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solved. We show that thermal fluctuations in the emergent phase source an approximately
scale-invariant spectrum of cosmological perturbations and a scale-invariant spectrum of
gravitational waves. Hence, it appears that matrix theory can lead to a successful sce-
nario for the origin of perturbations responsible for the currently observed structure in the
universe while providing a consistent UV-complete description.

KEYWORDS: Cosmology of Theories beyond the SM, M(atrix) Theories, D-Branes, Models
of Quantum Gravity

ARX1v EPRINT: 2107.11512

OPEN AccCESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP03(2022)067


mailto:suddhasattwa.brahma@gmail.com
mailto:rhb@physics.mcgill.ca
mailto:samuel.laliberte@mail.mcgill.ca
https://arxiv.org/abs/2107.11512
https://doi.org/10.1007/JHEP03(2022)067

Contents

1 Introduction 1
2 Background 2
3 Fluctuations 8
3.1 Formalism 8
3.2 Cosmological perturbations in matrix cosmology 10
3.3 Gravitational waves in matrix cosmology 15
4 Conclusions and discussion 16

1 Introduction

The inflationary scenario [1-4] is not the only early universe paradigm consistent with
current observations. As already pointed out a decade before the development of the
inflationary scenario [5, 6], what is required in order to explain the origin of acoustic
oscillations in the angular power spectrum of the cosmic microwave background (CMB)
and the Baryon Acoustic Oscillations in the matter power spectrum is an early phase in
the evolution of the universe which generates an approximately scale-invariant spectrum of
nearly adiabatic and nearly Gaussian curvature fluctuations. Inflation is one way to obtain
such a spectrum [7], but there are others (see e.g. [8, 9] for a comparative review of several
scenarios).

Specifically, in [10] an emergent scenario was proposed in which the universe originates
in a quasi-static phase (“Hagedorn phase”) of a gas of strings at a temperature close to the
Hagedorn temperature [11], the limiting temperature of a gas of closed strings.! Via a phase
transition (which in String Gas Cosmology is determined by the decay of string winding
modes, or more generally speaking, by the spontaneous breaking of the T-dual symmetry
of the state), this emergent phase connects to the radiation phase of Standard Big Bang
(SBB) cosmology. As shown in [12-14] (see [15] for a review), thermal fluctuations of the
gas of strings lead to an almost scale-invariant spectrum of cosmological fluctuations with
a slight red tilt [12], and of gravitational waves with a slight blue tilt [13, 14]. Additionally,
the String Gas scenario yields a non-singular cosmology. Note that, unlike in inflationary
cosmology where the cosmological fluctuations (which are observed today) are generated
in the early universe in their quantum vacuum state, in String Gas Cosmology the initial
state is assumed to be a thermal one and the fluctuations are hence of thermal origin.?
However, in [10] no dynamics for the Hagedorn phase were provided.

In the following, we will call this scenario String Gas Cosmology.
*Note that there is a variant of standard inflation, namely warm inflation [16] in which the fluctuations
also emerge thermally.



Recently, a very interesting proposal appeared [17] postulating that the early phase is
a topological phase, and demonstrating that the predictions of String Gas Cosmology for
the spectrum of curvature fluctuations can be recovered. Here, we propose an alternative
view of the emergent phase, a model based on matriz theory. In analogy to what is assumed
in String Gas Cosmology, the fluctuations are of thermal origin, and lead to power spectra
of scalar and tensor modes which are consistent with current observations.

Matrix theory is the suggestion that certain large N matrix models can provide non-
perturbative definitions of superstring theory. There are two main proposals for matrix
theory, the BFSS model [18] and the IKKT proposal [19] (see [20] for a recent review of
these and other matrix models). In the BFSS model, the matrices are functions of time, and
space emerges from the properties of the matrices which will be discussed in the following
section.? In the IKKT proposal, time is emergent as well. The scenarios are related in the
sense that the high temperature limit of the BFSS model yields the (bosonic) IKKT action
(compactification on a thermal circle).*

Our starting point will be the BFSS model, conjectured to be the non-perturbative
proposal for M-theory. Making use of the equivalence between the high temperature limit of
the BFSS model and the bosonic IKKT action, and starting in a thermal state, we will use
the results of detailed numerical studies of the IKKT model [23] to show that a background
develops in which there is a separation between three spatial dimensions which become
large, and six which remain compact, similar to what was argued to happen in String
Gas Cosmology [10]. In this background, we then compute the thermal fluctuations of the
energy-momentum tensor and determine the resulting spectra of curvature fluctuations and
of gravitational waves.

We will consider a D = d+ 1 dimensional space-time, where d is the number of spatial
dimensions (which is d = 9 for superstring theory and d = 3 after the phase transition in
the IKKT model). Roman indices will be used to refer to the spatial directions. When
discussing late time cosmology, we denote the cosmological scale factor by a(t), where ¢ is
physical time, and use comoving spatial coordinates . The Hubble expansion rate is given
by H = a/a, an overdot denoting the derivative with respect to time. The inverse of H is
the Hubble radius which plays a key role in the evolution of cosmological perturbations.
As usual, the commutator of two matrices A and B is denoted by [A, B].

2 Background

Our starting point will be the BFSS matrix model [18]. The basic objects in this model are
d = 9 bosonic N x N Hermitian matrices thb and their sixteen fermionic superpartners
6, which transform as spinors under the SO(9) group of spatial rotations. There is a
U(N) gauge symmetry, and A is the associated gauge field, another N x N matrix. The

3See also the ¢ = 1 matrix model of [21] which yields a non-critical string theory with one spatial
dimension.

