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ABSTRACT: Cuscuton Gravity is characterized as a scalar field that can be added to general
relativity without introducing any new dynamical degrees of freedom on a cosmological
background. Yet, it modifies gravity such that spacetime singularities can be avoided. This
has led to the Cuscuton bounce, a nonsingular cosmology that has been shown to be linearly
stable, which is a rare feat. Upon introducing mechanisms known to generate a near-scale-
invariant power spectrum of isocurvature perturbations in the prebounce contracting phase,
we perform an extensive linear analysis of all scalar perturbations as they evolve through the
Cuscuton bounce, both analytically and numerically. Then, after deriving the third-order
perturbed action for our theory, we compare the magnitude of its terms (on shell) to those in
the second-order action. We show that perturbativity is maintained in the infrared throughout
the evolution, including through the bounce. In the ultraviolet, we show that a hierarchy of
scales is maintained, with the strong coupling scale well above the relevant background energy
scale at all times. We reconfirm these results by computing the three-point functions in
various limits and demonstrate that the models do not have any strong coupling problems and
furthermore that there is negligible non-Gaussianities on observable scales. Consequently, the
primary potential source of observable non-Gaussianities may only arise from the conversion
of isocurvature perturbations to curvature perturbations. The whole scenario is thus a robust,
stable, weakly coupled nonsingular cosmological model, consistent with observations.
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1 Introduction

Bouncing cosmology offers a compelling alternative to inflationary cosmology as the theory
of the very early universe. While the inflationary paradigm provides a seemingly simple early
universe scenario (resolving the puzzles of standard big bang cosmology and generating the
seeds of our universe’s large-scale structures; see, e.g., [1-4]), it is not free of any conceptual
or theoretical issues (see, e.g., [5-10]). For instance, at least within its simplest (semi)classical
realizations, it generally predicts an initial singularity in the past [11] (see [12, 13] and
references therein for a detailed view of the issue). In contrast, a key aspect of bouncing
cosmology is to provide a mechanism that avoids any cosmological singularity. However,
this is precisely the source of one of the main challenges that bouncing cosmology faces
(see, e.g., [14, 15] for reviews): how can the bounce — the transition from contraction to
expansion — consistently and successfully occur?

Even considering a simple cosmological background (i.e., flat, homogeneous, and isotropic),
it is already challenging to find bouncing solutions. This cannot be achieved with Einstein
gravity and ‘normal matter’ satisfying the null energy condition (NEC). Therefore, we must
seek a modification or an extension to the theory, which could account for high-curvature
or nonlocal effects from a complete theory of quantum gravity (e.g., string theory [16-24],
loop quantum gravity [25-31], etc.). Propositions for resolving big bang singularities into
classically nonsingular cosmological bounces are abundant in the literature. However, while
many succeed at describing the background evolution, they often suffer from instabilities
or other kinds of pathologies once inhomogeneities are included. In this work, we shall



focus on one particular theory, which shows great promise since it has not exhibited any of
these problems thus far: the Cuscuton [32, 33]. This theory proposes to add a new scalar
field to general relativity (GR) which breaks the time diffeomorphism invariance precisely
such that the theory does not propagate any new local degree of freedom (DoF) compared
to GR (see, e.g., [32—-44]).

The Cuscuton generically allows for nonsingular cosmologies that are free of instabilities
at the linear level, i.e., there is no Ostrogradsky, ghost, gradient or tachyonic instability;
see [44-47]. This is already a remarkable feature on its own since this is often very difficult
to get from other types of modified gravity such as models of Horndeski theory that admit
nonsingular bounces (for models that are claimed to work and others that simply do not
work, see, e.g., [48-72]). Within Horndeski theory, one typically needs very special choices
of functions (see the previous references) or introduce beyond-Horndeski terms (e.g., within
degenerate higher-order scalar-tensor theories; see, e.g., [67-70, 73-82]). Even in the cases
that are claimed to work in (beyond-)Horndeski theory, it is often difficult to remain under
perturbative control in the high-curvature regime of the bounce [83], as corrections from
higher-order terms (expanding the Lagrangian to third order and beyond) can become of the
order of (or even larger than) second-order perturbations of the Lagrangian. This can be
manifest, for instance, from the behavior of the sound speed, which may become very small in
the bounce phase. One often finds the ratio of terms in the third-order action (computed on
shell) to that of terms in the second-order action to scale as 1/c2 (see, e.g., [84]), and control
of the perturbation theory may become problematic if this ratio becomes larger than unity.
This is usually a sign of strong coupling or even nonunitarity [59, 85-87]; at the very least,
it may imply that large non-Gaussianities are generated through the bounce. (For related
discussions in other alternative scenarios, see, e.g., [70, 86-94].) For the Cuscuton, it appears
that the sound speed may remain far from very small values [46]. In fact, it might even allow
for slight superluminality in the vicinity of the bounce and for high wavenumbers, without
violating causality (this is not uncommon in this context; see, e.g., [95-97]).! Therefore, one
might be able to show that the Cuscuton theory is further well behaved, in that it remains
under perturbative control through a nonsingular bounce, free of strong coupling issues, with
reasonable non-Gaussianities. This shall be the main goal of this paper.

A second challenge for bouncing cosmologies, if seen as alternatives to inflation, is the
generation of cosmological perturbations in the prebounce contracting phase, which can
lead to predictions in agreement with cosmic microwave background (CMB) observations.
Different models have been proposed such as matter domination (vanishing equation of
state [EoS]) [98-100], the ekpyrotic scenario (ultra-stiff EoS) [101-103], or pre-big bang
cosmology (stiff EoS) [104-106]. Purely adiabatic scenarios (such as matter domination) are
known to face several issues, e.g., the overproduction of primordial gravitational waves or
non-Gaussianities [107, 108], background instability with respect to anisotropies [44, 109-111],
or strong coupling issues [84] (see [44, 112-115] for workarounds). Therefore, we will focus

Tt is worth noting the so-called sound speed does not always correspond the waves’ propagation speed.
However, a proper understanding and interpretation of ¢s > 1 in this context would have to be the subject of
a future study on its own, as it comes with several caveats. It certainly does not appear to imply any kind of
instability or pathology.



on ‘curvaton-like’ scenarios, in which isocurvature modes (a.k.a. entropy perturbations) are
generated with a nearly scale-invariant power spectrum before being converted to curvature
perturbations. The most recent ekpyrotic models make use of this mechanism [116-118],
but it can also be implemented in a background evolving with a simple massless scalar field
driving contraction with a stiff EoS [105, 119]. (Ekpyrosis has the advantage of being an
attractor washing out anisotropies [120-127]; a massless scalar field marginally addresses this
issue.) These models can be implemented such that the entropy modes remain Gaussian in the
contracting phase prior to their conversion into curvature perturbations [116, 117, 128, 129].
This will allow us to focus on and isolate the impact of the nonsingular bounce phase, driven
by the Cuscuton field, on the predicted bispectrum.

Outline. The paper is organized as follows: in section 2, we introduce and review the
Cuscuton bounce model, the nonsingular background evolution, and the evolution of linear
perturbations. Specifically, we derive the general equations for the background and for the
cosmological perturbations in section 2.1. In section 2.2, we present different scenarios for
the generation of large-scale fluctuations in the contracting phase and derive approximate
analytical solutions for the evolution of the background and of the perturbations, including
through the bounce phase. Some numerical examples are shown in section 2.3. We move
on to the issues of strong coupling and non-Gaussianities in section 3. After outlining our
expectations in section 3.1, the full third-order action is derived in section 3.2. The cubic
terms are then estimated and compared to those in the second-order action in section 3.3 to
estimate the strong coupling scale. We calculate the bispectra in various limits in section 3.4,
both analytically and numerically. This both reinforces our results regarding the validity of
the perturbative regime and provides an estimate for the magnitude of the non-Gaussianities.
We end with a discussion in section 4.

Summary of the main results. Since the paper is relatively long, we summarize the
main results here for the reader’s convenience.

e We present two models for the contracting phase, which generate scalar perturbations
that can be consistent with observations: a scalar field with an ekpyrotic potential and a
massless field. For both models, we analytically and numerically show that perturbations
of observational interest receive insignificant growth in the infrared (IR) as they pass
through the bounce. This holds both for entropy and adiabatic perturbations, as well as
if one is converted into the other right before the bounce. Adiabatic modes entering the
bounce from a phase dominated by a massless scalar are the most prone to enhancement;
still, the growth is at most a small fraction of the perturbations’ prebounce amplitude.
All other modes effectively remain constant to leading order in the IR.

¢ By comparing the terms in third- and second-order actions, we show that perturbativity
is well under control in the IR, and in the UV, it appears to break down when the
fluctuations’ physical momenta approach the scale \/|Hy,_|[Mp,, where |H,_| is the
highest Hubble rate reached in the universe (in absolute value), right by the start of
the bounce phase. This scale is controlled by the Cuscuton model parameters, and it
is usually well below the Planck scale. Higher interaction terms due to the Cuscuton



in the bounce phase may bring the strong coupling scale down to (Hg_MPl)l/ 3. but
in all situations the background energy scale is shown to remain below the scale of
strong coupling.

¢ We compute all nonzero 3-point correlation functions in Fourier space and find them to
be highly suppressed in the IR (the bispectra are blue). Both entropy and adiabatic
perturbations thus remain Gaussian and within the observational bounds to a very good
approximation, at least assuming no additional enhancement during the conversion
process. We show that there exists a reasonable range of Cuscuton parameters over which
this remains true as the perturbations pass through the bouncing phase. Ultimately,
the details of the process for converting isocurvature perturbations into curvature
perturbations is the main remaining possibility responsible for producing potentially
observable non-Gaussianities.

Notation and conventions. Throughout this paper, we use the mostly plus metric signature
(—,+,+,+) and units where the speed of light and Planck’s reduced constant are set to unity,
¢ = h=1. The reduced Planck mass is defined in terms of Newton’s gravitational constant
as Mp, = (SWGN)*l/Q, and we use tp; = 1/Mp, as the Planck time. Finally, Greek tensorial
indices run over spacetime coordinates and are contracted with the spacetime metric g, ,
while latin tensorial indices run over spatial coordinates only.

2 The Cuscuton bounce in the linear regime

2.1 General setup, background equations, and linear perturbations

The setup shall consist of three scalar fields coupled to gravity: the Cuscuton ¢ with

L, =—M2\/—0updre —Ulyp), (2.1)

which is responsible for modifying the gravitational dynamics, in particular allowing for

Lagrangian

nonsingular bouncing spacetimes, though without introducing any new dynamical DoFs [32—
43]; the adiabatic scalar field i) with Lagrangian

Lo=X-V(), X= _% O, (2.2)

which corresponds to a dominant matter field in the theory and which is responsible for driving
the background cosmological evolution; and last an entropy scalar field x with Lagrangian

1
‘CX = _§M§1F(¢,X)auX8MX, (23)

which is a spectator field (i.e., unaffecting the background), responsible for the generation
of late-time scalar perturbations. The total action is thus

S = [ diz /= ME’lRﬁ Ly+ L
= 9\ BHLotLy+Ly], (24)

where ¢ is the determinant of the metric and R is the Ricci scalar. A few comments are in
order: we choose a negative sign for the Cuscuton’s ‘kinetic term’ since this is the one that



allows for nonsingular bouncing cosmology [45-47] — both signs are equally valid [32, 33]
and the Cuscuton is nondynamical (there is no ghost). The Cuscuton field has dimensions of
mass, and we use M;, to denote the new mass scale associated with the Cuscuton ‘kinetic
term’ — the subscript ‘L’ is meant to indicate that this is a Limiting curvature scale, in
the spirit of a limiting curvature theory (e.g., [47, 130-132] and references therein). It is
called p in [32, 33, 36, 45], but we shall reserve this variable for the dimensionless ratio of the
Cuscuton’s mass scale to the Planck scale, i.e., u = M /Mp,. We note that the scalar field v
is simply a proxy for the dominant matter DoF, in this case taken to be a canonical scalar
field with some arbitrary potential V' (¢) at this point. Finally, we note that the scalar field
X is kinetically coupled to the matter field via the dimensionless function F'(¢, X) (in the
spirit of, e.g., [117, 119, 133]) — the possible form of this function will be specified shortly,
but the idea is that it should be a function of either ¢ or its derivative. It was previously
mentioned that x acts as a spectator field; it shall soon become clear that this results in x
being relevant only perturbatively. For this reason, we define x as a dimensionless scalar
by explicit insertion of M2 in (2.3).

Let us write the metric in the Arnowitt-Deser-Misner formalism as g, dz#dz” = —N2dt?+
hij(N'dt + dz®)(NIdt + da?), where the lapse, shift, and spatial metric are perturbed about
a Friedmann-Lemaitre-Robertson-Walker (FLRW) background as

N(t,z)=1+at,x),  Nit,x)=a8(tx),  hy(t,z) =a(t)?eXE®)5, .  (2.5)

These are only the scalar perturbations, which are going to be the perturbations of interest
throughout this work — we will briefly comment on tensor perturbations at the end. We
further perturb the scalar fields as

90(757 x) = @(t) + 580@7 w) ) w(tv 33) = &(ﬂ ’ X(t’ x) = X(t) + 5X(t7 iU) : (2'6)

Here we are explicitly choosing the comoving gauge with respect to the matter field ¢ by
setting 0t (t, x) = (¢, x) — (t) = 0. In what follows, we will abuse notation and simply
express the matter field as 9 (t), and its kinetic energy will be X = ¢/2/2. Note that we are
free to perform this choice of gauge (under some reasonable assumptions, e.g., such that
close to FLRW, constant-t) surfaces form spacelike hypersurfaces), and any other gauge
would result in the same second-order action (see, however, [46] for a slight subtlety when
using the spatially flat gauge). In the above, a(t) is the background scale factor and ((¢,x)
is the curvature perturbation.

