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Abstract

The neutrino mass problem, which refers to the unknown origin of neutrino masses, strongly
motivates the need for new physics beyond that of the Standard Model (SM). A given
mass model, through quantum effects, generates a rich network of predictions deviating
from those of the SM. The enterprising physicist can use these to constrain the model,
and—in some cases—resolve experimental anomalies and offer solutions to other unsolved
problems.

This thesis is divided into two parts. In the first, I investigate whether high-precision
measurements of the cross section of the Higgsstrahlung process ete™ — Zh at a next-
generation electron-positron collider can be utilised to probe the Type-I and Type-III
Seesaw models. By employing an effective field theory approach, I compare the collider
reaches to constraints from electroweak observables, probes of lepton flavour universality,
and the existing and prospective bounds from searches for lepton flavour violation. I
find that while any appreciable correction to the Higgsstrahlung cross section is already
strictly constrained in the Type-I Seesaw model, effects of up to O(10%) are possible
within Type-III Seesaw.

In the second part of this thesis I investigate whether a high-scale realisation of the Zee
model of neutrino mass can be used to explain the observed baryon abundance of the
universe. In this realisation the baryon asymmetry is generated through the C'P-violating
decay of a new singly-charged scalar with a mass of O(10'? GeV). I find that the flavour
structure of the Zee model forces the scenario to be one of flavoured leptogenesis, which
turns out to be too restrictive to produce a sufficient asymmetry. This work is followed
up with a discussion of infrared divergences in the Zee model, where I demonstrate how
to achieve infrared-finiteness at zero temperature and discuss how this cancellation might
be extended to finite temperature.



iv

Abstract




We're gonna go paint your quarks a colour that’s
not stupid, and then we’re gonna throw your
Feynman diagrams in the trash!

Frank Reynolds,
in It’s Always Sunny in Philadelphia,
reimagined by Ryan Seelig
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The Standard Model is more what you’d call
guidelines than actual rules.

Hector Barbossa,
in Pirates of the Caribbean,
reimagined by Felix Lempriere

Introduction

The field of high-energy physics has come a long way in the last hundred or so years, with
the establishment of the dual pillars of relativity and quantum mechanics heralding great
advances in our understanding of nature, and culminating in the 1970s with the develop-
ment of the Standard Model of particle physics (SM). Capstoned with the discovery of the
Higgs boson in 2012 [3; 4], the SM beautifully categorises all known fundamental particles
and forces (sans gravity) and describes an extraordinarily broad class of phenomena with
equally extraordinary precision. It is not an exaggeration to call it a triumph of human

accomplishment.

But physics is not a finished science, for in spite of the SM’s myriad successes there

remains a stubborn enclave of unsolved problems hinting at the need for ‘beyond Standard
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Model’ (BSM) physics [5]. The mystery of dark matter, the unknown origin of the matter-
antimatter asymmetry of the universe, and of course, the eternal quest for a quantum
theory of gravity are among the most captivating of these problems, and for good reason.
Receiving less fanfare in the sphere of popular science, though arguably no less important,
are the hierarchy [6; 7] and strong C'P problems [8; 9], which are of a more theoretical
nature. The problem pertaining to this thesis is that of neutrinos: treated as massless
by the SM, these weakly-interacting particles are now known to have a small but finite
mass, thanks most famously to the experimental efforts of the Super-Kamiokande [10] and
SNO collaborations [11; 12], who observed the flavour oscillation of atmospheric and solar
neutrinos, respectively. The importance of this feat was recognised with the 2015 Nobel

Prize in Physics, awarded to Takaaki Kajita and Arthur B. McDonald [13].

To be concrete, the neutrino mass problem refers to the unknown nature of neutrino
masses and the problem of accommodating them within the framework of the SM. In
looking to accomplish this the mainstream approach is to postulate the existence of so-
called ‘new physics’ (NP): a new set of particles (and sometimes symmetries) whose
interactions with the SM furnish the appearance of neutrino masses. From Seesaw to
Supersymmetric to Scotogenic, there are—for better or for worse—dozens of ways of going
about this, and so dozens of mass models (if not more) [14-43]. To distinguish these
models and ascertain which, if any, are realised in nature, it is necessary to investigate
their predictions beyond that of neutrino mass. Sometimes these predictions are smoking-
gun signals — for example, the direct detection of a new particle at the LHC or by a dark
matter detector such as LUX-ZEPLIN [44], XENONnT [45], PandaX [46], or ADMX [47]
would offer spectacular confirmation of new physics. Unfortunately, such detections have
so far been absent [48-67|, meaning that any new particles must either be very heavy—too
heavy to be produced in terrestrial experiments—or interact very weakly with the SM. As
such, we must look towards more indirect probes of NP — experiments where deviations
from the SM’s predictions have (or have not) been observed, in which hints about the
nature of NP can be found. By systematically investigating each model’s predictions and
comparing to available experimental data, we can methodically set constraints on their

respective parameter spaces. When a measurement reports a value consistent with the SM,



it can act as a strong constraint against new physics; conversely, a measurement deviating
significantly from the SM’s prediction can present an opportunity for an NP model to

explain the discrepancy.

This theoretical program extends to proposed experiments in addition to present-day
ones. Of particular interest to this thesis, there are five proposals for next-generation
electron-positron colliders: CEPC [68-70], ILC [71-74], FCC-ee [75-78|, CLIC [79-81],
and C3 [82-84], which—if approved—are optimistically anticipated to become operational
within two decades. Part of their proposed purpose is to function as ‘Higgs factories’ [85],
meaning they are to be run at centre-of-mass energies where Higgs bosons are copiously
produced via the Higgsstrahlung (‘Higgs radiation’) process, e"e~ — Zh, in order to
study their properties. As this process centrally features both the Z boson—a carrier
of the weak force—and the Higgs, which commonly acquires couplings to neutrinos in
mass models, it has the potential to be particularly sensitive to BSM neutrino physics.
The Higgsstrahlung cross section is forecast to be measured with sub-percent precision at
these next-generation colliders, and therefore promises to function as a ‘uniquely powerful’
precision observable [86] which could be used to constrain corners of mass model parameter

space that have been left open by other probes.

This motivates the first part of this thesis, where in Chapter 4 I will investigate the extent
to which future measurements of the Higgsstrahlung cross section may be used to probe
the Type-I [14-18] and Type-III Seesaw [28] models of neutrino mass. By comparing
the collider reaches against present-day constraints from lepton flavour universality and
electroweak precision tests, as well as the existing and prospective bounds from the non-
observation of lepton flavour violation, we will see that Higgsstrahlung is indeed able to
cast new light on the nature of neutrino masses. In doing so, this work therefore adds to
the new physics discovery potential of next generation colliders, which may (in some small

capacity) contribute to the case for their construction.

In the second half of this thesis I will change gears and attempt to address a different
question: could the resolution to the neutrino mass problem be tied to that of other

outstanding problems? This is a familiar line of questioning to anyone in the field, where a
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model purporting to solve multiple problems at once is naturally lent more credence than
one that does not. Neutrino mass models are inarguably well-motivated starting points
when searching for a sufficiently versatile model, and many indeed offer potential answers
to other unsolved problems — for example, the Seesaw [87; 88] and Scotogenic [33; 39] class
of models each contain dark matter candidates. The secondary problem I will focus on
herein is that of the unexplained origin of the baryon asymmetry of the universe. In order
to explain why the universe today is composed entirely of matter [89; 90] as opposed to,
say, an equal amount of matter and antimatter, a theory needs to satisfy the Sakharov
conditions [91]: it must violate baryon number and the discrete charge (C') and charge-
parity (C'P) symmetries in sufficient amounts, and it must ensure that this violation
occurs out of thermal equilibrium during the early universe’s development.® It is generally
accepted that the SM fails to meet these criteria [98-101], and that we therefore require a

BSM mechanism of baryogenesis (‘baryon generation’).

A popular approach to baryogenesis is known as leptogenesis [102-105], wherein one first
generates an excess of leptons over anti-leptons, and then transmutes it into an excess of
baryons. Leptogenesis commonly arises in neutrino mass models, where the new leptonic
physics introduced to give neutrinos mass often includes new sources of both lepton number
violation and C'P violation. In Chapter 6 I will study the leptogenesis prospects of the Zee
model [23] of neutrino masses. A TeV-scale realisation of the Zee model has previously
been ruled out as a viable progenitor of the necessary lepton asymmetry [106; 107], so I
will focus on a high-scale realisation of the model, where the newly-introduced particles

are heavy enough to decouple almost entirely from the low-energy physics.

Now, it will turn out that the study of Zee model inevitably leads one to encounter infrared

(IR) divergences — a theoretical complication that tends to rear its head in calculations

1One might be able to circumvent these conditions by calling upon anthropic arguments
or supposing that the initial conditions of the universe contained an imbalance of matter and
antimatter; however, these explanations are disfavoured on account of their untestability.
Additionally, the hypothesised period of cosmic inflation would exponentially dampen
any initial baryon asymmetry [92-94]. The out-of-equilibrium condition may however be
circumvented if C'PT is violated; see for example Refs. [95-97].



involving massless particles. IR divergences in zero temperature quantum field theory
are well-studied, and the famous Bloch—Nordsieck [108] and Kinoshita—Lee—Nauenberg
(KLN) [109; 110] theorems are known to give conditions under which one may expect a
computation to produce a finite result. Recently, the work of Ref. [111] has strengthened
the KLN theorem and provided a practical algorithm for obtaining IR finiteness at any
fixed perturbative order. Unfortunately, no such theorem exists for finite-temperature
calculations (as are required for leptogenesis), though there are nevertheless a handful of
works, such as Refs. [112-121], that have demonstrated IR finiteness in specific situations
through explicit calculation. In Chapter 7 I will demonstrate the cancellation of IR, diver-
gences in the Zee model at zero temperature and discuss the extension of the cancellation
to finite temperatures. The cancellation even at zero temperature is somewhat involved,
and requires the use of techniques that—despite their popularisation by Ref. [111]—are

not widely known.

This thesis follows in broad strokes a theory, original work, theory, original work structure.
I will begin in Chapter 2 by reviewing the Standard Model and the anatomy of neutrino
masses, and introduce the three mass models that will become the focus of this thesis.
Next, Chapter 3 contains a short overview of the topic of effective field theories (EFTs), as
well as an introduction to the two EFTs (namely SMEFT and LEFT) that will underlie
the study of Higgsstrahlung and the Seesaw models. Said study takes form as Chapter 4,
and is adapted (with edits) from the publication of Ref. [1]. Chapter 5 is another theory
chapter, containing an introduction to the topic of leptogenesis, the calculation of C'P
asymmetries, and the construction of the relevant Boltzmann equations. Chapter 6 then
features the study of the leptogenesis scenario in the Zee model, and it is followed up
by Chapter 7, where I will discuss the problem of infrared divergences in the Zee model.

Finally, I will summarise and conclude in Chapter 8.



Introduction

1.1 Conventions and Notation

Throughout this thesis I will work exclusively with natural units, with ¢ = A = kg = 1.

Dimensionful quantities will be given in units of electronvolts (eV).

For the metric of spacetime I will use the mostly-minus signature, so that
G =g = 1 : (1.1)

Spacetime indices are denoted with Greek letters, which run from 0 to 3. Repeated indices

are understood to be implicitly summed over.

For the first part of this thesis I will use the Roman letters ¢, j, k, [, running from 1 to 3,
to index fermion flavours, as in L; and egr;. The summation convention applies to these
indices unless otherwise noted. Starting in Chapter 5 this notation will be regretfully
usurped, where I will switch to using early-alphabet Greek letters a, 3,7, for the flavour

indices.

I will use boldface to denote three-vectors, such as p, k, and plain lettering for four-vectors,

such as p, k. For integrals over the phase space of a single particle I will use the shorthand

d* d3
[l = [ G Rome? w06 = [ o 5Re B= R m (12)

For an n-body phase space I will write
/dHn = /[dpl] < [dpa] 2m) W@ = pr — .. = ), (1.3)

where @ sets the total four-momentum, and it should be clear from context which momenta
are being integrated over. When referring to a generic initial or final state with an
unspecified number of particles I will use uppercase letters to indicate the sum of their

momenta, writing for example



1.1 Conventions and Notation

[an, = [apgents@@- pp). (1.4)

Lastly, I will use the upright i to denote the imaginary unit in order to distinguish it from

1, which I will often use as an index.
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Oh pardon me Right-Handed Neutrino, if that is
your real name.

Comic Book Guy,
in The Simpsons,
reimagined

The Standard Model and Neutrinos
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In this chapter I'll review some of the basic concepts and theory underpinning this thesis,
thereby setting the groundwork for all following chapters. Most, if not all, material
presented here can be found in any sufficiently modern text on Quantum Field Theory
and/or the Standard Model, such as Refs. [122; 123], and will undoubtedly be familiar to a

practitioner in the field. Other excellent references for select topics are Refs. [36; 124-127].
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Field SUB)c SU2)w U(l)y

G, Adj. (8) 1

Wy 1 Adj. (3)

B, 1

Qi 3

UR; 3
3
1
1
1

dR;
L;
€Ri
H

N (= N = = =
|

Table 2.1: The field content of the SM and their transformation properties under the SM
gauge group. The number in the SU(3)c and SU(2)w columns gives the dimension of the
representation, while the number in the U(1)y column gives the charge of the representation.
Adj. (n) indicates that the gauge field transforms in the adjoint representation of the group,
which is n-dimensional.

2.1 The Standard Model

The Standard Model of particle physics (SM), though the language of quantum field
theory, provides a fully quantum description of all known fundamental particles—or rather,
fields—and their interactions through the strong and electroweak forces. It is a gauge
theory, meaning that all fields are defined to transform under a particular representation

of the SM gauge group,

G = SU(3)C X SU(2)W X U(l)y, (2.1)

with a field’s representation controlling many of its properties. The SU(3)¢ subgroup
captures the strong nuclear force, alternatively called the colour force, and the SU(2)w
and U(1)y subgroups together describe the unified electroweak (EW) force. The SM fields
and their transformation properties under G are tabulated in Table 2.1. For a single field,
say L;, it is common to write L; ~ (1,2, —1/2), which should be read as “L; transforms as

an SU(3)¢ singlet, an SU(2)w doublet, and with charge —1/2 under U(1)y.”

The SM is specified through its Lagrangian, which reads

10



2.1.1 The Gauge Fields

1 1 1
Lom = =G, G — Wi, W — 2By, B* (2.2)

+ QillPQ; + uriilDug; + driilpdg; + LillpL; + egiilPer;
+ (D, H) (D'H) + > HYH — \(HH)?
- (ngaﬁum + Yz'?@Hde +YSLiHer; + h.c.).

In the next four sections I’ll briefly outline and discuss the four respective lines of Eq. (2.2)

and the physics they represent.

2.1.1 The Gauge Fields

The first line in Eq. (2.2) contains kinetic terms for the gauge bosons G, W,,, and B, of the
three respective gauge subgroups. This thesis is primarily concerned with the electroweak

part of the SM, so I will not devote any attention to the gluon field G,,.

The electroweak gauge bosons interact with the rest of the SM through the gauge-covariant

derivative

DN = 6u — iggW;}Ta — 191YBM7 (23)

where the hypercharge Y is read from the U(1)y column of Table 2.1, and the SU(2)w

generators are

o? .
o {2 when acting on an SU(2)w doublet. (2.4)

0  when acting on an SU(2)w singlet
with 0%, a = 1, 2,3 the familiar Pauli matrices.

Due to the Higgs mechanism, to be elaborated on shortly, some of these fields acquire
masses. The mass eigenstates Z,, and A, identified as the Z boson and the photon,

relate to the original gauge fields by the rotation

Z,, = cos Oy Ws’ — sin 6y, By, (2.5a)
A, =sinb,, Ws’ + cos b, By, (2.5b)

11
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where

O = tan""(g2/g1) (2.6)

is known as the weak mixing angle. It is furthermore useful to define the combinations

Wi:i

f ﬁ(W; TFiW), (2.7)

referred to as the W* bosons, or simply the W boson for short. In terms of these fields

the gauge-covariant derivative takes on the new form

Dy =0y —igoaW, T —igaW, T~ —igz(T° — Qsin® 0,)Z, — iQeA,, (2.8)

with

Tizﬁ(TliiTz), 9z =\/ g% + g3, Q=T3+Y, and e N (2.9)

\9i+ 93

The massive W and Z bosons together mediate the weak force, and the familiar photon

mediates the electromagnetic force.

It it useful to have a sense for the size of the gauge couplings. Like most parameters, these
couplings depend on energy, renormalization scheme, and choice of input parameters, but

as a benchmark we have that [124]

g1 ~0.36 and g~ 0.65 (2.10)

at the scale p = my, which translates to sin?6, ~ 0.23, gz ~ 0.74 and e ~ 0.31. The

more conventional value of e ~ 0.30 is found at lower energies, u < 1GeV.

12



2.1.2 The Fermions

2.1.2 The Fermions

The fermions, consisting of the leptons L, er and quarks Q,upr, dr, make up the matter
content of the SM. They appear in three copies, called generations or flavours, which

are identical but for their masses.

Of the fermions, the SU(2)w doublets are composite objects whose components we identify

(in a preferred SU(2)w and flavour basis) as

L; = (VLZ) : Li= <V6L)7 Lo = (V“L>, Lz = (VTL)a (2.11)
€er; €r, nr TL
o) enfi) e () enfn) e

The SU(2)w singlets contain the right-handed partners to these fields, with

and!

eri = {€r, LR, TR}, ur; = {ur,cr,tr}, and dg; = {dg,sg,br}. (2.13)

The quark fields @, ug, dr are additionally SU(3)¢ triplets, with the components designated

as different ‘colourings’ of the quark flavours.

The distinction between left- and right-handed fermion fields is an important one. Here
the handedness—or chirality—of a field refers at a technical level to its transformation
properties under the Lorentz group. Chirality only admits a simple physical interpretation
for relativistic fermions, in which limit a right-handed particle has its momentum and spin
vectors parallel, and left-handed one has them antiparallel. At a practical level we treat

chirality through use of the projection operators

Tt is not possible to identify both the wur; and dr; with mass eigenstates; see Sec-
tion 2.1.4. Instead, it is more correct to write

, T
Q= | M ‘up basis’ or Q= Vigtr ‘down basis’),
Viid
ijALj ‘

sz
where V is the CKM matrix.

13
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P= 17 nd P 1+75, (2.14)
2 2
where the chirality operator?
7’ =iyl (2.15)
satisfies
("% =0, (")?=1 and T=7" (2.16)

In Lgy the handedness of the fermions can be made overt by making the replacements
Q — PrLQ, ur — Prupg, dr — Prdg, L — PpL, and e — Preg, (2.17)

(which is a no-op since Q = PrQ, and so on), and the physics of chirality then emerges
through the appearance of these projectors in the Feynman rules and subsequently in

scattering amplitudes.

Though not intrinsic to the nature of chirality itself, it is of great phenomenological
importance that only the left-handed fields @; and L; couple to the SU(2)w gauge fields.

As the interaction terms

P2 (W te, +eTW ver) € TialPLi C Lw, (2.18)
V2

when treated as operators, permit the W boson to interact with left-handed electrons e
and right-handed positrons ejg, but not right-handed electrons e} or left-handed positrons
eJLr, the weak interaction maximally violates both C-symmetry (which takes ejLE /R e}f / r)

and P-symmetry (which takes e% /R eﬁ / 1), though not the combined C'P-symmetry.

>The gamma matrices are defined to satisfy {7} = 2¢" and At = 40~4#~0 and
they appear in Lgy through the conjugate fields ¢ = 977° and the ‘slashed’ derivatives
D= YD,

14
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(Actually, C'P is violated by weak interactions with the quarks, which we will see when
introducing the CKM matrix, and later come to understand in great detail in Chapter 5.)

Interactions with the Z boson also violate C' and P, though not as strongly.

2.1.3 The Higgs Field

The linchpin of the SM is the scalar SU(2)w doublet H, known as the Higgs field.
Its purpose is to enact the Higgs mechanism, whereby the electroweak SU(2)w x U(1)y

symmetry is spontaneously broken by the vacuum expectation value (VEV)

(H) = =

N (2.19)

Through a combined SU(2)w x U(1)y gauge transformation the VEV can be placed in

the lower component of H,

0
H= (U—I—h), (2.20)
V2
and the remaining real degree of freedom h is called the Higgs boson. We refer to this
as unitary gauge. The surviving symmetry subgroup U(1)gy, generated by Q = T35+ Y
and with gauge field A,,, is the one which preserves the form of Eq. (2.20). We note that

the full gauge symmetry remains extant in Lgyp; the only sense in which the symmetry is

broken is through our insistence on the use of unitary gauge.

Plugging Eq. (2.20) back into Lgy, one observes after some algebra the appearance of the

mass terms

1 1
Lspn D —§mhh2 + mip W, WH 4 §mQZZMZ“, (2.21)

where [124]
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mp = V21~ 125.1 GeV, (2.22a)
1
mw = 5920~ 80.4GeV, and (2.22D)
1 mw
_ e 2, ~
mz =5\ 9 + g5V = P 91.2GeV, (2.22¢)

while the photon field A, is of course massless. The VEV itself, as measured through muon
decays by proxy of the Fermi constant G = 1/v/2v?, is v &~ 246 GeV, and the original
parameters of the Higgs’ potential are in turn A =~ 0.13 and p ~ 88 GeV.

2.1.4 The Yukawa Sector

The final line of Lg\ contains the Yukawa interactions

Lyvuk = — (Yz‘j‘fiHeRj + Yz?@ﬁuR] + Y;-?@Hde + h.C.), (2.23)

where H = eH * with € = io? the two-index Levi-Civita symbol. When the Higgs ac-
quires its VEV these interactions turn into mass terms for the fermions with residual h

i[ltel‘aCliOllS,
£ —(1 *h ¢ 3 1 o 1 1 d d 1 h 2.24
Yuk — + U mije[ZeR] + miju[lupu + mij LiARj + h.c.|, ( . )

where the mass matrices are

e —
m,L'~:

] %Yg and so on. (2.25)

With no symmetries forcing them to take particular forms, these are in principle arbitrary

complex matrices which we can decompose by means of a singular value decomposition as

Y®=U°DV"  and so on. (2.26)

Here U®¢ and V¢ are both unitary and D¢ is diagonal with non-negative real entries. By

redefining the fields

16
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L; — USL; and  eg; — Viep,, (2.27)
which is nothing but a change of basis in flavour space, we are left with the diagonal

Yukawa interaction

Lvuk D —ijLiHeRj + h.c., (2.28)

and in turn a diagonal mass matrix for the charged leptons. It is in this ‘mass basis’ that
we may then identify ey as the electron, ers as the muon, and ers as the tau, as in
Egs. (2.11) or (2.13). We note that the matrices U¢ and V¢ are unphysical as the rest of

Lsy is invariant under this change of basis:

LiDL + egilPer — LUTIPUCL + egVEipVeep (2.29)
= LiDL + egileg, (2.30)

where for readability I’ve suppressed the flavour indices and switched to a matrix multipli-

cation notation.

The situation is more complicated for quarks, where to diagonalise both Y* and Y¢ we

must apply

ur — UuuL, UR — VuuR and (2.31&)
dp, — U%yp,  dp— Vdg. (2.31b)

Because U* and U? are in general different it is not possible to rotate the doublets via
. Uu L
QR—-UQ= (UdL> (2.32)

to a basis in which both the up- and down-type quarks are mass eigenstates, and the
identifications in Eq. (2.12) should be made with this understanding. Nevertheless, we
can perform the separate rotations in Eq. (2.31) after electroweak symmetry breaking has

occurred and we have expanded out Lg\r in terms of uy, and dy, instead of Q). In doing

17
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this there is one place where, unlike the leptonic case, the matrices U* and U¢ do not
disappear: the W boson interactions, which couple the up- and down-type quarks. Indeed,

we can observe that

QinQ > %(ﬁW*dL +dpW ) (2.33)
- % (wev W Uty + dUt WU ) (2.34)
= % (wV Wy + Vi ), (2.35)

where

vV =uviye, (2.36)

is called the Cabibbo—Kobayashi-Maskawa (CKM) matrix [128; 129]. The CKM
matrix captures the misalignment between the mass eigenstates and weak interaction
eigenstates, and any attempts to rotate it away will simply juggle it between the Wud
interaction and the quark Yukawas. It has four degrees of freedom, which in the so-called
standard parameterisation [130] take the form of three mixing angles 619, 013, 23 € [0, /2]
and one C'P-violating phase § € [0,27), and with the shorthands ¢;; = cos;; and s;; =

sin ;; it reads

1 0 0 C13 0 8138_i(S C12 s12 0
V=10 Cc23 $923 0 1 0 —S12 (€12 0 (2.37)
0 —893 (€23 —813616 0 C13 0 0 1
C12€13 512€13 s13e™ 10
= | —s12c23 — 1252351360 craco3 — S12823513€0  Sa3ci3
$12823 — C12C23513€"°  —C12823 — S12C23513€°  Co3C13

In Chapter 5 we will turn our attention to C'P violation, and there the phase ¢ will
be of interest to us. A parameterisation-independent way of capturing the amount of
CP violation in the CKM matrix is through the Jarlskog invariant J [131], defined
via [122; 124]

Im(V;;VigVii Vi) = T ) €ikm€jin, (2.38)
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CHARGED LEPTONS UP-TYPE QUARKS DOWN-TYPE QUARKS
Particle Mass [GeV] Particle Mass [GeV] Particle Mass [GeV]
e 0.511 x 103 u 2.2 x 1073 d 4.7 %1073

n 0.106 c 1.27 s 0.0935

T 1.78 t 173 b 4.18

Table 2.2: Masses of the SM fermions [124]. For all quarks but the top quark the values
given correspond to MS masses, as pole masses are sensitive to non-perturbative infrared
effects in QCD.

with no summation over 4, j, k,l; for example Im(V, ,V,, Vi V,5) = J. In terms of the

standard parameterisation it equates to

2 .
J = C12€13€23512513523 SI 5, (239)

and we observe that it vanishes when any of the mixing angles are 0 or 7. Though it takes
more effort to see, the C'P violation also vanishes if any of the quarks are massless (which

they are not).

From a recent global fit the magnitudes of the CKM matrix elements are [124]

Vial Vs |Via| 0.974 0.225 0.004
V= | [Veal |Ves|] V| | =]0.225 0973 0.042 |, (2.40)
Vial  |Visl Vil 0.009 0.041 0.999
which corresponds to
sinfp ~ 0.225,  sinf3 ~0.004,  sinflp3 ~0.042, and 0§~ 1.15, (2.41)

and the Jarlskog invariant is in turn

J =312 x107°. (2.42)

I lastly present the fermion masses in Table 2.2. As a final remark, we observe that the
Yukawa interactions have the interesting feature that particles couple to the Higgs boson
proportionally to their own mass. As the top quark is so much heavier than all other

leptons, with Y; = DY, = v/2m;/v ~ 0.94 in the MS scheme [124], it is therefore common
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in many calculations to neglect contributions from all other particles. We will see one such
example of this in Chapter 6, where the top quark will provide the dominant contribution

to the thermal mass of the Higgs field.

2.2 Neutrino Masses

Owing to the fact that one has never been observed, right-handed neutrinos (RHNs) are
notably absent from the SM. Assuming they exist, it is easy to understand their non-
observation — neutrinos are electrically neutral and only interact with the rest of the SM
through the weak interaction, and the W boson only couples to left-handed particles. With
the gauge representation v ~ (1,1,0), an RHN would not even couple to the Z boson. In

this way, RHNs are often referred to as sterile neutrinos [87; 88; 132].

The exclusion of RHNs from the SM is however a problem, as SM neutrinos are massless
in the absence of right-handed partners. This stands in contrast to oscillation experiments
which definitively demonstrate that neutrinos are in fact massive [10-13; 133-151]. The
premise behind these experiments is straightforward: if neutrinos have mass then there
must be a leptonic analogue of the CKM matrix, and therefore a misalignment of the
weak interaction eigenstates v., v, v, and mass eigenstates v, v9, v3. This then means, for
example, that an electron neutrino v.—which is a superposition of 11, v, v3—may oscillate
into and be detected as a muon neutrino v, or vice versa. Neutrino oscillations are
then observed by measuring an under- or overabundance of differently-flavoured neutrinos
from a known source, such as the sun (solar neutrinos) [11; 12; 135; 136], cosmic rays
(atmospheric neutrinos) [10; 133; 134], accelerator beams (accelerator neutrinos) [139-143],

or radioactive sources (reactor neutrinos) [144-151].

One is tempted to declare the neutrino mass problem solved with the addition of RHNs and
suitable Yukawa interactions to the SM. This is however considered to be an unsatisfying
solution on two counts. The first is that it offers no explanation for why neutrinos, with

masses constrained to be below 1eV [90; 124; 152; 153], are lighter than all other SM

20



2.2 Neutrino Masses

particles by many orders of magnitude. The second is that it ignores the possibility that
neutrinos are Majorana, which is to say their own antiparticle. Moreover, there is actually
a wide class of mechanisms for generating neutrino mass [35; 38], and without definitive
evidence favouring a particular one it would be irresponsible of us to not afford them due

consideration.

Let us therefore devote some time to a discussion on the anatomy of neutrino masses.
There are two types of fermion masses: Dirac and Majorana. Dirac masses feature both

left- and right-handed fields and take the familiar form

—m"ULvR + h.c., (2.43)

where for simplicity I elide the flavour indices. With the two fields coupled the physical

neutrino field is the Dirac field v = vy, + vg, which is described by the free Lagrangian

L, =v(id —m")v (2.44)

= ULidvy, + vRidvg — m” (VLvr + URVL). (2.45)

(This is familiar to us, as all other SM fermions combine into Dirac fields after electroweak
symmetry breaking, with e; = er; + egr;, and so on.) As Dirac masses are not gauge

invariant they must be generated either through the Yukawa interaction

—YYLHvg +h.c., (2.46)

or by more complicated means [38; 154].

Majorana masses, on the other hand, take the form

1
—im”ﬁuz +h.c, (2.47)

where the conjugate field v§ is defined as [155]

vé =4%Cui, (2.48)
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with C' an antisymmetric unitary matrix defined to satisfy

C e = — (7. (2.49)

In this case the physical neutrino field is the Majorana field v); = v; + v§, described by

1 ,

Ly, = im(léf —m” vy (2.50)
1 _

= vridvy, — im”(ﬁyf + vSup). (2.51)

Much like a Dirac mass, a Majorana mass term for vy is similarly not gauge invariant,

though in this case it may be generated by the Weinberg operator [156]

Cs(LH)(HTL®) + h.c., (2.52)

whereupon m” = —v2Cs. Unfortunately the Weinberg operator is of mass dimension five
and is therefore non-renormalizable, which indicates that it should be interpreted as an
effective operator for a UV-complete theory. Thus, a Majorana mass for vy, requires BSM

physics.

What are the physical implications of Majorana masses? The most direct one is that
Majorana neutrinos are their own antiparticles, as v, = v{, (which follows from (v§ )¢ = v)
implies that the particle and antiparticle creation operators in the mode expansion of vy
are the same [155]. Related to this is the fact that a Majorana mass for vy, violates lepton

number U(1)z, an accidental symmetry of the SM in which

L = %L, and e — ép;, (2.53)

as

Vs — e 20opué 4 opué . (2.54)

Lepton number symmetry means that the total number of leptons minus anti-leptons
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Figure 2.1: Neutrinoless double beta decay with a Majorana v..

is conserved by every Standard Model process.> A way to probe whether neutrinos are
Majorana is then to search for lepton number-violating processes such as neutrinoless double
beta decay [159], pictured in Fig. 2.1. (So far, it has not been observed [66; 160; 161].) One
may also leverage lepton number violation to attempt to explain the matter-antimatter
asymmetry of the universe through a mechanism called leptogenesis [102; 104], which we

will explore in Chapters 5 and 6.
Now, to diagonalise m” we must rotate

v —» U"vp, and vp — V'up so that m? = U"D"VV1 (2.55)

in the Dirac case, and

v = U"yp, so that m* =U"D"UvT" (2.56)

in the Majorana case. The decomposition m = UDU” in Eq. (2.56), which is possible
because a Majorana m” is symmetric, is known as a Takagi factorisation; see for example

Refs. [162; 163]. In exact analogy with the quarks the matrix product

V' =Uviue (2.57)

will appear in interactions with the W boson. Here it is conventional to remove the U® by

3Lepton number is actually violated anomalously by quantum effects [122; 157; 158],

though the combined baryon-minus-lepton number symmetry U(1)p_, in which quarks
transform with charge % and leptons with charge —1, remains a symmetry even at the

quantum level if there are three RHNs.
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working in a basis in which the charged lepton masses have already been diagonalised via

Eq. (2.27);* in this way

V' =U"t, (2.58)

and in the mass basis the Wev interactions take the form

% (72U W er +enU W v ). (2.59)

The matrix U”, which I will henceforth simply call U, is known as the Pontecorvo—
Maki-Nakagawa—Sakata (PMNS) matrix [164; 165]. As it fulfils a similar role to the

CKM matrix it unsurprisingly admits the near-identical parameterisation

1 0 0 C13 0 8136_1(s C12 si2 O el 0 0
U=[0 co3 893 0 1 0 —s12 c1z 0 0 €92 0 (2.60)

0 —8923 (23 —813€i5 0 C13 0 0 1 0 0 1

€12€13 $12€13 size™ 0\ el 0 0

= | —s12c23 — c12523513€"°  c1aca3 — S12823513¢  Sazcis 0 €2 0

12823 — C12C23813€1°  —c12893 — S12¢23513€0  casers 0 0 1

In addition to the mixing angles 612,603,023 € [0,7/2] and the C'P phase § € [0, 2), the
PMNS matrix may also possess two Majorana phase degrees of freedom aq, s € [0, 27).
As the name suggests, these phases are physical only if neutrinos are Majorana, as they

can be rotated away in the Dirac case.

The PMNS matrix is measured by oscillation experiments, wherein the oscillation prob-
abilities depend on the mixing angles, the C'P phase, and the mass squared differences
Amgj = m? - m?, though not on the Majorana phases [36; 124]. The mass squared

differences are important, and are measured to be [152]

Am2, = Am3 ~ 75 x107°eV? and |Am2 |~ 2.5 x 1073 V2, (2.61)

sol — atm

The sign of Am2,, is known because of the Mikheyev-Smirnov-Wolfenstein effect [166; 167]

4This is equivalent to replacing U¥ — U¢U" and correspondingly redefining m” — U¢m”
(Dirac case) or m* — Um?U*®T (Majorana case).
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in the sun, which alters the oscillation probabilities as neutrinos travel through the solar

matter. The unknown sign of Am2, . allows for two possibilities: if it is positive then

m

the neutrino masses follow the normal ordering (NO) m; < ma < ms, and we identify

Am?

atm

> 0 with Am2,. A negative Am?2,,, on the other hand, implies the inverted
ordering (I0) m3 < m; < mg, in which case it is identified with Am3,. The most recent

global fit, NuFit-6.0 [152], reports the values

sin 012 ~ 056, sin 013 =~ 015, and sin 923 ~ 072, (262)

with only a slight dependence on the ordering, while the C'P phase is consistent with
virtually any value at 30 (though the preferred value is substantially different for NO and
10). This translates roughly to

|U61’ ’Ue2‘ ‘U€3| 0.82 0.55 0.15
U= | |Uul |Uup| |Uul|=~]04 06 0.71], (2.63)
|Ur1| |Ur2| |Usrs| 04 06 0.69

with the understanding that there is considerable variance in the lower-left entries due to
the large uncertainty in 6. With the upcoming experiments JUNO [168], DUNE [169], and

Hyper-Kamiokande [170] seeking to measure the sign of Am2,  and the value of § with

atm

much greater precision, it is expected that we will soon have a much clearer picture of |U].

2.2.1 Mass Models

Now that we have a general understanding of neutrino masses, let us acquaint ourselves
with the mass models relevant to this thesis. These are the Type-I and Type-III Seesaw
models, to be studied in Chapter 4, and the Zee Model, to be studied in Chapters 6 and 7.

2.2.1.1 Type-1 Seesaw

The Type-I Seesaw model [14-18] follows through with the idea of adding RHNSs to the SM,

extending the SM particle content with n, right-handed sterile neutrinos vg; ~ (1,1,0).
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H;
| | | | h= .-+-. Hy
\ v v \ Y A4
! ! ! ! ! ‘ |
L 4>—FVR L L 4>—<72% L L 4—’—4—4—1—” i > L
H;
(a) Type-I Seesaw (b) Type-III Seesaw (¢) Zee model

Figure 2.2: Neutrino mass diagrams for the three models studied in this thesis.

