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Abstract. We discuss the extension of the Goldstone and Englert-Brout-Higgs mechanisms
to non-Hermitian Hamiltonians that possess an antilinear PT symmetry. We study a model due
to Alexandre, Ellis, Millington and Seynaeve and show that for the spontaneous breakdown of a
continuous global symmetry we obtain a massless Goldstone boson in all three of the antilinear
symmetry realizations: eigenvalues real, eigenvalues in complex conjugate pairs, and eigenvalues
real but eigenvectors incomplete. In this last case we show that it is possible for the Goldstone
boson mode to be a zero-norm state. For the breakdown of a continuous local symmetry the
gauge boson acquires a non-zero mass by the Englert-Brout-Higgs mechanism in all realizations
of the antilinear symmetry, except the one where the Goldstone boson itself has zero norm, in
which case, and despite the fact that the continuous local symmetry has been spontaneously
broken, the gauge boson remains massless.

1. ANTILINEAR SYMMETRY

With the advent of PT theories a new chapter was opened up in quantum theory. Specifically,
Bender and Boettcher [1] found that the non-Hermitian Hamiltonian H = p?+ix> had an energy
eigenspectrum that was completely real. While a surprise, it did not actually violate any law of
quantum mechanics since while Hermiticity implies reality there is no theorem that says that a
non-Hermitian Hamiltonian could not have a completely real energy spectrum. Hermiticity is
only sufficient for reality.

All the same, if a non-Hermitian Hamiltonian is nonetheless going to have a completely real
eigenspectrum there would have to be some reason for this to be the case. And Bender and
Boettcher identified the reason to be that this particular Hamiltonian had a particular antilinear
symmetry, viz. PT (P is parity, T is time reversal), with p — p, * — —z and i — —i. Gradually,
it was realized that antilinearity was the necessary condition for reality, with the necessary
and sufficient condition being that the Hamiltonian have an antilinear symmetry and that its
eigenstates be eigenstates of the antilinear operator (see e.g. [2] and references therein).

But there is more to PT.
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2. HOW ANTILINEAR SYMMETRY WORKS

Consider the eigenvector equation

D) = Hw() = Blu). (1)

Replace the parameter ¢t by —t and then multiply by some general antilinear operator A:
.0 - x
in A=) = AHA PAJ(—t)) = B* Al (—t)). (2)

If H has an antilinear symmetry so that AHA™! = H, then
HA[p(—t)) = E*Alp(—t)). 3)

(1) (Wigner): Energies can be real and have eigenfunctions that obey A|¢(—t)) = [1(¢)),

(2) or energies can appear in complex conjugate pairs that have conjugate eigenfunctions
(1(2)) ~ exp(—iEt) and Afyp(—t)) ~ exp(—iE"t)).

As to the converse, suppose we are given that the energy eigenvalues are real or appear in
complex conjugate pairs. In such a case not only would F be an eigenvalue but E* would be
too. Hence, we can set HA|Y(—t)) = E*Alp(—t)) in (2), and obtain

(AHA™' — H)AJyp(—t)) = 0. (4)

Then if the eigenstates of H are complete, (4) must hold for every eigenstate, to yield
AHA~!' = H as an operator identity, with H thus having an antilinear symmetry.

3. A SIMPLE EXAMPLE

Consider the 2 x 2 matrix

C+A iB
where A, B and C are all real. The matrix N is not Hermitian but does have a PT symmetry
if we set P = o3 and T' = K where K effects complex conjugation. The eigenvalues of N are
given by

A =C+ (A= B2 (6)

and they are real if A2 > B? and in a complex conjugate pair if A2 < B2, this actually
being generic to non-Hermitian but PT-symmetric systems.

In addition, if A = B the matrix N only has one right-eigenvector and only one left-
eigenvector, despite having two solutions to |[M — AI| = 0 (both with A = C), viz.

(ot M) G- (et ) =) @
(e,f)(C;lA CiilA)_(eC+eA+ifA,ieA+fC—fA)_<€C,fg)7 ®)
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viz.
. a a . . . a
v=ie,  (3)=(n)  T=ie  (af)=(aie),  (eie)(fh)=0 O

and thus cannot be diagonalized by a similarity transformation. It is thus a non-diagonalizable,
Jordan-block matrix.