4There is another way to think of the correspondence between the IKKT and the BFSS models in which
the fermions do not have to decouple; however, in this case, one has to gauge-fix by choosing a particular
time parameter [19].



Lagrangian is given by®
1

L =—
2g2

[Tr {; (D X;)? — % (X, Xj]2} —0"Dy0 — 0™ [0, X] } (2.1)
where Dy := 0; — i [A(t), -] is the usual covariant derivative. The large-N limit corresponds
to taking N — oo while holding the 't Hooft coupling A := g?N = g,NI;3 fixed (where g is
the dimensionless string coupling constant, and I, is the string length). The proposal of [18]
is that in the large- N limit the action (2.1) yields a non-perturbation definition of M-theory
(see [22] for a detailed review of this proposal using the discrete light-cone quantization in
the ‘infinite-momentum frame’). In particular, in this limit space is emergent. The spatial
coordinates are related to the eigenvalue distribution of the matrices X* in a similar way
to how the one spatial dimension arises in the ¢ = 1 matrix model of non-critical string
theory [21].

As mentioned, there are d 4+ 1 bosonic matrices A(t), X;(t) (i = 1,2,...,d), each of
which is an N x N Hermitian matrix. At finite temperature 7', the bosonic part of the
BFSS action is given by
9 1

B
S(8) = ;2/0 dt Tr{;(DtXi) : [Xi,Xj]z} , (2.2)

where = 1/T.

At high temperatures, the BFSS model reduces to the bosonic IKKT model [41, 42].
Since we will use results from studies of the IKKT setup to establish our cosmological
background, we recall the key points of the latter model.

The IKKT matrix model [19, 23] (see [24] for a recent review) is defined by the following
action

1 1., T - a
§ = =5 Tr 3[4 4] [Aws 4] + 50 (€T) o [Aar 5] (2.3)
where ¢, and A, (¢ =1,...,16,a=1,...,10) are N x N fermionic and bosonic Hermitian

matrices, respectively, the I'* are the gamma-matrices for D = 10 dimensions, and C is the
charge conjugation matrix. While a is a ten-dimensional vector index, « is a spinor index
such that 1, plays the role of a ten-dimensional Majorana-Weyl spinor. This action can
be seen as a matrix regularization of the worldsheet action of Type IIB superstring theory
in the Schild gauge. Depending on the metric which is used to raise and lower the indices
(either Euclidean or Minkowski), the action can be viewed as that of the Euclidean or
Lorentzian type IIB matrix model. If we choose to have the same coupling ¢ for the IKKT
model, as before, with mass dimension 3, the matrices A% will have mass dimension 3/4.

The action of the Euclidean matrix model [19] is given by the following functional
integral over the bosonic and fermionic fields

Z- / dAdpeS (2.4)
while the action of the Lorentzian model is defined by [23]

7z = / dAdpe'S . (2.5)

5Note that g2 has mass dimension 3 and X; mass dimension 1.



In the IKKT approach, both space and time are emergent, time being related to the
matrix Ap, while space results from the other matrices. The SU(/V) symmetry can be used
to diagonalize the matrix Aqg

Ay = diag(a, ..., an), (2.6)

where without loss of generality the «; can be ordered in ascending magnitude. As was
shown in [23], the spatial matrices A; then have a band-diagonal structure in the sense
that there is an integer n < N such that the matrix elements (4;)q for |a — b| > n are
much smaller than those for |[a — b| < n. Note that n is a fixed fraction of N and hence
goes to infinity in the limit N — oo.

A time variable ¢ (which will be the time variable of our emergent phase) can then be
defined by averaging the diagonal elements «; over n elements

1 n
Hom) = X2 (2.7)
=1

where the index m runs from 1 to N — n. Time-dependent spatial matrices (A;)s s(t) of
dimension n X n can then be defined via

(A)r,s(t(m)) = (A)mttmts - (2.8)

In the limit N — co we have n — oo and (A;); ;(t(m)) becomes the emergent continuum
space.
It is then natural to define the extent x; of a given spatial dimension ¢ at time ¢ by

zi(t)2 = A"T/6 <TILT1"(/L)(t))2> : (2.9)

where the pointed brackets stand for the quantum expectation value in the state defined
by the partition function. Then, the total extent R(t) of space at time ¢ is

R*(t) = a(t)?. (2.10)
Following [24], it is more convenient to define the moment of inertia tensor

7 = (LT A1) (.11)

which is a symmetric 9 X 9 matrix whose eigenvalues can be denoted by A;.

A numerical analysis of this system shows [23] that as a function of time the SO(9)
spatial symmetry is spontaneously broken. Of the nine eigenvalues \;(t), three of them be-
come large, while six remain close to the original size. This is the same symmetry breaking
pattern obtained in String Gas Cosmology [10] from considerations of the annihilation of
string winding modes which can only liberate three spatial dimensions. What is observed
in matrix theory can be viewed as the non-perturbative picture of the scenario of [10].