These sterile neutrinos participate in Yukawa interactions and—as they are not forbidden

by any gauge symmetry—additionally possess Majorana masses of their own, with
TRl VT H 1 o
EVR = I/Rilal/Ri — (Y;jLiHl/Rj + hC) - 5 (MijVRiij + hC) (264)

After electroweak symmetry breaking the Dirac and Majorana masses combine into the

form

1 — 0 ¢
El/ mass — _§<ﬁ V]Cg) (mT E) (z;) + h.C., (2.65)

where m;; = Y5v /v/2, and the mass eigenstates are found by diagonalising this combined
mass matrix. A (34n,)-by-(3+n,) unitary mixing matrix relates (v§ I/R)T with the mass
eigenstates, which are all generically Majorana, and the PMNS matrix must be identified
with the 3-by-3 submatrix connecting vy; to the first three mass eigenstates. Unitarity of
the PMNS matrix is then no longer guaranteed, and PMNS unitarity tests offer a probe

of the existence of sterile neutrinos [171; 172].

In the limit that the eigenvalues of M are much larger than the entries of m the mass

matrix can be approximately block diagonalised into the form

—mM~tmT 0
(o o). 266

resulting in three light neutrinos and n, heavy ones. The terminology seesaw mechanism
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2.2.1 Mass Models

is then ascribed to the observation that as the heavy masses go up, the light masses go

down, and vice versa.

2.2.1.2 Type-IIT Seesaw

The Type-III Seesaw model [28] is very similar to Type-I, with the difference that the
fields introduced to fulfil the role of right-handed neutrinos are SU(2)w triplets instead of
singlets: Xg; ~ (1,3,0). These new fields similarly participate in Yukawa interactions and

have Majorana masses of their own, with [173; 174]
S YT .ya _afy 1 Sac ya
Ly = SriiDri — (Y TiShoH + hee.) — o (MSFEh, + hie.), (2.67)

where a = 1,2,3. For a fixed triplet generation ¢, the eigenstates of electric charge are

given by the combinations

E}%i + iz%ﬁi

V2

Yt = and Y%, = %%, (2.68)

The neutral component E% couples to neutrinos through the Yukawa interaction, and in

a manner completely analogous to Type-I Seesaw we obtain

1 — 0 m v§
I Oc L
L, mass = 5 (I/L ER) (mT M) (Z%) + h.c. (2.69)

after electroweak symmetry breaking. The states Zf% instead mix into the charged leptons,

which leads to an enriched phenomenology compared to the Type-I model [173].

2.2.1.3 Zee Model

The Zee Model [23] is an example of a two-Higgs doublet model [175-177], extending the SM
with a second Higgs doublet Hy ~ (1,2,1/2) and a charged scalar singlet A~ ~ (1,1, —1).

The new Lagrangian terms relevant to neutrino masses are
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£ —mihth™ + (pH{Hyh™ — LfLh* = T(Y{ H, + Y] Hy)er + hc.), (2.70)

where I employ a matrix multiplication notation for the coupling matrices Y7, Y2 (which
are defined with a dagger relative to our SM definition), and f. The second Higgs doublet
in principle also couples to the quarks, and the scalar potential is greatly enlarged with

interactions such as |Hy|?|Ha|?, |H1TH2\2, and |h~ 2| H; |2

Though both Higgs doublets can acquire a VEV, it is convenient to rotate to the Higgs
basis [178; 179] in which v ~ 246 GeV is placed in H; alone, and Y} is real, diagonal,
and positive. Due to Fermi statistics the coupling matrix f is necessarily antisymmetric,
f = —fT, and moreover it can be taken to be real by simultaneously rephasing L and eg,

so that Y7 remains unaffected. By rephasing A~ we may also take p to be real.

Majorana neutrino masses arise in the Zee model at the one-loop level, and in the so-called

decoupling limit are given by [179; 180]

(2.71)

)
)

m2
mY. = — 52¢p L In i (fY1Y2 4 Y2TY'1TfT)
K 1672 /2 mfﬁ
1

where hf’2 are mass eigenstates produced by the mixing of h* with the charged component

of Hy, and

V2up
820 = —5 2 -
mh2+ mh1+

(2.72)

Here the decoupling limit refers to the limit in which the C' P-conserving neutral components

of H; and Hs do not mix, resulting in an SM-like Higgs boson h [178; 179].

We note that lepton number is violated in the Zee model by the peculiar LLh* interaction.
One may attempt to enlarge the symmetry by assigning 2 units of lepton number to A7, in
which case it is then violated by the equally peculiar H I H,h™ interaction. It is therefore

unsurprising that the Majorana mass matrix is proportional to both p and f.
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The most conservative form of the Zee model is the Zee-Wolfenstein realisation [23; 181],
in which a Zs symmetry is imposed onto Hy as to forbid the appearance of the second
Yukawa interaction Y. Though this realisation has been ruled out [182; 183], the more

general Zee model remains viable [179; 184].
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What if a particle is heavier than 1 TeV?
We ask it politely, yet firmly, to leave.

Bobby and Hank Hill,
in King of the Hill,
reimagined

Theory: Effective Field Theories
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The general success of the Standard Model and the persistent non-observation of clear
signals of new physics (for instance, in searches by the ATLAS [55-60] and CMS [61-
65] experiments) indicates that new particles, if they exist, must be either very heavy
(M Z 1TeV) or very weakly coupled to the SM. If the former is the case then there is
a considerable gap between the electroweak scale v = 246 GeV and the scale A = M of

new physics, and it should be possible to express the effect of such new physics as a well-
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defined expansion in powers of v/A and p?/A2. A powerful technique for systematically
constructing such an expansion is found in the framework of effective field theories

(EF'Ts), which is the topic of this chapter.

What follows is a review of well-known concepts and materials that largely cannot be
considered original. A partial exception to this is Section 3.2.1 on parameter shifts,’ which
resulted from considerable toil on my part towards understanding some seemingly-arcane
formulas presented in the literature (such as in Ref. [86]). Evidently the material of that
section is well-known by the wider community, and indeed a well-presented exposition can
be found in Ref. [185, Sec. 4] and references therein, though I regrettably only discovered
it while editing this chapter.

Excellent general references for effective field theories are Refs. [186-188], while the re-
cent review of Ref. [189] additionally provides a comprehensive coverage of Standard
Model Effective Field Theory (SMEFT). Good supplementary references for SMEFT are
Refs. [185; 190-192].

3.1 Constructing an EFT

Suppose we have a theory in which we can separate the field content into ‘light’ fields ¢,

and ‘heavy’ fields ®;, and the Lagrangian into
L(di, i) = Lir(di) + Luv (i, ). (3.1)

An EFT for this theory is one containing only the light fields ¢;, with

Lei(¢i) = L1r(¢5) + D CnOp, (3.2)

where the effective operators O,, = O, (¢;) and Wilson coefficients C,, capture the

IThis section is adapted from the appendix of the publication Riding the Seesaw: What
Higgsstrahlung May Reveal about Massive Neutrinos [1], of which the main content forms
the next chapter.
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influence of the heavy fields. Formally these two theories are related through the path

integral representation

/ Do exp<i / d*z ,ceg) = / D¢ DP; exp (i / d*z E), (3.3)

and the heavy fields are therefore said to have been integrated out. To compute Leg
there are two main methods available to us: functional and diagrammatic matching. The
functional approach requires carefully carrying out integral in Eq. (3.3) [193-197], while the
diagrammatic one involves drawing all possible diagrams in the full and effective theories
and insisting they agree, or rather, match, when computing physical observables. As it
is more readily interpretable and we are not too concerned with the finer details of the

procedure, we will restrict our attention to diagrammatic matching.

EXAMPLE

To motivate a discussion of general features of EFTs it is helpful to study a simple
matching calculation. Our chosen example is the archetypal 4-Fermi theory, where
the W boson is integrated out from the SM to obtain effective four-fermion interac-
tions. To this end, let us consider the representative scattering process u~ v, — €™ U,

which in the SM is due to the interactions

92 (. o+ N
Luv D E(VMW Pru+ GW PLVe) + h.c. (3.4)

and looks like

Uy 7

In an EFT without the W boson this process must instead originate from interactions

such as

Legt O Cr(TpvaPrLp)(@y*Prve) + hec., (3.6)
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where it then takes the form

= iCp (00, 7" Prun) (TeYa PrLov. ). (3.7)

v, U,

Here and in the future we use a crossed dot to denote an effective vertex. To match
Eq. (3.7) onto Eq. (3.5) we make the important observation that the effective theory
can only stand a chance of reproducing the predictions of the full theory at energies
below the mass of the W boson, since at higher energies it is possible to create
physical W particles, which the EFT is incapable of describing. We must therefore
restrict ourselves to p? < m%v, which licenses us to expand the W propagator in the

full theory as

1 1 2 4
— =1+ 2+ 2+ (3.8)
b —myy myy My My

The lowest-order term is reproduced by our effective operator if we set its Wilson

coefficient to

2
g5 _ 4Gp
Cp=-— =——, 3.9
where
293 1
Gp= Y295 _ (3.10)

- 8m¥, V202

is the famous Fermi constant. The higher-order terms in the expansion match

onto the infinite tower of operators

Oon = (e Prp)0" (€Y Prre), (3.11)

and the corresponding Wilson coefficients are evidently suppressed by additional
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powers of 1 /m%v Correctly treating the W boson propagator in unitary gauge,
which requires replacing gog — gag — PaPs/ m%[,, similarly leads to the generation

of additional subdominant operators.

So far we have considered only tree-level diagrams, and we have therefore performed
what is known as tree-level matching. A more accurate matching calculation will
seek to match the effective theory to the full theory at the loop level in what is called
one-loop matching, two-loop matching, and so on. Though loop-level matching is
naturally more involved, the general procedure is in essence identical to the one we

just undertook.

One might wonder why we bother with EFTs, as in the above example we appear to have
exchanged two interaction terms for infinitely many — an infinite increase in complexity!
However, our example also makes clear that in practice we will only need to consider
finitely many effective operators to achieve a reasonably accurate result, provided of course
that the relevant physical scales are sufficiently separated from the heavy scales. Muon
decay u~ — e~ v, for instance, is described rather accurately by the single operator in

Eq. (3.6), as there p? < mi < miy.

In a general EFT we can usually assess the importance of an operator by its mass
dimension. The mass dimension of an object refers to its units as a power of mass (or

equivalently energy), and is denoted with square brackets — for example,

[E] =[m] =1, [zu] = =1, and [pu] =[] = 1. (3.12)

In d-dimensional spacetime the mass dimension of a Lagrangian is [£] = d, which implies

that in four dimensions the mass dimension of bosonic and fermionic fields are respectively
6] = (4] =1 and [4] = . (3.13)

From this we can deduce that our effective operators have dimension
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[(ZivaPrp) (@ Prve)] = 6 and (3.14a)
[(Zpva PrLp)0" (ey* Prye)] = 6 + 2n, (3.14b)

and to ensure [£] = 4 their respective Wilson coefficients must in turn have

[Cr]=—-2 and [Con|=—-2-2n; (3.15)
indeed,
1 1
CF X % and CDn X W (316)

Thus, higher-dimensional operators are generically suppressed by higher powers of a heavy
mass scale. It is common in the literature to make this suppression explicit by extracting

this scale from the Wilson coeflicients and writing
Leg = LIr + E 70 O, (3 12)
/\ [On]74 ) :

though we will not adopt this convention. In any case, it is often sufficient in EFT studies

to limit one’s attention to the lowest-dimensional effective operators.

A noteworthy feature of operators with [O] > 4 is that they are non-renormalizable, which
means that an infinite number of counterterms—and therefore parameters—are required
to remove all divergences in a theory with such operators present. While this would be
problematic for a theory that purports to be fundamental, it is of no concern for an EFT,
where infinitely-many operators are already expected. In practice, one deals with the
non-renormalizability of an EFT by truncating a given computation to a fixed order in

1/A, such that higher-order divergences and counterterms are ignored.

Lastly, it is worth remarking that a given collection of operators {O, } may be redundant
in the sense that some operators—after possible application of Fierz identities, field re-
definitions, or integration by parts—can be realised as linear combinations of others — for

example [198],
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(Livuo® L) (Lo Ly) = 2(Livu L) (Lky* L) — (Livu Ly ) (Ley* Ly). (3.18)

To avoid double-counting contributions to physical observables it is desirable to work in
terms of a non-redundant operator basis. Fortunately, such a basis is known at dimension-
six for the EFTs considered in the next two sections [198; 199], so we will not need to

worry about this complication.

3.2 SMEFT

As indicated at the start of this chapter, there is convincing evidence that the SM should
be viewed as the low-energy remnant of a more fundamental theory, with a considerable
gap between the largest SM scale v and the scale A of new physics. This motivates the use
of an EFT approach to study such new physics, canonised as Standard Model Effective
Field Theory (SMEFT):

Lsmprr = Lsm + Y CnOn. (3.19)

Per our discussion above, we are most interested in the lowest-dimensional effective opera-
tors, meaning dimension-five and -six. At dimension-five there is a single unique operator
compatible with the SM gauge group (up to a Hermitian conjugate) — the Weinberg opera-
tor [156]

Os,ij = (LiH)(H'LS). (3.20)

We encountered this operator in the previous chapter, where we saw that, if present,
it generates Majorana masses for neutrinos after electroweak symmetry breaking. At
dimension-six there are 63 additional operators (or 59 if we disallow baryon number
violation), and the most popular non-redundant basis for them is the so-called Warsaw

Basis [198]. A handful of Warsaw basis operators are presented in Table 3.1.
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Oww | (HTH)Wg, W OeH i (H'H)(L;iHeg;)
Ong (H'H)B,, B"™ Otei; | (HYD,H)(Emn er;)
Onwn | (Hioomywe,Bw || 04 | (HIDH)(Liy"Ly)
Oy | (Lio™o ery) HWE, | OF) | (HUDH)(Lio "y L)
Ocp,ij | (Lio"er;)HBu | OLLijk (LivuLj) (Lgy"Ly)
Ou (HTH)?

Oun (HTHYO(HTH)
Oup | (H'D,H)*(H'D*H)

Table 3.1: The dimension-six SMEF T(_)operators in the Warsaw basis most relevant to this
thesis. Here o* = $[y#,~4"] and HTiDﬁH =iH'0*D,H —i(D,H) 0" H.

The great advantage offered by SMEFT is that it provides a model-agnostic means of
performing phenomenological analyses. With it one can work out the physics once and for
all as a function of the Wilson coefficients, and then the study of a particular BSM model
becomes nearly as simple as matching onto SMEFT. With the advent of software packages
such as DsixTools [200; 201], wilson [202], SMEFTsim [185; 203], SmeftFR [204-206],
MatchMakerEFT [207], and Matchete [197] automating much of the required work, this
procedure is becoming increasingly painless with time. In principle, one could even conceive
of a global fit of the SMEFT parameters to all available experimental data, but this is
infeasible: at dimension-six there are 3045 such parameters (or 2499 if we restrict to baryon
number-conserving operators) [190; 199; 201] — far too many to optimise over. Though this
number can be reduced by assuming the SMEFT Wilson coefficients obey certain flavour

symmetries, it nonetheless remains prohibitively large [185].

Of course, SMEFT is not a silver bullet for all our BSM needs, as the load-bearing
assumption that all new fields are heavy is not borne out by all BSM models. To carry
out an EFT analysis in such models it is necessary to work with an expanded operator
basis constructed from SM fields and the new light fields, such as in ¥YSMEFT [208; 209]
or the Dark Matter SMEFT (DSMEFT) of Ref. [210]. We will not pursue this.
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3.2.1 Parameter Shifts in SMEFT

An important but oft-overlooked effect of BSM physics is that it alters the relationship
between measured quantities and SM parameters, most often due to new loop contributions
from new particles. This means that the extraction of SM parameters from such quantities
should be modified, resulting in shifts to these parameters which then cascades to shifts in
all SM predictions. One might imagine accounting for these shifts in a given BSM model to

be a rather laborious task. Fortunately, we can systematically treat this effect in SMEFT.

Such a treatment requires that we distinguish two conceptually different contributions
from effective operators. The first type of contribution occurs at the Lagrangian level
due to operators featuring the Higgs field H. After electroweak symmetry breaking these

operators will contribute to the SM part of the SMEFT Lagrangian — for instance,

v?

Oerij = (H'H)(LiHep;) O 5 (Lifleg;) (3.21)
will directly add to the SM Yukawa interaction —YSEH eRj, resulting in an effective

Yukawa matrix

Ye=YE -

ig = 44

5 Cemij- (3.22)

The second type of contribution concerns the extraction of parameters from data, and is
dependent on one’s input scheme. An input scheme refers to a choice of input parameters,
and is necessary because many SM parameters are related algebraically. Of particular
relevance to us, the electroweak sector admits four independent parameters which we can
understand as originating from the gauge couplings g1, g2 and the Higgs’ self-couplings p, A,
though we often interface with many derived parameters such as my, mz, mp,v, Gp, e,
and sin? 6,,. In practice the (a, mz, Gp,my)? and (my, mz, Gr, my) schemes are the most
commonly used, as these parameters are precisely measured and relatively unaffected in

SMEFT [211; 212]. I will opt to use the former scheme, abbreviated as (a, mz, Gr), for

ZHere o = €2 /47 is the electromagnetic fine structure constant.
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the remainder of this thesis.

Let us now investigate these two contributions to the parameter shifts in detail. Our goal

is to obtain an expression for the shift in an observable,

Ao = OSMEFT — OSM, (3.23)

due to these parameter shifts. In what follows we will work to leading order in (v/A)?,

where we recall that a factor of 1/A? is implicit in every dimension-six Wilson coefficient.

Part 1: Effective Parameters The first step in this analysis is to examine how the SM
Lagrangian is altered after electroweak symmetry breaking by the presence of operators
featuring H. Such an examination can be found for instance in Refs. [185; 189-192]; here

I will summarise only the salient points.
To start, the operator Oy = (H H )3 changes the shape of the Higgs’ potential, resulting

in the VEV taking on the ‘true’ value

2
or = (1 + ?Z))\CH>U. (3.24)

Next, the operators Ogw,Opp, Ogo, and Ogp contribute to the kinetic terms of the

gauge fields and the Higgs boson, which must be redefined to

Wit (1 + v} Cow )W, (3.252)

By~ (14 v}Cup)By,, and (3.25b)
1

h — <1 + U%CHD — 4’0%0}11))]1 (3.25(3)

to ensure they remain correctly normalised. (In these expressions we may interchange
v and vr freely since the difference is second-order in (v/A)?.) While the factors in the
redefinition of h are then carried to every interaction of it with other fields, the gauge

boson factors can be absorbed by correspondingly redefining the gauge couplings to

40



3.2.1 Parameter Shifts in SMEFT

g2 — (1 — ’U%CHW)QQ and g1 — (1 — U%CHB)gl. (3.26)

Finally, the operator Ogwp introduces additional mixing between the mass eigenstates

Z,, and A,, which must then be re-diagonalised.

Once these redefinitions have been carried out and the dust has settled it is convenient
to introduce a barred notation, g, for effective parameters that appear in place of their
unbarred form in the SMEFT Lagrangian. For example, the Z boson part of the gauge-

covariant derivative, which in the SM reads

D, D —igz(T? — Qs2)Z,, (3.27)

where we abbreviate s2, = sin?#,,,) becomes in SMEFT
w

Dy > —ig (1% = Q52) Zu, (3.28)

where

gz =\/9} + g3 (1 + 9291_52 2U%CHWB) and (3.29a)

1T92
2 2 _ 2
=2 91 9291 — 92 2
55 = 1-== vrCrws |- (3.29b)
v 9%+g§< nFE+a L

To denote the shifts of these parameters from their SM expressions we write

09z _ 9192

gz =9z + 03z where = QU%CHWBa and (3.30&)
gZ 91 + 92
552 g2 92 _ gQ
=2 2 =2 w 1 2.2
So = 8o + 08 where —_— = —= v7CywB. 3.30b
w w w 812” a1 g% _’_g% T ( )

Note that 6g7/97z = 0§z/gz at order (v/A)? (and similarly so for every other parameter);

I will consistently opt to write the former.

To reiterate the notation and have a referenceable equation, the shift for a general parameter

g is written
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Symbol Relation Meaning
g,Q — Original SM parameter appearing in Lgy
g, g=g+dg A ‘true’ parameter appearing in place of g in LgymEpT
& & =a—+da+ d& | Input parameter
J Gg=g—+46g Parameter computed from the input parameters

Table 3.2: Summary of notation used for the different types of parameters.

g=g+9g. (3.31)

There is one exception to this notational rule in vy, which should be written v for consis-

tency, but isn’t by convention. In this case we have vy = v + .

Part 2: Input Parameters Let us refer to our chosen input parameters with the symbol
a, and use a hat to denote the measured value of these parameters, &. It is possible for
& to differ from the Lagrangian value & due to the contribution of new diagrams to the

process through which « is measured; labelling this additional shift §&, we have

& =a+04=a+da+ 64 (3.32)

Such diagrams typically arise at the loop order or at O((v/A)?), which we neglect, therefore
leaving d& = 0. The sole exception to this is the Fermi constant, which acquires tree-level
contributions to G p from the diagrams in Fig. 3.1, giving

N 1 3 3 1
0Gp = ﬁ (CJ(LI)L’H + C;I)L,Qz) — ﬁ(CLL,HZl + Crr2112)- (3.33)

For a parameter computed from the input parameters using the tree-level SM relations we
will also use a hat: § = g(&;). (One simple example would be computing the elementary
charge from the measured value of the fine structure constant via é = v4ré&.) For these

parameters we instead have

0
i=g+Y 87’?(5@ +56;) = g + 84, (3.34)
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P vy Vi
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CS)L 1 C’S)L 99 Crra221, Crr 2112

Figure 3.1: The Fermi constant is obtained from measurements of the muon lifetime.
Pictured are muon decay diagrams with the effective operators contributing to éG .

By combining Egs. (3.31) and (3.34) we see that

5 — 69 (3.35)

and as will soon become apparent, we are most interested in this total shift,

dg
ooy

69 =6g— 0§ =0g— > ——(8a; + 64;). (3.36)

EXAMPLE

To make this less abstract, let’s work out the shift in g7z, which appears in the

SM Lagrangian as
1, 1
Lsm D ZngZMZ“h = §gZZhZMZ“h. (3.37)
In SMEFT this becomes

1 1 1
LD Zg%vTZuZ“ (1 + ’U%CHD = 4U%CHD)h + CHDig%U%Z,uZMh (3.38)

1 55z o0 3

= —g%v (1 +22 + R Cpn + v%CHD>ZMZ“h (3.39)
4 gz v 4
1

= §gZZhZ;LZHh7 (340)

where Ogp directly contributes a new Z,Z*h term, and we recall from Eq. (3.25¢)

that h is redefined with a new normalisation. From this we can read off
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0g 0g ov 3
S = 2£ P = T U%CHD + *U%CHD (3.41)
9z7Zh 9z v 4
3 ov
= 2CwaU%CHWB + 'U%CHD + ZU%CHD + PR (3.42)

The 0§z zp, part of the full shift depends on one’s choice of input parameters; in the

(o, mz, Gp) scheme one has
gzzn = 2/*%\/ G, (3.43)

which is a tree-level relation valid in the SM. In accordance with Eq. (3.34) we then

have
~ = 52 1 o A
0Gzzn _ om7 o omy o L 0GFp i 0GR . (3.44)
2 2
92 7Zh my my 2\ GF Gr
Plugging in the known shifts3
om% 1 4 5 §v Sm?% 6G 5o
m2Z = iUTCHD—FszSwUTCHWB—FQ?, mizz = 0, GiF = —QF, (345)

and leaving §Gr /G symbolic as it has the cumbersome expression of Eq. (3.33),
this evaluates to
Sgzzn 1 5 6o 16Gp

= 2 J — 4
972h 2UTCHD+ CwSwvTCHWB + v + 2 Gp (3.46)

Lastly, we bring it all together as per Eq. (3.36) to obtain

30ne arrives at the shift 6Gp by writing

- 1 1 ov
PV T Ve ( v )

dmy is more involved, as mQZ additionally receives a direct contribution from Ogzp and
an indirect contribution from Oywp due to the rediagonalisation of Z, and A,. Lastly,
dmz is zero as there are no tree-level diagrams at order (v/A)? which contribute to the Z
boson’s self energy.
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09zzn _ 09zzn  09zzh

_ (3.47)
9z7zZh 9z7zZh 9z7zZh
1 15@1:
2 15 _ 1oGF
= v3Cho + 4UTCHD 5 Gr
1 1 .
2
= Cyo+ -C — —0G ) 3.48
UT< o+ 3 Cnp = 506k (3.48)

Note that the dependence on dv completely cancels. This is a general trend for all
shifts relevant to this thesis — thus, for our purposes, the replacement v — vp is

functionally unphysical.

Part 3: Shifts in Observables We now come to the climax of this exposition. Suppose
that SMEFT represents the ‘true’ theory, and that we wish to compute the correction
to a quantity such as a cross section which has been calculated under the mistaken
assumption that the SM was the correct theory: Ao = osmerT — 0sm. In addition to
direct contributions from new operators, there will be an indirect contribution from the

shifts of the SM parameters.

To arrive at this conclusion carefully, convince yourself that the correct cross section should
be written in terms of the barred parameters, o(a;, g;), as—after all—these parameters
are the ones extant in the ‘true’ Lagrangian. In the SM, however, the distinction between
g, §, and § is meaningless,* and one computes the cross section simply as a function of the

measured parameters, o(d;, §;). Explicitly,

OSMEFT = 0(0, ;) + Aopirect  and  osy = (s, §5), (3.49)

and so

4Actually, it’s not strictly true that §; = g;, as there will be loop effects contributing
to the screening of g; even in the SM. This is however a separate shift to the one under
consideration and it can be independently dealt with, so we do not treat it here.
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Ao = A0Direct + 0'(0_5727 g]) - U(dia.@j) (350)
— Aon +Zai(o—,_@.)+zai(—._w) (3.51)
= Direct - 80@ 7 1 - agj gj g] ) .
or
Jdo . Oo
Ao = Aopirect — ZZ: @50@' + ZJ: 87%5%- (3.52)

It is worth emphasising that Eq. (3.52) applies only when computing a correction to an
SM prediction, which we do in Sections 4.3.1 and 4.3.2 of the next chapter. However, as
in Sections 4.3.3 and 4.3.4, it does not apply when one is only interested in the SMEFT

prediction, og\MEFT.-

3.3 LEFT

To describe processes at energies significantly below the electroweak scale—and more
pertinently, new physics contributions to these processes—it is better to use an EFT in
which the heavy W, Z, and h bosons, as well as the top quark ¢, have additionally been
integrated out. Such an EFT is known as Low-energy Effective Field Theory (LEFT)
or Weak Effective Theory. The operative symmetry in LEFT is SU(3)c x U(1)gm,
and the standard operator basis is the Jenkins—Manohar—Stoffer (JMS), or San Diego

basis [199]. The JMS basis consists of the dimension-three operator

Ovij = VivLjs (3.53)

which is a Majorana mass for vy ; six dimension-five operators such as

Oe%ij = (aUMVPRej)Fuua (3.54)

known as dipole operators; and 89 dimension-six operators such as
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Ol‘//el;ijl = (VivuPrv;)(@y" Prer), (3.55)

which generalises the operator O used in the 4-Fermi example earlier in this chapter.’

As the masses of the heavy particles W, Z, h, and t are all proportional to v we generically
expect the Wilson coefficients to scale with v, with for instance C' oc 1/v? for the dimension-
six coefficients. When LEFT is matched to SMEFT, however, it will inherit the scaling
against the new physics scale A from the SMEFT Wilson coefficients. For example, tree-

level matching onto OY:FF reads [199]

2 %
CX@’?JLM = —U—Q((Sil + U%Cg’)hil) (5jk + U%CS)L,J‘I@) +Crrijkt + Crrkgi + - - - (3.56)
T
2 b — 26, O o5 ) O G s (3.57)
U% ik il HL,jk jk~HL,;l LL,ijkl LL,lkji T :

The first term reproduces the 4-Fermi result, Eq. (3.9), and exhibits the expected 1/v?

scaling, while the remaining terms shown all scale instead as 1/AZ.

To match a BSM model onto LEFT it is typical to first match the model onto SMEFT and
then match SMEFT onto LEFT; in this way we can reuse known matching results without
needing to perform additional work. Doing this correctly however requires that we match
onto SMEFT at the high scale yu ~ A and run the SMEFT parameters down to the scale
1 ~ my before matching to LEFT. Fortunately for the practising researcher, the public
codes DsixTools [200; 201] and wilson [202] provide convenient automatic routines for

running and matching between SMEFT and LEFT.

The aforementioned running—short for renormalization group (RG) running—of a
theory’s parameters is important enough to warrant a brief word. As the name suggests,
it is a consequence of the renormalization procedure, and its origin can be traced to the

appearance of logarithms such as

®Though the form of O):** may appear different to that of O in Eq. (3.6), we can
apply a Fierz transformation to equivalently write Oz‘//;:ngLkl = (TiyuPrer) (e Prvy).
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In— or In— (3.58)

in loop calculations. Here p is an unphysical scale introduced in dimensional regularisation,
in which divergent integrals are regulated by evaluating them in d = 4 — ¢ dimensions.
Its unphysicality critically implies that the renormalized couplings and Wilson coefficients

must also depend on g in such a way that p drops out of all physical observables:

$2 (@0, i) = (3.59)

Eq. (3.59) leads to the renormalization group equations (RGEs), which can be solved
to determine g;(p) and Cj(p). Though p is unphysical and g;(p) and C;(u) are therefore
in principle meaningless functions, it is conventional to attempt to make contact with
physical reality by choosing u to coincide with the relevant energy scale @ of a process.
The rationale behind this choice is that powers of ln(,u2 / Qz) will appear in the perturbative
Dyson series, and the convergence—and therefore reliability—of this series is maximised
if these log factors were to vanish. Thus, the zeitgeist demands that when one wishes to
perform a calculation for a process using parameters measured (or otherwise extracted) at
a vastly different energy scale, it is necessary to run the RGEs to ensure the accuracy of

the result.

In SMEFT and LEFT the RGEs take the form [190; 213]

dc;
dp

1672 u——" = 7;;0;, (3.60)
and though this expression suggests otherwise, they are nonlinear. An important con-
sequence of the RGEs is that the effective operators mizr into each other, meaning that
operators which do not arise from matching may still be induced by running from the

matching scale.

There is much more that can be said about RG running, but here is a good place to stop;

for more exposition in the EFT context I refer you to Refs. [186-188].
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They’ve got a lot of colliders, and they’ve
got a lot of chutzpah.

Zapp Brannigan,
in Futurama,
reimagined
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In this chapter we’ll investigate if high-precision measurements of the cross section of the

Higgsstrahlung process
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ete™ = Zh

at a future electron-positron collider can be used to probe the Type-I and Type-IIT Seesaw
models (together referred to as the fermionic Seesaw models). Using an effective field
theory approach we’ll compare the collider reaches to constraints from electroweak ob-
servables and probes of lepton flavour universality, as well as the existing and prospective
bounds from searches for lepton flavour violation. At risk of ruining the suspense, it
turns out that a measurement of o(ete™ — Zh) in agreement with the SM prediction
is necessitated in Type-I Seesaw, whereas a difference of up to O(10%) is possible with
Type-1II Seesaw. In this way, we demonstrate that Higgsstrahlung promises to function

as a probe complementary to existing experiments.

This chapter is a taxidermied reproduction of a publication of the same name [1], with slight
alterations to the wording and exposition to ensure it flows well from the previous chapters.
My contribution to this work was significant, including the derivation of expressions for

shifts in SMEFT, the generation of all results and plots, and much of the discussion.'

4.1 Introduction

The discovery of the Higgs boson in 2012 [3; 4], while momentous, marked only the first
foray into the era of observational Higgs physics. Many of the Higgs’ properties remain to
this day only imprecisely determined, and rectifying this is a major goal in the proposed
program of next-generation lepton colliders. There are five proposals for so-called electron-
positron ‘Higgs factories’ [85]: the Circular Electron Positron Collider (CEPC) [68-70], the
International Linear Collider (ILC) [71-74], the Future Circular Collider (FCC-ee) [75-78],
the Compact Linear Collider (CLIC) [79-81] and the Cool Copper Collider (C?) [82-84].

The designation ‘Higgs factory’ mainly refers to the stage in which a future eTe™ collider

T also acknowledge the contributions of my coauthors Tobias Felkl and Michael Schmidt,
which I feel were equally significant.
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is run at a centre-of-mass energy of roughly /s = 240-250 GeV, where the integrated cross
section of the Higgsstrahlung process peaks and so dominates over all Higgs production
mechanisms. Other stages involve the operation as a ‘Z factory’ at /s = my, close to
the WTW ™ production threshold at /s = 2my, and close to or at the ¢t threshold for
/s = 350-370 GeV, as well as potential upgrades for runs at even higher centre-of-mass

energies [214].

It should come as no surprise that physicists, being the enterprising lot that they are,
have sought to understand the extent to which these colliders can also be used to test
various BSM scenarios. Many studies, for instance, focus on the direct production of sterile
neutrinos in electroweak and Higgs production processes [215-223], and there are a number
of reviews on the observational prospects of heavy neutral leptons [224-227]. Electroweak
triplet fermions at colliders have similarly been studied for example in Refs. [228; 229]. The
anticipated high precision attainable at future lepton colliders also serves as a motivation
to consider virtual corrections [230] — for instance, Refs. [231; 232] study the contribution

of sterile neutrinos to the triple-Higgs coupling.

Here we will investigate whether we may exploit measurements of the Higgsstrahlung cross
section at a future collider to test the Type-I and -III Seesaw models of neutrino mass.
The anticipated sub-percent precision of these measurements is due to the so-called ‘recoil
method’, where Higgsstrahlung events are selected by measuring the four-momenta of
the decay products of the Z boson, which recoils against the Higgs boson. This method
is in principle applicable for any Higgs decay mode, allowing for a model-independent
reconstruction of the Higgs boson mass [85]. Moreover, Higgsstrahlung is well-understood
in the SM, with two-loop electroweak corrections to the SM cross section recently calculated

in Refs. [233; 234]; see also Refs. [235-241].

In what follows we will consider the process at two benchmark centre-of-mass energies,
Vs = 240GeV and 365GeV. As argued for in Ref. [242], the smaller cross section at
larger s can be partly compensated for by a higher instantaneous luminosity which scales
approximately linearly with s. Moreover, the additional boost of the Z and h bosons allows

for a better separation of the respective jets and therefore a more precise measurement of
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ozn X BR(h — X). Further advantages mentioned are the immediate access to top-pair
production as well as the eTe™ — hv,.7, process via W+ W~ fusion, which enables a precise
determination of the Higgs boson width as well as the offering the potential to measure

my, with a precision similar to that of /s = 240 GeV.

Now, for both models considered here the Seesaw relation

my, ~ U—QYQ (4.1)
M

suggests that to accommodate sterile states with M = O(TeV) the neutrino Yukawa cou-
plings must be tiny, meaning lepton number-conserving processes will be suppressed [243—
245] and beyond the reach of the proposed lepton colliders. This restriction can however
be circumvented in symmetry-protected Seesaw models [173; 243; 246-255], where the im-
position of an (approximate) symmetry will allow us to entertain relatively light singlets
or triplets around the TeV scale without the need to assume tiny Yukawa couplings. This
symmetry permits some elements of the Dirac and Majorana mass matrices to be sizeable,
whereas the remaining ones must be comparatively suppressed (or zero in the exact limit).
The smallness of active neutrino masses is then guaranteed through their proportionality
to these small entries, and hence does not rely on overall suppression through a large mass
scale M. In addition, no fine-tuned cancellation between (a priori unrelated) elements of

the mass matrices are needed.

The remainder of this chapter is laid out as follows. After reviewing the relevant theory
in the next section, I will in Section 4.3 discuss the phenomenology of Higgsstrahlung and
other processes sensitive to the same parameters. The bulk of our time will be spent there,
as there is much that can be said about these processes and the constraints they place on
the parameter space of the Seesaw models. Finally, I will summarise the results and draw

conclusions in Section 4.4.
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4.2 Theory Framework

To save you from needing to flip back to the previous chapters, here I'll offer an abridged
presentation of the relevant theory together with some additional contextual discussion.
Firstly, we remind ourselves of the SM Lagrangian, of which the electroweak and leptonic

parts are

1 1
Loy > =g Wi, W — 2By B + (D, H) (D'H) + > H'H — \(HTH)? (4.2)

4w
+ LiiDL; + eriilPer; — Y5 (Lier; H + H'eg; L)

The gauge-covariant derivative post-electroweak symmetry breaking reads

Dy =0, —igoW, T —igeW, T~ —igz(T® — Qsin®0y) Z, — iQeA,, (4.3)
and for later use it is convenient to assign the symbols

1
gL, = gz (2 + sin? Gw) and gp = gzsin® 0, (4.4)

to the Zeper, and Zerep couplings, respectively.

Since we will want to distinguish electrons, muons, and taus in this chapter, I will for its
duration exchange the notation e; for #; to avoid accidentally giving the impression that
I am only talking about electrons. In this way, £; = er; + eg;, with £1 = e, fo = u, and

by =T.

