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W N e

Abstract: In this work, we explore the effects of quantum quenching on the circuit complexity of
quenched quantum field theory with weakly coupled quartic interactions. We use the invariant
operator method under a perturbative framework to compute the ground state of this system. We
give the analytical expressions for specific reference and target states using the ground state of the
system. Using a particular cost functional, we show the analytical computation of circuit complexity
for the quenched and interacting field theory. Furthermore, we give a numerical estimate of circuit
complexity with respect to the quench rate, t, for two coupled oscillators. The parametric variation
in the unambiguous contribution of the circuit complexity for an arbitrary number of oscillators has
been studied with respect to the dimensionless parameter (¢/46t). We comment on the variation in the
circuit complexity for different values of coupling strength, different numbers of oscillators and even
in different dimensions.

Keywords: quantum circuit complexity; quantum quench; lattice quantum field theory

1. Introduction

The quest to understand the fundamental laws of nature has driven research in both
high energy physics and quantum information theory, leading to a remarkable interplay be-
tween these fields. By applying information-theoretic tools to the study of various quantum
systems, researchers have made groundbreaking discoveries, revealing the deep connec-
tions between seemingly disparate areas of physics [1-7]. As we continue to explore the
interconnections between these fields, we can look forward to new insights and discoveries
that have the potential to transform our understanding of the universe.

Circuit complexity is a fundamental concept in quantum information theory that
studies the computational resources required to solve a problem using quantum circuits.
Formally, circuit complexity measures the minimum number of gates required to imple-
ment a given quantum computation as a function of the size of the input. The study
of circuit complexity plays a crucial role in designing efficient quantum algorithms and
understanding the power and limitations of quantum computers.

Since Leonard Susskind and their collaborators proposed the use of circuit complexity
to study the interior of black holes [8-15], this approach has been extended to the study
of quantum field theories. Researchers have found that circuit complexity can provide
a useful tool for characterizing the complexity of entangled states in these theories and
understanding their dynamics [16-19].

In the realm of many-body physics, the study of quantum quenches has become
increasingly important in recent years, as it offers a powerful way to drive systems out of
equilibrium and explore their dynamics [20-22]. In a quantum quench, a time-dependent
parameter is suddenly or slowly varied, driving the system away from its ground state
and potentially leading to thermalization. The study of entanglement in the context of
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quenched systems has been a key area of investigation [23-32]. Moreover, the measurement
of circuit complexity in quenched systems has emerged as a valuable tool for quantifying
the computational resources required to simulate their dynamics [33,34]. Together, these
studies shed light on the fundamental principles of non-equilibrium dynamics in quantum
systems, and may pave the way for the development of novel quantum technologies.

In dynamical systems, the time-dependent Schrodinger equation plays a crucial role
in understanding their evolution over time. To tackle this problem, the Lewis—Resenfeld
invariant operator method has been developed, which allows one to determine the time-
dependent eigenstates of such systems [35]. Additionally, the method can be extended
to consider the adiabatic evolution of time-dependent parameters [36,37], providing
a means to compute time-independent perturbative corrections to the eigenstates [38].
The exact form of time-dependent parameters in these eigenstates can be found by solv-
ing the Ermakov-Milne-Pinney equation, which can be efficiently computed using the
Mathematica software. These methods offer a powerful means to investigate the behav-
ior of dynamical systems, shedding new light on the intricate interplay between their
time-dependent parameters and their evolution over time.

In this research article, we investigate the circuit complexity of an interacting (quartic)
quenched quantum field theory using the invariant operator method as described in
the appendix of our previous work [39]. The quench protocol we employ is the most
commonly studied in the literature, and we use the results of [19] based on Nielsen’s
geometric approach to compute the circuit complexity. Specifically, we focus on graphically
representing the time evolution of the unambiguous contribution of circuit complexity
under different parametric variations. Our findings contribute to the growing body of
literature on circuit complexity in quantum field theory and provide insights into the
dynamics of complex interacting systems. For more details on the chosen quench protocol
and methodology, readers can refer to [19,33,40].

The organization of the paper is as follows:

e Discretising quantum field theory (QFT) with quartic interaction on a lattice, we de-
couple the Hamiltonian using Fourier modes in Section 2. Evidently, the decoupled
Hamiltonian refers to that of N coupled oscillators having a quartic perturbative cou-
pling. The frequency of these oscillators is quenched by choosing a particular protocol.

¢ In Section 3, we use the invariant operator method to compute the time-dependent
ground states and also the first-order perturbative corrections to the ground state of the
quenched Hamiltonian. Notably, our research article represents the first time that this
method has been applied to the computation of circuit complexity in quenched field
theory. This innovative approach allows for a more comprehensive understanding
of the dynamics of complex interacting systems and provides new insights into the
behavior of circuit complexity under quenched conditions.

¢  Using the ground, we fix a specific reference and target state in Section 4. We then
evaluate the circuit complexity of the chosen reference and target state in interacting
(quartic) quenched quantum field theory using a particular cost function. We also
evaluate the continuum limit of circuit complexity. Our results are based on a mod-
ification of the results presented in [19], which is founded on Nielsen’s geometric
approach [41-44]. The method we use is more general than the covariance matrix
approach used in [33] and is, therefore, applicable in a perturbative framework.

¢ In Section 5, we numerically evaluate circuit complexity for different sets of param-
eters and comment on the dynamical behavior of the circuit complexity in three
different regimes.

*  Section 6 encapsulates the conclusions we draw from the results obtained in this work.