The background equation of motion (EoM) for x is given by x + [3H + F(1, X)]x = 0,
where H = a/a is the Hubble parameter. We note that ¥ = 0 is always a solution, in
which case y never contributes to the background evolution — in this regime y is only a
spectator field. Therefore, going forward, we shall assume y = 0 — the value of the constant
is irrelevant, and this solution has been shown to be stable [117, 119, 133] for the models
of interest that will be explained later. The field x thus only enters at the perturbation
level as dx, so we will simply write dx(¢,x) = x(¢,z) and directly use the latter variable
to describe the perturbation.



Given the spectator field x does not contribute to the backgound, we may write the
remaining background equations as

BMAH? = L3+ V() + U (), (27a)

“2H = My2% — W2, (2.7b)

W+ 3H) + Vy(¢) =0, (2.7¢)
3pPH = MU ,(9), (2.7d)

where a comma denotes a partial derivative. Those are the Friedmann constraint equation,
the background evolution equation, the matter EoM, and the Cuscuton constraint equation,
respectively. Note that from here on, without loss of generality, we will work under the
assumption that ¢ > 0 in order to avoid the use of absolute values. We are free to make
this choice since the Cuscuton on a cosmological background is defined for timelike d,¢,
so the sign of ¢ will never change.? Defining
i _
THE T R

€= o =€y —E€, (2.8)
the Friedmann constraint and evolution equations above can also be rewritten as U(p) =
M2(3 —ep)H?* — V(1) and p?¢p = 20 H?. Note that since ¢ > 0, it follows that o > 0, and
in the GR limit u? — 0 implies ¢ — 0 for H # 0. We also notice from the above that the
Cuscuton does not follow any dynamical equation but rather only a constraint equation — it
is the nature of the Cuscuton not to introduce any new DoF but to modify the gravitational
dynamics. Taking a derivative of the Cuscuton constraint (2.7d), we note that
2072 T,
Uolp) = 220 (2.9
2

We can thus see from (2.7d) and (2.9) how an appropriate choice of Cuscuton potential
allows for nonsingular solutions. In particular, if U, is bounded, so will be H; additionally,
where it crosses zero corresponds to a bouncing point. If this occurs while U ., admits an
interval where it is positive, then according to (2.7d) this will also allow for a bouncing phase
(a transition from contraction [H oc U, < 0] to expansion [H o U, > 0]) where H > 0,
implying that the effective NEC is violated. Conversely, away from the bounce phase, the
effective NEC is restored as long as U ,, becomes negative. Examples of such solutions are
given in [45, 46], and we will show this explicitly in the next subsection.

We will soon consider the case where 1) is massless as an example. For such a case, it is
actually straightforward to see in what sense the Cuscuton is nondynamical. Furthermore, if
V(1) is set to zero, the constraint equations allow for a simple change of variable from ¢ to ¢
and significant simplifications of the differential equations. So let us explore this example.
First, we note that once the potential U(y) is prescribed, the Hubble parameter is set by the

In fact, it is known that the theories with Oup timelike vs spacelike are fundamentally different, in
particular with regard to the number of propagating DoFs [32, 35, 38]. In this work, we always consider the
theory that has 0,¢ timelike.



constraint equation (2.7d) as a function of the ¢ profile. Then, if ¢ has vanishing potential,
its energy density is py = ¥?/2, and we can write [using (2.7a) and (2.7d)]

Uy (2)?
3t Mg,

py = 3MUH? —U(@) = -U(9), (2.10)
hence once the Cuscuton potential is chosen, one immediately obtains py(¢). The second
time derivative of the scalar field as a function of ¢, if ever needed, is then obtained from the
¢ EoM (2.7¢), 1 = —3Hv = F(uMp))"2U ,(7)1/204($) , where the sign depends on whether

1 is positive or negative, which depends on the chosen initial conditions. Finally, one can
isolate H (and then find €) by combining (2.7b), (2.9), and (2.10):

o 2pu(@)U () N 3ut MU () 3utM2 \
HO) = S a iz — 2@ 6“””’(1_ U, (@) )(1_2Uw<¢>> |

(2.11)
From those equations, one can see that every background quantity can be expressed as a

function of ¢. To get temporal evolution, a strategy is to find the solution for ¢(t), after
which every function of @ found above becomes a function of time, e.g., H(t) = H(p(t)).
The solution for ¢(¢) can be found from (2.9) and (2.11):

JPMEH(2) 2 Uy(9)® —3u*MZU(9)
U,cpcp(@) N2M§1 3N4M§1_2U,tptp(¢)

Q= (2.12)
Given a potential U(yp), this is a first-order ordinary differential equation that can be solved
given some initial condition. The initial condition is just an arbitrary choice of reference
time; often we shall set ¢(t = 0) = 0 to be the bounce point as in the numerical examples
of section 2.3.

Let us move on to the general description of the linear perturbations. (What follows
reproduces calculations performed in [36, 44-46, 119]; the reader familiar with this work
may skip ahead to section 2.2.) Upon perturbing the action to second order in «, 3, dy,
¢, and x [defined in (2.5)—(2.6)], one finds

. . . 3 2

52 — Mgl/d3m at o <H2(€w —3)a? —3u’Hadp + 6Hal + 3¢ dp — 3¢% + (B;E)
9%¢ N 2 TS o, (0i0p)°

_QQ?—(QH(M—2C+,UJ 5‘{9)?4'5 3edp” + a2 H?2

s (e @), -

where we used integration by parts and the background EoMs to simplify the expression.
Note that 0% = §% 0;0; denotes the spatial Laplacian. We notice that the perturbations of
the lapse and shift (a and 0;3) are nondynamical, hence they just represent constraints
(the Hamiltonian and momentum constraints), and they can be removed from the action.
Variation with respect to o and 0;3, respectively, yields the constraints

. 2 .
2H? (6 — B)a + 6HC — — (0%C+ HO*B) = 3u*H bp,  2(Ha—{) = —p2dp, (214)



which can be solved for o and [ as

N — 2 2.15
a—ﬁ C—?SO ) B=—=+4a"€Q, (2.15)

where @ is defined according to

0n_ s
Q= ~ e (2.16)

It is understood that 0~2(9?Q) = Q, so 9?2 is the inverse spatial Laplace operator. Similar
to the lapse and shift, d¢ also appears nondynamically in the action (as expected since the
Cuscuton is nondynamical). Upon substituting the solutions for o and 5 in (2.13), dp is
found to satisfy a constraint equation, whose solution is

. 2 2
bp = ‘2257)_2 (%HC - i2€> o D=L (o) (2.17)

here D72 is a transformed inverse Laplace operator.

Note that the solutions (2.15) may appear invalid at a bounce point when H = 0, but it
turns out that no divergences actually arise [46]. Indeed, one can appreciate this by expanding
first the solution to the Cuscuton constraint (2.17) about H = 0, which yields

- = + O(H?), (2.18)

2 . 2 ) 2
%MH:N%_ 1 9% 3 1 8%

6¢H? o U€¢H2?

recalling €, €;, and o — defined in (2.8) — are O(H ~2) about H = 0. This means from (2.15),

H~o 1 0% 3 . 1 9% )

O G @ Tl gem 2 PO (2.192)
Heo 1 iy 3% 2h-20

B =g+ = Ra’0 T+ O(H). (2.19D)

This will be useful later.
Next, inserting the solution (2.17) back into the second-order action, performing more

integration by parts, and using the background equations, one finally finds an action that
separates as S(?) = 5’22) + S>(<2), with

. 9;6)2 9;¢)2 0;0:0)? 0,0:0,C)?
SéQ) :Mgl/d?’azdta?’ <91C2+gz( ag) —]:1( ag) —IZ( aio _]:3( iﬁko ) (2.20)
and
@ _ M2 [ o ardd 2 — L on?
SV = 5 xdta’F(y, X) | x a2( iX)” | - (2.21)



In the above, the coefficients are Gy = e, D~* (a=49* — 3¢, H? (a=20*+D?)), Go = 063,H2D*4,

6 4

0 €y 0
— oe+2—(3+4+2 —(15+5 2 2 —
PR )~ (154 5e k2 2m)|

Fi1= 667/)H2'D_6<

€ 0?
— {46— S5ep, —3(4+1) + ?7/}(3%—% +377w)} l36¢H2(12 _ (0—4—3)65]{41 ) :

64 82
Fo=DF ( - 20¥ + ey H? [462 —€(12+ Tey + 1+ 1) + €y (3ey +2(6 + rw))} o)

— eiH4 {263 + €y (6 + qi + ep(5—2ny)) — (4 + 3ey + 1+ ny)

+e@B(ny —n—2) +6w(—1+77+3?7¢))}>7 (2.22)
and F3 = —oD~*, where we further defined
é €y
= — = . 2.2

The above actions are somewhat easier to read when expressed in Fourier space® and in
conformal time (defined as dr = a~'dt):

2 2
2) _ Mz 2 (14112 _ 2121412\ . 2 _ Mg / 2 (112 12( 12
sP =0 k/drz (G2 =) s =50 | [arad (il = #hal?) -
(2.24)

Note that a prime denotes a derivative with respect to 7, and defining H = d'/a = aH,
the coefficients in the actions are now

k2 + 3eyH? kY + H2B k? + HB
2 2 Y 2 1 2 2 2
FTHYR T 0132 O T M IRAR A HIA, T (1, X),
(2.25)
with
Ai =ep(0+6), Bi =e€p(6+30+n—mny) —0c(6+20+n+1n),
Ay =3€ (0 +3), By = €y (3ey(3 + 0 +1—ny) —40(3+ ) — 30m). (2.26)
The resulting EoMs for the mode functions (i and y; are
/" 2 / 21.2 " Z;( / 2
Ck‘f‘QZCk‘*‘Csk G =0, Xk:+2;Xk+k Xt =0, (2.27)

X

whose specific solutions depend on the models of interest. Note that 22 and ¢2 are both time
and wavenumber dependent. It is straightforward to see that 22 is always positive [36], so

o) = [aesie ). [ =[S

and we denote k = ||k|| = Vk -k = \/5jgkjk[ (the standard Euclidean norm and dot product).

30ur convention is




there is no ghost, and ¢? can also remain positive (and close to unity) given a reasonable
Cuscuton potential (see [45, 46]; this will be discussed later as well).

For future reference, it is useful to look at the action for ¢ in different regimes of interest:
in the IR to leading order in the gradient expansion, we find

S(QIR M2 /d3mdta C2 36¢(3+O’+77—7]¢)—40(3+U)—3077 (GZC)Z .
Pl 1+ 1+0/3 ’

¢ 3ey (o +3) a?
(2.28)
oppositely, in the UV where spatial gradients dominate, we have
. 9;)?
SéZ’UV) ~ Mgl/d?’m dt a®e, <C2 _{ a,g) > . (2.29)

This makes it explicit in what sense the Cuscuton affects IR perturbations, while leaving
the UV sector of the theory untouched. The story in the UV is a little more complicated
at the bounce point where H = 0, though (see [46]). Indeed, since €, is O(H2) about
H = 0, it would appear that (2.29) diverges at the point where H = 0. However, this is
solely an issue about how to take the UV limit since first expanding about H = 0 and then
taking a UV limit yields a finite expression,

3 )2 2-\2
SV 0\ /dgmdt a ((&O A CAY ) , (2.30)

ocH? a? ey at

since 0 H? and o/ey are O(HY). Note that everywhere else (H # 0), (2.29) is a perfectly
good approximation, and this subtlety does not affect the evolution of the perturbations
in the UV [46].

2.2 Explicit models and analytical approximations
2.2.1 Prebounce contraction

We shall consider two main models in what follows for the prebounce contracting phase: the
case where 1) is an ekpyrotic field; and the case where 9 is a massless field. In the former
situation, this means the background scalar field has a steep and negative potential of the form

V() = —Vye V2EU/Mpi (2.31)

for some real constants Vp > 0 and € > 3, while in the latter situation this simply means
V(1) vanishes identically. The motivation for these particular models is as follows: in [45], a
massless scalar field was considered in the matter sector as the simplest proxy for matter —
the focus was on the physics of the bouncing phase and on the stability of the solution. Then,
in order to explore the evolution of cosmological perturbations through the bounce, especially
scale-invariant perturbations that could account for the observations, an appropriate coupling
to the spectator field x was considered in [119]. In the spirit of testing the Cuscuton bounce,
we will revisit this model here again. The other model where one has an early ekpyrotic
phase has the advantage of being a proper attractor [120, 122], thus properly smoothing the
universe (just like inflation) before the bounce [123, 127, 134-141]. Even when 1 is massless,
anisotropies are under control as long as the evolution starts close enough to FLRW. Let us
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note that in concrete realizations of ekpyrotic cosmology, it is often the case that the ekpyrotic
phase of contraction is followed by a phase of kination, i.e., the potential goes to 0, so the
scalar field becomes massless and kinetic driven.* Therefore, the two models we will consider
could actually be considered as being two separate phases of the whole prebounce contraction.

