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Abstract We revisit the classical thermodynamic stability
of the standard black hole solutions by implementing the
intrinsic necessary and sufficient conditions for stable global
and local thermodynamic equilibrium. The criteria for such
equilibria are quite generic and well-established in classi-
cal thermodynamics, but they have not been fully utilized
in black hole physics. We show how weaker or incomplete
conditions could lead to misleading or incorrect results for
the thermodynamic stability of the system. We also stress
the importance of finding all possible local heat capacities
in order to fully describe the classical equilibrium picture
of black holes. Finally, we thoroughly investigate the criti-
cal and phase transition curves and the limits of the classical
analysis. This paper is the first in the line of intended works
on thermodynamic stability of black holes in modified theo-
ries of gravity and holography.
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1 Introduction

Black hole physics is definitely one of the major topics in
modern theoretical physics. This is largely due to the fact that
a consistent description of their properties relies on funda-
mental principles from thermodynamics, statistical mechan-
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ics, quantum theory and gravitation. The interest in the area
is also significantly boosted by the recent discovery of grav-
itational waves produced by black hole collisions [1], and
further by the visual confirmation of the existence of super-
massive black holes in the center of M87 and our own galaxy
[2-4]. Evidently, near-future experiments and observations
are also expected to reveal surprising new results.

In this context thermodynamics of black holes [5-14]
could provide an avenue for direct tests of our theories of
gravity. The latter is a consequence of the generic feature of
thermal systems to allow descriptions with only few observ-
able parameters. For black holes these macro parameters
reduce to the mass, entropy, charge, angular momentum and
a few more variables depending on the underlying model of
gravity. More importantly, the origins of black hole thermo-
dynamic are deeply rooted in the theory of quantum grav-
ity, which is under active investigation by various promis-
ing approaches such as string theory. On the other hand,
insights on the quantum nature of gravity can only become
available near the event horizon, where strong gravitational
effects become relevant and thermodynamics can no longer
be treated classically. These arguments make black holes one
of the most challenging objects to study.

As apparent by the images of supermassive black holes
the thermodynamic states of such compact objects strongly
depend on their surrounding environment. For example, this
could be achieved by matter accretion onto the even horizon
[15-19], or via some radiative process such as Hawking radi-
ation [10]. In these cases, the natural question to ask is under
what condition the system is in thermodynamic equilibrium
with its surroundings? To our knowledge, the answer to this
question has not been explored in sufficient detail even for the
standard black hole solutions, although the criteria for equi-
librium are quite generic and well-established in standard
thermodynamics [20-24]. There are only few known exam-
ples of using such generic criteria for black holes. For exam-
ple, discussions on the necessary and sufficient conditions of
thermodynamic stability for higher dimensional black holes
have been presented in [25,26]. A subsequent derivation of
general stability criteria for black holes has been presented by
A. K. Sinha [27-29]. The latter coincide with the Sylvester
criterion for positive definiteness of the Hessian of the energy
potential. Applications to thermodynamic stability of quan-
tum black holes appear in [27-32]. Thermal stability of black
holes with arbitrary hairs has been investigated by [31-33].
Our work aims to supplement these studies by implementing
the full classical criteria for local and global thermodynamic
stability of the standard black hole solutions in General rel-
ativity. We also stress the importance of working in natural
parameters for a given thermodynamic representation and
raise some caution when working with non-generic or par-
tial stability criteria.

@ Springer

In classical thermodynamics there are two types of equi-
libria — local and global.! If a system resides in a global ther-
modynamic equilibrium then, by definition, it has the same
temperature, the same pressure, the same chemical potentials
etc, everywhere within its boundaries. In this case, one can
study the global thermodynamic stability in a given represen-
tation by considering the properties of the Hessians of the
corresponding thermodynamic potentials. The global ther-
modynamic analysis is based on two equivalent criteria: the
Hessian eigenvalue method and the Sylvester criterion for
positive definiteness of quadratic forms. One can use both
criteria independently as sufficient conditions for global ther-
modynamic stability of any systems including black holes.

The system is said to be in a local thermodynamic equilib-
rium if it can be divided into smaller constituents, which are
individually in approximate thermodynamic equilibrium. In
each partial system the intensive thermodynamic state quan-
tities assume definite constant values and do not vary too
strongly from one partial system to another, i.e. only small
gradients are allowed. The study of local thermodynamic sta-
bility is based on the admissible heat capacities. Specifically,
for a system to be locally stable with respect to a perturbation
in a set of parameters the corresponding heat capacities must
be strictly positive.

Itis important to note that local equilibrium does not imply
a global one. On the other hand, it is natural to assume that a
system in global thermodynamic equilibrium is also locally
stable. This is evident by the fact that the components of the
Hessians of the thermodynamic potentials can be related to
the local heat capacities of the system.

The goal of this work is to present the theory of classical
thermodynamic stability in details and then revisit the stan-
dard black hole solutions in the light of the necessary and suf-
ficient condition for thermodynamic equilibrium.> We show
that all considered black hole solutions are globally unstable,
but some local stability with respect to their heat capacity can
be retained. The instability of asymptotically flat black holes
is a persistent feature in any dimension. For example in [35]
for D > 5 it was shown that all asymptotically flat rotating
and neutral black holes are unstable and this was extended
to include the charged case in [25].

The structure of the paper is the following. In Sect.2 we
present the necessary and sufficient conditions for global
thermodynamic stability in energy and entropy representa-

I We take on the definitions of “local” and “global” thermodynamic
stability as presented by Callen [21]. He defines “global” condition of
stability as the general convexity/concavity of the energy/entropy (see
Chapter 8 and Appendix A).

2 In [34] the authors used the weaker Sylvester criterion for semi-
definite positive quadratic forms. In this paper we show that this could
lead to some contradictions with the stability of the system, thus only
the stronger criterion for positive definite forms should be taken into
account.
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tions.> In Sect.3 we revisit the thermodynamic instability
of the Schwarzschild black hole solution only as a didac-
tic example. In Sect.4 we study the thermodynamic stabil-
ity of the Reissner—Nordstrom (RN) black hole. We confirm
its global instability, but show that its is locally stable with
respect to certain processes. In Sect.5 the thermodynamic
stability of Kerr solution is studied in details. We verify that
Kerr is globally unstable, but it has regions of local stability
for particular values of the angular momentum. We also show
that for processes with constant mass the J — 0 is a regu-
lar limit to a new locally stable state, which differs from the
Schwarzschild black hole. In Sect. 6 we verify that even the
three parametric thermodynamic space of equilibrium states
for the Kerr—-Newman (KN) solution is not enough to sup-
port global thermodynamic stability of the system. In this
case we study all admissible heat capacities and derive the
various regions of local thermodynamic stability, which have
not been fully investigated previously. Finally, in Sect.7 we
give a brief summary of our results.

2 Description of thermodynamic stability

In this section we present the necessary and sufficient condi-
tions for classical global and local thermodynamic stability
in energy and entropy representations.