2. The Setup and the Quench Protocol

While the effect of quenching on free field theories has been previously studied, this is
one of the first attempts to understand its impact in the context of interacting theory. To
begin, we focus on a scalar field theory with the A¢* interaction term, which we regulate by
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placing it on a lattice. Once discretized, the Hamiltonian represents a family of N coupled
anharmonic oscillators. We transform the original coordinates to normal modes to decouple
the Hamiltonian, which allows us to compute the eigenstates for the system in a simpler
way. To facilitate comparison with previous works, we follow the notations used in [16,19].
We also describe the time-dependent quench profile chosen, which is the frequency of these
oscillators. The Hamiltonian for scalar field theory with a A¢* interaction is given by [16],

A

Y — %/ddflx ln(x)an(V(p(x))Z—l—mZ(p(x)z—f—1)\2¢(X)4 , @)

where d contains the space-time dimensions. We assume the coupling A << 1, so that
we can work in a perturbative framework. This theory can be discretized ona d — 1
dimensional lattice, which is characterized by a lattice spacing ¢.

Closely following the prescription shown in [16,19] by making proper substitutions
one can show that the Hamiltonian for scalar field theory having quartic interaction term
can be expressed as,

H= Y { G + M| R + 72 (R0 - R - 2))” + 220G}, @)
i

where 7i denotes the spatial location of the points on the lattice, £; represents the unit
vectors along the lattice, w represents the frequency of individual oscillators and # denotes
inter-mass coupling. The above Hamiltonian in Equation (2) represents a family of infinitely
coupled anharmonic oscillators. We use normal mode coordinates as a discrete Fourier
transform of the original coordinates, given by:

1 Nzt 2ma, |
xg — 7]\] k_go eXp |:1Nk:| .Xk (3)
1 Nt 27ta

Setting M = 1 for simplicity, the Hamiltonian of Equation (2) can be rewritten in
normal modes as:

H:m+%h @)
where
H 71Ni1 {|~ 2, 2% 2 6
k= Prl” + wie %] (6)
25

denotes the unperturbed (free) Hamiltonian which can be decoupled for each of the N
oscillators. Here,

k
w,% =w?+ 4172 sin? (%) (7)

denotes the frequency for each of the N oscillators. The exact form of the eigenstates for
the unperturbed Hamiltonian of Equation (6) has been computed in Section 3.1.
On the other hand, the A¢* perturbation term in the Hamiltonian of Equation (5) can
be dealt with by transforming the form of perturbations in normal modes:
LA g
H,=— XX X Xpes 5
TNk ®)
DC:N—kl—kz—k3mOdN
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The contribution of the above Hamiltonian in Equation (8) is evaluated by approx-
imating the first-order correction to the eigenstates of the unperturbed Hamiltonian by
employing the use of time-independent perturbation theory in Section 3.2.

We now consider the frequency, w, in Equation (7) as a time-dependent quench profile.
One of the most common quench profiles used in the literature [40] is given by:

W (t/6t) = wh {tanh2 ((Stt)]' )

where wy can be considered as a free parameter and 6t measures the quench rate. We choose
this particular quench profile since it admits an exact solution for the mode functions
given in [40]. Note that this profile attains a constant value at very early and late time.
Furthermore, for this chosen form of quench profile, dynamical changes in the system occur
in the time window [—6t, 6t]. We will set t/6t = T and wy = 1. The respective frequencies
in the normal mode basis take the following form,

wy = \/w(T)2 + 452 sin? (%k), (10)

where w(T) is the quench profile in Equation (9) and k runs from 0 to N — 1.

As the frequency of each oscillator now depends on time, the unperturbed Hamilto-
nian is evidently time-dependent. We employ the use of the invariant operator method to
compute the exact form of the unperturbed Hamiltonian. We emphasize that the perturbed
Hamiltonian is not time-dependent and hence can be used as a time-independent perturba-
tion applied to N coupled oscillators. Using the ground state of the total Hamiltonian of
Equation (5), we construct the reference as well as target states, which are further used to
evaluate the circuit complexity of this interacting quench model.

3. Constructing a Wave Function for a ¢* Quench Model

In this section, our prime objective is to derive an analytical expression for the eigen-
states of the Hamiltonian in Equation (5) by using the Lewis—Resenfield invariant operator
method and approximate it to the first-order perturbative correction. The expression for
eigenstates of the decoupled and unperturbed Hamiltonian in Equation (6) is derived using
the invariant operator method in Section 3.1. The first order perurbative correction to the
ground state of the decoupled Hamiltonian is derived in Section 3.2.

3.1. Eigenstates and Eigenvalues for Unperturbed Hamiltonian

As shown earlier, in the normal mode basis, the unperturbed Hamiltonian of Equation (6)
for N oscillators is decoupled. The wavefunction for any generic state of the N oscillators
is then a product of the eigenstates for each decoupled Hamiltonian of Equation (6):

gy (%o, IN-1,T) = Py (Zo, T)Pny (%1, T) - - - ¥uy_, (En-1, T). (11)

where T denotes the time dependence of the eigenstates, emerging due to the quenched
frequency in Equation (9). We deal with these time-dependent eigenstates by employing the
use of the invariant operator method, closely following the method of [45]. In Appendix A,
we have briefly mentioned the steps one can follow to compute an analytical expression
for the eigenstates of a quenched Hamiltonian of Equation (6) using the invariant operator
method. Using Equation (A11) and the arguments given in Appendix A, one can show
that the expression for the eigenstate of the total unperturbed Hamiltonian of N coupled
oscillators is:



Symmetry 2023, 15, 655 50f 20

+ N—1 N-1
(0) . 1 gogl .. 'ngl 1/4 1 1 2
N T <2no+n1+~-~+nN1n0! - .nN_1!> ( 7N ) Pl =5 k;)(znk + 1) 7| exp D) k;) VieXk

xHy, {\/%fo} - Hpy [\/ ').’N—lfN—l} (12)

where gx = Jx and
o ik
¢ 7"( pm) :
fork=0,1---,N — 1. All other symbols used in Equation (12) are defined in Appendix A.
In this work, we focus on the ground state of the wavefunction shown in Equation (12),
which can be written as:

e on g\ 1/4 1 N=t .
Py = (38181 o l—z Y (wk+w<x£)]- (14)
k=0

To compute the eigenvalues of the unperturbed quenched Hamiltonian in Equation (6),
one can again use the invariant operator method. From the arguments given in [38], the en-
ergy eigenvalues for time-dependent harmonic oscillators can be evaluated by multiplying
the time-dependent factor by the expression of the energy eigenvalues of time-independent
harmonic oscillators. Hence, one can show that the energy eigenvalues for each of the N
decoupled oscillators become:

(i ) = WD) |+ 3, (15)

where Wi(T) fork =0,--- ,N — 1 is a time-dependent factor for each oscillator given by,

. . 2 9 2,
wk(T):'g"<pk+Pif{;Lpi%>. )
07 Yi

Using the above form of time-dependent eigenvalues, one can compute the energy
eigenvalues for the decoupled Hamiltonian of Equation (6), which is given by:

N-1 1
Wi | H 9y 1) = 1 W (nk + 2>. a7
k=0

The above expression for the eigenvalues of the unperturbed Hamiltonian can now be
used to approximate the first order time-independent perturbative correction to the ground
state of Equation (14).

3.2. Wavefunction for A¢* Perturbation Applied to the Ground State of N Quenched-Coupled Oscillators

In this section, our prime objective is to evaluate the analytical expression for the
wavefunction of the ground state of N coupled oscillators in a perturbative framework,
approximated to first order. We consider ¥ to be the first-order correction arising due to
the Hamiltonian in Equation (8). Hence, using Equation (14), the expression for the ground
state of the total Hamiltonian (Equation (5)) corrected to first order in A can be written as:

N-1

e on 1\ 1/4 1 . o
¥0,0,.0(%0, - - En_1) = (W) X exp [—2 Z (i + X2 + Aph) | (18)
k=0
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We take note of the fact that for N coupled oscillators, the A¢* perturbation can give

rise to a combination of five terms, viz., xﬁ, xix%, xdxg’, X fxéxh and XXXk X]- Hence, we have

expressed the form of the first-order correction by closely following the notations used in [19],

1 N-1 N-1 B2(b C) N-1
Yy = Z By (a) + Z Y5 + Z B3(d,€)
a=0 b,c=0 d,e=0
4a mod N=0 (2b+2c) mod N=0 (3e+d) mod N=0
b#c d#e (19)
N-1 N-1 ..
By(f,m, h) Bs(i,j,k,1)
- )y > T X 2
f,m,h=0 i,j,k,1=0
(f+2m-+h) mod N=0 (i+j+k+I) mod N=0
f#m#h i#j#k#l

One can compute the exact form of coefficients for each of the five different perturbative
terms by first choosing an appropriate number of oscillators and then generalizing the result for
N oscillators. Furthermore, one can compute the perturbative correction by setting V' as each
perturbative term mentioned above, and then using the formula given below,

(l) . <¢7§100?'”an1 | V |17b((]?)0> X lpﬁlg?”'nl\lfl 20
Po,.0 = D ©) ) (0) (0) -
(ng--nn-1)#(0,--0) <¢0,-~0| H IPO/-~0> = (g omy | H 9oy 1)

For example, if one wants to obtain the form of B3(d, e) in Equation (19), set the number
of oscillators to N = 2 and put V = xx} into Equation (20). The form of the perturbative
expansion thus obtained can be generalized for an arbitrary number of N oscillators. We
then repeat these steps to fix all the coefficients of perturbative expansion. The exact form
of all these coefficients, using Equation (20), is tabulated in Appendix D.

4. Analytical Calculation for Circuit Complexity of ¢* Quench Model

The ground state of the total Hamiltonian, calculated in the previous section and given
by Equation (18), is used to construct the reference and target states in Section 4.1. Choosing
a specific cost functional, we have derived the analytical expression for circuit complexity
by modifying the results of [19] in Section 4.2.

4.1. Constructing Target/Reference States

In the wavefunction for N oscillators with quartic perturbation shown in Equation (18),
following the method given in [19] one can write the exponent in the form of a matrix
conjugated by a basis vector 7. The wavefunction then takes the below given form:

. - 1
Win-alfo, -+ in-) = N exp | ~gudiym) e

where N°* denotes the normalization factor and A® denotes a block diagonal matrix for
the respective state. Furthermore, the space of circuits is parameterized by setting value
of the running parameter s. Ats = 1, the above form of the wavefunction coincides
with the wavefunction in Equation (18), such that N;_; becomes the normalizing factor
of Equation (18) by an appropriate choice of the basis . Then, lpf)jllmo is referred to as the
target state. There are many possible choices for choosing bases so as to obtain the terms in
the perturbative expansion in Equation (19). However, as a minimal choice we choose the
below mentioned basis,

7= {550/' . 'XN—l/f%/' oo /f%\]_lﬂ sy XaXp, } (22)

In this basis, one can show that the matrix A in Equation (21) has a block diagonal form:
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Al = . (23)

A contains coefficients of terms such as x2 and x,x;, in Equation (18) multiplied by
—2. All the elements of A; can be fixed to obtain a specific form of target state. This block
is often referred to as the unambiguous block.