A similar symmetry breaking pattern was first studied in the Euclidean framework.
There, the emergence of three large spatial dimensions can be seen both numerically and
using a Gaussian expansion method in which the free energy is computed when approxi-
mating the functional integral via a Gaussian expansion about particular configurations,
and the resulting free energy is compared for different chosen configurations, to find that
the free energy is minimized for d = 3. See [25-30] for a selection of papers on this topic.
On the other hand, the analyses for the Lorentzian IKKT model is more subtle. Firstly,
numerical investigations are much more technically involved due to the ‘sign problem’. Al-
though this was averted using some approximations involving assuming a Gaussian action
for the bosonic part of the IKKT action in [23], it was soon realized that the expanding
spacetime has only two independent large eigenvalues (the so-called Pauli-matrix struc-
ture) [31]. In subsequent work, this was found to be a pathology of the approximation
which was used to solve the sign problem and the numerical ‘complex Langevin method’
was introduced using two parameters to denote Wick rotations on both the worldsheet
and the target space. This culminated in finding a true (smooth) (3 + 1)-d emergence of
the background from the Lorentzian IKKT model [32], where the presence of fermionic
matrices turn out to be essential.

In the high temperature limit, the BFSS model reduces to the (Euclidean) IKKT
scenario. The BFSS gauge field matrix A(t) corresponds to the IKKT matrix Ap(t) and
the BFFS spatial matrices X;(¢) become the matrices A;(t) in the IKKT model. Hence,
taking the results from the analysis of the IKKT model described above back to the BFSS
side, we argue that in the high temperature limit (which is relevant for our discussion
of the emergent phase) the background which minimizes the free energy will experience
spontaneous symmetry breaking in which three of the spatial dimensions (given by the
quantum expectation values of eigenvalue distribution of the matrices X;) become large
compared to the other six. Note that this symmetry breaking occurs during the emergent
phase, and not only at the end of it.

Irrespective of whether one begins with the Euclidean or the Lorentzian version of
the IKKT model, this emergence can be understood more generally. Since the eigenval-
ues of the matrices denote the target space coordinates, at very early times before the
symmetry-breaking phase transition takes place, the nine eigenvalues are of equal size and
of a microscopic scale, on which there does not exist a smooth geometric picture of space-
time. Omne way to see this is that the eigenvalues denote positions of D-branes and the
matrices, corresponding to these, commute only in the limit after the symmetry breaking
when the eigenvalues of three matrices become large. The target space coordinates are
inherently non-commutative at very early times. This is a non-geometric phase from which
our (3 + 1)-d universe emerges in the matrix model. As the emergent phase proceeds and
the three large spatial dimensions grow in size, we will reach a point when the effective
field theory description via Einstein gravity yields a good approximation for the infrared
modes which we are interested in when considering cosmological perturbations measured
at late times. Let us for now consider this transition to take place at a fixed time ¢., and
we return to a discussion of how this transition happens later on.



Let us summarize the background cosmology which we are proposing. We start in
a high temperature state of the BFSS matrix model which is equivalent to the IKKT
matrix model (as 7" — o0). After Wick rotating the IKKT model, we can diagonalize
the A1 matrix, and the diagonal elements determine our emergent time variable. The
diagonal blocks of the A;,7 = 1,...,9 matrices in this basis define an evolving space. All
spatial dimensions (measured as described above in terms of the expectation values of
the spatial matrices) are of the typical microscopic scale (the string scale). The spatial
matrices evolve in time and the emergent space undergoes symmetry breaking in which
three spatial dimensions become large and the other ones remain microscopic. The SO(9)
symmetry of space is broken to SO(3) x SO(6). As the three-dimensional space expands,
General Relativity becomes a good description of the low energy dynamics of the three
dimensional space.® A transition to the expanding phase of Standard Big Bang cosmology
occurs. Our subsequent analysis of fluctuations is independent of the specifics of this
transition in the same way that the analysis of fluctuations in inflationary cosmology are
in general insensitive to the details of reheating.

The astute reader would have noticed an implied assumption in our discussion above.
The high-temperature BFSS model reduces to the bosonic sector of the IKKT model in
which the fermions decouple. On the other hand, the spontaneous symmetry-breaking
that has been discussed above in the IKKT model requires the presence of the fermions.
Therefore, our assumption is that one has a similar symmetry-breaking in the full BFSS
model, just as in the IKKT model, although this is yet to be demonstrated using numerical
simulations. To be more precise, at the start of the non-geometric phase one has the
full BFSS model to begin with which, after susy-breaking, leads to the high-temerature
BFSS model. At this point, this model is equivalent to the IKKT model and we use this to
describe the background dynamics, in lieu of numerical results available in the BFSS model.
However, note that one does not need any additional justification to arrive at the high-
temperature model starting with the supersymmetric one, after susy-breaking, as this has
been argued for in [20, 25-30]. It is clear that in this paper we want to make unambiguous
predictions for the primordial cosmological observables, starting from a thermal state in the
BFSS model at the beginning of the SBB phase, and do not provide details of the dynamics
in the non-geometric or emergent phase, which is to be worked out later. However, what is
remarkable is that our results are robust, and agnostic about the details of the spontaneous
symmetry-breaking and other details of the non-geometric phase, given this starting point.