Ekpyrotic potential. Let us review these models in more detail. In the far past, well before
the bounce phase, we will ensure the Cuscuton field has a negligible contribution, hence we
neglect it in the discussion for now. If the scalar field 1 has the ekpyrotic potential (2.31),
then this will lead, early in the contracting phase, to the well-known scaling solution (see,
e.g., [103, 142])

B V2e 1 (e—1)2 V, 1
¢(T) = Mpl (6—1 In (—TMPl) + \/ﬁ‘ In ( e_3 Mél (_Tb_MPl)gl>> s (2.32)

for 7 < m,_ < 0. Note that, for practical reasons, we choose to normalize the scale factor to
unity at the time 7,_, where the subscript ‘b—’ indicates the end of the standard contracting
phase (equivalently the onset of the bounce phase where the Hubble parameter is maximal
in absolute value), but physical quantities do not depend on this choice of scale factor
normalization. From the above, we note

1

H(r) = m»

€=€y =€, (2.33)
and the energy density in the ekpyrotic field scales as py, o a~2¢, hence 1) dominates over other
fields as a — 07, including massless fields and shear anisotropies whose energy densities scale
as a9 (recall € > 3). In fact, an ekpyrotic field often has € > 3, hence its isotropizing power.

Let us then discuss the evolution of adiabatic perturbations in a phase of ekpyrotic
contraction. Defining the Mukhanov-Sasaki variable vy, = Mp,2(k, the EoM for (i in (2.27)
may be rewritten as

ol 4 2k2—iﬂ =0 2.34
k Cs . VUV =U. ( )

It is straightforward to see from (2.25) that when e = €y, we have 2% = 2a’%¢y, and here
€y = € Is a constant, so

2 ad" vr-1/4 eE—3
-z - = =" 2.35
z a T2 7 v 2(e—1)° (2.35)
and furthermore ¢ = 1. The general solution is thus
un(r) = V=7 (CrH (—k7) + CoHP) (—kr)) | (2.36)

4This could be modeled with a potential of the form V() = —Vp /(¥ ¥/Mp1  o=bvV2E%/Mp1) fo1 some
constant by > 0, as in [51, 52]. At the level of the discussion for this paper, we will treat a single-exponential
phase and a massless one distinctly.
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where C] 9 are integration constants and Hl(,l’Q) are the Hankel functions of the first and

second kind, respectively. Imposing an adiabatic vacuum in the early time subhorizon® limit,

et L ik (2.37)

vg(T) ﬁ )

determines the integration constants, and up to an irrelevant phase, the solution is

() = =Y _QWHgU(—kT) . (2.38)

In the late-time superhorizon limit, the solution is well approximated by

km‘<<1. (V) 2 v - . I(I/) _k7b4 %
op(T) ZF(/{:T) ; Cr(7) ZF 7['6Mp]Tbk3/2( 2 ) ’
2 T (239)

where I'(v) is the Gamma function, and where we ignored the decaying term as kT — 07.

For subsequent use, it is also useful to keep the next-to-leading-order term to compute
the time derivative,

1

1
;o\ —kr<d T (1 1 > i ( ﬂ'e) (—mp—) &1 (k‘)Z—sl 2
~ — '+ = = —T) &1,
o) r(3- ) Z (2+e—1 T\E=1) | Vamens,, \2 (=)=

(2.40)
To zeroth order in 1/€ < 1, this tells us that {j on superhorizon scales will enter the bounce

phase with an amplitude and a time derivative of the order of

) k
G(mpm) = m (o) = —ikGi(ny-) = 5 AZ\F , (2.41)

respectively. In fact, |¢}.|? ~ k?|Cx|? holds at all times in the limit 1/€ — 0T (the Minkowski
limit), so the kinetic and gradient terms in the second-order on-shell action for ¢ contribute

equally. In other words, 2”/z — 0~ when € — oo, so the solution for v is approximately
that of a simple harmonic oscillator. Then from (2.39), the dimensionless power spectrum
on superhorizon scales can be expressed as

B, 1 e—3 \2 1 — k7 \ o1
Pelk) = 53kl _27r3er<2(e—1)> (—MplTb_)2< 2 ) ‘ (242)

The scalar power spectrum is usually parametrized as Ps(k) = As(k/ky)™ ™!, with an
d

amplitude Ag, pivot scale ki, and spectral index ng; in particular, ny, — 1 = dlﬁﬁj. We thus

5Tn this work, the subhorizon limit corresponds to the regime where the Mukhanov-Sasaki variable oscillates
in time. Oppositely, the superhorizon limit corresponds to the regime where the Mukhanov-Sasaki variable
stops oscillating. It could still be time dependent, as there may be a growing mode, but in the present work
superhorizon perturbations are found to freeze, meaning that either the constant mode dominates over a
decaying mode or that the growing mode is marginal (e.g., at most logarithmic). Deep in the contraction,
1/k ~ —7 gives a good approximation of the corresponding ‘horizon scale’, which is also proportional to the
comoving Hubble radius 1/(a|H|) — in fact, it is very well approximated by the Hubble radius when € ~ 3.
More precisely, by inspection of (2.34) the horizon is controlled by 4/|z”|/z /cs, and through the bounce phase,
this may significantly differ from the Hubble radius.
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note that in the large-€ limit the power spectrum (2.42) is blue with spectral index

.
n5—1:€_61 ~ 2, (2.43)

while A, ~ 1/(87%€) at k, = Mp,. This is a very blue spectrum, which is clearly ruled out by
observations [143]. It also means the adiabatic perturbations have essentially remained in
their vacuum (as naively expected from the Minkowski limit 1/€ — 0). Thus, they should
be unenhanced and unobservable on cosmological scales, unless something significant occurs
in the bounce phase, but we will shortly see that, to a good approximation, perturbations
remain constant through the bounce.

To see why they are not observable, let us assume that (2.42) describes the post bounce
power spectrum and estimate the real-space ‘amplitude’ of the curvature perturbation, denoted
¢, on a relevant cosmological scale Z. One can find the variance of ¢ coarse-grained over a
region of comoving size #Z by smoothing® the power spectrum with a Window function,

_ o dk ~ 1 1 2
2 - 2
X) = k% k) = 1/ %) ~ 2.44
where the result of the integral follows by taking a delta function for the squared Fourier-
space Window function,

WAkR) = (k% — 1), (2.45)

and the last equality follows from (2.42) in the large-€ limit. Considering the comoving
cosmological scales #Z over which we observe correlations in ¢ are many orders of magnitude
larger than the Planck length M, we conclude that |((Z)| is minute, as expected for ‘vacuum
fluctuations’. For example, if we take Z = Mpc/0.05, then we find Mp%Z ~ 10%%, hence
|C(#)| would be of the order of 1075?/y/€, which is further suppressed by the largeness of .

Let us move on to the discussion of the entropy perturbation y. First, one has to
specify the coupling function F'(¢, X) between the ekpyrotic field ¢ and the entropy field
X.- As in [117, 133], we choose

F(y) = Fye~V20+8) /M1 (2.46)

for some Fy > 0 and some small parameter 0 < § < 1. We do not assume any X dependence
here. The EoM for y in (2.27) can be expressed in terms of its Mukhanov-Sasaki variable
ug = Mpizy Xk as

Z//
%+<H—X>W=o, (2.47)
Zx

where we recall zi = a’F, so here we find

CR 14 )
vl ~ % ‘ (2.48)

o 2 BT ataEy

5For more details on smoothing the power spectrum, see, e.g., [144].

,13,



where the approximation is to leading order in small §. The general solution for u(7) will be of
the same form as (2.36), with v replaced by v, and so imposing an adiabatic vacuum for wuy, as
in (2.37) yields the same expressions as (2.38) and (2.39), though again with v replaced by v:

\/ — —kr<1 I Vs) |— 2 v
uk(’i‘) = —727”— Hl(/i (—k’i‘) 2<< 2(2) 77- <—]{3T> (2'493)
S

N7 S 5/2 —5(1+2)
. (6-1)2\ 7 oV Vo o2Vi kTp— 2 €
Xk(T) —lF(Vs)( =3 ) ( o 0) m(_ 2 ) (2.49D)

- &gk
() = iy T

Note that small-§ and large-¢ approximations are made to obtain the last expressions, and
the next-to-leading-order term in the expansion of the Hankel function is kept to find the
time derivative. Correspondingly, the dimensionless power spectrum is

Py(k) = ﬁb(k\

5
1 (-1 1+2r(3+5<1+1)>2 V' Vo (_ka_)-aHi)
= " 272 ¢ M, FoMT > .
(2.50)

We can read the spectral index in this case to be
ng—1~—0 (2.51)

in the limit of large €. By taking the small- limit, we can also estimate the amplitude as
Vo

Ay — 2.52
T An FyME, (2:52)

Since 0 is a small number, the spectral index (2.51) can be in accordance with the observations,
which indicate ns ~ 0.97 (e.g., [143]), provided these isocurvature perturbations convert
to curvature perturbations nearly one-to-one (this will be rediscussed later). Similarly,
the amplitude can be compatible with the current observational estimates of A, ~ 1079
(e.g., [143]), given some parameter values for €, Vp, and Fy (e.g., € ~ 100, Vo ~ 1079 M2,
Fy ~ 1). This also tells us that the amplitude of the real-space perturbation x is of the order
of 107°. Finally, let us note from (2.49b) and (2.52) that

(24, .
Xk(Tb—) >~ im 13 X (Th—) == imy/2A5k T, (2.53)

by the time superhorizon perturbations enter the bounce phase.

Massless case. Let us move on to the discussion of the second model, i.e., the one where
the scalar field ¢ is massless. As we said, this can either be viewed as the kination phase
that often follows ekpyrotic contraction or it can be viewed as a toy model of its own. In
such a case, the background scaling solution early in the contracting phase generally reads

a(r) = (T)m . () =t \/§MP1 In (TTO) ., T<m_<0, (2.54)

Th—
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where g = (79) is an integration constant at a time 79 < 7, < 0, and ¢¥'(79) =
++/3/2 My, /70 is taken in accordance with the Friedmann constraint equation, which reads
3M2(a'/a)? ~ 4"?/2 when v dominates [which implies 79 < 71, with our choice of calibration
for a(7)]. If such a phase is to follow a phase of ekpyrosis [cf. (2.32)], then we pick the
plus sign in the expression for ¢/(mp) [so that ¢/(19) o 1/79 < 0] and 1)y is fixed at the
transition” point; otherwise, if there is no ekpyrosis, the sign of ¥/(79) and the value of 1
are completely arbitrary. From (2.54), we note

”H:%, €=3, (2.55)
so the energy density of the scalar field scales as py, o a~%, and the EoS in this case is referred
to as stiff. This is marginally stable against the growth of anisotropies, which also scale as
a~ %, and if anisotropies are diluted in an earlier phase of ekpyrotic contraction, then they
should not be an issue closer to the bounce either.

The calculation of the perturbations is similar to the previous one, where now z(7) =

V6a(r),s0 2" )z = a"/a = (v? — 1/4)/7? with v = 0, so the solution for vy = Mp,2(y is

() = _Eﬂ(l)(—kr) it z\/_j_ <ln(2) et T ln(—k:T))

2 0 2

A - a1
= (1) >~ ]\Z[Pl 677}; <ln(2) — e+ % - ln(—kT)) = (1)~ —]\;Pl \/ g;)_ =
(2.56)

where g is the Euler-Mascheroni constant. Note that as 7 — 07, the log term represents a
(slowly) growing mode, as is evident from the time derivative. The power spectrum is

—Th_ k3
T 127302

2

In(2) — 7 + — — In(—kr)

Pe(k,T) 5

2
, (2.57)

kp(t)3 in kp(t
= Pelhpt) > 24W3M(31)|H<t>| () o+ <2|H(<t)>|>

where kp(t) = k/a(t) represents the physical wavenumber on the second line. Since k is a
superhorizon mode above, the deep-IR limit implies that the log term should dominate over
the constant coefficients inside the absolute values, so we may approximately write the power
spectrum right at the end of the standard contracting phase as

o kplt)? kp<tb_>D2
PC(kP7 tb—) — 247T3M§1|Hb_| <1H |:2|Hb—’ ’ (258)

where |Hy,_| represents the maximal Hubble scale that is cosmologically reached (in absolute
value). Note that the spectral index of the above power spectrum runs, i.e., it is not simply a
constant as before, but the log term is only a slight correction to a deeply blue ny — 1 =3
spectrum. Indeed, one finds

2 0. = dng _ 2 '
in(zf) M (i f])

"The goal is not to model such a transition, so we omit details. A refined treatment would consider a more

ng—1=3+ (2.59)

elaborate potential function that asymptotes zero — recall footnote 4.
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The fact that the spectrum is deeply blue implies that it is not cosmologically observable, as
was the case for the ¢ spectrum in ekpyrosis. Indeed, even if one takes a very small bouncing
energy scale, say |Hy,_| ~ 107 My, ~ TeV, then for k ~ 107°8 Mp, ~ 0.04 Mpc™!, (2.58)
yields P¢ ~ 10~158, hence in real space we expect ¢ ~ 10777,

Turning to the entropy perturbation, we once again have to specify what is the coupling
F (¢, X) between the background (massless) scalar ¢ and the perturbation . If we think of
the regime where 9 is massless as following ekpyrosis, then it is sensible to take the same
coupling function as (2.46), except® with € = 3:

F() = Fye~VO(0+) /M (2.60)

From (1) = g 4+ /3/2 My, In(7/70), this implies F' o< (—7)73(1+9/2) in the small-6 limit.
Note, though, that we can just as well choose something like

146/2
X ) (2.61)

F(X) = (AZM%

for some new energy scale A, which also yields F' (—7‘)_3(1+‘5/ 2)

and thus achieves the
same power spectrum for yj. The latter was the approach of [119] — they essentially had
a term of the form (8,190"v)(9,x0"x) in their Lagrangian leading to F ~ (H/A)? in the
prebounce phase — and it is better motivated if there is no ekpyrosis, i.e., if ¢ is fundamentally
massless, since the coupling function (2.61) is shift symmetric. It is, however, a noncanonical
higher-dimensional operator if one wishes to obtain the desired red tilt in the scalar power
spectrum (i.e., when § = 0). A term of the form e*¥(9,x)? in the Lagrangian, for some
real constant A\, might find motivation in string theory (where ¥ and y would be akin to

the dilaton and the axion,?

respectively), though it is beyond the scope of this paper to
derive (2.60) from a more fundamental theory (see, e.g., [145-147] for comments about this)
— we have in mind either (2.60) or (2.61) from a phenomenological point of view.