4.2.1 Effective Field Theory
4.2.1.1 SMEFT

We will use SMEFT, and later LEFT, as our means of studying the Type-I and -III Seesaw

models. The SMEFT operators that these models match onto are found in the subset
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LsMEFT D {ij (Eg)(ﬁTL§) + Cep,ij(Lioc* erj)H By, (4.5)
+ CeI/V,z'j (Ea“”aaeRj)HW[}V + CeH,ij (HTH) (EeRjH) + h.C.}
< — < -
+ Oy (HID,H) (L Ly) + CfF), 5 (HUDGH) (Lo L),

and additional operators relevant to Higgsstrahlung, which will pick up non-zero coefficients
from RG running, are also listed in Table 4.2. In our convention the Wilson coefficients C;

are dimensional, and so for later convenience let us also define the dimensionless variants

C; = C; x TeV? (4.6)

for the dimension-six coefficients.

4.2.1.2 LEFT

To describe low-energy processes our EFT of choice will naturally be LEFT. The relevant

part of the LEFT Lagrangian for purely leptonic transitions is

Lrerr D Coclifia (G Prly) (v Puly) + CoE R (6" Prey) (Cky Prét) (4.7)

+ Cllga @ Puty) Oy, Prly) + [Cew‘j(&ﬂ " Pply) Fy + h-C-} )

while for semi-leptonic neutral current transitions we will need

Lrerr D Ol Gy Pot;) (@ Pra) + Clghiaiy (6" Pre; ) (@eyvu Prar) (4.8)
+ ORI @A™ PLts) (@ Prar) + Cooia (@Y Pra;) (Cevu PrA).

To obtain the LEFT Wilson coefficients for the Seesaw models we’ll use the software
package DsixTools [200; 201] to (i) run the SMEFT coefficients between the Seesaw scale
and the electroweak scale, yu = my, (ii) match the SMEFT and LEFT coefficients, and (iii)
run the LEFT coefficients to the low scale y = 5 GeV, at which point it is unable to run

further. Below this scale the running is dominated by QCD effects, and as there are no
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Coefficient Type-1 Type-I11
) 1 —1yT i —yT
C(%;w 2(YM Y )J 2(YM Y )]
L 1 Ay =1yt 3 Tan -1yt
Cf)L’” L(v(arinm) Y)ij 3 (vt Y)Z.j
3) 1 -1yt 1 A -1yt
CiLis L vty Y)ij L (vt Y)ij
Cen,ij 0 (Y(MTM)_1YTY6)ij
1 -1 1 -1
CeB,ij 167r2%1(Y(MTM) YTye)ij 16W2%<Y(MTM) YTYe)z'j
5 - 3 -
Covs = (YOO YY) gl (vrian - yiye)

Table 4.1: SMEFT Wilson coefficients obtained from matching the Type-I and Type-
IIT Seesaw models at the scale p = M [256-258]. In order to properly account for the
stringent bounds from the non-observation of lepton flavour violation, the electroweak
dipole operators C.p and C.y are matched to one-loop order, while all other operators
are matched at tree level.

sizeable contributions to quark operators in the Seesaw models we may assume that this
procedure captures the main contributions from RG running in LEFT, and that further
effects at lower scales do not appreciably change the results. A more detailed discussion is

provided in the appendix of this chapter, Section 4.A.

4.2.2 Seesaw Models
4.2.2.1 Type-1

The Type-I Seesaw model [14-18] augments the SM with n, right-handed sterile neutrinos
vri ~ (1,1,0), with

| B P
ﬁVR = TRiZaVRi — <YVZ‘J‘L1'I/RJ'H + iMijyf%iVRj + hC) . (49)

After electroweak symmetry breaking the masses combine into the matrix form

Ll N[0 m) (v
[,y mass — _5(1/[/ VR) <mT M) (VR> + h.C., (410)

where m;; = Yj;v/ V2 is referred to as the Dirac mass matrix, and M as the Majorana
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mass matrix. Matching this theory onto SMEFT at the scale u = M yields the effective
operators collected on the left side of Table 4.1.

4.2.2.2 Type-III

The Type-IIT Seesaw model [28] extends the SM Lagrangian with ny, right-handed weak
fermion triplets Y g; ~ (1,3,0), with

- _ -1
ﬁgR = ERiilDERi — (Y;jLiEaRjo-aH + iMZ‘jEC}%EaRj + h.C.), (4.11)

and in an identical manner to the Type-I model, neutrino masses take the form

1 — 0 m V¢
T Oc L
[«1/ mass — 9 (VL ER) <mT M) <2%> + h.C.7 (412)

where E%Z- = E?ﬁ- is the electrically neutral component of the triplet. The charged eigen-
states Zﬁ = (3% FiX%)/V?2 instead mix into the charged leptons. Matching this theory
onto SMEFT at the scale y = M yields the effective operators collected on the right side
of Table 4.1.

4.2.3 Conserved Lepton Number Symmetry

In this work we study symmetry-protected versions of the fermionic Seesaw models, wherein
a lepton number (LN) symmetry decouples the physics of neutrino masses from the phenom-
enology associated with the conservation of LN [173; 243; 253-255]. Without loss of
generality we may fix n, = ny = 2, with which we can generate two massive active neutri-
nos as required to explain the observed mass splittings from oscillation data. The heavy
fermion states are assigned 1 and —1 units of LN, respectively. After electroweak symmetry

breaking the Dirac and Majorana mass matrices may be respectively parameterised as

v v Yo v
2 n Y ’

mw_ﬂ(y ey)ij_\/i Ve ey (4.13)
Y, €Y

]
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and

(MM
Mij = ( M /mM)A,’ (4.14)
1]

where € and p1 2 are dimensionless parameters. The mixing of the SM neutrino v; with
vri (in Type-I) or %, (in Type-III) is captured by the dimensionless ratios

m;1 Y, v

R
M~ 2M

(4.15)

which are equal to the active-sterile mizing angles in the small-mixing approximation,
that is, if O((v/M)3) effects are neglected. (Note that these are not the mixing angles
appearing in the PMNS matrix, as those angles instead parameterise the mixing among
the active neutrinos.) For simplicity, I'll refer to 6. as the ‘electron(-flavour) mixing angle’,

or just ‘electron mixing’ for short, and so on.

In this parameterisation light neutrino masses are proportional to € and o, which break

LN:

my = f[MQYM—lyT —e (Y’M—lyT + YM—ly’T) } (4.16)

The limit pg # 0 and g = € = 0 is referred to as inverse Seesaw [246; 259; 260], and € # 0

and 12 = 0 is commonly known as linear Seesaw [261; 262].

Here we’ll adopt the LN-conserving limit € = u1 2 = 0 — that is, we’ll assume the textures

Yo 0
Yvij = YH 0 and Mij = (ZOW ](\)4> (417)
Y. 0

for both models. This results in massless active neutrinos and a heavy Dirac neutrino of
mass M. In this way, we neglect the phenomenological implications of LN violation, and

instead focus on LN-conserving effects.? That said, it is possible to relax the requirement

2Note that this also means that the parameters 6; can be treated as independent. If data
on lepton mixing and the hierarchy of neutrino masses is to be properly accommodated,
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that 1112 = 0, and with the help of Table 4.1 one can check that—as long as the contribution
of the Weinberg operator to the dimension-six operators via RG running can be neglected—
the only change compared to the LN-conserving limit is

02 _ 1+ i3 2

N L T 4.18
(14 pipo)? (4.18)

for each mixing angle in all of our formulae. As this does not meaningfully impact the

phenomenology, we will maintain the exact limit.

One may add a further singlet or triplet with vanishing LN such that

Yo 0 0 0 M 0
Y;j = YM 0 0 and Mij =M 0 0 5 (419)
Y. 00 0o 0 M

which supports three massive active neutrinos if one departs from the LN-conserving limit.

Still, the additional state trivially decouples from the phenomenology.?

4.3 Phenomenology

We shall choose the benchmark value M = 1TeV for the masses of the new interaction
states in our analysis. This is consistent with all performed direct searches for heavy neutral
leptons at colliders, see for instance Refs. [227; 265] for recent overviews. In Ref. [266], for
sterile neutrinos of a mass M ~ 1TeV the constraint |6.| ~ |6, < O(1) was derived via
a search for the signature of three charged leptons with any combination of electron and
muon flavours. Ref. [267] reports the constraint |0,|> < ©0(0.1) for TeV-scale Majorana

neutrinos based on a search for same-sign dimuon final states; see also Refs. [245]. The

the 0; exhibit non-trivial correlations [174; 263; 264].

3As is discussed in Ref. [173], the determinant of the full neutrino mass matrix also
vanishes in the (LN-violating) case p; # 0 and € = pg = 0, which however generally
guarantees only one massless active neutrino. One could also consider a vanishing Majorana
mass matrix and a completely general Dirac mass matrix, but this yields light Dirac
neutrinos and is not suitable for a study in SMEFT.
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bound My, > 910 GeV was derived in a recent study [56] which focuses on leptonic final

states and takes into account earlier ATLAS results.

In our phenomenological discussion we’ll consider the following observables:

o the relative shift Ao /o( in the Higgsstrahlung cross section from its SM prediction,

« the effective leptonic weak mixing angle sin? Hiitﬂp and the W boson mass myy,

e the ratios gl)f/e and 97)'(/u of leptonic gauge couplings as probes of lepton flavour

universality (LFU), and the ratios R(K/3) and R(V,s), and

o the branching ratios of the lepton flavour-violating (LFV) processes u — e7y, u — 3e,
T — ey, T — 3e, and the ratios of the y — e conversion rates over the muon capture

rate in different target nuclei.

The theoretical expressions for these observables in the fermionic Seesaw models are listed
in Tables 4.4, 4.5, 4.6 and 4.7 as functions of the mixing angles 0., 0,, 0,, as defined in
Eq. (4.15), for a matching scale y = M = 1TeV. While these expressions hold for complex
Yukawa couplings, they evidently do not depend on the phases of the mixing angles, and
so nothing is lost by treating them as positive real numbers. If effects from RG running in
SMEFT above the matching scale are neglected, one may naively interpret the results also
for a larger mass after appropriately rescaling the couplings. That said, to facilitate a less
crude analysis the relevant expressions derived from matching at the scale y = M = 10 TeV

are also provided and discussed in Section 4.3.5.

The following discussions are supported by plots in the 6.0, plane, as well as plots in
the 6.—6, plane for the LFU and LFV observables. (As the main objective of this work
concerns Higgsstrahlung, we are most interested in phenomenological effects related to
electron flavour, and hence have no need to view the 6,-6, plane.) The third mixing
angle is fixed to the benchmark values 6, = 1072 and 6, = 1075 these choices are
most transparently justified (at least for Type-III) by Fig. 4.7, which depicts the most

competitive constraints for both models. There are no appreciable changes to the resulting
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phenomenology if these values are tuned smaller or even zero, apart from the fact that the
LEFV bounds become weaker and eventually vanish. The exclusion regions in each of these
plots either reflect the current bounds at 2o for the electroweak and LFU observables, or

the upper limits on the LEV processes at 90% C.L.

4.3.1 Higgsstrahlung

4.3.1.1 SM Tree-Level Contribution

The tree-level differential cross section in the SM is well-known, and is given by [86; 268]

dog VA

2
dcos®  32ms? Mol (4.20)
where unpolarised beams are assumed, with
s g ? Asin? 0
Mol* = (g2 + o3| 225 ) (1 4.21
| Mo| 2(9L+9R) S_mzz + 88m2Z ( )

the spin-averaged invariant matrix element. Here g7z, = gamyz/cosb,, 0 is the angle

between the incoming electron and outgoing Z boson, and

A= (s —m% —m3)? —dm%m} (4.22)
is the relevant Kéllen function. The corresponding integrated cross section is

2
0 v (77 + %) <S‘Q_Z7Z£2 ) (1 + A). (4.23)

- 327s A 12$m22

The dependence of o on /s is depicted in Fig. 4.1. It peaks around a centre-of-mass

energy of /s ~ 245 GeV.
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Figure 4.1: The tree-level cross section for the Higgsstrahlung process in the SM as a
function of the centre-of-mass energy +/s.

4.3.1.2 Corrections in SMEFT

Including corrections from new physics gives

do vV

dcosO  32ns2

(IMof* + 8| Mo[? + 2Re MEM, ). (4.24)

where §|Mo|? denotes the effect of parameter shifts in SMEFT to the tree-level cross
section, as discussed in Section 3.2.1 of the previous chapter, and 2Re M{M; is the
interference term of the tree-level amplitude with corrections from new operators. The

explicit result reads

A do _ do _ dog
dcos® = dcosf dcosé
hy ) § § >
_ \f2 o 29221 | 9L géJrggz 9R Mo|? + gZZthdiFi 7 (4.25)
327s 9727h 91 + 9% 2 =

where the parameter shifts and coefficients d; are presented below, and the form factors

F; may be found in Ref. [86].

Integrating over cos 6, the full resulting fractional shift for the cross section is
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A ) SgL + gro v
29 _ o[ 29220 4 gL gg 9}2% IR i Zdifi- (4.26)
00 9zzh 91, + 9% 9zzh ;=

Here the parameter shifts in the (o, mz, Gp) input scheme are

J 1 1
ggZZZZ: = v (CHD + ZCHD - \/§5GF), (4.27a)
5gL o 1 2 ~

1 1 3
- §U22F (Cg-l)L,ll + CL)L,H)?
dgr sa,

2 Cw ~ 1 9
T —ayr(\4C C 225Gy ) — 2020 497
97 4(C%U_S%U)UT( 50 wwB + Crp +2V2 F) 5V Cre1, (4.27c)

with the shorthands s, = sin,, and ¢, = cosf,,, and we recall that

A 1 3 3 1
0GF = 7 (CL)L’H + 022722) — Tﬁ(CLL,le + CLr2112) (4.28)

from Chapter 3. The integrated form factors f; are

(s +m% —mj)

S
= 12m?% 4.29
fo "z 128m2Z +x ( 2)
2 2 _ .2
f3 — _12€m2Zg§ + gl; (S mZ)(S —; mZ mh) , (429b>
9; + 9% 12sm7 + A
291, 2
fi=——""5(s—m7%), and (4.29¢)
g% + 912%( Z
29R 2
fs = 5—=(s —m7y), (4.29d)
g+ 912.-{( 7
and their corresponding coeflicients d; are
do = 4(8121)01{3 + SwCcwCrwB + C%UCHw), (4.30&)
d3 = —45,cCrp — 2(c2 — s2)Crwp + 48wcuwCrw, (4.30D)
dy = —gZ(C'g)L11 + C};’)L’H), and (4.30c¢)
ds = —9zCHe 1. (4.30d)

The diagrams giving rise to the d;’s are depicted in Fig. 4.2. Note that d; and f; are
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(d1), d2 ds dy, ds

Figure 4.2: Diagrams with effective vertices contributing to Eq. (4.26).

Ouw | HHHWS, War Oun | (HTH)O(HTH) oW . | (H'D,H) (T L)
) X < _
Oup | H HB,,, B" Onp | (H'D,H)*(H'D*H) || 0% ., (HTilg:jH)(Lia“WLj)
Onws | H'o®HW,B* || Oppiji | (Liv"L;)(LiyuLr) Oue,ij | (H'D, H)(€riv"er;)

Table 4.2: Dimension-six SMEFT operators in the Warsaw basis [198] which enter the
correction to the Higgsstrahlung cross section.

absent here, as unlike Ref. [86] I elect instead to absorb their contribution into dgzzp,. The
dimension-six SMEFT operators which constitute these corrections are listed in Table 4.2.

We note that the d;’s are zero at tree level in the Seesaw models, apart from d4 in Type-III.

4.3.1.3 Discussion

The programs of the proposed next-generation lepton colliders include runs as Higgs
factories at a centre-of-mass energy of /s = 240 GeV (CEPC, FCC-ee) or 250 GeV (ILC),
and as scans of the ¢¢ production threshold in the range /s = 350-380 GeV. Measurements
of the Higgsstrahlung cross section are foreseen at both stages for all collider proposals
we consider, apart from CLIC which is envisioned to directly run at /s = 380 GeV in its
initial stage. Therefore, we evaluate the relative shift Ao /og of the Higgsstrahlung cross
section, as given by Eq. (4.26), at /s = 240 GeV and 365 GeV. Regarding the precision of
the measurement, we take the two benchmark values of 0.5% and 1.0% for /s = 240 GeV,
and 1.0% for /s = 365 GeV. This is representative of the results of several analyses of the

attainable precision, which are collected in Table 4.3.

The shifts in the cross section as functions of the mixing angles are listed for both Seesaw
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Collider  Liy [ab™']  Z-decay final states /s [GeV] Precision

20 00—, qq, v 240 0.267% (70

CEPC 49, Y % (70

0, qg, vp 360 1.4% [70]

AN/ 240 0.5% |78

FCC-ee % [78]

1.5 0o, qg, v 365 0.9% [78]

1.35 oo 250 1.1% [269)
ILC  0.115(0.5) ¢+ (qq) 350 5% (1.63%) [269; 270]
1.6 (0.5) e (qq) 500 2.9% (3.9%) [269; 271]

CLIC 0.5 00, q7 350 1.65% [242]

Table 4.3: Forecast (statistical) precision of measurements of the Higgsstrahlung cross
section at different proposed next-generation colliders. The third column gives the Z-
decay final states taken into account in the respective analysis; £T¢~ always implies both
Z — ete” and Z — pTp~. For the results from Ref. [269] a polarisation (P,-, P+) =
(—80%, +30%) is assumed; still, this changes the expected Higgsstrahlung event rate by at
most 50% compared to unpolarised beams [242; 270]. No polarisation is assumed for the
ILC precision for /s = 350 GeV and hadronic Z boson decays in Ref. [270], wherein an
attainable precision of 1.76% for polarised beams and an integrated luminosity of 0.35ab ™!
is reported as well.

Type-1 Type-II1
Ao /og (240 GeV) 0.95 (0> +1.1010,,|> + 0.0216-]* 27.59]0.* — 1.08|0,,|> — 0.01 |6, |?
Ac/og (365GeV) 0.87 (0% +1.1210,|> + 0.0410.]* 66.15]0.]* — 1.096,,|> — 0.01 |6, |?
Ao /oy (500 GeV) 0.80 |6,|? +1.1416,|* + 0.05 |60,> 126.39|6.* — 1.106,* — 0.01 |6, |?

Table 4.4: Shifts of the Higgsstrahlung cross section at different centre-of-mass energies in
terms of the mixing angles, when M = 1TeV. For the sake of comparison, the shift for
the larger centre-of-mass energy /s = 500 GeV is also shown.

models in Table 4.4, and are depicted in Fig. 4.3. The red areas of the plots indicate
parameter regions where the shift Ao /og is smaller than our precision benchmarks. To
stand a chance of observing a deviation from the SM prediction at a next-generation collider
we therefore require that the mixing angles lie outside these regions. The purpose of the
next sections, in which we analyse the constraints imposed by the electroweak observables
and probes of LFU and LFV, is to determine how much of these exterior regions are

available.

Before this, however, let’s take a moment to understand why these regions are the way
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Type-I Seesaw: 6, = 1072 Type-11I Seesaw: 6, = 1072
0.14f 1 0.14}
0.12f : 0.12f
0.10F ] 0.10f -+
. 0.08 {1 < 008f
5 “, &)
0.06f 1 0.06
0.041 ] 0.04f
0.02f [ ] 0.02}
0,008 0.00b T
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
o, [

Figure 4.3: Projected sensitivities of precision Higgsstrahlung measurements. The red-
ruled regions indicate |Ao/o| < 0.5% at /s = 240 GeV. The dot-dashed and dotted red
lines are the corresponding 1% contours at /s = 240 GeV and 365 GeV, respectively.

that they are. To aid in the following discussion, let us write

(4.31)

A A

Ao J0.90CY)  +0.77CH) |~ 0130, at /s =240 GeV
2.00CY) 1, +196CF) |, —0.13C%) ,, at /s =365GeV

g0

where the Wilson coefficients are evaluated at p = /s, respectively, and as a reminder,
the dimensionless Wilson coefficients are defined by C = C x TeV?. These approximate
expressions deviate from the exact results, presented in Table 4.4, by at most 5% in either

model.

As the couplings of the Z boson to charged leptons are not directly altered at tree level
in the Type-I Seesaw model, o(ete™ — Zh) is predominantly modified via the shift in
the Fermi constant, Eq. (4.28), which enters through the shifts dgzzp, dgr, and dgr in
Eq. (4.27). While the contributions of electron and muon mixing are of fairly similar
magnitudes, Ao /oy turns out to be slightly more sensitive to the latter. This is due to a
partial cancellation of the coefficient ds in Eq. (4.30c) (which acquires a non-zero value
from RG running) against the dominant contribution from the Fermi constant for electron

mixing. As the corresponding form factor f; scales with s, the resulting sensitivity to
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electron mixing shrinks even further at higher energies. If sterile neutrinos are to be
searched for via precision Higgs measurements, we therefore do not expect running a

next-generation lepton collider at higher centre-of-mass energies to reveal much for Type-I.

On the other hand, the charged states % in Type-III Seesaw induce the effective four-
point interaction Z’y“PLﬁZuh at tree-level through their ¢-channel exchange, resulting in
a sizeable contribution to d4. This generates a very pronounced sensitivity of the ratio
Ao /og to electron mixing which approximately scales with s. Consequently, if enough
luminosity can be attained to compensate for smaller statistics, fermion triplets may well
be searched for in Higgsstrahlung measurements at larger centre-of-mass energies. While
the contributions from electron mixing could in principle be (partly) cancelled by large
muon mixing, we will however find that this scenario is tightly constrained by existing
phenomenological bounds. From Table 4.4 one can immediately deduce that if only electron
mixing is sizeable, a minimal shift of Ao /oy > 1% for /s = 240 GeV requires |0.| 2 0.019,
whereas |0.| 2 0.013 is sufficient for a shift of 0.5%, or if /s = 365 GeV is considered

instead.

4.3.2 Electroweak Sector

When (o, mz, Gr) are used as electroweak inputs, the W boson mass myy and the (squared
sine of the) weak mixing angle s2 = sin?6,, become predicted quantities, and direct
measurements of them function as precision tests of the SM. The fact that my and s2,
receive shifts in SMEFT means that we may appropriate these measurements to place

constraints on the parameter spaces of the Seesaw models.

4.3.2.1 Weak Mixing Angle

In accordance with the parameter shifts recipe outlined in Section 3.2.1 of the previous

chapter, the weak mixing angle receives the modification (see e.g. Ref. [191])
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552 = ngjza v <;CwaCHD +Cuwp + \/ichw(SGF), (4.32)
where the shift in the Fermi constant G is defined in Eq. (4.28). There are numerous
ways to extract the weak mixing angle from data; the most precise determination is that
of the effective leptonic weak mizing angle 31207 of = sin? (Hfitﬁ) at LEP [272], achieved via
measurements of the left-right asymmetry factor

9i — 9% _ _2(1—4s3)
g7 +9% 1+ (1—4s2)2

A= (4.33)
Apart from the general shift in Eq. (4.32), we must also take into account the fact that
a modification of the Z couplings to charged leptons will directly affect the extraction of

from A;. Incorporating the ‘direct’ shifts to these couplings,

w Jeff
1 1
g%“ij“ igzv% (Cg%,7ij + C}?z,ij) and 6gdlreCt = —5922}%0]{6’”’, (4.34)
we find
1ds2 [0Ar & 3./4g

2 2 2 w dlrect dlrect

= ) ——= = dg 09%R 4.35
Sw,eff sw,SM + Sw + 3 dAe <3gL ; gr Ji1 Z ( )

3
~ 52 +0.020(CF) 1+ 7o, ) - 00052( + 1)

where the right-hand side is evaluated at the scale 4 = myz. Contributions from Cp. are

1)

not sourced at tree level in either Seesaw model, and so the shift is dominated by CfLIL

and CS’)L

4.3.2.2 W Boson Mass

The shift incurred by my in SMEFT is [191]

2
omyy

1 2 2 2 ¢A
T e Lt (4cwsuCrws + ACrp +2v25%,6Gr), (4.36)
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ELECTROWEAK SECTOR

Observable SM prediction Measurement
sinQ(Giffﬂr) 0.231534 + 0.000030  [273] 0.23153 £ 0.00026 [272]
my [GeV] 80.356 + 0.006 [274] 80.377 £0.012 [274]
Shift Type-1 Type-I11
852, —0.157(16c|? +10,1%) +0.003]0,2  0.017(|0c|* + |6,]?) — 0.143 |6, |?
dmw [GeV]  8.24(|0|> +10,,*) — 0.13 |0, —8.51(|0c|? + 10,]) — 0.13 |6,

Table 4.5: SM predictions for and current measurements of the electroweak observables
considered in this work, together with approximate expressions for their shifts in terms of
the mixing angles. The W boson mass listed by the Particle Data Group [274] corresponds
to the mass parameter in a Breit-Wigner distribution with a mass-dependent width. The
SM prediction for the effective leptonic weak mixing angle is taken from Table II in
Ref. [273]. The model predictions are obtained from matching onto SMEFT at the Seesaw
scale y = M = 1TeV and running to the electroweak scale p = mz.

which approximately evaluates to

mw & mwsm — 1.05(C) 1+ Cf) 5, ) GeV (4.37)

at the scale p = myz. With Cywp and Cgp not induced at tree-level in the Seesaw models,

the largest correction to myy is due to the shift in the Fermi constant.

4.3.2.3 Discussion

The expressions obtained for 55121} off and dmyy in terms of the mixing angles are listed in

Table 4.5, and the constraints arising from these observables are illustrated in Fig. 4.4.

For Type-I Seesaw we immediately notice that the prospect of an observable shift to the

2

offy With a

Higgsstrahlung cross section is in direct conflict with the determination of s
0.5% shift at /s = 240 GeV suffering from a 2.90 tension, and a 1% shift excluded at
~ 60. While this tension can be reduced by turning up 6, (see the expression in Table 4.5),
LFU constraints discussed in Section 4.3.3 below preclude this from occurring. Thus, we

can already conclude that the Type-I Seesaw model is unlikely to be a viable minimal
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Type-I Seesaw: 6, = 1072 Type-11I Seesaw: 6, = 1072
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Figure 4.4: Current constraints from electroweak observables at 20, in comparison with
projected sensitivities of precision Higgsstrahlung measurements. The red-ruled regions
indicate |Ac/o| < 0.5% at /s = 240GeV. The dot-dashed and dotted red lines are

the corresponding 1% contours at /s = 240 GeV and 365 GeV, respectively. For Type-I
Seesaw, the dashed orange line marks where the current experimental world average for
myy is exactly accommodated, and in the orange-ruled region the CDF measurement [275]
is explained at 20.

SM extension that can be probed in precision Higgs measurements, unless a significant

reduction of the statistical uncertainty of these measurements can be attained.

In Type-III Seesaw, the direct contributions to the leptonic gauge couplings largely cancel
against the shift from the Fermi constant in ds2, for both the electron and muon flavour;
see Eq. (4.35). As a result, 3121] of acts as a rather weak constraint on the Type-III model,

and is in fact most relevant for tau-flavour mixing, implying |6, < 0.06 at 20.

The existing tension between the SM prediction for the W boson mass my, and the larger
experimental world average is however exacerbated in Type-III, leading to a much stronger
constraint. In contrast, as C’S)L is induced with equal magnitude but opposite sign in
Type-1, it offers to alleviate the existing tension; if uncertainties are ignored, the current

world average is reproduced for /|0¢|? + [0,]?> =~ 0.051, and the CDF measurement [275]
for \/]0c]? 4 10,]? ~ 0.097. A detectable shift in o(eTe™ — Zh) could in principle only be
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induced in the latter case.

Testing the Type-III Seesaw model via Higgsstrahlung measurements is generally compati-
ble with the current constraint arising from myy, though it disfavours a detectable shift due
to muon mixing, and preferring instead contributions from electron mixing. The bound
from my can be expected to become more competitive when the CDF measurement is

included in the experimental average in the future.

4.3.3 Lepton Flavour Universality

In the absence of neutrino masses—and hence the PMNS matrix—in the SM, the W
boson couples with equal strength to each charged lepton and neutrino — a feature known
as lepton flavour universality (LFU). Since we know neutrinos do in fact have mass,
probes of LFU offer a fertile testing ground for BSM physics. These probes take the form
of ratios of decay rates such as

I'(m — pvy)

I'(r— eve)’ (4.38)

which, if kinematical factors and subdominant loop corrections are accounted for and

removed, should be exactly equal to 1 unless LFU is violated.

LFU violation manifests in SMEFT through the operator OS’)L, which modifies the W /v

coupling to

92 2 ~(3 A —
LD ﬁ ((51] + UTCJ(LI)L,ij)EiW PLI/]‘ + h.c. (439)
In leveraging this against measured LFU ratios, we may place our second set of constraints
on the parameter spaces of the Seesaw models. The ratios we will consider are those
derived from the leptonic decays m — fv, K — fv, and 7 — fvv, and from (semi-)leptonic

decays relating to the CKM matrix element V.
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4.3.3.1 Ratios of Leptonic Gauge Couplings

Our first LFU ratios are those of the leptonic gauge couplings [276; 277],
x _ (9)¥ 2 ~(3) 2 ~(3) A(3) _ A®)
Gije = (ge) ~1+v7Chp 99 —v7Chp 1 = 1+0.06 ( HL22 ~ CHL,11> ;o (4.40)

as extracted from*

Goye < r , (4.41)

as well as

X
9r A(3 A(3
o, = () 2 140,06 () 4y — CE) ). (1.42)

extracted from

(
9, FE (4.43)
(

The measured values and model predictions for these ratios are presented in Table 4.6,
with the exception of gx[; .» Which is omitted as it leads to weaker constraints than the

other g, /. ratios.

In our Seesaw models the predicted deviation of these LFU ratios from 1 is at leading order
proportional to +(|6;]? — |0;]%), with the sign depending on the model, and the derived
constraints therefore give rise to hyperbolic contours in the 6;~6; planes. If the data favours
a ratio to be, say, smaller than 1, predicting it to be larger than 1 will clearly lead to a

tighter constraint. This then translates into one of the mixing angles being slightly more

4As the dominant BSM contribution to these decays is due to the interference with
the leading SM amplitude, we only need to consider final state neutrinos whose flavour

matches that of the charged lepton — that is, we only need the diagonal entries of CS)L
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LEPTON FLAVOUR UNIVERSALITY

Observable Measurement Model prediction
e 1.0010 £0.0009  [278]
¢ 1.0017 £ 0.0016 278
Juse 278} 14 0.48(|6.]2 — 6,[2)
9ne 0.9978 £0.0018  [278]
R(Ky3)  1.001295 £ 0.002891  [279]
,, 0.9965 4 0.0026 278
Ir/u [278] 1+ 0.48(16,/% — 16,]?)
9/, 1.0011 £0.0014  [278]
R(Vys) 0.98898 4+ 0.00606  [274] 1+ 0.47|6.|* & 8.80(,,|*> F 0.04]0, |

Table 4.6: Current constraints on and model predictions for the LFU ratios taken into
account in this work. For R(V,s), the given experimental value refers to the case of
Ny = 24141 dynamical quark flavours in the lattice simulations from which the relevant
decay constants are extracted. The case of Ny = 2 + 1 quark flavours gives rise to a less
competitive bound [274]. The model predictions are obtained from matching onto SMEFT
at the Seesaw scale p = M = 1TeV and running to the electroweak scale ;x = myz. In the
rightmost column, the upper sign refers to Type-1 Seesaw, and the lower sign to Type-III
Seesaw.

strongly bounded than the other one, with the roles reversed in the other Seesaw model.
As a result, if the contribution from a specific mixing angle accommodates the data well

in one model, the other model will necessarily increase the tension with the SM.

4.3.3.2 Light Quark Mixing

Our remaining LFU ratios are those of the CKM matrix element Vs extracted from the
semi-leptonic kaon decays K3 = K — muv and K.3 = K — mev, the leptonic kaon decay

K,2 = K — pv, and nuclear beta decay 3 = n — pev:

VuIS{HB ’U,IS<N2
R(Kyp) = o and R(Vys) = 5 (4.44)

The dependence of R(Ky3) on new physics is identical to that of 9, Je and gff/e, of which

both can similarly be viewed as CKM ratios, with gff/e being commonly denoted by R(Kys).
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The ratio R(Vys), on the other hand, is a special case deserving of additional attention.

To understand it, we note that the decay rate for K — pv in the SM is

[(K — uv) = A|V,|*G%, (4.45)

where A contains all other factors; the CKM element Vs is then extracted as

[ T
F

In SMEFT, the decay rate is modified to

(K — ) = AlVus2GE (1 + 203CF]) ) (4.47)
= A|V,s|*G% (1 + 20208 L — 25GGF> (4.48)
’ F

where the CS’}J o9 is due to the new direct contribution, Eq. (4.39), and in the notation of
the previous chapter (see Table 3.2 for a reminder), the Lagrangian parameter G relates
to the measured value of G F by Gp = G F— 5G . This being the case, the extracted value

of Vs is actually®

K r 3 5@1?
Vs =\ [ = Ve (1 +03CL) 0y — GF> (4.49)
F

Similarly, beta decay results in
3 5Gr
Vo=V (1 +02CH) 1~ Gp> , (4.50)

and through unitarity of the Lagrangian CKM parameters, it translates to

Vud 2 3 (5@}7
VE =1 VA2 — Va2 ~ Vi [1 — (V ) <W%C§{)L’H i (4.51)

Bringing the two together then gives the ratio

°This result is reproduced by the general formula of Eq. (3.52) upon identifying
Ky
(Vus)SMEFT = Vs and (Vus)SM = usl2-
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As is explained in Ref. [276], wherein the ratio was originally proposed, a crucial feature of
R(Vys) is the enhanced sensitivity to new physics due to (Vyq/Vus)? ~ 20. Experimental
data favours the ratio to be smaller than 1 with a significance between 1o and 20, depending
on the number of quark flavours assumed for the calculation of the relevant decay constant;

see Table 4.6.

4.3.3.3 Discussion

The constraints arising from LFU ratios are illustrated in Fig. 4.5. In Type-I Seesaw,
the prospects of an observational shift in the Higgsstrahlung cross section are once again

at odds with the data, with R(V,s) acting as an even stronger restraint on the available

2

parameter space than s;. The next-to-most competitive bounds on electron and muon

mixing respectively arise from gff/ . and gz Je-

In the case of Type-III Seesaw, the most important constraints stem from 9, Je and R(Vys),
which demand |6 < 0.04 and |0,| < 0.05 at 20, respectively. In a vein similar to my, the
bounds from gﬁ(/e and R(V,s) both constrain muon mixing efficiently enough so that no
appreciable cancellations of the contributions to Higgsstrahlung from electron mixing can

occur.

As can be seen in Fig. 4.5b, LFU data constrains tau mixing to |#;| < 0.06 for either
Seesaw model, which arises from gf I in Type-I, and g7 I for Type-III. These constraints
can in principle be weakened if |6, is more sizeable; still, large changes are only observed
for ©(0.1) muon mixing, a scenario which is nonetheless excluded by other observables.
While the contributions to R(V,s) from electron and tau mixing may cancel, this does not

open up parameter space in Type-I, as tau mixing itself is too constrained.
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Type-I Seesaw; 6, = 1072 Type-III Seesaw; 6, = 1072

logy(6) log,(6.)
(a) LFU constraints in the §.-6,, plane.
Type-I Seesaw; 0, = 1076 Type-III Seesaw; 0, = 1078
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(b) LFU constraints in the 6.6, plane. To avoid clutter, subdominant constraints like the one
from R(K,3) are not drawn, but their locations may be inferred from the above plots.

Figure 4.5: Current constraints arising from LFU ratios at 20 in comparison with projected
sensitivities of precision Higgsstrahlung measurements. The red-ruled regions indicate
|Ac/o| < 0.5% at /s = 240 GeV. The dot-dashed and dotted red lines are the correspond-
ing 1% contours at /s = 240 GeV and 365 GeV, respectively.
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Further LFU ratios not contained in Table 4.6 deviate from the SM prediction by close
to 20 and thus present moderate anomalies in themselves, see Ref. [278]. Explicitly, gf/ u
is measured to be smaller than 1, while gf Je and gZ‘je exceed the SM expectation. If the
models under consideration are to accommodate the data on gf_(/#, one requires |0 > [0,
for Type-I Seesaw, and vice-versa for Type-III Seesaw. The restriction [0,| > |6-| is
unlikely to be satisfied in Type-III for scenarios which are testable via Higgsstrahlung
measurements, as a large Ao /oy induced by electron mixing demands muon mixing to
be very small due to the bounds arising from LFV, as we will see in the next section.
Similarly, the other two ratios necessitate that tau mixing substantially exceeds electron
mixing in Type-III — a similarly unpromising scenario, particularly in light of the bound

on BR(7 — 3e).