The elements of the Ay block consist of coefficients which are basis dependent,
i.e., there is not a unique choice of basis vector for defining the elements of the A, block
because, unlike the A; block which only consists of coefficients of quadratic terms which
can be defined uniquely without any ambiguity, the A, block consists of elements which
are coefficients of terms such as fgfi, fgfif? and X, %, %.X;, which can be defined in several
ways. Due to this arbitrariness, the complexity for the ambiguous block will be different for
different choices of basis. One cannot therefore fix elements of A, such that the contribution
of Aj; to the total complexity of the system is independent of the choice of basis. Due to
these ambiguities, the A, block is often referred to as the ambiguous block. We construct the
reference state by choosing the value of all the frequencies for each of the N oscillators as
@y . Since all the oscillators have the same frequency, the reference state evidently would
be time independent. Then, the wavefunction in Equation (19) can be modified to that of
reference state mentioned below,

N—-1 /7
0 (xq, X0, ey xn) = N5 Oexp [— Wref (x2 + /\Ox‘.l)} (24)

Il
=}

Note that A is a parameter denoting the non-Gaussian nature of the reference state
and is not to be confused with the perturbative coupling A used in the target state.
In normal modes, the above expression can be recast as shown below,

$*=0(%, %o, ooy Bn) = N5 0exp { - %(ngszovb)}, (25)

where the matrix Azb:() can be fixed as:

_ Wre f Inxn 0
A0 = ) (26)

0 A5

Again, there will be ambiguities in fixing the elements of A5=C for the reasons already
mentioned above.

Equipped with the target and and reference states for the quenched and interacting
oscillators, we can proceed to give an analytical expression for circuit complexity by getting
around the ambiguities in the upcoming subsection.

4.2. Analytical Calculation of the Complexity Functional

In this subsection, we outline the analytical steps to compute the expression for
circuit complexity for the previously mentioned target state (Equation (18)) starting with a
reference state (Equation (25)) using the results of [19].

As shown in [33], the complexity functional depends on the chosen cost function.
In this article, we work with the following cost function,

Fe(s) =Y pr|Y'|". (27)
1
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As shown in [19,46], the circuit complexity with this particular cost function becomes,

1
Co= [ Feds (28)
s=0
Next, we write the complexity as the sum of two terms,

c=c+c?, (29)
where C,El) refers to the contribution to the circuit complexity from A; block while C,Sz) refers

to the contribution from A, block. C,El) and C,EZ) can be given as the ratio of eigenvalues
of the respective blocks for the chosen target (18) and reference states (Equation (25)) as
demonstrated in [19,33],

N-1 AW AP
=5 1 s (5 )|+ AT s gt

Wref

K

, (30)

where A denotes the penalty factor. Due to the ambiguities arising while fixing the form
of the A; block, numerically one cannot fix the form of Agz). However, as discussed in
Appendix C, we can choose a minimal basis such that the elements of A, are fixed for
N = 2 oscillators. In Appendix C, we have computed the total circuit complexity for N = 2
coupled oscillators with a quenched Hamiltonian with quartic coupling.

In this work, have neglected the contribution of the ambiguous block, i.e., C,Ez), as we

cannot find any basis to determine the numerically exact contribution of the A block for an

arbitrary number of oscillators. Nonetheless, we attempt to give an analytical form of C ;52:)1 in
terms of renormalized parameters in Appendix B, again following the steps shown in [19].

4.3. The Continuum Limit for Cq

Now, we will compute the exact form of the eigenvalues of the A; block taking the
continuum limit. To find the form of Al(l), we now reinstate the factor M, previously set
to M = 1in Section 2. In light of this, the Hamiltonian given in Equation (5) will change,
although it will retain the previous form of eigenvalues and eigenfunctions. The new

Hamiltonian with a factor of M becomes,

7 2
H= % ) { P(z) + %M2 [w?X ()2 + Q2 (X () — X( — £)) + 2{AaX()4}] ). 31)

1

Considering the reinstated factor of M, we rescale some of the parameters as shown below,

A

. Wref |
62’

Dpef = 5 /\0%7.

w — ;A —

w
s

SIS

)

Using these rescaled parameters, one can generalize the form of eigenvalues A;
using Mathematica by considering trial cases for different values of N and eliminating all
the factors, except for px and @y, by using the appropriate formulae mentioned in previous

sections. Below, we show the generalized formula for the eigenvalues of the Agszl) block
depending on whether the chosen number of oscillators, N, is even or odd,

3Ap7 8x +28i 28ipa v
A= ! — — & . . + -, N:Even
i~ N (ga (07 (gi+w?) +0i) 07 (03 (wigu + 8i(28a +w3)) + gila) + 0igap? )~ 2 32)
3/\g12P?((g1+w12)P12+P1) _’_ﬁ N: Odd

N2 (8i + w?) + 1) (07 (03 (giw? + 81 (28i + w?)) + &ifi) + &idip?) 2
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where the index & = |[N/2 — i|. One can insert this expression for the eigenvalues into
Equation (30) to obtain the desired value of circuit complexity. We emphasize that the form
of these eigenvalues makes the circuit complexity a time-dependent quantity due to the
chosen quench profile. This time-dependence of the complexity is explored in numerical
plots by choosing an appropriate time scale.

One can check the behavior of circuit complexity, Cy, at the continuum limit: N — oo
while § — 0 such that L = (NJ) is finite.

Now, in arbitrary dimensions, the equation for C

1)

can be rewritten as:

k=1
~1N-— (
=3 E o2 2

For simplicity, if one chooses to set the same frequency (of the respective oscillator) in
each dimension, d, then one can write:

w; = \/dil [4(11 —1)y? sin? (7;]1) + w(z) tanh? ((Stt)] (34)

Hence, in arbitrary dimensions d, the circuit complexity can be still be computed using
Equation (30), thus getting rid of the lattice sums in Equation (33) such that the frequencies
are set by Equation (34).