2.1 Energy and entropy representations

The thermodynamic representation of a given system is
defined by the choice of thermodynamic potential used to
describe the properties of the system and the constraints it is
subjected. Hence, the energy representation is used when the
preferable thermodynamic potential is the internal energy
E of the system. In this case, one naturally imposes con-
straints on the entropy and other extensive variables of the
system. Consequent application of Legendre transformation
along one or several natural parameters of the internal energy
leads to other energy derived thermodynamic representa-
tions, called free energies, which fully describe the properties
of the system on their own. There exist other representations,
which cannot be derived from the energy potential via Leg-
endre transformation. Such representation is the entropy rep-
resentation, where the entropy derived potentials are called
Massieu—Planck potentials or free entropies. At the end the
choice of a representation depends on the initial constraints
imposed on the system.

3 We follow Callen [21], but the same criteria were derived from the
partition function by Sinha [27-29].

In energy representation one defines the set of all exten-
sive¥ E = (EYLE2,...,EMT and all intensive I =
(I, I, ..., In)T parameters, which describe the possible
macro states of the system. In these terms the first law of
thermodynamics in equilibrium is written by>:

n
dE =" 1,dE" = I.dE, Q2.1
a=1

where E is the (internal) energy of the system. The form of
the first law is specifically chosen to represent 7, as general-
ized thermodynamic forces and E¢ as generalized thermody-
namic coordinates by analogy of classical mechanics. When
it is possible to express the energy potential E as a function
of its natural extensive variables E , one finds the so called
fundamental relation:
E=EE'E? ... E". (2.2)
This is a particularly important relation due to the fact that
it can be used to directly extract the relevant thermodynamic
properties of the system via the equations of state:

_JE(E)
“TBET |

(2.3)

Here the parameters in the subscript are kept fixed except for
E?. The set of Egs. (2.1)—(2.3) define the mathematical form
of the energy representation for a system in equilibrium.

However, itis not always practical to work with the energy,
due to the fact that different constraints on the system may
require different control parameters. In this case, it may be
useful to transform to another representation without loosing
any relevant thermodynamic information of the system. This
can be archived by the well-known Legendre transformation.
Performing Legendre transformation £ along one or several
natural parameters of the energy we can obtain all of the stan-
dard free energy potentials. In this case, the one-parameter
Legendre family of energy derived potentials &, is given
by®:

&)=Ly E=E—LE",
&) = LpE = E — LE?,

(2.4)
2.5)

4 We assume the standard convention that vector-columns are vectors
and vector-rows as their transpose.

3 For example, for an ideal gas, one has dE = TdS — pdV + pdN,
hence I = (T, —p, Wl and E = (S, V,N)T.

6 We can again refer to the ideal gas thermodynamics, where E = U,
E' =8, E>2 =V, hence ®; = F = LU = U — TS is the Helmholtz
free energy, and &, = H = LyU = U + (—p)V = U + pV is the
enthalpy.

@ Springer
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®, = LpE =E — I,E". 2.6)

Consequently, the two-parameter Legendre family of energy
derived potentials ®,p, a # b, is”:

®1p=Lp pE=E—LE' - LE?, (2.7)
®13=Lp pE=E—LE' - RE, 2.8)
@yt =LptpE=E—LE" = LE" (29

This approach can be generalized to any number of extensive
variables. At the end, the Legendre transformation along all
the extensive variables leads to the trivial (or null) potential
@15 ..» = 0, whichis due to the Euler homogeneity relation

(2.10)

E = i ILE.
a=1

However, the potential @5 ., may not be trivial if the
energy of the system is a quasi-homogeneous function of
degree r and type (rq, ..., ), 1.€.

EGME', t?E* ... ,t"E"=1"E(E',E* ..., E"),
.11

where under dilatations by a scale factor r > 0 one has the
generalized Euler relation:

n
rE:ZrulaE“. (2.12)
=1

In black hole thermodynamics this is related to the so called
Smarr relation.®

The situation is similar if one works in the entropy repre-
sentation. In this case, choosing the entropy S as a thermo-
dynamic potential depending on its natural extensive param-
eters S = S(Sl, S2.. ., S$™), one can write the first law of
thermodynamics in the form

n
dS =Y 1,ds" = *.dS, (2.13)

a=1

7 To make the analogy full one refers to ®1, = G = LgyU =
U—-TS+ pV =F+ pV =H — TS as the Gibbs free energy, and
P13 =Q =LsnyU =U—-TS —uN = F — N as the grand
potential.

8 See for example [36,37].

@ Springer

where the intensive variables A = (M, Aoy ooy AT are the
thermodynamically conjugate parameters of S. The equa-
tions of state follow naturally by’

3S(8)
)\a = —a R .
N S1,...,84,...,8"

(2.14)

Legendre transformation of the entropy potential along
one or several of its natural parameters is used to obtain the
entropy derived family of potentials. The latter are known
by several names: Massieu-Planck potentials, free entropies
or free information potentials. It is important to note that
entropy is not a Legendre transformation of the energy and
thus entropy representation and its derived potentials are gen-
erally different from the energy representation related poten-
tials. In fact, different potentials correspond to different con-
straints to which the system may be subjected.'” The ther-
modynamic properties of the system can be fully described
once the fundamental relation in the chosen representation
has been established.

Let us clarify this point with a simple example. Assume
that we want to study Kerr black hole with first law in energy
representation given by

dM =TdS + QdJ. (2.15)

In this case, the natural parameters of the mass are the entropy
S and the angular momentum J. Hence the equilibrium man-
ifold is defined by the embedding of the fundamental relation
M = M(S, J), which is a two-dimensional surface in R3.
This representation is useful to study the stability and the crit-
ical phenomena of the system with respect to S and J. This
means that it is not a good idea to look for the critical prop-
erties of the temperature in this representation, because 7 is
not a natural variable of the mass.!! In such cases one looks
for an appropriate thermodynamic potential, whose natural
variable is T. For example, one can Legendre transform the
mass to the Helmholtz free energy (canonical ensemble),
F =LsM =M — TS, with first law

dF = —SdT + QdJ. (2.16)

9 1 Iy
Note that A = T Ap = —?,whereb =2,3,...,n.

10 Thermodynamic potentials are naturally used to describe the ability
of a system to perform some kind of work under given constraints.
These constraints are usually the constancy of some state variables like
pressure, volume, temperature, entropy, etc. Under such conditions the
decrease in thermodynamic potential from one state to another is equal
to the amount of work that is produced when a reversible process carries
out the transition, and hence is the upper bound to the amount of work
produced by any other process, [38].

I 1t is well known that one may loose information of the system if not
working in natural variables.



Eur. Phys. J. C (2024) 84:281

Page 50of 18 281

It is now evident that the natural space is F = F (T, J) and
one can use F to study the properties of the system in terms
of the temperature. Similarly, one can refer to the Gibbs free
energy, etc.

We are now ready to describe the generic conditions for
thermodynamic stability.

2.2 Classical criteria for global thermodynamic stability

We say that a thermodynamic system is in equilibrium with
its surroundings if the state quantities do not spontaneously
change over considerably long period of time. According
to the laws of thermodynamics [20—24] the necessary, but
not sufficient, conditions for thermodynamic equilibrium
between the system and its surroundings can be established
by the equalities of the corresponding intensive parameters,
I, = I}, of the system I, and the reservoir /. These param-
eters may include temperature, pressure, chemical potentials
etc. The conditions can easily be derived by the restriction on
the first variation of the internal energy of the system during
a virtual process:

SOWEEY) =) I78E
a

IE
=) [( : - Ij)aE“} =0. (2.17)
— L\JE“ |1 fa__ pn

The space of possible states of equilibrium (compatible
with constraints and initial conditions) is called the space
of virtual states. Due to the first law in equilibrium one has
(2.3), thus the necessary conditions for equilibrium become

I, = I = const. (2.18)
One can reach to the same conclusion in the entropy repre-
sentation by 8V §(S) = 0.