At this point, let us give some justification for using General Relativity (GR) as the
low-energy limit of the matrix theory. How do we know that the low-energy gravity theory
is going to be GR and not something else? Firstly, note that the BFSS model is a proposal
for M-theory and therefore, we are guaranteed to have GR as the low-energy limit of (the
gravitatiuonal part of) this theory. Furthermore, within the IKKT model, it has been shown
that the underlying diffeomorphism symmetry of GR emerges naturally from this [33, 34].
But the most direct way to note this was shown within the operator interpretation of

®Note that the Lorentz symmetry of the effective theory is a result of the SO(10) symmetry of the
original Euclidean IKKT matrix model.



matrices in the IKKT model, in which one could derive the vacuum Einstein equations
starting from the classical equations of motion of the IKKT model [35]. In this approach,
matter and gauge fields appear as fluctuations on top of a gravitational background and
thus all fields of different spins, including the graviton, emerge from the same IKKT model.
Going to higher-order corrections, one can find different quantum fields sourcing Einstein’s
equations. However, the exact dynamics of quantum fields are yet to be understood in
this interpretation and, therefore, we approach the problem from a different perspective.
We consider a natural state for our cosmological model, namely a thermal state, which
yields the emergent background from the IKKT model discussed above. Since the state
is a thermal state, it includes thermal fluctuations which yield source terms for late time
cosmological perturbations. Based on the above arguments, and the fact that after the
time t. we are in the low-energy limit of superstring theory, we use Einstein’s equations
sourced by the thermal state to compute the cosmological perturbations whose properties
we calculate below.

In contrast to Standard Cosmology and the Inflationary paradigm, our proposed cos-
mology does not suffer from an initial singularity problem because the early phase is a
nonsingular quantum mechanical matrix model which cannot be described by Einstein
gravity. In particular, there is no beginning of time in the sense of General Relativity.
Furthermore, recall that the BFSS matrix model is a quantum mechanical model and does
not suffer from field-theoretic divergences one has to contend within GR.

The origin of our proposed cosmology as a quantum mechanical matrix model also
provides a solution to the Horizon Problem of Standard Big Bang cosmology. The initial
thermal state of the quantum mechanical matrix model automatically generates correlations
over the entire emergent spatial section. From the point of view of an emergent scenario
it is very reasonable to assume that we start in a thermal state.” Thus, like in String
Gas Cosmology, the cosmological fluctuations and primordial gravitational waves will be
of thermal origin, unlike in inflationary cosmology where the inhomogeneities emerge from
quantum vacuum fluctuations.

Let us also point out a difference between our cosmological model emerging from matrix
theory and String Gas Cosmology. Unlike the latter, our model cannot be thought of as
a free collection of stringy objects, such as D-branes, whose thermal properties describe
the thermal state sourcing cosmological perturbations. It is tempting to interpret our
results as a collection of ‘free’ DO-branes in a box since our starting point is the BFSS
model. Similarly, one might be led to presume that a box of ‘free’ D(—1) branes would
explain the background dynamics due to its origins in the IKKT model. If this were to
be true, one could have studied the thermodynamics of free D-branes just like one does
for a box of strings in String Gas Cosmology. However, the crucial point to realize is that
the BFSS (or, similarly, the IKKT) model is not just any collection of DO-branes but a
specific bound state configuration of them. This gives rise to a very specific theory which
allows us to do our computations in a thermal state that, quite remarkably, gives rise to

"Note that it is only in the high temperature limit that the correspondence between the BFFS and IKKT
models has been established.



scale-invariant perturbations in the early-universe, as we shall show later on. In fact, the
thermal properties of a collection of free D0-branes do not have the same properties as can
be seen from [36].

The cosmological fluctuations and gravitational waves which we can measure today
in cosmological experiments have a length scale which even at the end of the emergent
phase is in the far infrared compared to the typical energy scale of the emergent phase.
Hence, the evolution of fluctuations on these scales will be described by the usual linear
cosmological perturbation theory based on Einstein gravity. Hence, as in the case of String
Gas Cosmology [15], the metric fluctuations will be determined by the correlation functions
of the energy-momentum tensor in the thermal state of the emergent phase. In the following
section we turn to the computation of these fluctuations.

3 Fluctuations

3.1 Formalism

In the previous section we have described our model for the background of the emergent
period which results from matrix theory. Via a phase transition, the emergent period will
connect to the radiation phase of the SBB in 3 4 1 space-time dimensions. In this section
we will compute the spectra of cosmological fluctuations and gravitational waves which
arise from our background. In the framework of an emergent cosmology, and in contrast
to the situation in an inflationary model, the length scales on which we currently observe
the fluctuations were always many orders of magnitude larger than the typical microscopic
scales, e.g. the Planck length. Specifically, if the energy scale at which the transition
from the emergent phase to the radiation phase of the SBB occurs is 10'6GeV, then the
wavelengths at that time were of the order of lmm or larger. Hence, the description of
fluctuations using the usual theory of linear cosmological perturbations (see e.g. [37, 38|
for reviews) will apply.

We will write the metric of our four dimensional space-time (which we assume to be
spatially flat) in longitudinal gauge, i.e. in the form

ds? = (14 2®)dt* — a(t)*[(1 — 2®)d;; + hy;] da'da? (3.1)

where ®(z,t) is the relativistic generalization of the Newtonian gravitational potential, and
the transverse and traceless tensor h;; represents the gravitational waves. Specifically, a
gravitational wave with dimensionless polarization tensor €;; will have an amplitude h(z, ).
We are neglecting the contribution of vector modes since these modes decay in an expanding
universe.

Note that in a thermal state, the fluctuations on the typical microscopic state may be
large in amplitude, but on the infrared scales relevant to cosmological observations they
will be Poisson suppressed and hence small in amplitude such that linear cosmological per-
turbation theory applies and all Fourier mode of the fluctuating fields evolve independently.