5. Numerical Results

In this section, we numerically evaluate the value of circuit complexity for coupled
oscillators using the expressions computed for the total complexity of two coupled os-
cillators, denoted by C and shown in Appendix C, and the unambiguous contribution
of the complexity on the arbitrary number of oscillators using the results of Section 4.3,
henceforth denoted by C;. We will use a finite lattice for our numerical evaluation and
will discretize the time steps to plot the behavior of the obtained circuit complexity. Note
that each time-dependent coefficient in these expressions explicitly depends on py(t, 6t)
given by Equation (A7). To obtain the values of A, B and C which can be inserted into
Equation (A7), we set some straightforward initial conditions. The invariant quantities,
) in Equation (A8), are taken to be () = 1. Using the values of pi(t,t) for t — 0, we
obtain the desired values of A, B and C by setting px(0,t) = 1 and (0, 6t) = 0 by using
AC — B? = O?. The coupling between the oscillators is set to 7 = 0.25. The free parameter
in the quench profile, Equation (9), is set to wy = 1. The frequency of the reference state is
set to wy.f = 0.001.

Using the exact values of circuit complexity, we parameterize four different plots in
this section. The first plot features the behavior of the total complexity, C, computed for
two coupled oscillators discretized on a lattice of size L = 20, varying with the quench rate,
ot. This plot is divided into two regions, §t < 1 is the sudden quench limit (blue) region,
while 6t > 1 is the slow quench limit (yellow) region. The next three plots characterize the
behavior of the unambiguous contribution of the circuit complexity, C;, for more than two
coupled oscillators discretized on a lattice of size L = 100, varying with the dimensionless
parameter (t/6t). In these plots, we mark (¢/t) = 1 as the quench point by a dotted
vertical red line. The red region for (f/6t) < 1.2 features the early time behavior of the
circuit complexity, the yellow region (0.8 < (t/46t) < 1.2) shows the behavior of complexity
near the quench point, while the blue region ((t/6t) > 1.2) characterizes the late time
behavior of the circuit complexity.

In Figure 1, we have plotted the numerical values of total complexity fora N = 2
coupled oscillator system with quartic interaction using Equation (A23) with respect to the
quench rate, 5t. The blue colored region shows the behavior of the circuit complexity in
the fast regime, § << 1. In the slow regime, initially, the circuit complexity monotonically
increases until Jt = 0.01. Beyond this (6t = 0.01), the complexity shows a linear scaling
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2.990

Circuit Complexity (C) —

2.985

with the slope, log C/ log 6t = 0.0825, up to t = 0.1. This linear scaling is then followed by
a monotonous increase in the circuit complexity until t = 0.2. Beyond t = 0.2, the circuit
complexity saturates, changing the transition into a slow regime (6t > 1), marked by a
yellow background. Furthermore, it is evident that, for each quartic coupling, A, the circuit
complexity shows same behavior. However, it is clear that as one increases the quartic
coupling, the complexity decreases.

Circuit Complexity (C) vs. Quench Rate (6t)

T T i Tef L R
| e S ' . s el - —
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Quench Rate (6t) —

Figure 1. Log-log variation of the total circuit complexity (C) with respect to the quench rate (6t) for
different orders of the coupling constant, A, for two coupled oscillators with quartic perturbation.

Although one cannot obtain numerical results for the total circuit complexity of more
than two oscillators, we have plotted the numerical values of complexity pertaining to
the unambiguous block, i.e., C;, with respect to the dimensionless parameter (t/Jt) for
N = 10 coupled oscillators in Figure 2. The figure is divided into three regions, the first is
the early time behavior for the dimensionless parameter between 0 < (¢/4t) < 0.8, marked
by a red background. In this region, for all the three considered quartic couplings, the
circuit complexity decreases linearly up to (t/5t) = 0.7. Beyond this, for (¢/6t) > 0.7,
the circuit complexity, Cq, diverges for each particular quartic coupling, A, such that the
higher the value of A, the higher the complexity, C;. This linear scaling is then followed by
a monotonous decrease in the value of C; as we move near the quench point, (t/5t) =1,
marked by a yellow background. The late time behavior is characterized by saturation of
Cy for (t/5t) > 1.2, which is marked by a blue background. It is evident that for different
quartic couplings, A and the circuit complexity, Cy, scale similarly in each particular region.
However, as we increase the quartic coupling, A and the circuit complexity, C;, increase at
any particular time near and beyond the quench point.

In Figure 3, we have plotted the unambiguous contribution of the circuit complexity,
Cy, for discretized field theory with respect to the dimensionless parameter (¢/4t) for
different numbers of oscillators, viz., N = 10,11 and 12 (keeping the quartic coupling
fixed at A = 0.01). The early time behavior for a particular N is characterized by a steep
linear decrease in value of the circuit complexity, Cy, up to (t/6t) = 0.4. Beyond this point,
the complexity, C;, monotonically decreases and finally saturates at (t/Jt) ~ 0.5. After
this point, the unambiguous contribution of the circuit complexity, C;, remains saturated.
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Circuit Complexity

N
[=3)
=
[=)

28.05
28.00

27.95

The early time behavior of C; features a decrease and a saturation in the value of complexity,
marked by a red background. The behavior of C; near to the quench point, as well as at
late time, is characterized by a constant saturated value at all times, marked by yellow and
blue backgrounds, respectively. It is evident that the unambiguous contribution of circuit
complexity, Cy, scales similarly for any N. However, the larger the number of oscillators, N,
the larger the value of C;. At the continuum limit, when we have large number of coupled
oscillators, one can expect that the unambiguous contribution of the circuit complexity, Cy,
will behave similarly to that shown in this figure.