On the other hand, the sufficient conditions for global ther-
modynamic equilibrium, and thus global thermodynamic sta-
bility, can be derived by the sign of the second variation of
the energy or the entropy consistent with the second law of
thermodynamics. Considering the energy as a potential the
second variation
§OF = sET HE(E).SE > 0 (2.19)
should be strictly positive due to the fact that in equilibrium
the energy of the system assumes its minimum. Here H* is
the symmetric n x n Hessian matrix of the energy given by

. 0%E(E
"B = o

The inequality 8 E > 0 defines HF as a positive definite
quadratic form. This means that for global equilibrium it is
sufficient that all eigenvalues12 gqa>0,a=1,...,n,of the
Hessian of the energy be strictly positive.

In the entropy representation the second variation
§@85 =557 H5(S).65 <0 (2.21)
should be strictly negative due to the fact that in equilibrium
the entropy of the system settles at its maximum. The inequal-
ity S < 0 defines 6 S as a negative definite quadratic
form. For establishing a global equilibrium it is sufficient that
all eigenvalues s, < 0,a = 1, ..., n, of the Hessian of the
entropy be strictly negative.

An alternative set of sufficient conditions for global'3 ther-
modynamic stability is given by the Sylvester criterion for
positive/negative definiteness of the Hessians. In energy rep-
resentation the energy defines a global convex function, thus
the Hessian of the energy is positive definite quadratic form.
Therefore, all of the principal minors A > 0 of the Hessian
of the energy must be strictly positive. In entropy represen-
tation this criterion has alternating signs (—1)¥A; > 0 due
to the fact that entropy is globally concave function.'* An
example is shown in Appendix A.

2.3 Heat capacities and local thermodynamic stability

One of the major effects of heat transfer is temperature
change defined bydQ = CdT = TdS, where the exten-
sive quantity C is called the total heat capacity of the system.
One can also write

d 05
_d0_,

C_ _ g
dT oT

(2.22)

and since ¢Q depends on the nature of the process,!” so

does C. Hence, for different processes one has different
heat capacities. The general definition of a heat capacity
-1, at fixed set of thermodynamic parameters
(x', x%,...,x"1), is given by the derivative of the entropy
in a certain space of variables (yl, yz, eV, namely16

12 positive definiteness is sufficient but not necessary for the energy to
be strictly convex.

13 The reason why we call this criterion global has been explained in
Appendix A.

14 The robustness of the stability criteria make them suitable to study
any thermal system with well-defined first law of thermodynamics.

15 Hence the inexact differential 4.

16_ It is not necessary for the entropy to be a function of the variables
y'. The Nambu brackets automatically account for the Jacobians of the
coordinate transformations from some other coordinates to the y' space.

@ Springer
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[39]:
as
Cl 2 n—1 15 2""’ " =T_
XL X%, X Oy ") oT xlx2 . xn-l
{S,xl,xz,...,x"_l} 1’,2,“.’ n
T T a2 e T— G
{ , X, X%, o, X yl,yz ,,,,, yn

The Nambu brackets { }, used in the formula above, gen-
eralize the Poisson brackets for three or more independent
variables (see Appendix B). Furthermore, the set of con-
stant parameters xU x2, ..., x" ! could be a mix of all
kinds of intensive and extensive variables. Additionally, all
the relevant state quantities become functions of the inde-
pendent parameters y!, y2, ..., y". In this case we say that
(y', ..., y") define the coordinates of our space of equilib-
rium states.

Local thermodynamic equilibrium can be defined by quasi
equilibrium between different parts of the system, where suf-
ficiently small gradients of the parameters are still allowed.
The identification of local stability with the positivity of cer-
tain heat capacity is related to the components of the Hessian,
where imposing the generic conditions for stability always
require C > 0. This is most evident for simple systems
(see for example [20-24]). Therefore, one can insist that the
classical condition for local thermodynamic stability, with
respect to some fixed parameters (xl, x2, ..., x"‘l), ist?

(2.24)

Heat capacities are also important for identifying critical
and phase structures in the system. Specifically, if a given
heat capacity diverges'® or changes sign this would signal
the presence of a phase transition and the breakdown of the
equilibrium thermodynamic description.

In the forthcoming sections we are going to revisit the
thermodynamic stability of the standard black hole systems
from general relativity in the light of the strict classical cri-
teria presented above.

3 Thermodynamic instability of the Schwarzschild
solution

The simplest space-time solution of general theory of rela-
tivity is the Schwarzschild solution

oM oM\ ~!
ds? = —(1——)0&2—}—(1——) drz—f—rz(a'Qz—i—sin2 Od(pz),
r r

3.DH

17 Note that even if all admissible heat capacities are positive in a given
range of parameters, global equilibrium may still be absent.

18 Paul Davies first pointed out that the divergence of the the heat capac-
ity of the Kerr—Newman black hole is a mark of a second order phase
transition [13].

@ Springer

which describes a static spherically symmetric black hole.
It is purely didactic to study its thermodynamic properties,
which are defined only by three parameters: the mass M, the
entropy S and the Hawking temperature!® T on the event
horizon of the black hole. In the energy representation the
mass of the black hole is identified by the energy of the sys-
tem, hence in equilibrium the first law of thermodynamics is
simply written by>?

dM =TdS. (3.2)
In terms of the energy natural parameter S one has
S oM 1
= VS T = = (3.3)

27 TS adxs

Assuming M, S, T > 0 the Schwarzschild thermodynam-
ics can be presented in a more convenient form

om 1
= s ==, d = d 5 34
m=a./s, T a5 NG m = tds (3.4)
where we have introduced the following notations:
m=2M, tv=2xT, 3.5)

s = —.
T

The global thermodynamic instability of the Schwarzschild
black hole solution follows directly from the Hessian of the
mass, which has only one element

9Zm 1
Hes = —5 = < 0.

952 4532 (3.6)

It is evident that the sign contradicts the general thermody-
namic stability criteria (A.4)—(A.8).

In order to analyze the local thermodynamic stability one
looks at the heat capacity of the system

ds ar\ !
C=1—=1(— =25 <0.
as

Py 3.7

Its negative sign defines the local thermodynamic instability
of the Schwarzschild black hole, so it can radiate. One can
think of this as a process of evaporation where the temper-
ature T rises on the expense of the decreasing mass M of
the black hole.?! At the end the system will evaporate explo-
sively unless quantum effects are taken into account. The
Schwarzschild black hole can be stabilized by placing it in

19 The third law of thermodynamics insists on 7' > 0.

20 1p the extended thermodynamics, where the cosmological parameter
is treated as pressure, the mass of the black hole is identified by the
enthalpy of spacetime [40].

21 Hence the negative sign of the gradient dM /3T < 0.
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a cavity with a heat bath at a finite distance from the hori-
zon [41] or in the presence of negative cosmological constant
[42] of sufficient magnitude. Quantum corrections also lead
to thermodynamically stable Schwarzschild configurations
[43—46].