This particular Jordan-block situation is a case where the Hamiltonian is manifestly non-
diagonalizable and thus manifestly non-Hermitian and yet all eigenvalues are real. Note that
the overlap of the left-eigenvector and right-eigenvector in this case is zero.

4. DIAGONALIZING ONLY IF A# B

With
N= <C¢EA Cif?A> (10)
introduce
g - 1 (A—|—B)1/2 + (A— B)1/2 i[(A+B)1/2 N (A— B)l/Q] .
= Az gy (A mpata oy G mya s gy ) ()
g1 _ 1 (A—I-B)1/2 +(A- B)1/2 —i[(A+B)1/2 —(A— B)1/2] 9
T 2(A2 - BY)IA (i[(A+B)1/2 —(A-=B)Y?]  (A+B)Y24 (4 B)\/2 ) (12)
1 A iB _ 1 A —iB
v (A?—B?)W(—iB A)’ Vl:(A2—B2)1/2<iB A)’ (13)

and they effect

1w [(CH (A2 - B2 0
SNS —N—( 0 C_(A2_BQ)1/2 )
VNV = (C_JZTBA o A) — N1, (14)

Here the right-eigenvectors of N that obey NR+ = AyR. are given by the columns of S,
and the left-eigenvectors of N that obey L+ N = AL L are given by the rows of S. Given the
right-eigenvectors one can also construct the left-eigenvectors by using the V' operator when
A% > B?, with the left eigenvectors being constructed as (L+| = (R+|V. Thus as long as A # B
(S becomes undefined at A = B) we can diagonalize N and can construct a matrix V that
effects the pseudo-Hermiticity condition VNV ™' = NT that generalizes H = HT, just as is
characteristic of a matrix with an antilinear symmetry ([2] and references therein). However,
with A = B the matrix IV becomes of non-diagonalizable Jordan-block form.

5. SO WHAT HAPPENS TO THE GOLDSTONE AND
ENGLERT-BROUT-HIGGS MECHANISMS?

Thus if we are going to replace Hermiticity by some antilinearity requirement, then what is
going to happen to other standard quantum results that rely on Hermiticity. In [3, 2] the
CPT theorem (C is charge conjugation) was derived without Hermiticity, with it being shown
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that with only invariance under the complex Lorentz group (the proper Lorentz group) and
probability conservation the Hamiltonian would necessarily be CPT symmetric. Since C'PT
defaults to PT for non-relativistic systems this puts the quantum-mechanical PT program on a
very secure theoretical footing.

So what about the Goldstone theorem? Does it need Hermiticity? This then was the brief
of Alexandre, Ellis, Millington and Seynaeve [4] as followed up by Mannheim [5], and then by
Alexandre, Ellis, Millington and Seynaeve [6] themselves. In these latter two papers the Englert-
Brout-Higgs mechanism was explored in a non-Hermitian context. Subsequent follow up may
be found in [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].

6. NON-HERMITIAN MODEL WITH A CONTINUOUS GLOBAL
SYMMETRY

The model introduced by Alexandre, Ellis, Millington and Seynaeve in [4] consists of two complex
(i.e. charged) scalar fields ¢;(x) and ¢2(x) with action

¢1 ¢27 ¢1, ¢2)
= [t [0,610%0n + 8,650 02 + ot — mdsson — (6102 - d30n) - S(sin] (19

with m?, m3, u? and g all being real, and g being positive. Here the star symbol denotes complex
conjugation, and thus Hermitian conjugation since neither of the two scalar fields possesses any

internal symmetry index. Since the action is not invariant under complex conjugation, the action
is not Hermitian. It is however invariant under the following C' PT' transformation

P1(xy) = A1 (=),  d2(xn) = —d3(—xn),  1(wn) = d1(—24), @O5(xn) = —d2(—x4), (16)

and thus has an antilinear symmetry.

As written, the action given in (15) is invariant under the electric charge transformation

¢ — €1, ¢F = e TP, by — by, Ph — e Vo, (17)
to thus possess a standard Noether current
Ju = U(P10u¢1 — 910u971) + i(G20,d2 — $20,03) (18)

that is conserved in solutions to the equations of motion.

