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Abstract We study the Page curve for eternal Garfinkle—
Horowitz—Strominger dilaton black holes in four dimen-
sional asymptotically flat spacetime by using the island
paradigm. The results demonstrate that without the island, the
entanglement entropy of Hawking radiation is proportional
to time and becomes divergent at late times. While taking
account of the existence of the island outside the event hori-
zon, the entanglement entropy stops growing at late times
and eventually reaches a saturation value. This value is twice
of the Bekenstein—-Hawking entropy and consistent with the
finiteness of the von Neumann entropy of eternal black holes.
Moreover, we discuss the impact of the stringy coefficient
n and charge Q on the Page time and the scrambling time
respectively. For the non-extremal case, the influence of the
coefficient n on them is small compared to the influence of
the charge Q. However, for the extremal case, the Page time
and the scrambling time become divergent or near vanishing.
This implies the island paradigm needs further investigation.
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1 Introduction

The black hole information paradox [1] is the fundamental
problem of most significant fields—quantum mechanics and
general relativity-in theoretical physics, and has long been
regarded as the key to the study of quantum gravity. Recently,
there has been a breakthrough in the calculation for the fine-
grained entropy of radiation of black holes by using the island
paradigm [2—6]. The island paradigm can not only obtain the
Page curve from the perspective of gravity, but also explain
the attribution of the degree of freedom of the black hole
interior.

The black hole information paradox is first initiated by
Hawking in 1975. The outgoing Hawking radiation is proved
to be amixed (thermal) state obeying the Planck law (neglect-
ing the graybody factor) and this result does not depend on
the initial condition [7]. However, this result is contrary to the
basic assumption of quantum mechanics — the unitarity prin-
ciple, because the evaporating process evolves from a pure
state to a mixed state and information that falls into the black
hole will disappear forever after the black hole evaporated. If
we assume that a black hole evaporates from a pure quantum
state, based on the principle of unitarity, the radiation must
still be in a pure quantum state instead of a mixed state at
the end of evaporation. A resolution of the black hole infor-
mation paradox is proposed by Page: if the unitary evolution
does not change the von Neumann entropy (the fine-grained
entropy) of the system, the time evolution of the fine-grained
entanglement entropy of Hawking radiation in this process is
described by the Page curve [8,9]. Accordingly, whether the
black hole information issue can be solved is converted into
whether the Page curve of the evaporating black hole can be
reproduced.

However, for a long time afterwards, physicists have been
inconclusive on whether the evaporation process of a black
hole satisfies the unitarity principle, until the discovery of the
AdS/CFT duality [10]. This theory provides a strong phys-
ical indication that the system in anti-de Sitter spacetime
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(AdS) corresponds to the conformal field theory (CFT) on
the boundary. That is to say, the evaporation process of black
holes can be described by the boundary CFT, in which CFT
is based on quantum mechanics and satisfies the principle of
unitarity. Therefore, for the evaporation of black holes, the
fine-grained entropy of Hawking radiation should obey the
Page curve.

Until recent years, the task to reproduce the Page curve
is still difficult, because according to the consideration of
quantum theory, the event horizon is transformed into a high
energy area — the “firewall”, which is also hostile to the clas-
sical general relativity [11]. As the black hole evaporates, the
amount of radiation entropy increases endlessly at late times.
In the case of eternal black holes, the amount of radiation
approaches infinity and leads to infinite amount of entropy,
which obviously violates the principle of unitarity. However,
unitarity limits the maximum entropy of a black hole, which
cannot exceed the Bekenstein—-Hawking entropy (the coarse-
grained entropy) [12]. Therefore, the eternal black hole infor-
mation paradox can be solved by checking whether its Page
curve reaches a bounded value, i.e. the Bekenstein—-Hawking
entropy.

Up to now, the calculation of the Page curve is initially
implemented by using the semiclassical theory of the JT
(Jackiw—Teitelboim) gravity in the context of asymptotically
AdS spacetime [2,4,13]. Compared to higher dimensional
systems, the structure of two-dimensional systems can pro-
vide more tractable analyses. Therefore, most of the current
study is conducted in the two-dimensional gravity system.
These studies indicates that islands emerge at late times.
Under different backgrounds of spacetime, the location of
islands could be outside or inside the event horizon [14—
18]. The effect of islands maintains the finiteness of the von-
Neumann entropy of the black hole Hawking radiation. At
late times, the entanglement entropy takes the Bekenstein—
Hawking entropy for eternal black holes. Due to the com-
plexity of the higher dimensional spacetime structure, the
corresponding Page curve is difficult to calculate, so there are
less work in this situation. However, related study suggests
that the island is connected to the external radiation through
wormholes in higher dimensional spacetime [3]. Now, there
are already many interesting and meaningful works [19-31],
especially Page curves and islands in Schwarzschild black
holes and Reissner—Nordstrom black holes [19,20].

