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Abstract: We consider the general framework of perturbative quantum field theory for the pure

Yang–Mills model. We give a more precise version of the Wick theorem using Hopf algebra notations

for chronological products and not for Feynman graphs. Next, we prove that the Wick expansion

property can be preserved for all cases in order n = 2. However, gauge invariance is broken for

chronological products of Wick submonomials.
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1. Introduction

The most natural way to arrive at the Bogoliubov axioms of perturbative quantum field
theory (pQFT) is by analogy with non-relativistic quantum mechanics [1–4]: in this way,
one arrives naturally at Bogoliubov axioms [5–11]. We prefer the formulation from [2] and
as presented in [12]: for every set of monomials A1(x1), . . . , An(xn) in some jet variables
(associated to some classical field theory), one associates the operator-valued distributions
TA1,...,An(x1, . . . , xn) called chronological products. It is convenient to use another notation:
T(A1(x1), . . . , An(xn)).

The Bogoliubov axioms, presented in Section 2.2 express essentially some properties
of the scattering matrix understood as a formal perturbation series; the “coefficients” of
this formal series are the chronological products and they verify:

• (Skew)symmetry properties in the entries A1(x1), . . . , An(xn);
• Poincaré invariance;
• Causality;
• Unitarity;
• The “initial condition”, which says that T(A(x)) is a Wick monomial.

So, we need some basic notions on free fields and Wick monomials. One can supple-
ment these axioms by requiring the following:

• Power counting;
• The Wick expansion property.

It is a highly non-trivial problem to find solutions for the Bogoliubov axioms, even in
the simplest case of a real scalar field.

There are, at least to our knowledge, three rigorous ways to do that. For completeness,
we reiterate them as follows [13]:

• Hepp axioms [4];
• Polchinski flow equations [14,15];
• The causal approach due to Epstein and Glaser [3,6], which we prefer.

The procedure of Epstein and Glaser is a recursive construction for the basic objects
T(A1(x1), . . . , An(xn)) and reduces the induction procedure to a distribution splitting of
some distributions with causal support. In an equivalent way, one can reduce the induction
procedure to the process of the extension of distributions [16].
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An equivalent point of view uses retarded products [17] instead of chronological
products. For gauge models, one has to deal with non-physical fields (the so-called ghost
fields) and impose a supplementary axiom, namely, gauge invariance, which guarantees
that the physical states are left invariant by the chronological products.

In the next section, we give the main prerequisites we need, following essentially [12].
Then, we present a more precise version of the Wick theorem and emphasize the Hopf
structure in Section 3. This Hopf structure differs from the Hopf structure introduced
in [18], which is based on the forest formula of Zimmermann. Our Hopf structure is based
only on the basic chronological products, and it first appeared in [19]. A similar Hopf
structure appeared in [20,21].

We will apply these results to the pure YM model in Section 4. The Kreimer version of
the Hopf algebra for gauge models was developed in [22–25].

Next, we discuss in detail the simplest case of n = 2 for the pure YM model. We study
the basic chronological products of the type T(T(x1), T(x2)) where T(x) is the interaction
Lagrangian, but also chronological products of the type T(A1(x1), A2(x2)) where A1, A2

are Wick submonomials.
All these chronological products can be split in the loop and tree contributions. First,

we prove in Section 5 that the loop contributions do not produce anomalies. This point
can be cleared by direct computations. Then, in Section 6, we investigate the tree contri-
butions. As it is known, they produce anomalies; for the basic chronological products
of the type T(T(x1), T(x2)) these anomalies can be removed by finite renormalizations,
but we will prove that this is not true for the associated chronological products of the
type T(A1(x1), A2(x2)). However, it is important to establish if there is a clever finite
renormalization saving gauge invariance for the basic chronological products of the type
T(T(x1), T(x2)) and Wick expansion property also. This point can be proved in a very com-
pact way, starting from a redefinition of the chronological product T(vaµ,ν(x1), vbρ,σ(x1))
where vaµ are some jet variables for the vector fields describing the gluons and vaµ,ν the
associated derivative jet variables. This idea appeared in [26,27].

2. Perturbative Quantum Field Theory

There are two main ingredients in the construction of a perturbative quantum field
theory (pQFT): the construction of the Wick monomials and the Bogoliubov axioms. For a
pQFT of Yang–Mills theories, one needs one more ingredient, namely, the introduction of
ghost fields and gauge charge.

2.1. Wick Products

We follow the formalism from [12]. We consider a classical field theory on the
Minkowski space M ≃ R4 (with variables xµ, µ = 0, . . . , 3 and the metric η with
diag(η) = (1,−1, −1,−1)) described by the Grassmann manifold Ξ0 with variables
ξa, a ∈ A (here A is some index set) and the associated jet extension Jr(M, Ξ0), r ≥ 1
with variables xµ, ξa;µ1,...,µn , n = 0, . . . , r; we denote generically by ξp, p ∈ P the variables
corresponding to classical fields and their formal derivatives and by Ξr the linear space
generated by them. The variables from Ξr generate the algebra Alg(Ξr) of polynomials.

To illustrate this, let us consider a real scalar field in Minkowski spaceM. The first
jet-bundle extension is

J1(M,R) ≃M×R×R
4

with coordinates (xµ, φ, φµ), µ = 0, . . . , 3.
If ϕ : M → R is a smooth function, we can associate a new smooth function

j1 ϕ :M→ J1(M,R) according to j1 ϕ(x) = (xµ, ϕ(x), ∂µ ϕ(x)).
For higher order jet-bundle extensions, we have to add new real variables φ{µ1,...,µr}

considered completely symmetric in the indexes. For more complicated fields, one needs
to add supplementary indexes to the field i.e., φ → φa and similarly for the derivatives.
The index a carries some finite dimensional representation of SL(2,C) (Poincaré invariance)
and maybe a representation of other symmetry groups. In classical field theory, the jet-
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bundle extensions jr ϕ(x) do verify Euler–Lagrange equations. To write them, we need the
formal derivatives defined by

dνφ{µ1,...,µr} ≡ φ{ν,µ1,...,µr}. (1)

We suppose that in the algebra Alg(Ξr) generated by the variables ξp there is a natural
conjugation A→ A†. If A is some monomial in these variables, there is a canonical way to
associate to A a Wick monomial: we associate to every classical field ξa, a ∈ A a quantum

free field denoted by ξ
quant
a (x), a ∈ A and determined by the 2-point function

< Ω, ξ
quant
a (x), ξ

quant
b (y)Ω >= −i D

(+)
ab (x− y)× 1. (2)

Here
Dab(x) = D

(+)
ab (x) + D

(−)
ab (x) (3)

is the causal Pauli–Jordan distribution associated to the two fields; it is (up to some numeri-
cal factors) a polynomial in the derivatives applied to the Pauli–Jordan distribution. We

understand by D
(±)
ab (x) the positive and negative parts of Dab(x). From (2), we have

[ξa(x), ξb(y)] = −i Dab(x− y)× 1 (4)

where [·, ·] means the graded commutator.
The n-point functions for n ≥ 3 are obtained assuming that the truncated Wightman

functions are null: see [28] and Relations (8.74) and (8.75) and Proposition 8.8 therein.
The definition of these truncated Wightman functions involves the Fermi parities |ξp| of
the fields ξp, p ∈ P.

Afterward, we define

ξ
quant
a;µ1,...,µn(x) ≡ ∂µ1

. . . ∂µn ξ
quant
a (x), a ∈ A

which amounts to

[ξa;µ1 ...µm(x), ξb;ν1 ...νn
(y)] = (−1)n i ∂µ1

. . . ∂µm ∂ν1
. . . ∂νn Dab(x− y)× 1. (5)

More sophisticated ways to define the free fields involve the GNS construction.
The free quantum fields generate a Fock space F in the sense of the Borchers algebra:

formally, it is generated by states of the form ξ
quant
a1

(x1) . . . ξ
quant
an (xn)Ω where Ω is the

vacuum state. The scalar product in this Fock space is constructed using the n-point
distributions, and we denote by F0 ⊂ F the algebraic Fock space.

One can prove that the quantum fields are free, i.e., they verify some free field equation;
in particular, every field must verify the Klein–Gordon equation for some mass m

(�+ m2) ξ
quant
a (x) = 0 (6)

and it follows that in momentum space, they must have the support on the hyperboloid

of mass m. This means that they can be split in two parts ξ
quant(±)
a with support on the

upper (respectively, lower) hyperboloid of mass m. We convene that ξ
quant(+)
a respectively,

ξ
quant(−)
a correspond to the creation (respectively, annihilation) part of the quantum field.

The expressions ξ
quant(+)
p respectively, ξ

quant(−)
p for a generic ξp, p ∈ P are obtained in

a natural way, applying partial derivatives. For a general discussion of this method of
constructing free fields, see ref. [28]—especially Proposition 8.8. The Wick monomials leave
the algebraic Fock space invariant. The definition for the Wick monomials is contained in
the following proposition.

Proposition 1. The operator-valued distributions N(ξq1
(x1), . . . , ξqn(xn)) are uniquely defined by
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N(ξq1
(x1), . . . , ξqn(xn))Ω = ξ

(+)
q1

(x1) . . . ξ
(+)
qn (xn)Ω (7)

[ξp(y), N(ξq1
(x1), . . . , ξqn(xn))]

=
n

∑
m=1

∏
l<m

(−1)|ξp ||ξql
| [ξp(y), ξqm(xm)] N(ξq1

(x1), . . . , m̂, . . . , ξqn(xn))

= −i
n

∑
m=1

∏
l<m

(−1)|ξp ||ξql
| Dpqm(y− xm) N(ξq1

(x1), . . . , m̂, . . . , ξqn(xn)) (8)

N(∅) = I. (9)

The expression N(ξq1
(x1), . . . , ξqn(xn)) is (graded) symmetrical in the arguments.

The expressions N(ξq1
(x1), . . . , ξqn(xn)) are called Wick monomials. There is an alterna-

tive definition based on the splitting of the fields into the creation and annihilation part for
which we refer to [12].

It is a non-trivial result of Wightman and Gårding [29] that in N(ξq1
(x1), . . . , ξqn(xn))

one can collapse all variables into a single one and still obtain a well-defined expression.

Proposition 2. The expressions

Wq1,...,qn(x) ≡ N(ξq1
(x), . . . , ξqn(x)) (10)

are well defined. They verify the following:

Wq1,...,qn(x)Ω = ξ
(+)
q1

(x) . . . ξ
(+)
qn (x)Ω (11)

[ξ
(ǫ)
p (y), Wq1,...,qn(x)] = −i

n

∑
m=1

∏
l<m

(−1)|ξp ||ξql
| D

(−ǫ)
pqm (y− xm) Wq1,...,m̂,...,qn(x) (12)

W(∅) = I. (13)

We call expressions of the type Wq1,...,qn(x) Wick monomials. By

|W| ≡
n

∑
l=1

|ξql
| (14)

we mean the Fermi number of W. We define the derivative

∂

∂ξp
Wq1,...,qn(x) ≡

n

∑
s=1

∏
l<s

(−1)|ξp ||ξql
| δpqs Wq1,...,q̂s ,...,qn(x) (15)

and we have a generalization of the preceding proposition.

Proposition 3. Let Wj = W
q
(j)
1 ,...,q

(j)
rj

, j = 1, . . . , n be Wick monomials. Then the expression

N(W1(x1), . . . , Wn(xn)) is well defined through

N(W1(x1), . . . , Wn(xn))Ω =
n

∏
j=1

rj

∏
l=1

ξ
(+)

q
(j)
l

(xj)Ω (16)
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[ξp(y), N(W1(x1), . . . , Wn(xn))] =

−i
n

∑
m=1

∏
l<m

(−1)|ξp ||Wl | ∑
q

Dpq(y− xm) N(W1(x1), . . . ,
∂

∂ξq
Wm(xm), . . . , Wn(xn)) (17)

N(W1(x1), . . . , Wn(xn), 1) = N(W1(x1), . . . , Wn(xn)) (18)

N(W(x)) = W(x). (19)

The expression N(W1(x1), . . . , Wn(xn)) is symmetric (in the Grassmann sense) in the entries
W1(x1), . . . , Wn(xn).

One can prove that

[N(A(x)), N(B(y))] = 0, (x− y)2
< 0 (20)

where by [·, ·] we mean the graded commutator. This is the most simple case of the causal
support property. Now, we are ready for the most general setting. We define for any
monomial A ∈ Alg(Ξr) the derivation

ξ · A ≡ (−1)|ξ||A|
∂

∂ξ
A (21)

for all ξ ∈ Ξr. Here, |A| is the Fermi parity of A, and we consider the left derivative in
the Grassmann sense. So, the product · is defined as a map Ξr ×Alg(Ξr)→ Alg(Ξr). An
expression E(A1(x1), . . . , An(xn)) is considered to be of the Wick type if and only if it verifies

[ξp(y), E(A1(x1), . . . , An(xn))]

=
n

∑
m=1

∏
l≤m

(−1)|ξp ||Al | ∑
q

[ξp(y), ξq(xm)] E(A1(x1), . . . , ξq · Am(xm), . . . , An(xn))

= −i
n

∑
m=1

∏
l≤m

(−1)|ξp ||Al | ∑
q

Dpq(y− xm) E(A1(x1), . . . , ξq · Am(xm), . . . , An(xn)) (22)

E(A1(x1), . . . , An(xn), 1) = E(A1(x1), . . . , An(xn)) (23)

E(1) = 1. (24)

The expression N(W1(x1), . . . , Wn(xn)) from Proposition 3 is of the Wick type. Then,
we easily have the following.

Proposition 4. If E(A1(x1), . . . , Ak(xk)) and F(Ak+1(x1), . . . , An(xn)) are expressions of the
Wick type, then E(A1(x1), . . . , Ak(xk)) F(Ak+1(x1), . . . , An(xn)) is also an expression of the
Wick type.

We can also prove the following.

Theorem 1. The following formula is true:

N(ξp(y), A1(x1), . . . , An(xn))

= ξ
(+)
p (y) N(A1(x1), . . . , An(xn)) + ∏

l≤n

(−1)|ξp ||Al | N(A1(x1), . . . , An(xn)) ξ
(−)
p (y)

+i
n

∑
m=1

∏
l<m

(−1)|ξp ||Al | ∑
q

D
(+)
pq (y− xm) N(A1(x1), . . . , ξq · Am(xm), . . . , An(xn)) (25)
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2.2. Bogoliubov Axioms

Suppose the monomials A1, . . . , An ∈ Alg(Ξr) are self-adjoint: A†
j = Aj, ∀j = 1, . . . , n

and of Fermi number fi.
The chronological products

T(A1(x1), . . . , An(xn)) ≡ TA1,...,An(x1, . . . , xn) n = 1, 2, . . .

are some distribution-valued operators, leaving invariant the algebraic Fock space and
verifying the following set of axioms:

• Skew symmetry in all arguments:

T(. . . , Ai(xi), Ai+1(xi+1), . . . , ) = (−1) fi fi+1 T(. . . , Ai+1(xi+1), Ai(xi), . . . ) (26)

• Poincaré invariance: we have a natural action of the Poincaré group in the space of
Wick monomials and we impose that for all g ∈ inSL(2,C) we have

UgT(A1(x1), . . . , An(xn))U
−1
g = T(g · A1(x1), . . . , g · An(xn)) (27)

where, on the right-hand side, we have the natural action of the Poincaré group on Ξ.
Sometimes, it is possible to supplement this axiom by other invariance properties:
space and/or time inversion, charge conjugation invariance, global symmetry invari-
ance with respect to some internal symmetry group, supersymmetry, etc.

• Causality: if y ∩ (x + V̄+) = ∅ then we denote this relation by x � y. Suppose that
we have xi � xj, ∀i ≤ k, j ≥ k + 1; then we have the factorization property:

T(A1(x1), . . . , An(xn)) = T(A1(x1), . . . , Ak(xk)) T(Ak+1(xk+1), . . . , An(xn)); (28)

• Unitarity: We define the anti-chronological products using a convenient notation intro-
duced by Epstein–Glaser, adapted to the Grassmann context. If X = {j1, . . . , js} ⊂
N ≡ {1, . . . , n} is an ordered subset, we define

T(X) ≡ T(Aj1(xj1), . . . , Ajs(xjs)). (29)

Let us consider some Grassmann variables θj, of parity f j, j = 1, . . . , n and let us define

θX ≡ θj1 · · · θjs . (30)

Now let (X1, . . . , Xr) be a partition of N = {1, . . . , n} where X1, . . . , Xr are ordered
sets. Then we define the (Koszul) sign ǫ(X1, . . . , Xr) through the relation

θ1 · · · θn = ǫ(X1, . . . , Xr) θX1
. . . θXr (31)

and the antichronological products are defined according to

(−1)nT̄(N) ≡
n

∑
r=1

(−1)r ∑
I1,...,Ir∈Part(N)

ǫ(X1, . . . , Xr) T(X1) . . . T(Xr) (32)

Then the unitarity axiom is
T̄(N) = T(N)†. (33)

• The “initial condition”:
T(A(x)) = N(A(x)). (34)
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• Power counting: We can also include in the induction hypothesis a limitation on the
order of singularity of the vacuum averages of the chronological products associated
to arbitrary Wick monomials A1, . . . , An; explicitly:

ω(< Ω, TA1,...,An(X)Ω >) ≤
n

∑
l=1

ω(Al)− 4(n− 1) (35)

where by ω(d) we mean the order of singularity of the (numerical) distribution d and
by ω(A) we mean the canonical dimension of the Wick monomial W.