7. EQUATIONS OF MOTION

To study the dynamics associated with the action given in (15) we have found it convenient [5]
to work in the component basis

qsl—\}?(xmx?), ¢1‘—\}§<xl—z’>@>, ¢2—;§(¢1+i¢2)7 ¢;—j§<w1—w2>, (19)

where all four x1, x2, ¥1, and ¥9 are Hermitian.
In the x1, x2, ¥1, and o basis the action takes the form:

I(x1, x2,%1,%2)
- / d'a [ Buxad 3+ Lo + 5O S DyadP

om0+ 8) — 5 mwE +ud) — ik —xawn) — S0G+3P|, (@0)
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and with the appearance of the factor i in the p?-dependent term, the action now has the
characteristic form of the non-Hermitian but PT symmetric p? 4+ iz3 theory.
For this action the Euler-Lagrange equations of motion take the form

—0,0'x1 = —mix1+iutths + %(x? +X1X3),
. g
—0,0'x2 = —mixa — ity + 1(x§’ + x2X3),
—0,0Mp1 = miPr —ipxe,
—0,0Mpy = mihy +ipxi. (21)

Now we note that none of these equations is actually invariant under complex conjugation,
a concern that was raised by Alexandre, Ellis, Millington and Seynaeve [4]. We shall leave
resolution of this point for the moment, while noting now that its resolution will not change any
of our conclusions. These equations of motion admit of a tree approximation minimum in which
the scalar field expectation values obey

m3y —iuPxe =0, m3he +iu*xs =0,

2 n 9.3 9_ _2
lel_@Xl_Z 1_1X1X2:0’
4
_ meo_ g _ g_ _
miXe = 5Xe = X — XX} = 0. (22)
2

8. TREE APPROXIMATION MINIMUM

Choosing the minimum in which

=~
<

4 . —
- H Wxa - -
X%:m%_ﬁa 2= = 5 X2 =0, 1/)1207 (23)
m;
and then expanding around this minimum according to

X1=X1+X1, X2=2Xo, 1=1b1, 2=+ (24)

yields a first-order term in the equations of motion of the form:

—0u0"x1 2m3 — 3pt/m3 iy 0 0 X1 X1

—6#3“1/)2 o z',u2 m% 0 0 1!12 o ¢2 (25)
—0,0"%2 | 0 0 —u*/m3 —iu? X2 | X2 |

— 0,0ty 0 0 —ip? m3 (1 ()

As we see, with our choice of basis, we have already block-diagonalized the mass matrix M,
and so we can use our previous 2 X 2 matrix analysis, with the lower right 2 x 2 block having
C+A=—p*/m3, C—A=m3, B=—pu% We can readily determine the mass eigenvalues, and
obtain

[M = AI| = A+ gt /m3 = m3) (A2 = A2md + m3 — 3u fm3) + 2mim] — 2u'] . (26)
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The mass eigenvalue solutions to |[M — AI| = 0 are thus

4 _ 4
=0, M\ = u’
mj
o2 i g 1/2
N o= T2 ;mT;LQ —x 2m32 [(memi +my = 3u")? + 8u'my — 8’”%7"3} /
2 2
o2 4 _ g4 1 1/2
_ 2mimy ;:;2 L = [(Qm%mg —md = 3pt)? - 4M4m§] / ) (27)
2 2

We thus see that one eigenvalue is zero. This then is the Goldstone boson.

We should add that being massless does not automatically make a mode be a Goldstone boson.
Thus if we set u* = m?m3 we find that A_ = 0, to thus give the 4 x 4 mass matrix a total of two
zero eigenvalues, one in the upper left 2 X2 sector and one in the lower right 2x 2 sector. However,
with this choice we find that both y; and 15 vanish in the tree approximation minimum given in
(23). But then all four of Y1, 12, X2 and v vanish and we are in a normal, non-spontaneously
broken vacuum. Since there is no symmetry that would enforce modes to be massless in the
normal vacuum this is then just an artifact of the tree approximation, and neither of the two
zero eigenvalues Ao and A_ would remain massless in higher order. [Moreover, for the upper left
2 x 2 mass matrix given in (25) we have A — B = m? — 3u*/2m3 — m3/2 — u?, and if we set
p? = myms (i.e., taking both m; and ma to be positive) this becomes A — B = —(m1 +m2)?/2,
with the upper left 2 x 2 matrix not being Jordan block for any values of the positive m; and
ma.]