Next we revisit the classical thermodynamic stability of
the Reissner—Nordstrom and the Kerr black hole solutions.

4 Thermodynamic stability of Reissner-Nordstrom
solution

4.1 Thermodynamics in Reissner—Nordstrom spacetime

Reissner—Nordstrom (RN) solution is the charged general-
ization of the Schwarzschild black hole??:

2M Q2 oM 02\ 7!
ds2=—<1——+Q—2>dt2+<1——+Q—2) dr?
r r r r

+r2(d6? + sin® 0d¢?). 4.1)
Here M > 0Oisthe mass and Q € R is the charge of the black
hole. The event horizon is located at r; = M +/M? — Q2
and its existence (r4 > 0) assumes the condition M2 > Q2.
Note that the extremal case M = |Q| leads to T = 0, which
is in contradiction to the third law of thermodynamics.>? In
equilibrium the first law yields

dM = TdS + ®dQ, 4.2)

where S is the entropy, T is the Hawking temperature, and &
is the electric potential of the black hole. The relation (4.2)
defines the thermodynamics of the RN black hole in (S, Q)
space:

o Stre? M| S—nQ’
T adms 0S|y adms
oM
o= M _yTQ “3)
00 | VS
After introducing the set of new parameters,
S
m=2M, t=2rT, s=—, ¢=20, qg=0,
bd
4.4)

22 The metric is written in spherical coordinates.

23 For a discussion of how the third law can be violated by black holes
see [14]. Extremal cases might still be interesting for string theory and
other approaches to quantum gravity.

Fig. 1 The existence of the black hole is defined above the blue
parabola s = ¢2. The orange parabola s = 3¢ represents the Davies
curve for the heat capacity Cy. One has local thermodynamic stability
with respect to fixed charge ¢ = const in the region between the blue
and the orange curves. For fixed mass m = const RN is locally stable
everywhere above the blue curve. No locally stable regions exist for RN
with respect to constant electric potential ¢

one can write the first law in the form dm = tds + ¢dq,
where

2
m:squ, (4.5)
am s —q?
T=o| = @0
¢_8m _2q @7
gy s '

In this representation the existence condition M? > Q2
becomes

s > q°. (4.8)

The latter is satisfied above the blue parabola in (s, g) space
(Fig. 1). Note that the curve s = g2 is forbidden by the third
law of thermodynamics. The condition for existence (4.8)
together with (4.5) and (4.7) also lead to

Vs <m < 2s, m>2|ql,

o] < 2. 4.9)

@ Springer
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4.2 Global thermodynamic instability of
Reissner—Nordstrom black hole

The global thermodynamic stability of the RN black hole
solution can be determined by the properties of the Hessian
of the mass in (s, g) space:

9g°

2m  9*m 3¢%—s
Hs. q) = Hss Hsq | _ 9s2 0s0q | _ 15/2 _p%
»q4) = H, o H - %m  3*m | e 2 :
qs q49 anS 5372 \/?

(4.10)

According to the general theory the sufficient conditions
for having a stable global equilibrium in the mass-energy
representation insists on A1 > 0 and A > 0. The two eigen-
values of H are

A2

3% —5(1 —85) £ /9g% + 2¢%s (85 — 3) + 5285 + 1)?
- 8s5/2 '

.11

A closer inspection of their signs shows that A1 > 0 and
A2 < O for all admissible values of s and ¢ in the region
of existence (4.8) of the black hole. This indicates that the
Reissner—Nordstrom black hole cannot be globally stable
from thermodynamic standpoint.

An additional check of the Sylvester criterion for the pos-
itive definiteness of H also confirms our this. The conditions
for global thermodynamic stability require:

3¢> —s 2
HSS:ZI—ST/Z>O7 qu:$>0,
2 _
deeH=L"210. (4.12)
253

In this case, the first condition H,, > 0 is satisfied below
the orange parabola s < 3¢? (Fig. 1). The second condition
Hyq > 0 is always true. The final condition can not be true
in the region of existence (4.8), which is evident from the
determinant of the Hessian:

2

detH:—s_ <0 for s>q2.

2s3

4.13)

Hence, global thermodynamic stability criteria (A.4)—(A.8)
cannot be simultaneously satisfied and the RN solution is
globally unstable from thermodynamic point of view.

A note of caution is advised here when using the Sylvester
criterion. It would be misleading to consider only the weak
convexity conditions of the Hessian of the mass along s and

q:

Hss >0, Hyg >0, (4.14)

@ Springer

which are satisfied in the region g> < s < 3¢2. This would
falsely indicate that RN is globally stable for > < s < 3¢°.
Furthermore, it is not recommended to weaken the strict posi-
tive definiteness of the Hessian by positive semi-definiteness.
The latter may incorrectly indicate that the system is stable
on some of the critical or phase transition curves.

4.3 Local thermodynamic stability of Reissner—Nordstrom
black hole

The local thermodynamic stability of the RN black hole is
determined by the admissible heat capacities of the solution
in (s, g) space. By definition, for a fixed parameter x, one
has

as
Ci(s,qg)=1—
at

_ 83 4.15)

X {, x}s,q '

where the Nambu brackets are given by simple Poison brack-
ets (Jacobians):

ds ds 1 0 dr 9t
ds 0 ds 0
{s,x}5,q = ﬁ ﬁ =|ox ox |» {T,x}lsg= o ﬁ
ds 0q ds dq ds 0q
(4.16)

Therefore, the relevant heat capacities of the RN black hole

in (s, q) space are®*:

) , m)y —q?

c, =28 Emsg _ s (s A ), (4.17)
at |, {t.m}sq q
a )

Cop=1o| = P8 Pha _ (4.18)
otl, (T dhg
9 , 2s(s — g

Co=1—| = 5 dhsg _ 256 —47) (4.19)
ot q {T,q}s,q 3612 -

For a processes with constant mass one notes that Cy, is
always positive in the region of existence (4.8). Thus RN
is locally stable above the blue parabola (Fig. 1). Using the
relation (4.5) we can express Cy, as a function of only one
variable s or g and the constant parameter m., i.e.

s(Zﬁ—mc)
Cp = ———
Mme — A/s
_ (mf —24° + mey/m2 — 4q2)(mg — 497 + Mey/m2 — 4q2)

442
(4.20)

For a processes with constant electric potential the heat
capacity Cy is always negative, which leads to unstable black
hole for this kind of processes. Using (4.7) we can find Cy as

24 Note that there are two more heat capacities, namely C; = 0 and

C; = o0.
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a function of the electric charge ¢ and the constant parameter

be

8q2

Y

Cy = (4.21)

Finally, when the charge is fixed, the region of local sta-
bility C; > 0 is g> < s < 3¢%. It is located between the
blue and the orange parabolas (Fig.1). Above the orange
parabola the RN black hole is unstable for processes with
constant charge.

4.4 Critical curves and phase transitions of
Reissner—Nordstrom black hole

The critical curves, also known as Davies curves, are defined
by the divergences of the heat capacities (C — Z00) or
by the curves where a change of sign occurs (C = 0). In
the (s, g) space the RN black hole has the following critical
curves:

0, s — g2,
Cm_>{oo,q—>c(1), Cy — {0, ¢ — 0,
0, s— q2,
Cq = {:i:oo, s — 3¢% F0. (4.22)

The heat capacities C;,, and C, change sign on the blue
parabola s = ¢ (Fig. 1), where the temperature of the black
hole is zero. The latter corresponds to the extremal case,
which cannot be reached for finite number of fluctuations
due to the third law of thermodynamics. If we consider a
process with constant mass, the line ¢ = 0 is a Davies curve.
On this line the RN black hole admits a phase transition,
where the classical equilibrium description breaks down.