One of the key applications of the AdS/CFT duality is
the holographic calculation of the entanglement entropy in
quantum field theory, which is the famous holographic entan-
glement entropy conjecture proposed by Ryu and Takayanagi
(RT) [32]. This conjecture transforms the calculation of the
entanglement entropy in quantum field theory to a minimal
surface in AdS spacetime. In the subsequent papers, after
considering quantum corrections [33-35], the RT proposal
is extended to the prescription of “Quantum Extremal Sur-
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face” (QES) [36]. Up using this prescription, the results show
that islands emerge at late times, causing the entanglement
entropy of the radiation finite. Moreover, in the presence of
the island, the behavior of the entanglement entropy obeys
the Page curve. Accordingly, the island formula for the fine-
grained entropy of the Hawking radiation is further derived
by [37,38]:

Area(dl)

Gy (1.1)

S(R) = min{ext[ + Smatter (R U I)i|},
where Gy denotes the Newton constant, R is the radiation
and [ is the island, d7 is the boundary of the island, and
Smatter denotes the von Neumann entropy contributed by the
quantum matter field around the black hole. Equivalently, the
island formula (1.1) can be derived mathematically by using
the replica trick for gravitational theories [2,39].

Now, let us explain in detail the physical meaning of the
island formula (1.1). As mentioned above, the entanglement
entropy after quantum corrections is considered in the pre-
scription of “QES”, which is called the generalized entropy.
It not only receives contribution from the surface term of the
island but also the von Neumann entropy of the combination
of the union of the radiation region R and the island region
I, which is written as

Area(al)

Sgen = ——— + Smatter(RU I).

e (1.2)

The fine-grained entropy of the Hawking radiation of the
system is found by evaluating generalized entropy value
under all extremal points and pick the minimal value. These
extremal points corresponds to the location of islands. No
extremal points mean no island. We will see in later sec-
tions that it is the important interaction of two contributions
that causes a phase transition of the entanglement entropy at
the Page time. Accordingly, the entanglement entropy of the
radiation will be constrained by the unitarity after the Page
time.

Since the most promising approach realizing the unified
theories is the string theory at present, which can be reduced
to the Einstein-Maxwell dilaton gravity in the low-energy
limit. Therefore, it is meaningful to study the charged dila-
ton gravity model. In this paper, we consider the two-sided
geometry for quantum systems coupled with gravity. Dif-
ferent from the evaporation in the AdS spacetime, where a
coupling auxiliary system is needed to absorb the Hawking
radiation, we work in the asymptotically flat spacetime, so
that the Hawking quanta is created near the horizon and nat-
urally launched to infinity. We calculate the entanglement
entropy for asymptotically flat eternal Garfinkle-Horowitz—
Strominger dilaton (GHS) black holes and construct the cor-
responding Page curve. The result show that the entangle-
ment entropy of Hawking radiation converges at late times
in the presence of the island, satisfying the finiteness of the
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von Neumann entropy of the finite system. In addition, we
also study the influence of the stringy coefficient n and charge
Q on the Page time and the scrambling time.

The content of the paper is organized as follows. In Sect. 2,
we briefly introduce properties of charged dilaton black
holes. In Sect. 3, we calculate the entanglement entropy in
the construction without island and reveal the information
paradox for GHS black holes. In Sect. 4, we analyze the
behavior of the generalized entropy at early times and late
times. Once we consider the construction of a single island,
the unitary result is obtained. In Sect. 5, based on the previous
result, we discussed the relationship between the Page time
and the scrambling to the stringy coefficient n and the charge
Q. Conclusion and discussion are given in the last section.

2 Charged dilaton black holes

In this section, we review basic properties of Garfinkle—
Horowitz—Strominger dilaton black holes, which is a fam-
ily representing static, spherically symmetric charged black
holes in low-energy string theory [40,41]. Different from the
Reissner—Nordstrom (RN) black hole in the classical general
relativity, they are labeled by asymptotic value of the scalar
dilaton, which can produce some interesting results.