However, if we do not set u* = m?m3 then we would have a bona fide spontaneous breakdown
since neither Y1 nor 1) would then vanish. In that case while A_ would become nonzero, \g
would stay massless, and would now indeed be a Goldstone boson, and would remain so in higher
order. Now in the following we shall set * = m3. This would then give us a tree approximation
minimum in which both A¢g and A; would vanish, and we discuss this case in detail below. And

if we in addition set m? = m3 so that u* = m?m% we would even have A\_ = 0, and thus with

u? = m? = m3 we have no less than three massless modes. But then we would be back to the
normal vacuum and none of these modes would be a Goldstone boson and all would acquire
masses in higher order. Thus in order to obtain spontaneous breakdown we must not impose

p* =m?m3. And thus if we want to impose pu* = mj we must not also impose m? = m3.

The author is indebted to Dr. A. Fring for raising the issue of what happens if we set A_ to
zero, and for informing him that similar concerns and an even richer structure may be obtained
in a generalization of the two-field model to three or more scalar fields [7].

9. ZERO-NORM GOLDSTONE BOSON

Originally, Alexandre, Ellis, Millington and Seynaeve only showed the emergence of a Goldstone
boson in the real eigenvalue realization. Here we see that it holds even if energies are in complex
conjugate pairs.

And more, if g3 = mj (viz. A = B) then \g and \; are both zero. But we cannot have two

Goldstone bosons, so we must be missing an eigenvector. So then the Hamiltonian must not be
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diagonalizable, just as is the case if A = B. We thus extend the Goldstone theorem of Goldstone,
Salam and Weinberg [26] to Jordan-block Hamiltonians.

But even more, we even find an exception [5]. Now the Goldstone boson has zero norm, carries
no probability, and is not detectable. Thus spontaneous breakdown of a continuous global
symmetry does not in fact require the existence of an observable massless particle, with the
Goldstone theorem being evaded since the Hilbert space metric is not positive definite.

10. SPONTANEOUSLY BROKEN NON-HERMITIAN THEORY WITH A
CONTINUOUS LOCAL SYMMETRY

Now that we have seen that we can consistently implement the Goldstone mechanism in a C PT-
symmetric, non-Hermitian theory, it is natural to ask whether we can also implement the familiar
Englert-Brout-Higgs mechanism (Englert and Brout [27], Higgs [28, 29], Guralnik, Hagen and
Kibble [30]). To this end we introduce a local gauge invariance and a gauge field A,, and with
Fu, = 0,A, — 0,A, replace (15) and (17) by

I(¢1, 2, 971, 93, Ap)
_ / d'o {(—z’a# F eA)G (10 + eAP)r + (=i, + e A, )d3(i0" + e Ao
Fmgion —mdsos — 126162 — di0r) — L6101 — TFuF®|, (28)
and
pr — @y oF = e @ gE gy o @ gy @b 5 7D gy e A, = eA, + dual(z). (29)

With (16), the I(¢1, g2, ¢7, ¢35, A,) action is CPT invariant since both ¢ and A, are CPT odd
(spin one fields have odd CPT [31]).
We make the same decomposition of the ¢; and ¢9 fields as in (19), and replace (20) by

1 1 1 1
I(x1, x2, 1,42, A,) = /d4${23uX18“X1 + §3pX23”X2 + §3u¢15“¢1 + §3u¢23”1/12

1 1 . g
+ 5miOd +xa) = oma(l + ) — it (xave — xevn) — 500 + x3)°
— eA" (x10ux2 — X20ux1 + V10,02 — V20u11)
2
e 1
b SAA G 3+ ud + o] - JELP). (30)
11. STILL MASSLESS GAUGE BOSON
In the tree approximation minimum used above in which
9.2 oyt o’ iwxi .
ZXl:ml—m*%, ¢2:—m7§7 X2 =0, 91 =0, (31)

we induce a mass term for AM of the form

m*(A) = (B + X5+ 01+ 63) = X
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Now something quite startling happens. If we again set u* = mj (viz. A = B), we find that the
gauge boson stays massless [5]. And yet we have spontaneously broken a continuous symmetry.
So what happened to the Englert-Brout-Higgs mechanism?