For processes with constant electric potential (4.7) the
limit ¢ — 0 leads to s — 0, which is forbidden by the third
law of thermodynamics.

For processes with constant electric charge the orange
parabola s = 3¢ is a Davies curve. Here RN phases from
locally stable (below the orange curve) to locally unstable
(above the orange curve) thermodynamic state.

5 Thermodynamic stability of Kerr solution

5.1 Thermodynamics in Kerr spacetime

The Kerr solution describes arotating uncharged axially sym-
metric black hole with metric??

2M 4Mrasin® 0 )
ds? = _<1 - r)dt2 _ m;m dde + dr?

)

25 In Boyer-Lindquist coordinates.

AsinZ 6

+3d6* + d¢?. (5.1

Here we use the standard notations:

) :rz—l—azcosz@, A:rZ—ZMr+a2,

A=(@>+a>?—d’Asin’0, J=aM. (5.2)

The existence of the event horizon, r; = M++/M 242,
leads to M > +/[J]. We do not include the extremal case
M = /|J| (@ = M) due to the violation of the third law of
thermodynamics. In the energy representation the first law is
written by
dM =TdS + QdJ, (5.3)

where the parameters of the solution in (S, J) space take the
form:

Y [472J2 + §2 pooM|l -4
Ars S|y 4/nS3(4n2i2 + 82)

3/2
_BM _ 2m°l4] (5.4)

Al /s@Entirt s

To simplify the expressions we introduce new parameters:

S
m=2M, v=2nT, s=—, w=2, j=2J, (5.9
T
where dm = tds + wdj and
i2 2
m= [T (5.6)
s
9 2_ 22
S S e (5.7)
s [; 2/s3(s2+ j2)
am Jj (5.8)
w=—| = ———. .
Iy /s(s2+j2)

Insisting on s, T > 0 the existence of the Kerr black hole in
in (s, j) space is determined by
s > |jl, (5.9)
which is satisfied above the blue line depicted on Fig.2. The

condition for existence (5.9) together with (5.6) and (5.8)
also leads to

1 1
s <m <2, m> 2 ol < —, |0 < ——.
’ Vs 201
(5.10)

@ Springer



281 Page 10 of 18 Eur. Phys. J. C (2024) 84:281
Vs ] . 263(s2 — 2
Cw :‘[{s’w}s’j - _ S 2(S .2]2)’ (515)
{T, w5, (s +j°)
3 ] {s.j}sj  28(s% —jH) (s> +j?)
j=T - = 7 o) 7 (5.16)
{t.J}s.j 3j7+6j7s7—s

Fig. 2 The existence of the black hole is defined above the blue lines

s = |j|. The orange lines s = |j|v3 + 23 represent the Davies curves
for C;. One has local thermodynamic stability with respect to fixed
angular momentum j = const in the region between the blue and the
orange lines. For fixed mass m = const Kerr is locally stable every-
where above the blue lines. No locally stable regions exist for Kerr with
respect to constant angular velocity @

5.2 Global thermodynamic instability of Kerr black hole

The Hessian of the mass in (s, j) space is given by

2m 3%m
H = Hys 7_(sj — 327 8528./'
Hijs Hjj bm 0n

9jos 3,2
3j44622—s*  jBs242)
4\/S5(52+j2)3 2\/33(52+j2)3
_ G4 Vs? (>.11)
24/53s2+jD3 J(24)2)3
The two eigenvalues of the Hessian
3 j2 4+ 52 £,/9j2 + 2552
Mo = Vi V9 (5.12)

8sd/2

differ by signs: A1 > 0 and A, < 0, for all admissible values
of s and j. This is sufficient to indicate that Kerr black hole
is globally unstable solution. The same conclusion can be
drawn from the Sylvester criterion, where the determinant of
the Hessian is always negative,

1
detH=—4— < 0. (5.13)

3
5.3 Local thermodynamic stability of Kerr black hole

The admissible heat capacities of the Kerr black hole in (s, j)
space are

st =)
s2 + 2

{s, m}s ;
{Tv m}s,j

Cn=r1 (5.14)
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For processes with constant mass C,, is positive in the
region of existence (5.9), hence Kerr is locally stable above
the blue line shown in Fig. 2. Using the relation (5.6), together
with the condition for existence (5.9), we find C,, as a func-
tion of one variable s or ¢ and the constant mass m.:

Comi =424 m2/mt —4)?
. .
C

s(2s — m2)

(5.17)

For processes with constant angular velocity the heat
capacity C,, is always negative in the region of existence,
thus the black hole is locally unstable for this kind of pro-
cesses. Using (5.8) we can find C,, as a function of s and the
constant parameter w,:

Co = —25(1 — w?s)(1 — 2wls). (5.18)

Finally, local thermodynamic stability for processes with
fixed angular momentum requires

il <s < i3+ 2v3.

This is the region between the blue and the orange lines (Fig.
2), where Kerr is locally stable with respect to C ;. Above the
orange line the black hole is locally unstable for such pro-
cesses. The heat capacity C;(s) is a function of one variable
s, because j. is a constant.

(5.19)

5.4 Critical curves and phase transitions of Kerr black hole

The set of critical curves in (s, j) space are defined by

C {0, s = |jls

O9S_>|j|9
C
s =m?2, j— 0, w_){

0, j — 0,

s = |jl,

07
C;, —>
/ {:too, s — [jIV3+2J/3F0.

The heat capacities Cy,, C,, and C; change sign on the
blue line s = |j| (Fig. 2), which corresponds to the extremal
case. For process with constant mass, on the line j = 0 (the
angular velocity is @ = 0) the Kerr black hole reduces to a
new locally stable state with respect to Cy,. The latter is not a
Schwarzschild black hole, since the heat capacity C,, differs
from (3.7). It is a regular limit and not a phase transition.

For processes with constant angular velocity (5.8), the
limit j — 0 leads to s — 0, which is forbidden by the third
law.

(5.20)
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Finally, for fixed angular momentum, the (orange) line s =

|j1v/3 4+ 2+/3is aDavies curve. It indicates a phase transition
from locally stable to unstable thermodynamic state of the
Kerr black hole with respect to C;.

6 Thermodynamic stability of Kerr—Newman solution
6.1 Thermodynamics in Kerr—-Newman spacetime

The Kerr—Newman (KN) spacetime is the charged version of
the Kerr solution with line element

»  (Mr — Q%)2asin?6
)
@Mr — 0%)d? sin? 0)
)

2
ds® = —<1 - M)dt did¢

z

z
+ dr? + 1d6” + <r2 +a*+

sin? 0d¢?, (6.1)

where we have the notations:

Y =r’+a’cos’d, A=r*-2Mr+a*+Q* J=aM.