• Wick expansion property: In analogy to (22), we require

[ξp(y), T(A1(x1), . . . , An(xn))]

=
n

∑
m=1

∏
l≤m

(−1)|ξp ||Al | ∑
q

[ξp(y), ξq(xm)] T(A1(x1), . . . , ξq · Am(xm), . . . , An(xn))

= −i
n

∑
m=1

∏
l≤m

(−1)|ξp ||Al | ∑
q

Dpq(y− xm) T(A1(x1), . . . , ξq · Am(xm), . . . , An(xn)) (36)

In fact, we can impose a sharper form:

[ξ
(ǫ)
p (y), T(A1(x1), . . . , An(xn))]

= −i
n

∑
m=1

∏
l≤m

(−1)|ξp ||Al | ∑
q

D
(−ǫ)
pq (y− xm) T(A1(x1), . . . , ξq · Am(xm), . . . , An(xn)) (37)

Up to now, we defined the chronological products only for self-adjoint Wick monomi-
als W1, . . . , Wn but we can extend the definition for Wick polynomials by linearity.

The chronological products T(A1(x1), . . . , An(xn)) are not uniquely defined by the
axioms presented above. They can be modified with quasi-local expressions i.e., expressions
localized on the big diagonal x1 = · · · = xn; such expressions are of the type

N(A1(x1), . . . , An(xn)) = Pj(∂)δ(X) Wj(X) (38)

where δ(X) ≡ δ(x1 − xn) . . . , δ(xn−1 − xn), the expressions Pj(∂) are polynomials in the
partial derivatives and Wj(X) are Wick polynomials. There are some restrictions on these
quasi-local expressions such that the Bogoliubov axioms remain true. One such consistency
relation comes from the Wick expansion property. Such redefinitions of the chronological
products are extremely important for Yang–Mills models because gauge invariance can be
preserved only if some redefinitions of this type are made.

For simplicity, let us consider that the variables ξa are commutative and the finite
renormalizations are of the type

N(A1(x1), . . . , An(xn)) = δ(X) N(A1, . . . , An)(xn) (39)

where N(A1, . . . , An) are polynomials in the jet variables. Then the relation (36) from above
is preserved if we require

ξp · N(A1, . . . , An) =
n

∑
m=1

N(A1, . . . , ξp · Am, . . . , An). (40)

In the general case, some combinatorial complications, such as, for instance, Fermi
signs, do appear. This consistency check seems to be absent in the literature. We investigate
in the context of Yang–Mills models.

The construction of Epstein–Glaser is based on a recursive procedure [6]. We can
derive from these axioms the following result [30].
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Theorem 2. One can fix the causal products such that the following formula is true:

T(ξp(y), A1(x1), . . . , An(xn))

= −i
n

∑
m=1

∏
l≤m

(−1)|ξp ||Al | ∑
q

DF
pq(y− xm) T(A1(x1), . . . , ξq · Am(xm), . . . , An(xn))

+ξ
(+)
p (y) T(A1(x1), . . . , An(xn)) + ∏

l≤n

(−1)|ξp | fl T(A1(x1), . . . , An(xn)) ξ
(−)
p (y) (41)

where DF
pq is a Feynman propagator associated to the causal distribution Dpq.

Sometimes, (41)—or variants of it—is called the equation of motion axiom [2].

2.3. Yang–Mills Fields

First, we can generalize the preceding formalism to the case when some of the
scalar fields are odd Grassmann variables. One simply insert everywhere the Fermi sign.
The next generalization is to the arbitrary vector and spinorial fields. If we consider, for
instance, the Yang–Mills interaction Lagrangian corresponding to pure QCD [12], then the
jet variables ξa, a ∈ Ξ are (v

µ
a , ua, ũa), a = 1, . . . , r where v

µ
a are Grassmann-even and ua, ũa

are Grassmann-odd variables.
The interaction Lagrangian is determined by gauge invariance. Namely, we define the

gauge charge operator by

dQv
µ
a = i dµua, dQua = 0, dQũa = −i dµv

µ
a , a = 1, . . . , r (42)

where dµ is the formal derivative. The gauge-charge operator squares to zero:

d2
Q ≃ 0 (43)

where by ≃ we mean the modulo equation of motion. Now we can define the interaction
Lagrangian by the relative cohomology relation:

dQT(x) ≃ total divergence. (44)

If we eliminate the corresponding coboundaries, then a tri-linear Lorentz covariant
expression is uniquely given by

T = fabc

(

1

2
vaµ vbν F

νµ
c + ua v

µ
b dµũc

)

(45)

where
F

µν
a ≡ dµvν

a − dνv
µ
a , ∀a = 1, . . . , r (46)

and fabc are real and completely anti-symmetric. (This is the tri-linear part of the usual
QCD interaction Lagrangian from classical field theory.)

Then, we define the associated Fock space by the non-zero 2-point distributions as

< Ω, v
µ
a (x1)v

ν
b(x2)Ω >= i ηµν δab D

(+)
0 (x1 − x2),

< Ω, ua(x1)ũb(x2)Ω >= −i δab D
(+)
0 (x1 − x2),

< Ω, ũa(x1)ub(x2)Ω >= i δab D
(+)
0 (x1 − x2). (47)

and construct the associated Wick monomials. Then, the expression (45) gives a Wick
polynomial Tquant that is formally the same, but (a) the jet variables must be replaced by
the associated quantum fields, (b) the formal derivative dµ goes in the true derivative in
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the coordinate space, and (c) Wick ordering should be performed to obtain well-defined
operators. We also have an associated gauge-charge operator in the Fock space given by

[Q, v
µ
a ] = i ∂µua, {Q, ua} = 0, {Q, ũa} = −i ∂µv

µ
a

QΩ = 0. (48)

Then, it can be proved that Q2 = 0 and

[Q, Tquant(x)] = total divergence (49)

where the equations of motion are automatically used because the quantum fields are on shell.
From now on we abandon the super-script quant because it will be obvious from the context
whether we are referring to the classical expression (45) or to its quantum counterpart.

In (47), we use the Pauli–Jordan distribution

Dm(x) = D
(+)
m (x) + D

(−)
m (x) (50)

where

D
(±)
m (x) = ±

i

(2π)3

∫

dpe−ip·xθ(±p0)δ(p2 −m2) (51)

and
D(−)(x) = −D(+)(−x). (52)

We conclude our presentation with a generalization of (49). In fact, it can be proved
that (49) implies the existence of Wick polynomials Tµ and Tµν such that we have

[Q, T I ] = i∂µT Iµ (53)

for any multi-index I with the convention T∅ ≡ T. Explicitly,

Tµ = fabc

(

ua vbν F
νµ
c −

1

2
ua ub dµũc

)

(54)

and

Tµν =
1

2
fabc ua ub F

µν
c . (55)

Finally, we give the relation expressing gauge invariance in order n of the perturbation
theory. We define the operator δ on chronological products by

δT(T I1(x1), . . . , T In(xn)) ≡
n

∑
m=1

(−1)sm ∂m
µ T(T I1(x1), . . . , T Imµ(xm), . . . , T In(xn)) (56)

with

sm ≡
m−1

∑
p=1

|Ip|, (57)

then we define the operator
s ≡ dQ − iδ. (58)

Gauge invariance in an arbitrary order is then expressed by

sT(T I1(x1), . . . , T In(xn)) = 0. (59)

This concludes the necessary prerequisites.
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3. A More Precise Version of Wick Theorem

For simplicity, we assume in this section that the variables ξa (see Section 2.1) are
commutative. We also use the summation convention over the dummy indices. We begin
with the following elementary result.

Theorem 3. Let us first consider the chronological products of the form

T(ξp(x1), A2(x1), . . . , An(xn)).

We define

T1(ξp(x1), A2(x1), . . . , An(xn)) ≡

ξ
(+)
p (x1) T(A2(x1), . . . , An(xn)) + T(A2(x1), . . . , An(xn)) ξ

(−)
p (x1) (60)

and
T0 ≡ T − T1. (61)

Then T0 is of the Wick type only in the entries A2, · · · , An i.e., it verifies

[ξq(y), T0(ξp(x1), A2(x1), . . . , An(xn))]

=
n

∑
m=2

[ξq(y), ξr(xm)] T0(ξp(x1), A2(x1), . . . , ξr · Am(xm), . . . , An(xn)). (62)

The proof of (62) is elementary by direct computation. In the general case of arbitrary
Grassmann variables, we have to consider a Grassmann sign, i.e.,

T1(ξp(x1), A2(x1), . . . , An(xn)) ≡: ξp(x1) T(A2(x1), . . . , An(xn)) :

ξ
(+)
p (x1) T(A2(x1), . . . , An(xn)) + (−1) f T(A2(x1), . . . , An(xn)) ξ

(−)
p (x1) (63)

where

f ≡ |ξp|
n

∑
m=2

|Am|. (64)

We use another notation emphasizing that we “get out” of the chronological products
one factor:

T(ξ
(1)
p (x1), A2(x1), . . . , An(xn)) ≡ T1(ξp(x1), A2(x1), . . . , An(xn)). (65)

This new notation will prove useful when we will consider more general cases. We
remark that from (61), we trivially have a partial Wick theorem, only in the first variable A1 :

T ≡ T0 + T1. (66)

Now we consider a more complicated case.

Theorem 4. Let us first consider that

A1 =
1

2
fpqξpξq, fpq = fqp (67)

and A2, . . . , An are arbitrary. We define

T1(A1(x1), . . . , An(xn)) ≡

fpq [ξ
(+)
p (x1) T0(ξq(x1), A2(x2), . . . , An(xn)) + T0(ξq(x1), A2(x2), . . . , An(xn)) ξ

(−)
p (x1)] (68)

where T0 was defined above (61); we also define
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T2(A1(x1), . . . , An(xn)) ≡ fpq

[1

2
ξ
(+)
p (x1)ξ

(+)
q (x1) T(A2(x2), . . . , An(xn))

+ξ
(+)
p (x1)T(A2(x2), . . . , An(xn)) ξ

(−)
q (x1) +

1

2
T(A2(x2), . . . , An(xn)) ξ

(−)
p (x1)ξ

(−)
q (x1)

]

(69)

and
T0 ≡ T − T1 − T2. (70)

Then T0 is of the Wick type only in the entries A2, · · · , An i.e., it verifies

[ξq(y), T0(A1(x1), A2(x1), . . . , An(xn))]

=
n

∑
m=2

[ξq(y), ξr(xm)] T0(A1(x1), A2(x1), . . . , ξr · Am(xm), . . . , An(xn)). (71)

The proof is also elementary but more tedious. We also notice that (70) is a partial
Wick theorem in the first variable A1 :

T ≡ T0 + T1 + T2. (72)

We can use the more compact notations:

T(A
(1)
1 (x1), . . . , An(xn)) ≡ T1(A1(x1), . . . , An(xn)) =

fpq : ξp(x1) T0(ξq(x1), A2(x2), . . . , An(xn) : (73)

and

T(A
(2)
1 (x1), . . . , An(xn)) ≡ T2(A1(x1), . . . , An(xn)) =

1

2
fpq : ξp(x1)ξq(x1) T(A2(x2), . . . , An(xn) : (74)

Finally, we consider the more interesting case when the monomial A1 is tri-linear.

Theorem 5. Let us first consider that

A1 =
1

3!
fpqrξpξqξr, fpqr = is completely symmetric (75)

and A2, . . . , An are arbitrary. We define

T1(A1(x1), . . . , An(xn)) ≡

1

2
fpqr [ξ

(+)
p (x1) T0(ξqξr(x1), A2(x2), . . . , An(xn))

+T0(ξqξr(x1), A2(x2), . . . , An(xn)) ξ
(−)
p (x1)] (76)

where T0 was defined above (70); we also define

T2(A1(x1), . . . , An(xn)) ≡ fpqr

[1

2
ξ
(+)
p (x1)ξ

(+)
q (x1) T0(ξr(x1), A2(x2), . . . , An(xn))

+ξ
(+)
p (x1)T0(ξr(x1), A2(x2), . . . , An(xn)) ξ

(−)
q (x1)

+
1

2
T0(ξr(x1), A2(x2), . . . , An(xn)) ξ

(−)
p (x1)ξ

(−)
q (x1)

]

(77)
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where T0 was defined above (61). Finally,

T3(A1(x1), . . . , An(xn)) ≡ fpqr

[ 1

3!
ξ
(+)
p (x1)ξ

(+)
q (x1)ξ

(+)
r (x1) T(A2(x2), . . . , An(xn))

+
1

2
ξ
(+)
p (x1)ξ

(+)
q (x1) T(A2(x2), . . . , An(xn)) ξ

(−)
r (x1)

+
1

2
ξ
(+)
p (x1) T(A2(x2), . . . , An(xn)) ξ

(−)
q (x1)ξ

(−)
r (x1)

+
1

3!
T(A2(x2), . . . , An(xn)) ξ

(−)
p (x1)ξ

(−)
q (x1)ξ

(−)
r (x1)

]

(78)

and
T0 ≡ T − T1 − T2 − T3. (79)

Then, T0 is of the Wick type only in the entries A2, · · · , An i.e., it verifies (71).

The computations are long but straightforward. We have more compact notations:

T(A
(1)
1 (x1), . . . , An(xn)) ≡ T1(A1(x1), . . . , An(xn)) =

1

2
fpqr : ξp(x1) T0(ξq(x1)ξr(x1), A2(x2), . . . , An(xn)) : (80)

T(A
(2)
1 (x1), . . . , An(xn)) ≡ T2(A1(x1), . . . , An(xn)) =

1

2
fpqr : ξp(x1)ξq(x1) T(ξr(x1), A2(x2), . . . , An(xn)) : (81)

and

T(A
(3)
1 (x1), . . . , An(xn)) ≡ T3(A1(x1), . . . , An(xn)) =

1

3!
fpqr : ξp(x1)ξq(x1)ξr(x1) T(A2(x2), . . . , An(xn)) : (82)

From (79), we have a Wick theorem in the first entry:

T ≡ T0 + T1 + T2 + T3. (83)

We can iterate the arguments above in the entries A2, . . . , An and obtain the following
version of the Wick theorem:

T(A1(x1), . . . , An(xn)) = ∑ T(A
(k1)
1 (x1), . . . , A

(kn)
n (xn)) (84)

where the sum runs over k1, . . . , kn = 0, . . . , 3 for A1, . . . , An tri-linear. This formula can be
written in a more transparent way if we use Hopf algebra notions. We define

Cp ≡ ξp · A (85)

for an arbitrary Wick polynomial; then, we define the co-product

∆A ≡ 1⊗ A + A⊗ 1 + ξp ⊗ Cp + Cp ⊗ ξp. (86)

Now, if we use Sweedler notation

∆Aj = ∑ A
(1)
j ⊗ A

(2)
j (87)
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we can rewrite (83) as

T(A1(x1), . . . , An(xn)) = ∑ : A
(1)
1 (x1) T(A

(2)
1 (x1)

(0), A2(x2) . . . , An(xn)) : (88)

and if we use induction, we arrive at

T(A1(x1), . . . , An(xn)) = ∑ T0(A
(2)
1 (x1), . . . , A

(2)
n (xn)) : A

(1)
1 (x1) . . . , A

(1)
n (xn) : (89)

where
T0(A1(x1), . . . , An(xn)) ≡ T(A1(x1)

(0), . . . , An(xn)
(0)) (90)

has no Wick property in any of the variables, i.e., it commutes with all variables, so it must
be the vacuum average:

T0(B1(x1), . . . , Bn(xn)) ≡< Ω, T(B1(x1), . . . , Bn(xn))Ω > . (91)

In the general case of arbitrary Grassmann variables, we have to include the appropri-
ate Fermi signs.

We note in the end that the Hopf structure appearing in the preceding form of the
Wick theorem does not involve Feynman graphs. The Hopf structure is valid for the
chronological product, which is the sum of (many) Feynman contributions but with better
smoothness properties: the vacuum averages are well-behaved tempered distributions.

4. Wick Submonomials

4.1. The Case of Pure Yang–Mills Theories

We notice that in (48) and in (53), we have a pattern of the type

dQ A = total divergence. (92)

This pattern remains true for Wick submonomials if we use the definition (21). We
consider the expressions (45), (54) and (55) from the pure Yang–Mills case and define

Baµ ≡ ũa,µ · T = − fabcub vcµ

Caµ ≡ vaµ · T = fabc(v
ν
b Fcνµ − ub ũc,µ)

Da ≡ ua · T = fabcv
µ
b ũc,µ

Eaµν ≡ vaµ,ν · T = fabcvbµ vcν

Caνµ ≡ vaν · Tµ = − fabcub Fcνµ. (93)

We also have

ua · T = −Caµ

vaρ,σ · Tµ = ηµσ Baρ − ηµρ Baσ

ua · Tµν = −Caµν (94)

If we define

Ba ≡
1

2
fabc ub uc (95)

we also have

ũa,ν · Tµ = ηµν Ba

vaρ,σ · Tµν = (ηµσ ηνρ − ηνσ ηµρ) Ba. (96)
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Then we try to extend the structure (92) to the Wick submonomials defined above.
We have

dQB
µ
a = idµBa

dQC
µ
a = idνC

µν
a

dQDa = −idµC
µ
a

dQE
µν
a = i(dνB

µ
a − dµBν

a + C
µν
a )

dQBa = 0

dQC
µν
a = 0. (97)

So, we see that the pattern (92) is broken only for E
µν
a . We fix this in the following way.

We have the formal derivative
δA ≡ dµ Aµ (98)

used in the definition of gauge invariance (56) + (58); we also define the derivative δ′ by

δ′E
µν
a = C

µν
a . (99)

and 0 for the other Wick submonomials (93) and (95). Finally,

s ≡ dQ − iδ, s′ ≡ s− iδ′ = dQ − i(δ + δ′). (100)

Then we have the structure
s′A = 0 (101)

for all expressions A = T I , Baµ, Caµ, etc., and also for the basic jet variables vaµ, ua, ũa.