What happens is that in this limit the Hamiltonian becomes Jordan-block and the Goldstone
boson becomes a zero norm state. The standard proof that the gauge boson must be become

massive fails because the proof was only established for a positive norm Hilbert space, where a
positive norm Goldstone boson becomes the third component of a then massive gauge boson.

12. A PUZZLE, ITS RESOLUTION, AND ANOTHER PUZZLE

In the global continuous symmetry model we obtained equations of motion of the form

—0,0'x1 = —mix1+iutthy + %(x? +X1X3),
. g
—0,0'x2 = —mixa —iu*r + 1(x§’ + x2x3),
0,01 = mir —ipxe,
—8,0"py = m3y +ipPx, (33)

However, none of these equations is actually invariant under complex conjugation. Three
resolutions of this issue have been presented in the literature. In their paper Alexandre, Ellis,
Millington and Seynaeve [1] avoided this problem by changing the variational procedure that
led to these equations of motion. Specifically, to the original action they added on a surface
term, and the constraint that it put on the variational procedure then led to a set of equations
of motion that then were invariant under complex conjugation. Interestingly, this led to the
same mass matrix as given above, and a massless Goldstone boson state was again obtained.

While doing this is somewhat non-standard for variational procedures (but not completely so
since a Hawking-Gibbons surface term plays a similar role for variation of the Einstein-Hilbert
action in general relativity), it would nonetheless be more straightforward if we could avoid the
introduction of such surface terms, especially since it would prevent drawing the conclusion that
to implement the Goldstone theorem in the PT case one might actually have to resort to such
a non-conventional variational procedure.

To this end two alternate resolutions of the problem were presented in [5]. The most
straightforward is simply to reinterpret the meaning of the star symbol and identify a field
such as ¢* as the C'PT conjugate of ¢. With this definition both the action and the equations of
motion are then C'PT symmetric. In fact this is in keeping with the whole PT or C'PT theory
program as it is PT or C'PT conjugates that are the central building blocks of the program and
not Hermitian conjugates, with C'PT invariance being the guiding principle for constructing
physical theories and not Hermiticity [2]. With this change in the meaning of the star symbol
not affecting the mass matrix all the results that we found above continue to hold.

The second option identified in [5] involves making a specific similarity transformation.
Specifically, with canonical conjugates II; = 911 and Ils = 9y1); for 1)1 and 19 we introduce

S(11) = exp B/d%ﬂl(x,t)wl(x,t) . S(12) =exp [g/d?’xﬂg(x, t)a(x,t) ], (34)
and obtain

S(1)h1S™ ) = —ihr, S(P1)IS™ (1) = 4lly,
S(1ho)ha ST H(1he) = —itha, S(h2)aS ™ (1hg) = 4lly. (35)
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Since these transformations preserve the equal-time commutation relations [¢1(x,t),I1;(y,t)] =
i03(x —y), [1ha(x,1),IIa(y,t)] = i63(x — y), they are fully permissible transformations that do
not modify the content of the field theory. Applying (35) to I(x1, X2, %1,%2) we obtain

S(¥1)S(W2)I(x1, X2, %1, ¥2) S~ (¥2) S~ (1) = I'(x1, X2, Y1, %2), (36)

where

I/(le X2, ¢17 ¢2)
1 1 1 1 1
= /d4m [23#)(18“)(1 + 5(9”)(28“)(2 — 5(9#1#1(9“1/11 3 20" o + §m%(x% + X%)

a3 + ) — k20t — o) — 04 + 3P (1)

Stationary variation with respect to x1, X2, 1, and 19 replaces (21) by

—0,0Mx1 = —mix1+ pPe + %(X? +X1X3),
g
—0,0"x2 = —mixe— pPh1 + 1()@ +x2X3)s
—0,0"P1 = m3Pr + pxo,
0, 0Py = miihs — pPxa, (38)

and now each one of the equations of motion is separately invariant under complex conjugation.
Thus this time we do not need to reinterpret the star as a C'PT transformation (though we
still should of course). Finally, since all we have done is make a similarity transformation, the
eigenvalues of the mass matrix do not change and the previous analysis continues to hold.