The gravitational part of the action is generalized to the
following form

I = /d4x«/—g[R — 28"V, 0V + e Y F,, FMY,

2.1
where R determines the Ricci scalar curvature, ¢ denotes
the dilaton, F is the Maxwell tensor, and the exponent «
represents the coupling between the electromagnetic field
and the dilaton field.

The metric of a static, spherically symmetric charged dila-
ton black hole can be written as follows

ds’=— f(r)di® + 71 (r)dr* + R*(r)(d6* + sin® 0d¢?),
2.2)

with the metric function f(r) is defined by

ry r—\"
fry=(1-—J(1-—J. (2.3)
r r
and
r 1—n
R*(r) = r2(1 - —> (2.4)
r
The associated dilaton field and the potential are
r 1-n
e = R*(r) = r2<1 - —‘> : (2.52)
r

A= gdt, (2.5b)
r
0
F=dA = ——2dt Adr. (2.5¢)
r

In these equations, 7 is the stringy coefficient has been intro-
duced for convenience.

1 —a?

with a € [0, 1], in particular, when « = 0, ¢ = 0, son
monotonically varies in the interval [0, 1]. In these equa-
tions, the Planck units are used i = Gy = ¢c = k = 1
hereafter. The constant r is the outer event horizon. Note
that, r_ is not an inner horizon but a spacelike singularity for
any non-vanishing « [40]. This is an important nature gen-
erated by dilation fields. The constants r+ can be expressed
respectively as follows

w28
== %[1 _\/1 - 12+nn(%)2]’

where M is the mass and Q is the charge in terms of 4 and
r_

2.7)

1 1
M:_r++zr_’ QZZM}’

_. 2.8
22 2 8
Notice that the two constants 74 and 7_ coincide at

2
g , 2.9)
M 14+n

which corresponds to the extremal charged dilation black
hole. The surface gravity of the event horizon is

1 r—\"
ky=—|1——]. (2.10)
27’+ r4
Thus the Hawking temperature is
K+ 1 r—\"
T =—= 1—— . (2.11)
2r 4mry ry
The area of the event horizon is
1—n
2 5 r—
Ay =47 R (ry) = 47Tr+(1 — —) , (2.12)
I+

and the Bekenstein—Hawking entropy of black hole read as

A+ r i r— I=n
Spp=—77=—"-(1—— .
4G N G N r4
Interestingly, the area of the event horizon and the black
hole entropy becomes zero in the extremal limit (ry = r_).

We also notice that in the limit n = 1, the metric restores
the Reissner—Nordstrom (RN) black hole, while n = 0,

(2.13)
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the metric corresponds to the Gibbons—Maeda—Garfinkle—
Horowitz—Strominger (GMGHS) black hole. When the
charge Q = 0, the Schwarzschild black hole with fixed event
horizon ry = 2M is recovered.

3 Entanglement entropy without island is divergent

In this section, we calculate the entanglement entropy of the
Hawking radiation in the absence of the island and check
GHS black holes information paradox more intuitively at
late times. Notice that without island, the first term of the
generalized entropy (1.2) is vanishing. Accordingly, there is
only the contribution from the radiation in the second term.
Therefore, we have only two points on the cut-off surface,
which corresponds to boundaries of radiation regions at the
left wedge R_ and the right wedge Ry (see Fig. 1).

In four or higher dimensional spacetime, the expression
of the entanglement entropy is very complicated. However,
in the case of low energy, the expression can be well approx-
imated by the theory of two-dimensional quantum field. For
an observer located at the asymptotic infinity, the Hawking
radiation can be described by the two-dimensional s-wave
without angular momentum [16,17]. Apart from that, we
assume that the system in the pure quantum state at the ini-
tial time. In this case, according to the complementarity of
the von-Neumann entropy, the entanglement entropy of the
radiation region is equal to the entanglement entropy of the
region [b_, b ], which can be written as [42]

Sg(without island) = Syauer (R) = glog[d(b+, bl G.1)

where c is the central charge in CFT, and d (b, b_) denotes
the distance between the points b4 and b_ in the GHS
geometry. Here, we set spacetime coordinates for them as
by = (t,r) = (£tp, b). On the other hand, we find that it is
useful to employ the Kruskal transformation for the metric
(2.2), which can smoothly cover the maximum extension of
the two-side geometry. Defining the Kruskal coordinate as