(6.2)

In addition to the gravitational field, the KN black hole is
surrounded by a stationary electromagnetic field which is
completely determined by the charge Q and the parameter a.
The standard form of the KN thermodynamics is presented in
Appendix C. Here we prefer to work with new set of param-
eters defined by

m=2M,
Jj=2J, ¢g=0, ¢=29,

t=2nT, s=—, w=24.Q,

SR

(6.3)

The latter renders the KN thermodynamics in the form dm =
tds + wdj + ¢dg with

P2+ (g% + s)2

o , (6.4)
S

coml 2P (6.5)
9 1ia 2 /532 + (g2 +51?)

w=m J , 6.6)
0J ls.q \/S(jz + (g% +5)?)

2
p=ml _ (@+s) 6.7)

dq |y, \/S(j2+(q2+s)2)

The region of existence of the Kerr—Newman black hole
in (s, j, ¢) space is now given by

s >4/j2+q* (6.8)
This condition is satisfied above the blue surface Fig. 3.

6.2 Global thermodynamic instability of Kerr—Newman
black hole

The global thermodynamic stability is determined by the
components of the Hessian:

Zm  *m 3*m

ds2 0s3j 0sdq

Hss Hsj qu N )
s, J,4q9) = Js Phjp Ttig ) = | 9jos 92 9joq
Hgs Mqj Haq 2m 2m 9m

3qds 0q0] 9q°
(6.9)

where the explicit expressions are given in Appendix D. The
eigenvalues of the Hessian satisfy a cumbersome cubic equa-
tion,

)\-3 - (H]] + qu + Hs_y))\.z
+ (HjjHaq + HjjHss — Hiy + HagHss — Hej = Hig)h
— HjjHaqgMss +HjjHag — 2H jgHsjHq

+ M5, Hss + HagHyj =0, (6.10)

which makes them difficult for an analytical treatment.2%

Fortunately, we can use the conditions imposed by the
Sylvester criterion. In mass-energy representation global
thermodynamic stability insists on positive definiteness of
the Hessian of the mass. The latter suggests that the first
level principal minors of the Hessian should satisfy
Hss >0, Hjj >0, Hyq >0, (6.11)

together with the conditions for the second level principal
minors:

Ay = Hji Mgl _ 0. A ;= Hss Hsg| ).
Hyj Haq ' Hys Hyq
Hss Hsj
T H s M ©12

26 Nevertheless, simple numerical study in the region of existence
shows that they can differ by signs, thus confirming the result from
the Sylvester criterion.
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and the determinant of the Hessian itself:

Hss Hsj qu
A=detH=|H;s Hj; Hjqs| > 0.
Hys Hyj Hyq

(6.13)

In this case, it only suffices to calculate the determinant of
the Hessian and show that it is always negative in the region
of existence (6.8):

(s —gH(@*+ 5%+ j23q* + )

detH = —
2\/s7(j2 + (g% +9)?)

<0. (6.14)

Therefore the RN black hole is globally unstable from ther-
modynamic standpoint.

6.3 Local thermodynamic stability of Kerr—-Newman black
hole and critical points

The regions of local thermodynamic stability for the Kerr—
Newman black hole can be identified as the positive defi-
niteness of the admissible heat capacities in (s, j, ¢) space.
There are a dozen of them due to the greater number of state
quantities involved. In order to study them, we define the
following surfaces in the (s, j, ¢) space:

e The blue surface (Figs. 3, 4, 5) defines the existence sur-
face of the KN black hole:

B(s, j.q) =s—+/j>+q*=0.

e The red surface (Fig.3) indicates the Davies surface for
Coq:

(6.15)

R(s.j.q) = q*Q2s +3¢%) — s> — j> =0. (6.16)

e The orange surface (Fig.4) corresponds to the Davies
surface for C; 4:

0, j, q) = 2j*(q* + 5)(6q%s + 5¢* + 35?)
+3/43q% +5) — (s — gD (@* +5)* = 0.
(6.17)

e The purple surface (Fig. 5). defines the Davies surface for
C j.q-

P(s, jo @) = 3(j%+4*) + (85> +657) (j2+4%) —s* = 0.
(6.18)
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The first set of four heat capacity of the KN black hole are
related to processes with constant mass:

e o8l _ lsmolg _s(g ) (s* = G2+ 49Y)
m,w — ot o - {T, m, a)}s‘j’q - qz(jz + (q2 + 5)2)
(6.19)
as {s,m, jls jq s(qZ +s)(52 — (% + q4))
Cm,jzfi =T - — ) T 2
0l Atm.jkjg 2@ +29)+q* @2 +s)
(6.20)
s {Sa m, ¢}s,j,q
Cm, =T -7 7
P 0l T m bl
_ s(3q” +5) (% ~ (* +4%) 6.21)
= j2(3q2 +S) + (qZ + S)(SZ + 2Sq2 + 3q4) ’ .
. 2 _ ;2 4
Cog = r‘ls . {s.m,q}s,jq _ s(52 (.]2 +q4 )). 622)
T m,q {Tym7q}s,j,q s+ j +q

All of them are positive in the region of existence (6.8),
which is above the blue surface depicted in Fig. 3. Therefore
the KN system retains local thermodynamic stability with
respect to fixed mass.

The heat capacities with two constant conjugate parame-
ters with respect to the charge and the rotation, are equal to
each other, C,, j = Cyp 4:

D L R A O P U ) G e 20))
ST el teilgg (202 +95) (2 + (@2 +9?)
(6.23)
e 0 80.0)sg _ 5@ 97— (2 +qh)
T 0ty (00 dheig QP9+ @ +92)

(6.24)

They are also positive in the region of existence (6.8),
therefore the KN black hole is locally stable for such pro-
cesses.

The heat capacity with respect to fixed angular velocity
and electric potential

s {vav(p}s,j,q
Cw’¢ - rar . - 1r{1:,a),¢>}s’j,q
—2s(q2 + s)?’(s2 —(*+ q4))
(72 + @ +92)(J2Bq> +5) + (s —g>)(g* +)?)
(6.25)

is always negative in the region of existence. Hence the
black hole is locally unstable for a processes with constant
angular velocity and electric potential.

The heat capacity with fixed angular velocity and charge

s {s, o, q}s,j,q
T— =T ——
0T |4.q {t.0,9)s,j.q
2 .
_25(q7 +95) (s = (2 +4Y) 6.26)
(/2 + (@ + )R, /. @)

Cog =
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i

0.07%2

0.2
LOF

S0.5

0.0

Fig. 3 The region of existence of the KN black hole is above the blue

surface s = /j2 + g*. The red surface (6.16) represents the Davies
surface for C, 4. One has local thermodynamic stability with respect
to C, 4 between the two surfaces

is positive between the blue and the red surfaces (Fig.3),
which is the region of local stability. Above these surfaces
the KN black hole is unstable thermodynamically for such
processes.

For a process with constant angular momentum and elec-
tric potential, the heat capacity

s {s, J, ¢}s,j,q
T— =707
8‘[ qub {T, .]7 ¢}S,j,q
25(s2 = (2 4+ ¢M) (2B + 5) + (4> + 5)°)
O(s, j,q)

Cjg =

6.27)

is positive between the blue and the orange surfaces (Fig.4),
hence the black hole is locally stable in this region. Above
the orange surfaces the black hole is unstable.