4.2. Hopf Structure of the Yang–Mills pQFT

We implement the Wick theorem in the form (89) for the pure YM model. First, we
use Theorem 5 for the expressions T I defined in Section 2.3 and compute the expressions
T(T I(x1)

(k), A2, . . . , An). Proceeding as in Section 3, we derive by direct computations the
following expressions, where the Wick submonomials play an important role.

For the case k = 1 i.e., when we “pull out” one factor from the first entry T I we have

T(T(x1)
(1), A2(x2), . . . , An(xn)) =

: vaµ(x1) T(C
µ
a (x1)

(0), A2(x2), . . . , An(xn)) :

+
1

2
: Faνµ(x1) T(E

µν
a (x1)

(0), A2(x2), . . . , An(xn)) :

+ : ua(x1) T(Da(x1)
(0), A2(x2), . . . , An(xn)) :

+ : ∂µũa(x1) T(B
µ
a (x1)

(0), A2(x2), . . . , An(xn)) : (102)

T(Tµ(x1)
(1), A2(x2), . . . , An(xn)) =

: ua(x1) T(C
µ
a (x1)

(0), A2(x2), . . . , An(xn)) :

+ : vaν(x1) T(C
νµ
a (x1)

(0), A2(x2), . . . , An(xn)) :

+ : F
µν
a (x1) T(Baν(x1)

(0), A2(x2), . . . , An(xn)) :

− : ∂µũa(x1) T(Ba(x1)
(0), A2(x2), . . . , An(xn)) : (103)
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and

T(Tµν(x1)
(1), A2(x2), . . . , An(xn)) =

− : ua(x1) T(C
µν
a (x1)

(0), A2(x2), . . . , An(xn)) :

+ : F
µν
a (x1) T(Ba(x1)

(0), A2(x2), . . . , An(xn)) : (104)

For the case k = 2 i.e., when we “pull out” two factors from the first entry T I we have

T(T(x1)
(2), A2(x2), . . . , An(xn)) =

: C
µ
a (x1) T(vaµ(x1)

(0), A2(x2), . . . , An(xn)) :

+
1

2
: E

µν
a (x1) T(Faνµ(x1)

(0), A2(x2), . . . , An(xn)) :

− : Da(x1) T(ua(x1)
(0), A2(x2), . . . , An(xn)) :

− : B
µ
a (x1) T(ũa,µ(x1)

(0), A2(x2), . . . , An(xn)) : (105)

T(Tµ(x1)
(2), A2(x2), . . . , An(xn)) =

: C
µ
a (x1) T(ua(x1)

(0), A2(x2), . . . , An(xn)) :

+ : C
νµ
a (x1) T(vaν(x1)

(0), A2(x2), . . . , An(xn)) :

− : Baν(x1) T(F
νµ
a (x1)

(0), A2(x2), . . . , An(xn)) :

− : Ba(x1) T(ũa,µ(x1)
(0), A2(x2), . . . , An(xn)) : (106)

and

T(Tµν(x1)
(1), A2(x2), . . . , An(xn)) =

: Ba(x1) T(F
µν
a (x1)

(0), A2(x2), . . . , An(xn)) :

+ : C
µν
a (x1) T(u(x1)

(0), A2(x2), . . . , An(xn)) : (107)

For the case k = 3 we trivially have

T(T I(x1)
(3), A2(x2), . . . , An(xn)) =: T I(x1)T(A2(x2), . . . , An(xn)) : (108)

Here, the expressions T(A1(x1)
(0), A2(x2), . . . , An(xn)) are of the Wick type only in

A2, · · · , An as explained in Section 3. We also note that there are various signs—because
we have a true Grassmann structure: the variables ua, ũa and the Wick submonomials
B

µ
a , Da, C

µν
a are odd. We can write completely the preceding relations using the Hopf

structure. We define the co-product:

∆T = 1⊗ T + T ⊗ 1 + vaµ ⊗ C
µ
a + C

µ
a ⊗ vaµ +

1

2
Faνµ ⊗ E

µν
a +

1

2
E

µν
a ⊗ Faνµ

+ua ⊗ Da − Da ⊗ ua + ũa,µ ⊗ B
µ
a − B

µ
a ⊗ ũa,µ (109)

∆Tµ = 1⊗ Tµ + Tµ ⊗ 1 + ua ⊗ C
µ
a + C

µ
a ⊗ ua + vaν ⊗ C

νµ
a + C

νµ
a ⊗ vaν

+F
µν
a ⊗ Baν + Baν ⊗ F

µν
a − ũ

,µ
a ⊗ Ba − Ba ⊗ ũ

,µ
a (110)

∆Tµν = 1⊗ Tµν + Tµν ⊗ 1− ua ⊗ C
µν
a + C

µν
a ⊗ ua + F

µν
a ⊗ Ba + Ba ⊗ F

µν
a (111)

Then the relations (102)–(108) can be written in the compact form

T(A1(x1), A2(x2), . . . , An(xn)) = ∑ : A
(1)
1 (x1) T0(A

(2)
1 (x1), A2(x2), . . . , An(xn)) : (112)
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where A1 = T, Tµ, Tµν, the expressions T0(A
(1)
1 (x1), A2(x2), . . . , An(xn)) are of the Wick

type only in A2, . . . , An and we use Sweedler notation (87). Now, we can use induction and
iterate the procedure in the entries A2, . . . , An. The final result is

T(A1(x1), A2(x2), . . . , An(xn)) = ∑ ǫnT0(A
(2)
1 (x1), . . . , A

(2)
n (xn)) : A

(1)
1 (x1) . . . A

(1)
n (xn) : (113)

where A1, · · · , An = T, Tµ, Tµν, the expressions

T0(A
(2)
1 (x1), . . . , A

(2)
n (xn)) ≡< Ω, T(A

(2)
1 (x1), . . . , A

(2)
n (xn))Ω > (114)

are vacuum averages and we use Sweedler notations for all entries. The sign is given by

ǫn = (−1)sn , sn =
n−1

∑
p=1

|A
(1)
p+1|

p

∑
q=1

|A
(2)
q | (115)

i.e., the Fermi sign associated with the permutations of the odd factors from the preced-
ing relation.

We can understand the previous sign better if we use the notion of co-multiplication
on the product of the algebras. Suppose that W1, W2 are two graded algebras, and for
aj ∈Wj, j = 1, 2 we have

∆aj = ∑ a
(1)
j ⊗ a

(2)
j (116)

(in Sweedler notation) with a
(1)
j , a

(2)
j of fixed grading. Then, we can define the co-multipli-

cation on W1 ⊗W2 according to

∆a1 ⊗ a2 = ∑(−1)|a
(1)
2 ||a

(2)
1 |a

(1)
1 ⊗ a

(1)
2 ⊗ a

(2)
1 ⊗ a

(2)
2 (117)

We can iterate this definition to a product on W1 ⊗ · · · ⊗Wn. Suppose that all these
algebras are identical W1 = · · · = Wn =W with the polynomial algebra in the jet variable
of the pure YM model. If A1, . . . , An ∈ W and we have

∆A1 ⊗ · · · ⊗ An = ∑A(1) ⊗A(2) (118)

with A(1),A(2) ∈ W ⊗ · · · ⊗W , then the formula (113) has the simple form

T(A1(x1), A2(x2), . . . , An(xn)) = ∑ T0(A
(2)) : A(1) : (119)

where we use the following compact notations: if A = a1 ⊗ · · · ⊗ an then

T0(A) = T0(a1(x1), . . . , an(xn)) (120)

and
: A :=: a1(x1) . . . an(xn) : . (121)

We try to define now expressions of the type

s′T(T I1(x1)
(k), T I2(x2), . . . , T In(xn)) (122)

in term of similar expressions involving Wick submonomials. We generalize first the
operator δ by imposing, as suggested by (97)

δT(B
µ
a (x1), T I2(x2), . . . , T In(xn)) = ∂

µ
1 T(Ba(x1), T I2(x2), . . . , T In(xn))

−
n

∑
m=2

(−1)s1(m)∂m
µ T(B

µ
a (x1), T I2(x2), . . . , T Imµ(xm), . . . , T In(xn)) (123)
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δT(C
µ
a (x1), T I2(x2), . . . , T In(xn)) = ∂1

νT(C
µν
a (x1), T I2(x2), . . . , T In(xn))

+
n

∑
m=2

∂m
µ T(C

µ
a (x1), T I2(x2), . . . , T Imµ(xm), . . . , T In(xn)) (124)

δT(Da(x), T I2(x2), . . . , T In(xn)) = −∂1
µT(C

µ
a (x1), T I2(x2), . . . , T In(xn))

−
n

∑
m=2

(−1)s1(m)∂m
µ T(Da(x1), T I2(x2), . . . , T Imµ(xm), . . . , T In(xn)) (125)

δT(E
µν
a (x1), T I2(x2), . . . , T In(xn)) = ∂ν

1T(B
µ
a (x1), T I2(x2), . . . , T In(xn))− (µ←→ ν)

+
n

∑
m=2

(−1)s1(m)∂m
ρ T(E

µν
a (x1), T I2(x2), . . . , T Imρ(xm), . . . , T In(xn)) (126)

δT(Ba(x1), T I2(x2), . . . , T In(xn)) =
n

∑
m=2

(−1)s1(m)∂m
ρ T(Ba(x1), T I2(x2), . . . , T Imρ(xm), . . . , T In(xn)) (127)

δT(C
µν
a (x1), T I2(x2), . . . , T In(xn)) =

n

∑
m=2

(−1)s1(m)∂m
ρ T(C

µν
a (x1), T I2(x2), . . . , T Imρ(xm), . . . , T In(xn)) (128)

with

s1(m) ≡
m

∑
p=2

|Ip| (129)

Then, we generalize naturally the operator δ′ given by (99) to chronological products;
the formula is

δ′T(A1(x1), . . . , An(xn)) =
n

∑
m=1

(−1)sm T(A1(x1), . . . , δ′Am(xm), . . . , An(xn)) (130)

Finally, we can define

s′ = s− iδ′ = dQ − i(δ + δ′) (131)

on any chronological product of the form T(A1(x1), . . . , An(xn)) with A1, . . . , An of the
type T I or submonomials as B

µ
a , etc.

In the case k = 1 we have directly from (102)–(104):

sT(T(x1)
(1), T I2(x2), . . . , T In(xn)) =: vaµ(x1) s′T(C

µ
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

+
1

2
: Faνµ(x1) s′T(E

µν
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

− : ua(x1) s′T(Da(x1)
(0), T I2(x2), . . . , T In(xn)) :

− : ∂µũa(x1) s′T(B
µ
a (x1)

(0), T I2(x2), . . . , T In(xn)) : (132)

sT(Tµ(x1)
(1), T I2(x2), . . . , T In(xn)) = − : ua(x1) s′T(C

µ
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

+ : vaµ(x1) s′T(C
νµ
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

+ : F
µν
a (x1) s′T(Baν(x1)

(0), T I2(x2), . . . , T In(xn)) :

+ : ∂µũa(x1) s′T(Ba(x1)
(0), T I2(x2), . . . , T In(xn)) : (133)
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sT(Tµν(x1)
(1), T I2(x2), . . . , T In(xn)) =: ua(x1) s′T(C

µν
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

+ : F
µν
a (x1) T(Ba(x1)

(0), T I2(x2), . . . , T In(xn)) : (134)

Taking into account that we can replace s by s′ in the left-hand sides of the preceding
three equations, it results that we have a graded “commutativity” between s′ and the
projection T I(x1) → T I(x1)

(1). This “commutativity” is lost if we go to the case k = 2.
From (105)–(107), we have

s′T(T(x1)
(2), T I2(x2), . . . , T In(xn)) =: C

µ
a (x1) s′T(vaµ(x1)

(0), T I2(x2), . . . , T In(xn)) :

+
1

2
: E

νµ
a (x1) s′T(Faνµ(x1)

(0), T I2(x2), . . . , T In(xn)) :

+ : Da(x1) s′T(ua(x1)
(0), T I2(x2), . . . , T In(xn)) :

+ : B
µ
a (x1) ∂1

µs′T(ũa(x1)
(0), T I2(x2), . . . , T In(xn)) :

−i : Baµ(x1)�1T(v
µ
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

+i : Ba(x1)�1T(ũa(x1)
(0), T I2(x2), . . . , T In(xn)) : (135)

s′T(Tµ(x1)
(2), T I2(x2), . . . , T In(xn)) =: C

µ
a (x1) s′T(ua(x1)

(0), T I2(x2), . . . , T In(xn)) :

− : C
νµ
a (x1) s′T(vaν(x1)

(0), T I2(x2), . . . , T In(xn)) :

+ : Baν(x1) s′T(F
νµ
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

− : Ba(x1) ∂
µ
1 s′T(ũa(x1)

(0), T I2(x2), . . . , T In(xn)) :

+i : Ba(x1)�1T(v
µ
a (x1)

(0), T I2(x2), . . . , T In(xn)) : (136)

and

s′T(Tµν(x1)
(1), T I2(x2), . . . , T In(xn)) =: Ba(x1) s′T(F

µν
a (x1)

(0), T I2(x2), . . . , T In(xn)) :

− : C
µν
a (x1) s′T(u(x1)

(0), T I2(x2), . . . , T In(xn)) : (137)

so in the first two relations, there are supplementary δ terms because if we apply (41) to the
extra terms, the d’Alembert operator �1 acts on the Feynman distributions DF

0 (x1 − xm)
and produces δ(x1 − xm).

We also have trivially

sT(T I1(x1)
(3), T I2(x2), . . . , T In(xn)) = T I1(x1) sT(T I2(x2), . . . , T In(xn)). (138)

The final step is to express all relations (132)–(138) in a compact way, using Hopf algebra
notations. First, we extend the operations dQ and ∂µ to the product of algebras through

dQ(a⊗ b) ≡ dQa⊗ b + (−1)|a|a⊗ dQb (139)

(for a of a fixed grading number) and

∂µ(a⊗ b) ≡ ∂µa⊗ b + a⊗ ∂µb (140)

respectively. Next, we define

s∆T I ≡ dQ∆T I − i ∂µ∆T Iµ (141)
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and we can obtain by elementary computations

s∆T = −i (�v
µ
a ⊗ Baµ + Baµ ⊗�v

µ
a ) + i (�ũa ⊗ Ba + Ba ⊗�ũa)

s∆Tµ = i (�v
µ
a ⊗ Ba + Ba ⊗�v

µ
a )

s∆Tµν = 0 (142)

so we have on-shell
s∆T I

≅ 0. (143)

Suppose now that A1, · · · , An = T, Tµ, Tµν and, according to the previous relations,
we have

s∆Al = i (B
(1)
l ⊗�B

(2)
l +�B

(2)
l ⊗ B

(1)
l ) (144)

With these notations, we can write the relations (132)–(138) in a compact way
as follows:

s′T(A1(x1), A2(x2), . . . , An(xn)) = ∑ τ1 : A
(1)
1 (x1) s′T0(A

(2)
1 (x1), A2(x2), . . . , An(xn)) :

+i ∑ : B
(1)
1 (x1) �1T0(B

(2)
1 (x1), A2(x2), . . . , An(xn)) (145)

where the expressions T0(A
(1)
1 (x1), A2(x2), . . . , An(xn)) are of the Wick type only in A2, . . . ,

An and we have defined the sign

τ1 = (−1)|A
(1)
1 |. (146)

Now we can use induction and iterate the procedure in the entries A2, . . . , An.
The final result is

s′T(A1(x1), A2(x2), . . . , An(xn))

= ∑ τnǫns′T0(A
(2)
1 (x1), . . . , A

(2)
n (xn)) : A

(1)
1 (x1) . . . A

(1)
n (xn) :

+i
n

∑
l=1

τ′l ǫ′l,n�lT0(A
(2)
1 (x1), . . . , B

(2)
l (xl), . . . , An(xn)) : A

(1)
1 (x1) . . . B

(1)
l (xl) . . . A

(1)
n (xn) : (147)

where the sign ǫn was defined before by (115)

τn = (−1)∑
n
l=1 |A

(1)
l | (148)

τ′l = (−1)∑
l−1
p=1 |Al | (149)

and ǫ′l,n is obtained from ǫn making A
(1)
l → B

(1)
l , A

(2)
l → B

(2)
l .

We notice that in the right hand sides of the formula (147) the operator s′ acts on
numerical distributions so we have s′T0 = −i (δ + δ′)T0.