U = _efK+(l‘7}’*)’ V = eK+(t+V*)’ (32)

with the tortoise coordinate r* = f ﬁd r, we are interested
in the near horizon region where » ~ r, thus

n
r(r) ~ < T+ ) [r +rylog d r+]
ro —r— re

r —r+]
r4 '

[r + r4 log 3.3)

o 2K+r+

Under the Kruskal transformation, the metric (2.2) becomes
the following form

ds? = —g*(rndUdV + R*(r)d2%, (34

@ Springer

where dQ? = d6? + sin” 0d¢>. The function g2(r) is called
the conformal factor, which can be written as follows

2 _ fr)
€0 = T (3.5)
It is regular at the event horizon
n
(-2)0-%)
lim g2(r) = lim i i
r—rq r—ry K~2% exp [& +log r:_:-*—]
r n .
=\1-— « " (3.6)
r+

According to the conformal mapping, the matter sector of
the radiation entropy in the GHS geometry contributes as

Smatter(R)
= Stog [g(b g [Ub-) - UG,)]

6
[V - veo]). (3.7)
where
Js@em[U) — U]V - V] = dx. ),
(3.8)

denotes the geodesic distance between the points x and y in
the GHS geometry. Substituting coordinates of points b4, we
can obtain!

4f(b
Smatter(R) = %|: f( )

5 cosh? (/c+t;,)]
ey

= Slogl162(1-= _znl I+
T B T b
r— n 2
X 1—7 cosh”(k4+1p) |.

At late times, we assume that #, > b(> r4), so we can
employ the approximation

(3.9)

cosh(ky 1) ~ %e”*’b. (3.10)
The above result can be recast as
Smater(R) ~ 5 loglcosh(c.1)]

~ gmb. 3.11)

Obviously, the entropy increases linearly with time and
becomes infinite at late times (see Fig. 3). Therefore, there
is no Page curve in the absence of island. The entanglement
entropy is ultimately infinite and larger than the Bekenstein—
Hawking entropy of the black hole. This result contradicts

1 'We should be cautiously swapping the signs of U and V in (3.2)
when considering points in the left region in the Fig. 1, since these
points correspond to r < 0.
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Fig. 1 Penrose diagram for
GHS black holes without island.
The left for 0 < n < 1, while
the right for n = 1. The

Hawking radiation is emitted
from the cut-off surface that
denoted as b

our previous assumptions. For the unitary evolution of eter-
nal black holes, the entanglement entropy is at most twice
of the Bekenstein—Hawking entropy at late times. Therefore,
the paradox appears. In next section, we calculate the entan-
glement entropy in the construction with an island and as long
as this construction is considered, the unitary Page curve is
reproduced.

4 Entanglement entropy in the presence of island

In this section, we calculate the entanglement entropy by
considering the island. The construction is shown in Fig. 2.
Thus, we should consider the contribution of the island in the
second term of the generalized entropy (1.2).

The boundary of the island is set as ax = (f,r) =
(&£t,, a). For this construction, the contribution from entropy
of the matter field depends on the distance between the cut-
off surface b1 and the event horizon r, but we only focus
on the behavior of the entanglement entropy at late times.
Therefore, we assume that the cut-off surface is far away
from the event horizon, b > ry. Besides, we still take the s-
wave approximation. Under this approximation, the formula
of the entanglement entropy in the two disconnected inter-
vals of the radiation region R and the island region / can be
written as follows [43]

Sk (with island)
= Smatter(R U I)
4 d(ay,a-)d(by,b-)d(ay,by)d(a—,b-)
=-1lo .
3 d(d+, b_)d(a_, b+)

.1

Accordingly, the generalized entropy (1.2) in this construc-
tion read as

27 R%(a)

gen — + Smatter (R U I), 4.2)
N

where R%(a) is the area of the island. By using (3.8), the
explicit expression is obtained by

2nR%*(a) ¢ 8.4 o\ A ri
o= TG g (2t (1-5) (1)

(=)-5)0-5)]

cosh? (k4tg) cosh? (k+-tp) }

Lo cosh[k (r*(a) —r*(b))] —cosh[k 1 (1, —15)]
38 Coshlir (7 (@) —r* (b)) | - coshixs (fa+1)]

4.3)

Here r*(a, b) is the tortoise coordinate, which is defined
in (3.3). After extremizing the above expression, the fine-
grained entropy of the radiation is obtained by minimizing
the generalized entropy. In next subsections, we can find that
the island emerges at late times, which make the entropy
stops increasing.