The EoM for up = Mpizy Xk is the same as before [recall (2.47)], except this time

)z = (V2 —1/4)/7 with

w

38
ve ST (2.62)

[\

in the small-6 limit, though this is really the same as (2.48) with € = 3. The solution for
ug(7) is then as in (2.49a), with the expression for vs replaced by (2.62), so in the end, we

8 Again, a proper model that transitions from ekpyrosis to kination would have a smooth potential that
asymptotes 0 and correspondingly € would smoothly transition from a large constant to 3. The point here
is that, in principle, even if we treat V(¢) as being exactly vanishing, we can use the same couplings and
solutions as in ekpyrosis and just replace € by 3.

9Note that this is essentially the setup of pre-big bang cosmology [104], a string cosmology scenario
where the dilaton acts as a massless scalar driving an Einstein-frame contracting phase with stiff EoS and
where the axion is responsible for generating a nearly scale-invariant scalar power spectrum of isocurvature
perturbations [105, 106].
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have [taking the coupling (2.61) for concreteness, but similar expressions can be derived
from (2.60) as the coupling]

3496
—kr<l . 272 3 §\] A 5 2 N\ ae<1. [27 A
w1, 27 (3,9 R N e WS L SN
Xk(7) Pty {2( +2>]MPI( [ V3 WM,

14 5/4
py Rl 272 1 35)} A 6/2( 2 )3 sl EA\/ET
A S r[2 (1+ > )| 2 (<) VErE i 2 ST

31 /1 —kmy_
(2.63)
Then, the power spectrum is
2
22400 |13 (142 A \2 9 \30/2
P (k) ~ 3 (14 3)] ( ) (=, A)? ( ) , (2.64)
31+5/23 My, —km,—
and the spectral index reads
ng — 1o~ —§5. (2.65)
2
This is not exactly the same as (2.51) — it simply means that if the same model is used

through subsequent phases of ekpyrosis and kination, the spectral index will simply change
by a factor of 3/2 from one phase to the other. If the model consists purely of a massless field,
then certainly (2.65) can be in agreement with ns ~ 0.97 (e.g., § ~ 0.02). The amplitude
of (2.64) in the small-6 limit can be estimated as

AQ

g 2,
3n2 M2 (2:66)

hence the amplitude is controlled by A/Mp, (e.g., A ~ 2.67x10~* Mp, achieves Ag ~ 2.4x1079).
From this and (2.63), we obtain

. [2A _
Xk(Th—) >~ i 73 (o) = imy/ 245k T, (2.67)

by the time the superhorizon perturbations enter the bounce phase. Unsurprisingly, these
expressions are the same as (2.53).

2.2.2 Bounce phase, conversion, and reheating

So far, we have reviewed two models of contracting cosmology in which the matter field
1) dominates: when 1 has an ekpyrotic potential and when 1 is massless. In both cases,
adiabatic perturbations (¢) have a blue spectrum [ns ~ 3 (2.43) and ns ~ 4 (2.59), respec-
tively], with (; being approximately constant on superhorizon scales [recall (2.39) and (2.56),
respectively; there is a slight logarithmic growth in the latter case]. In both cases, though, an
appropriate kinetic coupling to a spectator field y generates a (nearly) scale-invariant power
spectrum of entropy perturbations, where ;. is approximately constant on superhorizon
scales [recall (2.49b) and (2.63)].
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Three things still need to happen at this point: the background cosmology must bounce,
i.e., there must be a transition from contraction to expansion; the isocurvature perturbations
must be converted into curvature perturbations, i.e., x must source (, so that before the
radiation era, it is the ¢ power spectrum that becomes nearly scale invariant; and finally
the primordial matter field ¢ must also decay into standard model fields, i.e., the universe
must reheat, so that radiation-dominated expansion (standard hot big bang cosmology) may
begin. Our focus will be on modeling and studying the bounce carefully; the conversion of
isocurvature perturbations into curvature perturbations and reheating have been the subject
of other studies (e.g., [117, 128, 129, 148-158]), whose results we will simply quote when
needed. However, it is still worth noting that some of the details of the conversion process have
important implications for perturbations through the bounce. First, we need to distinguish
two possibilities (e.g., as studied in [129]): if the conversion occurs before the bounce or after.
If the latter prevails, then we need to understand how both ¢ (which has a blue spectrum) and
X (which has a scale-invariant spectrum) evolve through the bounce, matching them to their
prebounce properties. In the former possibility, i.e., if x gets converted into ¢ perturbations
before the bounce, then we simply need to study ¢ (which has acquired the prebounce
properties of the y field, so it has a scale-invariant power spectrum) through the bounce.'’

With that in mind, we now focus on the nonsingular transition from contraction to
expansion, i.e., the bounce phase, which is driven by the Cuscuton field. We shall present
specific examples of the resulting cosmological dynamics using numerical computations
in a subsequent subsection, but before that, it is also useful to provide some analytical
approximations and some intuitive picture regarding the general dynamics of the background
and of the perturbations through the bounce phase.

First, the Cuscuton bounce phase is a regime in which the geometric null convergence
condition™ (which in FLRW says that H < 0) is violated, so H > 0 for some time interval.
This ensures the bounce is nonsingular. In other words, H(t) never blows up; instead, it
crosses 0, i.e., we have a smooth transition from contraction (H < 0) to expansion (H > 0).
The bounce phase begins when H crosses zero for the first time, which we denote by the
subscript ‘b—’, and it ends the second time H crosses zero, which we denote by the subscript
‘b+". As this phase is usually short, the scale factor is roughly constant to leading order (a ~ 1
in our normalization), hence conformal time and physical time are approximately equal in the
bounce phase. The following is often a good approximate parameterization of a bounce phase,

a(r) Z 140, HE)ETr+0%),  HE)ET+orY), (268

for some dimension-2 constant T > 0, where we choose the origin of the time axis, 7 = 0, to
correspond to the bounce point.!? In fact, (2.68) has been derived in [46] as a series solution

We shall always assume that the conversion process is fully efficient, in other words that negligible
isocurvature perturbations are left after sourcing the curvature perturbations. This is a good approximation
according to [117, 128, 129, 149, 151-154, 157, 158].

"The geometric null convergence condition states that the contraction of the Ricci tensor with any null
vector twice should be nonnegative.

2Naturally, since the series expansion is performed about the bounce where 7 = 0, the approximation
becomes less accurate the farther away from the bounce point at 7 = 0. The same is true if the bounce
duration (scale) is too long (high) — it holds best as long as Y72 < O(1). Nevertheless, it shall capture the
leading-order behavior in what follows and hence remain valid as an order-of-magnitude approximation.
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for a generic Cuscuton bounce. Thus, (2.68) applies to the interval 7,_ < 7 < 7,4. When a
variable is evaluated at 7 = 0, we denote it by a subscript ‘b’ Note that the parameter T
and the bounce duration 7,y — 7, control the energy scale of the bounce phase.

With such a parameterization, we can find approximate solutions to the mode func-
tions (2.27). Focusing on deep IR modes (k — 0), which is the relevant regime of observational
CMB modes as they cross a nonsingular bounce, and using (2.25), the equations (which
include the contributions from the Cuscuton) can be expressed as

2/ 2
" (Z ) ; k=0 9 k—0 2€wa
~ ~ 2.69
Ck:+ 22 Ck: ) z 1+0/37 ( )
and
(z2) | k>0
Xi+2 zé Xp =~ 0. (2.70)

X
To be more quantitative, the regime of validity of the IR approximation for the (3 and yx

EoMs above are, respectively,

2]

kes < 27 , (2.71)

where we recall from (2.25) that ¢s and z are complicated background- and k-dependent
quantities, while 2z, = aV/F' is simply a power-law in 7. Therefore, the first expression
of (2.71) is a somewhat involved time-dependent nonlinear inequality in k. This may be
simplified, in principle, but for the sake of simplicity here, we assume that the approximation
is respected. For a range of IR modes of cosmological relevance, the approximation has been
confirmed numerically. The time-dependent solutions to (2.69) and (2.70) are

e(T) 3
k=0, amo)? 1T amtam y ko0, a(mho)?F(m,-)
G(T) = Gelmo-) = o ey s X = )
€y (Th— €y (Th—

(2.72)
where the ‘initial’ time derivatives (;,(m,—) and x}.(7,—) can be estimated by matching the
solutions to the end of the prebounce contracting phase. The equations also admit the usual
superhorizon constant solutions, ¢ ~ 0 and x}, ~ 0, but by knowing the approximate value
of the perturbations and their first derivatives at the onset of the bounce, the above captures
the correct time evolution of the perturbations through the bounce.

Assuming for now that the conversion of isocurvature perturbations into curvature
perturbations occurs only after the bounce, let us solve the xj equation, which is controlled
by the time dependence of F, itself a function of . Let us assume that the matter field v
is massless in the bounce phase in any situation; recall the earlier discussion according to
which even if ¢ is an ekpyrotic field, its potential should go to zero by the time of the bounce.
Then, its background EoM is 9" = —2H1)', hence from (2.68) one finds

W(T) =0 Py, + VLT + o(r3). (2.73)

Recalling the Friedmann constraint (2.7a) in conformal time and substituting V(1)) = 0 for
the duration of the bounce, we have 3M2H? = ¢'?/2 + a?U(p), so at the bounce point

2= 20, (2.74)
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where the Cuscuton potential at the bounce point must be negative (a well-known fact;
see [45, 46]), i.e., U, = U(p = 0) < 0. Considering the case where the coupling function is
given by (2.61) when 1 is fundamentally massless, and in the § < 1 limit, we find a(7)2F (1) ~
Y (1)%/(2A2M2), which near 7 = 0 can be estimated as a(7)?F (1) ~ constant+O(72). Hence,
substituting this estimate into (2.72) for the near-bounce regime implies x}.(7) ~ x},(7b—) and

Xk (T) = Xk (To—) + X5 (To— ) (T — Tb—) - (2.75)

In the case where 1 is an ekpyrotic field, we may be tempted to use (2.46) or (2.60) for F', but
as argued in, e.g., [128, 129], these functions should really be modified to reach unity by the
time of the bounce, i.e., one assumes that the Lagrangian for y approaches that of a massless
canonical scalar (which has decoupled from ). In that case, we are left with x}+2Hyx} ~ 0 for
the IR modes, and hence we recover (2.75) again, provided a ~ constant through the bounce.

If we use the expected value of x; and X}, at the onset of the bounce phase [recall (2.67)]
and assume that the background dynamics of the bounce phase is symmetric, so that
Th+ = —Th—, then we may infer from (2.75) the value of the perturbation after the bounce
phase as

Xk(To+) = Xk(Th-) (1 - 2k27§+) : (2.76)

For an IR mode, ,IC2T§ . < 1is an extremely small correction. Therefore, it is well justified
to treat x; as constant through the bounce phase.

Moving on to the description of (; through the bounce, we see from (2.72) that we need to
know the behavior of € and €. First, recall that prebounce, when the Cuscuton is negligible,
we have € ~ ¢, ~ 3. It is exactly 3 for a massless scalar, and we expect the ekpyrotic
potential to go to zero by the time of the bounce, so we assume that this approximation
holds by the time the bounce starts at 7,_. We are thus left with evaluating (treating the
scale factor as approximately constant again)

PRV G R
Gu(r) = Gilnyo) (1 ew(7)+e¢(7>>' (2.77)

Gathering (2.8), (2.68), and (2.73), we note

1 2MZEH? rn0 2M2 Y272 A
o J}Q = Z],OQ +O(1%), (2.78)

while

e 2 s

so to leading order in small 7 we only have

OIM2H +nog 2M2Y
e Tl e S SR YOO (2.79)

() ~ Chimo) (1 - :())) . (2.80)

At this point, we note that by combining equations (2.7b) and (2.9), we may generally write

3ut M2 . .
M? PL_ 2| H =42, 2.81
Pl (U,Lptp(so) > w ( )
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so that near the bounce we have the relation

Ui 2U,
Y= a2 = M2 (342 2 ’ (2.82)
M (3t Mg, /mi — 2) M Bt Mg /mi — 2)

where we defined mZ = U (¢ = 0) and used (2.74). This relation tells us the Hubble rate
of change approximately throughout the bounce phase (or exactly at the bounce point) solely

as a function of the potential parameters. It is also useful since — combining (2.79), (2.81),
and (2.82) — we find

-1
o g SME e (0 30IMy Y (2.83)
€ 2U () €y Qm%
Following [46], we may thus define
N 3H4M2
M3 = M, (1 - Qm%m ) (2.84)

hence we are left with

2 2
Q=G (1-38) = amraindno (1-32) ¢no). @

Pl Pl

According to [46], if the sound speed is to remain close to unity at all times and on all scales,
then we should set my, &~ %My, which would result in M2 ~ —M2 /2. As explained in [46],
the negativity of the effective background gravitational coupling about the bounce point,
1\7_?31, can be understood as the fact that the effective NEC is violated there.'* Finally, this
would mean 1 — M2 /M2 ~ 3, and thus (,(7) ~ Cu(h_) + 3¢, (Th— ) (T — ™).