It follows that we can reduce the gauge invariance condition (59) to numerical relations
of the type

(δ + δ′)T0(A1(x1), . . . , An(xn)) = delta terms. (150)

However, it is not trivial to determine the explicit form of the right-hand side.
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5. Second-Order Gauge Invariance—Loop Contributions

To illustrate the advantage of our approach, we study in detail the second-order case of the
pure Yang–Mills model. We can iterate Formulas (105)–(107) or use directly (112) to obtain

T(T(x1)
(1), T(x2)

(1)) =: vaµ(x1) vbν(x2) : T(C
µ
a (x1)

(0), Cν
b (x2)

(0))

+
1

4
: Faνµ(x1) Fbσρ(x2) : T(E

µν
a (x1)

(0), E
ρσ
b (x2)

(0))

+
1

2
: vaµ(x1) Fbσρ(x2) : T(C

µ
a (x1)

(0), E
ρσ
b (x2)

(0)) + (1←→ 2)

−[: ua(x1) ∂µũb(x2) : T(D
µ
a (x1)

(0), B
µ
b (x2)

(0)) + (1←→ 2)] (151)

T(Tµ(x1)
(1), T(x2)

(1)) =: ua(x1) vbν(x2) : T(C
µ
a (x1)

(0), Cν
b (x2)

(0))

+
1

2
: uaµ(x1) Fbσρ(x2) : T(C

νµ
a (x1)

(0), E
ρσ
b (x2)

(0))

− : vaν(x1) ub(x2) : T(C
νµ
a (x1)

(0), D
µ
b (x2)

(0))

− : Faνµ(x1) ub(x2) : T(Baν(x1)
(0), D

µ
b (x2)

(0)) (152)

T(Tµ(x1)
(1), Tν(x2)

(1)) =: ua(x1) ub(x2) : T(C
µν
a (x1)

(0), Cν
b (x2)

(0)) (153)

and
T(Tµν(x1)

(1), T(x2)
(1)) =: ua(x1) ub(x2) : T(C

µν
a (x1)

(0), Db(x2)
(0)) (154)

T(Tµν(x1)
(1), Tρ(x2)

(1)) = 0. (155)

The expressions of the type T(C
µ
a (x1)

(0), Cν
b (x2)

(0)), etc., are associated with 2-loop con-
tributions in the second order of the perturbation theory. We have now the following result.

Theorem 6. The following relations are true:

sT(T(x1)
(1), T(x2)

(1)) =

−[: ua(x1) vbν(x2) : s′T(Da(x1)
(0), Cν

b (x2)
(0)) + (1←→ 2)]

−
1

2
: [ua(x1) Fbσρ(x2) : s′T(Da(x1)

(0), E
ρσ
b (x2)

(0)) + (1←→ 2)] (156)

sT(Tµ(x1)
(1), T(x2)

(1)) = : ua(x1) ub(x2) : s′T(C
µ
a (x1)

(0), Db(x2)
(0))

sT(Tµ(x1)
(1), Tν(x2)

(1)) = 0 (157)

sT(Tµν(x1)
(1), T(x2)

(1)) = 0 (158)

sT(Tµν(x1)
(1), Tρ(x2)

(1)) = 0. (159)

Proof. We sketch to prove the first relation. We have to compute the following expres-
sions: A = dQT(T(x1)

(1), T(x2)
(1)), B = −i ∂1

µT(Tµ(x1)
(1), T(x2)

(1)), C = −i ∂2
µT(T(x1)

(1),

Tµ(x2)
(1)) and we use for this the relations (151) and (152). In the sum A + B + C (which is

the left-hand side of (156)), there are a lot of cancellations; we are left with

a = −i : ua(x1) vbν(x2) : [∂1
µT(C

µ
a (x1)

(0), Cν
b (x2)

(0)) + ∂2
µT(Da(x1)

(0), C
νµ
b (x2)

(0))]

= i : ua(x1) vbν(x2) : δT(Da(x1)
(0), Cν

b (x2)
(0))

= − : ua(x1) vbν(x2) : s′T(Da(x1)
(0), Cν

b (x2)
(0)) (160)

(which is the first term from the right-hand side of (156)) and two more similar terms.

All the expressions on the right-hand sides from the preceding theorem are in fact zero.
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Theorem 7. The following relations are true:

s′T(Da(x1)
(0), Cν

b (x2)
(0)) = 0

s′T(Da(x1)
(0), E

ρσ
b (x2)

(0)) = 0 (161)

Proof. The basic distributions used for the computations are

d0,0 ≡
1

2
[(D

(+)
0 )2 − (D

(−)
0 )2] (162)

and associated ones:

dµν ≡ D
(+)
0 ∂µ∂νD

(+)
0 − D

(−)
0 ∂µ∂νD

(−)
0 , fµν ≡ ∂µD

(+)
0 ∂νD

(+)
0 − ∂µD

(−)
0 ∂νD

(−)
0 (163)

All these distributions have causal support; in fact, one can derive that

dµν =
2

3

(

∂µ∂ν −
1

4
ηµν �

)

d0,0, fµν =
1

3

(

∂µ∂ν +
1

2
ηµν �

)

d0,0. (164)

The causal splitting of the distribution d0,0 gives a Feynman propagator dF
0,0 which is

not unique because of the degree of singularity of d0,0 in 0; any choice will be good. More
important, we can obtain the corresponding Feynman propagators by

dF
µν =

2

3

(

∂µ∂ν −
1

4
ηµν �

)

dF
0,0, f F

µν =
1

3

(

∂µ∂ν +
1

2
ηµν �

)

dF
0,0. (165)

With these conventions, we can obtain

T(C
µ
a (x1)

(0), Cν
b (x2)

(0)) =
2

3
gab (∂

µ∂ν − ηµν
�)dF

0,0

T(C
µ
a (x1)

(0), E
ρσ
b (x2)

(0)) =
1

2
gab (η

µσ∂ρ − ηµρ∂σ)dF
0,0

T(Da(x1)
(0), B

µ
b (x2)

(0)) = −
1

2
gab ∂µdF

0,0

T(Da(x1)
(0), C

µν
b (x2)

(0)) = 0 (166)

where
gab ≡ facd fbcd (167)

and from here,

δT(Da(x1)
(0), Cν

b (x2)
(0))

≡ −[∂1
µT(C

µ
a (x1)

(0), Cν
b (x2)

(0))− ∂2
µT(Da(x1)

(0), C
νµ
b (x2)

(0)] = 0

(δ + δ′)T(Da(x1)
(0), E

ρσ
b (x2)

(0)) =

≡ −∂1
µT(C

µ
a (x1)

(0), E
ρσ
b (x2)

(0) − [∂σ
2 T(Da(x1)

(0), B
ρ
b (x2)

(0))− (ρ↔ σ)]

−T(Da(x1)
(0), C

ρσ
b (x2)

(0)) = 0 (168)

and this proves that there are no anomalies from the loop contributions in the second order
of the perturbation
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We can extend the previous arguments to loop contributions associated to chronologi-
cal products of Wick submonomials. The following formulas are true:

T(B
µ
a (x1)

(0), T(x2)) = −ub(x2) T(B
µ
a (x1)

(0), D
(0)
b (x2))

T(B
µ
a (x1)

(0), T I(x2)) = 0, for |I| = 1, 2

T(C
µ
a (x1)

(0), T(x2)) = vbν(x2) T(C
µ
a (x1)

(0), Cν
b (x1)(x2)

(0))

+
1

2
Fbσρ(x2) T(C

µ
a (x1)

(0), E
ρσ
b (x2)

(0))

T(C
µ
a (x1)

(0), Tν(x2)) = ub(x2) T(C
µ
a (x1)

(0), Cν
b (x1)(x2)

(0))

T(C
µ
a (x1)

(0), Tρσ(x2)) = 0

T(Da(x1)
(0), T(x2)) = −∂µũ

µ
b (x2) T(Da(x1)

(0), B
µ
b (x2)

(0))

T(Da(x1)
(0), Tµ(x2)) = vbν(x2) T(Da(x1)

(0), C
νµ
b (x1)(x2)

(0))

+ : F
µν
b (x2) T(Da(x1)

(0), Bbν(x2)
(0)) :

T(Da(x1)
(0), Tµν(x2)) = ub(x2) T(Da(x1)

(0), C
µν
b (x1)(x2)

(0))

T(E
µν
a (x1)

(0), T(x2)) = vbρ(x2) T(E
µν
a (x1)

(0), C
ρ
b (x2)

(0))

+
1

2
: Fbσρ(x2) T(E

µν
a (x1)

(0), E
ρσ
b (x2)

(0))

T(E
µν
a (x1)

(0), Tρ(x2)) = ub(x2) T(E
µν
a (x1)

(0), C
ρ
b (x2)

(0))

T(E
µν
a (x1)

(0), Tρσ(x2)) = 0

T(Ba(x1)
(0), T I(x2)) = 0, ∀I

T(C
µν
a (x1)

(0), T(x2)) = −ub(x2) T(C
µν
a (x1)

(0), Db(x2)
(0))

T(C
µν
a (x1)

(0), T I(x2)) = 0, for |I| = 1, 2. (169)

Then, similar to Theorem 6, we have
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Theorem 8.

s′T(B
µ
a (x1)

(0), T I(x2)) = 0, ∀I

s′T(C
µ
a (x1)

(0), T(x2)) = iub(x2) δT(C
µ
a (x1)

(0), Db(x1)(x2)
(0))

s′T(C
µ
a (x1)

(0), T I(x2)) = 0 for |I| = 1, 2

s′T(Da(x1)
(0), T(x2)) = −ivbν(x2) δT(Da(x1)

(0), Cν
b (x2)

(0))

−
i

2
Fbσρ(x2) (δ + δ′)T(Da(x1)

(0), E
ρσ
b (x2)

(0))

s′T(Da(x1)
(0), Tµ(x2)) = −iub(x2) δT(Da(x1)

(0), C
µ
b (x1)(x2)

(0))

s′T(Da(x1)
(0), Tµν(x2)) = 0

s′T(E
µν
a (x1)

(1), T(x2)) = iub(x2) (δ + δ′)T(E
µν
a (x1)

(0), Db(x2)
(0))

s′T(E
µν
a (x1)

(1), T I(x2)) = 0 for |I| = 1, 2

s′T(Ba(x1)
(0), T I(x2)) = 0, ∀I

s′T(C
µν
a (x1)

(1), T I(x2)) = 0, ∀I. (170)

Now, using Theorem 7, we have

Theorem 9.

s′T(C
µ
a (x1)

(0), T I(x2)) = 0 ∀I

s′T(Da(x1)
(0), T I(x2)) = 0 ∀I

s′T(E
µν
a (x1)

(0), T I(x2)) = 0 ∀I. (171)

Finally we have the following.

Theorem 10. The following relation is true:

s′T(ξa · T
I(x1)

(0), ξb · T
J(x2)

(0)) = −i (δ + δ′)T(ξa · T
I(x1)

(0), ξb · T
J(x2)

(0)) = 0. (172)

Proof. We use the relations (166).
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6. Second-Order Gauge Invariance—Tree Contributions

Now we study tree contributions. We can iterate (102)–(104) or use directly (112)
to obtain

T(T(x1)
(2), T(x2)

(2)) =: C
µ
a (x1) Cν

b (x2) : T(vaµ(x1)
(0), vbν(x2)

(0))

+
1

4
: E

νµ
a (x1) E

σρ
b (x2) : T(Faµν(x1)

(0), Fbρσ(x2)
(0))

+
1

2
[: E

µν
a (x1) C

ρ
b (x2) : T(Faνµ(x1)

(0), vbρ(x2)
(0)) + (1←→ 2)]

−[: Da(x1) B
µ
b (x2) : T(ua(x1)

(0), ũb,µ(x2)
(0)) + (1←→ 2)] (173)

T(Tµ(x1)
(2), T(x2)

(2)) =: C
µ
a (x1) Bν

b (x2) : T(ua,ν(x1)
(0), ũb(x2)

(0))

+ : C
νµ
a (x1) C

ρ
b (x2) : T(vaν(x1)

(0), vbρ(x2)
(0))

+
1

2
: C

νµ
a (x1) E

ρσ
b (x2) : T(vaν(x1)

(0), Fbσρ(x2)
(0))

− : Baν(x1) C
ρ
b (x2) : T(F

νµ
a (x1)

(0), vbρ(x2)
(0))

−
1

2
: Baν(x1) E

ρσ
b (x2) : T(F

νµ
a (x1)

(0), Fbσρ(x2)
(0))

− : Ba(x1) Db(x2) : T(ũa,
µ(x1)

(0), ub(x2)
(0)) (174)

T(Tµ(x1)
(2), Tν(x2)

(2)) = − : C
µ
a (x1) Bb(x2) : T(ua(x1)

(0), ũν
b,(x2)

(0))

+ : C
ρµ
a (x1) Cσν

b (x2) : T(vaρ(x1)
(0), vbσ(x2)

(0))

− : C
ρµ
a (x1) Bbσ(x2) : T(vaρ(x1)

(0), Fσν
b (x2)

(0))

− : Baρ(x1) Cσν
b (x2) : T(F

ρµ
a (x1)

(0), vbσ(x2)
(0))

+ : Baρ(x1) Bbσ(x2) : T(F
ρµ
a (x1)

(0), Fσν
b (x2)

(0))

− : Ba(x1) Cν
b (x2) : T(ũa,

µ(x1)
(0), ub(x2)

(0)) (175)

T(Tµν(x1)
(2), T(x2)

(2)) =: Ba(x1) C
ρ
b (x2) : T(F

µν
a (x1)

(0), vbρ(x2)
(0))

+
1

2
: Ba(x1) E

ρσ
b (x2) : T(F

µν
a (x1)

(0), Fbσρ(x2)
(0))

+ : C
µν
a (x1) B

ρ
b (x2) : T(ua(x1)

(0), ũb,ρ(x2)
(0)) (176)

T(Tµν(x1)
(2), Tρ(x2)

(2)) =: Ba(x1) C
σρ
b (x2) : T(F

µν
a (x1)

(0), vbσ(x2)
(0))

− : Ba(x1) Bbσ(x2) : T(F
µν
a (x1)

(0), F
σρ
b (x2)

(0))

− : C
µν
a (x1) Bb(x2) : T(ua(x1)

(0), ũb,
ρ(x2)

(0)) (177)

T(Tµν(x1)
(2), Tρσ(x2)

(2)) =: Ba(x1) Bb(x2) : T(F
µν
a (x1)

(0), F
σρ
b (x2)

(0)) (178)

We must give the values of the chronological products T(ξ
(0)
p (x1), ξ

(0)
q (x2)) which are

not unique. For the pure Yang–Mills model, the causal commutators of the basic fields are

D(v
µ
a (x1), vν

b(x2)) ≡ [v
µ
a (x1), vν

b(x2)] = i ηµν δab D0(x1 − x2),

D(ua(x1), ũb(x2)) ≡ [ua(x1), ũb(x2)] = −i δab D0(x1 − x2),

D(ũa(x1), ub(x2)) ≡ [ũa(x1), ub(x2)] = i δab D0(x1 − x2). (179)
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where, on the left-hand side, we have the graded commutator. The causal splitting
D = Dadv − Dret is unique because the degree of singularity of D0 is ω = −2 and
we obtain

T(v
µ
a (x1)

(0), vν
b(x2)

(0)) = i ηµν δab DF
0 (x1 − x2),

T(ua(x1)
(0), ũb(x2)

(0)) = −i δab DF
0 (x1 − x2),

T(ũa(x1)
(0), ub(x2)

(0)) = i δab DF
0 (x1 − x2). (180)

From the previous relations, we also have uniquely

T(ξ
(0)
a,µ(x1), ξ

(0)
b (x2)) = ∂1

µT(ξa(x1), ξb(x2))

T(ξ
(0)
a (x1), ξ

(0)
b,ν (x2)) = ∂2

νDF(ξa(x1), ξb(x2)). (181)

However, the causal splitting of T(ξa,µ(x1)
(0), ξb,ν(x2)

(0)) is not unique because the
distribution has the degree of singularity ω = 0. This was noticed for the first time in [26,27].
A possible choice is the canonical splitting, following from (5):

T(ξ
(0)
a,µ(x1), ξ

(0)
b,ν (x2)) = i∂1

µ∂2
νT(ξa(x1)

(0), ξb(x2)
(0)) (182)

and this gives from (173)–(178)

T(T(x1)
(2), T(x2)

(2)) = i DF
0 (x1 − x2) : C

µ
a (x1) Caµ(x2) :

+i ∂µDF
0 (x1 − x2) [: Caν(x1) E

µν
a (x2) : − : Da(x1) B

µ
a (x2) :] + (1←→ 2)

−i ∂µ∂νDF
0 (x1 − x2) : E

µρ
a (x1) Eν

a ρ(x2) : (183)

T(Tµ(x1)
(2), T(x2)

(2)) = −i DF
0 (x1 − x2) : C

µν
a (x1) Cbν(x2) :

+i ∂νDF
0 (x1 − x2) [: C

µ
a (x1) Bν

a (x2) : − : C
µρ
a (x1) Eν

a ρ(x2) : − : Bν
a (x1) C

µ
a (x2) :]

+i ∂µDF
0 (x1 − x2) [: Baν(x1) Cν

a (x2) : − : Ba(x1) Da(x2) :]

+i ∂ν∂ρDF
0 (x1 − x2) : Bν

a (x1) E
µρ
a (x2) : +i ∂µ∂νDF

0 (x1 − x2) : Baρ(x1) E
νρ
a (x2) : (184)

T(Tµ(x1)
(2), Tν(x2)

(2)) = i DF
0 (x1 − x2) : C

µρ
a (x1) Cν

a ρ(x2) :

+i ∂µDF
0 (x1 − x2) [: Baρ(x1) C

ρν
a (x2) : − : Ba(x1) Cν

a (x2) :]

−i ∂νDF
0 (x1 − x2) [: C

µ
a (x1) Ba(x2) : + : C

ρµ
a (x1) Baρ(x2) :]

−i ∂ρDF
0 (x1 − x2) [: C

µν
a (x1) B

ρ
a (x2) : + : B

ρ
a (x1) C

µν
a (x2) :]

−i[ηµν ∂ρ∂σDF
0 (x1 − x2) : B

ρ
a (x1) Bσ

a (x2) : +∂µ∂νDF
0 (x1 − x2) : Baρ(x1) B

ρ
a (x2) :]

+i[∂µ∂ρDF
0 (x1 − x2) : Bν

a (x1) B
ρ
a (x2) : +∂ν∂ρDF

0 (x1 − x2) : B
ρ
a (x1) B

µ
a (x2) :] (185)

T(Tµν(x1)
(2), T(x2)

(2)) = i [∂µDF
0 (x1 − x2) : Ba(x1) Cν

a (x2) : −(µ↔ ν)]

+i ∂ρDF
0 (x1 − x2) : C

µν
a (x1) B

ρ
a (x2) :

−i [∂µ∂ρDF
0 (x1 − x2) : Ba(x1) E

νρ
a (x2) : −(µ↔ ν)] (186)

T(Tµν(x1)
(2), Tρ(x2)

(2)) = i [∂µDF
0 (x1 − x2) : Ba(x1) C

νρ
a (x2) : −(µ↔ ν)]

−i ∂ρDF
0 (x1 − x2) : C

µν
a (x1) Ba(x2) :

−i[∂µ∂ρDF
0 (x1 − x2) : Ba(x1) Bν

a (x2) : −(µ↔ ν)]

−i[ηµρ ∂ν∂σDF
0 (x1 − x2) : Ba(x1) Bσ

a (x2) : −(µ↔ ν)] (187)
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T(Tµν(x1)
(2), Tρσ(x2)

(2)) = −i (ηνσ∂µ∂ρ − ηνρ∂µ∂σ + ηµρ∂ν∂σ − ηµσ∂ν∂ρ)DF
0 (x1 − x2)

: Ba(x1) Ba(x2) : (188)

From these formulas, we can determine now if gauge invariance is true; in fact, we
have anomalies, as it is well known.