4.3.4 Lepton Flavour Violation

For our next set of constraints we turn to a particularly potent probe of BSM physics: that
of lepton flavour violation (LFV). The premise behind LFV searches is found in the
fact that lepton flavour is conserved in the SM on account of the three U(1),, symmetries,’

which take

Li —e%L; and ep; — e%ep, (4.53)

or equivalently

0 — %0 and vy — €%, (4.54)
Much akin to LFU violation, the observed neutrino masses and mixings signal that these
symmetries are in fact violated, meaning it should in principle be possible to observe flavour-
violating decays such as u* — e*yor 7~ — e"e~et (or 7 — 3e for short), or the conversion

of muons to electrons in scatterings with nuclei. As is generically the case for models of

6Though these symmetries are anomalous [122; 157; 158], the consequent rate of flavour
violation in the SM is unobservably small [280]. The partial baryon-minus-lepton numbers
B/3 — L; are better symmetries, but this strays beyond relevance to the present discussion.
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LEPTON FLAVOUR VIOLATION

Experiment Model predictions
Observable
Current bound Future reach Type-1 Type-111
BR(p—ey) 42x1071 [282] 6x 107! [283] 0.82x 107260,/ 1.27 x 1072 6.6,,|*
BR(p—3e) 1x107'2 [284] 1x107'¢ [285] 0.14 x 1072160.0,|? 0.72 6.6,
CR(p —e; Au)  7x 10713 [286] — 0.04 x 1072 |6.6,,|? 27.1160.6,,|*

. 2.6 x 10717 [287] s ) )
CR(p — e; Al — 8% 10-17 [agg] 015 X 107 [0l 6.716.0,,]

)
CR(p—e; Ti) 6.1x 1071 [289] O(107'%) [290] 0.18 x 1073 0.6,.|? 13.510.0,|?
CR(p —e; Pb) 4.6 x 107 [291] — 0.02 x 1073 6.0, |2 20.3(0.6,,|2
CR(p—e;8)  7x1071 [292] — 0.21 x 1073 6.0, |2 6.410.0,,|2
[
[

[t

BR(T —ey) 33x107% [293] 9x107% [294] 0.15x 1072 |6.0,|> 0.23 x 1073 0.0,|2
BR(T — 3¢) 2.7x1078 [295] 4.7 x 10710 [294] 0.02 x 10736.0, |2 0.1310.0-]2

Table 4.7: Current and projected constraints on the LFV observables taken into account
in this work, together with the model predictions. The current bounds hold at 90% C.L.
The future reach listed for BR(u — 3e) refers to Phase II of the Mu3e experiment; an
initial sensitivity of BR(u — 3e) < 2 x 1071 is expected after Phase I. The upper (lower)
value listed for the future reach of CR(u — e; Al) refers to COMET (Mu2e). The model
predictions are obtained from matching onto SMEFT at the Seesaw scale y = M = 1TeV,
running to the electroweak scale u = myz, matching onto LEFT and running to the low
scale p =5 GeV.

neutrino mass generation, the Seesaw models predict sizeable rates for these flavour-
violating decays and scatterings, and the to-date non-observation of these processes thus
imparts stringent bounds on their parameter spaces. These bounds will likely be further
refined in the near future due to several ongoing or upcoming experiments — see Table 4.7.
Since our focus is on the comparison with the sensitivities to the Higgsstrahlung process
at colliders, we restrict ourselves to observables involving electron-flavoured transitions.
A comprehensive investigation of LFV effects in the symmetry-protected Type-1 Seesaw

model can for instance be found in Ref. [281].

In SMEFT, LFV manifests through the off-diagonal entries of Wilson coefficients such as
CS)L and CS)L Since the scales involved in the flavour-violating processes we consider are
far removed from the electroweak scale, it is however more appropriate to discuss them in
terms of LEFT operators. The explicit matching conditions between SMEFT and LEFT

used in this section can be found in Section 4.A in the appendix of this chapter.

7



Riding the Seesaw: What Higgsstrahlung May Reveal about Massive Neutrinos

4.3.4.1 Radiative Charged Lepton Decays

The branching ratios for radiative flavour-violating charged lepton decays read [296]

3

my.
BR(G = £7) = 11 (ICeris? + [Cerail?) (4.55)

with the full decay width I'y,. With the matching of SMEFT onto LEFT and the RG

running accounted for, this approximately evaluates to

6] . 5(3) A1) 62
BR (st — e7) & 7117 x 10°|C 12 = 0.55 Comnz + (177 CY) 1, — 048 Cy) 1) 1075 and
N N N A 2
BR(7 — ) ~ 0.004 x 10°|Cep 13 — 0.55 Cawas + (29.69 C) 15 — 81283 15) 107
(4.56)

in the Seesaw models, where the SMEFT Wilson coefficients are evaluated at the elec-
troweak scale = myz. In both models the one-loop matching contributions to the
electromagnetic dipole operator 0., from the electroweak dipole operators O.p and Oy
are of the same order of magnitude as the contributions from OS)L and OS’}: which originate

from RG running; see also Eq. (4.63) in the appendix.

4.3.4.2 Trilepton Decays

The branching ratio for trilepton decays with identical flavours in the final state is given

by [297]7

5
_ my. 2 2 2 2
BR((; — (;0;0;) = ST6r T, [64 ]Cevegfjj\ + 64 \Cevef}f;j\ +38 \Ceveggj] +8 \CVL;;

256e2 [ mZ 11 g
= (m—5 - =) (|c¥
i mi ( B m%j 4 (‘ .

— 2 Re [ (4CHEE, + CYLE) Gt + (1CLRE + CYEE) C“H'

"oz

2) (4.57)

me, €e,jtyJ €e,jvyj €e,jtyj €e,J1J ey

7

See also Refs. [296; 298] for earlier work. In the case of 7 decays, we should not expect
significantly stronger constraints if some of the final state electrons are swapped for muons.
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In Type-III Seesaw, these decays are dominated by the vector operators OY./% and QY 11t

which receive large contributions in the tree-level matching onto SMEFT, and then onto
LEFT (see Section 4.A). By neglecting all Wilson coefficients apart from CeVeLﬂLN and
Ce‘éfj%j, we thus find

BR(1t — 3¢) ~ 1.2 x 1074 {64 10.27(C) 1+ Ci) 12) ]2 +80.49(Cp) 1o+ CF o) ﬂ

and

BR(r — 3¢) ~ 0.2 x 1074 [64 0.27(Cl1) 15+ Ol 1s) ‘2 +8]0.49(Cl 15+ CliL1s) ﬂ
(4:59)

where the SMEFT Wilson coefficients on the right are evaluated at the scale 4y = mz. In
Type-I Seesaw, the above combinations of coefficients are zero at the matching scale, and
only depart from zero at u = mz due to RG running. In this case, the branching ratios
are relatively more sensitive to the contributions from the electromagnetic dipole operator

Oe, and the above approximations are only accurate to about 20%.

4.3.4.3 p — e Conversion in Nuclei

Our third probe of LFV—the conversion between lepton flavours in scatterings with
nuclei—enters the murky world of nuclear physics, where many complicated effects become
important and the physics is often best expressed in terms of various form factors. For-
tunately for us, as the scalar and gluon operators are suppressed in the fermionic Seesaw

models, the u — e conversion rate in nuclei takes the simple form [299; 300]

2 2

Cr n
o Eap gy v ao

Ce N (1) 1 (n
Weony = _ﬂD + gép&‘/(p) +g(L\3V( ) 5
my,

2my,

where the overlap integrals D, V®) and V(™ can be found in Refs. [299; 301], and the
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effective coupling constants are

g(p\)/ =2 (C¥L1L211 ;Zngll) + ( etz + Cedian ) (4.61a)
~ VRR COVER | VLR

g\)f = (Ceu 11+ Cle 1112) + ( ed,1211 + Ce 1112) (4.61D)
g R

g(L\} = (CZLLIIQ/II + CeuL1211) +2 ( caisn +Codini), and (4.61c)
~ VRR LR
G = (Ceu 1211 Cue,1112) + 2 ( S+ Cde,1112) ; (4.61d)

see Section 4.A for approximate matching expressions.

We are interested in the conversion ratio CR(u — €), defined as the ratio of the u — e
conversion rate wWeony Over the muon capture rate weaps. Using the values for weapt given

in Refs. [299; 301], the conversion ratio in the Seesaw models approximates to

5.87

5
CR(p—e) =~ (gg\‘/> 1.16 % x 10° (4.62)
921.54
0.0396
X [2 (CXJLlLQH + Ceu 1211) (CXiLljil Ced 1211) ] 0.0974
0.0161
0.0468 )|
+ [ (CLEsu + CYHEL) +2 (CYlB + ClEEL) [} 0146 3
0.0173

where the Wilson coefficients on the right are evaluated at the low scale p = 5 GeV, and
where the upper, middle and lower entry in the braces refers to a titanium (Ti), gold (Au)
and aluminium (Al) target, respectively. Though the predictions for the conversion ratios
for lead (Pb) and sulfur (S) are also featured in Table 4.7, we can infer that the current
bounds from these elements do not impose relevant constraints. As is reflected by the above
approximation, y — e conversion is dominated by contributions from left-handed vector
operators in both Seesaw models. This is evident in Type-III where these contributions
are sourced at tree level, but also holds in Type-I. The electromagnetic dipole operator

Ocy plays a subdominant role in both models.
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4.3.4.4 Discussion

The current and projected constraints due to the non-observation of LFV are pictured
in Fig. 4.6. For both Seesaw models, these constraints impose a pronounced hierarchy
between |0.| and |6,| if we wish to have an observable shift in the Higgsstrahlung cross
section (though of course this is not so relevant for Type-I, where such a scenario has
already been ruled out by earlier considerations), as well as a slight hierarchy between |6,|

and |0;].

In Type-I Seesaw, the most competitive bounds currently arise from pu — ey and 7 — e.
Future measurements of BR(u — 3e) and CR(u — e) are expected to improve the 6.,
bound by two orders of magnitude, while more precise measurements of BR(7 — 3e) and
BR(7 — e7v) will likely improve the 6.—6,; bound by less than an order of magnitude.
Interestingly, the LFV bounds for Type-I shuffle around when the Seesaw scale is raised
on account of the fine-tuned manner in which the model predictions depend on the RG
running of the SMEFT operators — for example, CR(u — e; Au) is tremendously enhanced
when M = 10TeV. A lucid discussion of this effect can be found for instance in Ref. [302],

and we will also have more to say in Section 4.3.5.

In Type-IIT Seesaw, the bounds from BR(u — 3e¢) and CR(p — e) are stricter than that
of BR(u — e7) due to tree-level contributions to the respective pertinent operators, and
T — 3e is similarly more competitive than 7 — ev. (In fact, the projected sensitivities of
BR(u — e7y) and BR(7 — e7) cannot even be expected to supersede the current bounds.)
The strongest current bound on .-, mixing, from ;1 — e conversion in gold, enforces the
hierarchy [0,,/0.] < 1073 for an observable shift to Higgsstrahlung, and if u — 3e and
[t — e conversion in aluminium are not detected by the Mu3e and COMET experiments,
respectively, then the required hierarchy may increase to |6,/0.| < 107°. In a similar vein,
the limit on |0-| may be strengthened by an order of magnitude if 7 — 3e is not observed

by Belle II, necessitating a hierarchy of |6, /6. < 1071,
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Type-I Seesaw; 6. = 1072 Type-I1I Secsaw; #, = 1072

log,o(6.) log,o(f)

(a) LFV constraints in the 6.6, plane. To minimise clutter, only the most competitive bounds are
displayed. The PRISM/PRIME proposal [290] may even further extend the new-physics reach of
[ — e conversion.

Type-I Seesaw; 0,, = 107¢ Type-1II Seesaw; 0, = 1078
0.07 OREN : ‘ ' ‘ : pospa ' ‘

log,,(6-)
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logy,(6.)
(b) LFV constraints in the 6.—0, plane.

Figure 4.6: Current constraints from LFV observables depicted at 90% C.L., together with
their prospective future reaches, in comparison with projected sensitivities of precision
Higgsstrahlung measurements. The red-ruled regions indicate |Ac /o] < 0.5% at /s =
240 GeV. The dot-dashed and dotted red lines are the corresponding 1% contours at
Vs = 240 GeV and 365 GeV, respectively. The bounds from tau-flavoured processes are
not shown in the 6.0, plots, and vice versa. If included, they would appear as vertical
lines with positioning highly dependent on the choice of the third mixing angle, which
limits their relevance.
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Type-I

Type-1I1

Ac /oy (240 GeV)
Ac/og (365 GeV)
Ao /oy (500 GeV)

0.7410.% + 1.110,,|* + 0.06 |0, |2
0.41|6.|% 4+ 1.186,]% + 0.12 0, |2
—0.0510.|% +1.260,,|*> + 0.190,|?

26.3010.* — 1.0716,,|* — 0.01 |6,|?
63.120.|> — 1.0916,|2 — 0.03 |0, |2
120.66 |0.|* — 1.1116,,]* — 0.05 |6, |?

§s2 —0.151(|6c|* 4 6,,|*) + 0.005 |6,|? 0.021(]6|? + 16,,]?) — 0.135 |0, |
Smy /GeV 7.95(16c)% 4 10,,|%) — 0.24 10, | —8.44(|0c|? + 16,,]%) — 0.24 0,2
9% 1+ 0.47(160[* = [6,,%) 1—0.47(|0 > — [0,
9% 1+0.47(10, > — 6-) 1—0.47(10,* — 16-)
R(Vys) 1+0.44)0.]% +8.58(0,]% — 0.07 |6, 1—0.446.|*> —8.5816,,|% + 0.070,|?
BR(u — ) 0.80 x 1073 |6.6,,|? 1.21 x 1072 16,.0,,|?
BR(u — 3e) 0.34 x 1073160, |2 0.66 0.0,,|2
CR(p — e; Au) 0.94 x 1073 16,6, |2 24.710.0,,|?
CR(p — e; Al) 0.03 x 1073 |6.6,,|? 6.110.0,|°
CR(p — ¢; Ti) 0.15 x 1073160, |2 12.310.0,,?
CR(u — e;Pb) 0.76 x 1073 16.0,,|2 18.50.0,,|2
CR(u — ¢9S) 0.01 x 1073 |6.6,,|? 5.8 100,/
BR(T — e7) 0.15 x 1072 6.6, 0.23 x 1072 6.6,|?
BR(7 — 3e) 0.06 x 1073 10.0,|2 0.120.0, |

Table 4.8: Contributions to the observables considered in the phenomenology study in this
work, but obtained from matching onto SMEFT at a Seesaw scale p = M = 10 TeV.

4.3.5 Larger Seesaw Scale

Lastly, it is worth commenting on the scenario with a larger matching scale. The model
predictions for all observables considered in this chapter, given the increased Seesaw scale

M = 10TeV, are collected in Table 4.8.

In the case of the Type-III Seesaw model, our discussed results appear to be fairly robust
under the raising of the triplet mass scale, at least to O(10 TeV) — that is, the numerical
coefficients entering the expressions for the considered observables typically change by less
than 20%. The only notable differences lie in the sensitivity of dmy and Ao /og at larger
centre-of-mass energies to tau-flavour mixing, where the respective coefficients grow by
a factor of 2-5. Still, it is a subleading effect, as these observables remain much more
sensitive to electron- and muon-flavour mixing. Therefore, the results for the Type-II1
Seesaw model discussed so far, for which M = 1TeV is assumed, will also approximately

hold for (moderately) larger masses.
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In contrast, the observable phenomenology of Type-I Seesaw morphs somewhat nontrivially
upon raising the Seesaw scale to M = O(10TeV). Most profoundly, the Higgsstrahlung
shift Ao /op now experiences a crossing near /s = 500 GeV, whereupon the dependence on
the squared electron mixing angle |6.|? reverses from positive to negative. Additionally, the
trilepton decay rates receive a relative numerical boost of 200%, and the p — e conversion
rates are, in general, significantly altered. Specifically, ; — e conversion in gold and lead
increase substantially due to the fact that the effective left-handed vector couplings to
neutrons increase by a factor larger than 2, while the proton couplings and the dipole op-
erator remain largely unchanged, and thus the cancellations between the two are much less
efficient. Conversely, © — e conversion in aluminium and titanium experience a suppression.
This implies in particular that the current bound arising from g — e conversion in gold is

clearly stronger than the one from titanium, unlike the scenario with M = 1TeV.

4.4 Summary

In this work we have computed the correction to the tree-level cross section of the Higgs-
strahlung process ete~™ — Zh in the LN-conserving limit of the Type-I and Type-III
Seesaw models, and compared several benchmark sensitivities of next-generation lepton
colliders to existing and prospective constraints from electroweak precision measurements,
and LFU and LFV probes. Summary plots in the 6.-0,, and 6.0, planes are presented in
Fig. 4.7.

As a major result, we have found that existing data on the effective leptonic weak mixing
angle and LFU observables preclude substantial corrections to the Higgsstrahlung cross
section for Type-I Seesaw. The most likely signature of this model at a future lepton
collider is therefore the absence of a detectable deviation from the SM prediction, at least
if no further new physics modifying the electroweak and LFU sectors is introduced. For
Type-111 Seesaw, the current constraints (at 20) leave genuinely viable parameter space
that can be probed at an eTe™ Higgs factory. Fig. 4.8 provides a magnified view of this

region. Concretely, for a centre-of-mass energy /s = 240 GeV the largest permitted shift
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(b) Summary plots in the 6.—0, plane.

Figure 4.7: Summary plots featuring the most competitive current constraints as well
as future reaches considered in this work in comparison with projected sensitivities of
precision Higgsstrahlung measurements. The red-ruled regions indicate |Ao/o| < 0.5% at
Vs = 240 GeV. The dot-dashed and dotted red lines are the corresponding 1% contours
at /s = 240 GeV and 365 GeV, respectively.
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Figure 4.8: Plots zoomed in on the viable parameter regions in the Type-III Seesaw
model. Only the most constraining observables are depicted. The red-ruled regions
indicate |Ac/o| < 0.5% at /s = 240 GeV. The dot-dashed and dotted red lines are the
corresponding 1% contours at /s = 240 GeV and 365 GeV, respectively.

in the Higgsstrahlung cross section is ~5%; at /s = 365GeV it is ~12%. It is worth
noting, however, that the viability of this region is contingent upon the existence of at
least three sterile states, as oscillation data imposes |f.| < 10722 at 20 in the minimal

two-triplet scenario [174].

Assuming at least three sterile states, the viable region in Type-III is isolated by three main
considerations. Firstly, the non-observation of LE'V tightly constrains any scenario with
sizeable mixing of heavy fermion singlets or triplets with two lepton flavours. These con-
straints are particularly strong for Type-III Seesaw, which induces tree-level contributions
to trilepton decays and p — e conversion. Indeed, a detectable deviation in o(ete™ — Zh)
already necessitates a sizeable hierarchy between 6. and 6, which will become more pro-
nounced if signals of LF'V remain elusive in the future. (The situation is similar for Type-I
Seesaw, where in the absence of contributions to LFV at tree level, the radiative decays
pu — ey and T — ey are more important.) Secondly (and thirdly), both the W boson mass
my and LFU data currently disfavour detectable corrections induced via muon mixing at

the level of 20, but leave room for visible effects due to electron-flavoured couplings, which
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together with the LFV constraints enforces a hierarchy |6,,/6.| < 1073.

Focusing on the viable region in Fig. 4.8, the constraints arising from the LFU ratio gz/e
and myy are similarly competitive and provide the most stringent constraint on electron
mixing in the Type-IIT Seesaw model, with |f.] < 0.04 at 20. In the region of parameter
space where Ao /og is detectable, tau-flavour mixing is more strictly constrained by the
current bound on BR(7 — 3e) than by measurements of the weak mixing angle or pion
decays. As is expected from Section 4.3.4, the most competitive upper limit on muon
mixing in this context currently arises from the non-observation of y — e conversion in
gold, and will be further constrained by Mu3e as well as the searches for © — e conversion
in aluminium at COMET and MuZ2e. If an observation of these transitions remains elusive
in the future, the currently viable parameter space will retreat to |6,] < 107, Similarly,

if 7 — 3e is not observed at Belle II, tau mixing would need to be smaller than 6, = 1072

Since fermion triplets induce a tree-level contribution to e"e™ — Zh which is not mediated
via the s channel as in the SM, deviations from the cross section induced via electron-
flavour mixing grow approximately with s. In that sense, if the drop in statistics can
be compensated by higher luminosity, the Type-III Seesaw model motivates precision
measurements of the Higgsstrahlung process at higher centre-of-mass energies as well,

whereas this is not indicated for Type-I Seesaw.

Overall, we have corroborated the expectation that a rich interplay of neutrino, Higgs,
electroweak and flavour physics is to be expected for Seesaw models at low energies, and
demonstrated the benefit of measuring the Higgsstrahlung cross section at multiple centre-
of-mass energies for the Type-III Seesaw model. One may extend the research conducted
in this work along two major avenues. Firstly, although the list of processes which we
have considered captures a wide range of phenomenology of the fermionic Seesaw models,
it is not exhaustive. In particular, taking into account observables sensitive to angular
distributions for Higgs physics [303] as well as a comprehensive global fit in the electroweak
sector should help to further differentiate between the low-energy signatures of Seesaw
models. Secondly, since we relied on the assumption of an exactly conserved LN symmetry

on the Lagrangian level, existing data on lepton mixing and the mass hierarchies in the
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neutrino sector was per definition not incorporated. While we expect the implications of
lepton number breaking for the induced low-energy phenomenology to be small (at least
when there are three or more sterile states [174; 264]), any viable model of neutrino mass
generation eventually needs to be tested against them. Lastly, similar studies for different

models of neutrino mass generation are left for future work.
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4.A Approximate Matching Conditions

From DsixTools we numerically obtain the matching condition

Cey,ij (n=5GeV)
GeV

~ 150.732 Cep,ij — 82.394 Cewij + 3.204 C 0, 1ins (4.63)
+ Ai; (O] 5 — 027353 CYp) )

for the electromagnetic dipole operator, where the Wilson coefficients on the right-hand

side are evaluated at the scale 4 = my, repeated indices do not indicate summation, and

— 0.2661 4.4758
A;j =107%10.0013  — - : (4.64)
0.0013 — — -
ij
with the dashed entries being irrelevant for our purposes.

My coauthors and I are conscious that the scales associated with the decays of taus and
muons are smaller than p = 5 GeV. The largest contributions from RG running at lower
scales can be expected to originate from QCD. The only SMEFT operator which one may a
priori expect to yield a sizeable contribution to LEFT operators which involve quark fields
and mix into O, is O(L3e)Qu = (Lower)e(Qo*up). Still, this operator is not induced at
one-loop level in the Seesaw models under consideration [256-258], and it only yields a tiny
sub-percent contribution to O,. Therefore, we do not expect to have missed any sizeable
effects from RG running below p = 5 GeV.® The same holds for the (semi-)leptonic vector

operators mediating trilepton decays and p — e conversion; we have explicitly checked that

the contribution from quark operators is at most 1% in Eqs. (4.65) and (4.66) below.

For all the matching conditions listed in the following, the respective LEFT Wilson coef-
ficient on the left-hand side is given at p = 5 GeV, while the SMEFT Wilson coefficients

8To paraphrase, even if the numerical factor multiplying C&)Qu(mz) in Eq. (4.63)
changes appreciably upon further lowering the scale on the left-hand side to, say, p = m,,

Cg::)Qu (mgz) itself is so small for the fermionic Seesaw models that we do not expect the
resulting (relative) contribution to Cey(m,) to become sizeable in any way.
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entering on the right-hand side are evaluated at the scale ¢ = mz. For the operators

relevant to trilepton decays we find:

CYEE. ~ —0.266Cly) j; — 0.271CY) o, +0.973 Crrjjji,

€e,jijj

OYEE % 0.974 Cee jjji + 0.235 Cpe ji — 0.006 Ceyjizz + 0.003 Coe 335,

ee,jijj

1 3
CYLR  ~0.4912CY) ; +0.4909 C) . + 1.018 Cre jijj — 0.012 O jiss,
~ —0.556 Crre ji + 1.018 Cpe jjji — 0.015 Ce a3i + 0.011 Cyy jiss.

ee,jijj
VLR
Cee \Jggi

For p — e conversion the matching conditions for the vector operators are

OV EE ) = 0.708CY)) 1, +0.734CY) 1, — 1.04TCL 1011
CYLE | ~ 031720y 1, — 0.3170Cl7) 1, +0.984 Cpa, 1211,
C;{ﬁ’;l ~ —0.321 Cge.12 + 0.008 Cey 1233 — 0.005 Coe 3312,
CVLR ) ~ 0.696 Cie 12 + 0.017 Coe 312 — 0.014 Ceyy 1933,

C;il%n ~ —0.856 Cg}: 12 — 0.864 CS)L 12 T 0.987 ng)) 1211
ceVde;H ~ 0.1617CY) 1, +0.1615Cl) 1, + 1.006 Cra o1,
crh lm ~ 0.158 C'ize.12 — 0.004 Cey 1233 + 0.002 Coe 3312,  and
CYEE ) ~ —0.867 Crre 1o — 0.020 Coea312 + 0.018 Cey 1233.
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As you may have noticed, the world around us happens to be made up of matter, and not
antimatter. In fact, this is almost certainly true for the whole universe, as quantified by

cosmic measurements of the baryon-to-photon ratio [90; 304]
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n, —ng
B =% o % (6,10 +£0.4) x 10710, (5.1)

Ny Ny
Imagining for extreme simplicity that all photons were produced in the pair annihilation
of quarks and antiquarks, this ratio suggests an excess of one quark for every 3 x 10%

quark-antiquark pairs in the primordial universe — a miniscule, yet clearly important

imbalance.

This observed matter dominance presents a rather delicious problem, for it turns out
that the Standard Model is incapable of explaining this observed baryon abundance [98;
99; 101], leaving us in need of a BSM mechanism of baryogenesis. In this chapter
we’ll explore one such method for tipping the cosmic scales: leptogenesis, in which a
lepton asymmetry is first generated before being converted to a baryon asymmetry. Good
overviews of baryogenesis and a selection of its myriad approaches can be found for instance

in Refs. [89; 100; 101; 304].

As far as theory chapters go, this is a rather long one. After a brief discussion on the
generalities of baryogenesis in the next section, I'll review the topic of C'P asymmetries
and the technique of Cutkosky cuts for evaluating them in Sections 5.2 and 5.3. Then,
in Section 5.4 TI’ll establish the Boltzmann equation as the means of tracking the baryon

asymmetry as the universe evolves.

5.1 Ingredients

It is the law that anyone introducing the topic of baryogenesis must first mention Sakharov’s
conditions [91], and I don’t intend to make a criminal out of myself. These conditions

mandate that to generate a baryon asymmetry in the early universe, one requires

1. baryon number violation,

2. C' and CP violation, and
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3. a departure from equilibrium.

These requirements can be understood quite intuitively: were the first not true, baryon
number would always be conserved and an asymmetry could never be generated from a
baryon-symmetric universe; were the second not true, matter and antimatter would be
treated on equal footing; and were the third not true, any process generating an asymmetry

would have the reverse process just as easily erase it.

In the SM these conditions are actually satisfied, as follows:

1. Baryon number, while a classical symmetry of the SM in which all quark fields
transform with charge 1/3, is violated at the quantum level by the ABJ triangle
anomaly [157; 158], also known as the chiral anomaly. While the probability of
baryon number violation due to this anomaly is unobservably small at zero temper-
ature [280], it is tremendously enhanced between T ~ 130 GeV and T =~ 10'2 GeV
when electroweak sphalerons are in thermal equilibrium [305]. An electroweak
sphaleron is a topological quasiparticle [306-311] consisting of nine quarks and
three leptons, and baryon-plus-lepton number B + L is efficiently violated during the

period in which they are active.

2. C-symmetry is maximally violated in the SM by the weak interaction, and CP is
violated by the complex phase in the CKM matrix, as captured by the Jarlskog
invariant Joxym =~ 3.12 x 1075 [124]. The CP violation in the PMNS matrix is
currently constrained to be at most JE¥Xg &~ 3 x 1072 [152], though it is likely much
smaller than this bound. In principle C'P is also violated by the strong CP phase 0
appearing in the topological QCD term £ ~ ?Gé, but measurements of the neutron

dipole moment constrain it to be very small, § < 10710 [9; 312].

3. A departure from equilibrium can occur during the electroweak phase transition
(EWPT), in which the SU(2)w x U(1)y symmetry is broken by the Higgs’ vacuum
expectation value in isolated regions, or bubbles, which expand until they fill the entire

universe. During this time, particles inside the bubbles are unable to equilibrate
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with those outside, and C'P-asymmetric scatterings against the bubble walls could

offer a means of generating the required particle number asymmetries [313-316].

More generically, the decay of any unstable particle can occur out of equilibrium
when the temperature drops below its mass and the inverse decay hence becomes
inefficient. Since none of the SM particles have baryon number-violating decays, this

is however a moot point.

Unfortunately, while these ingredients are present they are nevertheless inadequate when
put to the task of explaining the observed baryon abundance. For the EWPT to stand
a chance of achieving successful baryogenesis it needs to be strongly first-order, meaning
there must be a potential barrier between the broken and unbroken phases at the time
of transition, such that regions of the broken phase can nucleate with well-defined bubble
walls. This turns out to require a Higgs mass below 70 GeV [317; 318], and that this is
not the case means that the EWPT in the SM is rather of a crossover type, in which
the new phase instead smoothly permeates the universe. One may attempt to introduce
new physics to make the phase transition first-order, and this approach forms an essential
part of the scheme of electroweak baryogenesis; see for example Refs. [100; 101; 316; 319]
and [320-329]. Even if this is realised, however, the amount of C'P violation in the CKM
matrix has been shown to be many orders of magnitude too small to generate the required

baryon abundance [98; 99], and so additional sources of C'P violation are required.

This brings us to the idea of leptogenesis [102-105; 330]. The key premise behind this
approach is that the lepton number violation due to Majorana neutrino masses together
with the C'P violation in the PMNS matrix (or elsewhere in a given mass model) could
lead to a significant lepton asymmetry, which can then transmute into a baryon asymmetry
through the action of electroweak sphalerons.! Many leptogenesis scenarios achieve the
lepton number generation through the out-of-equilibrium decay of a heavy particle, most
often a sterile neutrino. The canonical example is the decay N — LH of a sterile neutrino

in Type-I Seesaw [102; 335].

Leptogenesis is also possible without Majorana masses, in which case it is often referred
to as Dirac leptogenesis; see e.g. Refs. [331-334].
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In the next chapter we will investigate whether leptogenesis can be accomplished in the
Zee model of neutrino masses via the C'P-violating decay of a new heavy scalar h™. As
the baryon number violation and out-of-equilibrium conditions are automatically met, we

therefore require only that there is sufficient C'P violation.

5.2 CP Violation and the Cutting Rules

Let us begin by studying how C'P violation comes to be. For a grounded definition, we

say that C'P is violated when the rate of a process and its C'P conjugate are unequal,?

T(i— f) £ 7@ — ). (5.2)

For us, it is more convenient to study this at the level of invariant matrix elements, so

we’ll instead say that we require

AIMP = |M, P = M52 #0, (5.3)

where I use the shorthand Mg, = M(i — f). In typical scenarios this asymmetry arises

from the interference of tree- and loop-level diagrams. To see how, let’s write

My = coAg +c1 A1 and (5.4a)
My = A + LA, (5.4b

where we decompose the tree- and loop-level amplitudes into their coupling constants cg 1

and so-called dynamical amplitudes Ap 1. Then

AIM|? = |cg Ao + crAi | — |chAg + ¢ Ay
= |col*([Aol* = [Ao[?) + [e1 [P(JA:[* = [ A[?) (5.5)
+ 2Re(che;) Re(AfA, — ASA,) — 2Im(che,) Im(AS A, + AgA,).

2Here I will use notation and terminology for decays, though the discussion in this
chapter applies equally well to scatterings.
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As it generically transpires that [Ag|? = |Ao|?, |A1|> = [A1]?, and AjA; = A A, [104],

this reduces to the compact expression
AIM|? = —4Tm(che;) Tm(AGA,). (5.6)

That is, C'P violation requires the existence of a complex phase in both the coupling
constants and the dynamical amplitudes. (This immediately explains why, by the way, the

phase J in the CKM matrix is referred to as its C'P-violating phase.)

It is conventional to introduce the C P asymmetry parameter ¢ by wrapping Eq. (5.6)

up into a ratio of decay rates,

_T@—=f)-TGE—=f)
°= I'(i— f)+T@GE— f) (5:7)
_ JdITy AjMP?
T [ dTTf 2]eg A2
~Im(cfey) S dIly [2Im(AGA,)]
|co|? [dIly |Apl2

(5.8)

where the sum in the denominator is dominated by the tree-level contribution. In antici-
pation of what is to come I have left the factor of 2 where it is, rather than pulling it out
the front.
EXAMPLE
To make this all concrete, let’s explore a specific example: the decay of the lightest
sterile neutrino, Ny — LH, in Type-I Seesaw. (Note that N7 = vp; in the notation

of previous chapters.) Our Feynman rules are

e Lg,
\\/7 Nﬁ = iYa,BeabPL and \/\7 N,B = iY;ﬁeabPRa (59)
< »

’ ’

HY Hb

where here «, § index flavours and a, b index SU(2)w components. At one-loop there

is a triangular vertex correction and a wavefunction renormalization correction, but
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for this example we will just look at the contribution of the triangle diagram:

L
A

IM(N, = LeHY) = Ny — Ve
4

\

1,)2\ .

HP
= (p1)(1¥¢1eas Pr)u(P) .0
d%q _ - L (s i . i
+(eab)3/@&lu(pl)(lYaﬂPR)M}(1Y76P3)p2+¢(1YW1PL)U(P)<q_pl)2.

We are working in the unbroken phase where L is massless but IV still has a Majorana
mass, and we moreover neglect the mass of the Higgs doublet. To make sense of
the diagrams I have used the fermion flow rules for Majorana fermions developed

in Refs. [336; 337]. From the above we can identify

[ Y;lfab, (5.11&)
Ao = u(p1) Pru(P), (5.11b)
c1 = YOTﬁ »;ngwl(fab)S; and (5.11C)

dq 1 1 1
A:i/iﬂ P P Pru(P)———. 5.11d
1 (27'(')4 (pl) Rg —mg R¢2 + g L ( ) (q — p1)2 ( )

We naturally have some freedom in choosing which factors we lump in with the ¢’s
and which with the A’s; here and onwards I will choose to put only the coupling
constants (including possible minus signs) from the Feynman rules into the ¢’s, and

everything else (including all factors of i) into the A'’s.

Summing over spins and carrying out the loop integral, we arrive at

* _ 1 mimg 2 2
Ag A, = ~3 062 [6 +71°(14+28) +61In(—zg) + 3(1 + 23) In(—zp)
+6(1 + z5)Liz(1 + )| (5.12)
N mimg 1+ x4
I == 1-(1 | 1
— Tm(45Ay) = -"" [ (1+ ) n< - )] (513)
where zg = m%/m%, Liy is the dilogarithm (which satisfies Im Liz(x) = —nln(x)),
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and the extra factor of % comes from averaging over the spin of N;. By plugging
into Eq. (5.8) and summing over all virtual flavours 3, ~, and outgoing particles a, b,

we find that the asymmetry parameter is

(N, — LH) — (N, — LH)

Im[(Y1Y)3 x
:;ZM\/@P_OJFWMII(M)]’ (5.14)
8

which is a well-known result [335].

If that example appeared straightforward it is likely because I skipped over the evaluation of
the loop integral. Such integrals are typically the most troublesome part of any asymmetry
computation, and they have the potential to become downright nasty if—as in the next
chapter—we have to deal with two- or higher-loop diagrams. Fortunately for us, there

exists a powerful technique to simplify asymmetry calculations: the cutting rules.

These rules, also called the Cutkosky rules [338], state that the imaginary part of an

amplitude arises from virtual particles going on-shell, via®

2ImA(z’—>f):ZAEZ/dHXA(iﬁX)A*(faX). (5.15)

cuts X

In words, we can compute Im A by:

(a) cutting the diagram for A in all possible ways to put any number of virtual particles

on shell,
(b) writing down the separate amplitudes A(i — X) and A*(f — X), and

(c) taking their product, summing over the spins and integrating over the phase space

of the intermediate particles.

3The cutting rules are customarily formulated in a somewhat different manner; see for
example Ref. [339] for an excellent treatment. Eq. (5.15) however suffices for our purposes.
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5.2 C'P Violation and the Cutting Rules

If the amplitude A(f — X) does not permit cuts of its own (i.e. it doesn’t carry an
imaginary part), then A*(f — X) = A(X — f), and the cutting rules reduce to the

slightly neater form

2ImA(i — f) = Z/dHX Ali = X)AX = f). (5.16)
X

The simple way to gain intuition for the cutting rules is by noting that a propagator
becomes imaginary precisely when it is on-shell,

1

In fact, an equivalent way to compute 2 Im A, assuming Eq. (5.16) is valid, is to take —iA

and make the replacement

i

for all cut particles.

EXAMPLE
Let’s repeat the above calculation of the asymmetry parameter for Type-I Seesaw,

but this time using the cutting rules. There are in principle three possible ways to

cut the loop diagram:

One can systematically list all cuts by enumerating over all possible circlings of
vertices, where a line is cut if it connects a circled vertex to an uncircled one
[111; 339; 340]. The incoming external lines are treated as implicitly uncircled while
the outgoing lines are implicitly circled, and a circling configuration only generates

a valid cut if it completely partitions the diagram into a left side, containing only
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uncircled vertices, and a right side containing only circled vertices. It is okay for
one or both sides to have disconnected parts, but each side must contain at least
one vertex, so that it is not completely trivial. The use of circlings is overkill for
our triangle diagram, but the technique is increasingly useful for more complicated

ones.