However, now we have a new problem. I'(x1, x2, %1, %2) is Hermitian since all of its coefficients
are real and all of its fields are Hermitian. So have we just recovered the standard Goldstone
theorem after all this effort? No, since appearances can be deceptive.

13. HERMITICITY CANNOT BE DETERMINED BY INSPECTION

We know that the mass matrix has all three of the PT theory realizations, dependent on the
values of its parameters. Thus we have all eigenvalues real, eigenvalues in complex conjugate
pairs, and mass matrix not diagonalizable. And yet the action looks to be Hermitian in all
three realizations and this simply could not be case. The conclusion: Hermiticity cannot be
determined by inspection. Hermiticity is a property of the full Hamiltonian not a
property of the individual terms in it, and that depends on boundary conditions.

The secret of PT: In H = p? + iz both p and = are Hermitian when they act on their own
eigenstates, i.e., on states for which you can throw away surface terms in an integration by
parts. However, what matters is how p and x act on the eigenstates of H, and then you may or
may not be able to throw surface terms away (and you may need to continue into the complex
plane in order to be able to do so). And only if you can throw surface terms away, can you say
that Hamiltonian is Hermitian. Hermiticity is a property that is determined jointly by
operators and states.

However, you can determine antilinearity by inspection, as that does only depend
on the individual terms in a Hamiltonian. Antilinearity is determined by the
operators alone. Thus H = p? + iz is PT symmetric regardless of boundary conditions.
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14. PATH INTEGRALS AND P7T SYMMETRY

As noted in [32, 2] this distinction between Hermiticity and antilinearity is seen even more
sharply in the path integral formulation of quantum theory. We define a generating functional

W] = / DlgleilScr@)+Idl/n (39)

where Scr,(¢) is the classical action as evaluated on each classical path that is integrated over.
You can make W[J] be CPT symmetric path by path, but there is no meaning as to whether
W[J] might be Hermitian. Only after you have constructed the quantum Green’s functions and
then found the quantum Hilbert space can you even begin to ascertain whether the quantum
Hamiltonian might be Hermitian, and we have seen examples in which it is not. Antilinearity
thus has primacy over Hermiticity. Moreover, once the quantum theory is constructed the
Green’s functions will correspond [33, 34, 35, 32] to quantities such as (QGET|T[¢(x)p(y)]|Qr)
or (Qr|T[¢(x)p(y)]|Qr), where (QGFT| is the CPT transform of the right vacuum |[Qz) and
(Qr| is the left vacuum.

Moreover, we even need C'PT to correctly construct the appropriate S¢r(¢) before we even
do the path integration. Consider a complex classical scalar field with Lagrangian L = 9,¢*0"¢
and now couple it to a classical electromagnetic vector potential. Which of the following do we
use?

Ly = [0, — eAJ¢ [0 + eA'p, Ly = [0, — ieA,]¢"[0" + ieAV]s. (40)

L; is natural if you consider classical physics to be restricted to real numbers. (It is not, it
is restricted to c-numbers, i.e., to numbers that commute and not to eigenvalues of Hermitian
operators.) But only Ls would give the correct quantum theory. So why should we use Lo?
Could we argue that 0, and eA,, are both Hermitian, and thus we should use Ly. Definitely not,
as there is no meaning to Hermiticity at the classical level. But we can use C PT symmetry since
at the classical level i0,, and eA, are both CPT even. Thus even at the classical level where
Hermiticity is not even definable, we still need antilinear symmetry. Thus again, antilinearity
has primacy over Hermiticity.