Theorem 11. The following formulas are true:

s′T(T(x1)
(2), T(x2)

(2)) = 2 δ(x1 − x2) (: Baµ C
µ
a : − : Ba Da :)(x2)

+∂µδ(x1 − x2) [: Baν(x1) E
µν
a (x2) : − : E

µν
a (x1) B

µ
a (x2) :] (189)

s′T(Tµ(x1)
(2), T(x2)

(2)) = δ(x1 − x2) (−2 : Ba C
µ
a : + : C

µν
a Baν :)(x2)

+∂νδ(x1 − x2) [: Ba(x1) E
µν
a (x2) : + : Bν

a (x1) B
µ
a (x2) :]

−∂µδ(x1 − x2) : Baν(x1) Bν
a (x2) : (190)

s′T(Tµ(x1)
(2), Tν(x2)

(2)) = −2δ(x1 − x2) : Ba C
µν
a : (x2)

+∂µδ(x1 − x2) : Bν
a (x1) Ba(x2) : +∂νδ(x1 − x2) : Ba(x1) B

µ
a (x2) :

−ηµν ∂ρδ(x1 − x2) [: Ba(x1) B
ρ
a (x2) : + : B

ρ
a (x1) Ba(x2) :] (191)

s′T(Tµν(x1)
(2), T(x2)

(2)) = δ(x1 − x2) : C
µν
a Ba : (x2)

+∂µδ(x1 − x2) : Ba(x1) Bν
a (x2) : −(µ↔ ν) (192)

s′T(Tµν(x1)
(2), Tρ(x2)

(2)) = ηµρ ∂νδ(x1 − x2) : Ba(x1) Ba(x2) : −(µ↔ ν) (193)

s′T(Tµν(x1)
(2), Tρσ(x2)

(2)) = 0 (194)

Proof. We consider for illustration only the first relation. We have to compute the expres-
sions A = dQT(T(x1)

(2), T(x2)
(2)), B = −i∂1

µT(Tµ(x1)
(2), T(x2)

(2)), C = −i∂2
µT(T(x1)

(2),

Tµ(x2)
(2)) using the relations (183) and (184). The expression on the left-hand side of

(189) is A + B + C. There are a lot of cancellations, and only the terms with � acting on
DF

0 (x1 − x2), ∂ρDF
0 (x1 − x2) survive. They give the right-hand side of (189).

The final result is as follows.

Theorem 12. We have

sT(T I1(x1), T I2(x2)) = s′T(T I1(x1)
(2), T I2(x2)

(2)) (195)

and the anomalies given in the previous theorem can be eliminated if and only if the constants fabc

verify the Jacobi identity
feab fecd + febc fead + feca febd = 0 (196)

using the finite renormalizations:

T(A1(x1), A2(x2))→ Tren(A1(x1), A2(x2)) = T(A1(x1), A2(x2)) + δ(x1 − x2) N(A1, A2)(x2) (197)
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where

N(T, T) ≡
i

2
E

µν
a Eaµν

N(Tµ, T) = N(T, Tµ) ≡ −i Baν E
µν
a

N(Tµ, Tν) ≡ i B
µ
a Bν

a

N(Tµν, T) = N(T, Tµν) ≡ −i Ba E
µν
a

N(Tµν, Tρ) = N(Tρ, Tµν) = 0

N(Tµν, Tρσ) = 0 (198)

The previous finite renormalizations can be obtained from (173)–(178) performing the
finite renormalization

N(vaµ,ν, vbρ,σ) =
i

2
ηµρ ηνσ δab. (199)

Proof. From (199), we obtain

N(F
µν
a , F

ρσ
b ) = i (ηµρ ηνσ − ηνρ ηµσ) δab. (200)

We substitute this in (173)–(178) and obtain the new contributions (198). It is useful
to prove

N(Tµν, T) = −N(Tµ, Tν). (201)

Then, we compute the supplementary terms in sT(T I1(x1), T I2(x2)).
For instance, we have

sTren(T(x1), T(x2)) = sT(T(x1), T(x2)) + dQ[δ(x1 − x2)N(T, T)(x2)]

−i ∂1
µ[δ(x1 − x2)N(Tµ, T)(x2)]− i ∂2

µ[δ(x1 − x2)N(T, Tµ)(x2)] (202)

Using (198), we arrive at

sTren(T(x1), T(x2)) = sT(T(x1), T(x2)) + δ(x1 − x2)R(T, T)(x2) (203)

where
R(T, T) ≡ dQN(T, T)− i ∂µN(Tµ, T). (204)

If we substitute (189), we obtain, after some simplifications,

sTren(T(x1), T(x2)) = δ(x1 − x2)A(T, T)(x2) (205)

where
A(T, T) ≡ 2(: Baµ C

µ
a : − : Ba Da :)− : Eaµν C

µν
a : (206)

If we use Jacobi identity, we obtainA = 0. One can prove the converse of this statement;
suppose that δ(x1 − x2)A(T, T)(x2) is a coboundary, i.e.,

δ(x1 − x2)A(T, T)(x2) = dQ[δ(x1 − x2)N(x2)]

−i ∂1
µ[δ(x1 − x2)Nµ(x1)]− i ∂2

µ[δ(x1 − x2)Nµ(x2)] (207)

with N and Nµ constrained only by Lorentz covariance and canonical dimension ω ≤ 4.
We obtain from here

A(T, T) = dQN − i ∂µNµ. (208)

If we write arbitrary expressions for N and Nµ we can prove from here thatA(T, T) =
0 and this leads to the Jacobi identity.

We now consider chronological products of the type T(ξa · T I , T J).
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The following formulas are true:

T(B
µ
a (x1)

(1), A(x2)) = − fabc[: ub(x1) T(v
µ
c (x1)

(0), A(x2)) :

− : v
µ
b (x1)

(0) T(uc(x1)
(0), A(x2)) :]

T(Caµ(x1)
(1), A(x2)) = fabc[: vν

b(x1) T(Fcνµ(x1)
(0), A(x2)) :

− : Fbνµ(x1)
(0) T(vν

c (x1)
(0), A(x2)) :

− : ub(x1) T(ũc,µ(x1)
(0), A(x2)) : − : ∂µũb(x1) T(uc(x1)

(0), A(x2)) :]

T(Da(x1)
(1), A(x2)) = fabc[: v

µ
b (x1) T(ũc,µ(x1)

(0), A(x2)) :

− : ∂µũb(x1) T(v
µ
c (x1)

(0), A(x2)) :]

T(E
µν
a (x1)

(1), A(x2)) = fabc[: v
µ
b (x1) T(vν

c (x1)
(0), A(x2)) : −(µ↔ ν)]

T(Ba(x1)
(1), A(x2)) = fabc : ub(x1) T(uc(x1)

(0), A(x2)) :

T(C
µν
a (x1)

(1), A(x2)) = − fabc[: ub(x1) T(F
µν
c (x1)

(0), A(x2)) :

− : F
µν
b (x1)

(0) T(uc(x1)
(0), A(x2)) :] (209)

where A = T, Tµ, Tµν.
To compute the right-hand sides above, we need the expressions T(ξa(x1)

(0), A(x2)).
From our more precise form of the Wick theorem, again we derive

T(v
µ
a (x1)

(0), T(x2)) = Cbν(x2) T(v
µ
a (x1)

(0), vν
b(x2)

(0))

+
1

2
Ebρσ(x2) T(v

µ
a (x1)

(0), F
σρ
b (x2)

(0))

T(v
µ
a (x1)

(0), Tν(x2)) = C
ρν
b (x2) T(v

µ
a (x1)

(0), vbρ(x2)
(0))

−Bbρ(x2) T(v
µ
a (x1)

(0), F
ρν
b (x2)

(0))

T(v
µ
a (x1)

(0), Tρσ(x2)) = Bb(x2) T(v
µ
a (x1)

(0), F
ρσ
b (x2)

(0))

T(F
µν
a (x1)

(0), T(x2)) = Cbρ(x2) T(F
µν
a (x1)

(0), v
ρ
b(x2)

(0))

+
1

2
Ebρσ(x2) T(F

µν
a (x1)

(0), F
σρ
b (x2)

(0))

T(F
µν
a (x1)

(0), Tρ(x2)) = C
σρ
b (x2) T(F

µν
a (x1)

(0), vbσ(x2)
(0))

−Bbσ(x2) T(F
µν
a (x1)

(0), F
ρσ
b (x2)

(0))

T(F
µν
a (x1)

(0), Tρσ(x2)) = Bb(x2) T(F
µν
a (x1)

(0), F
ρσ
b (x2)

(0))

T(ua(x1)
(0), T(x2)) = B

µ
b (x2) T(ua(x1)

(0), ũb,µ(x2)
(0))

T(ua(x1)
(0), Tµ(x2)) = −Bb(x2) T(ua(x1)

(0), ũb,
µ(x2)

(0))
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T(ua(x1)
(0), Tµν(x2)) = 0

T(ũa(x1)
(0), T(x2)) = Db(x2) T(ũa(x1)

(0), ub(x2)
(0))

T(ũa(x1)
(0), Tµ(x2)) = C

µ
b (x2) T(ũa(x1)

(0), ub(x2)
(0))

T(ũa(x1)
(0), Tµν(x2)) = −C

µν
b (x2) T(ũa(x1)

(0), ub(x2)
(0)) (210)

The canonical splitting view (180)–(182) leads to more precise forms:

T(v
µ
a (x1)

(0), T(x2)) = i DF
0 (x1 − x2) C

µ
a (x2)− i ∂νDF

0 (x1 − x2) E
µν
a (x2)

T(v
µ
a (x1)

(0), Tν(x2)) = i DF
0 (x1 − x2) C

µν
a (x2)

−i ∂νDF
0 (x1 − x2) B

µ
a (x2) + i ηµν ∂ρDF

0 (x1 − x2) B
ρ
a (x2)

T(v
µ
a (x1)

(0), Tρσ(x2)) = −i (ηµσ ∂ρ − ηµρ ∂σ)DF
0 (x1 − x2) Ba(x2)

T(F
µν
a (x1)

(0), T(x2)) = −i [∂νDF
0 (x1 − x2) C

µ
a (x2)− (µ↔ ν)]

+i [∂µ∂ρDF
0 (x1 − x2) E

νρ
a (x2)− (µ↔ ν)]

T(F
µν
a (x1)

(0), Tρ(x2)) = −i [∂νDF
0 (x1 − x2) C

µρ
a (x2)− (µ↔ ν)]

−i [ηµρ ∂ν∂σDF
0 (x1 − x2) Bσ

a (x2)− (µ↔ ν)]− i [∂µ∂ρDF
0 (x1 − x2) Bν

a (x2)− (µ↔ ν)]

T(F
µν
a (x1)

(0), Tρσ(x2)) =

i (ηνσ ∂µ∂ρ − ηµσ ∂ν∂ρ + ηµρ ∂ν∂σ − ηνρ ∂µ∂σ)DF
0 (x1 − x2)Ba(x2)

T(ua(x1)
(0), T(x2)) = i ∂µDF

0 (x1 − x2) B
µ
a (x2)

T(ua(x1)
(0), Tµ(x2)) = −i∂µDF

0 (x1 − x2) Ba(x2)

T(ua(x1)
(0), Tµν(x2)) = 0

T(ũa(x1)
(0), T(x2)) = i DF

0 (x1 − x2) Da(x2)

T(ũa(x1)
(0), Tµ(x2)) = i DF

0 (x1 − x2) C
µ
a (x2)

T(ũa(x1)
(0), Tµν(x2)) = −i DF

0 (x1 − x2) C
µν
a (x2) (211)

If we substitute the previous relations in (209), we can obtain the canonical expressions:
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T(B
µ
a (x1)

(1), T(x2)) = −i fabc{D
F
0 (x1 − x2) : ub(x1) C

µ
c (x2) :

−∂νDF
0 (x1 − x2) [: ub(x1) E

µν
c (x2) : + : v

µ
b (x1) Bν

c (x2) :]}

T(B
µ
a (x1)

(1), Tν(x2)) = −i fabc{D
F
0 (x1 − x2) : ub(x1) C

µν
c (x2) :

+∂ρDF
0 (x1 − x2) [η

µν : ub(x1) B
ρ
c (x2) : −ηνρ : ub(x1) B

µ
c (x2) : +ηνρ : v

µ
b (x1) Bc(x2) :]}

T(B
µ
a (x1)

(1), Tρσ(x2)) = −i fabc(η
µρ∂σ − ηµσ∂ρ)DF

0 (x1 − x2) : ub(x1) Bc(x2) : (212)

T(C
µ
a (x1)

(1), T(x2)) = −i fabc{D
F
0 (x1 − x2) : F

νµ
b (x1) Ccν(x2) :

+∂µDF
0 (x1 − x2) [: vbν(x1) Cν

c (x2) : + : ub(x1) Dc(x2) :]

+∂νDF
0 (x1 − x2) [− : vν

b(x1) C
µ
c (x2) : + : F

µ
b ρ

(x1) C
ρν
c (x2) : + : ∂µũb(x1) Bν

c (x2) :]

+∂ν∂ρDF
0 (x1 − x2) : vν

b(x1) E
µρ
c (x2) : −∂µ∂ρDF

0 (x1 − x2) : vbν(x1) E
νρ
c (x2) :}

T(C
µ
a (x1)

(1), Tν(x2)) = −i fabc{D
F
0 (x1 − x2) : F

µρ
b (x1) Cν

c ρ(x2) :

+∂µDF
0 (x1 − x2) [: vbρ(x1) C

ρν
c (x2) : + : ub(x1) Cν

c (x2) :]

−∂νDF
0 (x1 − x2) [: F

ρµ
b (x1) Bcρ(x2) : + : ∂µũb(x1) Bc(x2) :]

+∂ρDF
0 (x1 − x2) [− : v

ρ
b(x1) C

µν
c (x2) : + : F

νµ
b (x1) B

ρ
c (x2) :]

+∂µ∂ρDF
0 (x1 − x2) : vν

b(x1) B
ρ
c (x2) : +∂ν∂ρDF

0 (x1 − x2) : v
ρ
b(x1) B

µ
c (x2) :

−ηµν ∂ρ∂σDF
0 (x1 − x2) : v

ρ
b(x1) Bσ

c (x2) : −∂µ∂νDF
0 (x1 − x2) : v

ρ
b(x1) Bcρ(x2) :}

T(C
µ
a (x1)

(1), Tρσ(x2)) = −i fabc [∂
σDF

0 (x1 − x2) : F
ρµ
b (x1) Bc(x2) :

−∂ρDF
0 (x1 − x2) : F

σµ
b (x1) Bc(x2) :

−∂µDF
0 (x1 − x2) : ub(x1) C

ρσ
c (x2) :

+(ηµσ ∂ρ∂ν − ηµρ ∂σ∂ν)DF
0 (x1 − x2) : vν

b(x1) Bc(x2) :

+∂µ∂σDF
0 (x1 − x2) : v

ρ
b(x1) Bc(x2) : −∂µ∂ρDF

0 (x1 − x2) : vσ
b (x1) Bc(x2) :] (213)

T(Da(x1)
(1), T(x2)) = −i fabc{D

F
0 (x1 − x2) : ∂µũb(x1) C

µ
c (x2) :

+∂µDF
0 (x1 − x2) [− : v

µ
b (x1) Dc(x2) : + : ∂νũ

µ
b (x1) E

µν
c (x2) :]}

T(Da(x1)
(1), Tµ(x2)) = −i fabc{−DF

0 (x1 − x2) : ∂νũb(x1) C
µν
c (x2) :

+∂νDF
0 (x1 − x2) [− : vν

b(x1) C
µ
c (x2) : + : ∂µũ

µ
b (x1) Bν

c (x2) : −ηµν : ∂ρũ
µ
b (x1) B

ρ
c (x2) :]}

T(Da(x1)
(1), Tρσ(x2)) = −i fabc{−∂µDF

0 (x1 − x2) : v
µ
b (x1) C

ρσ
c (x2) :

+∂σDF
0 (x1 − x2) : ∂ρũb(x1) B

µ
c (x2) : −∂ρDF

0 (x1 − x2) : ∂σũb(x1) B
µ
c (x2) :} (214)
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T(E
µν
a (x1)

(1), T(x2)) =

−i fabc{D
F
0 (x1 − x2) [: vν

b(x1) C
µ
c (x2) : − : v

µ
b (x1) Cν

c (x2) :]