Anyhow, cuts (b) and (c) vanish as they are kinematically impossible — cut (b), for
example, contains the disconnected subprocess N BE — H, which cannot simultane-
ously conserve energy and momentum. This leaves us with (a) as the only viable

cut, and as there are no more valid cuts Eq. (5.16) holds, which reads

2Tm A (Ni — LH) = / dTly A(N) — AL)A(EL — LH), (5.19)

or, diagrammatically (up to factors of i),

=N — Ng . (5.20)

ko p2

Since we are focusing on the amplitudes and not the coupling constants (which we
anyway already know from Eq. (5.11)), here I suppress the flavour and SU(2)w
indices for the H’s and L’s.

From the diagrams above we can read off

iA(Ny — HE) = (ko) (iPL)u(P) and (5.21a)
\A(HL — LH) = u(p1)(iPr) ———— (iPr)u(ks); (5.21b)
Pr— k1 —mg

multiplying the two and summing over the spin of the intermediate on-shell L gives

1

.A(Nl — FIE).A(EE — LH) = —ﬂ(pl)PR
P~k —mg

PR%QPLU(P). (522)
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Eq. (5.19) now instructs us to integrate over the two body phase space of k; and
ko, but—while doable—this is somewhat tedious as the four-vectors are not formed
into invariant combinations. Instead, remembering that the CP asymmetry is
proportional to

2Im(AGA;) = A5 DAy, (5.23)

cuts

we multiply out by Ao¢(Ny — LH)* = u(P)Pru(p1), which gives a closed spinor
chain that we can trace over. Upon summing or averaging over the appropriate

spins we end up with

Ao(Ny — LH)*A(Ny — HL)A(HL — LH)

T [(P +m1)Prp, Pr(p, — 1 + mﬁ)PRk?PL} (5.24)
9 (p1 — k1)? —m3 |
—mymg PR

BopL k1 + m3’

(5.25)

This is a much friendlier expression. To carry out the phase space integral we
work in the rest frame of Ny and choose our z-axis to align with pi, so that

p1-k1 = tm3(1 —cosf) and p1 - ks = m3(1 + cos@). Then

* p1- k2
21 = [ dII —_— 5.26
m(AAy) = [ dily [mlmg TR (5.20)
_ mamg (! dcosd im3(1 + cos ) (5.27)
o8 S 2 ImE(1—cosd) + m% '
i _mlmﬁ _ 1 =F xg
=i [1 (14 2p) ln( o ) , (5.28)

where once again zg = m% /m3. This agrees with Eq. (5.13), and so we recover the

same result for the asymmetry!

With practice, the cutting rules quickly become a very efficient way to compute asymmetries.
As in the above example it will almost always be easier to work out 2Im(AjA,) than

2Im A; directly. In the rare case that Ay contains an imaginary part—for instance, one
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might have an s-channel scattering where the tree-level mediator can go on-shell—we must

generalise to

2Im(A5A;) = 2Re(Ag) Im(A;) — 2Tm(Ap) Re(Ap) (5.29)
= Re(Ap) Z A; —Re(Ar) Z Ap.

5.3 A Detour: Results from Unitarity

Before proceeding onwards with our discussion of leptogenesis it is a good idea to take
a pit stop to review and explore some implications of S-matrix unitarity. We will first
derive a consistency condition on C'P asymmetries, and then we will explore an alternative
unitarity-based approach to their computation. In doing so we will come to appreciate

some important nuances that will become relevant to us later.

Our starting point is of course the S-matrix itself, which can roughly be understood as
S =il t with H the Hamiltonian of our quantum field theory. Elements of the S-matrix
are denoted Sy; = (f|S|i). There are a number of subtleties associated with the S-matrix,
such as the precise definition of asymptotic states |i) and |f) and the treatment of unstable
and massless states. I will not go into a great amount of detail here — for this, one should

consult their favourite QFT textbook.

As we all know, it is conventional to define the T-matrix (also called the transition or

transfer matriz) to capture the nontrivial part of the S-matrix, via

S =1+iT. (5.30)

The familiar invariant matrix elements M ; that we have encountered up to this point are

precisely the T-matrix elements up to an overall four-momentum conserving delta function,

iTy; = (2m)*6W (p; — py)iMy;. (5.31)
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Now, unitarity of S translates to two important conditions for 7"
sts=1 =— ir—irt—irhr=o, (5.32a)
and
§1s§ =881 — TIT=1T" (5.32b)

The former leads to powerful non-perturbative results such as the generalised optical theo-
rem—which is almost equivalent to the form of the cutting rules presented in Eq. (5.15)—and
also forms the basis of the so-called holomorphic cutting rules, to be introduced below.
The latter (which is actually implied by the former) leads to an important constraint on

C P asymmetries, which we will explore first.

5.3.1 The Total CP Asymmetry is Zero
Consider a diagonal entry of Eq. (5.32b), (T1T);; = (TT")4, or in full

3 [urnartinr =32 furd mnio. (53

where the resolution of identity involves a sum over a complete set of states f and an

integration over their phase space.* At the M level this reads

/dnf MG — f)P? /dnf IM(f — )2, (5.34)

where a common factor of V3 = (21)*6(*)(0) has been removed from both sides. To proceed

we call upon the CPT' theorem, which offers the corollary [341]

M(f = i) =M — f). (5.35)

TRecall that in my notation [dP;] differs from dII; by the absence of an explicit four-
momentum conserving delta function; see Eq. (1.4).
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Applying this to the right hand side of Eq. (5.34) gives

/dnf IM(i — ) /dnf MG — DI, (5.36)
or more succinctly,

S AT — f) =3 [TG— f)-TG— )] =0 (5.37)
f f
— that is, the total C P asymmetry must be zero, and moreover the total decay rate of a
particle and its antiparticle must be equal. This offers a very important cross check on
asymmetry calculations. If ever it does not appear to hold, something has gone awry.
EXAMPLE
In our Type-I Seesaw example, this condition holds rather trivially since Ny is

Majorana:

> AT(Ny — f) = A(Ny — LH) + AT'(N; — LH) (5.38)
f
=T(N, » LH) —-T(N, — LH) +T(N; — LH) —T(N, — LH)

=0.

A more interesting case study would be 3> Ac(LH — f) (see Ref. [104]), but it

would present too much of a detour.

5.3.2 Holomorphic Cutting Rules

Let us now study the first unitary condition, Eq. (5.32a), where following Ref. [342] we
will derive an alternate formulation of the cutting rules. This will give us a powerful tool
for organising perturbative calculations, making results such as Eq. (5.37) evident at the

diagram level.

In this study the critical step is the first one, where we observe that we may use Eq. (5.32a)

to solve for TT in terms of T
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Tt =iT(1 +iT)~! =iT — (iT)? + (iT)® — (T)* + ... (5.39)

Component-wise this reads

iT}; = 1T, — (I7)i + (iT)3; — (T)f + ..., (5.40)

where (iT)?f is understood as the sum over diagrams for f — ¢ with » — 1 on-shell cuts.
This is a very useful relation, and it is worthwhile to work through an example to gain an

understanding of what it is telling us.

EXAMPLE

Let us consider a fictional process at a fixed perturbative order,

i1 h
. g1 92 . i .
lel = = (lgl)m(192)7 (541)
i2 f2
for which we can immediately read off
. —i9195
S 5.42
lez pg —m2 — ie ( )

The right-hand side of Eq. (5.40), which at O(gjg¢3) only receives contributions from

the first two terms, reads at the M level

fl 11 fl 11
Mg — (M) = e = g (5.43)
P ia  f2 io

= (165) (i) — (i03)2m00° —m)(ig)  (5.44)

= —igigs | 5———5—— + 2716 (p? — m? 5.45
19192 p2—m2+ie+ 1 (p m)) ( )
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where we recall Eq. (5.18) in realising the cut as a delta function. To reconcile this

expression with Eq. (5.42) we must call upon the Sokhotski-Plemelj identity

1 1
=P — ind(p? — m?), (5.46)

2 —m?2 +ie p2 —m?

p

where P denotes the Cauchy principal value. Then

1 . 2 2\ 1 . 2 2
P + 27mid(p® — m®) = pr 3 +imd(p® — m*) (5.47)

1
= =—7— 5.48
p? —m? — i€’ 848

and we have agreement.

Thus, Eq. (5.39) is telling us that to conjugate M = ¢.A we first mirror the diagram
and reverse the arrows, which conjugates the couplings® ¢ — ¢*, and then subtract all
one-cut diagrams, add all two-cut diagrams, and so on, which amounts to conjugating

the dynamical amplitude, A — A*. Through a slight abuse of notation we may

roughly express this as

i(cA)* = ic* A — c*(1A)* + c*(1A)?® — ..., or (5.49)
A =14 — (142 + (14)° — ..., (5.50)

where we now understand (i4)" to mean iA with n — 1 on-shell cuts. Incidentally

this implies
2Im A = —(i4)? + (1A)> — (A +.... (5.51)

Notice that we recover the simplified cutting rule of Eq. (5.16) when the (i.A)3 and

higher terms vanish. When they do not we instead understand this result to be

5Tt also conjugates any spinor chains, (u|y*y” ---|u) — (u|y#~" - - -|u)T, which can result
in a complex conjugate if, for example, there appears a Tr(y#y"~y#77~°) = —4ie"”??. The
inclusion of spinor chains complicates our simple argument somewhat, as we treat the
them as part of A instead of ¢. Fortunately, though I don’t do so here, it isn’t too difficult
to generalise.
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equivalent to the more general form of Eq. (5.15).

The above example should kindle a greater appreciation for the role of the ie in propagators,
which are demonstrably important even at tree-level. Indeed, unitarity depends on their
inclusion. This will be of relevance to us in the next two chapters, where in one I will
explicitly argue away the imaginary part of some propagators, and in the other I will use

the imaginary part to demonstrate infrared finiteness.

Returning to the topic of C'P asymmetries, we may use Eq. (5.40) in concert with the

CPT theorem to show that the asymmetry at the T-matrix level is

AlTy? = Ty — | T

= |Tyil* = |Tig?

= —ATHiT); — (i & f)

= [T + (1) — (D + . |iTyi = (i f) (5.52)
= [()3iTy, — 1T, ()| — [Ty, — T (D] + ... (5.53)

This result goes by the name of the holomorphic cutting rules [342-345|, named so
because there are no surviving complex conjugates. These rules make explicit from the
outset the need for cutting through amplitudes, and unlike Eq. (5.6) their derivation did
not rely on the assertions [Ao|? = |Ao|?, [A1]* = |A1]?, and A5A; = AA,; that, while

easy to check for concrete examples, are difficult to prove generally.

EXAMPLE
To confirm that the holomorphic cutting rules reproduce the result of the conven-

tional Cutkosky approach, let us return to our trusty Type-I Seesaw example for

one last time. In accordance with Eq. (5.53) we have that

L ——--<--[

AIT(N; —» LH)]2= N 4{ /‘ﬁ N (5.54)

H--»-1—<—17]

iy (1)
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(T)2, iT

with no integration over the phase space of the final state LH, and where the
series terminates at the first term as there are no more valid cuts. By now we are

experienced enough to identify that the first line is equal at the M level to

- / -+ ido(N; — LH)JA(LH — ALJAAL > N),  (5.55)
while the second is

—cpCy /dHHZ iA(Ny — HL)IA(HL — LH)iAo(LH — Ny). (5.56)

Because there are no further valid cuts the amplitudes are all individually real,
allowing us to use A(i — f) = A(f — 0)* = A(f — i) to observe that the
amplitude factors in each line are in fact identical to each other, and moreover equal

to
/ dllz7 iAg(N1 — LH)A(N, — HDIA(EL — LH) = —2iIm(A5A,)  (5.57)

per the cutting rules in reverse. We therefore see that, up to delta function factors

found in transit between the T level and M level,

A|T|? = (coct — chey) x (—2i) Im(ALA,) (5.58)
= —4Im(cje;) Im(AGA,), (5.59)

in exact agreement with Eq. (5.6).

A useful application of the holomorphic cutting rules is that they allow us to immediately

and easily see that the total C'P asymmetry is zero:
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Z/dnf ATy? = Z/dnf {[(D}Ty; — 1T, ()] - [(1)3 Ty — T (D)3 + -}
7 7

=[G} = (1)F] - [0 - GD)E] + -
v (5.60)

By examining the terms

3 / ALy [(iT)3iTy; — T, (T)3| = 3 / ALy dIly, [iTyiTkgiTy; — i3l | (5.61)
f fik
more closely, we can pinpoint that the asymmetry due to i — k£ — f (that is, due to the
cut with intermediate state k in the process i — f) cancels against the asymmetry due
to ¢ — f — k. This gives us an even stronger condition than Eq. (5.37), as it allows us
to identify the cancellation of asymmetries on a per-diagram basis. We will return to this
point in the next chapter, where it will turn out that the asymmetries in the BSM decays
h~™ — eLH — LL and h~ — LL — eLH cancel within the Boltzmann equation for L, but

not in the way we might expect from this discussion.

5.4 Modelling Leptogenesis

It is not enough to say there exists some C'P asymmetry in our theory — we would like to
quantitatively assess whether it is enough to reproduce the observed matter abundance.
To determine this we will ultimately need to model the evolution of the early universe and
carefully track the number of particles and antiparticles through a network of Boltzmann
equations [346]. This is in principle a rather difficult undertaking, but with the right
application of statistical methods and approximations it can be made manageable. General
references for this section and the remainder of this chapter include Refs. [89; 94; 104; 347;
348], with Refs. [104; 347; 348] offering more of a focus on the leptogenesis aspect. As
we have a lot of ground to cover I will defer many of the details to these references and

present only the important points. I apologise in advance for the impending overdensity
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of new definitions and notation, but it is regrettably unavoidable.

5.4.1 The Expanding Universe
The stage on which this drama plays out is that of an expanding universe, described by
the celebrated Friedmann—Lemaitre—Robertson—Walker (FLRW) metric,

dr?
1— kr2

ds? = dt* — a2(t)< + r2d92>. (5.62)

The parameter a(t) is called the scale factor, and it captures the expansion of the universe,
with the normalisation ag = a(today) = 1. The other parameter, k, describing the spatial

curvature of the universe, is observed to be close to, if not zero [90].

The time evolution of the scale factor is governed by the Friedmann equations,

a2 8rG E A

5= Tp -3 + 3 and (5.63a)
R (5.63D)

which are the form taken by the Einstein equations,
G + Aguy = 87GT,,, (5.64)

when the matter content of an FLRW universe is modelled as a perfect fluid, T#, =
diag(p, —P,— P, —P). Here p and P are respectively the energy and pressure densities of
the fluid. Baryogenesis is expected to have occurred during the radiation-dominated era of
the universe, where temperatures were large enough that most particles were relativistic,
contributing to the energy density and pressure budget with P = p/3, and dominating
over both k£ and the cosmological constant A. In this era the Friedmann equations then

imply

poxa? and aoctV?, (5.65)
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and we may understand the first proportionality as stating that the energy density decreases
as a~2 due to the volume expansion of the universe, and additionally as a~' due to the
redshifting of radiation. Often it will turn out to be more convenient to work in terms of
the Hubble rate’

8rG

a_ —0) (in radiation domination), (5.66)
a

" 3

as we will shortly see.

5.4.2 Equilibrium Thermodynamics

With our backdrop in place, we turn to the study of the relativistic particles populating
the early universe. At early times these particles constitute a thermal plasma, rapidly
scattering and reacting in whichever way possible. To trace their physics—their thermal
history—one might think to input these interactions into a grand collection of Boltzmann
equations (to be introduced in the next section) and let it run, but this is overkill. Instead,
we recognise that as long as these interactions are suitably fast (meaning the interaction
rate I" is much larger than the rate of expansion #), they will serve to drive the particles in
the plasma to a state of thermal equilibrium. We may therefore capture the effect of these
fast interactions simply by presupposing that the participating particles follow equilibrium

distributions.

There are two important forms of equilibria: kinetic and chemical. Kinetic equilibrium
is achieved through scatterings which do not change particle number, such as the gauge

scattering et B — eTB.7 A particle species 7 in kinetic equilibrium follows the distribution

6Though it is more common to use the notation H for the Hubble rate, I will use H to
avoid confusing it with the Higgs field.

"Recall that B is the U(1)y gauge boson. The electroweak phase transition is thought
to occur at around 7' ~ 159.5 GeV [349], so at greater temperatures we should speak in
terms of B instead of photons.
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1 /
fz(p) = W/T_n, Where Ep = p2 =+ m? (567)

)

Bosons have n; = 1, in which case this distribution is known as the Bose-Einstein
distribution, and fermions have 7n; = —1, with f; the Fermi-Dirac distribution. The
parameter p; is called the chemical potential of ¢, and a non-zero value captures an excess
(when p; > 0) or scarcity (when p; < 0) of particles. Chemical equilibrium is achieved
through particle number-changing processes, where a generic fast process ab... <> ij...

ensures that

fa + fy 4 oo = g (5.68)

In particular, the non-conservation of gauge bosons, for instance due to double Compton
scattering et B < et BB, imposes up = 0, and the annihilation process eTe~ < BB
therefore demands in turn that a particle and its antiparticle have opposite chemical

potentials:
[, = — ;. (5.69)

Fast gauge interactions with the SU(2)w gauge bosons similarly ensures that the two
components of an SU(2)yw doublet have the same chemical potential, allowing us to treat

the doublet as a single species.

To achieve leptogenesis we will naturally wish to generate a non-zero chemical potential
for the baryons. The necessary value of y will turn out to be small compared to the

temperature during leptogenesis, allowing us to expand around the distributions

1

°d = = 5.70
fz f 11i=0 GEP/T—T]Z‘ ( )

At zeroth order in p/T the number density of a relativistic species ¢ with g; internal degrees

of freedom is
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d*p ¢(3) 1 bosons
P~ o4 — 4 cd ~ —F5 z‘TS X 5.71
e /(277)3fz () w2 3 fermions ’ (5.71)

where ((x) is the Riemann zeta function, with ((3) = 1.202...; and its energy density is

dp 2 1  Dbosons
pim o =g [ M PIEy = G (5.72)
8

Plugging the latter into the Hubble rate, Eq. (5.66), then gives

4m3@

=\

917, (5.73)

where

4 4
T; 7 T;
= > gil=—] +35 D gl (5.74)

b T, 8 - T,

osons fermions

is known as the effective number of relativistic degrees of freedom. Above the electroweak
phase transition all SM particles are relativistic and g, = 106.75, while today only photons
and neutrinos remain so, and g.o ~ 3.36 [94]. It is common to express the Hubble constant

in terms of the Planck mass Mp = (ic/G)'/? ~ 1.2 x 10" GeV,
T2
H =~ 1.66\/gx—, (5.75)
Mp

and it is usually this form that is used in back-of-the-envelope calculations of I'/H to assess

whether a process is ‘fast’.

3

Now, in the absence of interactions the total particle number N; = n;V « n;a° is constant,

implying that the number density must dilute due to the expansion of the universe:

dNi -0 — dni
dt dt

= —3Hn,. (5.76)

It will be more convenient to work with a ‘comoving’ quantity that scales out this dilution.
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For this purpose we first consider the entropy density

+P 272

Here the effective number of degrees of freedom in entropy

3 3
T; 7 T;
Gs= D> gil— | += > g~ (5.78)
T, 8 , T,
bosons fermions
is for most temperatures equal to g, differing only in the present day due to the decoupling
of neutrinos, with g,g0 ~ 3.91 [94]. The usefulness of s is derived from the fact that the
total entropy is conserved in equilibrium (and even to a good approximation in non-

equilibrium), sa3

= const, which one can demonstrate using the Friedmann equations and
basic thermodynamical arguments [94; 348]. From this it is straightforward to verify that

the entropy-normalised number density

Y, % (5.79)

is what we are after:

SdY; _ dn;
dt  dt

—3Hn; =0 (without interactions). (5.80)

Assuming there are no additional baryon number-changing interactions after baryogenesis
ends, the generated asymmetry Yp = Y, — Y3 will therefore match exactly onto the measured

asymmetry today, with

Yp(end of baryogenesis) = Yg(today)

nB,0 Mv,0

Ny0 SO

np,o45¢(3) gy

nyo 27 gaso

(8.68 4+ 0.57) x 107, (5.81)

%

where we have used the observed baryon-to-photon ratio ngo/n0 = (6.10 & 0.4) x 1071°

from the beginning of this chapter. If we are able to formulate the asymmetry generation
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in terms of Yp, Eq. (5.81) is the target we must meet. Such a formulation is fortuitously

easy in the p/T expansion, since for a relativistic species i we have at leading order

T3 2 bosons
nai =N, —ng = ?gi@%’ where - G; = {1 fermions ’ (5:82)
and so we may use
15Gi gi pi
YVa: = Lk 5.83
Ai 472 GxS T ( )

to freely exchange y; /T for Ya,;. Note that because Yz ~ 1071% and g, is at most O(100),

we see that our expansion in small u; /7T is justified (at least for baryons).

Before moving on we will lastly need to amend parts of the above discussion for non-
relativistic particles, which are of relevance to us because the leptogenesis scenario we will
consider involves the out-of-equilibrium decay of a heavy species. As these decays generally
occur when the temperature falls below the mass of the heavy species, we will take it to

follow the Maxwell-Boltzmann distribution

fi = e~ (Bi—pi)/T — fie‘lelti/T7 (5.84)

which arises from the Bose-Einstein and Fermi-Dirac distributions in the low-temperature

limit T < m;. A species following this distribution has the number density

45 m? g; mi\ .
0 Ty Ko 2 ) eri/T = yedoui/T 5 85
A2 T? g, 2<T>€ Pe (5.85)
where
ﬁ zn /OO 2 1
K = —— —1)"2e7 % d 5.86

is the modified Bessel function of the second kind. Out of equilibrium we cannot assume

that p, = —pz, and the p/T expansion instead takes the form

Yi /T Hi
W =et/T 14 ? (5.87)

)
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and moreover

~ i TG (5.88)

5.4.3 The Boltzmann Equation

Now that we have the infrastructure with which to understand a baryon asymmetry we are
ready to discuss our main tool for computing it. The Boltzmann equation (BE) governs
the non-equilibrium dynamics of our particles, dictating that the (entropy-normalised)
number density of a given particle species ¢ evolves in accordance with

& T

+3Hn;= Y [ab...<>ij...]. (5.89)

avbvjv'“

The rather compact notation of the right-hand side stands for

[ab...<>idj...]=ab... —>ij...]—[ij... > ab...], (5.90)
where
[ab... = ij..] = /[dpa][dpb] -~ [dp]ldp;] - (2m)* W (pa + Py + ... —pi—pj— ...
X [Mlab... = ij . )P fafy-- (L+mifi) A +nify) - (5.91)
is the thermally-averaged reaction rate for the process ab... — ij.... Here |M|? is summed

over all initial- and final-state spins, and the form in which the final state distributions
appear, 1+ n; f;, captures the Bose-enhancement of bosons and Pauli-blocking of fermions.
When all particles are in kinetic equilibrium we can relate the distributions appearing in

lab...—ij...]and [ij... » ab...] by

fafo - (U mifi) (L4 nify) - = eatmtemiimit =T f (14 mg fa) (14 nafa) -,
(5.92)
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which follows from the identity

1+ nfi = el Bmm)/Tf, (5.93)

and conservation of energy. From the exponential factor in Eq. (5.92) we can see that the
Boltzmann equation acts to push the participating particles towards chemical equilibrium
— for example, if there are too many a particles then [ab... — ij...] > [ij... = ab...].
Note that if there is no C'P violation, [M(ab... — ij...)|* = |[M(ij... — ab...)|?, and
the particles are in chemical equilibrium, we instead have [ab... <> ij...] = 0, and the
number density dilutes solely due to the Hubble expansion as claimed in the previous

section.

In practice, it is more convenient to parameterise the evolution as a function of temperature,

or better, the dimensionless variable

m
zZ=—, 5.94
- (5.94)
where m is a conveniently chosen mass scale. Using the conservation of entropy %(sa?)) x
%(g*ST?’a?’) = 0 and assuming that g,g remains constant during baryogenesis, it is then
not too difficult to show that the Boltzmann equation may be recast as

ay;

szH L

> fab...«ij.. ). (5.95)

a,b,j,...

To completely bring the BE into the form of a system of equations in the variables {Y;(z)}
we must also finesse the right-hand side. As you might guess, this involves an expansion

in the chemical potentials p/T around the equilibrium reaction rate

y(ab — ij) = / [Ap,) [dpy)[dpi] [dp;] (27)* 6 (pa + pb — pi — ps) (5.96)
X [Mab = i) Sy (U4 m 7 (A4, £,

where here and onwards I will drop the explicit ellipses and trust that the generalisation

to an arbitrary number of particles is clear. We then have
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fafb( +77@fz)(1+773fj)
FLAR A+ f7 4, f79)

[ab — ij] = vy(ab — ij) (5.97)

(for which I stress that the ratio of distributions remains under the integral of v(ab — ij)),

and the relevant expansion, assuming all particles are in kinetic equilibrium, is

fafb(1+77@fz)(1+77jfj K eqﬂl 2
&q ° o = 1+ - + +0 5.98
PR ey T 2 m) 6%
2
=1 + Z 2Ynor + Z TH 2ynor + O( )’ (599)
I=a,b I=a,b,i,j

where we have used Eq. (5.83) and defined the convenient quantity

15¢1 gr
Y= — . 5.100
! 872 gxS ( )
If any of the particles are out of equilibrium we must instead use
fi Y; Wi L+nifi
= = ~1l+—= and ——z~1, 5.101
A T L /i (100
as per Eq. (5.87).
EXAMPLE

In the next chapter we will attempt to achieve leptogenesis through the out-of-
equilibrium decay of a heavy scalar h~ introduced in the Zee model. Applying the
above expansions to its decay into two lepton doublets, h~ — L,Lg (which, for
now, we don’t need to know anything about other than the fact that it’s allowed),

we find

fn-(1— fLa)(l ng)
e (L= o)1= f13)

~ - Hh eq HLq eq MLg
N’yh _>LOLL5)<1+ T)( fLaT fLBT)
14 ZhT
(142

(
~y(h™ = LoLg - I1. N,;a I MLﬂ)

[h™ = LaLg] = y(h~ — LaLg)

LET
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Y73 'Lagypor — /Ls gy por
o B

Yh* eq YALa eq YAL/J )
)

Yh_ eq YALa eq YALB >

= V(h‘_ - LaLﬁ) <Y:q — JL, QYII,lor Lg QYEor

(5.102)

which I have notationally simplified in the last line by writing Y;¢ = V! = v},

and YO = YL“;’T = Y;'". For the inverse decay we similarly find

— — e o eqy ML
[LaLs = h) ~ 3 (Lals » h7)(1+ (1 - )52 + (1 - £ 222 )

T T
_ YAL, Yar,
~y(LaLg — h )(1 +(1- zz)zyfor +(1- E(;)QYL“OT .(5.103)

We note that the equilibrium distributions f;* and fz(; in Egs. (5.102) and (5.103)
inconveniently remain under the phase space integrals of y(h~ — LoLg) and
v(LaLg — h7™), meaning that the parenthesised quantities still do not cleanly
factor out from the ~’s. Happily, this wrinkle will be (accidentally) resolved by our

forthcoming manipulation.

Because we are interested in asymmetry generation it is smarter to track the evolution of

the combinations

YA =Y, — Y and Yy, =Y, +Y: (5.104)

instead of Y, and Y; separately. Here the Boltzmann equation for ¥; is

dYz -
A ab i 1
szH L agbj[a 7], (5.105)
and using the fact that
(@b —77) = 2ij - ab), (5.106)

which follows from the CPT theorem and the identity Eq. (5.92), we may write
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fafg(l + m-f?)(l + njfj)

ab—ij] =v(ij — ab)—sa—s = - 5.107
O = O e e 7, ) (5107
Defining now the combinations
Yy(ab — ij) = y(ab — ij) + v(ij — ab) and (5.108a)
Ary(ab — ij) = vy(ab — ij) — v(ij — ab), (5.108b)
as well as—for our own sanity—the abbreviated notation
fafb(l +nifi) (L +n;f5)
Javij = e e and 5.109a
T T (0:10%)
_ 14 1+
fab,ij = ef fb( il eq( T]J ) (5109b)
B+ 7N A + 0, £

we can now bring it all together, and after some straightforward algebra we find the

Boltzmann equations for the difference and sum of number densities to be

dYa; = =
szH A = Z { Yy(ab — ij) (fab,ij — fijab — fabij fij,ab) (5.110)
4 §A’Y(Gb — i) (fab,ij A et == Faman fij,ab)]
and
dYsy; _ _
SZ’H i Z l: Z"y ab — Z]) (fab,ij - fij,ab ol fab,ij - fij,ab) (5.111)
o

+ §A’Y(ab — i) (fab,ij + fisab — Fabij — fij,ab)] .

EXAMPLE

To gain a handle on this form of the BEs, let us construct the equations for a fixed
lepton doublet flavour L, using the decay h™ — L, Lg from our previous example.

From Egs. (5.102) and (5.103) we can read off
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Y YarL, Yar
Jh=\LaLs = — fr 2vpor — I1; 2Ynfr and (5.111a)
YaL, Yar,
fLorsn- =1+ (1 — zj)QYLmr +(1— zg)zygor’ (5.111b)
and using Yoz = —Y, L, We may similarly write
= Yy+ YaL, Yar
fh_vLaLB eq + fzqa 2ynor + fL?; 2ynoﬁr and (5111C)
= YarL, Yar,
Frarsn-=1-(1- fei)Qynor —(l= z%)zygor‘ (5.111d)

Plugging into Egs (5.110) and (5.111), we end up obtaining

dYar,,

_ Yan Yar, +Yar,
saH—= = > 5 S Ny L@(Yh e (5.112)
B
1 Ysp
+ > Ay = LoLg)| —oq +2
3 2 Y,
and
dYEL 1 _ YZh
——e =) "% iy — 9 11
szH P zﬁ: 3 y(h™ — 3) (Y}fq > (5.113)

1 _
+> 587(h™ = LaLp)

(YM Yar, +Yar, N 2fz(iYALa + fE(;YAL5>
B

Yheq + Yilor er/lor

(In principle there should be a factor of (1 + d,g) under each of the sums to account
for the case where 5 = «, but it turns out that the decay rate vanishes when
the leptons are the same flavour, and so the factor is unnecessary.) But for the
second line of Eq. (5.113), there are no longer any fE‘i factors, and the parenthesised
number densities all factor out from the ~’s. If we wanted to, we could however
justifiably neglect the second line of Eq. (5.113) as it is proportional to the product
of the C'P-violating difference Ay(h™ — L,Lg) and the number density differences

Ya;, both of which are tiny.
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In fact, we may go one step further and drop Eq. (5.113) entirely: we are ultimately
interested only in modelling the asymmetry Ya;, and since Yx; does not enter
into Eq. (5.112) it is not necessary for us to track its evolution. Evidently we will

however need to track both Ya; and Ysy.

For the remainder of this section we will hijack the above example to motivate the discussion.

The first line of Eq. (5.112),

ay, 1
srH—te 537 5= (0" = LaLg) (5.114)

(YNL Yar, + YAL,;)
dz 3

eq nor
Yh YL

and more generally of Eq. (5.110), is known as the washout term. Its purpose is to work
against us, erasing any extant lepton number asymmetry. This is easy enough to see:
when we have an excess of lepton doublets or a deficit of h~’s, the term in parentheses is

negative and the inverse decay L,Lg — h~ will act more quickly to reduce Yar,.

The second line of Eq. (5.112),

dYar, 1 _ Yy,
SZHT D ZB: iA"}/(h — LaLﬁ) (Y,heq + 2 5 (5115)
and of Eq. (5.110), is known as the source term, and its purpose is to generate a lepton
asymmetry. However, there is a problem — when A~ is in chemical equilibrium, meaning
Yy = 2Y}fq, we should expect the source term to be suppressed, but it is clearly not.

Where have we gone wrong?

It turns out that we have not so much erred as we have failed to account for all effects. The
fix comes from considering the scattering process L,Ls — LoLg, which occurs through
an s-channel A~ mediator. The critical insight is that this scattering process contains
the decay h~ — L,Lg as a subprocess when the h™ is exchanged on-shell, and so the
physical effect of the decay is double-counted in the Boltzmann equation. There are two
equivalent options available to us: we may remove the decay from the Boltzmann equation,
or we may subtract the on-shell piece from the scattering. It is more conventional to take

the latter approach, giving this procedure the name of real intermediate state (RIS)
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subtraction [346; 347; 350].
Let us therefore add to the Boltzmann equation the combination

[LLs <+ LaLglofi-shen = [LyLs + LaLg] — [LyLs <+ Lo Lglon-shel, (5.116)

which, as you can check, contributes to YAy, as

dy, Yar, +Yar; — Yar, — Yar
ALQ Z Z 27 (LyLs — L Lﬁ)offshe11< . : .

» a;éa Yi’lor
+ Z > m (LyLs — LaLg)oftshen X 4, (5.117)
B %57504

where here the additional factor of % is to avoid double-counting the initial states, and we
exclude v, = « from the sum over flavours because e.g. LoLs — LoLg does not change
the number of L, particles. The first line, containing the off-shell scattering contribution
to the washout, is higher-order in the couplings than the washout from Xy(h™ — LLg)
in Eq. (5.114), and so it is usually acceptable to neglect it unless these couplings are O(1).
We may also drop the scattering asymmetry Avy(LyLs — LoLg) from the second line, as
it will similarly be higher-order than the decay asymmetry Ay(h™ — LoLg). This leaves
us with just the subtracted on-shell piece,

dYar,
z

seH 2 B Z Z A’Y(L’YLé — LaLﬂ)on—shelL (5.118)

B v.0#a
To deal with this piece we use that

Y(LyLs = h™)y(h™ — LoLg)

Y(LyLs = LaLg)on-shen = (5.119)
o' « on-she %pr’y(h_—)l}pl}a)
—for which I'll defer a proof to Section 5.A—and then in turn
APY(L’YL§ — LaLﬁ)on-shell (5120)

 Sy(hm = Ly L) Ay(h™ = LoLg) — Ay(h™ = L,Ls)Sy(h™ — LaLg)
Y opo V(b = LyLo) '

When inserted into Eq. (5.118), we notice (perhaps with some effort) that we can now
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extend the sums to include v, = « since the additional terms either vanish or cancel

against each other. The complete sum then allows us to use

> Sy(h™ — LyLs)

=2 5.121
Zp,o’ V(hi — LpLO') ( )

V7,6

for the first term, and—to be demonstrated in the next chapter—

> Ay(h™ = LyLs) =0 (5.122)
¥,0

for the second, leaving us at last with

dYar, _
s2M == D 2;A7(h — LoLg). (5.123)

Adding this to Eq. (5.115), we finally obtain a source term with the correct equilibrium

behaviour, and the full corrected form of the Boltzmann equation for Yay,, is therefore

dYar, Yan  Yar, + YAL,;) (5.124)

1
=" =Sy(h — Lol -
R zﬂ:z h” = Lo m(Y,fq ypor

1 _ Y

In the future we will simply write down the Boltzmann equation(s) with the correct source

term(s) without explicitly carrying out the RIS subtraction procedure.

5.4.4 Evaluating the Equilibrium Rates

Let us now discuss how to evaluate the equilibrium reaction rates

v(ab — ij) = / [dp,][dpy)[dp;][dp;](27)* 6™ (pa + Py — pi — ;) (5.125)
x [M(ab — i) 2 £+ m f7N (4, 7).

This is rather difficult to do on account of the distributions, which (1) have inconvenient

functional forms, and (2) spoil Lorentz invariance through their dependence on p, or rather
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E, =p" = p-u, with u the plasma velocity vector. Point (2) forces us to express the v’s
with a careful set of angular integrals, and together with point (1) this means that we will

doubtless need to resort to numerics for their evaluation.

As is the physicist’s way, we may however regain some analytical purchase through the art

of approximation. The approximation we will use is

[ e BT and 149,01 (5.126)

— that is, we will take the Maxwell-Boltzmann limit for all our distributions. Because this
limit is suitable only when T' < m; (or more correctly T' < E;), this obviously does great
violence to the distributions of particles for which this is not satisfied, which in the context
of leptogenesis is typically everything but our heavy decaying particle. However, this is
not a problem: the kinematics of the relevant decay (e.g. h~ — Lo Lg) forces the energies
of the product particles to be of the same order as that of the heavy decaying particle, and
for such energies the Maxwell-Boltzmann approximation is acceptable. We may therefore
use this approximation with impunity as long as we are considering processes featuring at

least one heavy particle.

Now, applying Eq. (5.126) to y(ab — ij) reduces it to

Y(ab — ij) = / [dpa) [dpe] [dp;][dp;](27) 6™ (pa + py — ps — pj)| M2 Ee BT (5. 197)

and by cleverly inserting a factor of 1 = [ %(2%)46 W(Q — pa — p) we obtain
. d'Q o/,
ab i) = [ e M (@), (5125)

where

Yabif (Q%) = / [dp, ] [dp,] (2m)*6(Q — pa — pb) / [dp;][dp;](27)*6™(Q — p; — p;) IM[*.