We note that, because we are doing an expansion about 7 = 0 and only keeping leading-
order terms, the solution when extrapolated to 7,4+ may be quite approximate. In particular,
we note that we lost continuity of (;(7) at 7,— in going from (2.77) to (2.80). While this
may appear bad, it is actually very close to the reality. This is because the behavior of (; (7)
is controlled by the ratios 3/ey and €/e, according to (2.77), with 3/ey = €/€; = 1 before
the bounce and 3/e;, ~ 0 and €/¢y ~ M2 /M2 ~ —2 during the bounce, and it turns out
that these ratios change abruptly at 7,— and 7,+. In fact, in all fully numerical solutions we
computed, we confirm that (j (7) abruptly jumps up and then back down at the beginning
and end of the bounce phase, respectively, with a near constant value in between. In other
words, (;(7) is well approximated by a step function in that interval. This agrees with our
approximate solution (2.85), which suggests a discontinuous jump in (;(7) at 7,—. We will
show numerical examples confirming this in the next subsection (cf. figure 2).

131t is worth noting that in the IR limit, the term ‘sound speed’ is a bit misleading since the Wentzel-
Kramers-Brillouin (WKB) approximation breaks down in that regime; thus, this quantity no longer reflects
the waves’ propagation speed.

4One can generally think of the Cuscuton as a modified gravity theory, which yields a set of modified
Friedmann equations in FLRW. However, those equations can be recast as the standard Friedmann equations
of GR, except with a modified Planck mass [33]. This is what is meant by the effective background gravitational
coupling here.
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If we consider adiabatic perturbations from an ekpyrotic phase entering the bounce,
recalling (2.41), then we expect from (2.85)

2
Ce(Tb4) ~ Cr(b-) <1 +2i (1 - %2) ka+> ; (2.86)

Pl

assuming again 7,y = —7p_. Given k1,4 < 1 for IR modes, this implies ( receives marginal
growth through the bounce phase considering 1 — M2 /M2 ~ O(1). If we consider adiabatic
perturbations from a massless phase entering the bounce, recalling (2.56), then we expect

2 M2
Cie(Thy) Ck(Tb—)(l + Y — (1 - Z\7§I> ) , (2.87)

where we further assumed —km,_ is sufficiently small so that —In(—km,—) > [In(2) —

ve + im/2] ~ 1.575. This implies that (; may grow through the bounce, but only by
a limited amount, small relative to its size when it entered the bounce. Finally, in the
situation isocurvature perturbations from the prebounce phase source curvature perturbations
before the bounce starts, we may expect [e.g., from (2.67)] that ((m,_) =~ im\/24/k3 and
¢ (mo-) ~ imy/2A5kT,—. Thus, (2.85) implies that

M2

Cr(Thy) = <k<7b><1 —2 (1 - J;) k%). (2.88)
MPI

From this, we conclude again that (; remains more or less constant throughout the bounce

phase. This matches the expectation that (; can only receive limited growth through the

bounce, as derived in [46].

2.3 Numerical examples

In the previous subsection, we provided general details for different contracting models that
then undergo a bounce due to the Cuscuton, and we presented how the different perturbation
modes evolve across the different phases of evolution. Various approximations were made along
the way to isolate the different regimes of interest and to derive analytical results. However,
everything can be computed numerically to verify the validity of these approximations. We
present such examples in this subsection for both the background and linear perturbations.

Since our focus is on testing the physics of the Cuscuton bouncing phase and since
treating ¢ as an ekpyrotic field or a fundamentally massless one does not affect the physics of
the bounce phase significantly, we only present here numerical results for the case where 9 is
massless. Provided a Cuscuton potential U(y), this means that we can numerically solve (2.12)
for ¢(t), and then any other background quantities can be derived from the solution for ¢(t).
For instance, recalling (2.7d), we have H(t) = U, ,(¢(t))/(3u*>M2). In the spirit of following
up on [45, 119], we choose the following Cuscuton potential in our numerical tests,

P S S LA Or PR Ry
Ulp) = 5m’(o” = ¢h) = - (e -1), (2.89)

for some constants m, @, > 0. For more details on why this particular form of the potential
works, we refer the reader to [45, 119], but in short, provided @2, > m?, one has U}, =
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Figure 1. Numerical background solutions for the Hubble parameter H and its time derivative H
as functions of the physical time ¢. The Cuscuton parameters m and p are varied in the left- and
right-hand plots, respectively. In the left panel, we fix p = 0.2 and po, = 0.1 Mp,. In the right panel,
we fix m = 0.04 My, and po = 0.2 Mp,.

U(0) ~ —m?p2,/2 < 0 and mZ = U,(0) ~ m? > 0 as desired. This choice of potential
is in no way unique, but the numerical results presented here with this choice of potential
are qualitatively quite generic.

A set of background solutions for different Cuscuton potential parameters is shown in
figure 1. The time range is chosen as to put the emphasis mostly on the bouncing phase
since this is the nontrivial part of the background evolution. For the prebounce contracting
phase, the numerical solutions approach an ¢ = 3 constant EoS, with H(t) ~ 1/(3t) as —t
becomes large (recall that we assume 1) is massless here). Note that the same scaling is found
at large ¢ (i.e., after the bounce), because we have not implemented reheating in this example
— 1 is the only matter field ever present in this toy model. All examples shown exhibit a
bounce, that is, H crosses 0 and H has a regime where it is positive; hence, the effective
NEC is violated. We can quantitatively verify from the solutions that HA#? < O(1), where
At indicates the duration of the bounce phase [defined as the time interval where H (t) > 0].
This supports the approximation made in (2.68) and throughout section 2.2.2 that the scale
factor is roughly constant to leading order through the bounce phase, so that in this regime
t~7, H~H, H~H etc. Moreover, the linear behavior of H as a function of time is
manifest about the bounce point ¢ = 0, supporting the approximations in (2.68), which were
made to solve the perturbation equations analytically about the bounce point. Of course, H
is not exactly constant in the bounce phase in the examples of figure 1 — it is more like a
flattened bell curve — but nevertheless, this shows H is dominated by a more or less constant
value once H has sharply transitioned from negative to positive values.

Given numerical solutions for the background, we may numerically solve the equations
for the perturbations without any approximations, i.e., the equations of (2.27) with all the
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Figure 2. Numerical solutions for the absolute value of the curvature perturbations |(x(t)| on
superhorizon scales. The left panel shows the contracting phase alongside the beginning of the bounce
phase on a logarithmic time scale. Dashed colored curves show the numerical solutions, and the grey
solid lines show the corresponding analytic approximation. The color represents the wavenumber &
according to the color bar on the far right. The vertical black dotted lines indicate when H = 0,
representing the start and end of the bounce phase. The right panel shows a zoomed-in version of the
whole bouncing phase on a linear time scale.

coefficients described in (2.25) and (2.26). From this point on, for all the numerical solutions
shown as examples, we choose the following model parameters: m = 0.04 Mp,, oo = 0.1 Mp,,
and p = 0.2; the corresponding background is the cyan dot-dashed curve in the left panel of
figure 1. The initial conditions for the perturbations are set such that we have an adiabatic
vacuum on subhorizon scales in the far past (at a prebounce time 7 < —1/k for a given
k mode). For modes of observational interest, the transition from sub- to superhorizon
scales occurs far away from the bounce phase, in a regime where the contributions from the
Cuscuton are completely negligible (a fact that we checked numerically). Correspondingly, we
confirm that the numerical solutions are nearly identical to the analytical solutions expressed
in terms of the Hankel function of the first kind shown in the previous subsection. As such, we
may use the analytical solutions (in terms of the Hankel function) to set the initial conditions
on superhorizon scales, as long as it is sufficiently far away from the bounce, and numerically
evolve from there until after the bounce phase. Since the computational cost associated with
numerically solving perturbations from the subhorizon regime to the superhorizon regime is
high, it is advantageous to initiate the analysis using the Hankel function on superhorizon
scales. This approach is particularly beneficial given that the primary interest lies in the
physics of superhorizon modes throughout the bounce phase.

The numerical solutions for the absolute value of the curvature perturbations, |(x(t)],
are shown in figure 2 in the case where 1 is massless. The colored dashed curves show the
numerical solutions, where the color coding represents the wavenumber k of the perturbations
(we choose a range that roughly corresponds to the observable scales in the CMB). The
black vertical dotted lines indicate the moments H crosses zero, so in the left plot the focus
of the logarithmic time scale is on the contracting phase and the beginning of the bounce
phase, while in the right plot the focus of the linear time scale is on the whole bounce phase.
In the left plot, the faint gray solid lines show the analytical approximation (2.56), which
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should hold in the contracting phase well before the bounce phase, for the same set of k
modes as the numerical solutions. As we can see, the numerical and analytical curves match
almost perfectly for t/tp; < —10%. Even by t/tp, ~ —10*2 (where we cut the gray lines for
visual purposes, though the bounce phase really starts at ¢/tp; = —99), the relative difference
between the analytical and numerical curves remains very small (~ 1%). This deviation is due
to the Cuscuton becoming important in the approach to the bounce — indeed, the bounce is
triggered because of the Cuscuton, so its effect should become manifest in that regime.

The plot on the left of figure 2 shows that superhorizon adiabatic perturbations grow
logarithmically in a contracting phase dominated by a massless scalar (note that the horizontal
axis is logarithmic, while the vertical axis is linear). Similarly, we see that the k& dependence
is very weak, again logarithmic in fact: the amplitude of |(;| at any fixed time changes by
less than 10% across 4 orders of magnitude in k. While the plots show that the dimensionful
quantity |(x| is nearly independent of k, we can infer that the dimensionless power spectrum
~ K3|¢x|? is strongly blue, as anticipated analytically.

The right plot of figure 2 shows that the numerical solutions match the analytical
expectation for (x(t) also through the bounce, which is that it grows linearly as a function
of time, with a rate that is an O(1) factor times its rate when it entered the bounce phase;
recall (2.85). Indeed, we see quite neatly the change of slope in ((t) (roughly equivalent to
(.(7) in the bounce phase) going from the contracting phase to the bouncing phase. Moreover,
the amplification |(;| receives passing through the bounce is relatively small compared to
its amplitude, again as anticipated analytically in (2.87).

Moving on to entropy perturbations, we take (2.61) as the choice of coupling function,
with A = 1073 My, and § = 0. This will yield an exactly scale-invariant power spectrum,
which is sufficient for the sake of presenting the general behavior of g, but the computation
is straightforward to repeat with a slight § > 0. We could also take (2.60) instead of (2.61)
for the coupling function. However, they have the same time dependence when the Cuscuton
is negligible. Therefore, they produce identical results for y; during the contracting phase
and expectedly through the bounce, as discussed in the previous subsection. We have
confirmed this numerically.

The numerical solutions for the entropy perturbation yi(¢) are shown in figure 3, where
we plot the dimensionless quantity k3/2|x(t)|, essentially the square root of the dimensionless
power spectrum as a function of time. Curves of different colors represent different & modes
as in the previous figure. The time axis is broken as to put the emphasis on two processes
happening in very different time regimes: when the modes exit the horizon; and when they
pass through the bounce phase (in between the two black vertical dotted lines). The decrease
in |xx(t)| when the modes are subhorizon is due to the fact that'® z, = av/F ~ 1/(—7), so
then |x&(7)| o< |ug|/2y(T) ~ (=) if ug is in its adiabatic vacuum state (|ug| ~ 1/v/2k’). Once
the modes cross the horizon, they freeze and x becomes nearly constant; in fact, the numerical
results match the analytical approximation (2.63) according to which x4 (7)/xx(7) ~ k*7,
which means that the growth of |xx(7)| in the supper-Hubble regime as kT — 07 is very

'5A word on notation: ~ should be read as ‘approximately scales as’ here (similar to ~, but up to propor-
tionality constants, ignoring numerical factors). Elsewhere, it may mean ‘of the order of’. Its interpretation
should be clear from context.
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Figure 3. Behavior of k%/2|y;(t)| from the numerical solutions for the entropy perturbations, x4 (t).
The plot shows part of the subhorizon evolution, horizon crossing, and part of the superhorizon
evolution (on a logarithmic time scale to the left of the break), and it shows the evolution through the
bounce phase (on a linear time scale to the right of the break). The colors indicate the wavenumber
k. The vertical black dotted lines show when H = 0, indicating the beginning and end of the
bounce phase.

much suppressed. Figure 3 also shows that as the modes of different k freeze on superhorizon
scales, they all approach the same value for K3/ 2|xk] ~ 2 x 107* — this is the behavior to
be expected for an exact scale-invariant dimensionless power spectrum (recall that we took
§ = 0) of amplitude ~ 107?. The plots further show that the numerical solutions remain
essentially constant as they pass through the bounce phase, which matches the analytical
approximation given in (2.76) — the possible amplification through the bounce phase is
IR-suppressed as (k7,_)2 < 1. The lesson here is that the bounce phase does not affect the
scale-invariant spectrum. Note that if the x; isocurvature perturbations are converted into
curvature perturbations (i right before the bounce phase, then the same conclusion would
be reached according to the discussion around (2.88).