Circuit Complexity (C;) vs. Dimensionless Parameter (¢/0t)

Early Time Behaviour

Around The Quench Point
= === The Quench Point

Late Time Behaviour

PUECURE RS SR N AR A
"'Sno-s.eooaaeoleomo@nnouucwo

B T - [ R R LT

2 3 4 5
Dimensionless Parameter (¢/6t) —

Figure 2. Variation in the circuit complexity for the A; block (C;) for N = 10, with respect to the
dimensionless parameter (t/Jt) for different orders of the coupling constant A.

In Figure 4, we have plotted the unambiguous contribution of the circuit complexity,
Cy, for discretized field theory with respect to the dimensionless parameter (t/4t) for
different numbers of dimensions, viz., d = 2,3 and 4 (keeping the quartic coupling fixed
at A = 0.01 and the number of oscillators at N = 10). For a particular d, the early time
behavior of the unambiguous contribution of the circuit complexity is characterized by
a monotonous decrease in the value of C;, marked by a red background. The values of
C; for different dimensions, d, begin to converge near to the quench point, (t/6t = 1),
and finally saturate to a constant value, this is marked by a yellow background. At late
times, the unambiguous contribution of the circuit complexity, C;, remains saturated to
a constant value, this is marked by a blue background. It is evident for any dimension d,
the circuit complexity, Cy, scales similarly. However, the higher the dimension d, the larger
the value of C; at any particular time (in the red region).
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Circuit Complexity (Cy) vs. Dimensionless Parameter (£/dt)
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Figure 3. Semi-Log variation in the circuit complexity for the A; block (Cy) at A = 0.01, with respect
to the dimensionless parameter (¢/6¢) for different values of N.
Circuit Complexity (C1) vs. Dimensionless Parameter (£/0t)
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Figure 4. Semi-Log variation in the circuit complexity for the A; block (C;) at A = 0.01, N = 10, with
respect to the dimensionless parameter (/) for different dimensions d.
6. Conclusions

In this article, we have studied the dynamic behavior of the circuit complexity in
quenched field theory with quartic interactions. To do this, we have used a unique frame-
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work that combines Nielsen’s geometric approach based on [19,33] and the invariant
operator method. While preparing the reference and target states, we have employed
Nielsen’s geometric approach to finding the optimal circuit out of an infinite set of circuits.
This approach provided a novel perspective to understand the behavior of the complexity
under different parametric conditions.

We have used the invariant operator method to find the exact form of the eigenstates
of the unperturbed part of the Hamiltonian. Combining this with perturbation theory, we
were able to determine approximate solutions to the time-dependent Schrodinger equation.
This enabled us to derive the analytical expression for time-dependent circuit complexity
using Nielsen’s method.

We have discretized the field theory on a lattice and evaluated the wavefunction for
N-coupled oscillators with quartic perturbation and a quenched frequency. We used the
ground state wavefunction to derive the analytical form of the reference and target states.
By choosing a specific cost function and a minimal basis, we computed the exact form
of the total complexity for two coupled oscillators and the unambiguous contribution
of circuit complexity for an arbitrary N number of oscillators. Our study thus provides
a comprehensive understanding of the dynamical behavior of the circuit complexity in
quenched field theory with quartic interactions.

The important results of our work are detailed below point-wise:

*  For two coupled oscillators, we observed that in most parts of the sudden quench,
the total circuit complexity monotonously increases at very small values of quench
rate, then scales linearly and shows a trend of thermalization near 6t = 1. In the
slow quench limit, the complexity remains saturated irrespective of the quench rate.
When parameterized for different values of quartic coupling, A, it is evident that as
the coupling increases, the circuit complexity increases.

¢ The exact analytical form for the unambiguous contribution of the circuit complexity
for N coupled oscillators was derived using the results of [19]. The parametric vari-
ation in this circuit complexity was then plotted with respect to the dimensionless
parameter (t/5t).

¢ Itis evident from these plots that the unambiguous contribution of the circuit com-
plexity decreases with respect to the dimensionless parameter. When parametrized
for different quartic couplings, we find that, initially, the complexity decreases linearly
following the same line, irrespective of the quartic coupling. Near to the quench point,
the complexity for each quartic coupling diverges and saturates at late times. After
the quench point, the complexity after divergence is clearly in direct proportion to the
increasing value of the quartic coupling.

*  We observed that the unambiguous contribution of the circuit complexity behaves
similarly, irrespective of the number of oscillators, N. However, as N increases, the
respective value of the complexity increases at any particular time. Using this, we
commented on the continuum limit where the results would still be the same.

e  Furthermore, it is clear that the unambiguous contribution of the circuit complexity for
the chosen set of parameters is proportional to the increasing number of dimensions
at early times. However, at the quench point, the unambiguous contribution of the
circuit complexity attains a constant value, irrespective of the number of dimensions,
and thermalizes at late times.

In conclusion, we have presented a novel approach to study the time-dependent circuit
complexity in the context of quenched interacting field theory. By combining the invariant
operator method and Nielsen’s geometric approach, we have derived the analytical expres-
sion for circuit complexity and explored its behavior under various parametric conditions.
Our results demonstrate that the quenching of the system has a significant impact on the
circuit complexity of interacting field theories. Our work provides a new perspective on the
understanding of the dynamical behavior of circuit complexity in interacting field theories.
It also opens up avenues for future research, such as the exploration of circuit complexity
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in other interacting field theories and the study of its relationship with other quantum
information theoretic quantities.
Future Prospects:

* In this work, we explored the effects of quantum quenching on QFT with quartic
coupling. In the future, it would be interesting to explore the effects of quantum
quenching on Krylov complexity [47-51] for QFT with quartic coupling.