4.1 Island absent at early times

Firstly, we study the behavior of the entanglement entropy at
early times. Since (4.3) is too complicated, some appropriate
approximations should be taken. At early times, we assume
that?,, f, < r4 and pick up the cut-off surface far away from
the event horizon (b > r). Therefore, the last term of Sgepn
(4.3) can be ignored

c cosh[ky (r*(a) — r*(b))] — coshlky(t, — tp)]
3 8 Coshlks (7 (@) — r*(b))] + coshlxs (t + )]

)

4.4)
and we have
Ty r—\" )
1—- > 1- > ~1, cosh[ky(ty, tp)] = 1. (4.5)

@ Springer
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Fig. 2 Penrose diagram for
GHS black holes with the
island. The left for0 <n < 1,
while the right for n = 1. The

boundary of the island is located
at a. The cutoff surface is
denoted as b. Notice that the
location of island where extends
to outside the event horizon

Therefore, (4.3) is reduced to the following form

S(early) ~ 27TR2((1)

gen

Gy
_4n n
¢ 84(1_= Y=
rlee(-0) 0-9)0-9) ]
_2R@ € gt @+ X <i) 4.6)
= TGy Teleelf @It Flog{ ). '

where the function f(a) is the metric function (2.3). The
location of the extremal surface is obtained by extremizing
this expression with respect to a

asea™ 2w o ry-n c f'(a)

2w a n
— G_N(a = r_) 2a — (n+ Dr_]
Ea(m_ +nr_) —(m+ Dryr— _o @7
6 a(a—ry)a—r-)
then we find the “QES” locates at
DcG
o [OEDCN L, G, 4.8)
247

Here £, denoted the Planck length. Assuming that the cen-
tral charge is not very large, ¢ < ﬁ We discard all Planck
scale physics. Besides, one can not choose the extremal sur-
face inside the spacelike singularity »_. Therefore, the result
indicates that there is no real extremal point, i.e. there is
no non-vanishing “QES” that makes the generalized entropy
reaching the extremal value. This also confirms our expec-
tation that the island is absent at early times. Accordingly,
the entanglement entropy is completely determined by con-
tribution from the radiation and increases linearly with time,
which is consistent with (3.11).

@ Springer

4.2 Island emerged at late times

Now, we focus on the behavior of the entropy at late times. At
the end stage of evaporation, the island locates at the region of
black hole. However, the region inside the island belongs to
the external radiation region. As a result, the early Hawking
radiation is actually the internal partner inside the black hole.
Considering the two together and one obtain a pure state.
Therefore, the growth of the entanglement entropy is stop.
The behavior of the entropy is constrained by unitarity as we
expect.

For this construction at late times, we assume that 7, #, >
b(> r4). We first analysis the time dependence of (4.3)

Sgen() = % log { cosh (k4-g) cosh (k1)

coshlky (r*(a) — r*(b))] — coshlky(t, — 1p)] @.9)

cosh[ky (r*(a) — r*(b))] + coshlk4 (ta + 1)1} '
Employing the following approximations

1 1
coshiyt, >~ Ee’(”", cosh kgt >~ Ee’(”b, (4.10)
and
cosh [k1 (t; + t5)] > cosh [ky (r*(a) — r*(b))], 4.11)
the expression (4.9) is reduced as
¢ * *
Seen(t) = 3 log {cosh[/c+(r (a) — r*(b))]
— coshlicy (fg — t,,)]]. (4.12)

‘We can easily find that when cosh[« 4 (t, — )] to reach the
minimum, i.e. t, = fp, the expression obtains the maximal
value. Setting 7, = #, = t and substituting into the expres-
sion, we obtain the expression that does not depend on time.
This implies that the entanglement entropy converges at late
times.

Next, we calculate the explicit form for the generalized
entropy (4.3) at late times. Invoking all of approximations
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(4.10) and (4.11). We also approximate
1 * *
coshk, (r*(a) — r*(b))] ~ Eemr b)=r*@] (4.13)

Through the above approximations, the generalized entropy
2
glate) _ 27 R“(a) n

(4.3) can be recast as
o\ M ry
2854 (1-= [——
BTt gmi2a (1) (-%)

(=) e-5)0-5)]

x cosh? K4ty cosh? K4 tb}

c
—lo

@)

c cosh[k (r*(a) — r*(b))] — coshlky(t, — tp)]