3 Beyond the linear regime

Since this section covers multiple aspects, we provide a brief guideline on how to read it. The
main objective is to compute the third-order action, determine the strong coupling scale,
and analyze the bispectrum to quantify non-Gaussianities. We carry out this analysis both
analytically and numerically across different phases and scales. We begin in section 3.1 with
a brief literature review and theoretical expectations. In section 3.2, we derive the third-order
action. Section 3.3 focuses on the strong coupling scale, considering linear perturbations and
interactions, analyzed separately for the prebounce and bounce phases across IR and UV
scales. Section 3.4 then presents the bispectrum and non-Gaussianity analysis, addressing
the same cases as before. The strong coupling scale is revisited using bispectrum calculations
and compared to previous results. Finally, we end the section with numerical results that
support the analytical estimates.
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3.1 Theoretical insights and expectations

So far, we have seen how the Cuscuton may yield a nonsingular bouncing cosmology at
the background level, and we have seen examples of cosmological perturbations that may
evolve in such a background. Specifically, a large-scale nearly scale-invariant 2-point function
of entropy perturbations may be generated either during an ekpyrotic or stiff contracting
phase, together with unamplified adiabatic perturbations. Provided that the isocurvature
perturbations are efficiently converted into curvature perturbations, the models could match
the current observational constraints from the CMB.

However, these findings are based on the study of linear perturbations and their cor-
responding 2-point statistics, but a detailed comparison with CMB constraints requires
advancing the analysis beyond the linear regime. In particular, nonlinearities should not
compromise the results. For example, the existence of strong coupling issues or the production
of (very large) large non-Gaussianities would represent severe drawbacks to the theory.

Naturally, when the Cuscuton contribution is negligible (i.e., deep in the contracting
phase before the bounce) and before the conversion of isocurvature to curvature perturbations,
we should recover the results of the literature, according to which the perturbations should
remain nearly perfectly Gaussian (see, e.g., [116, 117, 128] and references therein). This
makes intuitive sense: during that phase, ( is effectively unexcited and remains very close
to its Gaussian vacuum state, and y has no cubic interaction term in the action (since, in
particular, it has no potential), hence, it has a vanishing 3-point correlation function. To better
understand the rationale behind this intuition, we note that in this regime, the theory is very
close to GR with canonical scalar fields, so in particular the scalars’ sound speed is very close
to unity, and initial conditions are taken according to a Lorentzian adiabatic vacuum; hence
non-Gaussianities of equilateral and orthogonal shape should not get generated significantly
(see, e.g., [159, 160]).'® Furthermore, local non-Gaussianities are similarly not generated, as
can be assessed through the EoMs for ( and x. That is, if we expand the perturbations to
second order at the level of their EoMs, we find no source for the entropy mode at quadratic
order since there is no potential for x and since there is no turning of the trajectory in
{®, x}-space [116, 117, 128]. In other words, ¢ and x are decoupled at the perturbative level.

Therefore, no intrinsic local non-Gaussianities are generated for the entropy perturbations.
Similarly, if we expand the curvature perturbation to second order at the level of its EoM on
large scales, one finds that it is sourced to second order according to (in the superhorizon
limit; see again, e.g., [116, 117, 128])

(® ~ XX s (3.1)

HVy (1Fy 8\ _  HVyF
e s|=—=s =—

2F° 4 U3

where s = v F x. However, we know that the superhorizon solution for x is constant in time
to leading order [i.e., x ~ 0, recall (2.49b) or (2.63)], hence s ~ v/F and ¢®) ~ 0. Therefore,
the curvature perturbation is not sourced by entropy modes at this point, indicating once more

5The intuition really comes from inflation, where ¢ < 1. Since ¢ > (1) for contracting models, the
non-Gaussianity results from inflation are not directly applicable. Still, they may provide insight.
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no deviations from Gaussianity.!” We note that these statements remain true even to third
order [128], hence we expect flglfcal) ~ 0 and gSfcal) ~ 0. These quantities are the coeflicients
of the expansion of the full real-space perturbation () in powers of a Gaussian variable ((x),
schematically ((x) = (c(x) + focal) C(x)+ gﬁﬁcal) ¢2(x)+---. We will provide a more formal
definition when we discuss the computation of the bispectrum in a subsequent subsection.

Two things can still generate non-Gaussianities at this point: the conversion of isocurva-
ture perturbations into curvature perturbations; and the Cuscuton’s contribution. The former
has already been considered quite extensively in the literature [117, 128, 129, 149, 151-154].
The conversion can be modeled in different ways, but the general idea is that there must exist
a potential barrier that induces a rotation in {v, x }-space. If the rotation rate is 6= Vs/ @[),
where we recall s(1), x) = /F ()X, then curvature perturbations are sourced on large scales
following ¢ ~ 2H0s / 1, after which ¢ roughly acquires the amplitude and spectral dependence
of x. This conversion generates local non-Gaussianities of the order of focal) = 0(1-10),
depending on the precise modeling of the conversion process [117, 128, 129, 149, 151-154].

(local)

This is very close to current observational bounds, e.g., fxi. = —0.9+5.1 (65% CL)
from Planck [161]. This tells us that if there is any Cuscuton contribution to flglfcal), it
should not exceed that constraint either, that is, not much larger than O(1). Future ob-
servational constraints on fy;, will certainly constrain this even more (see, e.g., [162-167]
and references therein).

This naturally leads us to compute the bispectrum with the Cuscuton included to
determine both that the theoretical analysis of the model is sound and that the model is
not excluded by observations. In particular, the behavior of the bispectrum going through
the bounce will be crucial since it is precisely the presence of the Cuscuton that enables
the nonsingular transition. Two things could go wrong: the first one, as already pointed
out, would be that large non-Gaussianities could be generated through the bounce such that
observational bounds rule out the models; and the second one would be that the theory
becomes strongly coupled, meaning in this context that the perturbative expansion would
essentially break down, indicating that the linear perturbations would be untrustworthy. Many
nonsingular bounces (using different physics from Cuscuton) are known to suffer from either
issue, if not both (e.g., [59, 107, 168, 169]). We will show that the Cuscuton bounce is robust
in that respect: no sizable non-Gaussianities are produced through the bounce, whatsoever,
and the theory remains well under perturbative control throughout. We estimate the strong
coupling scale along the way and show that it is well above the scale of the background.

3.2 Third-order action

The strategy we shall employ to investigate strong coupling and compute bispectra is to
use the action expanded to third order in perturbations. We show the details of how this
is obtained in this subsection.

From this point on, we only consider the case where v is massless at the level of the
interactions. This would not be applicable deep in the contracting phase for ekpyrosis, but

17Subleading effects could still generate small local non-Gaussianities at this point, such as the decaying
contribution to x. Also, more refined models (especially of ekpyrosis) would have a slightly time-dependent
background EoS, which would also have the effect of sourcing ( to second order. Such effects remain tiny,
though [116].
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we already know that the perturbations remain Gaussian in that regime. Thus, to investigate
the effects of the Cuscuton and the nonsingular bounce, it is fair to set the potential for
¥ to zero from the start. We then expand the action given in (2.4) to third order in «,
B, ¢, dp, and x defined in (2.5) and (2.6), always performing some integration by parts
and using the background EoMs for simplifications. For better illustration, we classify the
third-order action in three parts:

+ L3+ L

S®) = a2 / Pxdta® (L) + L3 +L0,) -

x) (3.2)

Note that EE?()) is not meant to represent the third-order expansion of £, as defined in (2.3)
and likewise for the other terms. Instead, we have in mind expanding the full action to third

(3)

order and gathering all the cubic terms involving two xs first in E(X), then all the remaining

(3)

cubic terms involving at least one dp in E( 50)? and finally all the remaining cubic terms in
r®

(rest

1 az 2 C{’Z az . 8Z 2
£8) = —5F (. X) ((a—3<>x2+<a+c>( 0 o X)—XF,Xa <x2—( 2 )

) (before the substitution of any constraint equations for o, 3, and d¢).'® This yields

a?
(3.3a)
4 6 o
Eg’;) — 942(¢ — Ha)(dp + 3 e(:za+ 3()&02 M e¢e(82;3Hn 6)6 5 Ca 53 5
u 1200\ (9i8p)?
+ 40 H? (2a T 20H2> a2 (3.3b)
ﬁgfe)zst) = (3 - GTZ))HQQS' + 3(6 — 3)HQQQC _ GHQQé + 18HQCC + 30[(2 QCCZ 4 2HC@’O¢815
. 7 2 ) 2 9 B .
+(C—a) (ag) B 246 B¢ + ad*¢ 9(Ha - C)aaf NG B)? g@ajﬁ)
“ a? a 2a
2891 80 i
L FBOBIC | 30 B 30, ¢ e

at 2a4

Note that partial derivatives are always meant to act on immediate variables only. Upon
substituting the solutions for the perturbed lapse and shift (2.15) and recalling the definition
of @ in (2.16), the action can be recast in the form of (3.2), except now with different Cs.
First, the terms that couple to x are

2 )2
) - FwX) (c 3ch5@>x _F@.X) <C+HCM2590> ()

2H 2H a?
0; o 2 _ Oty .
+ F(y, X) <al§ (315 2~ %81‘3 25@)) aXX

XFX (é— ~s ) <>'<2 - <8;>§)2> . (3.4)

8Note also that the ‘Lagrangian density’ as defined by S® = M2, fd3m dta®£® does not have the
appropriate dimensions given the factorization of M%,, i.e., henceforth £ has dimensions of mass squared. Still,

we abuse notation given the practicality of this factorization.
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Then, terms that still include the Cuscuton contribution can be divided as Eg?p) = EE?L)S +
(3) (3) .
L T Liggy With

(3) p° . 18e,Cs €,
Lispy =~ goagzgs (2oH 0p+3¢) (9id0) — S 72 d¢ +16H (9:0;,0725¢) 5, (3.50)
£E§L>z=%<2é+ﬂc)<aiéw>2 b0 Oyt i L LS
—&-S—H(6(0+3)H(+(o(2+36¢)+6)§) S+ 2H25<palafgaa 0725
84; (2000'0702502:0;072C+((8:0;020)* ~ HO'O 250 (209 0;¢+307 9250 9:9;() ) ,
(3.5b)
CE?L)lsz ((2—3ey)¢— 12H<)<5so+ ‘2‘;2 (H(14€4)(0:C)2+2(HC+ (14+¢4)C) 0%¢) 8
+ 4(1/12 ((@@C)Q—(a%)?)5@+%6¢6]’6—2<’(5<paiaja—2é+2¢aiaja—25¢)
_2/2 €y S (0°07¢ (80 0:0,02C—2H;0~2600;¢) + (HO'CO? (+{0' 07 ) 0;0,06p)
1 (800 CO0~2¢ +010- 280 (COC+3079-2¢0,0,¢)) . (3.5¢)

In (3.5a) to lighten the (already very long) expression we defined
Cs = —63(2+6w)+612p(6—|-6w(2+€¢))+62(10+36w(2+6¢))—36(4+6¢(4+6w(2+€¢)))—2677. (3.6)
Finally, the remaining third-order terms containing ( are

(3) _ﬁw( —2) 3 22 C(ao _ﬁwéza% 3¢0%¢(9:¢)*
£ N o 3ey(Ct = a? a?2H? + 4a*H?

2
+ o (HO'O72(20i¢ +307072¢0,0;) — {(9:9,07°C)°)

+ 5500072 (HO,C0;¢ + (0i05C) - (3.7)

In principle at this point, the solution to the constraint d¢, (2.17), could be substituted to
further obtain an action that depends solely on the two dynamical degrees of freedom x and (.
However, the resulting expression is tremendously long and is not particularly instructive. One
could hope that integration by parts further simplifies the action as is the case in GR [170],
but we have not found this to be the case here (more comments about this below). Still, in
what follows, we will find that the third-order action as expressed above is already useful.

An important observation here is about the GR limit. If one sets the Cuscuton and the
entropy field to zero (i, U, and F' all equivalently 0), then the theory reduces to GR with
a free (noninteracting, massless) scalar. In the third-order action above, this means only
nge)st) leq. (3.7)] survives with e, = € = 3. In such a case, one can verify that the action is
indeed equivalent to what one expects in GR with a free scalar (see, e.g., [170, 171]), namely,
after integrating by parts and using the GR EoM for (,

( (6’() 9;
2 A

972 + %agg(aia—ﬂéﬁ . (3.8)
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When we have the Cuscuton, the ‘GR part’ of our full third-order action, which we called
nggst), is generally different from [ZE?(’;)R). Indeed, one could contemplate extracting the GR
terms by performing integration by parts and using the full linear EoM for ¢ as in the
standard calculation (e.g., [170, 171]). However, the second-order action for ¢, (2.20), does
not straightforwardly factorize into a ‘GR part’ and a ‘Cuscuton part’, and the nonlocality
of the corresponding EoM for ¢ and of the constraint equation for dp makes it practically
impossible to further simplify (3.7) [and (3.5) for that matter]. One implication of this is that,
when the Cuscuton is important, (3.7) has higher-order operators of the form V4¢3/H?, while
in the GR limit we only expect operators of the form V2(3 because higher-order operators
like V4¢3/H? amount to boundary terms. [Henceforth, we use V to schematically denote the
power counting of derivatives (spatial or temporal).] Yet, formally in the UV limit £ — oo,
the Cuscuton reduces to GR [33], so one could contemplate the possibility that terms of
the form V4(¢3/H? may be removed from the third-order Cuscuton action by integration by
parts perturbatively in 1/k. We checked and confirm that, before integration by parts, the
third-order action of the Cuscuton and of GR match to leading order in 1/k, and they are
of the form V4(¢3/H? More comments on this will follow later.