Finally, we consider a process with constant angular
momentum and electric charge. The corresponding heat
capacity

Cj’q = 'L'a—s = T—{s’ j.’ q}s’j’q
T, {t.].q}s.j.q
_25(s* = P+ 9M) (17 + (¢ +9)?)

P(s. j.q)

(6.28)

is positive between the blue and the purple surfaces (Fig.5),
hence the KN black hole is locally stable against such fluc-
tuations. Above the purple surface the black hole is unstable
and can radiate.

| REse--=vmms"-
Lgte—

0.6

S0.4

0.2

0.0

q 0.5

Fig. 4 The orange surface (6.17) indicates the Davies surface for C; .
One has local thermodynamic stability with respect to C; 4 between the
blue and the orange surfaces. Above the orange surface the black hole
is unstable

q -0.5

Fig. 5 The purple surface (6.18) represents the Davies surface for C; ;.
One has local thermodynamic stability with respect to C; , between the
blue and the purple surfaces. Above the purple surface the black hole
is unstable

7 Conclusion

We conducted a thorough investigation of the thermodynamic
stability of standard black hole solutions within the frame-
work of general relativity, employing established techniques
from classical thermodynamics. While these methods are
widely applied in the study of conventional systems, their
utilization in gravitational contexts, particularly in the ther-
modynamics of black holes, remains relatively unexplored.
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Our approach offers a significantly more systematic and com-
prehensive analysis compared to the scattered results found
in existing literature.

We employ two rigorous global criteria for equilibrium:
the Hessian eigenvalue method and the Sylvester criterion,
which evaluates the positive definiteness of the mass-energy
Hessian quadratic form. We illustrate that, with the excep-
tion of the simplest case of the Schwarzschild black hole,
which is consistently thermodynamically unstable, Reissner—
Nordstrom, Kerr, and Kerr—Newman solutions exhibit local
stability in certain subregions against fluctuations concerning
specific fixed parameters. However, comprehensive assess-
ments of global stability reveal that all solutions in gen-
eral relativity are globally unstable from a classical perspec-
tive. This situation does not appear to improve upon con-
sidering additional thermodynamic parameters in the Kerr—
Newman black hole solution. Thus, it can be inferred that
Schwarzschild, Kerr, and Reissner—Nordstrom black holes
inherit their global thermodynamic instability from the Kerr—
Newman black hole.

Our methodology offers the benefit of addressing perils
often overlooked, which could lead to incomplete or incor-
rect conclusions regarding system stability. Firstly, we show
that semi-definite criteria could lead to certain contradictions
with the stability of the system and should be considered with
care. In essence, they allow the system to settle in the neigh-
borhood of some of the classically forbidden regions in the
state space, as shown for the RN black hole in Sect. 4.2. Fur-
thermore, we highlight potential inconsistencies arising from
the consideration of partial stability conditions, as demon-
strated again in Sect. 4.2.

Moreover, we emphasize the significance of evaluating
all admissible heat capacities, as they provide crucial infor-
mation about phase transition points and the black hole’s
responses to various perturbations. However, as demon-
strated by [47], the positivity of all heat capacities does not
guarantee global stability of the black hole. This prompts us
to suggest that solely examining heat capacities may not suf-
fice for studying the thermodynamic stability of black holes.
It is plausible that a comprehensive assessment involving all
thermodynamic response functions, such as latent heats and
compressibilities is necessary. We plan to investigate this
matter further in a separate study.

This method has recently been employed to investigate the
AdS family of black hole solutions, wherein the cosmolog-
ical constant emerges naturally [48]. In the aforementioned
study, the authors underscore the crucial role played by the
cosmological constant in stabilizing the thermodynamics of
these black holes. A logical step forward from this point
is to regard the cosmological constant as a thermodynamic
variable, thereby introducing an effective pressure. We will
explore this framework in the third installment of this series
of papers. Indeed, our methodology lends itself readily to
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the extension of such cases, wherein the complexity of the
thermodynamic state space is further heightened.

This paper marks the initial step in a series of planned
investigations into the thermodynamic stability of black holes
within modified theories of gravity and holography. In addi-
tion it would be intriguing to extend the full generic criteria
to explore other types of black hole solutions, including, but
not limited to quantum-corrected black holes, hairy black
holes, black holes in lower and higher dimensions, regular
black holes, black holes with extended thermodynamics, and
related systems.

Furthermore, within the framework of holography, the
dual quantum field theory can naturally undergo finite tem-
perature embedding, induced by the corresponding black
hole in the bulk. A prime example is the Kerr-AdS/QGP cor-
respondence [49-53], where the characteristics of strongly
correlated quark gluon plasma can be explored within the
supergravity approximation. It would be intriguing to exam-
ine the thermodynamic stability of such systems, offer-
ing potential insights into nonperturbative quantum effects
beyond the constraints of the supergravity approximation.

Another avenue of investigation involves examining the
interplay between thermodynamic and dynamic stability.
Investigating fluctuation theory and its connection to ther-
modynamic information geometry could provide valuable
insights as well. Finally, one could also study the relation-
ship between thermodynamic stability and the holographic
complexity of black holes.
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Appendix A: Sylvester’s criterion for systems with three
independent parameters. Local vs. global thermody-
namic stability

Following Callen [21] we define the sufficient strong intrin-
sic global condition for thermodynamic stability as the strict
convexity/concavity of the energy/entropy:

E(E'+ AE'E* + AE?,...)+ E(E' —= AE',E* — AE?,...)
> 2E(E', E?,..), (A.1)

S(S'+ ST, 2+ AS% )+ S(S' - AST 2 - AS% L)
<25(S', 8%, .., (A.2)

which should be valid for all admissible values of the
parameters and fluctuations AEY = E¢ — E* or AS® =
§— 8¢ The sufficient (differential) conditions for thermody-
namic stability follow from (A.1) and (A.2) by Taylor expan-
sion up to second order in the fluctuations AE¢ (or AS?)
and are given by the Sylvester criterion for positive/negative
definiteness of the Hessians of the energy/entropy. This crite-
rion is in general less restrictive than the convexity/concavity
conditions above, but it is sufficient to assure strict con-
vexity/concavity of the energy/entropy in certain intervals
of the independent parameters. For this reason we call
Sylvester criterion “global”, because it establishes strict con-
vexity/concavity and hence global equilibrium of the system
only within these intervals.

On the other hand, due to the fact that the components
of the corresponding Hessians can be related to the thermo-
dynamic coefficients such as heat capacities and compress-
ibilities, we can define local equilibrium only by consider-
ing positiveness of these coefficients in any given ensemble.
Strictly (global) convex/concave functions can be achieved
in a certain parameter region if and only if all thermody-
namic coefficients are stable (positive). Therefore we make a
bit artificial distinction between local and global thermody-
namic stability, due to the fact that one expects the Sylvester
criterion to fail when one or more of the thermodynamic
coefficients are negative.”’

In energy representation the energy defines a global con-
vex function, thus the Hessian of the energy is positive def-
inite quadratic form. In this case Sylvester’s criterion states

27 Nevertheless, there are examples of black hole systems, where all
heat capacities of the system are positive, but one does not have global
stability. We will show this in a subsequent paper in this line of inves-
tigations.

that all the principal minors Ay > 0 of the Hessian of the
energy must be strictly positive. In entropy representation
this criterion has alternating signs (— DKAg > 0 due to the
fact that entropy is globally concave function.