Lorentz-invariant initial state phase space Lorentz-invariant final state phase space

(5.129)
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Having happily recovered Lorentz invariance, we may straightforwardly compute 4 using
standard zero-temperature techniques. For a 2 — n scattering process it relates to the

usual spin-averaged cross section

1 1
— dIr, IM|? 5.130
U(S) SaSb 2)\1/2(S,m(21,m%) / ’M’ ( )
by
A 2 2
Aab—ij...(8) = SaSbWU(S), (5.131)
where
Az, y,2) = 22 + > + 22 — 20y — 222 — 2y2. (5.132)
For a 1 — n decay it relates to the decay rate
1 1
== dIL,, [M|? 1
Sq 2Myg / ‘M’ (5.133)
by
Ya—ij...(s) = 2mé(s — mg) X 2mgsal. (5.134)
Independent of the form of 4 we can write
= / ‘e e~ /T4(Q?) (5.135)
7= ) @na g :
1
= 5 [aQlaQ’Qpe @ T(@?), (5.136)
m

and changing integration variables from (Q°,|Q|) to (Q°,s = Q?), with®

1 1
d|QldQ’ = —— dsdQ’ = ——————dsdQ", 5.137
QA= 15q 2/ Qs (137
8A naive reading of d|Q| = —ﬁ ds gives the wrong sign if, as we are doing now, we

do not concurrently track how the limits of integration are altered under this change of
variables.
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gives

= # /:O ds /\: 4Q" /(@72 = se="/T4(s) (5.138)

T /oo ds+/sK; <f>’y(s), (5.139)

= 83

Smin

where K is a Bessel function as defined in Eq. (5.86). Here sy, depends on the kinematics
of the process; for a 2-to-2 scattering it is smin = max{(mq + myp)?, (m; +m;)?}. In the

special case of a decay or inverse decay we can plug in Eq. (5.134) to obtain

T

v = @/ds VsK; (f) x 218 (s —m?2) x 2mgs,T (5.140)
T

- ngK1<”;)sar. (5.141)

At last, we can now see that the reaction asymmetry A~ relates to the zero temperature

decay asymmetry

I'a—ij) —T(ji — a)

i = 5.142
“9 = T(a — 4j) + L(ji — a) (5.142)
defined at the start of this chapter simply through
Avy(a — ij) = €i2v(a = ij), (5.143)
where now
.. T 2 Mg, ..
Yy(a —ij) = —5mg K T salo(a — ij), (5.144)
™

with I'g(a — ij) the tree-level decay rate.
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5.4.5 Spectator Processes and Conserved Charges

So far, we have made good progress: we are able to write down the Boltzmann equations
as a coupled system of relatively simple equations in the variables Ya;(z) and Yx;(z) using
a very reasonable set of approximations. This puts us very close to our goal of computing
the predicted baryon abundance Yp. In a leptogenesis scenario our final step is therefore
to determine exactly how a generated lepton asymmetry Y, transmits to Yg. Though we
know this transmission will be due to electroweak sphalerons, we will obtain the correct

result only if we also consider the effect of all other so-called spectator processes.

A spectator process is any ‘fast’ reaction (meaning I' > #H) which does not directly enter
the Boltzmann equations, but instead serves to impose relations between the chemical
potentials of participating species. As we recall from Section 5.4.2; a generic spectator

process ab... <> 1j ... demands that

Pa+ o+ .o =i+ 5+ ... (5.145)

In particular, the effect of sphalerons, which can be understood to generate the interaction

operator [280; 351]

Osph ~ [[(QQQL)., (5.146)
(0%
with « a generation index, is to enforce

> (3. + 1L,) =0. (5.147)

«

If we can list the constraints from all such processes and solve for up, it seems our job will
be done. However, in doing this we will miss an important effect — the sphalerons should
also change the number of leptons, thereby altering YAy and pr. It therefore appears that
the only way to consistently account for the effect of sphalerons, and potentially other

spectator processes as well, is to include them in the Boltzmann equations too.

This conclusion is however too hasty, for there is a better way deal with this complication.
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Consider the partial baryon-minus-lepton number

B
3

Aq L, (5.148)

for which?

YAC‘ = Z (YAQH + YAURB =+ YAdR@> - YALa - YAeRa- (5149)

1
) B

Owing to the fact that sphalerons obey the selection rule

%AQQ = ALq = +1 (5.150)

(which we can read off from Eq. (5.146)), and therefore

1
JAB = ALy =+, (5.151)

they do not alter A,. This gives us our way out: if we track Y, instead of YAz then we
are immune to their interruption. In fact, since A, is conserved by every Standard Model
process,' we can guarantee that the only processes we will need to include in the BE for

YA, are lepton number-violating ones of BSM origin.

This change of strategy now requires us to determine both Yz and YAy, as functions of
Y., where knowing YAy, is necessary to be able to re-express the source and washout
terms of the Boltzmann equations in the correct variables YA _ . Doing this, subject to

the constraints imposed by spectator processes, has the potential to become quite tedious.

9Note that the lepton number L, includes not just the number of left-handed lepton
doublets L., but also the right-handed lepton singlets er,. Though this makes for an
unfortunate clash of notation, I will do my best to keep the following discussion free of
ambiguity.

1Tn principle A, is violated anomalously if there are no right-handed neutrinos [122],
but as the rate of violation is small and does not get enhanced by thermal effects we may
safely ignore it. The reason for the lack of enhancement is that B — L only has a U(1)3B_ I
anomaly, whereas the SU(2)%; U(1) g4, anomaly allows B+ L to be violated by topological
gauge configurations such as sphalerons [309; 311].

129



Theory: Leptogenesis

Fortunately for us, a rather slick approach due to Ref. [352] (see also Ref. [353]) greatly
simplifies this task. The approach, termed the symmetry formalism, exploits the key
observation that Eq. (5.145) is of exactly the same form as the equations we would write to
determine the active U(1) symmetries at a given temperature. (Here and in what follows
I use the terminology ‘active’ to refer to a symmetry respected by all spectator processes.
An active symmetry may not necessarily be a symmetry of the full theory.) For example,
assuming U(1)y is unbroken (which it is prior to the electroweak phase transition), the

hypercharges of all particles in a spectator process ab... <> ij ... must satisfy

Yot Yot ... =Yi+Y;+..., (5.152)

and more generally, their charges under an active U(1)x symmetry should obey

G+ + =G +a .. (5.153)

From this we may conjecture that the chemical potentials are given by

pi =Y Cxaq, (5.154)
X

where the sum is over all U(1)x symmetries, which I will shortly list, and the Cx’s are
yet-undetermined constants. With this ansatz, Eq. (5.145) is automatically satisfied for
all spectator processes as long as C'x = 0 for all inactive symmetries (that is, symmetries

broken by at least one spectator process).

To determine the constants C'x we first use Eq. (5.83) to write

15G gi s 15¢ gi 1 X
Veo — Fi _ SN O, 5.155
Aj A2 g5 T A2 g5 T ; x4; ( )

and then the charge densities Yx in turn as

Y =) 6 Ya (5.156)
[

15 1 X v
47_(_29*5 T ; 1J1 1 ; (2
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15 1

= —— ) JxyCy, 5.157
47r2g*5T; xyCy ( )

where it is helpful to define the matrix

Ixy =Y GG ) - (5.158)
7
Inverting, we then obtain
Cv — 47729*ST -1
X =1 > (I Hxy Yy (5.159)
Y

Note that when there are n active symmetries, and therefore n non-zero Cx’s, Eq. (5.157)
tells us that only n of the Yx’s are independent. We therefore can (and should) restrict J
to the n-by-n submatrix in the active symmetries before taking the inverse, and understand

Eq. (5.159) to be equivalent to

%T Z(Jﬁl)Xy/Yy/ X active
Cx={ 15 = % : (5.160)

0 X inactive

where I use a primed notation to indicate that the sum is over the active symmetries only.

Plugging this back into Eq. (5.155), we find that the number density of a species i is

Yai=Ggi Y. @ (J ) xv Yy, (5.161)
XY’

and feeding this into Eq. (5.156) tells us that the baryon number asymmetry is therefore

to be computed as

Yp = Z JBX/(J_I)X/y/Yy/. (5.162)
XY’

As a sanity check, this equation reduces to Yx = Yx if we apply it to an active symmetry

instead of baryon number, as we should expect.

131



Theory: Leptogenesis

u c t d s b e pu T Ve v, vr WT
i1 1 1 1 1
cliesos o3y !
DB B
e G —
Bls 3 35 3 3 3
g |6 6 6 6 6 6 2 2 2 1 1 1 3

Table 5.1: SM particles after the electroweak phase transition and their conserved charges.
As the Higgs boson, photon, Z-boson and gluons are real, they cannot carry a charge and
are hence excluded from the table. The degrees of freedom g; of the particles are also
shown for convenience.

EXAMPLE
Equations (5.161) and (5.162) are admittedly somewhat impenetrable, so let’s ex-

plicitly use the latter to work out how Yp relates to Y, in the SM. If we want to be
able to compare to the baryon abundance today it is imperative that we compute
this only when baryon number stops changing — i.e. when the electroweak sphalerons
freeze out. Lattice studies indicate that this occurs at T' =~ 130 GeV [305], after the
electroweak phase transition, which itself happens at Tpwpr &~ 160 GeV [349]. At
this point the only surviving symmetries from higher temperatures are A, A, A;,
and @ (electric charge), and so the matrix J will be 4-by-4. Using the charges from
Table 5.1 we can then compute

93 12 12 72
1112 93 12 72

T=% 12 12 93 72 &2
72 72 72 594
and
_ (4 4 4
Joxi= (3 % % 2) . (5.164)
Inverting J and plugging into Eq. (5.162), we hence find
Vi = 22 (Va, + Ya, + Ya,) — =Y. (5.165)
B gy A T S Re T SR g R '
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Since we do not violate conservation of charge during leptogenesis (and the universe
is moreover observed to be electrically neutral), we can set Y = 0 to at last obtain

12

Yg = —
B= 37

Yp-1, (5.166)

where Yp_1 = YA, + YA, + YA, is the total baryon-minus-lepton number density
at the time of sphaleron freeze out (which is in turn equal to Yp_ at the end of

leptogenesis).

As an aside, I should comment that the top quark is non-relativistic at 7' = 130 GeV,
meaning (; = 1 should strictly speaking be replaced by the more general expres-

sion [94]

6 00 et myg
= — dezy/22 — 22— =~ 0.77 h = — d = —1.
Gt 2 /Zt T T\ T 2 (e — )2 , where 2z T and
(5.167)

This slightly modifies Yp from $2Yp_1, ~ 0.324Yp_, to 0.321Yp_ .

If sphalerons instead freeze out before the electroweak phase transition (which could
conceivably happen in a given BSM model) then our fourth conserved charge is
hypercharge Y instead of electric charge @), and repeating the calculation with the

particle content of Table 5.2 instead gives [354]

28
YB = %YB—L ~ 0-354YB—L- (5168)

It is worth taking a moment to appreciate the ease with which we obtained the above
result. Even though—granted—I skipped over the working in obtaining J, we crucially
did not need to identify any spectator processes or solve any chemical constraint equations.
Using Eq. (5.161) or (5.162) to determine a number or charge density is as simple as listing
the active symmetries and then turning the crank, which is straightforward enough to be

easily automated with e.g. Mathematica.
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Q1 Q2 Q3 ur cr tgr dr Sp br L1 Lo L3z er pr 7 H|Ti: [GeV]

A T 1 1 1 1 1 1 1 1 _3 =] -

‘ AR A W S S S S

I S B T B A B -

A O B O O A S L R R R S|
Y & 6 & 3 5 3 —3 —3 —3 —3 —3 —3 —1 -1 -1 3| Tewper
e 1 3 x 10*
u—d 1 ~1 2 x 109

Bs+By—2B1|-3 § 3 —3 3 3 —3 3 3 107
uU—S5 1 -1 3 x 108
1 1 1 1 1 1 8

By — By ~3 3 ~3 3 5 3 9> 10

I 1 109
u—-c 1 -1 2 x 1010
u—"b 1 -1 3 x 101
T 1 4% 101
1 1 1 1 1 1 1 1 1 12

B 35 35 3 3 3 3 3 3 3 2x10
u 1 2 x 1013
t 1 101°
gi 6 6 6 3 3 3 3 3 3 2 2 2 1 1 1 2| NJ/A

Table 5.2: SM particles and their charges at temperatures above the electroweak phase
transition. As all gauge bosons are real, they cannot carry a charge and are hence excluded
from the table. Estimates for the breaking temperatures T}, can be found in Ref. [356];
see also Refs. [104; 355]. The degrees of freedom g; of the particles are also shown for
convenience.

Our final job is therefore to more generally identify the U(1)x symmetries that are active
at any given temperature. There are up to sixteen such symmetries in the SM: one for each
of {Qu, URa, ARy Loy €Ras H }, though in practice it is more convenient to use a basis such
as the one listed in Table 5.2.!' As the universe cools down more spectator processes will
enter equilibrium, breaking incrementally more symmetries until the only ones remaining
are A, Ay, Az, and Y (pre-EWPT) or @ (post-EWPT), which remain true symmetries of
the SM. If we can determine the temperatures at which the symmetries are broken, then

our work is done.

To this end, consider for example the symmetry 7 = U(1),, under which 75 = egs carries
the charge ¢ = 1 and all other particles are uncharged, ¢ = 0. While this U(1), is

violated by the Yukawa interaction

1 Other basis choices can also be made; see for example Ref. [355].
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LD -Y,L3H7R +hec., (5.169)

it remains an active symmetry as long as LH7 interactions are slow, I' < H. Estimating
the reaction rate to be I' ~ YT by dimensional analysis (though actually, a better estimate
is ' ~5x 1073 x V2T [357-359]) and comparing against the Hubble rate, Eq. (5.75), tells
us that U(1), is broken when

5x 1073 x Y2T
- 166G 1

1 — T ~4x10"GeV. (5.170)

r
H
I will not go into detail for the other symmetries in Table 5.2, as the breaking pattern of
the quark and baryon number symmetries is somewhat more complicated [356]. In brief,
t is first broken by the top Yukawa interaction at Tj,, ~ 10'® GeV, followed by one of the

quark symmetries, which we choose to be u, when the SU(3)¢ sphalerons

Osph,su@)e ~ | [(QQuRdR)a (5.171)

enter equilibrium at 7' ~ 2 x 10'3 GeV. Baryon number B is then broken when electroweak
sphalerons enter equilibrium at T' ~ 2 x 10'? GeV, and the sequence in which the remaining

quark symmetries are broken is due to the quark masses and CKM effects.

EXAMPLE

Leptogenesis in the Zee model, through the decay of the scalar h~, will occur when
the A~ particles exit equilibrium at T' ~ my, and it will turn out that we will need
to take my, > 102 GeV. To determine how Y L, relates to YA, during leptogenesis,
as is needed for the Boltzmann equation, Table 5.2 tells us that we will need to
account for all the symmetries but B, u and t. There is however a catch — the Zee
model also introduces a second Higgs doublet (and we will later want to introduce
a third), and the Yukawa couplings of this second Higgs to the leptons will turn out
to be large enough that e, j, and 7 will be broken above 10?2 GeV. This leaves us
in actuality with only ten active symmetries. Additionally, we should not forget to

include A~ and the new Higgs doublet(s) when summing over all particles in the
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computation of J, though for practical purposes we can set (;,- = 0 as it drops out

of equilibrium.

The eventual result of writing out the 10-by-10 matrix J, inverting, and plugging
into Eq. (5.161) is

YarL, o [(35-C 4-C  4-C\ (Y,
YAz, 4—C  4-C =35-C)\Ya,
where
756
= 1
¢ 111 +91ng’ Bl

with ng the number of Higgs doublets. The densities of the other seven charges
such as Yy can be assumed to be zero as they are, after all, conserved and unbroken

during leptogenesis. When ny = 2, as in the minimal Zee model, this becomes

Yar, o (847 32 32 (V4 —0.64 0.02 0.02\ [Ya,

YaL, | = geam| 32 847 32 ||Ya, [~ | 002 —0.64 002 ||V, ],

Yar, 32 32 —847) \Yj, 002 0.02 —0.64/ \Ya,
(5.174)

and when ny = 3 we instead get

Yar, L (91 5 5 (Y, —0.63 0.03 0.03\ (Ya,

Yar, | =g 8 91 5 |[Ya|~ [ 003 —063 0.03 ||Ya,

Yar, 5 5 —91) \Ya, 0.03  0.03 —0.63) \Ya,
(5.175)

We will also end up needing expressions for the number densities of the Higgs

doublets, so while we’re here we can also compute

112ng
111 4+ 91ng
{—%(YAI + YA2 —|—YA3) ng = 2 .
—I(Ya, +Ya, +Ya,) ng=3

Yam, = (Ya, +Ya, +Ya,) (5.176)

(5.177)
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5.4.6 Summary

With the p/T expansion, RIS subtraction, Maxwell-Boltzmann approximation, and spec-
tator effects fully accounted for, we have brought our main Boltzmann equation from its
original form

dnr,,
dt

+3Hng, = > [h~ 4 LoLg] (5.178)
B

to the final incarnation

dYA 1 _ Yan  Yar, tYaL
==Y =5y(h” = Lalg)| treq — e (5.179)
2 Yy %
8
Ys
Z (™ = L Lﬁ)< m-z).
8 Y
m Y YALa + YAL
Z 27 Fo(h — L Lﬁ) (YAh - ynor : (5180)
Jé] h L
Ys
Z (2)eapTo(h™ — L L5)< >h —2>,
Yh
8
where
z= 2k ey = Lth” = Lalp) = T(Lals = 17) (5.181)
T’ " T(h~ — LaLg) + T(LaLs — h™)’ '
and
YAL, —0.64 0.02 0.02 ) [Ya,
Yar, | = | 002 —0.64 002 ||Va, (5.182)
YAL, 0.02 0.02 —0.64/ \Ya,

Assuming the additional Higgs doublets are non-relativistic when the electroweak sphalerons

freeze out, Eq. (5.166) still holds and the generated baryon asymmetry is equal to

12 12
Y, YA, + Ya, +Ya,) = —Y5_1. 1
B = o (Ya, +Ya, +Yag) = = V6-1 (5.183)

To successfully explain the observed baryon abundance of the universe we therefore require
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that

37
Yp_1 ~ T X 8:68x 107" ~ 2.68 x 10710 (5.184)

at the end of leptogenesis. In the next chapter we will write down the Boltzmann equations

for Yy, and Yap, and extend Eq. (5.179) to include additional processes.
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5.A Further Details on Real Intermediate State Subtraction

Let’s try to convince ourselves of the relation

Y(LyLs — h=)y(h~ — LoLg)
55,0V (h™ = LyLg)

f)/(L’YLls — LaLﬁ)on—shell = (5185)

which was critical to the success of the RIS subtraction scheme in Section 5.4.3. This
is most easily achieved using the results derived in Section 5.4.4 by approximating the

distributions as Maxwell-Boltzmann, though it can be shown without doing so [347].

To begin, we have from Eq. (5.139) that

T S
y(L,yL(; — LaLB) = 3.3 /ds VsK1 (?) /dHM; dll,g |M(L7L5 — LaLB)lz. (5.186)

The matrix element for this scattering is

L, La
. h~
iM(LyLs — LoLg) = >< (5.187)
Ls Lg
i
=i i Nl
iMip s—m2+imyT, iMp, (5 88)

where Mip and Mp are the (inverse) decay matrix elements, and we use the resummed
form of the propagator for the intermediate h~. To identify the on-shell part of this

scattering the conventional approach is to appropriate the narrow width approximation

2

1 T
~ 5(s —m3 5.189
S — m% + imhFh mhFh (8 mh)’ ( )
which holds in the limit '}, < my, to write
T
MLy Ls = LaLs)fnan = MM Td(s —m?) - (5.190)
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the off-shell piece then contains the difference between this approximation and the unap-

proximated amplitude. Using this, Eq. (5.186) becomes

T m T
Y(LyLs = LaLg)on-shell = wmhKl (Th) (/ dIL,s !MIDIZ) (/ dIlagp |MD\2>

mpl'y

thF(L-yL(;—)h_) 2mhF(h——>LaL5)
T mh) T(LyLs — h™)T'(h™ — LaLp)

2 h
- 27r2mhK1( T T,

. (5.191)

To convert from the uppercase I'’s to lowercase ones we recall from Eq. (5.141) that

) T, )
~(h —>LaL5):27r2mhK1<T>F(h S LaLy), (5.192)

and assuming that A~ has no other decay modes, so that

1 _
Th =3 ;F(h — L,Ly) (5.193)

(the factor of % is to avoid double-counting final states), we at last obtain

Y(LyLs = h™)y(h™ = LoLg)
3550V = LyLo)

’Y(L’YL(S - LaLB)on—shell = (5.194)

as claimed.

Some comments are in order. First, it is not correct to assume that A~ has no other decay
modes — for instance, it can also decay into two Higgs doublets, h~ — HH. While this
means Eq. (5.194) must be altered, it does not change the result of the RIS subtraction
procedure. The reason for this is that the additional RIS-subtracted scattering HH —
LL, which when added alongside LL — LL in the Boltzmann equation, results in an
overall factor that correctly cancels against the full decay rate in the denominator. Other

additional decay channels are handled similarly.

Next, it is worth acknowledging that RIS subtraction admittedly appears to be a somewhat
ad hoc prescription. The use of the narrow width approximation is moreover arbitrary,

and the eventual cancellation of the total decay rate I'y, in the denominator suggests that
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there may be another way to execute the subtraction. Indeed, RIS subtraction can be

made to work using the principal value decomposition of a propagator,

]. ]. . 2 2
T i Pp2 — 3 ird(p* —m?), (5.195)

p2

though care must be taken when squaring it to obtain sensible results [350; 360; 361]. All
that said, RIS subtraction can in fact be justified through use of the closed time path
(CTP) formalism for finite temperature quantum field theory; see for example Refs. [105;
120; 362-372]. The CTP formalism provides one with the means of deriving the evolution
equations for quantum correlators in a thermal background from first principles, and these
Kadanoff-Baym equations [373] can be shown to reduce to the Boltzmann equations under
the right set of approximations. Importantly, the Kadanoff-Baym equations automatically
imply RIS subtraction [365], and without going into detail, this is because propagators
in the CTP formalism include additional on-shell parts bearing distributional factors
representing the exchange of a particle with the thermal bath. For more details I refer
you to the above references, though I recommend Ref. [120] for a relatively gentle first

introduction to the formalism.
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I am altering the model.
Pray I don’t alter it any further.

Darth Vader,
in The Empire Strikes Back,
reimagined

Leptogenesis in the Zee Model
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The time has come for us to apply what we have learnt in the previous chapter to the
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study of a concrete leptogenesis scenario — that in which a lepton asymmetry is generated
through the C'P-violating decay of the singly-charged scalar singlet A~ introduced in the
Zee model of neutrino masses. It will turn out that this scenario is unable to adequately
explain the observed baryon asymmetry of the universe, and so the Zee model will need

to be extended if it is to do so.

This chapter is representative of an ongoing work [2] and therefore does not form a complete
package. In particular, a thorough examination of the available parameter space from
present-day experimental constraints is absent, the flavour-covariant Boltzmann equations
are not presented, and the study of the minimally-extended variants of the Zee model is
yet to be performed. My largest sole contribution to this work is the calculation of the
C'P asymmetries, though I have also had a hand in most other parts. All plots and figures

in this chapter were created by me.

6.1 Introduction

As we discussed somewhat exhaustively (and exhaustingly) in the previous chapter, the

SM falls short of explaining the observed baryon abundance of the universe [90; 304],

Yp ~ (8.68 £0.57) x 10711 (6.1)

leaving us in need of a BSM mechanism of baryogenesis. A particularly appealing one is
that of leptogenesis, where the lepton number violation inherent to Majorana neutrino
mass models is leveraged to generate a lepton asymmetry which is transformed to a baryon
asymmetry by equilibrium sphaleron processes. Countlessly many leptogenesis scenarios
have been studied (see for example Refs. [102; 104-107; 331-335; 374-393]), and in this
wide berth of literature it is often observed that successful leptogenesis is generically more
difficult to attain in radiative mass models, where the lepton number-violating interactions
giving rise to neutrino masses have a tendency to erase any existing lepton (and therefore

baryon) asymmetry [38; 106; 107; 394; 395]. This is particularly true for O(TeV)-scale
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scenarios—which attract the most attention due to their testability at colliders and in
other terrestrial experiments—as the couplings required to explain neutrino masses are
typically orders of magnitude greater than what is required to satisfy the out-of-equilibrium

Sakharov condition [106; 107; 396].

One of the most well-known radiative mass models is the Zee model [23], where the
introduction of a second Higgs doublet Hy and a singly-charged scalar singlet A~ is used to
generate neutrino masses at one-loop. For the reasons cited above, the model has been ruled
out as a viable progenitor of leptogenesis, at least at the 1-100 TeV scale [106; 107; 385]
where it is most likely to reside [179]. If we untether ourselves from naturality requirements,
however, it is possible to entertain a high-scale realisation of the model, where Hs and h™
almost entirely decouple from the low-scale phenomenology and their respective couplings

become nearly unconstrained.

The purpose of this chapter is to study this high-scale scenario, and in doing so determine
whether it is at all possible for the Zee model to successfully explain the observed baryon
abundance of the universe via leptogenesis. In this scenario a lepton asymmetry is generated
through the out-of-equilibrium C P-violating decays h~ — LL and h~ — eLH, with the
heavy charged scalar h™ requiring a mass of O (1012 GeV). Standing in the way of successful
leptogenesis are two main obstacles: first, the C'P-violating interferences are two-loop
suppressed, and second, the total C'P asymmetry of these decays is zero, necessitating the

intervention of flavour effects to preserve a net non-zero asymmetry.

The rest of this chapter is organised as follows. In Section 6.2 I will review the Zee model
and its C P-violating decays, giving a reasonably in-depth discussion of their important
features. This includes a brief qualitative overview in Section 6.2.4 of the ingredients
needed to maximise the asymmetry generated. Then, in Section 6.3 we will quantitatively
examine a promising benchmark scenario, before canvassing some minimal extensions
to the model in Section 6.4. Finally, I will summarise our findings in Section 6.5. A
more detailed examination of the C'P-violating Cutkosky cuts is provided in the appendix
section 6.B, which is sandwiched between two other appendices on the Feynman rules and

Boltzmann equations for the model.
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6.2 The Zee Model

Let us begin by reintroducing the Zee model and reviewing its properties. The model [23]
extends the SM with a new charged scalar h~ ~ (1,1, —1) and one new Higgs doublet

Hy ~ (1,2,1/2), with the relevant Lagrangian terms

£ —mihth™ + (pH{H™ = LFLW — T H, + Y Hyep+he).  (62)

We will operate in the so-called ‘Higgs basis’, where H; acquires a vacuum expectation value
v ~ 246 GeV, and we have the freedom to rotate our leptons so that either Y7 or Y5 can be
made real, diagonal, and positive (the conventional choice is of course Y7). The coupling
matrix f is antisymmetric, f = —f7, and we may take it to be real by simultaneously
rephasing L and eg, so that the diagonal Yukawa matrix remains unaffected. By rephasing

h~ we may also take u to be real.

Notationally T will use a, b in superscripts to label SU(2)w indices, Greek letters in sub-
scripts for flavour indices, and 7, j to index the Higgses — for example, I might write H,
L%, or e (in this chapter I will drop the R subscript from eg). I will use both subscript
and superscript placement for the Higgs indices based on a subjective sense of neatness,

SO you may see e.g. Yofﬁ and YjT.

Now, the Zee model is foremost a model for neutrino masses, which arise at the one-loop

level, and are equal in the decoupling limit to [179]

2
m
v _ 820 Y hy T~ T (T
mis = W@ﬁnm%OE%+Eﬁf)w, (6.3)
1

where the charged mass eigenstates are defined by

R\ [se ¢y h* , V2o
<@>—<% s, ) \mg ) T e T e (64)
1

h3

For small mixing angles, ¢ < 1, we have h] ~ H; and hj ~ h™, and for mj, > mpy, the

mass matrix simplifies further to
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Figure 6.1: The two-loop vacuum diagram from which we derive our C' P-violating interfer-
ences. It is non-planar, so some portals have been used to make it look nice.!At the same
order in the couplings we can construct another vacuum diagram by instead joining the
Higgs lines at the top and bottom, but this does not generate any C'P asymmetries.
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(6.5)

6.2.1 CP-Violating Decays

With the model established, our first task is to take stock of the C'P-asymmetric decays
relevant to leptogenesis. Where possible, it is conventional to express these asymmetries

in the form of an asymmetry parameter

P = ) =TT = ) Im(cey) [dlly [2Im(AgA,)] (6.6)
T = f)+T(t = f) el Jdlly [Ao> 7 '

where we recall from the previous chapter the decomposition M(h™ — f) = co.Ag + c1.A;.

All asymmetries we will consider originate from the vacuum diagram in Fig. 6.1, which

we must cut three times: once for the initial state, once for the final state, and once

IThough the use of colours is not faithful to the Portal franchise, I hope that this
choice of colouring is more intuitive to the average reader than the canonical one. The
portal graphic was sourced from Ref. [397].
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Figure 6.2: A two-loop self energy diagram for h~ obtained by cutting through an h line
in the vacuum diagram of Fig. 6.1. Shown in orange are all cuts relevant to the main text.
There are also two four-body cuts, shown in Fig. 6.7.

for the Cutkosky cut. For example, by cutting through an h line we arrive at the self
energy diagram in Fig. 6.2; cutting then through (d) gives us the final state L,Lg, where
everything to the left of cut (d) is the loop-level amplitude for h~ — L,Lg, and to the
right is (the conjugate of) the tree-level amplitude. Lastly, the Cutkosky cut will then be
one of (a), (b), (c¢), (e), or (f), of which the latter two can be found in Fig. 6.7. Notice
that the vacuum diagram is four-loop, and that the loop-level amplitude for A~ — L, Lg
is two-loop. There are no C'P-violating interferences for this decay at one-loop in the Zee

model, so this is the leading order at which we should expect to find an asymmetry.

An important feature of the vacuum diagram is that it can only generate asymmetries
in L number. To understand this, note that when we construct the Boltzmann equation
(BE) for a particle, say e,, we must sum over the flavours of all other particles in the
diagram since they will either be virtual or spectators as far as the BE is concerned. From
the Feynman rules listed in Section 6.A, doing so leads to the combination of couplings
i (Yf ff Y;‘T)aa, which, as the diagonal element of a self-adjoint matrix, has no imaginary

part and thus no asymmetry:

Eeo ¢ O P Im(Y, fT Y Naa = 0. (6.7)
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It is only when leaving the flavour of the vertical L lines in Fig. 6.1 unsummed, with

era o S 2T, £ f)aa, (6.8)

that an asymmetry can arise. Note however that the total asymmetry, when summed over

all L., flavours, is zero:
e, oY T (YY1 f) = 0. (6.9)

This forces us into a purely flavoured leptogenesis scenario [398; 399], meaning we are
dependent on flavour effects to obtain a net non-zero lepton asymmetry. In practice this
implies that we will need to protect the negative asymmetry in one flavour while washing

out the positive asymmetries in the remaining flavours.?

In the following subsections I will present and briefly discuss the results for the relevant

asymmetries. More details are provided in Appendix 6.B.

6.2.1.1 h~ — LL

The most important decay channel for h~ is h~ — LL, for which the tree-level decay rate

is

mh|fo¢ﬂ|2

Fo(h™ = LoLg) = o

(6.10)

Of the available Cutkosky cuts, there are only two that contribute a non-zero asymmetry

to this decay: cuts (a) and (b) in Fig. 6.2. Cut (a) produces the decay asymmetry

(In4)? u

AF(h‘ — LaLﬂ)(a) 5127T4

ZI (Y Napfsa + VYD satas]. (6.11)

2Since sphalerons conserve A, = B/3 — L, a negative lepton asymmetry leads to a
positive baryon asymmetry.
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The asymmetry due to cut (b) cannot be expressed analytically—at least not easily—as
it features the IR-divergent three-body decay h~ — eLH. However, it turns out that the
asymmetry from this cut cancels exactly against the asymmetry due to the complementary
cut h~ — LL — eLH of the three-body decay in the Boltzmann equation Eq. (6.27) (see

Section 6.B for details), so we can ignore it without consequence.

Owing to the flavoured nature of leptogenesis in the model, the most useful C' P parameter

we can define is

(@) 2 AL(h” = Lalp)@ _ 7* — (In4)? p? 5 (Y'Y, T ) (6.12)
« >p2l0(h™ = LaLp) 512m3  m3 (1 Haa ’ :

7

instead of a more conventional one in which all flavours are summed over. This isolates

the asymmetry contribution to a fixed flavour a.

6.2.1.2 h~ — eLH

The second-most important decay channel is h~ — eLH, whose tree-level diagram can be
found to the left of cut (b) in Fig. 6.2. This decay is IR divergent in the limit that h~ is
much heavier than the product particles, whose masses we have—up to this point—been
neglecting. In Chapter 7 we will investigate how to cancel the divergence, but for now
it is more practical to regulate it by introducing thermal masses and decay widths to
these particles. Thermal masses arise from resumming interactions with the early universe

plasma, and are given by m?(T) = ¢;T?, where (see e.g. Refs. [104; 347; 369; 372; 400-402])

1 1 1
ey = 76(07 +393) + £(6M1 + 223+ Aa) + 77, (6.13a)
1 1 1
CHy = TG(g% +3g3) + 6(6)\2 +2X3 4+ \g) + ETT(Y;YQ% (6.13b)
1 1
CLop = 3—2(9% + 3g%)5a5 + T Z(Y;Y;)ag, and (6.13c¢)
i
1 1
Ce,aff = ggg&aﬂ + ﬂ Z(Y;Y;T)Ocﬂ (613d)

%
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When T' < my, the h™ particles no longer contribute hard thermal loops to the self-energies
of these light particles, and so there are no terms proportional to the couplings p or f. In
ch, we can neglect the contribution from Y; as it is far smaller than the top quark Yukawa
entry Y;. In principle cg, should receive contributions from its own quark Yukawas, but
for simplicity we will assume they are zero. The couplings \; appearing in cg, originate

from the scalar potential

V(Hy, Hy) = —p3HIH, — p2HIH, + [Mgﬂgﬂl + h.c.} + M (HIH,)? + Mo (HIH,)? (6.14)
+ A (H| Hy)(HJ Hy) + Aa(H] Hy)(HJH,) + As | (H] Hy)? + (H{H,)?|.

Since the virtual Higgs doublet in the three-body decay can still go on-shell even after the

institution of thermal masses, we also require the widths

AM2(eq,, Cenrcr,)
16mep,

mpy Ty, =T? Z |Y$3‘2
a7ﬁ

(Cqu - cea - CLB)) (615)

arising from the decay H — €L and computed using the zero-temperature rates with the

thermal masses. With this the Higgs propagators are replaced by

i i

N , 6.16
p? +ie  p?—mi +impTh, (6.16)
and the three-body decay rate must be evaluated numerically. Correctly accounting for
all thermal effects is a far more involved undertaking [347; 371; 372], but Egs. (6.13) and
(6.15) are sufficient to capture the dominant ones. When this is done we obtain a tree-level
decay rate satisfying

To(h™ = e LsHi) — p* Y512
FO(hi — LaLﬁ) m}QL |f0¢5|2

g(mp/T), (6.17)

where j # i (meaning if ¢ = 1 then j = 2, and vice-versa), and the function g(z) is plotted
in Fig. 6.3. For the parameter values we will want to consider, this leads to a washout
rate that is reasonably suppressed compared to that of the two-body decay, so it will be

acceptable for us to neglect it. Even though the decays with an H» in the final state are
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Figure 6.3: A plot illustrating the magnitude of the three-body decay rate relative to the
two-body rate, given the benchmark values A\{ = Ay = 0.1 and A3 = Ay = 0, and assuming
for simplicity that Y3 is proportional to the identity matrix with entries Yo = {0.1,0.5,1.0}.
For consistency, the thermal mass corrections to the two-body rate are accounted for in the
ratio. The precipitous drop as z — 1, due to the final state masses growing comparable to
my, is an unphysical feature which would not appear if we also accounted for the thermal

contributions to the mass of h™.

resonantly enhanced by the narrow width of the virtual Hy, the overall proportionality of

the rate to |Y1|> < 0.01 keeps it small.