3.3 Toward estimating the strong coupling scale
3.3.1 Strategy

The first thing we wish to do with the knowledge of the third-order action is to compare
the ‘size’ of its terms to those of the second-order action. If we express these actions as,
say, S©) = M2 [d3zdt a*£3) and S?) = M2 [d3xdt a®*L£?) | respectively, then the ratio
LB (t,2) /L3 (t, ) is informative of the perturbative expansion’s regime of validity and of
the theory’s strong coupling scale (e.g., [84, 88, 90, 91, 172]). Indeed, in order for ( and x to
be meaningful perturbation variables and for the theory to be controllable, one should have

L=L01 @420 4 (3.9)

with every term smaller than the previous one. (The expansion generally includes LM but
it is often omitted since up to boundary terms it vanishes on shell, i.e., upon applying the
background EoMs.) As well explained in [84], two things could go wrong: for subhorizon
fluctuations, a ratio ]£(3)/ E(Z)| 2 1 is indicative of a quantum strong coupling problem, with
unsuppressed loop corrections and potential violation of unitarity; while for superhorizon
fluctuations, a ratio |£(3) /£()| > 1 is indicative of large classical nonlinearities, which may
spoil the analysis of the linear perturbations and perhaps even of the background. In the same
spirit, |£®)/£0)] > 1 would signify a breakdown of perturbativity. While this would have
nothing to do with interactions being strongly coupled, we nevertheless abuse terminology
and refer to scales where |£(2)/£0)| ~ 1 as strong coupling scales. A proper analysis of the
quantum strong coupling scale in cosmological contexts involves the computation of loops
or nonlinear corrections to various observables to determine at what point they become
substantial. As a sensible alternative, one might instead check whether these corrections
are significant within the S-matrix (e.g., [59, 85-87]; see [173] for yet another alternative
involving entanglement), but a rough estimate can already be found by estimating £3 / £
and especially £3)/£?) (e.g., [83, 87-94]). Moreover, since our primary goal is to test the
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physics of the Cuscuton in the bounce phase, we will be mostly concerned with the classical
strong coupling problem for superhorizon perturbations (which are of observational interest),
but we will comment on the subhorizon regime too. Generally speaking, the goal is to find
the regime of validity of the model at hand, which from an effective field theory perspective
may come with UV (and potentially IR) cutoffs.

A comparison of perturbed Lagrangians as described above can only make sense when
performed with real-space perturbations, because cosmological perturbations (through the
perturbative expansion of the metric and the matter fields) are defined in real space; cf. (2.5)
and (2.6). Let us denote either ¢ or x by the variable £. Note that since these variables are
technically quantum operators, é , they are not deterministic functions of x in real space;
instead their expectation values manifest themselves as stochastic fields. However, defining
£(t; #) as the standard deviation of the coarse-grained é with some Window function W*é (t,x)
over some radius # enables us to quantify the real-space ‘size’ (i.e., amplitude) of the coarse-
grained £ (and likewise for the derivatives thereof). Recalling (2.44), we can evaluate &(t; %)
in terms of the Fourier-space mode function &, and Fourier transform of W as'®

a(t;%)=\/ ROl é(t;%)=\/ [ Emor. 610

Ignoring O(1) numerical factors, estimating the square of the Window function in Fourier
space using a delta function as in (2.45), and denoting the smoothing comoving scale at
which we evaluate the ‘size’ of the perturbation & as Z = 1/kg, we have

£t 1/ka) ~ K2\, )], €t 1 kg) ~ KD 1 ()] (3.11)

where to simplify the notation the bar indicating the coarse-grained estimates is omitted
from this point onward. From this, we can similarly estimate the size of spatial derivatives as

O8(t; 1/kaz) ~ kz8(t;1/kz) , (3.12)

and so on. For instance, if & is related to its Mukhanov-Sasaki variable vy through a
dimensionless function fe as vy = Mpafel, then for kg in the far UV we expect for an

adiabatic vacuum?’ with Lorentzian dispersion relation wy ~ k (v ~ k=12 and U ~
WEUE ~ k:l/2)
kz/a o (0:6)?  (kg/a)! UV
~Y 5 ~J ~Y . 3-13
¢ My, fe ¢ a? M3 f¢ (V) (313)

9Gince acting on a function that depends only on the magnitude of k, note

=S} 2 oo
[eatanr = [ SEE @ 0r= [ F B wpdo,
k 0 (27T) 0 k

where we recall Pg(k,t) = k*|€x ()| /(272).

2ONote that the time variation of a and f¢ should be such that the WKB approximation holds in the
UV limit, so that a well-defined adiabatic vacuum for vg in that regime exists. In most scenarios in the
literature, this is ensured by construction using the generalized ‘slow-roll conditions’; otherwise one may seek
more sophisticated transformations to check if a proper canonical variable exists to set the adiabatic vacuum
conditions [174]. Also, (3.13) really holds only if f¢ # 0 and as long as it has little k& dependence (subleading
in the UV).
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As another example, when £ represents x which has a scale-invariant power spectrum on
superhorizon scales in the prebounce phase [as in (2.50) and (2.64) in the limit § = 0], then
for kg in the far IR we find

. 7 2 7
evva, ey B BL e

Such estimates will be used repeatedly in what follows.

3.3.2 Background

Let us start by estimating the relevant energy scales of the background cosmology (see,
e.g-, [59]),

J

(8

We find Epack(t) ~ |H(t)| ~ 1/|t| before the bounce phase, that is, for t < t,— ~ 1/|Hp—|.
Thus, the maximal energy scale before the bounce is |H},—|. Using the potential (2.89) as

0 1/2
Foaek (1) Nmax{ =, 5],

, } (3.15)

an example, one estimates®!

m
Hy| ~ o2 x B, (3.16)

where the second approximation assumes m ~ u?Mp, [more about this later, below (3.24)].
In order for the bounce to be semiclassical (sub-Planckian), we ask |Hp_| < Mp,. Given
that the potential (2.89) assumes m/Mp, < 1% < @oo/Mp; < 1 (see [45]), this is indeed the

case. Under the same approximation, (2.82) tells us that??
m* 3

T~ ~ pto? ~ 9H? 3.17
Mél 3M4 — 2m2/MF2>1 b Poo b— > ( )

where the second approximation assumes m =~ p?Mp, and the third uses (3.16). Hence,
according to (2.68), we expect the relevant energy scale through the bounce, |H|1/2 ~ T2,
to remain roughly constant and of the same order as |Hp_|.

3.3.3 Linear perturbations

Before the bounce. Recalling (2.24) and below, deep in the contraction when € ~ ¢, ~
constant, we simply have E?) ~ e,((? — a2(8;¢)?) and E&Q) = (F/2)(x? — a=2(0;x)?), and

this is true on all scales. One can check the estimated coarse-grained size of [,éz) and ng)

2The points where H = 0 can be found in terms of ¢ by finding the roots of U, [recall (2.9)]. For the
potential (2.89), those points can be expressed in terms of the Lambert W function as

1
__.m 1 1| 2¢%

Then, the value of H at those points is found through (2.7d), and we assume po > m.
22This also shows that a minimal requirement for a successful bounce with 0 < T < oo is generally that
0<m<4/3/2 12 Mp); see [45, 46].

— 33 —



as outlined in section 3.3.1. First in the IR, if we have ekpyrosis, then | 522)\ ~ ki /M
[using (2.39) and (2.40) in the large € limit, as well as (3.11) and (3.12); also recall k, = k/a
is the physical momentum]. If we have kination (1 is massless), then using (2.56)

k3 H?
LM 3.18
L g (19
And in either case in the IR using (3.14) we have
k2H2
LG~ 2 (3.19)
X Mg,

In all cases, this confirms that |£?)| < |£()| ~ H? before the bounce phase in the IR. In
the UV for both ¢ and x (collectively denoted &), one finds using (3.13)

(2,UV) ky
L7~ 3.20
W~ o (3.20)
which upon comparing with ]E(O)] suggests a strong coupling scale of the order of Agirong ~
V/|H|Mp,. Note that this is, in essence, only a statement about semiclassical GR since
we assume that the Cuscuton is negligible before the bounce phase. However, as it is the
Cuscuton that sets the maximal Hubble scale |H},_| right at the onset of the bounce phase,
this is already informative of the Cuscuton’s strong coupling scale; using (3.16), it suggests

C ton m 2 ®
Aétrgi;u ) ‘Hb—’Mm ~ ;\/ Mo:l ~ MMplﬁa (3-21)

where we use m ~ p2Mp, in the last estimate. Unsurprisingly, the resulting scale is propor-

tional to uMp, = My, which is the new mass scale that the Cuscuton introduced from the start
n (2.1). If we set oo ~ My, for the sake of simplicity, then the strong coupling scale is solely
controlled by M, as A(Cuscuton) ~ M;,. Generally we want uz K Poo/Mp < 1, so assuredly

strong
A (Cuscuton)
strong

than the Planck scale at this point. However, if |H},—| is sufficiently small compared to Mp,,
then we have the hierarchy |H| < |Hp_| < A{Guscuton) |Hp_|Mp, < Mp,. This is indeed

strong

assured whenever \/m/Mp, < p < /oo/Mp < 1.

Bounce phase, isocurvature perturbations. Let us now focus on the bounce phase,
starting with x. We again have ng) = (F/2)(x* — a=%(dix)?), but now F essentially
becomes a constant through the bounce phase [recall the discussion below (2.74)]. As we

< My, but the strong coupling scale is not necessarily orders of magnitude smaller

saw around (2.76), xx also remains more or less constant through the bounce phase on
superhorizon scales, so one can estimate the size of £§f) in the IR from its value at the onset
of the bounce. Thus, we infer from (3.19) that |L§<2’IR)\ ~ (kp/Mp)?HZ_. Since |[£O)] ~ H?_,
this confirms |£§<2’IR)| < |£©)] through the bounce in the IR. Note that this is true regardless
of whether the prebounce phase was ekpyrosis or kination. Likewise in the UV, \5&2)] is the
same as at the onset of the bounce, (3.20), and the resulting strong coupling scale is given

by (3.21), which remains constant through the bounce.
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Bounce phase, curvature perturbations. Moving on to ¢ through the bounce, let us
start with the analysis on subhorizon scales. Since the action for ¢ in the UV reduces to the
usual ‘canonical’ form [recall (2.29)], one finds the same result for ¢ as for y regarding the
UV strong coupling scale derived above. One may be concerned about the point where H = 0
[recall the discussion after (2.29)], but by doing the limits carefully, we confirm that the result
is unchanged. In fact, taking H — 0 before k — oo in (2.25), one finds z ~ /2/5 (k/H), so
the amplitude of the UV fluctuations at the bounce point is not given by (3.13), but rather by

vy Hxo VO [H]|
SR (322)
where we recall that /o |H| is O(H). Combining this and (2.30), which is the UV action
about H = 0, one recovers (3.20). In passing, we have to recall from (2.83) and (2.84) that
oley =1 —¢€ley =1 — M2 /M2 is O(1) about H =~ 0.

Away from the large-k limit, the Lagrangian for ( is generally quite complicated in the
bounce phase, so let us explore the opposite regime, i.e., the IR limit given by (2.28), which
is relevant for superhorizon modes of observational relevance. To approximate E?’IR), we
make use of the fact that we have previously carried out the series expansion for most of the
required background quantities around the bounce point, as presented in (2.68), (2.73), (2.78),
and (2.79). Now, let us evaluate the series expansion for the other necessary ‘slow-roll’

parameters:
t=~0 1 0 t~0 2 0 t=~0 2 0
~ - t ~ —— t ~ —— ). 2
€ Tt2+o( ), n Tt2+0( ), Ty TthLO( ) (3.23)

Applying this to (2.28), one finds to leading order

pemizo 3R AMET—GROCP (, ) (o 2mi-uiME (0
T MY 44T 2MR2Y 442 a? M2, 3t M2 —2m2 a2
s (8:0)?
St (3.24)

where the first approximation is for IR perturbations about ¢t &~ 0 (equivalently H = 0),
the second approximation assumes the potential (2.89) with m/Mp, < % < poo /My, [and
uses (2.74) and (2.82)], and the last approximation is when m ~ u?Mp,. Note that (3.24)
makes it clear why m ~ pu?Mp, is a sensible assumption since the Lagrangian becomes
canonical with unit sound speed; indeed, [46] showed that the theory behaves best when
m ~ p? My, that is, the sound speed remains closest to unity across time and k-space. In [46],
it was also observed that to maintain a positive coefficient for the gradient term (i.e., the
sound speed?? squared) and to ensure that the sound speed remains subluminal, the condition

2

UL (3.25)

1
- < JR—
2 prME T

must be satisfied. Therefore, [46] anticipated that similar constraints should likely be applied
to prevent strong coupling issues.

ZWhile a negative sound speed squared would not necessarily be a sign of a gradient instability since this is
in the IR as opposed to the UV, it may still be an undesirable feature. We will in fact see later that m — 0%
could lead to the production of arbitrarily large non-Gaussianities through the bounce.
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From (3.24), if the superhorizon near-scale-invariant y perturbations are converted to
¢ perturbations just before the onset of the bounce, then as was the case for x before, we
conclude that \EEQ’IR)] ~ (kp/Mp))2H?2_ on superhorizon scales through the bounce. If the
conversion occurs after the bounce one finds on superhorizon scales through the bounce
|£é2’IR)\ ~ k3 /Mg, or \522’IR)| ~ k3|Hy_|/M¢, depending on whether the prebounce phase is

ekpyrosis or kination, respectively. In all cases, |£22’IR)| < L0 ~ HE for ky, < |Hy_|.