Let us show what this implies for n = 3 parametric ther-
modynamics in the energy representation. In this case the
energy E is a function of its natural parameters (E', E2, E3)
and its Hessian H is the following 3 x 3 symmetric matrix

aE'aE2 ‘E‘ aElaE3 }E2

(dE‘Z) ’Ez E3
H(E) = | 9’E | ’E
8E18E2 E3 (3522)2 EV.E3 QEZE3IE!
3’E | E |
AETQE3 |E2  QE29E3IE! (9E3)?IE!E?

(A.3)

According to the Sylvester criterion the fist condition for
global thermodynamic stability requires the first level prin-
cipal minors of H be strictly positive:

3’E ’E
Hip = ——s >0, Hp=—>s > 0,
T GEN? s 2T OED? g1 g
3’E
(0E3)? £l B2

One should consider the previous conditions, together with
the restrictions on the determinants of second level principal
minors:

(3E1)2’E2 E3 3E13E2|E3

s = -0, (A.5)
92E |
3E|8E2 E3 (3E2)2 E'E3
T 2‘ 2 13 dle 3| g2
3E E- E OE'9E’ |E
Ay =|F) -0, (A.6)
3ElaE? ’Ez (8E3)2‘E1 E?
g le.e mb
A=) - 0. (A7)

aEZaE? |E1 (8E3)2 |E2 E3

Here, the lower index in A; indicates that the ith row and
column of the Hessian have been removed. The final part of
the Sylvester criterion is a condition on the determinant of
the Hessian itself:

92E | 92E | 92E |
(aE1)2 E2E3 QJETQEZIE3  QJETHE3 |E?
A =detH = 8E18E2 |E3 (3E2)2 |E1 E3 352353 |El > 0.
2E ‘ 2E ‘ 92E ‘
JETOES |E2  QEZ)E3IE! (E3)?E!E?
(A.8)

Similar conditions can be stated for n = 3 in the entropy
representation. In this case the first part of the Sylvester cri-
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terion yields

9%S 9%S
fl = 2 0, 52 = N2 <0,
0512 | ¢ 0522 |1
9%s
HS, = —— 0, A9
P08 g g (A9)

which just reflects the fact that entropy is a concave function
along its natural parameters (S', $2, §3). The second part of
the criterion requires

828
4¢1H)2 2 ¢3 ] 2 3
Ag — (asag ‘S .S BS 65 |S >0, (A.10)
aslasz |S3 (352)2 |sl §3
1 2 2 ¢3 1 3 2
Ag — (ng |S , 87 BS dS |S >0, (A.11)
aslas2 |S2 (as3)2 |S1 52
i 1 g3 9°s 1
2 2 29q3
Af _ (asg st.s as as st Lo, (A.12)
352353 ’sl (as3)2 |52 §3
Finally, the third part is
3%s | 828 ! |
(351)2 52,83 38Tas2 183 351353 52
S _ S _ 92s
= det " = 3slas2 |3 (332)2 lss8 a3masslst | <O
aslas‘ 52 332353 st (as“)z |S‘ 52
(A.13)

Note the differences in the signs of (A.4) and (A.9), and
also between (A.8) and (A.13), which are due to the con-
vex/concave nature of the energy and the entropy.

Appendix B: Nambu brackets

The Nambu brackets generalizes the Poisson brackets for
three or more variables. In general they account for the deter-
minant of the Jacobian when working in certain coordinates,
ie.

1 —1
{f,x cee, X }y]’}z“_nyn
i| ﬁ{ 9
ayl y24y3 ’’’’ yn 3),2 yl }% yn By” yl ),2’_ ‘,yn—l
M| @| dx! |
ayl yZ’y? ’’’’’ Y 3},2 )l ),3" y c]y” VI’yZ ,,,, yn—l
axn—l 3xn—l axn—l
ayT |> 2yt 9y? ‘y L3y 700 Ty Iyl y2 !
(B.1)

@ Springer

For example, for n = 2 one has

_f| _f| ox| of
X — | Julv Qv B.2
U X ‘g—x| g—"| Jovl,  dv|,ou - (B2)
For n = 3 one finds:
af af af
ulv,w v lu,w 3w lu,v
{fsx, Yhuow= 3_ﬂv 3i|uw ng)|uv (B.3)
dy ay ay
ﬁ|u Bv‘uw ow lu,v

Appendix C: Standard KN thermodynamics and exis-
tence conditions

The existence of the event horizon of KN black hole at

ry=M+V/M2— Q2 —a2 = —(M2+ M*— Q2M2 — J2) > 0

(C.1)
imposes several constraints on the parameters of the black

hole. Assuming M > 0 with respect to the angular momen-
tum J one has

—MJM?— 0% <J <MJ/M?—-Q? and M > |Q]|.

(C2)

With respect to the charge Q one has

M*—J? M*—J?

—T< Q<T and M>\/|J|
(C.3)

Finally, with respect to the mass M one has

\/,/4J2 + 04+ 0?2
> . (C4)

V2

In energy representation the mass M is a function of

(.7, 0),

(C.5)

\/4712J2 + (702 +S)’
47 S '

Consequently, one can write the equations of state for 7', Q2
and @ as

B S2—7T2(4J2+Q4)
7.0 4ﬁS3/2\/4n2J2 +(r02+5)’

(C.6)

FES
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Q= 57 = , (C.7
5.0 \/S (47202 + (02 + 5)°)
oM TQ(mQ*+S
d=— = V0 ( o ) , (C.8)
Wlss [s(n22+ (02 +5)?)
with first law of thermodynamics given by
dM =TdS + QdJ + &dQ. (C.9)

Appendix D: The Hessian of the mass for KN black hole

The Hessian of the mass for the Kerr—Newman solution takes
the following form

Zm  *m 3*m
9s2 0sdj 0s0

Hys Hsj qu 5 2
Hs, j.q) = | His Hii H; — | &m ¥m 9m
s, 7.49) = Js Thjp Ttig ) = | 9jos 9,2 9joq
Hqs qu qu %m *m 9*m
0qds 9q9] dq2

D.1)

where the explicit expressions for the components are given
by

32+ q%)7 + (842 +65) (j* + ¢*) — 5*

Hss = s (D2)
4s5(j2 + (@* +)?2)°
2 2
q°+s
P (k) -, (D3)
Vs + @@ +5P)
2 3, :2(3,2
K 3
Hyy =2 (¢* +5)” + j*(3¢ +3s)’ D)
s+ @ +9?)
2 2 2
Cje+ +s + 3s
My =Hjy = —j L LL DG AT, (D.5)
2\/s3(j2 + (g% +9)?)
2 3_ 2 2
+s5) —Jjo(s —
Hog = Hys = — 4 (g )7 —Jj( qs)’ D.6)
\/53(j2 + (q2 + S)2)
2jq(q> + s
Hjqg =Hgj = — ( ) = (D.7)
\/s(jz + (g% +9)?)
The expressions of second level minors are
3
py = ACE) (D.8)

s+ @2+ 92)

2s3 (jz + (q2 + s)z)2
(D.9)

_ q*(2s +3¢%) — 5% — j? (D.10)

Ay =
T 43 (2 + (g2 +9)?)

22> +9)6q%s +5¢" +351) +3/4 B +5) — 5 — g @ +9)*
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