitr), (C.12)

beB. reR

and we will do it in stages. Until this point the cardinality of R, G, B,, B., and B.\ G was
denoted as ng, ng, np,, np,, and np\G respectively. From this point in the equations of our
proof we are going to denote it as .\ G|. Let us start the calculation
by applying the Hadamard gates:

G| |B:\G]
®G gQ®BN\G —
HOH Q) @ )= > >
8€G  bEBAG lgl’“"lg\G\:Ol”f’m’Z"\/B(.\GIZ
T Lo+ 212
w 1 lails, bl b |lg17"'7lg\c|>|lb{7”"lb?gl,\m>‘ (C.13)
To introduce a short-hand notation, instead of Z‘G‘ gy, =0 W are going to write Z,g.

|G —o we will write >, . After these clarifications, we have to

lb/ N lb/
1Bo\G|
proceed with the apphcatlon of the corresponding controlled-Z operations. For this, we have

to keep in mind the following:

H czl'w = H czle. (C.14)

b,b’EB, $E€G,hEBNG

Similarly instead
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Therefore we have that:

H C7 H®GH®BF\G®Vg> ® )

g€G,beBN\G geG bEBN\G
G| 1BAG] G/ |B\G] (C.15)
IR DRUVEDILAD PP BUL I
[P i=1 j=1
|lgl7"' ’ g|s\>‘lb{7"' ’lb"BC\G|>,

where Q(x) = w* for x € R. At this stage, the fact that the subgraph B, is two-colorable and
that without loss of generality it is assumed that |G|<|B, \ G is crucial. In the same way, as we
did for the two colorable cases, instead of applying HT®5\CHT®G we apply only the HT®5:\C,
This can be done trivially since H®CHT®BN\CHI®G — gT®BAG, Therefore we have that:

HIEENG T ezt | BEOH*R\C QI K 1f)

8€G,heBN\G g€eG beBN\G
|G| |B:\G] |G| |B:\G] [B:\G]
=20 0 O Yt D i+ D D el Tany = D by
g L, my i=1 j=1 i=1
|lg1 T g\c|>|mb§ e ’mb?B{\G‘ >a

IBL\G\
mh/ ln,7| Gl
to use the property of the Kronecker delta that is given in equation (A.5) using as summation

the sums of the [, indices since they are not a part of the ket in the above equation. For this
reason, we have to define the quantity p, as:

where the summation Zm,, denotes the following summation: » —o- Our goal is

G|

Pa =Jb, + Zlgirb;g,, (C.16)
i=1

which underlines the structure of the theorized graph. Initially, the letter a in subscript denotes a
blue qudit indicated with the index a following the equation (C.10). Subsequently, the second
term in the equation (C.16) represents the additional connections we imposed to form the
B, graph and therefore represents the connections between the blue qudits belonging to the
set B.\ G and the green qudits which belong to the set G. Thus, taking into consideration
equation (C.16):

H1®BAG H C7 o H®GH®BC\G®lfg> ® Ify)

2€G,beBN\G geG beBN\G
‘ (C.17)
G|
= § : § :51717"11 " p\3(\0| Mg X Q E :lgﬁfg, g, 7lg\c|>|mbu"' 7mb\gc\c\>v
my,

E
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and therefore we obtain that:

HTOBAG H CZ s H®GH®BL.\G®V‘g> ® Ify) (C.18)

2€G,beBNG ¢€G  bEB\G
Gl
:ZQ Zlgfgi |lglﬂ"' ’lg\c\>|pgl"" 7pg\c|>- (C.19)
I, i=I

A careful inspection of the equation (C.18) leads us to write it as:

H®BAG H cZt s H®GH®B”\G®V8> ® Ifi)

g€G,beBN\G geG bEB\G
C.20
nG P "B\ G p MBA\G  ng ( )
. b
= <®Z f’) ®ij/ E :‘lgw"' algn(;) ® |Zlgkrbmgk>-
i=1 j=l1 I, m=1 k=1

It must be underlined that the notation of cardinality of the sets is switched to the one we
adopted at the beginning. To introduce a more effective notation in our equations, let us define
the operator A:

neG ng.\G
fo fiy
A= (@z[ ) ®ij/ . (C.21)
i=1 j=1

Likewise the proof for proposition 1, we will define a row vector §= (g1, - ,8s;) and
a matrix Gp\g = []I,,R | A(T;BC\G} , where Agp \g is the corresponding block of the mat-

rix (35). Therefore, the remaining part in the parenthesis of equation (C.9) is calculated and we
arrive at:

d—1 d—1
HIBH By oy = > |iGer)A| Y 189s06) |, (C22)