*  Some of the works focusing on understanding the connection between complexity
and quantum entanglement can be found in [40,52-55]. The connection between
complexity and quantum entanglement in the case of quenched theories might turn
out to be fruitful.
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Appendix A. Evaluating the Eigenstates of Unperturbed Hamiltonian Using Invariant
Operator Method

In this appendix, we show the analytical steps to evaluate the expression for the eigen-
states of the unperturbed Hamiltonian with a quenched (time-dependent) frequency shown
in Equation (6) of Section 4. The invariant operator method is the optimal choice to compute
these eigenstates as it enables one to evaluate the exact time-dependent wavefunctions by
solving the time-dependent Schrodinger equation. A detailed analysis on the invariant
operator method can be found in [56].

First, we define the creation (4] ) and annihilation (ay) operators given by,

ak = 71 = |:’)/k (1 — lipk )fk + lﬁk:|
V29 Pk Vk
+ 1 |: . ( . pk ) ~ . :|
a, = —— 14+i—— | % —1
k 27 Tk orTr k — Pk

where k = 0,1,--- ,N — 1. Furthermore, 7 and py are time-dependent factors while

Yk = 0Tk, Px = Orpx and iy = 0%py are not . One can show that the operators in Equation
(A1) satisfy the commutation relation [a;, a}] = 5]’-. We fix the time-dependent factor pj as

(A)

the solution to the Ermakov-Milne-Pinney equation for each oscillator,

Ok + wipr =0, (A2)
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where wy denotes the frequency for each coupled oscillator (Equation (10)). If we define,

4 (sn(%))
ap = wh + (1) (A3)
fork=0,1,---,N — 1; then, using Equation (9), one can rewrite Equation (A2) as:
O + g tanh?(T) oy = 0, (A4)
wherek =0,1,---, N — 1. We assume that the solution to Equation (A4) is of the form:
pk(t,0t) = cref(t,ot) + caei(t, t), (A5)

where ¢q and c¢; represent numerical constants. On the other hand, e; and e% are two complex
valued coefficients for each k = 0, - - - , N — 1. However, we can consider only the term with e,l
as one of the solutions to Equation (A4) by setting ¢, = 0. Using Mathematica, one can compute
the exact form of €}, following the steps shown in [39], which are mentioned below:

—Liot (/146120241
e}c:(e%> 2! “k<e% +1>2( & )ZHG<,/1—45t2a,3+1),;<,/1—45t2a%—21‘5m§+1);1—i5m§;_325>, (A6)

where > F; denotes the hyper-geometric function. These complex-valued solutions can be
rewritten in the form ell = & + iCx, where g and (j can be treated as real and linearly
independent equations for each k = 0,--- ,N — 1. As evaluated in [57], the solution to
Equation (A4) is guaranteed to be of the form:

ox(t, ot) = \/Asi(t, St)t + 2Be(t, 6t) i (t, 6t) + CZ2(t, ot) . (A7)

In addition, Q) = p27y is an invariant quantity with respect to time. Hence, 7y, can be
computed as follows,

t Q0
Y (t, 6t) I/ k

————dt A8
0 p2(t,ot) (A8)

Note that all the quantities are now a function of ¢ and Jt; this time dependence is
however suppressed in most of this article until necessary. The creation and annihilation
operators in Equation (A1) can now be used to construct the invariant operator for each of
the N decoupled Hamiltonians of Equation (6):

I, = Oy (ll]tllk + ;), (A9)
where, k =0,1---,N — 1. Assuming that each invariant operator I is one of a complete
set of commuting observables for the respective Hamiltonian, Hy, each I has its own
eigenstates. The ground state for this spectrum of each invariant operator can be computed
using the annihilation operator of Equation (A1) by solving aiu, = 0. The expression for
the ground state for the spectrum of each invariant operator, I, of Equation (A9) for each
k=0,1---,N—1isgivenby,

1/4 .
uok = <7_Zf) exp |: — % (1 — lpkpk’)/k)ffi] . (A10)

The creation operator in Equation (A1) can then be used to evaluate the n'"* eigenstate
of the invariant operator I, which is given by,

. 1/4 ..
ly, = \/%(a;)”uok :<2”k1nk'> (’W) exp [ryk (1 - ’p’f)sz} H,, [\/ﬂxk} (A11)

T Pk Yk
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Po,0(Xo, X1)

where H;;, denotes the Hermite polynomial of order n; for each k = 0,--- ,N — 1.
The eigenstates of the invariant operator shown in Equation (A11) can now be used to
compute the wavefunction for each decoupled Hamiltonian of Equation (6), such that
P, = eiﬁ”kunk,where Bn, = —(1/24+mn;) fork=0,--- ,N—1.

Appendix B. C,EZ__)I in Terms of Renormalized Parameters
(2)

As discussed in [19], one can attempt to find the form of C,”; by using renormalization.
In this subsection, we present an outline of the modified expression for the same in the case of
quenched interacting field theory discretized on a d- dimensional lattice containing N oscillators.
The renormalized matrix elements for the A, block are given as [19],

A AR

Ap[m,n] = lejf((f))

(A12)

Note that all these elements are time-dependent due to the form of frequency @;
chosen as a quench profile. The eigenvalues then take the general form [19],

biAgd™
AP = TR (A13)
Viig(w;)
where j € {0,1,--- (DimAy; — 1} andi € {0,1,--- N — 1}. As shown in [19], the renormal-
ized penalty factor is,
A= (Ags*Hpsvvaa, (A14)

where v and y are arbitrary integers which can be fixed by using physical arguments as
discussed in [19]. Using Equation (30), the renormalized complexity contribution for the
Aj block in d- dimensions can then be written as,

(AR(547d)y57de%1 d—1 (DimA,)—1 A(2)52

c® = : y oy ‘log (gglkgggf)’. (A15)

hi‘:}ref/\o

Note that now each i € {1,2,--- (DimA; — 1)} for k € {1,2,---d — 1}. Using the
renormalized form of eigenvalues from Equation (A13), we finally obtain,

Apst—d y(sfvvﬁ d—1 (DimAjy)—-1 b AR(SZ_d
c®, = U 7F Y Y [y (ot (Al6)
k=0 =0 Vi g(wi)hikwref)\o

Note that we have not used this expression to obtain numerically exact results.