15. SYMPLECTIC SYMMETRY IN CLASSICAL MECHANICS

Now it can turn out that path integral does not actually exist if the integration measure for the
paths is real, but does exist if we continue the measure into the complex plane [2]. If we do
have to make such a continuation in the classical theory then the resulting quantum theory is a
non-Hermitian PT theory.

Thus we ask whether we can justify such a continuation of classical theories into the complex
plane. With the quantum-mechanical commutation relation [z,p] = i being invariant under
complex transformations of the form = — ez, p — e=¥p, we look to see if there is an analogous
complex invariance structure for Poisson brackets in classical mechanics.

Thus consider [32] a classical system with n coordinates g;, n momenta p;, and generic Poisson

bracket
"/ Ou Ov Oou Ov
v} =2 (Gaa~ ap00) 4D

If we introduce a 2n-dimensional vector 1 and a 2n-dimensional matrix J defined as

!

10
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where [ is an n-dimensional unit matrix, we can compactly write the generic Poisson bracket as

u v
{U,U} - %J%> (43)

where the tilde symbol denotes transpose. If we now make a phase space transformation to a
new 2n-dimensional vector £ according to

o&; o - O ou  Ou
M;; = , — =M—, — = —M, 44
o o Mo o~ e 4y
then in these new coordinates and momenta the Poisson bracket takes the form
ou ~ v
= ——MJM—. 4

The Poisson bracket will thus be left invariant for any M that obeys the symplectic symmetry
relation R
MJM = J. (46)

G

If we introduce generators G defined according to M = €% such generators will obey

G yewl = J  GJ+JG =0. (47)
Since the matrix J obeys J ! = J = —J, the generators will obey
G=-J'GJ=JGJ. (48)

Solutions to G = JG.J can be broken into two classes, symmetric generators that anticommute
with J, viz. those that obey 3
G=aG, GJ+ JG =0, (49)

and antisymmetric generators that commute with J, viz. those that obey

G = -G, GJ—JG =0. (50)

In N = 2n dimensions there are N(N — 1)/2 symmetric generators and N antisymmetric
generators, for a total of N(N + 1)/2 generators. These N(N + 1)/2 generators close on
the Lie algebra Sp(NN), the symplectic group in 2n dimensions. With the generic Lie algebra
commutation relations being of the form [G;, G;] = i Y}, fijxGr with real structure coefficients
fijk, one can find representations of the symplectic algebra in which all the generators are pure
imaginary. Thus if, as is standard in classical mechanics, one takes all angles w to be real,
canonical transformations effected by ¢¢ will transform a real 7 into a real &.

16. COMPLEX SYMPLECTIC SYMMETRY IN CLASSICAL MECHANICS

However, since the algebra of the generators makes no reference to angles, invariance of the
classical Poisson brackets under canonical transformations will persist even if the w are taken
to be complex. The Poisson brackets of classical mechanics thus possess a broader class
of invariances than those associated with real canonical transformations alone since one can
transform a real 7 into a complex & and still preserve the Poisson bracket algebra.
Consequently, with both the classical Poisson brackets and the quantum commutators
admitting of complex canonical transformations, for every such complex transformation we
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are able to construct a canonical quantization with an associated correspondence principle.
Namely, for each canonically transformed Poisson bracket we associate a canonically transformed
quantum commutator, with each associated set of classical coordinates being the eigenvalues of
the associated transformed quantum operators.

Now while classical mechanics contains this broad class of complex symplectic
transformations, they ordinarily play no role in physics since they contain no additional
information that is not already contained in the real symplectic transformations alone.

However, this would not be the case if we were to encounter some form of discontinuity
when we continue into the complex coordinate plane. In path integral quantization these
discontinuities would occur if the path integral only existed for a domain of classical paths
that were not real. In a canonical quantization these discontinuities would occur if quantum-
mechanical wave functions are convergent in the domain associated with some Stokes wedges
and divergent in some other Stokes wedges. (See [36] for a discussion of the role of Stokes wedges
in PT theories.)

If the domain of convergence includes the real coordinate axis we are in conventional
Hermitian quantum mechanics, and we can take the classical limit to be based on real numbers.
However, if wave functions are only convergent in Stokes wedges that do not include the real axis,
we are in a non-Hermitian realization of the theory. Now amongst such general non-Hermitian
realizations there will be some that are also PT realizations. We can therefore anticipate that
the ones that are PT realizations are those in which the classical domain for which the path
integral exists and the quantum-mechanical domain for which wave functions exist are either
the same or related in some way.