ULy sltny =0 glv"')gn(;:O
which concludes our proof. O

Appendix D. One dimensional cluster states and circles as the B, subgraph

The goal of this subsection is to study B, graphs with specific structures, that can lead to
interesting cases of three-colorable graphs. Let us start by assuming that the B, graph is a one-
dimensional cluster state with an arbitrary number of qudits, denoted as k. To better illustrate
it, figure D1 is such an example with k =9 qudits. We are going to derive our closed-form
formula stated in the proposition 3, but not starting entirely from the beginning, but rather
from the action of the Oy, ,/cp, on an arbitrary ket |/1,---,I). Let us initiate the analysis by
implementing the equation (C.5) on this context:

k—1 k—1 k
Tyx
Osrren, = <HHI/> <H Cxe#i*') (HH) (D.1)
x=1 x=1 x=1

Therefore the action of the above operator on an arbitrary state |i,--- i) is:
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Figure D1. A one-dimensional cluster state with nine vertices as the B. subgraph.

k k
(Hc zx,;r“) (H%) lir, - i)
k k=1

Z Q leﬁle,er,xM ). (D.2)

Iy lg=0 j=l

It is assumed that the chain contains an odd number of terms. The steps for the even-numbered
case are the same and thus are omitted. Therefore, the last qudit is denoted as xp; . Bearing
in mind that for the B. qudits ng < np.\g, the blue qudits are always of the form xy;1; (odd-
numbered j), and the green qudits are always of the form x,; (even numbered j). Acknowledging
the discussion about the number of H' we can apply to decrease the number of terms, only
the odd-numbered H' will be performed and therefore the following is obtained. This was
explained in appendix C. After a few lines of calculations, we have that:

k

J/+l
H Xyt HC"J Gt H it k)

d—1 d—1
Z Z lej Zmzj 112J 1+lef+11—‘xzxz+l

Ly k=0my,...,my =0 j=l1 j=l1
|ml 712,]7’13, o am2k+l>-

Taking into account equation (A.5) we arrive at:

(’)7 , N Z Q 2121121

by =0
|ll + 12 X])C27127i3 + lzrxgxz + l4F.X3X47 o .>' (D'3)

After some algebraic manipulations, equation (D.3) can be written with respect to the operators
X and Z:

k k d—1

? > ®X§C2;/:,l] ®Z§£2;] Z |12FX1X2 b 127 e 712kFX2kX2k+1 > (D'4)

J—O j =0 l_ "'712k:0

O)/

Equation (D.4) allows for some intriguing conclusions. If two qudits are assumed to belong in
the B, subgraph, then the following is obtained:

Oxl X EB, |i>xl U>xz = chl ® Z{cz Z |l>xl |l>xzv (D.5)
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which is the Bell basis. To make it more obvious, let us assume we work with qubits and
therefore d = 2:

Oxmen.|ivj) = |i,0) + (=1Y [i+1,1). (D.6)

This means that the following correspondence is obtained:

00) — [00) +[11) = |®)
|01) — |00) — |11) =|® ™)
[10) — |10) +[01) = [¥™T)
|11) = —[10) +|01) = —|¥ ™), (D.7)

where ®* and U™ are the four Bell states for the qubit case. Similarly, for three qudits belong-
ing to the B, set, the GHZ state is obtained:

Oy wnsen,|insin,i3) = X @ Z2 @ X Z D)D) 1D, (D.8)

It must be noted that for simplicity in the above example, the values of the adjacency matrix
elements are assumed to be one. This is the case as well for the upcoming example where the
result for 4 qudits is presented:

d—1
Opprelivyinis,ia) = Xj ©Z @ Xj @275 Y |byb,b+1,la).  (D9)
b, 14=0

This is a rather interesting result, especially if we realize that we can manipulate the previous
equation and arrive at:

d—1
ia, i3,ia) = Xy, @ Z2 ©Z, @ X > W"|L1) © |m,m).
1I,m=0

Hb.zH;ruOhﬁ’

This result can be generalized for any number of qudits and implies two facts. The first is
that indeed the number of H' operations one should apply for the final step of the calculation
of the operator defined in general in equation (C.5) remains HT®5\G_ The second fact is that
it is possible to write part, if not the whole ket, inside the D.4 as a tensor product having
combinations of |/,1) or |I,1,1). This is rather important for the discussion of the equivalence
using local operators between the state |12 olor) and the state |13 color)-

At this point, it has to be noted that in the given examples, the value of the adjacency matrix
is assumed to be one. We recall that every possible value inside the kets belongs to F;, which
is also true for every possible value of the adjacency matrix. The multiplication of any element
belonging to F; with any other element belonging to the same field maps to an element in F,.
This allows us to understand that showing that the Bell or GHZ state is obtained assuming every
adjacency matrix to be 1 can be generalized for any combination of values for the adjacency
matrices.

Let us proceed with the B, qudits creating a circle with an even number of qudits to create a
two-colorable subgraph. Equipped with the previously presented results, it is easy to conclude
that if the B, graph is an even-numbered circle then the action of the operator Oy, - ¢p, is given
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by the following equation:

d—1

k k
B - .
SIEENGINES ®Xz;j+l ®ZZ; E [T, 60 + ND b by, B2y )
j=0 j=0

by, by=0

Opbres,

This result is connected with the obtained in the equation (D.4), which is expected, since the
only difference between the first and the second setup is that the first and the last qudits are
connected in the latter case.
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