According to the theory of linear cosmological perturbations, the curvature fluctuation
on a scale k (where k denotes comoving wave number) is given by the energy density



perturbations on that scale via
(|@(F)?) = 167°G*k~ (T3 (k)Tg (K)) , (32)

where T} is the energy-momentum tensor of matter (also evaluated in longitudinal gauge),
and G is Newton’s gravitational constant. Similarly, the amplitude h(k) of a gravitational

wave mode is determined by the off-diagonal pressure fluctuations via®

(1h(K)P) = 167>C2h~ (0TI ()STI(k)) , i # j (33)

On sub-Hubble scales, matter fluctuations dominate over the induced curvature fluc-
tuations. Hence, following the logic used in String Gas Cosmology in [12-14], we will first
use the partition function Z of our model to determine the correlation functions of the
energy-momentum tensor. Using these results, we apply (3.2) and (3.3) to determine the
initial amplitude of the curvature fluctuations and gravitational waves when the length
mode k exits the Hubble radius at the end of the emergent phase. From then on until the
present time the usual evolution of the cosmological fluctuations applies.

In a thermal state, the fluctuations in the energy-momentum tensor in a box of radius
R are determined in terms of the finite temperature partition function of the system.
Specifically, since
_ o g™ olnZ

V=g 9g"*
the fluctuations of the energy-momentum tensor in a box of radius R are given by (see [15]
for details)

{T})

v

(3.4)

CLS = (TVTY) — (TYNTX) (3.5)
_, 9 0 ( g°° 8an) , 97" 0 ( gho aan)
V=9 9g* \ /=g 9g" V=909 \\/=g 0g* )’

where Z is the partition function restricted to the box. Specifically, the energy density

fluctuations are determined by

T2

C«OOO0 — 5p2 — 76

Cy (3.6)

where Cy is the specific heat capacity in a box of radius R and is given by the partial
derivative of the internal energy F(f) with respect to temperature T" at constant volume V:

The gravitational waves, in turn, are given by

Cly =(TIY—~(TH? i # ] (3.8)

8The notation is a bit loose here: the indices ¢ and j correspond to the polarization state of the gravi-
tational wave.



where the indices ¢ and j are related to the polarization tensor of the wave which is being
considered.

In the case of String Gas Cosmology, the thermal correlation functions for a gas
of closed strings in the high temperature Hagedorn phase have holographic scaling, i.e.
Cy ~ R?, and correspondingly for the other correlation functions [39]. This result can be
understood heuristically from the fact that strings look like point particles in one lower
spatial dimension. This then leads to the scale-invariance of the spectrum of cosmological
perturbations and gravitational waves. The fact that the temperature is a slightly decreas-
ing function of time towards the end of the Hagedorn phase (when scales exit the Hubble
radius) leads to a slight red tilt of the spectrum of cosmological perturbations (modes with
larger values of k exit the Hubble radius later). The fact that the pressure is an increasing
function of time towards the end of the Hagedorn phase leads to a characteristic slight blue
tilt in the spectrum of gravitational waves [13, 14].”

3.2 Cosmological perturbations in matrix cosmology

We will now perform the calculation of the spectra of cosmological perturbations and
gravitational waves in our scenario. Specifically, we are interested whether a scale-invariant
spectrum of cosmological perturbations emerges.' We cannot apply the abovementioned
heuristic argument for such a spectrum since our calculation is not based on classical
string degrees of freedom. On the other hand, since our scenario in the perturative limit
will reduce to perturbative string theory, it would not be surprising if the holographic
scaling of the specific heat capacity emerges.

Our starting point is the finite temperature action S(5) (2.2) of the BFSS matrix the-
ory. The resulting finite temperature partition function is given by the functional integral

Z(8) = / (DA, [DX]; 5O, (3.9)

where the subscript S implies that the fields to be integrated are over this range. Given
this partition function, the internal energy FE is given by

d
E——@an(ﬁ). (3.10)
One can now calculate this internal energy as follows:
L Z(B) — Z(B)
E=—Zm Al ™ ag (3:.11)
where 8/ = 8+ AB. Z(f') is given by
2(8) = [ DA, DX 5, (3.12)

9Recall that inflation models in the context of General Relativity (with matter obeying the usual energy
conditions) always leads to a slight red tilt of the spectrum of gravitational waves. This characteristic blue
tilt of the spectrum of gravitational waves is also obtained [40] in the recently proposed version of the
Ekpyrotic scenario in which an S-brane motivated by superstring theory leads to a nonsingular transition
between an Ekpyrotic contracting phase and the radiation phase of the SBB.

°Tn the case of the proposal of [17] such a spectrum emerges because of the conformal invariance of the
emergent topological phase.

~10 -



where S’ can be obtained from the action by replacing 3, t, A(t), X;(t) with 8, ¢, A’(t'),
X/(t'). While the measures remain invariant, [DA’ ]'ﬁ = [DA]; and [DX ’]'ﬁ = [DX]g, the
fields and time-parameter are related by the transformations

/_é/ 1/l :ﬁ 1041y — @ )
V=5t A= GAW, X \/;Xl(t). (3.13)

Under this transformation, the kinetic term remains invariant while the interaction term
in S’ is related to that in S as follows:

/Oﬁ/ a Tr{[X;(t'),X;.(t’)r} _ <g)3 /Oﬁ aT {0,508 (319

One can now write down the relation

I\ 3
Z(ﬁ’):/ [DA [DX']; e exp (A‘lN/Oﬁ dt iTr{[Xi,XjP - (g) [X; Xj]Q})

:/ [DA, [DX']; e® {1 - lejv/oﬁ dt Tr ([Xi,Xj]2) ABB + 0((A5)2}
=7(8) (1 - N*AB(E) + 0((A8)")) . (3.15)
where
£ = —ixlj\}ﬁ /05 dt T ([X;, X]°) - (3.16)
Therefore, we can write down the internal energy as
E = N%(&), (3.17)

where (-) is the expectation value calculated with respect to the partition function Z(5).
It has been shown in [41] that the BFSS action reduces to the IKKT one at high
temperatures. If one Fourier expands the fields as

Xi=)_ X[em™, (3.18)

where w = 27/ are the Matsubara frequencies, then the BFSS action becomes
SBrss = S0 + Skin + Sint - (3.19)

Let us first consider the leading order behaviour of the action, in the high temperature
limit, which is given by the zero modes of the Fourier expansion, and therefore

So = -A"INB T {; (4, X?])2 + % ([X?,XJQDQ} . (3.20)

We rescale the zero modes as'!