To conclude this section we note that for the simple case of a 4-dimensional phase space
(viz. n = 2) the 4-dimensional transposition matrix C' that is involved in charge conjugation
of Dirac spinors and effects C_l'y”C = —7, can also play a role in symplectic transformations.
In order to be able to use a C that is, like J, antisymmetric, orthogonal, and composed of real
elements alone, we take C' to be given by its representation in the Weyl basis of the Dirac gamma
matrices, viz.

C:(_ga2 0). (51)

’iO’Q

Then, if we now take 1 to be of the form

we can write the Poisson bracket as

{u,v) = ‘;zca” (53)

on’
with the symplectic condition then being given by
MCM = C. (54)

Moreover, since (54) would not be affected if we were to replace C' by iC', we would then have an
operator ¢{C' whose square is one, to thus be reminiscent of the PT theory C operator discussed
in [36]. In such a case it would be i{u,v} that would be defined as the Poisson bracket, and
under a canonical quantization the quantum commutator [@, 9] would be identified with % times
it.
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17. NOT JUST COMPLEX VARIABLES BUT COMPLEX ANALYSIS

In classical mechanics point particles move on one-dimensional real trajectories. In the classical
mechanics of waves the normals to the wavefronts move on one-dimensional real trajectories.
Characteristic of one-dimensional real trajectories is that the derivative at any point on the
trajectory does not depend on the direction in which the derivative is taken.

So suppose we now continue trajectories into the complex plane. They will still be one-
dimensional and will not become two-dimensional. But now the derivative at any point on the
trajectory will depend on the direction in which the derivative is taken. However, there is a way
to avoid this, namely to impose the Cauchy-Riemann equations, viz. for the complex function
f(z,y) = u(z,y) + iv(x,y) where u(z,y) and v(z,y) are both real we impose

ou_ov ou_ oo -
Jor Oy 0Oy Ox

And now the derivative is uniquely defined and does not depend on the direction in which it is
taken, and can thus be taken to be df(z)/dz = 0u/0zx + i0v/Ox. And moreover the function
f(z,y) is now amenable to complex analysis.

Thus the natural generalization of real trajectories is trajectories in the complex plane that
obey the Cauchy-Riemann equations. It is in this sense that the classical paths in the path
integral measure are to be continued into the complex plane.

18. SUMMARY

The PT option for quantum theory is now well established. It in no way changes quantum
mechanics. It simply takes advantage of an option that was there from the beginning but had
been overlooked. Since having an antilinear symmetry is necessary for obtaining real eigenvalues
(and also probability conservation [2]), it actually represents the most general possible option
for quantum mechanics that is allowable. In fact in [2] it was noted that antilinearity should be
used as the guiding principle for quantum theory rather than Hermiticity.

While antilinearity allows for real eigenvalues, it has two other realizations, realizations
that are foreign to Hermitian theories. Energies could appear in complex conjugate pairs and
Hamiltonians need not be diagonalizable at all. In this latter, Jordan-block, realization, the
eigenstates of the Hamiltonian have a norm that is not positive but zero.

Some familiar theorems of quantum theory that are based on Hermiticity can be extended to
the non-Hermitian domain, namely, the C'PT theorem, the Goldstone theorem, and the Englert-
Brout-Higgs mechanism. All three are found to hold in the antilinear case without needing to
assume Hermiticity, and are even found to hold even if energies appear in complex conjugate
pairs.

However, in the non-diagonalizable Jordan-block case something new occurs. While the
spontaneous breakdown of a continuous global symmetry still leads to a massless Goldstone
boson, in the Jordan-block case the Goldstone boson has zero norm. It is thus not observable.

And more: the spontaneous breakdown of a continuous local symmetry still leads to a
massive gauge boson if energies are real or in complex conjugate pairs. But in the Jordan-block
case the gauge boson stays massless, despite the fact that a continuous local symmetry has been
spontaneously broken.
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