+∂ρDF
0 (x1 − x2) [: v

µ
b (x1) E

νρ
c (x2) : −vν

b(x1) E
µρ
c (x2) :]}

T(E
µν
a (x1)

(1), Tρ(x2)) = −i fabc{D
F
0 (x1 − x2) : vν

b(x1) C
µρ
c (x2) :

+∂σDF
0 (x1 − x2) [−ηνρ : v

µ
b (x1) Bσ

c (x2) : +ηρσv
µ
b (x1) Bν

c (x2) :]} − (µ↔ ν)

T(E
µν
a (x1)

(1), Tρσ(x2)) =

−i fabc[(η
νσ ∂ρ − ηνρ ∂σ)DF

0 (x1 − x2) : v
µ
b (x1) Bc(x2) : −(µ↔ ν)] (215)

T(Ba(x1)
(1), T(x2)) = i fabc∂µDF

0 (x1 − x2) : ub(x1) B
µ
c (x2) :

T(Ba(x1)
(1), Tµ(x2)) = −i fabc∂µDF

0 (x1 − x2) : ub(x1) Bc(x2) :

T(Ba(x1)
(1), Tρσ(x2)) = 0 (216)

T(C
µν
a (x1)

(1), T(x2)) = −i fabc[∂
µDF

0 (x1 − x2) : ub(x1) Cν
c (x2) :

−∂νDF
0 (x1 − x2) : ub(x1) C

µ
c (x2) : −∂ρDF

0 (x1 − x2) : F
µν
b (x1) B

ρ
c (x2) :

−∂µ∂ρDF
0 (x1 − x2) : ub(x1) E

νρ
c (x2) : +∂ν∂ρDF

0 (x1 − x2) : ub(x1) E
µρ
c (x2) :]

T(C
µν
a (x1)

(1), Tρ(x2)) = −i fabc[∂
µDF

0 (x1 − x2) : ub(x1) C
νρ
c (x2) :

−∂νDF
0 (x1 − x2) : ub C

µρ
c (x2) :

+∂ρDF
0 (x1 − x2) : F

µν
b (x1) Bc(x2) :

+(ηνρ ∂µ∂σ − ηµρ ∂ν∂σ)DF
0 (x1 − x2) : ub(x1) Bσ

c (x2) :

−∂µ∂ρDF
0 (x1 − x2) : ub(x1) Bν

c (x2) : +∂ν∂ρDF
0 (x1 − x2) : ub(x1) B

µ
c (x2) :]

T(C
µν
a (x1)

(1), Tρσ(x2)) = −i fabc(η
µσ ∂ν∂ρ − ηνσ ∂µ∂ρ

+ηνρ ∂µ∂σ − ηµρ ∂ν∂σ)DF
0 (x1 − x2) : ub(x1) Bc(x2) : (217)

We can obtain in a similar way to Theorem 11 the following result.

Theorem 13. The following formulas are true:

s′T(B
µ
a (x1)

(1), T I(x2)) = 0 (218)

s′T(C
µ
a (x1)

(1), T(x2)) = δ(x1 − x2) fabc (: ub C
µ
c : + : F

µν
b Bcν : − : ∂µũbBc :)(x2)

−∂νδ(x1 − x2) fabc [: ub(x1) E
µν
c (x2) : − : vν

b(x1) B
µ
c (x2) :]

−∂µδ(x1 − x2) fabc : vν
b(x1) Bcν(x2) : (219)

s′T(C
µ
a (x1)

(1), Tν(x2)) = δ(x1 − x2) fabc (: ua C
µν
c : − : F

µν
b Bc :)(x2)

+∂ρδ(x1 − x2) ηµν fabc [: ub(x1) B
ρ
c (x2) : − : v

ρ
b(x1) Bc(x2) :]

−∂νδ(x1 − x2) fabc : ub(x1) B
µ
c (x2) : +∂µδ(x1 − x2) fabc : vν

b(x1) Bc(x2) : (220)

s′T(Cµ(x1)
(1), Tρσ(x2)) = (ηµρ∂σ − ηµσ∂ρ)δ(x1 − x2) fabc : ub(x1) Bc(x2) : (221)
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s′T(D(x1)
(1), T(x2)) = δ(x1 − x2) fabc (: vbµ C

µ
c : + : ub Dc : + : ∂µũbB

µ
c :)(x2)

+∂µδ(x1 − x2) fabc : vbν(x1) E
µν
c (x2) : (222)

s′T(Da(x1)
(1), Tµ(x2)) = δ(x1 − x2) fabc (: vbν C

νµ
c : + : ub C

µ
c : − : ∂µũbBc :)(x2)

+∂νδ(x1 − x2) fabc : v
µ
b (x1) Bν

c (x2) :

−∂µδ(x1 − x2) fabc : vν
b(x1) Bcν(x2) : (223)

s′T(D(x1)
(1), Tρσ(x2)) = −δ(x1 − x2) fabc : ub C

ρσ
c : (x2)

+∂σδ(x1 − x2) fabc : v
ρ
b(x1) Bc(x2) : −(ρ↔ σ) (224)

s′T(E
µν
a (x1)

(1), T(x2)) = δ(x1 − x2) fabc : v
µ
b Bν

c : (x2)− (µ↔ ν) (225)

s′T(E
µν
a (x1)

(1), Tρ(x2)) = δ(x1 − x2) fabc ηµρ : vν
b Bc : (x2)− (µ↔ ν) (226)

s′T(E
µν
a (x1)

(1), Tρσ(x2)) = 0 (227)

s′T(Ba(x1)
(1), T I(x2)) = 0 (228)

s′T(C
µν
a (x1)

(1), T(x2)) = −δ(x1 − x2) fabc : F
µν
b Bc : (x2)

+∂µδ(x1 − x2) fabc : ub(x1) Bν
c (x2) : −(µ↔ ν) (229)

s′T(C
µν
a (x1)

(1), Tρ(x2)) = (ηµρ∂ν − ηνρ∂µ)δ(x1 − x2) fabc : ub(x1) Bc(x2) : (230)

s′T(C
µν
a (x1)

(1), Tρσ(x2)) = 0 (231)

Next, we investigate if we can remove the anomalies from the previous theorem with
finite renormalizations, as in Theorem 12.

Theorem 14. We have

sT(ξa · T
I1(x1), T I2(x2)) = s′T(ξa · T

I1(x1)
(1), T I2(x2)

(2)) (232)

and the anomalies can be removed using finite renormalizations of the type (197):

Tren(A1(x1), A2(x2)) = T(A1(x1), A2(x2)) + δ(x1 − x2) N(A1, A2)(x2)

where the non-trivial expressions N are

N(C
µ
a , T) ≡ i fabc : vbν E

µν
c :

N(C
µν
a , T) ≡ i fabc : ub E

µν
c :

N(C
µ
a , Tν) ≡ i fabc (: vν

b B
µ
c : −ηµν : vbρ B

ρ
c :)

N(C
µν
a , Tρ) ≡ −i fabc (η

µρ : ub Bν
c : −ηνρ : ub B

µ
c :)

N(C
µ
a , Tρσ) ≡ −i fabc (η

µρ : vσ
b Bc : −ηνρ : v

ρ
b Bc :) (233)

These finite renormalizations can be obtained using the finite renormalization (199) in the
expressions (210) and are unique.
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Proof. Is quite similar to the proof Theorem 12. First, we obtain (233) by substituting (199)
in (209) + (210). Next, we compute the supplementary terms coming from the finite
renormalizations. For instance,

s′Tren(C
µ
a (x1), T(x2)) = s′T(C

µ
a (x1), T(x2))

+δ(x1 − x2) R(C
µ
a , T)(x2) + i∂νδ(x1 − x2) Rν(C

µ
a , T)(x2) (234)

where

R(C
µ
a , T) ≡ dQN(C

µ
a , T)− i∂νN(C

µ
a , Tν)

Rν(C
µ
a , T) ≡ i [−N(C

µν
a , T) + N(C

µ
a , Tν)] (235)

These expressions can be computed using the formulas from the statement. If we
substitute in (219), one obtains after some computations

s′Tren(C
µ
a (x1), T(x2)) = δ(x1 − x2) A(C

µ
a , T)(x2) (236)

where
A(C

µ
a , T) ≡ fabc (− : vbνC

µν
c : + : ubC

µ
c : + : F

µν
b Bcν : − : ∂µũbBc :). (237)

However, using the Jacobi identity, the equality A(C
µ
a , T) = 0 follows easily. The same

line of argument must be used for the other cases. By some computations, one can prove
the uniqueness of the finite renormalizations (233).

Now we can address the question of the Wick property. We have the finite renormalizations
from theorem 12 and the preceding theorem. If the Wick property is preserved, the finite
renormalizations should verify identities of the type (40). This is true according to the following.

Theorem 15. The finite renormalizations (198) and (233) preserve the Wick expansion property.
Explicitly, we have

v
µ
a · N(T, T) = 2N(C

µ
a , T)

ua · N(Tµ, T) = −N(C
µ
a , T)− N(Tµ, Da)

vν
a · N(Tµ, T) = N(C

νµ
a , T) + N(Tµ, Cν

a )

ua · N(Tµ, Tν) = N(C
µ
a , Tν)− N(Tµ, Cν

a )

v
ρ
a · N(Tµ, Tν) = N(C

ρµ
a , Tν) + N(Tµ, C

ρν
a )

ua · N(Tµν, T) = −N(C
µν
a , T) + N(Tµν, Da)

v
ρ
a · N(Tµν, T) = N(Tµν, C

ρ
a ) (238)

and
N(B

µ
a , T I) = N(Da, T I) = N(E

µν
a , T I) = 0, ∀I. (239)

Proof. We start with the relation

[v
µ
a (y), T(T(x1), T(x2))] =

i [D0(y− x1) T(C
µ
a (x1), T(x2))− ∂νD0(y− x1) T(E

µν
a (x1), T(x2))] + (1↔ 2) (240)

following from Wick expansion property (22). If we consider finite renormalizations of
the type (198) and (233), we will obtain new terms in the left- and right-hand sides of the
preceding identity. The identity is preserved if and only if we have the first relation from
(238) and one of the relation (239). In the same way, we obtain

[ũa(y), T(Tµ(x1), T(x2))] =

−i D0(y− x1) T(C
µ
a (x1), T(x2))− i D0(y− x2) T(Tµ(x1), Da(x2)) (241)
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and the preservation of this relation leads to the second relation from (238). From

[vν
a(y), T(Tµ(x1), T(x2))] = i D0(y− x1) T(C

νµ
a (x1), T(x2))

−i∂µD0(y− x1) T(Bν
a (x1), T(x2)) + i ηµν ∂ρD0(y− x1) T(B

ρ
a (x1), T(x2))

+i D0(y− x2) T(Tµ(x1), Cν
a (x2))− i ∂ρD0(y− x2) T(Tµ(x1), E

νρ
a (x2)) (242)

and we obtain the third relation from (238). From

[ũa(y), T(Tµ(x1), Tν(x2))] =

i D0(y− x1) T(C
µ
a (x1), Tν(x2))− i D0(y− x2) T(Tµ(x1), Cν

a (x2)) (243)

we obtain the fourth relation from (238). From

[v
ρ
a(y), T(Tµ(x1), Tν(x2))] = i D0(y− x1) T(C

ρµ
a (x1), Tν(x2))

−i∂µD0(y− x1) T(B
ρ
a (x1), Tν(x2)) + i ηµρ ∂σD0(y− x1) T(Bσ

a (x1), T(x2))

+i D0(y− x2) T(Tµ(x1), C
ρν
a (x2))

−i ∂νD0(y− x2) T(Tµ(x1), B
ρ
a (x2)) + i ηνρ ∂σD0(y− x2) T(Tµ(x1), Bσ

a (x2)) (244)

we obtain the fifth relation from (238). From

[ũa(y), T(Tµν(x1), T(x2))] =

−i D0(y− x1) T(C
µν
a (x1), T(x2)) + i D0(y− x2) T(Tµν(x1), Da(x2)) (245)

we obtain the sixth relation from (238). Finally, from

[v
ρ
a(y), T(Tµν(x1), T(x2))] = i (ηµρ∂ν − ηνρ∂µ)D0(y− x1) T(Ba(x1), T(x2))

+i D0(y− x2) T(Tµν(x1), C
ρ
a (x2))

−i ∂σD0(y− x2) T(Tµν(x1), E
ρσ
a (x2)) (246)

we obtain the last relation from (238).
It remains to consider the explicit form of the finite renormalizations (198) and (233)

and prove that the identities (238) are true.

The anomalies cannot be always removed. We provide an example.

Theorem 16. The following formulas are true

sT(v
µ
a (x1), T(x2)) = δ(x1 − x2) B

µ
a (x2)

sT(v
µ
a (x1), Tν(x2)) = −δ(x1 − x2) ηµν Ba(x2)

sT(v
µ
a (x1), Tρσ(x2)) = 0. (247)

sT(F
µν
a (x1), T(x2)) = ∂µδ(x1 − x2) Bν

a (x2)− (µ↔ ν)

sT(F
µν
a (x1), Tρ(x2)) = (ηµρ∂ν − ηνρ∂µ)δ(x1 − x2) Ba(x2)

sT(F
µν
a (x1), Tρσ(x2)) = 0. (248)

sT(ua(x1), T(x2)) = −δ(x1 − x2) Ba(x2)

sT(ua(x1), Tν(x2)) = 0

sT(ua(x1), Tρσ(x2)) = 0. (249)

sT(ũa(x1), T I(x2)) = 0, ∀I. (250)

Proof. We illustrate the first identity. We have by definition
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sT(v
µ
a (x1), T(x2)) = dQT(v

µ
a (x1), T(x2))− i ∂

µ
1 T(ua(x1), T(x2))− i ∂2

νT(v
µ
a (x1), Tν(x2)) (251)

so, using the formulas from (211), we obtain the first formula from the statement.

Theorem 17. From (199), we obtain also the finite renormalizations

N(F
µν
a , T) = −i E

µν
a

N(F
µν
a , Tρ) = i (ηµρBν

a − ηνρB
µ
a )

N(F
µν
a , Tρσ) = i (ηµρηνσ − ηνρηµσ)Ba (252)

Using these finite renormalizations, we obtain

sTrenT(A1(x1), A2(x2)) = δ(x1 − x2) A(A1, A2)(x2) (253)

for A1 = ξa = v
µ
a , ua, ũa etc., and A2 = T I with the non-zero anomalies:

A(v
µ
a , T) = B

µ
a

A(v
µ
a , Tν) = −ηµν Ba

A(F
µν
a , T) = C

µν
a

A(ua, T) = −Ba. (254)

These anomalies cannot be removed by other finite renormalizations.

Proof. We consider

sTren(F
µν
a (x1), T(x2)) = sT(F

µν
a (x1), T(x2))

+dQ[δ(x1 − x2)N(F
µν
a , T)(x2)]− i ∂2

ρ[δ(x1 − x2)N(F
µν
a , Tρ)(x2)] (255)

and use the finite renormalizations (252). We obtain the third relation from the statement.
It is rather simple to prove that the anomalies from the statement cannot be removed

by other finite renormalizations.