3 8 Coshlks (7 (@) — r*(b))] + coshlxs (t + )]

27 R? 16 b

~ 77:—(61) + E log [M COSh4 K+t]
GN 6 K+

LeeslrO=r@] _

C
yloe Toealr Gy @] 4 Lo2et
_ 21 R*(a)
Gy
+§ log [4g(a)g(b)e“(r*(“)*’*(b)) cosh? K+l]

c [eKJr[r*(b)—r*(a)] _ 2]6—2K+l

e B —r @=21 4 |

C 1 — 2e/c+[r*(a)7r*(b)]
IR G
Gy 1 3°¢%

1 + ex+lr*®)—r*(a)=2]
2c « c
+?K+r ) + 3 log[g(a)g(D)]
27R*(@)  2¢ c
= ———— + k417 (b) + 3 log[g(a)g(b)]
Gy 3 3
—Dek+rF@—r*(b) _ g'(+[’*(b)—f*(a)—2f]i|

C
+3 log [1 + | 1 ekl &) —r @-21]

_2tR*a) | 2 p S 5
~ G—N+?K+r ( )+§ og[g(a)g(b)]

_%eu[r*(a)—r*(b)] LSt o—r@-2 (41
In the first approximately equal sign, we use (4.13) and
set t;, = t, = t. In the second approximately equal sign,
we use the conformal factor (3.5) to simplify. In the last
line, we apply the first order expansion of the logarithm,
lim,_ o log(l + x) =~ x.

Notice that the last term in the expression has dependence
on the time 7. However, it is the subleading order and quickly
decays with time. Therefore, at late times, we can guarantee
that the location of island is a constant that does not depend
on time. Our current goal is to determine the location of the

island. Extremizing this expression with respect to a

cg'(a)
3 g(a)

asgea,ie) 2 r_\—n

a
2CKL ey r @) —r* )]

3f(a)

_ 2 a "2 |

= on\la o [2a — (n 4 D)r-]
c[ (@) — 2k
+6[ f@ }

26Kt e @ )]

3f(a)

(4.15)

By using t, = t, = t and a ~ ry, we obtain the location of
the island as follows

cGn Kty eslry—r (®)] 2
~ oG
@ = 3 [2r+—(n+1)r_i|e oGy
G
:r++(9(c N). (4.16)
r+

We can clearly see that the boundary of the island locates
outside the event horizon, which is consistent with Fig. 2.
Substituting this location into (4.3). Finally, the fine-grained
entropy of Hawking radiation at late times is obtained as

2772 o\
Spp = — (1 - —
EE G ( )

N I+
c 1 (b—ri\(ry—r_\" b
Zlog | — Kt
3 Og[xi< ) () e
~2S8BH. 4.17)

The leading order of this expression is the Bekenstein—
Hawking entropy of the black hole (2.13), which is produced
by considering the construction of the island. The sublead-
ing order and higher order terms are negligible compared to
SpH.

Based on these results, we briefly discuss the behavior of
the generalized entropy. At early times, there is no island.
The generalized entropy is dominated by the contribution
from the matter part and grows with time. At late times,
we consider the construction of the island that locates out-
side the event horizon. The emergence of the island makes
the degree of freedom of the black hole interior belongs to
the entanglement wedge of the radiation. The generalized
entropy is saturated now and asymptotically becomes a con-
stant, in which the leading order is the Bekenstein—Hawking
entropy. Therefore, we reproduce the Page curve as shown
in Fig. 3.
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S

EE

b3 :

"
tPage

Fig. 3 The page curve for eternal GHS black holes. The red dash line
represents the entropy without island while the blue solid line stands the
saturation value of the entanglement entropy by considering the island

5 Page time and scrambling time

In this section, we give the Page time and the scrambling
time, then discuss the influence of the stringy coefficient n
and charge Q on these results. The Page time is defined as
the moment when the radiation entropy of the entire sys-
tem reaches maximum. For an evaporating black hole, the
entropy is decreases after the Page time. But for an eternal
black hole, its entropy does not change after the Page time.
The relationship between the lifetime of black holes and Page
time is discussed in [9,19]. The Page time of eternal GHS
black holes can be derived from the expression (3.11) and
(4.17) of entropy for two constructions. Let them be approx-
imately equal at late times. Accordingly, the Page time as
follows

6S 38
Ipage = aal = i s (5.1
CK4 e Ty

where T4 is the Hawking temperature (2.11). In fact, the Page
time is comparable to the half life time of evaporating black
holes.