Ay :i=T7Y4X9 (i=1,2,...,d), Ap:=T'*A, (3.21)

HNote the consistency of the mass dimensions using the conventions introduced at the beginning of
section 2.

- 11 -



where D = d + 1. This tells us that

1
So = Z A IN T (F;w) =: SIKKT , FMV =1 I:A/J/)Al/} . (3‘22)

Here we assume (pu,v = 1,2,..., D). On the other hand, the kinetic term of the action
go as

1 . .
Skin = AINS tr{ Z(nwﬁxznxg} (3.23)
2 n#0

and the interaction terms as

B . . 1 . 4
S ==\ NG 3 X4, X0+ 5 304,14, X
n#0 n#0
1 . o
npq

where the n = p = ¢ = 0 term is excluded in the last sum. We only show the bosonic terms
above and ignore the terms corresponding to the fermionic and the ghost fields to avoid
clutter (see [41] for more details). While we use Sy to calculate the leading order terms,
Skin and Siny become important when calculating the next-to-leading order terms.

Given this, we can calculate two quantities of interest to us — the extent of the
eigenvalue distribution and the internal energy. The extent of the eigenvalue distribution
is given by

R2.— a4l /B dt Tr (X;(t))? (3.25)
NB Jo ’
We begin by taking its expectation value with the BFSS partition function and we find that
(R®)Brss ~ A3 T2, (3.26)
where
1 2
X1 :=( — Tr(4,) . (3.27)
N IKKT

Note that although expression (3.25) is an exact definition, (3.26) is the leading order (in
temperature) relation between R and x;. The leading term is given by the zero modes.
Note that the extent of space parameter in the IKKT model is given by the quantity xi
defined above (compare with (2.10) above). The dependence of the extent of eigenvalue
distribution on the spatial volume is characterized by x1, whereas we explicitly separate its
dependence on temperature as above. The numerical simulations of the IKKT model tell
us how the extent of space parameter (2.10) evolves with time. The temperature (coming
from the Euclideanized time direction) can be assumed to be constant in the model and
x1 will give us the value of the background volume for this given time.
More relevantly for us, the internal energy E = N2(£)prss can be calculated to get
13N?
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where

— (L pp2
Yo i <NT (F) >IKKT . (3.29)

This shows that the internal energy, to the leading order in temperature, does not depend
on the spatial volume (as this expression does not depend on x1).

Going to the next to leading order in temperature, one can calculate the internal energy
to be (we follow the conventions of [41]):

L3N?
4

13N?

E ~ X\
4

~ d—1 ~
Yol — A (—p) (x5 — X6 — 4\x1) T~Y2,  (3.30)

12 8

where
— N2 2 2
X5 = N <Tr (Fij)" . Tr (Ayg) >IKKT

X6 = N72(Tr (F}j)* . Tr (Ap)° ) (3.31)

IKKT

In the above expression, p denotes the number of fermionic superpartners of the d bosonic
matrices.
Let us calculate x5 and xg using the following approximation

X5 = <Tr (Fi')Q'Tr(Ak)2>1KKT

= (Te (F)° e (T D7)
= X2X1 (3.32)

and
_ \2 2
X6 = <Tr (Fi;)?. Tr (Ap) >IKKT

= <T1“ (Fij)2>IKKT <T1“ (AD)2>IKKT
= (;) X2 X1 - (333)

Let us make two observations regarding the above calculation. Firstly, the next to
leading order values for these quantities can be evaluated explicitly by considering the
propagators, from the kinetic term in the action, and from the interaction terms. However,
although we only showed the bosonic terms in (3.23) and (3.24) for simplicity, one also
needs to take into account the fermionic fields (and the ghost terms corresponding to our
gauge-fixing) to carry out the explicit calculation. And finally, one needs to integrate
out only over the non-zero modes in order to arrive at the above-mentioned results. The
zero modes (in the Matsubara frequencies) are what gives rise to the IKKT action and
therefore, we express our results in terms of quantities evaluated in the IKKT model and
the temperature T.. Note that since we have set the 'tHooft coupling A = ¢?N = 1, our
only dimensionful parameter for perturbation theory is T-3/2 [43]. In other words, once
one integrates out non-zero modes using perturbation theory, the leftover integration over
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the zero modes can be thought of as taking the expectation value of Green’s functions using
the bosonic part of the IKKT action.

We now have the ingredients needed to evaluate the power spectrum of energy density
fluctuations in our scenario using (3.6) and (3.7). Let us consider a comoving momentum
scale k. For this scale, we will consider the (emergent) time (k) when R(t(k)) = 2rk~L.
The associated volume is (RQ)?}’B/}?SS which we will in the following abbreviate by R3. The
dimensionless power spectrum P(k) on the scale R related to the wavenumber k via R =
27k~ is given by

P(k) ~ K (o(k)])
= 16m2G* k(6T (k)oTY (k)) (3.34)
= 16m2G*k~4(6p)*
= 1672G*k*T?*Cy RS,
= 16m2G*K*TCy (kR)°
where the factor of 72 in going from the second to the third line comes from converting
momentum space to position space density.