Now, there are two non-zero Cutkosky cuts for this decay: cuts (c¢) and (d). Neither
cut permits an analytical expression, though as discussed above, cut (d) cancels in the
Boltzmann equation Eq. (6.27), leaving only the contribution from cut (c¢). Numerically
the asymmetry due to cut (c) is about 17% as large as the asymmetry due to cut (a) in

the 2-body decay, and of opposite sign (see Section 6.B for details):

AF(h_ — ef/aﬁ)(c) ~ —0.17 x AF(h_ — LaL)(a) (618)
72 — (In4)? 12 t
0.17 x 51200 my, EZ Im(YZ Y. f faa- (6.19)

(Here, to declutter the notation, the absence of an index means it has been summed over.)
Unlike the cut (a) asymmetry, this is not so easy to express as a ratio parameter since we

don’t have an analytic expression for the tree-level rate. Because the dominant contribution
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to the washout comes from the two-body inverse decay, however, we can instead define

AT(h™ — eLoH) . 2_ 2 fy £t
(o - AL = eLall) o7 — (In4) I (Y;'Y; f1f)aa

2
o
= ~ 01T 2
« 2Ig(h~ — LoL) 51278 mj & (f1f)aa (6:20)

As the two- and three-body decays enter the Boltzmann equation Eq. (6.27) with opposite

signs, the total relevant asymmetry parameter is therefore

2 (n4)? 2 ty pt
512w my = (f f)aa

(6.21)

6.2.2 Flavour Covariance

As was mentioned when introducing the Zee model, it is conventional to work in the
charged lepton mass basis, where Y7 is diagonal and real, and f is also made real. In this

basis the C'P asymmetries become proportional to

ea o Y IV Y 1 flaa = (Y Vyf ), (6.22)

and Y7 does not contribute to the asymmetry at all. However, we could equally well rotate

to the diagonal basis of Y5, in which case

o o< Im(Y,'Y, T ) aa. (6.23)

It appears we have an inconsistency, and a potentially important one at that, for this
distinction may mean the difference between an asymmetry large enough to explain the
observed baryon abundance and one that is not. The way to resolve this is to establish
flavour-covariant forms of the Boltzmann equations [104; 358; 359; 403—409], which are
constructed in such a way that the total asymmetry generated, YA, + Ya, + Ya,, is
manifestly invariant under flavour rotations. At the time of this writing this remains an
ongoing work, so in the meantime we will need to make do with the Boltzmann equations

written in the next section.
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This being the case, the next best thing we can do is work in the basis that we expect should
most accurately represent the true physics. With the flavours distinguished predominantly
by their Yukawa interactions and thermal masses, the most suitable basis is the one that
diagonalises these [104]. Since the mass basis will be most closely aligned with whichever
Yukawa matrix is larger, this dashes our hopes of enlarging the asymmetry by choosing Y5
to be large. Nevertheless, it turns out that we will still want Y5 to be significantly larger

than Y7, and so we will use the diagonal basis of Ys.
To be concrete, it is helpful to note that under the unitary basis rotations

L—UL and e— Ve, (6.24)

the coupling matrices transform to

f—=UfU" and Y; = VYU (6.25)

Upon these rotations, which will be used to diagonalise Y, the flavoured part of the CP

asymmetry parameter transforms in turn to

(Y'Y 1 ) oa I(UY; 'Y, fU) aa

o TS0 )om (6.26)

7

6.2.3 Boltzmann Equations

Let us now drape our asymmetries in the appropriate Boltzmann equations. We will need
equations for the partial baryon-minus-lepton number densities Y, as well as for Yy,
and Yap. The remaining particle number densities—namely those of the leptons L, e,
and the Higgs doublets H;—are fixed by spectator processes, as discussed in Section 5.4.5

of the previous chapter. At leading order the equation for Y, is
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dYAQ 1 _ — T i Ysn
1 _ Yan YALQ + YALB
- ZB: 527(]7“ — LaLﬁ) (Y;q - Yilor ’

where z = my, /T, and all other symbols are defined in Chapter 5. In principle there should

be a washout term from the three-body decay of the form?

eq nor nor nor
Yv,n Y Yy Yir

1 _ _
Z (b0 — 5M)§2fy(h — ey LH;)
Byv5i

Y, Y, Y, VN2
as well as from other decay channels such as h™ — egLH;, but as discussed above, they
are acceptable to neglect. Generically we should also prepend a factor of (1 + d,p) to the
two-body decay, but since the rate vanishes when o = § due to the antisymmetry of f,

such a factor is unnecessary.

The equations for the heavy scalar h* are

dYEh 1 _ — 5T 7 YEh
seH— =~ LE%ZV(h —>LaL3)+%:Ev(h — H;H;) (qu -2 (6.29a)
— [Ey(}ﬁh — BB)+ > _Sy(hth™ — HH;)
- em | [ Yo
+> Sy(hth™ = ff) (4(Y:q)2 —1) and
f
dYan 1 _ Yan YALQ + YALﬁ
=—-Y 2y(h LoL o — 29b
SZH dZ 4azﬁ ’7( — B)(th Yl?or (6 9 )
1 _ = = Yan  Yam, + YAHJ‘
1 ZJ: Sy(h~ — H;Hj) (Y;fq Yo :

The decays h~™ — LoLg and h™ — H;H ; both include additional factors of 1/2 to avoid

3The Kronecker deltas here would be necessary because both L and e carry lepton
number. The reason for the absence of similar deltas in the source term of Eq. (6.27) is
that there is no asymmetry generated in e, as we have discussed.
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double-counting the final states. The annihilation processes appearing in the second and
third lines of Eq. (6.29a) are all mediated by the U(1)y gauge boson B, and the sum f

runs over all SM fermions. Expressions for these processes are given in Section 6.C.

6.2.4 Qualitative Discussion

It is a good idea to now orient ourselves by discussing what we will need to maximise our

chances of achieving successful leptogenesis. As a reminder, the asymmetry parameter is

“ 51213 mj & (T Haa

(6.30)

meaning that the asymmetry generation for a flavour « is proportional to ;2 Im(YiTY; T Haas
while the washout in that flavour is proportional to (fTf)aq. Since this is a flavoured
leptogenesis scenario, we require f to be hierarchical in order to preserve the asymmetry
in one flavour — for example, |fi2],|f13] < |f23] in the diagonal mass basis will preserve

Yar, while washing out YAy, and Yar,.

To obtain a large asymmetry the most direct thing we can do is increase pu, since—as
discussed in Section 6.2.2—increasing Y5 does not necessarily increase the asymmetry. The
limit on the size of y is set by perturbativity, which requires u < v/4mmy,. Ref. [179] argues
that p < 15TeV is needed to avoid a fine-tuned Higgs boson mass, but since this is not
a strict requirement we will ignore it (and likewise for the similar naturality bounds on
myp, and mpy,). An important point to consider is that the decay rate of h= — HH is
proportional to p, so to avoid depleting the population of A~ particles before they can decay
to leptons we will need I'(h~ — HH) ~ I'(h~ — LL), which translates to u/my ~ | f|.

Regarding my,, we generically expect a larger mass scale to fare better than a smaller one.

The reason for this is that the efficiency of the inverse decay,

“Here we use that I'(LL — h~) ~ T'(h~ — LL)z%/2¢~* for z > 1 [89, Ch. 6]. See also
Ref. [410] for an earlier work on the out-of-equilibrium condition for A~ <+ LL.
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L~ 1057 (L08) 2 U 107 Gov
" e 9x 1 mp, ’ (6.31)

scales inversely with my,, and so a larger value is preferred to ensure the out-of-equilibrium
condition I'/H < 1 is more quickly satisfied. (The numerical factor of 10° here may appear
distressing, but it will largely cancel against the hierarchically small entries of f.) To see

how we might obtain a large m; we may consult the neutrino mass formula,

2

2 m4
v MW Hy T~ T ¢T
M5 = Totnd In T (MY + Y, >a5' (6.32)

With m, and Y; fixed, we see that increasing u, f or Ya, or decreasing m H will allow
us to raise my,. Increasing Ys and u/my up to the perturbative limit of /47 is easily
done, though raising f is counterproductive since I'/H o | f|> - that said, increasing f and
p/my, proportionally in accordance with the demand p/my, ~ |f| leaves I'/H unaltered.
The most stringent limits on m Hp are set by flavour physics searches, which, assuming
Yy ~ O(1), impose m HY > 100 TeV [411]%; direct collider searches for charged Higgs decays
additionally imply the weaker bound m HY > 3TeV [124; 412; 413].

6.3 A Benchmark Scenario

In order to assess the general feasibility of successful leptogenesis within the Zee model it is
productive to study a benchmark scenario. To accomplish this we performed a numerical
scan over the parameter space of the model and collected a set of benchmark parameter
points that successfully fit the observed neutrino oscillation data [152] for both normal
ordering and inverted ordering. The result of this scan is shown in Fig. 6.4, where for each

point we have rotated to the diagonal basis of Y5, computed the asymmetry parameters

°The bounds shown in Fig. 5.1 of Ref. [411] must be appropriately rescaled since the
contributions to the pertinent Wilson coefficients are typically loop-suppressed. Though
the trilepton decays occur at tree-level in the Zee model, they are suppressed in proportion
to the charged lepton masses [179].
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Figure 6.4: Benchmark parameter points fitting neutrino oscillation data, showing
Emin = min{ej, e9,e9} (i.e. the largest negative asymmetry parameter) against epax =
max{ey,e2,e2} (i.e. the largest positive asymmetry parameter). The colour of a point
denotes the value of mj computed in the manner described in the main text, with the
exception of the most promising benchmark point between the two orderings, which is

indicated with an enlarged red dot.
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Figure 6.5: The result of running the Boltzmann equations in our benchmark scenario.
The oscillations in Yy, at large z are due to numerical instability, and are unphysical.

€1,€2,€3, and positioned it based on its largest negative ¢ and largest positive . For
concreteness, my, is computed for each point by fixing m o = 100 TeV, pu/my = 1, and
rescaling both Y5 and f so that their largest absolute entries are 1 in the original basis;
this leads to a spread of my, values from around 107 GeV to 10'2 GeV. For each of these
values the mixing angle ¢ in Eq. (6.4) is indeed small, justifying the use of the simplified

mass formula, Eq. (6.5).

The most promising points for leptogenesis are those near the top of the plots in Fig. 6.4,
as these have a relatively large negative asymmetry (as is needed to generate a positive
baryon asymmetry), and a small positive asymmetry. To be as generous as possible to
the model, let’s take the highest benchmark point from Fig. 6.4b, for which the three

asymmetry parameters read

g1~ —3.10 x 1077, g0~ 1.82x 10710 and e3~ —6.10 x 10713, (6.33)

with mj, ~ 2.73 x 10'2GeV. The result of running the Boltzmann equations for this
benchmark scenario is shown in Fig. 6.5, where we can plainly see that the generated
baryon asymmetry Yg = %(YAI + YA, + Ya,) falls short of reproducing the observed
asymmetry Y3 a2 8.68 x 107! by three orders of magnitude. Reducing the size of f

or increasing Y, and p/myp up to v4mw, and correspondingly rescaling my, does little to
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improve the result. We similarly do not expect a 103 enhancement to arise from running
the more correct flavour-covariant Boltzmann equations. Since all other benchmark points
have a worse outlook than this one, we may conclude that the Zee model is incapable of
explaining the observed baryon asymmetry of the universe, even in a high-scale leptogenesis

scenario.

6.4 Minimal Extensions

The failure of the Zee model to successfully achieve leptogenesis is somewhat disappointing,
so to avoid ending on a null result we are endeavouring to study the viability of minimal
extensions of the model with additional sources of C'P violation. This part of the work is
presently ongoing, so for now I will simply present the extensions without discussing their

phenomenology or prospects for leptogenesis.

6.4.1 A Third Higgs Doublet

One possible way to extend the model is to introduce a third Higgs doublet Hs ~ (1,2,1/2),

wherein the interactions relevant to this work generalise to
1 = = _
L —-mihTh™ + <2ijjHjh— — LfLh* =LY, Hep + h.c.), (6.34)

where p;; is antisymmetric and equal to pe;; in the original model. Much like the original
Zee model, we can rotate to a lepton basis where one Yukawa matrix Y; is real and diagonal
and f is also real. Moreover, j;; may also be made real by rephasing A~ and the two Higgs

doublets with non-diagonal Yukawa matrices.

In this extended model the neutrino mass formula generalises to°

To evaluate the loop diagrams we have used the results of Ref. [414]. If we drop the
contribution of the third Higgs doublet and parameterise U by Uy = —Use = sin ¢ and
Urp = Ua1 = cos g, then Uy Uy = —Uy, Uiy = 4 sin(2¢), and we recover Eq. (6.3).
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1

v
Mag = 33 7 > (Grog + Gag g + Gari) (S Y + VYT o (6.35)
g kA1

with
* o002 * 2 2
Gij = i M "l —t (6.36)
M+ = M M+
J g J

where U is the unitary matrix relating the charged scalar mass eigenstates h~ to the
interaction eigenstates h le_ = Ujjh; . Here flf is the singly-charged scalar and hj for

1 = 2,3 are the charged components of H;.

The C'P asymmetry factor similarly generalises to

2 _ 2 ), Y.Tyi LAV
o 1Ty D [(M:zi)] R ]
2 _ (In4)2 5 )iy 1 (Y f = £ FY]Y)aa

51273 2 5 (fo)aa ) (637)

7:7.]‘

— 117"
mp,

),

and the total asymmetry >, 3 AI'(h™ — LoLg) is zero. Leptogenesis therefore remains

flavoured in this extension, and a hierarchical f is still required.

The main advantage to introducing a third Higgs doublet lies in the observation that
only one Yukawa matrix can in general be diagonalised at a time. If we then have, say,
|Y3] > |Ya| > |Y1|, the thermal lepton masses will be most closely aligned with Y3, and
so even when Y3 is diagonalised we may entertain the possibility of enhancing the C'P
asymmetry through its proportionality to Y2, which may be much larger than Y;. That
said, it is unclear how well this advantage carries over in a more correct flavour-covariant

treatment of the asymmetry generation.
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L L
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(a) LL loop (b) HH loop

Figure 6.6: The one-loop corrections to h; — LL in the two singlet extension that generate
C P-violating interferences with the tree-level decay.

6.4.2 A Second Singly-Charged Scalar

Another way to extend the Zee model is to introduce a second singly-charged scalar’

hy ~ (1,1, —1), with the relevant interactions
£ —mi hihy —mihihy + (uH{Hphy — Lf,Lhi — LY Hiep+he.).  (6.38)

In this extension, C'P violation in the decay h; — LL can arise at one-loop through the

diagrams in Fig. 6.6, generating an asymmetry of the form

2 2

m m
AT(hy = LoLg) =T | Te(f{ f,) £ 25| on <mh) + T |y a5 £ £25 ) 9o (mh ) (6.39)
h1 hl

where g;(x) and go(z) are presently-undetermined functions. The contribution of the first

term is zero when summed over flavours, leaving

2
_ % mp
> AT(hy — LoLg) =Im [muz Tr(fgfl)]g2< 2?). (6.40)
a,f mhl

This version of the model has the advantage that the asymmetry is only one-loop (instead
of two-loop) suppressed, and moreover it can be resonantly enhanced when mp, ~ my,.

The fact that the asymmetry is no longer purely flavoured additionally lowers the difficulty

"This extension was suggested by Eung Jin Chun. It is also mentioned in a footnote in
Ref. [107].
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barrier to generating a large net asymmetry. These considerations greatly improve the

prospects of this extension compared to the original Zee model.

A similar extension to this one has been studied in Ref. [107], featuring in addition three
right-handed sterile neutrinos Ng ~ (1,1,0) of mass 1 TeV. There the three-body decays
Nr — eLL and Ngp — eéH H mediated by A~ generated the requisite lepton asymmetry.
Another related extension was studied in Ref. [385], where the authors additionally intro-
duced a third singly-charged scalar x~ ~ (1,1, —1) and three left-handed sterile neutrinos
N ~ (1,1,0), as well as a softly-broken U(1)p_; symmetry. The asymmetry generation
in their model then came from the decay hy — eNy, with the spectator process ee <+ LL

transmitting the symmetry to the left-handed leptons, and therefore the baryons.

6.5 Summary

In this chapter we have investigated the leptogenesis prospects of a high-scale realisation
of the Zee model of neutrino masses, in which a lepton asymmetry is generated through
the decays of the new scalar h~ with a mass of O(10'2 GeV). Unfortunately, this scenario
is heavily marred by the fact that it is purely flavoured, and this compounded with
the two-loop suppression of the C'P asymmetries and the difficulty in enhancing them
due to effects related to flavour covariance means that it fails to reproduce the observed
baryon asymmetry by at least three orders of magnitude even under the most optimistic
circumstances. This finding is complementary to previous works demonstrating the inability
of the model to successfully achieve leptogenesis at the TeV scale, and thereby corroborates

the claim that it is unachievable at any scale.

The Zee model must therefore be extended if it is to generate enough of a baryon asymmetry.
To this end, we have identified two minimal extensions of the model—one adding another
Higgs doublet and the other adding another charged singlet—that have improved prospects,
and the study of these extensions remains an ongoing part of this work. If successful

leptogenesis is indeed possible in either of these models, it will be interesting to see how far
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the new mass scales can be lowered, as well as if there are any low-scale observables (such as
the Dirac C'P phase of the PMNS matrix in the upcoming JUNO [168], DUNE [169], and
Hyper-K [170] experiments®) that we can use to probe these scenarios. To ensure we do
not miss any important effects and that any conclusions drawn about these extensions are
therefore as robust as possible, we will want to carry out this study using a flavour-covariant

formulation of the Boltzmann equations.

8See for example Refs. [415-419] for discussions of the connection between the Dirac
phase and (Seesaw) leptogenesis, and Ref. [420] for a more general discussion of probes of
leptogenesis.
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6.A Feynman Rules

As a reminder, the relevant part of the Zee model interaction Lagrangian consists of

1 - = _
LD §,uz-jHjHjh_ — LfLht =LY, Hyep + h.c. (6.41)

when generalised to an arbitrary number of Higgs doublets. This gives rise to the following

Feynman rules, which are each independent of prescribed fermion flow (see Refs. [336; 337]):

L,
- -~ h =2ifapeaPL
b
Ly
€a
- - HY = —iY]30mPL
a
B
Hi
\\\
;- *--h = —ifj€q
A
b
H;

Lg,
----hH = zif;ﬁﬁabPR
b
L
eOé
--<-- HY =—iY 50, Pr
a
B8
H}
\k\
== b= —ipgea
¥
Hb

The rules for the original Zee model are recovered by replacing j;; — j€;;.

6.B The Cutkosky Cuts in Detail

There are six possible cuttings of our two-loop self-energy diagram for A~ shown in Figs. 6.2

and 6.7, and labelled (a) to (f). We must consider all possible pairings of cuts, with one
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Figure 6.7: The two additional four-body cuts, (e) and (f), not shown in Fig. 6.2. They
do not contribute to any C' P asymmetries.

Cutkosky cuts Imaginary
Decay Cut @ ) (© (@ () couplings? Asymmetry?
h~ — HH (a) oo PS v / PS PS None X
h= — eLH (b) ps >~ v v — PS L v
h~ — eLH (c) v V 7 PS PS — None X
h™ — LL (d) v v PS 7 PS PS L v
h~ — HLLH (e) PS — PS PS 0 — L X
h~ — LHLH (f) PS PS — PS — L,L X

Table 6.1: Summary of cuts. A dash (—) means a cut is incompatible with that row’s
decay. “PS” means that a cut contains a phase space of vanishing measure, and so is zero.
The remaining non-zero pairings are ticked (v/). A decay can generate an asymmetry if
it allows at least one non-zero Cutkosky cut and has imaginary couplings for at least one
final state particle.

functioning as the final state cut and one as the Cutkosky cut. Some pairings, such as (e)
and (f), are incompatible as they cross over each other and so cannot occur simultaneously.
Of the compatible pairings, most are trivially zero as they contain a phase space integral
with zero measure. For example, the combination of cuts (a) and (b) includes the process
H — eL as a disconnected subprocess, which has measure zero phase space when all

particles are treated as massless.

The non-zero cuts are marked with a tick in Table 6.1, contributing imaginary parts to the
loop-level amplitudes of the decays h~ — HH, h— — eLH, h~ — eLH, and h~ — LL.
However, as discussed in Section 6.2.1, only the decays h~ — LL and h~ — eLH feature

imaginary couplings, and even then only when considering a final state lepton doublet of
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fixed flavour, L,. We therefore only need to work out the asymmetries in these two decays.

Note that the phase space and imaginary couplings arguments no longer apply when we
institute thermal masses to H;, L, and e, meaning we in principle should consider additional
cuts and decays. These new contributions will however be suppressed in powers of m/my,

and can be safely neglected.

6.B.1 h— — LL

Common to all cuts for the decay h™ — LZL% are the coupling constants

Im(cher) = Aptgjiiieby I Fop fiaVisVED) + (0 5 B0 < b), (6.42)

obtained by using the particle indices of Figs. 6.2 and 6.8. The second term, labelled
(a <> B,a <> b), comes from the diagram where the final state lepton doublets are swapped.
To avoid exaggerating the differences between the original Zee model (where p appears
simply as |u|?) and the three-Higgs-doublet extension, I have assumed that we have
rephased our fields to make p real so that it factors out of the imaginary part (though to
maintain some semblance of generality I have left the now-meaningless conjugate on puj y
in place).” Summing over the SU(2)w indices a, b, virtual lepton flavours «, d, and virtual
Higgses 1, 7, k brings this to the form

tm(cger) = S 8(uat )i T [V, D) ap foa + (VY ) g0 fs] (6.43)

ik

In the Boltzmann equation for YA, we additionally sum over the flavour 3, so the couplings
appear there as

Im(cjer) = > 8(ui)ig Im (Y], 1 faa, (6.44)

1,J

where I have relabelled &k — j.

9The fully general form of Im(cfc, ), without assuming the reality of y, can be found in
Eq. (6.37).

167



Leptogenesis in the Zee Model

H® ---«-- —_(th
Le !
) “ kv /7 e
e l/ /;/ q Lg’f ¥
e he --b-d I -
m\ \? g+p2 Aho HE
L% ko N ! v
_ -
Hf oot gk
(a) Tree-level. (b) Loop-level, with the two-body cut (a). This diagram is non-planar,

so for visual clarity the final state L% line terminates in the centre
instead of exiting to the right.

Figure 6.8: Diagrams for the two-body decay h™ — LL.
6.B.1.1 Cut (a)
For this cut,

™ — Hf (ki) Hj (kz) = Lg(p1) L (p2), (6.45)
which is shown in Fig. 6.8b, we have

. _ 1 [ di 1 1 Te[p, (¢ + Fy)gp, Pr] 1
QIm(AoA1)(a) = /dH(/ﬂ, k2) T/ CUCETE qu (q1_|_p2)2 & nj% e 1;1)2 )
6.46

The loop integral can be carried out using e.g. Package-X [421], resulting in a somewhat
complicated—but finite—expression. Integrating then over the two-body phase spaces of

(k1,k2) and (p1,p2), the latter of which is trivial, leads to the remarkably simple result

7% — (In4)?

/ Al 2Im(Af Ay )y = "0 = ~ =2 x 107 (6.47)

In accordance with A|M|? = —4Im(cjc;) Im(A§A;) (see Eq. (5.6)), the asymmetry in the

two-body decay h™ — L Lg due to cut (a) is therefore
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Figure 6.9: The loop-level diagram for h~ — LL with the three-body cut (b).

h

7(1 4) ( )z
512:4 EJ: M,Zhjlm [(YjTYifT)aﬁfﬂa‘i‘(YjTYifT)Bafaﬂ}. (6.48)

),

In the original Zee model, in which u;; = pe;j, this becomes the asymmetry given in

Eq. (6.11).

6.B.1.2 Cut (b)

This cut, which is shown in Fig. 6.9, reads

™ = e(ki)L§ (ko) Hj (k) — L (p1) L (p1), (6.49)

and it is IR divergent when all particles but h~ are treated as massless. When regulated

with the thermal masses in Section 6.2.1.2, we have

Tr {?1%1%21”213 L}

(p2 — k2)? —m3
1 1

X . . .
(kl + k‘g)Q — m%{Z + 1mHiFHi (pl — k1)2 — m%{k + 1mHkFHk

(6.50)

QIm(ASAl)(b) = — /dH(kl, kg,kg,)

Due to the imaginary widths this expression is no longer purely real, so we must modify
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it by taking the real parts of these propagators:

Ty 1Ko, Pr |
(p2 — k2)? —m3.

(k1 + k2)? — mi, (pr — k1)? —m7,
(k1 + k2)? = m3 )% + [mp,Tr,)? [(p1 — k1)? — my, ]2+ mg, T

2 (A Aoy = — [ ATk, k) (6.51)

While necessary, this alteration is somewhat ad hoc, and we should attempt to justify it.
One way to do this is to note that in the absence of the widths, the propagators are equal
to

1

o S W 2 _ 2
e Re(pQ—mz—He) ind(p* —m*). (6.52)

The imaginary part corresponds to an on-shell cut, and since all further cuts in combination
with (b) and (d) are zero (see Table 6.1), it vanishes, allowing us to replace each propagator
with its real part. Unfortunately, this argument does not straightforwardly carry over to
the resummed propagators since their imaginary parts have support at more than just
p?> = m?. This being the case, the correct approach is to resolve the cuts before resumming
the Dyson series, treating each self-energy insertion as a higher-order loop correction
to be cut through in accordance with the Cutkosky or holomorphic cutting rules; see

Refs. [342; 360).

In any case, we will soon see that Eq. (6.51) is of the exact same form as cut (d) in the
three-body decay, meaning they will cancel against each other in the Boltzmann equation

Eq. (6.27). This spares us from needing to evaluate it.

6.B.2 h~ — eLH

Common to all cuts for the decay h™ — e, L§H Jl? are the coupling constants
Tm(cer) = 4 pjean I (fa5 5575 Yoa)- (6.53)

Summing over all indices and flavours but § gives
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Im(che) = Y 8(uph )i Im (Y, Y, £ F)ss, (6.54)

i,k
which is of the exact same form as the couplings entering the h~ — LL asymmetries,
Eq. (6.44), upon relabelling § — «, ¢ — j, and k — 7. Note that Im(cjc;) — 0 when all
indices but v are summed over, meaning that this decay does not generate any asymmetries

in the number of e, particles.

6.B.2.1 Cut (d)

Though our alphabetical sensibilities compel us to first study cut (c), let us discuss cut
(d) in order to relieve the suspense of the promised cancellation against cut (b) of the

two-body decay. This cut reads

h™ — La(p1) L (p1) — ey (k1)L (ko) HJ (ks), (6.55)
and for it we find

Tr|p, K1 Fop, P
2Im(AGA) (a) = —/dH(phpQ) (m{p_l ];2);}{)_2 ﬂi;b

y (k1 + k2)? —m3;, (p1 — k1)? — miy,
[(k1 + k2)? = m3 ]2 + [mp, T )? (01 — k1)? — m, 2 + [mg T, J?

(6.56)

where the relevant diagram is very similar to the one in Fig. 6.9, and as before we take
the real parts of the resummed propagators. The integrand is exactly the same as that
of Eq. (6.51); the only difference here is that we are integrating over the phase space of
(p1,p2) instead of (k1, ke, k3). When computing the decay rate asymmetry this difference

disappears, as we must integrate over both phase spaces. Altogether, we then have

AT(h™ = eLaH )y = 5 - / dIl; (—4) Tm(cie;) Tm(AS A, ) (6.57)
h
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(! ki ty et / Tr [7)1;61%27)2]%]
= N Ry vty e | dTI(py, pe) ATT(Ky, Ko, .
%8 - m(Y;'Y, ff) dIl(p1, p2) dIL(k1, k2, k3) (72 — 2 — 2 (6.58)
" (k1 + k2)? —m3;, (p1 — k1)? — miy,
(k1 + k2)? = mip 12+ [my,Tw, )2 [(p1 — k1)? — mig, 12+ [mp, Ta, 2
= AT(h™ = LoL) ), (6.59)

where I use the absence of an index to indicate that it has been summed over. Since
these two cuts enter the Boltzmann equation Eq. (6.27) with opposite signs, they therefore

cancel against each other.

It is worth commenting on the consistency of this finding with the requirement that the
asymmetry from h~ — eLH — LL and h~ — LL — eLH should cancel when summed,
per the discussion following Eq. (5.61) in Chapter 5. The resolution to this apparent
inconsistency is found in noting that we have summed over different flavour indices in the
two decays, and that the asymmetries do in fact cancel when summed if we consider a
fixed selection of flavours. Using the notation AI'(i — k — f) to denote the asymmetry

in T'(i — f) due to the cut i — k — f, we can see from Egs. (6.42) and (6.53) that'®

AT(h™ — eq L§H? — LELY) o degy Im (i fop fiaYis Vo) and (6.60a)
AT(h™ = LELY — e L§H?Y) oc degy T fap f55Yra Yo, (6.60D)

(where I have elided the identical Im(A{A;) factors, and for maximum transparency

dropped the assumption that p is real), from which we can immediately read off

AT(h™ — ey L§H? — LLLY) + AT(h™ — LYLY — e, L§H?) = 0. (6.61)

6.B.2.2 Cut (c)

For this cut,

9The +(a <+ B,a + b) term in Eq. (6.42) does not contribute here since the three-body
cut fixes the indices of all the couplings — see Fig. 6.2 to convince yourself of this.
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]1]/1 €y €y —p———— €y
Hia‘” k3
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A hh
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° i b Ta
Hj Ly Ht L
/{3
(a) Tree-level. (b) Loop-level, with the three-body cut (c).
Figure 6.10: Diagrams for the three-body decay h™ — eLH.
h™ = ey (ki) LY (ka) H (k5) — (k1) L§ (ko) H? (ks), (6.62)
which is illustrated in Fig. 6.10b, one finds
« Tr[(Ky + Fs)kakoky DLl
2Im(AGA) (o) = — /dH(k4, ks) (ks — ks)? —m2 (6.63)
(k‘l +k2)2 —m%{i 1

X .
(k1 + k2)2 = m3 12+ [mpg,Tw,)? (k1 + ks)? —m3

This must be evaluated numerically, and doing so leads to Fig. 6.11, where the result of
this cut is plotted alongside the result of cut (a) in the two-body decay. We are interested
in the asymptotic value at large z, which is about 0.17 times as large as cut (a), and of
opposite sign (though the plot doesn’t show the sign). As the drop at low z is unphysical,

we can for our purposes treat this cut as constant and equal to

AT (h™ — eLoH)(e) ~ —0.17 x AT(h™ — Lo L)y

71'2—(1114)2 :U’2 +
= —01T—— > Im(Y; ;' f)aa- 4
T 5 Taat mhzz: (Y'Y f1f)aa (6.64)
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‘ / dIT; 2Im(AA, )| x 10°
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Figure 6.11: A plot illustrating the size of cut (a) in h~ — LL (solid lines) and cut (c)
in h~ — eLH (dashed lines) as a function of z = my, /T, given the benchmark values
A1 = X2 = 0.1 and A3 = Ay = 0, and assuming for simplicity that Y5 is proportional to
the identity matrix with entries Yo = {0.1,0.5,1.0}. For consistency, cut (a) has also been

evaluated with the appropriate thermal masses; note that at large z it approaches the

zero-temperature value % ~ 2 x 107°. The drop as z — 1, due to the final state

masses growing comparable to my,, is an unphysical feature which would not appear if we
also accounted for the thermal contributions to the mass of h™.

6.C The Explicit Boltzmann Equations

To translate the Boltzmann equations in Section 6.2.3 to their explicit functional forms
one would need to trawl both through this chapter and the previous one in search of all the
relevant formulas. This is not anyone’s idea of fun, and while I imagine most readers are
not too interested in these forms anyway, I will nevertheless present them here in service

of the subset that is (which includes me).

Our Boltzmann equations are

szH

d¥Ya, Yan _ Yar, +Yar, ] (6.65a)

Ysn
= —— @ -2 eq
+ ZWD o [5 (Y ) T yea Yo
dY; 1 Y; 5
srH— 2 = Z’YD af T Z'VD ij Eh —2] =5 +’&2 — 1), and (6.65b)
dz 4 A(Y,)
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dYA Yan  Yar, +Yar Yan  2Ya
t = Z'YD aﬂ( e *Z’YD i —h o |»(6.65¢)
L H
where
47T7/2 3/2 m5
H= h, 6.66a
°z 135\fz4 ( )
45 15 15
eq _ 2K Ynor _ Ynor — 6.66b
h 4mg, 2(2), 4r2g,’ H 212g,’ ( )
4
_ m
TD,a8 = E’V(h — LaLﬁ) = 87T§LZK1 (Z)4|fozﬁ|2a (666(3)
s H) = g ()l 6.66d
Yp,ij = Xy(h™ — H; j)—8 3, 1(2) m,% ) (6.66d)
Vs = 87T3 / dx le(Zf) [’Yhh%BB( ) + thh—)ff( ) + 7hh—>HH( ):|, (6666)
— (In4 2 Im y.Tyi e
e = 1177 (4" Z(”“Q)J (7Y /1) (6.66f)

512775 i,j mh (fo)aa ’

with g, = 106.75 + 4(ng — 1), ny being the number of Higgs doublets, and

. (2) = gt (z+4)Vr—4 ﬁx—an 1—y1—-4/z (6.67)
Thh— BB 1672 x3/2 A72 22 1++1—-4/x ’
. 1094 T 3/2
s F(T) = 967r1( . ) , and (6.67b)
AN3/2
N g T
Ih—ra(T) = 76817r2( . ) ny-. (6.67¢)

Included in 4,,,_, ;7 is a factor of >t ngf2 = 10 from summing over the contribution of all

SM fermions. Accounting for spectator processes, we have

Yar, o (84T 32 32 Ya,
Yar, | = TRT 32 —847 32 Ya, | and (6.68a)
YAL, 32 32 —847) \Ya,
224
Yan = —5a5 (Va, +Ya, +Ya,), (6.68b)

when ny = 2, while for ny = 3 it is instead the case that
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YALl 1 —9]. 5 5 YAl
Yar, | = Tal 5 —-91 5 Ya, and (6.69a)
Yar, 5 5 —91)\Ya,
7
Yayg = —g( Ay T YAQ + YA3). (6.69b)

These relations hold assuming 7 ~ 10'2 GeV, and should strictly speaking vary continuously
as we sweep through the relevant temperature region given by z € [10~1,102] due to more

spectator processes entering equilibrium; see Ref. [409, Sec. III.A]. This will be accounted

for in the final version of this work.
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We should take the divergence and
push it somewhere else!

Patrick Star,
in Spongebob Squarepants,
reimagined

IR Divergences in the Zee Model
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7.A Regulator Independence of the Final State Sum . ... . . .. 199

In the previous chapter we encountered the infrared (IR) divergent decay h™ — eLH,
pictured in Fig. 7.1, which appeared both as an isolated process and as a subprocess in our
Cutkosky cuts. There we regulated the divergence, due to the virtual H going on shell,
by introducing thermal masses to e, L, and the H’s. In the case that myg < m. +mg, it

became kinematically impossible for H to go on shell, whereas when mg > m. + my, the
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Figure 7.1: The IR-divergent decay h~ — eLH in the Zee model.

H acquired a decay width, which when added to its propagator,

i i

— 7.1
p2—m?2 " p2—m?+iml’ (7.1)

prevented it from diverging when p? = m?.

However, this is an unsatisfying solution. Though the divergence has formally been
removed, its spectre remains in the form of large logarithms such as In(m./my), which
threaten perturbativity. To banish this threat we should study how to cancel the divergence
properly. As guaranteed by the KLN theorem [109; 110], other processes which add to the
decay will generate a logarithm with the opposite sign, resulting in a well-behaved sum.

Our task, therefore, is to find these processes and evaluate them.

In this chapter I will chronicle my efforts in this direction in the hope that they may be put
to use in future works. We will find that we are able to eliminate the divergence at zero
temperature, but encounter difficulties at finite temperature preventing us from carrying
the analysis over. The entirety of this chapter is my own work, and I will provide detailed

computations here, as they are often skipped over in the literature.

7.1 What is an IR Divergence?

In case you are unfamiliar with IR divergences, allow me to briefly review them. As the

name suggests, these divergences are associated with low energies, and they tend to appear
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in theories with massless particles, or in high energy limits where the masses of particles

can be neglected.

To be concrete, let’s assign the momentum labels ¢ and p to the outgoing e and L of the

three-body decay, so that the H propagator appears as

1 1 1
pu— p— . ¢2
(g+p)? 2¢-p 2E;E,(1—cos) (7.2)

This blows up when either £, = 0, £, = 0, or cosf) = 1. When the energy of a particle
is zero it is called ‘soft’, and the divergence a soft divergence. When cosf = 1 the two
particles are travelling in the same direction and the divergence is termed a collinear

divergence.

There are a few ways to regulate an IR divergence, and I will demonstrate two: using a mass
regulator, and dimensional regularisation. It is also possible to regulate by considering a
finite energy window E,, E, > Fy and finite angular window 6 > 6, though this is of less

interest to us.

EXAMPLE

Let’s first try using a mass regulator. This functions intuitively — by reintroducing
a small mass to one or both of e and L, it becomes kinematically impossible for the
virtual H to go on shell, and the divergence is avoided. Because it is simpler to

compute, I'll elect to assign a mass m. to e only.

Here the matrix element for the decay is

S

q

o &
M= S L )iV Plu(w),  (73)

= (—i
p H) (q+p)? +ie
\

and its spin-summed square is in turn
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- Tr[pPr(d + me) PL]
_ a2 2P g

where we can drop the +ie as the pole of the propagator is never touched in the
presence of our regulator. In this chapter I'll suppress all flavour indices, SU(2)w
indices, and Higgs indices, as here they are little more than distractions. To be max-
imally transparent I will not even implicitly sum over these indices, so all processes
and diagrams can be understood as involving only a fixed selection of particles.