We continue the analysis of the tree contributions of chronological products involving
Wick submonomials. We first have

T(v
µ
a (x1)

(0), Bν
b (x2)) = − fbcd : uc(x2) T(v

µ
a (x1)

(0), vν
d(x2)

(0)) :

T(v
µ
a (x1)

(0), Cν
b (x2)) = fbcd [: F

ρν
d (x2) T(v

µ
a (x1)

(0), vcρ(x2)
(0)) :

+ : vcρ(x2) T(v
µ
a (x1)

(0), F
ρν
d (x2)

(0)) :

T(v
µ
a (x1)

(0), Db(x2)) = fbcd : ∂νũc(x2) T(v
µ
a (x1)

(0), vν
c (x2)

(0)) :

T(v
µ
a (x1)

(0), E
ρσ
b (x2)) = fbcd [: vσ

d (x2) T(v
µ
a (x1)

(0), v
ρ
c (x2)

(0)) :

+ : v
ρ
c (x2) T(v

µ
a (x1)

(0), vσ
d (x2)

(0)) :]

T(v
µ
a (x1)

(0), C
ρσ
b (x2)) = − fbcd : uc(x2) T(v

µ
a (x1)

(0), F
ρσ
d (x2)

(0)) :

T(F
µν
a (x1)

(0), B
ρ
b (x2)) = − fbcd : uc(x2) T(F

µν
a (x1)

(0), v
ρ
d(x2)

(0)) :
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T(F
µν
a (x1)

(0), C
ρ
b (x2)) = fbcd [: F

σρ
d (x2) T(F

µν
a (x1)

(0), vcσ(x2)
(0)) :

+ : vcσ(x2) T(F
µν
a (x1)

(0), F
σρ
d (x2)

(0)) :

T(F
µν
a (x1)

(0), Db(x2)) = fbcd : ∂ρũc(x2) T(F
µν
a (x1)

(0), v
ρ
c (x2)

(0)) :

T(F
µν
a (x1)

(0), E
ρσ
b (x2)) = fbcd [: vσ

d (x2) T(F
µν
a (x1)

(0), v
ρ
c (x2)

(0)) :

+ : v
ρ
c (x2) T(F

µν
a (x1)

(0), vσ
d (x2)

(0)) :]

T(F
µν
a (x1)

(0), C
ρσ
b (x2)) = − fbcd : uc(x2) T(F

µν
a (x1)

(0), F
ρσ
d (x2)

(0)) :

T(ua(x1)
(0), Cbµ(x2)) = fbcd : uc(x2) T(ua(x1)

(0), ũd,µ(x2)
(0)) :

T(ua(x1)
(0), Db(x2)) = fbcd : v

µ
c (x2) T(ua(x1)

(0), ũd,µ(x2)
(0)) :

T(ũa(x1)
(0), B

µ
b (x2)) = − fbcd : v

µ
d (x2) T(ũa(x1)

(0), uc(x2)
(0)) :

T(ũa(x1)
(0), C

µ
b (x2)) = − fbcd : ∂µũd(x2) T(ũa(x1)

(0), uc(x2)
(0)) :

T(ũa(x1)
(0), Bb(x2)) = fbcd : ud(x2) T(ũa(x1)

(0), uc(x2)
(0)) :

T(ũa(x1)
(0), C

µν
b (x2)) = − fbcd : F

µν
d (x2) T(ũa(x1)

(0), uc(x2)
(0)) : (256)

If we use canonical splitting, we arrive at the more precise forms:

T(v
µ
a (x1)

(0), Bν
b (x2)) = −i DF

0 (x1 − x2) ηµν fabc uc(x2)

T(v
µ
a (x1)

(0), Cν
b (x2)) = −i fabc [D

F
0 (x1 − x2) F

µν
c (x2)

+ηµν ∂ρDF
0 (x1 − x2) v

ρ
c (x2)− ∂νDF

0 (x1 − x2) v
µ
c (x2)]

T(v
µ
a (x1)

(0), Db(x2)) = −i DF
0 (x1 − x2) fabc ∂µũc(x2)

T(v
µ
a (x1)

(0), E
ρσ
b (x2)) = −i fabc DF

0 (x1 − x2) (η
µρ vσ

c − ηµσ v
ρ
c )(x2)

T(v
µ
a (x1)

(0), C
ρσ
b (x2)) = i fabc (η

µσ ∂ρ − ηµρ ∂σ)DF
0 (x1 − x2) uc(x2)

T(F
µν
a (x1)

(0), B
ρ
b (x2)) = i fabc (η

µρ ∂ν − ηνρ ∂µ)DF
0 (x1 − x2) uc(x2)

T(F
µν
a (x1)

(0), C
ρ
b (x2)) = i fabc [∂

νDF
0 (x1 − x2) F

µρ
c (x2)

+∂µ∂ρDF
0 (x1 − x2) vν

c (x2) + ηµρ ∂ν∂σDF
0 (x1 − x2) vσ

c (x2)]− (µ↔ ν)

T(F
µν
a (x1)

(0), Db(x2)) = i fabc ∂νDF
0 (x1 − x2) ∂µũc(x2)− (µ↔ ν)

T(F
µν
a (x1)

(0), E
ρσ
b (x2)) = i fabc [η

µρ ∂νDF
0 (x1 − x2) vσ

c (x2)− (µ↔ ν)]− (ρ↔ σ)
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T(F
µν
a (x1)

(0), C
ρσ
b (x2)) =

i fabc (η
νσ ∂µ∂ρ − ηµσ ∂ν∂ρ + ηµρ ∂ν∂σ − ηνρ ∂µ∂σ)DF

0 (x1 − x2) uc(x2)

T(ua(x1)
(0), C

µ
b (x2)) = i fabc ∂µDF

0 (x1 − x2) uc(x2)

T(u
µ
a (x1)

(0), Db(x2)) = i fabc ∂µDF
0 (x1 − x2) v

µ
c (x2)

T(ũa(x1)
(0), B

µ
b (x2)) = i fabc DF

0 (x1 − x2) v
µ
c (x2)

T(ũa(x1)
(0), C

µ
b (x2)) = i fabc DF

0 (x1 − x2) ∂µũc(x2)

T(ũa(x1)
(0), Bb(x2)) = −i fabc DF

0 (x1 − x2) uc(x2)

T(ũa(x1)
(0), C

µν
b (x2)) = i fabc DF

0 (x1 − x2) F
µν
c (x2) (257)

Now, we consider expressions of the type T(ξa · T I , ξb · T J) and with the
Wick theorem, we have

T(B
µ
a (x1)

(1), Bν
b (x2)) = − fadc : ud(x1) T(v

µ
c (x1)

(0), Bν
b (x2)) :

T(B
µ
a (x1)

(1), Cν
b (x2)) = − fadc [: ud(x1) T(v

µ
c (x1)

(0), Cν
b (x2)) :

− : v
µ
d (x1) T(uc(x1)

(0), Cν
b (x2)) :]

T(B
µ
a (x1)

(1), Db(x2)) = − fadc [: ud(x1) T(v
µ
c (x1)

(0), Db(x2)) :

− : v
µ
d (x1) T(uc(x1)

(0), Db(x2)) :]

T(B
µ
a (x1)

(1), E
ρσ
b (x2)) = − fadc : ud(x1) T(v

µ
c (x1)

(0), E
ρσ
b (x2)) :

T(B
µ
a (x1)

(1), Bb(x2)) = 0

T(B
µ
a (x1)

(1), C
ρσ
b (x2)) = − fadc : ud(x1) T(v

µ
c (x1)

(0), C
ρσ
b (x2)) :

T(C
µ
a (x1)

(1), Cν
b (x2)) = fadc [: vdρ(x1) T(F

ρµ
c (x1)

(0), Cν
b (x2)) :

− : F
ρµ
d (x1) T(vcρ(x1)

(0), Cν
b (x2)) : − : ud(x1) T(ũc,

µ(x1)
(0), Cν

b (x2)) :

− : ∂µũc(x1)T(uc(x1)
(0), Cν

b (x2)) :]

T(C
µ
a (x1)

(1), Db(x2)) = fadc [: vdν(x1) T(F
νµ
c (x1)

(0), Db(x2)) :

− : F
νµ
d (x1) T(vcν(x1)

(0), Db(x2)) : − : ∂µũd(x1) T(uc(x1)
(0), Db(x2)) :]

T(C
µ
a (x1)

(1), E
ρσ
b (x2)) = fadc [: vdν(x1) T(F

νµ
c (x1)

(0), E
ρσ
b (x2)) :

− : F
νµ
d (x1) T(vcν(x1)

(0), E
ρσ
b (x2)) :]
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T(C
µ
a (x1)

(1), Bb(x2)) = − fadc : ud(x1) T(ũc,
µ(x1)

(0), Bb(x2)) :

T(C
µ
a (x1)

(1), C
ρσ
b (x2)) = fadc [: vdν(x1) T(F

νµ
c (x1)

(0), C
ρσ
b (x2)) :

− : F
νµ
d (x1) T(vcν(x1)

(0), C
ρσ
b (x2)) : − : ud(x1) T(ũc,

µ(x1)
(0), C

ρσ
b (x2)) :]

T(Da(x1)
(1), Db(x2)) = − fadc : ∂µũd(x1) T(v

µ
c (x1)

(0), Db(x2)) :

T(Da(x1)
(1), E

ρσ
b (x2)) = − fadc : ∂µũd(x1) T(v

µ
c (x1)

(0), E
ρσ
b (x2)) :

T(Da(x1)
(1), Bb(x2)) = fadc : v

µ
d (x1) T(ũc,

µ(x1)
(0), Bb(x2)) :

T(Da(x1)
(1), C

ρσ
b (x2)) = fadc [: v

µ
d (x1) T(ũc,µ(x1)

(0), C
ρσ
b (x2)) :

− : ∂µũd(x1) T(v
µ
c (x1)

(0), C
ρσ
b (x2)) :]

T(E
µν
a (x1)

(1), E
ρσ
b (x2)) = fadc : v

µ
d (x1) T(vν

c (x1)
(0), E

ρσ
b (x2)) : −(µ↔ ν)

T(E
µν
a (x1)

(1), Bb(x2)) = 0

T(E
µν
a (x1)

(1), C
ρσ
b (x2)) = fadc : v

µ
d (x1) T(vν

c (x1)
(0), C

ρσ
b (x2)) : −(µ↔ ν)

T(Ba(x1)
(1), Bb(x2)) = 0

T(Ba(x1)
(1), C

µν
b (x2)) = 0

T(C
µν
a (x1)

(1), C
ρσ
b (x2)) = − fadc : ud(x1) T(F

µν
c (x1)

(0), E
ρσ
b (x2)) : (258)

Using the canonical splitting, we have

T(B
µ
a (x1)

(1), Bν
b (x2)

(1)) = i ηµν face fbde DF
0 (x1 − x2) : uc(x1)ud(x2) :

T(B
µ
a (x1)

(1), Cν
b (x2)

(1)) = i face fbde {D
F
0 (x1 − x2) : uc(x1)F

µν
d (x2) :

+ηµν ∂ρDF
0 (x1 − x2) : uc(x1)v

ρ
d(x2) : +∂νDF

0 (x1 − x2) [: v
µ
c (x1)ud(x2) : − : uc(x1)v

µ
d (x2) :]}

T(B
µ
a (x1)

(1), Db(x2)
(1)) = i face fbde [D

F
0 (x1 − x2) : uc(x1)∂

µũd(x2) :

+∂νDF
0 (x1 − x2) : v

µ
c (x1)v

ν
d(x2) :

T(B
µ
a (x1)

(1), E
ρσ
b (x2)

(1)) = i face fbde DF
0 (x1 − x2) [η

µρ : uc(x1)v
σ
d (x2) : −(ρ↔ σ)]

T(B
µ
a (x1)

(1), Bb(x2)
(1)) = 0

T(B
µ
a (x1)

(1), C
ρσ
b (x2)

(1)) = i face fbde (η
µρ ∂σ − ηµσ ∂ρ)DF

0 (x1 − x2) : uc(x1)ud(x2) :
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T(C
µ
a (x1)

(1), Cν
b (x2)

(1)) = i face fbde {D
F
0 (x1 − x2) : F

µρ
c (x1)Fν

d ρ(x2) :

+∂µDF
0 (x1 − x2) [: vcρ(x1)F

ρν
d (x2) : − : uc(x1)∂

νũd(x2) :]

−∂νDF
0 (x1 − x2) [: F

ρν
c (x1)vdρ(x2) : + : ∂νũc(x1)ud(x2) :]

−∂ρDF
0 (x1 − x2) [: F

µν
c (x1)v

ρ
d(x2) : + : v

ρ
c (x1)F

µν
d (x2) :]

−∂µ∂νDF
0 (x1 − x2) : vcρ(x1)v

ρ
d(x2) : −ηµν ∂ρ∂σDF

0 (x1 − x2) : v
ρ
c (x1)v

σ
d (x2) :

+∂ν∂ρDF
0 (x1 − x2) : v

ρ
c (x1)v

µ
d (x2) : +∂µ∂ρDF

0 (x1 − x2) : vν
c (x1)v

ρ
d(x2) :}

T(C
µ
a (x1)

(1), Db(x2)
(1)) = i face fbde {−DF

0 (x1 − x2) : F
µν
c (x1)∂νũd(x2) :

+∂µDF
0 (x1 − x2) : vν

c (x1)∂νũd(x2) :

−∂νDF
0 (x1 − x2) [: vν

c (x1)∂
µũd(x2) : + : ∂µũc(x1)v

ν
d(x2) :]

T(C
µ
a (x1)

(1), E
ρσ
b (x2)

(1)) = i face fbde {D
F
0 (x1 − x2) [: F

ρµ
c (x1)v

σ
d (x2) : − : F

σµ
c (x1)v

ρ
d(x2) :]

+∂µDF
0 (x1 − x2) [: v

ρ
c (x1)v

σ
d (x2) : − : vσ

c (x1)v
ρ
d(x2) :]

−∂νDF
0 (x1 − x2) [η

µσ : vν
c (x1)v

ρ
d(x2) : −ηµρ : vν

c (x1)v
σ
d (x2) :]}

T(C
µ
a (x1)

(1), Bb(x2)
(1)) = i face fbde ∂µDF

0 (x1 − x2) : uc(x1)ud(x2) :

T(C
µ
a (x1)

(1), C
ρσ
b (x2)

(1)) = i face fbde [−∂µDF
0 (x1 − x2) : uc(x1)F

ρσ
d (x2) :

+∂ρDF
0 (x1 − x2) : F

µσ
c (x1)ud(x2) : −∂σDF

0 (x1 − x2) : F
µρ
c (x1)ud(x2) :

+(ηµσ ∂ρ∂ν − ηµρ ∂σ∂ν)DF
0 (x1 − x2) : vν

c (x1)ud(x2) :

+∂µ∂σDF
0 (x1 − x2) : v

ρ
c (x1)ud(x2) : −∂µ∂ρDF

0 (x1 − x2) : vσ
c (x1)ud(x2) :]

T(Da(x1)
(1), Db(x2)

(1)) = i face fbde DF
0 (x1 − x2) : ∂µũc(x1)∂

µũd(x2) :

T(Da(x1)
(1), E

ρσ
b (x2)

(1)) = i face fbde DF
0 (x1 − x2) [: ∂ρũc(x1)v

σ
d (x2) : − : ∂σũc(x1)v

ρ
d(x2) :]

T(Da(x1)
(1), Bb(x2)

(1)) = −i face fbde ∂µDF
0 (x1 − x2) : v

µ
c (x1)ud(x2) :

T(Da(x1)
(1), C

ρσ
b (x2)

(1)) = i face fbde [∂
µDF

0 (x1 − x2) : v
µ
c (x1)F

ρσ
d (x2) :

+∂σDF
0 (x1 − x2) : ∂ρũc(x1)ud(x2) : −∂ρDF

0 (x1 − x2) : ∂σũc(x1)ud(x2) :]

T(E
µν
a (x1)

(1), E
ρσ
b (x2)

(1)) = −i face fbde DF
0 (x1 − x2)

[ηνρ : v
µ
c (x1)v

σ
d (x2) : −ηνσ : v

µ
c (x1)v

ρ
d(x2) : +ηµσ : vν

c (x1)v
ρ
d(x2) : −ηµρ : vν

c (x1)v
σ
d (x2) :]

T(E
µν
a (x1)

(1), Bb(x2)
(1)) = 0

T(E
µν
a (x1)

(1), C
ρσ
b (x2)

(1)) = i face fbde

[(ηνσ∂ρ − ηνρ∂σ)DF
0 (x1 − x2) : v

µ
c (x1)ud(x2) :

−(ηµσ∂ρ − ηµρ∂σ)DF
0 (x1 − x2) : vν

c (x1)ud(x2) :]

T(Ba(x1)
(1), Bb(x2)

(1)) = 0

T(Ba(x1)
(1), C

µν
b (x2)

(1)) = 0
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T(C
µν
a (x1)

(1), C
ρσ
b (x2)

(1)) = −i face fbde

(ηνσ∂µ∂ρ − ηµσ∂ν∂ρ + ηµρ∂ν∂σ − ηνρ∂µ∂σ))DF
0 (x1 − x2) : uc(x1)ud(x2) : (259)

We can use the previous expressions to compute the corresponding anomalies. We have
the following.

Theorem 18. The following relations are true:

s′T(B
µ
a (x1)

(1), C
µ
b (x2)

(1)) = δ(x1 − x2) ηµν face fbde (: ucud :)(x2) (260)

s′T(B
µ
a (x1)

(2), Db(x2)
(1)) = δ(x1 − x2) face fbde (: v

µ
c ud : − : ucv

µ
d :)(x2) (261)

s′T(C
µ
a (x1)

(2), Cν
b (x2)

(1)) = δ(x1 − x2) face fbde (: F
µν
c ud : − : ucF

µν
d :)(x2)

+ηµν face fbde ∂ρδ(x1 − x2) [: v
ρ
c (x1)ud(x2) : − : uc(x1)v

ρ
d(x2) :]

− face fbde [∂
µδ(x1 − x2) : vν

c (x1)ud(x2) : −∂νδ(x1 − x2) : uc(x1)v
µ
d (x2) : (262)

s′T(C
µ
a (x1)

(2), Db(x2)
(1)) = −δ(x1 − x2) face fbde (: uc∂µũd : + : F

νµ
c vdν : + : ∂µũcud :)(x2)

− face fbde ∂µδ(x1 − x2) : vcρ(x1)v
ρ
d(x2) : + face fbde ∂νδ(x1 − x2) : vν

c (x1)v
µ
d (x2) : (263)

s′T(Cµ(x1)
(2), E

ρσ
b (x2)

(1)) = δ(x1 − x2) face fbde (η
µσ : ucv

ρ
d : −ηµρ : ucvσ

d :)(x2) (264)

s′T(C
µ
a (x1)

(2), C
ρσ
b (x2)

(1)) = face fbde (η
µσ∂ρ − ηµρ∂σ)δ(x1 − x2) : uc(x1)ud(x2) : (265)

s′T(D(x1)
(2), Db(x2)

(1)) = δ(x1 − x2) face fbde (: ∂µũcv
µ
d : − : v

µ
c ∂µũd :)(x2) (266)

s′T(Da(x1)
(2), E

ρσ
b (x2)

(1)) = δ(x1 − x2) face fbde (− : v
ρ
c vσ

d : + : vσ
c v

ρ
d :)(x2) (267)

s′T(Da(x1)
(2), Bb(x2)

(1)) = −δ(x1 − x2) face fbde (: ucud :)(x2) (268)

s′T(Da(x1)
(2), C

ρσ
b (x2)

(1)) = δ(x1 − x2) face fbde (: ucF
ρσ
d :)(x2)

− face fbde [∂
ρδ(x1 − x2) : vσ

c (x1)ud(x2) : −(ρ↔ σ)] (269)

We also have

s′T(v
µ
a (x1), Cν

b (x2)) = δ(x1 − x2) ηµν fabc uc(x2)

s′T(v
µ
a (x1), Db(x2)) = δ(x1 − x2) fabc v

µ
c (x2)

s′T(F
µν
a (x1), C

ρ
b (x2)) = (ηνρ∂µ − ηµρ∂ν)δ(x1 − x2) fabc uc(x2)

s′T(F
µν
a (x1), D

ρ
b (x2)) = ∂µδ(x1 − x2) fabc vν

c (x2)− (µ↔ ν)

s′T(ua(x1), Db(x2)) = −δ(x1 − x2) ηµν fabc uc(x2) (270)

Now we investigate if we can impose gauge invariance for expressions of the type
T(ξa · T I , ξb · T

J) and T(ξa, ξb · T
J); the answer is negative.
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Theorem 19. The finite renormalization (199) induces also

N(F
µν
a , C

ρ
b ) = i fabc (η

νρv
µ
c − ηµρvν

c )

N(F
µν
a , C

ρσ
b ) = −i fabc (η

µρηνσ − ηνρηµσ)uc (271)

and

N(C
µ
a , Cν

b ) = i face fbde (η
µν : vcρv

ρ
d : − : vν

c v
µ
d :)

N(C
µ
a , C

ρσ
b ) = i face fbde (η

µρ : vσ
c ud : −ηµσ : v

ρ
c ud :)

N(C
µν
a , C

ρσ
b ) = i face fbde (η

µρηνσ − ηνρηµσ) : ucud : (272)

If we perform finite renormalizations, the expressions from the previous theorem go into

s′TrenT(A1(x1), A2(x2) = δ(x1 − x2) A(A1, A2)(x2) (273)

where A1, A2 are Wick submonomials of the type ξa · T I . The non-trivial expressionsA(A1, A2) are

A(C
µ
a , Cν

b ) = fabc C
µν
c

A(C
µ
a , Db) = − fabc C

µ
c

A(C
µ
a , E

ρσ
b ) = fabc (η

µρBσ
c − ηµσB

ρ
c )

A(Da, Db) = − fabc Dc

A(Da, E
ρσ
b ) = − fabc E

ρσ
c

A(Da, Bb) = − fabc Bc

A(Da, C
ρσ
b ) = − fabc C

ρσ
c

A(B
µ
a , Cν

b ) = ηµν fabc Bc

A(B
µ
a , Db) = fabc B

µ
c . (274)

In the case when A1 = v
µ
a , ua, ũa and A2 = B

µ
b , C

µ
b , Db, E

ρσ
b , Bb, C

µν
b the non-trivial expres-

sions A(A1, A2) are

A(v
µ
a , Cν

b ) = fabc ηµν uc

A(v
µ
a , Db) = fabc v

µ
c

A(F
µν
a , Db) = fabc F

µν
c

A(ua, Db) = − fabc uc. (275)

These anomalies cannot be removed by other finite renormalizations.