The scrambling time is defined as the recovery time of the
information that fell into the black hole retrieved from the
Hawking radiation [44]. In the entanglement wedge recon-
struction prescription [3], the scrambling time corresponds
to the time when information reaches the island, since the
entanglement wedge of the island region is a part of the entan-
glement wedge of the radiation. At time r = 0, if we send a
message from the cut-off surface b, it arrives at the bound-
ary of the island a4 at time ¢’. The scrambling time is denoted
as

tscrzt/_IZr*(b)_r*(a)
r " b—r
= <—+) (b—a+r+log +).
r4 —r— a—r4

@ Springer

(5.2)

Substituting the location of the island (4.16), the expression
of the scrambling time can be written as

r " r2
toer = 2r+< + ) log +
ry —r_ cGy
1
~ ﬁ log Spy ~ ﬁlogE (5.3)

2 B’
where f is the inverse temperature (2.11). The result is con-
sistent with [45], which is very small compare to the Page
time. Notice that in the second approximately equal sign, we

use % 2~ Sppy. This approximation is only valid in the non-
extremal case. However, for the extremal case ry = r_, the
expression (5.3) is infinite, because the Bekenstein—-Hawking
entropy of black holes is vanishing.

We first focus on the Page time. The explicit expression
for the string coefficient n and the charge Q as

121 4 ro\
Ipage(n, Q) = mr; I- P

[T
[1_ l—m ]I—Zn 5
afeyi-2@7)

Firstly, fix the charge and investigate the influence of the
stringy coefficient n on the Page time.? The results are shown
in Fig. 4a (setmass M = 100, Gy = 1). When Q/M isrela-
tively small, the Page time decreases first and then increases
as n increases, but the interval of the Page time varies with
the stringy coefficient n is very small (Fig. 5). However, in
the limit case n — % — 1, the Page time is divergent or
vanishing. Note that, the Page time is obtained by consider-
ing the construction with island. But the island is not formed
at early times. Accordingly, for the later case, the Page time
should take a small value instead of vanishing at the extremal
case.

Subsequently, we discuss the effect of the amount the
charge on the Page time. The behavior of the Page time is
plotted in Fig. 4b. The charge Q has a very obvious influ-
ence on the Page time. For the non-extremal case, the Page
time decreases monotonously with the increase of the charge

2
1+nM’

the Page time becomes divergent or zero, the later is also
inaccurate for the above discussion.

Q. However, once again, in the limit case O —

2 From the (2.9), the maximum charge carried by GHS black holes is
0 =+2M.
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Fig. 4 The Page time and the scrambling time by GHS black holes as a function for the stringy coefficient n and charge Q (in the unit of 1277 /c)
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Fig. 5 The zoomed plots for Fig. 4a. The interval of the Page time varies with the stringy coefficient n is very small when the charge Q is small

relative to the Mass M

Now, we consider the scrambling time. The explicit

expression can be written as follows

tser(n, Q) = 2’"+<r—+

r4 —r—

N—

2
n wr
log |:—+

5]

(5.5)

Similarly, the scrambling time changes with respect to the
stringy coefficient n and the charge Q is shown in Fig. 4c and
Fig. 4d respectively. As the stringy coefficient n increases,the
scrambling time increases monotonically in the non-extremal
case. But overall, the coefficient n has little impact on the
result (Fig. 6). This is similar to the Page time. However,
as the charge more and more large, the above expression
becomes less and less accurate, since the approximation
in (5.3) is only used in non-extremal case. In particular,
the scrambling time is also divergent in the extremal case
(Spu = 0).

To sum up, for the Page time, in the non-extremal case,
as the stringy coefficient n increases, the Page time first
decreases and then increases, but the overall change is so
small that it can be ignored. The charge Q has significant

@ Springer
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Fig. 6 The zoomed plots for Fig. 4c. The black line represents the scrambling time of Schwarzschild black holes
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Fig. 7 The Page time and the scrambling time by GMGHS and RN black holes as a function of the charge Q. Black lines represents the results of

Schwarzschild black holes

effect on it. The Page time decreases monotonically with
charge Q increases. In the extremal case, the Page time
becomes divergent or near zero. For the scrambling time,
although it is very small compared to the Page time, its
behavior with n and Q is similar to the Page time. In the
non-extremal case, the stringy coefficient n has weak impact
on it, but the charge Q has a relatively strong impact on it.
In the extremal case, the scrambling time is also approaches
infinite. Accordingly, we should be especially careful when
discussing them in near-extremal case. In addition, the Page
time and the scrambling time for n = 0 (GMGHS black

@ Springer

holes) and n = 1 (RN black holes) change with the charge
Q are plotted in Fig. 7.