Spins, on the other hand, will be summed over at every available opportunity.

The three-body phase space integral with one massive particle is [122; 422]

m2 liﬁ 1- lfﬁz
Mz = —~ / / g .
/d 3 1287‘(’3 0 dxk oy p dacp, (7 6)

where we define the energy fractions z; = 2F;/my, and the squared mass fraction

B =m?2/m3. Then, using that
2 _ 2 _ 2 _ 2
my(L =) = (Q = k)" = (¢+p)° =mc +2p-q, (7.7)

we may write

(L—zi) —m2 _ g2Vl B

2
m
M = g2y P2

e _ , 7.8
mi (1 — zy)? mi (1 — )2 (7.8)
giving
P(h~ = eLH) = / dTT; | M2 (7.9)
21v 12 1-8 e e
prY| / / 1-zp l—ap—p
= d de, ——— 7.10
12873 Jo R fiaios P (1 — ap)2 (7.10)
2 2
prY |1 2
= —|— 4 —2(14+20)1 A1
35555 T 4B+ B —2(1+26)In ), (7.11)

where to avoid needing to carry around factors of 1/2my, I define the un-normalised
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7.1 What is an IR Divergence?

decay rate

['=2m,l = /dﬂf |IM|2. (7.12)

Expanding in small 3, we find at the lowest order

2 2 2
D — T 1 K ’Y’ 5 e
L(h™ — eLH) = 5o (-2 —In i | (7.13)

The divergence manifests in the logarithm, which blows up as we take m, — 0.

We may alternatively regulate the divergence using the technique of dimensional regu-
larisation, whereby IR divergences are tamed by moving to a higher-dimensional space,
d=4+e.

EXAMPLE

In d dimensions the massless three-body phase space takes the form [423]

[ dita = [lddldpliar)(zm) 6@ — g —p~ k) (7.14)
= 2(4W()Zz%§)1il(_;_ 3 /01 xd73(1 = :c)(d74)/2 da /01 y(d74)/2(1 _ y)(d74)/2 dy,

where the variables x and y are defined such that

(p+ k)* = miay, (7.15a)
(g+k)?*=mi(1—=z), and (7.15b)
(q+p)* =mia(l —y). (7.15¢)

As pand Y have the mass dimensions

W] =1+ %d and [Y]= u, (7.16)

away from d = 4 we must also make the replacements

ey (4-d)/2 e (4-d)/2
= i () and VP o VE(R) @
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where 11 is a new dimensionful scale and the other factors, including the Euler-
Mascheroni constant vg ~ 0.577, are an MS-styled convenience. Ignoring for now

the ie in the propagator (which is not justified — see Section 7.A), we then have

2p-q apvr2 2 €8\ 1
MP =2y ey (2l 7.18
ME= Ty T ) ey O
and
4—d
1
P= 2Y2(~26 ) /d 7.19
w2 (S i (7.19)
=u2\Y2<~26 )4d S e 2 (7.20)
4 2(4m)?-IN(d —2)  T(3%8) '
2 2 =2
pAY| (2 ji >
2 _5-2mt ) (7.21)
12873 \ € %L

where the divergence manifests in the form of the % term. For reasons discussed in
Section 7.A, this form of the divergence is not very useful to us, and so I will use

the mass regulator for the remainder of this chapter.

One might be tempted to compare IR divergences with ultraviolet (UV) divergences, but
they could not be any more different. The latter emerge from the momenta of virtual
particles in loops being allowed to run to infinity, and are an unphysical artefact of
working with bare fields and couplings instead of renormalized ones.! IR divergences, on
the other hand, are a result of the fact that it is difficult to define asymptotic states for
theories with massless particles, in the sense that a naively-defined single particle state
may not be physical [111; 426-428]. In view of this, these divergences are cured not
with renormalization, but by considering multiple processes together, whereby physically
sensible states are found in their sum. To borrow a textbook example, the scatterings
ete™ — ptu~ and ete™ — pTu~y are both IR divergent at O(ef), but finite when

summed together [122]:

More rigorously, UV divergences arise because the product of distributions such as

s L ig ill-defined. In this view, the procedure of renormalization and the
p“—m=+ie g©—m=+ie

choice of counterterms in fact amount to a choice of definition of this product [424; 425].
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7.1 What is an IR Divergence?

olete” = utp™) +o(ee” — puTu~y) = finite. (7.22)
The implication of this is that the final states "~ and u™u ™~ only make sense when
considered together. Sometimes this is phrased in terms of distinguishability, where we
might say that a free muon is indistinguishable from one accompanied by one or more soft
photons. This isn’t too difficult to believe, as muons, being charged particles, carry at all

times a photon cloud.

To cancel a given IR divergence it is therefore necessary to consider a sufficiently inclusive
set of processes. Our ability to do so is guaranteed by the Kinoshita—Lee—Nauenberg
(KLN) theorem [109; 110] (or rather, the stronger version formulated in Ref. [111]), which
states that for a fixed initial state ¢ we will obtain an IR-finite result when summing over

all possible final states, and vice-versa:

Za(i — f) = finite and Za(i — f) = finite. (7.23)
f i

The proof is rather straightforward to sketch, and follows entirely from unitarity of the

S-matrix:

d_oli— f)oc Y [ {fISl)[? (7.24)
f !
= (@SIN{f15M)
f

= (ilSS"]3)
= (ila),,

which is finite up to a normalisation of the states. The proof for the initial state sum is
identical. The authors of Ref. [111] emphasise that the final state sum must include the
initial state ¢ for the resolution of the identity to succeed, which means there may be some
situations where it is necessary to include the forward scattering ¢ — ¢ to achieve infrared

finiteness. I will return to this point when it becomes relevant to us.
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Figure 7.2: The h~ — h™ forward diagram and its final state cuts.

Practically speaking, it is of course infeasible to sum over all possible initial or final states.
At a fixed perturbative order, however, there are only finitely many processes available,
and it turns out that we may easily enumerate them by cutting through an i — ¢ (or
f — f) diagram. This is best illustrated with an example, so let’s apply this discussion to

our three-body decay.

Consider the diagram in Fig. 7.2, constructed by taking the three-body decay, mirroring
it across (a), and joining it with its reflection. This construction ensures two things. The
first is that by cutting through (a) we recover the three-body decay, with the two sides of
the cut corresponding to M(h™ — eLH) and its conjugate, so that (up to factors of i)

MK~ = h7 eyt (a) = MM* = M. (7.25)

The second is that any other cut will necessarily be of the same order in the coupling
constants. Here there are only two other cuts, (b) and (b’), both of which share the final
state HH. This suggests that at O(u?|Y|?) we should expect to find

I'(h~ — eLH)+T(h~ — HH) = finite. (7.26)

This is indeed the case, which I will now demonstrate.
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7.2 Zero Temperature Cancellation

7.2 Zero Temperature Cancellation

7.2.1 Final State Sum

Let us evaluate the contribution to h~ — HH as given by the cuts (b) and (') in Fig. 7.2.
Together these cuts proffer the interference between the tree-level amplitude and a loop

correction, viz.

|IMo + Mi|? = | Mo|* + MEM, + MM + | My )?, (7.27)
(M2

loop

with

k. H

ke
k D »
g .

‘M‘IQoop = ””‘\/\ » -»-- fc.C. (728)
\\\v\ /’//
KON L
H
_ 2 1 . 2
=pu k‘2—|—ielz(k ) + c.c. (7.29)
2%/7.2
= —u“X(k .C. 7.30
pE0) (e + o). (7.30)

where I have added a shadow to one side of the cut to indicate that it is conjugated.

Explicitly, the self energy is

d'q Tr[d(4 — ¥)Pr]
(2m)* [¢* —mZ +ie][(q — k)* +ie]”

IS (k) = (—1)yyy2/ (7.31)

and it is UV divergent, requiring a renormalization of both the Higgs field and its mass.
We retain the electron mass m, as an IR regulator, and with it the self energy is purely

real.

185



IR Divergences in the Zee Model

This loop diagram is unusual, as we are taught that self energy corrections to external
particles are always amputated. As if to remind us why this is so, the virtual H is
automatically on shell, making the k% propagator a menacing presence. Nevertheless, the
diagram’s inclusion is vital in obtaining an IR-finite result; we must simply treat the
propagator with the respect it deserves — that is, as a distribution. This is a delicate

procedure, and so I'll carefully walk us through all the steps in evaluating it.

Step 1: The first of these steps is to write out the quantity of interest—the (hatted) decay

rate—in full:

D(h™ = HH)jpop = / dITy M [fep (7.32)

[k K )0(k) 275 (K0 (27) 6D (@ — k — k) M2
= WWW( )0(ko)2m 6 (K')6 (ko) (2m) (Q =k — k) [Mligop-
With this we can immediately identify the on-shell delta function 6(k?) as the source of

our angst. Fortunately, we are saved by the distributional identity? [111; 360]

+ c.c.) = —%5(#) = ' (k?), (7.33)

6(k:2)<

k2 + ie

and so

Ploop = — 12 / (gjj; g:;; 28" (12)] (ko) 273 (K0 () (2759 (Q — k — K)Z(K2),
(7.34)

where I highlight this new distribution with magenta colouring. To handle the derivative
we must integrate by parts — however, doing so now is unhelpful since the derivative will

hit the other delta functions. We should resolve them first.

2An easy way to convince oneself of this identity is to recall

1 . :
27r5(a:):—21m< .>= . 1.;
T+ 1€ r+1 x —1€

from which it is straightforward to see that

1 i i /
27r5(a:)(x e + c.c.) = GTiel @i = —27¢' ().
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7.2.1 Final State Sum

Step 2: Resolving the four-momentum-conserving delta function eliminates the integral

over k', giving

Lioop = —11° / (g:; 2 [0 (k)| 0(ko)278((Q — k)2)O(Qo — ko) u*S(k?) (7.35)

- ’;‘T ko i 2 [ k0)6 G, — Ko)? ~ [KI2)0(mn — ko) (), (7.36)

where it is convenient to proceed in the rest frame of h~, with Q = (m4,0,0,0). The
remaining delta function may be used to eliminate either kg or |k|. Arbitrarily choosing
k|, we write

6(|k| = (mn — ko))
2(myp, — ko)

3((mp, — ko)? — [k|*) = (7.37)

(the negative root is outside the integration region as enforced by the step functions), and

2 rmy

IA‘loop = _57 dko (mh - kO) |:7()‘/(k2):| E(kQ)

™Jo

(7.38)

|k‘:mh7k0

Step 3: We are now in a position to handle the —d’(k?). Having set |k| = mj, — ko in the

previous step, we have k? = 2mpko — m,%, and so for some test function f(ko),

/ dko f (ko) {—8‘225 kQ] / dko f (ko) { 21}18‘25(2%% m3) (7.39)
— [ 2mh % 5(2mnko — m3) (7.40)
_1
- / dko Q;h g/i; 5(k°2mimh) (7.41)
4mh 8k0 i (7.42)

where in the second line we have integrated by parts. Thus,

2
R u2 9 )
Ploop = — ko) (2mpko — 7.43
090 =~ By L0 ~ Ro) B 2mako —mi)]| (7.43)
2
_ M a2y
T [3(0) - m3 > (0)]. (7.44)

This is an interesting expression, and we can identify these two terms as representing the
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mass correction and LSZ reduction factor encountered in renormalization theory [360]. In

the MS scheme the self energy and its derivative are

¥(0) = — il 2m?( 1+ In ﬁ — 0 and (7.45a)
16727 ¢ m2 '
Y’Q 1 /jQ
¥(0) = | —+In— A4
0) =162 (2 +In m |’ (7.45b)

where [1 is the same new scale as introduced in Eq. (7.17), and so

21y |2 ~2
No— T prY R fi
I'(h HH =——|—=—-In—|. 7.46

(h™ = HH)ioop = T35 ( 2 m2 (7.46)
Here we see that this loop correction is itself IR divergent, and it is perfectly primed to
cancel the divergence in the three-body decay. Indeed, adding this to Eq. (7.13) produces
the IR-finite sum

- —_— o P2 @
D(h = eLH) +D(h — HH)oop = 5z | -3 - L5 ). (7.47)
h

Success! The apparently negative decay rate may be startling, but it should be interpreted

as a correction to the leading order two-body rate:

Y2 i
T =T 1-— In —
NLO Lo [ 1672 5o mi

., To=-—"". (7.48)

7.2.2 Initial State Sum

Our excitement at having successfully cancelled the divergence is swiftly tempered upon
realising that while the two-body decay h™ — H H enters the Boltzmann equation (BE)
for h™, it does not appear in the BE for e or L, as it features no leptons. Therefore, while
it stands a chance of cancelling the divergence within the former, we are forced to consider

the initial state sum for the latter ones.

To discover which initial states to use we proceed as before: by constructing a forward
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& &

_ A & N _

L R L
//A/ \V\

H H

Figure 7.3: The eLH — eLH forward diagram and its initial state cuts, including the
forward scattering cuts (c) and (¢’).

diagram out of the three-body decay, but this time for eLH — eLH. This produces
Fig. 7.3, which proposes the initial states h~ and HH. Unfortunately these two alone
do not lead to an IR-finite sum,® which means that we must also include the forward
scattering eLH — eLH, suggestively indicated by cuts (c) and (¢/). One might object that
because the forward scattering doesn’t alter any particle numbers, it should not enter the
BE. However, as generally argued by Ref. [429], we may treat it as both a production and
destruction process, including it twice with opposite signs so that its net contribution is
zero. In this light it should be possible to observe the cancellation without it, though we

will not pursue this.

For the following discussion it is convenient to work with the ‘inverted hat’ rates (or cross

sections),

Iors= /dHi IM|?, (7.49)

defined much like the hatted rates I' but with an integral over the initial state phase space
instead of the final one. In the Boltzmann equation we must of course integrate over both

of these phase spaces, but here we only require the initial one to demonstrate IR finiteness.

Now, to accommodate forward scatterings the usual decomposition of the S-matrix into

3Tt would be too much of an unproductive detour to demonstrate this explicitly, so I
will decline to do so. Instead, I'll offer a simpler argument for why this is so at the end of
this section.
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1 +iT must be superseded with [111]

St = (2m) 6@ (p; — pp)iMy;. (7.50)

This allows us to draw the trivial diagram

K ---—<---F
equal at the S-matrix level to
Syi = (e(a)L(p)H (k)|e(a')L(p') H (K')) (7.51)
= (2m)32E,68) (q — ') (27)*2E,0®) (p — p') (27)*2E1,6®) (k — K). (7.52)

Evidently there is no overall four-momentum conserving delta function in Eq. (7.52), so
we cannot so easily ascribe a value to this diagram at the M level. In view of this it is

slightly more transparent to write

5= [P = flaqapian) B2, (7.59

where V3 = (27)*6*)(0), instead of Eq. (7.49).

The interference of the trivial diagram with the connected one in Fig. 7.3 is of O(u?|Y|?),

and is what promises to cancel the IR divergence. The connected diagram gives

7 q
e <
w — > » i i 1
, - 2 2
P »>-r--e P =pulY - ; = (754
= o @ —mreaepr e 7Y
et L x 5(p') Pru(d’)u(q) PLo(p)

and so the interference between the two, at the S-matrix level, is
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i i i
(¢ + 1) +ie@Q? —m2 +ie(q+p)? +ie
x o(p) Pru(q’)a(q) Pro(p)
x (2m)32E,6%) (q — q')(2n)*2E,0®) (p — p) (2n)*2E36®) (k — K')
x 2m)*6W (¢ +p + K —q—p—k).

[S[3e = [#*IY]?

int —

+cc. (7.55)

In & the full initial state phase space is wiped out by the delta functions from the trivial
diagram, and the four-momentum conserving delta function, which comes from the con-
nected diagram, is reduced to (27)*6®(0) and cancels against the V%; in Eq. (7.53). The

result is

. 2 .
5(eLH — eLH )iy = 2Y2< - ) ! 2 - <. 7.56
U(e e )Ht ,U,‘ ‘ (q+p)2+1€ inm%+1€(q p)—l—cc, ( )

where I have additionally summed over the spins and taken the resulting trace.*

Having understood how the forward scattering contributes, we are now in a position to
observe the cancellation of the IR divergences. Unlike the cancellation between the two-
and three-body decays in the final state sum, we will do this schematically — that is,
without any explicit computations or references to divergent Inm, terms. If this makes
you suspicious then you have good instincts, and in fact you may have already guessed the

result we are building towards. Nonetheless, we press on.

To uncover the cancellation we recall the identity

1 1 : 2 2
P Sl e —imd(p” — m”), (7.57)

which I will abbreviate as

A, =P, — iné,. (7.58)

With this notation we may restate Eq. (7.56) as

4The initial state sum includes a sum over spins, so there are no averaging factors.
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“a
- — - />-\v\ o
g(eLH — eLH )ip, = R W + c.c.
Y

x i’ A2

q+pAQ +c.c.

= —21P2, 0 + 2762, .60 — AT Pqipda+pPaq,

(7.59)

where in the proportionality I have dropped the couplings and the factor of 2¢ - p from the

spinor structure. The factor of i’, which I have made explicit, is due to the four vertices

and three propagators.

To obtain an analogous expression for the three-body decay we recall from Eq. (5.18) that

cutting through a line to put it on shell is equivalent to making the replacement

! — 2m8(p? — m?).

p? —m? +ie
Thus,
. _ >\v\ x
I'(h~ —eLH) = P e W
/}/ \\\
o (B Agip)* X 2180 X P Agip
= 27T|Aq+p|25Q
2 352
= 27T7Dq+p5Q + 27 5q+p5Q'

(7.60)

(7.61)

Both sides of the cut have two vertices and one propagator, and so three factors of i, and as

indicated by the shadow we conjugate the left side. I comment that the second term, which

contains the extremely dangerous square of a delta function, did not appear in our earlier

treatment of the three-body decay because the m, regulator prevented the virtual H from

going on shell. If we were to apply a similar analysis to the two-body decay h~ — HH,
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we would however find a similar term which tames the threat in the final state sum [360] —

see Section 7.A in the appendix of this chapter for details.

Lastly, with this recipe the two-to-three scattering is equally easy to express, giving

= T = 7 \V\ /‘/‘<
6(HH — eLH) = > D e +c.c.
& >

~
~

- ~
- ~
- N
~

oc (i)* X 270g4p X i’ AgipAg + c.c.
= 27TAq+p(sq+pAQ + c.c.

= 47 PgiplqipPo — 4767, 00 (7.62)

Summing Egs. (7.59), (7.61), and (7.62), we observe the complete cancellation

T'(h™ — eLH) + ¢(HH — eLH)i + 5(eLH — eLH)ipg = 0. (7.63)

This sum is certainly IR-finite, so we have succeeded in cancelling the divergence. That
there is no leftover finite part is something we should have expected, as it is a demand of

unitarity. To understand why, we can repeat the proof of the KLN theorem to obtain
> [WRI IS = (717). (7.64
i

As the right-hand side has no dependence on the coupling constants, the sum must nec-
essarily be zero at every order but O(1). A more explicit way to observe this is through

Eq. (5.32a),

iT —iT" —iTiTT = 0, (7.65)

which we recall expressed S-matrix unitarity in terms of the T-matrix. Sandwiching with

(f| and |f) tells us that

(Tys+ce)+ Y / [AP] T2 =0, (7.66)
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which we can now understand as

(forward scattering) + (everything else) = 0. (7.67)

In retrospect we could therefore have written Eq. (7.63) without needing to perform any
of the busywork beforehand. That said, it is nonetheless satisfying to have observed the

cancellation play out in practice.

As a final comment I remark that the (everything else) in Eq. (7.67) is IR divergent only if
the forward scattering contribution is. One way to assess whether the forward scattering
is required, then, is to directly examine it: if it is divergent, it is needed. In our case it is
straightforward to see that eLH — eLH suffers from the same kind of soft and collinear

divergences as the three-body decay, and this is enough to conclude that

I'(h~ — eLH) + 6(HH — eLH )y = divergent. (7.68)

7.3 Finite Temperature Cancellation — a Discussion

With the cancellation of divergences at zero temperature fully understood, the next step
is to examine the finite temperature scenario. In the Boltzmann equation for, say, e, the
three-body decay appears as

dYe

T [h~ — eLH] — [eLH — h™], (7.69)

S

where the thermally-averaged decay rate is
b eLH) = [AMPS,(1 = L)1~ f)(1+ fa). (7.70)
with

/ dIT = / (dp,][dp,)[dpz][dpz] (2m) 6@ () — p, — b7 — pi7)- (7.71)
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Based on our arguments at zero temperature, we might expect to be able to add to this

(1~ cLH = [dNMPfafg(= )1 f)(1+fg) and (7722

LA — eLH] = /dH ML (1= L)1 — )1+ fi) (7.72D)

(which have different M’s and dII’s) to obtain a finite result. Unfortunately, since each
process carries a different set of distributional factors, they no longer sum together directly
at the I" level and our previous analysis therefore fails to carry over. We can fix this when
the chemical potentials for all particles are zero and the Maxwell-Boltzmann approximation

holds for each distribution, in which case the interaction rates can be written as

i f] ~ / (21?46—62‘)” / dIL AT M2 (see Eq. (5.128)) (7.73)
-/ (‘;?46—Q°/T [am; . (7.74)

giving
h~ — eLH] + [HH — eLH] + [eLH — L] (7.75)

4
~ / (021;)946@“” / dily [°(h~ — eLH) + &(HH — eLH) + 5(cLH — cLH)]
=0.

This special case is however too narrow to be useful, as the Maxwell-Boltzmann limit—

which holds when FE > T—is completely unsuitable for soft particles and divergences.

To approach the cancellation more generally we might hope that there is a finite-temperature
equivalent of the KLN theorem, but we have no such luck. In spite of this, there are nev-
ertheless a number of works that have successfully demonstrated IR finiteness at finite
temperature in certain situations, such as Refs. [112-121]. Today, the most commonly-used
approach is to call upon the closed time path (CTP) formalism [105; 120; 363-372],
which I briefly touched on in Section 5.A of Chapter 5. To construct the Boltzmann
equation for a particle in the CTP formalism, one draws self-energy diagrams for that

particle and enumerates circling configurations of the internal vertices, as in Figs. 7.4 and
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Figure 7.4: The self energy diagram used to construct the Boltzmann equation for e at
O(p2|Y'|?) in the CTP formalism.
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Figure 7.5: The four circling configurations of Fig. 7.4 that give rise to processes with an
e in the final state, and the on-shell cuts they roughly correspond to. To obtain processes
with an e in the initial state the formalism requires that we uncircle the leftmost vertex
and circle the rightmost one.

7.5. Uncircled and circled vertices are labelled type ‘1’ and ‘2’ respectively, and a scalar

propagator iA pointing to a type a vertex from a type b vertex is replaced by iA%, where®

i

A p) = e 2m(° = m?) 060 f(p) + 0(=)T(-p)], (7.760)
A2(p) = e 28t — ) 00) S (p) + () (-p)].  (7.76D)
1A (p) = 276 (p* — m?) [e(po) F(P) + 0(—p°) (1 + f(—p))}, and (7.76¢)
iA” (p) = 2¢8(p” — m?) [0(p")(1 + J(P)) + 6(~p°) F(~P)]. (7.76d)

From these expressions we can see that lines between circled and uncircled vertices are
‘cut’, and can represent either an initial- or final-state particle or antiparticle as long as
it is kinematically allowed. The circling configuration in Fig. 7.5b, for example, therefore
contains not only the three body decay h~ — eLH, but also the three 2-to-2 scattering

processes pictured in Fig. 7.6. The peculiar configuration of Fig. 7.5d, which is proportional

>The CTP propagators for fermions are similar; see for example Ref. [120, App. A].
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(a) hH — eL (b) Lh™ — eH (¢) LH — eh™

Figure 7.6: The three 2-to-2 scatterings originating from the circling configuration in
Fig. 7.5b. Scatterings (b) and (c) are both IR divergent.

to the square of a delta function, cancels against similar squares found within the other
configurations [117]. Note that none of these CTP diagrams contain the scatterings
HH — eLH and eLH — eLH, as uncovering them would require being able to cut
through some lines twice — once to put a particle in the initial state, and again to put
it in the final state. It is rather curious that the processes we are lead to consider at
finite temperature are so different to the ones we needed to obtain IR finiteness at zero

temperature.

At the time of this writing, a full CTP analysis of the Zee model remains to be carried
out, and verifying that the IR divergences cancel at finite temperature is left to future
work. In aid of one who embarks on this work (who may well be me), I highlight Ref. [117]
for its particularly readable demonstration of a cancellation in a similar scenario, and
Ref. [120] for its pedagogical guide to making practical use of the CTP formalism. If
needed, Ref. [119] provides a similar presentation to Ref. [117], but it is a far more difficult
read. I comment that each of these works assumes zero chemical potential for all particles,
and to the best of my knowledge it is not clear that the cancellation can be extended to

more general equilibrium and nonequilibrium scenarios.

The cancellation of divergences within C'P asymmetries presents another direction for
future work. Finiteness at zero temperature is guaranteed by the condition that the total

C'P asymmetry is zero,

Y AT(i— f) =0, (7.77)
f
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as well as its initial-state-sum counterpart
STAT(G — f) =0, (7.78)
i

which can be thought of as equivalents of the KLN theorem for asymmetries. At finite
temperature we once again have no such theorem, and C'P asymmetries are moreover
generically more difficult to study than plain processes within the CTP formalism. The
recent theoretical developments of Refs. [121; 342; 430] however offer convenient means of
organising finite-temperature computations using zero-temperature techniques, and may

provide a promising avenue for future investigations in this direction.
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7.A Regulator Independence of the Final State Sum

It is worthwhile to verify that the sum

i ; 1 o P2y 7
I'npo=T'(h™ — eLH)+T'(h™ — HH)joop = 13873 (—3 —1In m2>’ (7.79)
h

obtained with an electron mass regulator, is in fact regulator-independent. Our first thought
is to turn to dimensional regularisation, as we have already computed the three-body decay
in d = 4 + € dimensions. Unfortunately, the expression we obtained is misleadingly wrong,
and moreover any attempt to calculate the loop correction to the two-body decay is ill-fated
if we are not careful. In what follows I will describe an approach due to Ref. [360] that
successfully navigates this problem. The basic idea is to combine the expressions for the
two decays into a common integral over k2, where they can then be treated together with

a judicious application of distributional identities.

Let’s begin by re-examining the two-body decay. Similar to the main text, it has the

squared matrix element

k H

-
k D RS
g .

Mlfpop = - ->- o > tec (7.80)
\\\v\ /’//
KON S
H
Y(k?)
2
=—p"-2 81
w-2Re <k2+ie> (7.81)
1
= 27 {ReE(kz)PkQ + Im B(k*) 7o (k?) |, (7.82)

where here we apply the principal value decomposition of the propagator, and in the
absence of a mass regulator we do not assume the self energy is real. In fact, without any

masses the self energy takes the simple explicit form
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in(k?) = —\YP(ﬁ?ﬁ)M—dW / (gi) T 1[2([5(1(] %;;RJ]F " (7.83)
= iﬁ;‘;kQ [Ajd +2+1n <—’zz>] (7.84)
—i PG/‘QI# 2 +1In ( Zj)] in the MS scheme, (7.85)
for which we can read off
ReX(k?) = ﬁ;‘r k2 (2 +In ﬁ;) and TmX(k?) = ?/ij29(k2). (7.86)

When the Higgs is on shell, i.e. k? = 0, the self energy vanishes, and it is tempting to claim
that this correction is zero.% This would be premature. Instead, we may follow the same

sequence of steps as we did in Section 7.2.1 up to Eq. (7.38), resulting in

T(h™ = HH)jpop = / dITy (Mo (7.87)
2 mp E(k2)
H 2
- dk — ko)d(k?)2 . (7.
o o (mn — ko)6(k”)2Re <k2 +ie> oty (7.88)

changing the integration variable from kg to k? gives

B(h™ > H Yooy = SN;h / " 4k (m? — K)5(K)2 Re ( ;(ﬁ)) s
2

To bring the three-body decay into a similar form we can use a two-body decomposition

of the three-body phase space, where for

6Such a claim is made in Ref. [117], where the authors considered the similar sum
I'(N — LQU) + I'(N — LH). With the loop correction to the two-body decay vanishing,
the authors instead—to the best of my understanding—cancelled the divergence in the
three-body decay against the vertex counterterm in the leading order two-body decay. In
a footnote, the authors repeated the calculation with a mass regulator, cancelling the UV
divergence from the loop against the same counterterm. I am not convinced that such an
approach is entirely legitimate.
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q
k /
2 /:/ 2 2 1 2 2 21.2 1 2
=|->-< = uY | (2q - =p7 Y|k 7.91
ME = oo N = BVRCr | = VPR ] (e
‘\
]\'/ \\\
we have [431]
™ dk?
[ dtatap k) = [T [ dla(e ) dlla(a.p) (792
mj, de
- ’; > / T (k, &) dlTa(q, p) O(k?) (7.93)
s
= — —0O(k7). 7.94
/ 2 or 87Tmh 8 (k%) ( )

Observe that the two-body phase space integral over ¢ and p, when considered with the

|Y|?k? terms from |M|?, is equal to
vz Y200 2
/ng(q,p)Q(k‘ WY )Pk = 8Tk 0(k*) = 2Im X(k°) (7.95)

— an identification which should not be surprising given our knowledge of the cutting rules.

Thus,
P(h~ = eLH) = / Tl \M!Q (7.96)
_ / k2 (m2 — k) Tm S (k)| i (7.97)
- 8mim? m? k2 + ie

With both the two- and three-body rates now expressed as integrals over k2, we may

combine them to obtain

2 m2
& R ho 12/ 2 12
I'nio = oG /_ e dk? (m2 — k?) (7.98)
x { Im X (k?) L[ 225 (k?)? —ReE(kQ)[Q S(k*)P 1}
k2 + ie k2
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The bracketed terms multiplying Re > and Im ¥ must be treated distributionally, so we
call upon the identities [111; 360]

L P g2 pl g (7.99)
2| T T ek k2 M ‘
1 9
2 - 2
()P 5 = — (), (7.100)

which are easily verified after making the identifications

1 k2 . €
K2 tie K+ kitel (7.101)
—— ——
P wo(k?)

As both identities result in distributional derivatives we must integrate by parts, giving

2 2
[ S e N n[_ 9 o[ 0 <o
fi0 = o /_m’ k2 (m2 — k ){ImE(k ){—WPM Re X(k )[ o )H
2 2
o Mh o f O 2 2
= S /m; dk {W[(mh ~ k) Im S(k )}Pﬁ (7.102)
8 2 2 2
- [(m} — k) Re S (k)| =6(k?)

Plugging in Eq. (7.86) and carrying out the remaining integrals, we at last arrive at

" Y2 m?2 — 2k?
r —— ag2 Y, — 28
NLO = 87r2mh { V 16r k2

. [Re 3(0) — mj Re X(0))] } (7.103)

2 2 2 72
pe Y] 2 my
= — —24+1n -2 1+In— 7.104
8m2m2 167 {mh tm k2 +ln k2 k20 ( )
21v12 ~9
prlY| fi
= —3—In— 7.105
12873 < mh>7 ( )

which agrees with the sum obtained with the electron mass regulator. Observe that
Re Y'(0) and the Im X(k?) integral are separately ill-defined, and finite only when summed
together as in the above. This is precisely why an attempt to compute the two-body decay

in dimensional regularisation is destined to have failed.
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Aw, a particle? I wanted new physics!
New particles are new physics.

Explain how!

Particles can be exchanged for forces and
interactions.

Homer and his brain,
in The Simpsons,
reimagined

Conclusion

Some closing words are due, so allow me to summarise the work of this thesis, offer some
personal thoughts, and muse on directions for future work. In all, this thesis was a tour of
some rather disparate topics tied together primarily by the common thread of neutrinos
and the need to consider quantum effects (i.e. loops) in the study of their mass models.
These effects took the form of effective operators in the first half, while in the latter half

they were considered explicitly and tamed using cutting techniques.

After beginning with a review of the necessary theory in Chapters 2 and 3, I investigated
in Chapter 4 the potential for measurements of the Higgsstrahlung cross section at a next-
generation collider to function as a precision probe of the Type-I and -III Seesaw models.

It was found that a measurement of o(ete™ — Zh) deviating from the Standard Model
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prediction would place the Type-I model in severe tension with preexisting constraints
from (in particular) measurements of the weak mixing angle s2, and the CKM ratio
R(Vys), while the Type-IIT model could accommodate a shift of up to ~ 10% assuming a
pronounced hierarchy between the mixings of v, and v, with the sterile states. Conversely,
a measurement of o(ete™ — Zh) found to be in agreement with the SM prediction would
be compatible with both models, though it would place new constraints on the parameter
space of Type-IIT Seesaw. As such, precision measurements of the Higgsstrahlung cross
section can demonstrably complement existing experimental probes of neutrino mass
models, and if any of the proposals for next-generation colliders are approved, we will

certainly gain more insight into the nature of neutrino masses.

Having been conducted through the lens of effective field theories, the work of Chapter 4
is in principle extendable to the study of any new physics model admitting an EFT
description. Naturally, the parameterisation of the fermionic Seesaw models will not
carry over to a generic model, nor will the approximate expressions presented therein;
nevertheless, the general expressions remain applicable. In a different direction, the study
of the Seesaw models has room for further refinement, for instance by considering additional
observables (such as angular distributions of the Higgsstrahlung decay products), utilising
a comprehensive global fit of electroweak data, or relaxing the assumption of an exactly

conserved lepton number symmetry.

The second half of this thesis was by and large devoted to the topic of leptogenesis, which
began in Chapter 5 with a rather lengthy introduction to the relevant theory. In Chapter 6
I studied the prospects of achieving successful leptogenesis in the Zee model through the
out-of-equilibrium decays h~ — LL and h~ — eLH of the new scalar h~. This scenario
required the mass of h™ to be (9(1012 GeV), at which scale it decouples from all low-scale
observables but neutrino masses and mixings. The C'P asymmetries in the decays of this
scalar arose from two-loop interferences (at least in the case of the two-body decay), and
they had the property that the total asymmetry, when summed over lepton flavours, was
zero. This leptogenesis scenario was consequently purely flavoured, relying on hierarchical

couplings to protect the asymmetry in one flavour while washing out the asymmetry in the
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others in order to obtain a net non-zero asymmetry. Unfortunately, this made the scenario
too restrictive to reproduce the observed baryon abundance of the universe, even when
the relevant parameters were raised close to their perturbative limits. When considered
alongside prior assertions that leptogenesis is unachievable in TeV-scale realisations of the
model [106; 107], this therefore indicated that successful leptogenesis is not possible in the

Zee model, period.

In a continuation of this work we identified two minimal extensions of the Zee model
with improved leptogenesis prospects, the studies of which remain ongoing at the time of
this writing. To consistently account for flavour effects and ensure the analysis of these
extensions is free of ambiguities, it will be necessary to employ flavour-covariant forms
of the Boltzmann equations. This need is not unprecedented [358; 432], and an explicit
example of a model where it is important to treat flavour effects covariantly is Type-I1I
Seesaw [19-21], as shown by Ref. [408]. It will be good to additionally apply this treatment

to the original Zee model to confirm the conclusions reached in Chapter 5.

As an outgrowth of the study of the Zee model I was lastly lead to investigate the can-
cellation of infrared divergences in processes such as h~ — eLH, and this formed the
contents of Chapter 7. The successful cancellation of these divergences at zero tempera-
ture was underpinned by the strengthened KLN theorem of Ref. [111], and it required the
consideration of some rather unconventional diagrams such as a self-energy correction to
h~ — HH, and the forward scattering eLH — eLH. A careful distributional treatment
was needed to evaluate these diagrams, and in view of this I showed the full details of all
computations (which have a tendency to be skipped over in works encountering similar
processes, such as Refs. [111; 117; 360]). Extending the cancellation to finite temperature,
as would be needed to apply it to the leptogenesis study of Chapter 6, was deemed too
impractical to perform in an acceptable timeframe, so I have left it to future work. One of
the more well-worn approaches to achieving such a cancellation is found in the machinery
of the CTP formalism, as is demonstrated for example by Refs. [117; 119; 120]. That said,
I also find the techniques of Refs. [121; 342; 430] to be intriguing, and I would be curious

to see if they are also suitable for this task.
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Conclusion

All in all, the study of a new physics model can often be distilled down to two main
questions: what can we do for the model? (i.e. what observations can we use to constrain
it?) and what can the model do for us? (i.e. which of the SM’s deficiencies is it able to
resolve?). In this thesis I explored both sides of this symbiosis, first by examining the
potential of a next-generation collider to probe the fermionic Seesaw models, and then
by studying the capacity of the Zee model to explain the observed baryon asymmetry of
the universe (and along the way I elucidated some technicalities of IR divergences). The
systematic investigation of new physics models along these two general lines is among
our surest ways to gain insight into the fundamental workings of the universe, and it is a

tradition that I am proud to now (in some small way) be a part of.
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