Thus, the scalar power spectrum depends mostly on the specific heat Cy. Let us
calculate it to the next-to-leading order in the high temperature limit. From (3.30), we find

2 2
Cy = )\_I%XQ + )\_1% (d121 — ]89> <X2 — %XQ — 4)\) X1 T_3/2 . (3.35)
Note that the Cy > 0 for d = 3, p = 4 and the thermodynamics is well-defined in this case.

The first term hence yields a contribution to the power spectrum proportional to k2.
Since x1 ~ k72, the second term yields a scale invariant contribution. On microscopic
scales, the first term dominates. It corresponds to a Poisson spectrum and is what we
expect for thermal fluctuations on scales close to the correlation length of the system. On
infrared scales relevant for current cosmological fluctuations, however, it is the second term
which dominates, and it corresponds to a scale-invariant spectrum, and its value is

d—1 1
P(k) = 167r2G2k2(kR)*6T1/2N2X1g)\’l (12 - g) (m - X2 - 4/\) . (3.36)

Substituting for y1, making use of (3.26) and of k = R~! we obtain

3 d—1 1
P(k) = 167r2G2)\4/3N2§)F1 <12 — é’) (X2 - X2 - 4>\> : (3.37)

Inserting the explicit expression for yo [44]

Yo = Ad—1) (1 _ ]\H , (3.38)

and using the scaling

4
GEN2\3 <1> (3.39)

lsmy
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we obtain

P(k) ~ 167 (ZS;NY <2) (‘11_21 _ g) <(d;1)2 (1 - ;2> _ 4) . (3.40)

from which it follows that the amplitude of the spectrum is given by

A~ (Lsmp) ™, (3.41)

the same scaling as in String Gas Cosmology [12]. Note that this result does not depend on
the exact dynamics of how the background volume expands with time (beyond the general
evidence the numerical analysis provides for the emergence of 3 large spatial dimensions).

3.3 Gravitational waves in matrix cosmology

Tensor perturbations are sourced by the off-diagonal pressure perturbations, as described
n (3.8). Specifically, the dimensionless power spectrum of gravitational waves on a comov-
ing momentum scale k is given by

Py(k) = 167°G?k*C{1(R(k)) , (3.42)

where we recall that C’Z;(R(k:)) is the position space expectation value of the square of
the off-diagonal pressure perturbation (i # j), and R(k) is the length scale corresponding
to k. Without introducing anisotropies in the (emergent) background, it is not possible
to directly compute the anisotropic pressure fluctuations, but only the isotropic ones. A
similar situations in encountered in String Gas Cosmology (SGC). In SGC, the anisotropic
pressure fluctuations were indeed computed (see [45, 46]) by introducing anisotropies in
the background metric. It was found that the anisotropic pressure perturbations have the
same order of magnitude as the isotropic ones. On the other hand, in a perfect point
particle fluid no anisotropies will be generated at leading order in perturbation theory.
The difference is due to the fact that the basic objects in SGC are linear strings, and
each string can generate anisotropic fluctuations. We expect that the situation in matrix
theory is somewhat in between these two cases. We will denote the suppression factor of
the off-diagonal term compared to the diagonal term by a positive constant a < 1. It
is a challenging problem to estimate the value of «, a problem which we leave for future
work. Hence,

i T 0p
CYy = aﬁ@ , (3.43)
where the pressure p is given by
1 OF
p=—— . 3.44
P="vomR (3.44)

To calculate the pressure, let us begin with the free energy of our system, calculated
up to next-to-leading order

3N2 T 2 . /d—1
f = 74B )\ 1X2 lnﬁ — g A 1 (12 - ]8)> (X5 — X6 — 4AX1)183/2 . (345)

~15 —



We can use the same approximations as before to write x5 and g in terms of x1 and ya.
We then obtain (by using (3.26) to replace for x; in the free energy above):

g AL/3 d—1 1
Cij = apr N (12 N ]8)> <X2 TaxT 4A> ’ (3.46)

from which it follows that the dimensionless power spectrum of gravitational waves will
also be scale-invariant with an amplitude P,(k) given by (on restoring the dimensional
factors, and using (3.38), as before):

Py(k) ~ a 1672 (kR)™ <l8;pl>4 (Z) (‘11—21 _ 18’) <(d;1)2 (1 _ ]\1[2> - 4) . (3.47)

Comparing the results (3.47) and (3.37) for the tensor and scalar power spectra, we

find that the tensor to scalar ratio r is given by

8
r=ga. (3.48)

In order to be consistent with the current observational bound on r, the value of o needs
to be of the order O (10_2) or smaller. Note that although the off-diagonal elements are
naturally suppressed compared to the diagonal ones, for thermal fluctuations, they are not
expected to get fine-tuned to be extremely small. In other words, we expect the parameter
a to be a smaller than 1 but not by many orders of magnitude [12]. Note that in String Gas
Cosmology the value of r is suppressed by the ratio between the pressure and the energy
density in the Hagedorn phase [13, 14]. In the topological phase model of [17], no primordial
gravitational waves are generated to leading order in the analysis. However, since « is not
expected to be many orders of magnitude smaller than 1 for our model, we expect to find an
observable signal for primordial gravity waves in our model. This is a significant difference
between our model and those other approaches to early universe cosmology. It is hence
important to estimate the value of o which results from our matrix theory model.