Appendix C. Circuit Complexity for Two Oscillators

In Section 4.1, we commented on the ambiguities in fixing the coefficients in the
ambiguous Aj block for an arbitrary number of oscillators, N. Due to these ambiguities,
one cannot obtain numerical results for the contribution from the A, block in the circuit
complexity for N oscillators. However, in this appendix, we choose a minimal basis for the
case of two oscillators and hence remove these ambiguities to obtain the total contribution
of the A1 and A; blocks in the circuit complexity. We begin by specializing the wavefunction
(in normal modes) in Equation (18) to that of two oscillators by inserting N = 2, written as:

1/4
1. _ 2. _ _
= 771 exp[—t(70 + 71)] exp[Co] exp { ~5 (Clx% + Cof} + Ca3x3 4 Cu%} + C5xff)} . (A17)
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The exact form of C; for i = 0 to i = 5 can be inferred from the table in Appendix D.
Next, we write the above wavefunction in the following form:

1
Y0, 71) = N exp | — 5 (A )w ). (A18)
where N is the normalization factor. Similar to that of generalized wavefunctions, inserting
s = 1 into the above equation will correspond to the target state, while inserting s = 0
corresponds to the reference state. We choose an unentangled and non-Gaussian reference
state given by,

Wre f
2

_ _ A
P00, %) =Nexp | — L (R + 7+ S0 (x5 + 5+ 6585,

where Ay parameterizes the non-Gaussian nature of the reference state. The exponential in
the above equation can be written in form of a matrix A(s = 0) by choosing a basis,

7 = {%o, ¥1, X%y, X3, X2 }. (A19)

The matrix then takes the following form:

A(l) 0
A(s=0) = , (A20)
0 AJ
where,
b 0 0
wref 0 .
AL = ; A) = Ao@ref | 0 % %(3 —b)
0 @

0 36-0) 3
One can choose the values of b such that matrix AJ is non-singular. To diagonalize A9,

we set b = 3. On the other hand, to choose a non-Guassian reference state, we set Ag = 1.5.
Similarly, one can obtain the target state in form of matrix A(s = 1) given by,

¥ (%o, %1) = N Lexp {— %(vaA(s =1)w vb)]. (A21)

Choosing the same basis as that in Equation (A19), we can write the matrix for the
target state as,

Al 0
Als=1) = , (A22)
0 Al
where
bCs 0 0
: C 0 ) 5
Ay = ; A=1 o0 Cs 11-b)Cs
0 G
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The parameter b can be chosen such that A} is non-singular. Furthermore, to diagonal-
ize A}, we set b = 1. It is clear that with a minimal choice of basis given in Equation (A19),
one can fix all the elements of both the A; and A, blocks for the case of two oscillators.
Given the expression for circuit complexity for N oscillators given in Equation (30) and
setting the penalty factor A = oo, we have computed the circuit complexity for the two
quenched oscillators with quartic coupling by using:

1

Cie1 = E(lo

detA%’ o det A}
& ldetall T8l qet A9

) (A23)

where det refers to the determinant of the respective block of the matrix. Note that the
quench profile chosen as the frequency scale of the system imposes time dependence on each
element of the target state matrix block, viz., A} and A}. The complexity therefore becomes
time dependent, this is clearly shown in the numerical results discussed in Section 5.

Appendix D. Tabulated Values of Coefficients

In this appendix, the values of various coefficients we have used in some steps to
compute the analytical expression of circuit complexity are tabulated in respective tables.

*  We begin by listing the values of B; for i = 1,2...5 in Equation (19) of Section 3.2 in the
Tables Al and A2.

Table A1l. Detailed mathematical structure of the coefficients By, By, B3, B4 and Bs.

2 4
¥, 9 X
Bi(a) Weaws 16NgZW,  INWa

B0 _ZNWij%;WC) - ZNgbV?/cw(bMX’iWc) N 4N8b85(:;vb+wf) + 4Ngbwb§CV\ECWb+WC) * 4Ngbch3CV\EbWb+Wc) B N(i\jfﬁ/vc)
Bs(d,e) - Nge(wdlfx:)vaiﬁawe) - N(:/nggwe)

By(f,m,h) ~ Nem (wf+x:§z];vv;’iw,,+zwm) B N(wlfzifv;:jwm)

Bs(i, j,k, 1) _ 2433

Note that gx for k = 0,- - - N — 1is defined in Section 3.1, while W, is defined in Equation (16). Furthermore, all
the indices in the tabulated expressions run from 0 to N — 1.

* Next, we tabulate the values of coefficients C; for i = 1,2...5 in Equation (A17) of
the Appendix C.

Table A2. Detailed mathematical structure of the coefficients Cy, Cy, C3, C4 and Cs.

Co 9\ 9\ 31 3AWy 3AWo
288wy | 3287Wy 8o (Wo+Wy) | 8gog Wo(Wo+Wp) T 8gogq Wy (Wo+Wy)

C1 _3\ W wn
8800 4 Wo(Wo+wy) 2
CZ _3A 3AW o
B aggwy (Wo+wy) 2
A
G T8y
A
G W
CS _ 31
(Wo+Wp)

Note that g = x, where -y for k = 0,1, can be computed by solving the EMP equation as shown in Section 2,
while W can be computed using Equation (16).
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