Proof. We illustrate the proof considering the first case from the statement. We have

s′Tren(C
µ
a (x1), Cν

b (x2)) = s′T(C
µ
a (x1), T(x2))

+δ(x1 − x2) R(C
µ
a , Cν

b )(x2) + i∂νδ(x1 − x2) Rρ(C
µ
a , Cν

b )(x2) (276)

where

R(C
µ
a , Cν

b ) ≡ dQN(C
µ
a , Cν

b )− i∂ρN(C
µ
a , C

νρ
b )

Rρ(C
µ
a , Cν

b ) ≡ i [−N(C
µρ
a , Cν

b ) + N(C
µ
a , C

νρ
b )] (277)

Using the expression s′T(C
µ
a (x1), T(x2)) from the previous theorem and the expres-

sions N from the statement, we obtain after some computations the first relation from (274).
The rest of the relations can be obtained in the same way.
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Next we prove that the anomaly from the first relation from (274) cannot be removed.
The most general finite renormalizations would be

N(C
µ
a (x1), Cν

b (x2)) = i δ(x1 − x2) R
µν
ab (x2)

N(C
µν
a (x1), Cν

b (x2)) = i δ(x1 − x2) R
µν,ρ
ab (x2) (278)

where the generic forms are

R
µν
ab = f

(1)
abcd : v

µ
c vν

d : + f
(2)
abcd ηµν : vcρv

ρ
d : + f

(3)
abcd ηµν : ucũd :

R
µν,ρ
ab = f

(4)
abcd (ηµρ : ucvν

d : −ηνρ : ucv
µ
d :) (279)

with
f
(1)
abcd = f

(1)
badc, f

(2)
abcd = f

(2)
bacd = f

(2)
abdc, f

(3)
abcd = f

(3)
bacd. (280)

We insert everything in the equation

δ(x1 − x2) A(C
µ
a , Cν

b )(x2) =

dQNC
µ
a (x1), Cν

b (x2))− i∂1
ρN(C

µρ
a (x1), Cν

b (x2))− i∂2
ρN(C

µ
a (x1), C

νρ
b (x2)) (281)

and after some computations, we obtain fabc = 0 which is not possible.

However, the Wick property is preserved.

Theorem 20. The following relations are true: the finite renormalizations (198) and (233) preserve
the Wick expansion property. Explicitly, we have

vν
b · N(C

µ
a , T) = fabc N(F

νµ
c , T) + N(C

µ
a , Cν

b )

v
ρ
b · N(C

µ
a , Tν) = fabc N(F

ρµ
c , Tν) + N(C

µ
a , C

ρν
b )

ub · N(C
µ
a , Tν) = N(C

µ
a , Cν

b )

v
ρ
b · N(C

µν
a , T) = N(C

νµ
a , C

ρ
b )

ub · N(C
µν
a , T) = fabc N(F

µν
c , T) + N(C

µν
a , Db)

vσ
b · N(C

µν
a , Tρ) = N(C

µν
a , C

σρ
b )

ub · N(C
µν
a , Tρ) = − fabc N(F

µν
c , Tρ)− N(C

µν
a , C

ρ
b )

v
ρ
b · N(C

µ
a , Tρσ) = fabc N(F

νµ
c , Tρσ)

ub · N(C
µ
a , Tρσ) = −N(C

µ
a , C

ρσ
b ) (282)

and
N(v

µ
a , T I) = 0, N(ua, T I) = 0, N(ũa, T I) = 0. (283)

We also have

v
ρ
c · N(C

µ
a , Cν

b ) = facd N(F
ρµ
d , Cν

b ) + fbcd N(C
µ
a , F

ρν
d )

vλ
c · N(C

µν
a , C

ρ
b ) = fbcd N(C

µν
a , F

λρ
d )

uc · N(C
µν
a , Cbρ) = facd N(F

µν
d , Cbρ)− fbcd N(C

µν
a , ũd,ρ)

uc · N(C
µν
a , C

ρσ
b ) = − facd N(F

µν
d , C

ρσ
b ) + fbcd N(C

µν
a , F

ρσ
d ) (284)

v
ρ
b · N(F

µν
a , T) = N(F

µν
a , C

ρ
b )

vσ
b · N(F

µν
a , Tρ) = −N(F

µν
a , C

ρσ
b )

ub · N(F
µν
a , Tρ) = −N(F

µν
a , C

ρ
b )

ub · N(F
µν
a , Tρσ) = 0. (285)
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and

vσ
c · N(F

µν
a , C

ρ
b ) = − fbcd N(F

µν
a , F

ρσ
d )

uc · N(F
µν
a , C

ρσ
b ) = fbcd N(F

µν
a , F

ρσ
b ) (286)

Proof: We start with the relation

[v
µ
b (y), T(C

µ
a (x1), T(x2))] =

i fabc D0(y− x1) T(F
νµ
c (x1), T(x2))

−i fabc ∂µD0(y− x1) [η
µρ T(vν

c (x1), T(x2))− ηµν T(v
ρ
c (x1), T(x2))]

+i D0(y− x2) T(C
µ
a (x1), Cν

b (x2))− i ∂ρD0(y− x1) T(C
µ
a (x1), E

νρ
b (x2)) (287)

following from Wick expansion property (22). If we consider finite renormalizations of the
type (233), (252) and (272), we will obtain new terms in the left- and right-hand sides of the
preceding identity. The identity is preserved if and only if we have the first relation from
(282) and some relations from (239) and (283).

The rest of the consistency relations go in the same way.

7. Finite Renormalizations

We proved in Theorem 12 that the anomalies can be eliminated by adding to the
chronological products some quasi-local operators. However, the chronological products
have still some arbitrariness: in principle, we can add other quasi-local operators in
such a way that gauge invariance in the second order is preserved. This arbitrariness is
described by the following.

Theorem 21. The finite renormalizations are of the type

R(T I(x1), T J(x2)) = δ(x1 − x2) N(T I , T J)(x2) (288)

where the polynomials N(T I , T J) verify the symmetry property:

N(T I , T J) = (−1)|I||J| N(T J , T I) (289)

and
gh(N(T I , T J)) = |I|+ |J|, ω(N(T I , T J)) ≤ 4. (290)

These finite renormalizations do not produce anomalies if and only if there exist expressions
N I such that

N(T I , T J) = N J I (291)

and
dQN I = i dµN Iµ. (292)

Proof. The general form of the finite anomaly (288) follows form Bogoliubov axioms
(power counting and ghost number assignment). We now want this redefinition of the
chronological products not to create new anomalies, i.e., the expression

sR(T I(x1), T J(x2)) ≡ dQR(T I(x1), T J(x2))

−i ∂1
µR(T Iµ(x1), T J(x2))− i (−1)|I| ∂2

µR(T I(x1), T Jµ(x2)) (293)

is null. We insert (288) and by direct computation, we have
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sR(T I(x1), T J(x2)) = δ(x1 − x2) [dQN(T I , T J)− i (−1)|I| ∂µN(T I , T Jµ)](x2)

−i ∂µδ(x1 − x2) [N(T Iµ, T J)− (−1)|I| N(T I , T Jµ)](x2) (294)

and this expression is null if and only if

dQN(T I , T J)− i (−1)|I| ∂µN(T I , T Jµ) = 0

N(T Iµ, T J)− (−1)|I| N(T I , T Jµ) (295)

We define
N I ≡ N(T∅, T I) (296)

and we can use the second relation (295) to prove (291) by induction. The relation (292)
follows immediately from the first relation (295).

It remains to investigate the solution of Equation (292) in the pure Yang–Mills case,
with the restrictions

gh(N I) = |I|, ω(N I) ≤ 4. (297)

In canonical dimension ω = 4 we have the tri-linear solution (45) and one can easily
prove that there are no bilinear and quadri-linear solutions. In canonical dimension ω = 3
there is no solution and, finally, in canonical dimension ω = 2 we find the solution

N = fab

(1

2
v

µ
a vbµ + ua ũb

)

Nµ = fab ua v
µ
b (298)

with fab symmetric in a↔ b. However, we cannot find Nµν such that

dQNµ = i dνNµν (299)

so we remain only with the tri-linear solution (45). It follows that we have only one constant
arbitration in the second order of the perturbation theory. In fact, this result remains true in
all orders of the perturbation theory.

8. Conclusions

The analysis from this paper can be extended to gravity [31]. In further papers, we
will extend the Hopf structure and the Wick expansion property to the case of the general
Yang–Mills model (including massive vector Bosons and Dirac fields). An interesting point
would be to see if our Hopf version of the Wick expansion property is connected with the
Feynman graph version.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Dütsch, M. From Classical Field Theory to Perturbative Quantum Field Theory; Progress in Mathematical Physics; Springer:

Berlin/Heidelberg, Germany, 2019; p. 74.

2. Dütsch, M.; Fredenhagen, K. Algebraic Quantum Field Theory, Perturbation Theory, and the Loop Expansion. Commun. Math.

Phys. 2001, 219, 5–30. [CrossRef]

3. Glaser, V. Electrodynamique Quantique. L’enseignement du 3e cycle de la physique en Suisse Romande (CICP), Semestre d’hiver 1972/73.

4. Hepp, K. Renormalization Theory. In Statistical Mechanics and Quantum Field Theory; Les Houches 1970; DeWitt-Morette, C., Stora,

R., Eds.; Gordon and Breach : Philadelphia, PA, USA, 1971; pp. 429–500.

5. Bogoliubov, N.N.; Shirkov, D. Introduction to the Theory of Quantized Fields, 3rd ed.; John Wiley and Sons: Hoboken, NJ, USA, 1976.

6. Epstein, H.; Glaser, V. The Rôle of Locality in Perturbation Theory. Ann. Inst. Henri Poincaré 1973, 19, 211–295.

7. Scharf, G. Finite Quantum Electrodynamics: The Causal Approach, 2nd ed.; Springer: Berlin/Heidelberg, Germany, 1995.

http://doi.org/10.1007/PL00005563


Universe 2023, 9, 117 45 of 45

8. Scharf, G. Finite Quantum Electrodynamics: The Causal Approach, 3rd ed.; Dover: Mineola, NY, USA, 2014.

9. Scharf, G. Quantum Gauge Theories. A True Ghost Story; John Wiley: Hoboken, NJ, USA, 2001;

10. Scharf, G. Quantum Gauge Theories–Spin One and Two; Google Books, 2010.

11. Scharf, G. Gauge Field Theories: Spin One and Spin Two, 100 Years After General Relativity; Dover: Mineola, NY, USA, 2016.

12. Grigore, D.R. A Generalization of Gauge Invariance. J. Math. Phys. 2017, 58, 082303. [CrossRef]

13. Grigore, D.R. Anomaly-Free Gauge Models: A Causal Approach. Rom. J. Phys. 2019, 64, 102.

14. Polchinski, J. Renormalization and Effective Lagrangians. Nucl. Phys. 1984, 231, 269–295. [CrossRef]

15. Salmhofer, M. Renormalization: An Introduction; Theoretical and Mathematical Physics; Springer: Berlin/Heidelberg, Germany, 1999.

16. Popineau, G.; Stora, R. A Pedagogical Remark on the Main Theorem of Perturbative Renormalization Theory. Nucl. Phys. 2016,

912, 70–78. [CrossRef]

17. Steinmann, O.; Perturbation Expansions in Axiomatic Field Theory; Lecture Notes in Physics; Springer: Berlin/Heidelberg, Germany,

1971; p. 11.

18. Kreimer, D. On the Hopf Algebra Structure of Perturbative Quantum Field Theories. Adv. Theor. Math. Phys. 1998, 2, 303–334.

[CrossRef]

19. Grigore, D.R. Ward Identities and Renormalization of General Gauge Theories. J. Phys. 2004, 37, 2803–2834. [CrossRef]

20. Brouder, C.; Fauser, B.; Frabetti, A.; Oeckl, R. Quantum field theory and Hopf algebra cohomology. J. Phys. 2004, A 37, 5895–5927.

[CrossRef]

21. Brouder, C. Quantum field theory meets Hopf algebra. Math. Nachr. 2009, 282, 1664–1690. [CrossRef]

22. Kreimer, D. Locality, QED and Classical Electrodynamics. Ann. Phys. 1998, 7, 687–694. [CrossRef]

23. Kreimer, D. Anatomy of a Gauge Theory. Ann. Phys. 2006, 321, 2757–2781. [CrossRef]

24. van Suijlekom, W.D. The Hopf Algebra of Feynman Graphs in Quantum Electrodynamics. Lett. Math. Phys. 2006, 77, 265–281.

[CrossRef]

25. van Suijlekom, W.D. Renormalization of Gauge Fields: A Hopf Algebra Approach. Commun. Math. Phys. 2007, 276, 773–798.

[CrossRef]

26. Aste, A.; Scharf, G.; Duetsch, M. On gauge invariance and spontaneous symmetry breaking. J. Phys. A Math. Gen. 1997, 30,

5785–5792. [CrossRef]

27. Duetsch, M.; Krahe, F.; Scharf, G. Scalar QED Revisited. Nuovo C. 1993, 106, 277–307. [CrossRef]

28. Bogolubov, N.N.; Logunov, A.A.; Oksak, A.I.; Todorov, I. General Principles of Quantum Field Theory; Kluwer, Dordrecht, The

Netherlands : 1989.

29. Wightman, A.S.; Garding, L.G. Fields as Operator-Valued Distributions in Relativistic Quantum Field Theory. Arkiv Fysik 1965,

28, 129–184.

30. Stora, R. Lagrangian Field Theory; Les Houches Lectures; Witt, C.D., Itzykson, C., Eds.; Gordon and Breach: New York, NY, USA, 1971.

31. Grigore, D.R. Gravity in Causal Perturbative Quantum Field Theory. arXiv 2022, arXiv:2208.07043v2.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1063/1.4999845
http://dx.doi.org/10.1016/0550-3213(84)90287-6
http://dx.doi.org/10.1016/j.nuclphysb.2016.04.046
http://dx.doi.org/10.4310/ATMP.1998.v2.n2.a4
http://dx.doi.org/10.1088/0305-4470/37/7/021
http://dx.doi.org/10.1088/0305-4470/37/22/014
http://dx.doi.org/10.1002/mana.200610828
http://dx.doi.org/10.1002/(SICI)1521-3889(199812)7:7/8<695::AID-ANDP695>3.0.CO;2-5
http://dx.doi.org/10.1016/j.aop.2006.01.004
http://dx.doi.org/10.1007/s11005-006-0092-4
http://dx.doi.org/10.1007/s00220-007-0353-9
http://dx.doi.org/10.1088/0305-4470/30/16/019
http://dx.doi.org/10.1007/BF02771445

	Introduction
	Perturbative Quantum Field Theory
	Wick Products
	Bogoliubov Axioms 
	Yang–Mills Fields

	A More Precise Version of Wick Theorem
	Wick Submonomials
	The Case of Pure Yang–Mills Theories
	Hopf Structure of the Yang–Mills pQFT

	Second-Order Gauge Invariance—Loop Contributions
	Second-Order Gauge Invariance—Tree Contributions
	Finite Renormalizations
	Conclusions
	References