6 Conclusion and discussion

In this paper, we study the black hole information issue in
case of eternal black holes. For this system, suppose that it
in the pure state at t+ = 0, in the end of stage of evapora-
tion, the amount of Hawking radiation tends to be infinite,
which can produce infinite radiation entropy. Accordingly,
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Table 1 The results of the Page time and the scrambling time for different conditions. The results of Schwarzschild black holes and RN black holes

are consistent with [19,20]

Black hole Requirement The Page time tpyge The scrambling time 7,
— 127 .3 - (ry—r_)
Non-extremal GMGHS n=0,0 <2M coeri(l— :T) 2ry log ===
Extremal GMGHS n=0,0=+2M Near zero Negative infinity
2 127 3 _\1-2n 2p1+! r —r_\1l-n
Non-extremal GHS ne 0,0 < /HmM e ra(l— :T) ﬁ log ﬁ(”u' )
Extremal GHS ne,1),0= H_%M Near zero/divergent Divergent
_ 2
Non-extremal RN n=1,0<M (1(2;7; r;}_(l — %) ! r+2r—+r, og é—*N
Extremal RN n=1,0=M Divergent Divergent
2
: _ 127 3 r
Schwarzschild 0=0 CG’; ry 2ry log &

the result violates the Bekenstein entropy bound and also
conflicts with the unitarity of quantum mechanics. There-
fore, we can present a version of the information paradox.

Based on a series of important solutions of the Einstein’s
equation in low-energy string theory, we study the informa-
tion paradox in four dimensional GHS spacetime. At early
times, no island is formed. The entanglement entropy of the
system is contributed from matter fields (3.1). Therefore, the
radiation entropy keeps increasing linearly with time (3.11).
However, at late times, the island emerges outside the event
horizon, which changes the construction of the system. Now
the entanglement wedge of the black hole interior belongs
to the entanglement wedge of the radiation. The entangle-
ment entropy is dominated by the contribution from the island
region (4.17). The entire behavior of the generalized entropy
can be described from the Page curve in the Fig. 3. For these
results, we obtain the Page time (5.1) and the scrambling
time (5.3) and discuss the impact of stringy coefficient n and
charge Q on them. All data are shown in Table 1. In particu-
lar, we should pay attention to the extremal black hole. The
Page time and the scrambling time become divergent or near
vanishing, which requires further investigation on the island
formula (1.1).

In the future, we should also pay attention to the following
issues:
(1) The paper only studies the situation of a single island.
Related work indicates that the construction of multiple
islands may produce additional entanglement entropy, but
their contribution is higher order and can be ignored. These
islands probably appear at near the Page time, thus alleviating
the phase transition of entanglement entropy [19].
(2) The background of the paper is the asymptotically flat
spacetime. However, the Page curve is obtained first in the
asymptotically AdS spacetime, where the bath is coupled
to collect the radiation. Therefore, one should be careful to
investigate the island in the asymptotically flat spacetime.

(3) The calculation in this paper is done by simply using
the two-dimensional approximation formula, but the s-wave
reduction of the entanglement entropy still need further
justification in higher dimensional spacetime. We expect
that there is a better calculation to obtain the entanglement
entropy in higher dimensional spacetime, which can verify
the island formula (1.1).

(4) Itis worth noting that in the extremal case, the behaviors of
both the Page time and the scrambling time lacks a reasonable
explanation. This also implies that the island formula needs
more verification.

(5) At last, from the aspect of information theory, the Page
curve is obtained by considering the construction of the
island. But how the information that trapped in the island
is connected to the outside of the radiation. An innovative
conjecture is “ER = EPR” [46]. However, this conjec-
ture still lacks a strong proof. Accordingly, we also expect to
extracting the information residing in islands by theoretically
feasible protocol.

In all, we still need a complete theory of quantum gravity
to explain the microscopic mechanism of black hole evapora-
tion. The black hole information issue requires further study
on the island paradigm.

Note added

After we have finished this paper, we receive a very inter-
esting paper [30], where the authors introduce an alternative
method on taking extremal limit of black holes. It would be
interesting to perform a similar analysis on our black hole
background.
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