4 Conclusions and discussion

In this paper we have suggested a concrete realization of a non-singular emergent cosmology
based a matrix theory, a proposed non-perturbative definition of superstring theory in
which space is emergent. The starting point is a gauge action for nine Hermitean N x N
matrices X;. The covariant derivative involves another N x N matrix A. We consider
this matrix model in a finite temperature state. Space is emergent in the sense that in
the large IV limit, the expectation values of XZ-2 yield the size of the i’th spatial dimension.
We have used results of numerical and analytical studies of matrix theory to show that a
spontaneous breaking of the SO(9) spatial symmetry takes place, and that exactly three
dimensions of space become large. We have argued that at late times, a phase transition
to the radiation phase of Standard Big Bang cosmology takes place, signalling the end of
the emergent phase. Our scenario automatically solves some problems of Standard Big
Bang cosmology such as the horizon problem, in the same way that they are solved in the

~16 —



proposal of [17]. A quick way to see this is to realize that the emergent spatial dimensions
appear from the early non-geometric phase when the matrices are not commuting and
their eigenvalues cannot be said to describe a smooth (3 4 1)-d spacetime. Thus, the entire
emergent space is born out of the same matrix action and is interacting with each other in
the non-geometric phase, naturally resolving the horizon problem.'?

However, background dynamics is not sufficient for understanding the properties of
the emergent cosmology derived from matrix theory. One needs to calculate the spectrum
of primordial perturbations in this model and this is where the novelty of our work lies.
We have computed the thermal correlation functions of the energy-momentum tensor in
the emergent phase. These determine the spectrum of cosmological density fluctuations
and gravitational waves. In analogy to what is assumed in String Gas Cosmology, the
fluctuations are of thermal origin. They do not originate as quantum vacuum perturbations
as they do in canonical inflationary models. We find that the spectrum of cosmological
fluctuations have two components, one of which has Poisson scaling and dominates on
small scales, the other one being scale-invariant which dominates on scales relevant to
cosmological observations. The spectrum of gravitational waves is also scale-invariant. We
have computed the tensor to scalar ratio r on large scales. The resulting amplitude is
given by the ratio of the off-diagonal to the diagonal pressure fluctuations, a ratio which
we denote by « in the text. In order not to exceed the observational upper bound on r,
the value of a needs to be sufficiently small. An open problem is to derive the value of «
from our matrix theory model.

Note that the spectrum of both density perturbations and primordial tensor modes is
not expected to be exactly scale-invariant on observable scales. Small deviations from scale-
invariance, and a corresponding small tilt, naturally appear in our model when one goes to
the next order in temperature. In addition, the processing of the fluctuations through the
phase transition can induce a tilt, as it does in String Gas Cosmology. One can calculate the
bispectrum and other higher order moments from higher order calculations in perturbation
theory for the thermal state under consideration. We leave these topics for future work.

Note that our scenario does not involve a period of inflationary expansion. Since it is
based on a non-perturbative approach to superstring theory, the scenario is free from any
swampland constraints, consistency conditions which rule out many inflationary models
(see [47-50] for reviews of the swampland program, and [51] for applications to inflation).
The scenario is clearly consistent with the trans-Planckian censorship conjecture (TCC) [52]
since the wavelengths of fluctuation modes which we observed today were never smaller
than the Planck length (the fluctuations are generated towards the end of the emergent
phase on scales which are macroscopic compared to the string length). This is another
difference compared to the inflationary scenario, where the TCC sets a very restrictive
upper bound on the energy scale of inflation [53], a bound which most models of inflation
fail to satisfy.

Lastly, note that there are other approaches to obtaining space-time and cosmology
from matrix theory. For example, Steinacker has a research program (see [54-56] for some

12Since space is emergent, the very concept of causality is also emergent in this theory.
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original articles and [57] for a review) in which matrices satisfying the equations of motion
derived from the matrix action are represented on a Poisson manifold. Specifically, one
can choose the Poisson manifold to have space-time dimension four. This corresponds to
choosing a background matrix set with X¢ = 0 for a # 0, 1, 2, 3. Matrix fluctuations about
this background then yield an action for gauge fields and scalar fields, and fermions if one
starts from a supersymmetric matrix model. Gravity is induced on the background. Our
work is different in that we obtain space-time directly from the matrix theory.

We would also like to mention recent work of Klinkhamer [58-60] which further devel-
ops some of the ideas of [25-30] for the Lorentzian matrix model, argues that matrix theory
will yield a nonsingular emergent cosmology, and extracts space and the cosmological scale
factor from a numerical analysis of the model. However, no attempt is made to compute
cosmological perturbations and compare with observations.

The most important open issue for our scenario is the study of the transition from
the emergent phase analyzed in this paper to the radiation phase of Standard Big Bang
cosmology. In the case of String Gas Cosmology, the transition proceeds via the annihi-
lation of string winding modes, resulting in the generation of string loops which lead to
radiation. The transition is smooth and a high density radiation bath is automatically
generated, obviating the need of a separate reheating phase, a phase which is needed in
inflationary cosmology. In the same way, in our scenario the exit from the emergent phase
will automatically lead to a high density radiation bath. The details of the transition,
however, are not known, and these details will be important in order to be able to make
precise predictions for the slopes of the spectra of scalar and tensor modes. Work on this
issue is in progress.
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