3.3.4 Interactions

Moving on to evaluating £(3) /£(2), we first notice from the derivation of the third-order
action in section 3.2 that £(3) separates into terms that represent (x? interactions [what we
called Egi)) in (3.4); equivalently L¢yy, L¢y2 or Lyy¢ henceforth] and terms that represent ¢3

interactions [which corresponds to Egg?p) + nggst) of (3.5) and (3.7); L¢s or Le¢¢ henceforth].
Therefore, there are two meaningful ratios to evaluate: the ratio of the most dominant terms
in L¢y, over the most dominant terms in £§f) (Lyy henceforth); and the ratio of the most

dominant terms in L¢¢¢ over the most dominant terms in ﬁg) (L¢¢ henceforth).

Before the bounce. Before the bounce, the Cuscuton is negligible, so from (3.4) we have
as an order-of-magnitude estimate of the size of the terms involved in L¢,, (ignoring signs

and numerical constants),

XFx\ & 3¢ _ no-20) 2X;
Ecxx~<(1— 2 )H+c>£xx+F(aH—aaza S SN CED

and likewise L¢¢¢ is approximately given by (3.8). In the UV, one can verify that |L¢ce/Lec| ~
|| and therefore the strong coupling scale at which |Leee| ~ [L¢¢| corresponds to the
Planck scale (when |¢| ~ 1). Meanwhile, |L¢y,/Lyy| is dominated by terms such as (/H ~
k2/(|H|Mzy), so the strong coupling scale, similar to the case of L2 /£0) discussed after (3.20),
is expected to be of the order of \/[H[Mp, . In the IR, using (2.56) for ¢, we estimate

Ky |H]| : ky/? | H]| E4
ot g () gy o e O ey 3.27
<~ s K~ S ~~kl (3.27)

and similarly using (2.63) for x, (3.14) follows. This implies |L¢yy/Lyy| ~ [Lece/Lec| ~
IC] < 1 as desired.

Through the bounce in the IR. The IR limit (k/a < |H|) of the Cuscuton con-
straint (2.17) gives

(IR) 20

5¢_E@¢5¢ (3.28)

Upon substituting in (3.5) and (3.7), the dominant terms in L¢¢; are of the form ¢¢? and
¢3, so one finds

Lece (R) 9H (26% — €(12 4 5ey) + 3(6 4 ey + €5,))¢ — 2(2¢* +9(3 + ) — €(15 + )¢
[:CC o 6H<3—€+6¢)2 '

(3.29)
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Near the beginning or end of the bounce phase when |H| ~ |H},_|, e 0, and /€, ~ O(1),
this results in |Leee/Lec| ~ [ ~ VAs < 1, assuming x converts to curvature perturbations
before the bounce. If the conversion occurs after the bounce, it results in

3/2
B Ipp—— I (-l (3.30)
Mpl |Hb,’ kp

Lece
Lec

which is also very small in the IR. In both cases, we make use of the fact that { receives
marginal growth through the bounce phase in accordance with (2.88) and (2.87), respectively.
Furthermore, if entropy perturbations pass through the bounce before being converted, then
they also receive marginal growth according to (2.76), and we find Ly /Lyy| ~ [¢], which
is suppressed according to (3.30).

Note that (3.29) is not applicable too close to the bounce point where H = 0 since,
firstly, it appears to diverge in that region and since, secondly, superhorizon IR modes (while
still satisfying k < Fhack [see (3.15)]) have crossed into the k/a 2 |H| regime. Therefore, as
mentioned before, extra caution is necessary when taking any limits in the vicinity of H = 0.
Recalling the expansions (2.18) and (2.19) near the bounce point, substituting them in (3.3),
using (3.23) and (2.78), and taking an IR limit yields instead

€T ToRMET + ) RNV
Upon comparing with the dominant term of (3.24), we conclude that
Lee| (9 _m? <1 (H=~0, IR) (3.32)
Leo| \2 p'ME o '

holds when H passes through zero.

Through the bounce in the UV. Similar to the IR, we have to be careful when taking
limits through the bounce phase in the UV. For example, as long as H # 0, the UV limit of
the Cuscuton constraint (2.17) gives u2d¢ ~ 20 H(, so the dominant terms in the respective
third-order Lagrangians are schematically of the form

Loe W VL Lo ) R, (33
where we recall V indicates either a spatial or time derivative here (as they scale equally in
the UV). For L, 2, such terms can be seen in (3.4), and for L¢¢¢ they can be seen in (3.5c)
and (3.7), although recall that in this case they may amount to boundary terms in the formal
UV limit & — oo. Since these expressions are invalid in the vicinity of the bounce point
(indeed, they appear to diverge as H — 0), they are only applicable at the very beginning (or
very end) of the bounce phase, when ,/€;" is of order unity and |H| ~ |H},—|. Correspondingly,

v [V R

(vv) |V¢| ks
2.~ HZ My

Léxx ~ _
|Hb7’ |Hb—‘MP1

EXX

‘E“C (3.34)

Lec
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The latter ratio yields the same strong coupling scale as (3.21), but the former ratio points
toward a smaller strong coupling scale of the order of

4/3 2/3 AL\ 43
A(Cuscuton) H2 M 1/3 ( m ) ( Poo ) Mo ~ ( L ) M. 3.35
strong ( b— Pl) MMPI MPI Pl Mp1 Pl ( )

where the last estimate uses m ~ u2Mp,, Qoo ~ Mp;, and p = M,/ Mp,. While (Hg_Mpl)l/?’ <
(|Hy— | Myp)'/?, we still have |Hy,_| < (HZ_ Mg)'/? provided |H,,_| is sufficiently small com-
pared to Mp,, so such a strong coupling scale would not necessarily represent an immediate
strong coupling issue for the model.
Examining the vicinity of H = 0 as discussed before [using (2.18), (3.23), and (2.78)
n (3.3)], one finds no divergent terms in L and Leyy, and a full estimate with the same
approximations yields
6M3 ]432
P1'Vp
, H~0, UV
Moo (2m? + 3t Mg, ) /3t Mg, — 2m? ( )
,uQMplkg

MPoo/ M2 —2m2

The corresponding strong coupling scales are
C ton me ‘
S [T 3 + 200 0T
Pl
Aot \/ n;le \/3utMZ — 2m? (3.37)

and using (3.17), they can be further expressed as

’f«c N
Lec

|£<XX ~ (H ~0, UV) (3.36)

£XX

(Cuscuton) w
Astrl(;flcgu o 3pt My + 2m? A M2 — 9m2)3/4
\/T ~ u6M1m390 (M Pl m) ’
P o0
Alfoenton) M,

(3t M2 — 2m?)3/4. (3.38)

/T ~ ,UIQmSSDoo

Since Epaek ~ VY when H ~ 0, we must ask for the above ratios to be very large for there
but
in the same limit no bounce can occur at the background level in the first place — recall
either refs. [45, 46], eq. (3.17) or footnote 22. Therefore, if we instead demand m? < p*M2
as before, we find in both cases

to be no strong coupling issue. This cannot be achieved in the limit m? — (3/2)u*M?2,

A(Cuscuton)

M,
_strong > 2 [P 1 3.39
2\ on (3.39)

hence there is no strong coupling issue provided p < /@oo/Mp < 1 as before. In fact
making use of (3.16), the above implies a strong coupling scale of the same order as (3.21)

again, which goes as Agggfgton)/\ﬂ'b,] ~ /My [[Hy_|.
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Summary. To summarize this subsection, we showed that whenever the Cuscuton parameters
satisfy /m/Mp, < p < \/¢oo/Mp < 1, the Cuscuton model remains properly weakly
coupled in the IR throughout time, notably through the bounce phase. The same is true
in the UV (k, > |HJ): the strong coupling scale is always larger than the background
energy scale, as desired (|H| < kp < Agtrong). Indeed, in the contracting phase, Agirong ~
V/[H|Mp,', which by the time the Cuscuton becomes important at the onset of the bounce is
\/m ~ M;. Through the bounce, though, the additional interactions the Cuscuton
provides lower the strong coupling scale to Aggﬁicgumn) ~ (Hngpl)l/3 ~ (ML/MP1)4/3MP1.
However, as commented above, provided that |Hy,_| is relatively small compared to Mp,,
such a strong coupling scale does not imply an immediate strong coupling problem for the
model. Additionally, as discussed in the previous subsection, the operators yielding this
lower strong coupling scale might be removable by integration by parts perturbatively in
1/k in the UV. Nevertheless, this scale could be taken as a conservative lower bound, while

Astrong ~ V/|Hp—|Mp, might be more robust.

3.4 Bispectrum calculations
3.4.1 Setup

The strong coupling order-of-magnitude estimate from the previous subsection was rough in
the sense that we used the 2-point correlation function to approximate the coarse-grained
amplitude of the real-space fluctuations, and we used that to compare coefficients of the
second- and third-order Lagrangians. We can improve this estimate by performing an actual
computation of the higher correlation functions. Specifically in this subsection, we will be
interested in the 3-point function, represented as the bispectrum in Fourier space.

At the same time as being of theoretical relevance for the strong coupling issue, the
bispectrum (like other correlation functions in Fourier space) is an observable that we can
measure or constrain through cosmological observations (see, e.g., [161, 175]), which serves
as additional motivation for its computation. A nonzero 3-point function is synonymous
with a deviation from Gaussianity, which if local in real space can parametrized as (we
omit the time dependence here)

(@) = (@) + fn (C(@)? = (Ga(@)?)) + Chula(@)xa(®@) + - -
X(®@) = xa(@) + £ (xo@)? = (xa(@)?)) + Cixc@)Ca(@) +...,  (3.40)

where the subscript ‘G’ indicates that this is the Gaussian part of the full perturbation
(assuming no interaction) and where the ellipses denote further (third-order) deviations from
Gaussianity (which would start appearing at the level of the four-point function). Note
that there are different conventions in the literature, which may differ from (3.40), the more
standard one being of the form { = (¢ — (3/5)f§LCC2; — ... (e.g., [176, 177]). In the above,
fﬁL, 5, C§L, and CY, have the interpretation of local non-Gaussianity parameters, but
shortly we will consider non-Gaussianities beyond the locality assumption. From (3.40),
one can compute the various 3-point functions in Fourier space involving ¢ and x (see
appendix A for a derivation). We define the general bispectrum B and the dimensionless
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bispectrum B according to

(&80 ) = (2m)26®) (kg + ko + k) Bergaer (K, koo, ks)
~ kik3ks
BénggK (kl, kz, kg) = mBgléij (kl, k52, kg) 5 (341)
where ¢/ = (¢, %), I,J, K € {1,2}. We then use the calculation of the 3-point functions for
local non-Gaussianities to define the general non-Gaussianity parameters according to

BCCC(klv k2, ks3)
(Pe(kv)Pe(k2) + Pe(k2) P (ks) + Pe (k1) Pe(ks))
Beex (K1, ka2, ks)
(Pe (k) + Pe(k2)) Py(ks)
Bxxx(kla ks, k’S)
(Px(kl)Px(kZ) + Px<k2)Px(k3> + Px(kl)Px(ki%)) ’
By (K1, k2, ks)
(Py(k1) + Py(k2)) Pc(ks3)

FSu(ky, oy, k3) = 5

Crv (K1, ko, ks) =

(K1, ko, ks) = 2

Clv ke, ko, k) = (3.42)

where o2
(hea) = @8k + @0 P (k) Par(k) = 6l = 5 Par (k). (343)

are the relations between the 2-point function in Fourier space, the power spectrum, and
its dimensionless form. Note that fﬁL above reduces to the standard local expression, up
to a factor of —3/5 due to the convention [176].

The standard approach to compute the bispectrum at some time 7, is to use the in-
in formalism with the interaction picture, according to which to leading order (recall our
unconventional dimensions for Lagrangian densities)

Te

(6 (o)l () 7)) = —2M2 e, (el (o)l ) [

dr / Baa'l, q);
—oo(141g)

grerer
(3.44)
see, e.g., [171, 178] for reviews. The notation above makes it explicit that, in order to
compute, e.g., (¢?), only terms in L¢¢¢ should matter; likewise to compute ((x?), we only
need L¢y2. The underlying reason is that, when expanding the quantum operators into mode

functions and raising/lowering operators,

E(ra) = [ Gmete = [ (erafe™ +el(r) affe =) (3.45)
the only nonvanishing commutators are
lag, 6] = (2m)36776@) (k — q) . (3.46)

We temporarily used hats to explicitly denote quantum operators in the last two equations,
but we omit them elsewhere.

As our third-order Lagrangian only contains ¢3 and (x? interactions, the only nonvanish-
ing 3-point correlators will be (¢3) and (¢x?); in other words, (x*) = (¢?x) = 0. One could
wonder how robust the vanishing of those bispectra is. As long as y solely enters the action at
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the perturbation level with no contribution to the background evolution, with a standard ki-
netic term, and as long as no potential is generated for , this seems to be robust, because the
perturbation of the x Lagrangian to nth order will always be of the form /;§<") ~ O(C"2x?).
However, the stability of x to higher-order corrections and whether a potential term could
appear due to, e.g., quantum loop corrections (which are intrinsically linked to the question
of stability) is beyond the scope of this work. Conservatively, it appears By, ~ B¢y = 0
(hence f, ~ CﬁL ~ 0) hold at least to leading order in our approximations, so our focus shall
be on evaluating Bec¢ and B,,¢ (and the corresponding f§L and CY, functions).?*

One can intuitively understand how computing the remaining nonvanishing bispectra
assesses strong coupling by inspecting the local-type non-Gaussianities as (3.40), which with
Y =~ CﬁL ~ 0 suggest

¢

21 fle, 14O (3.47)
CG Xa

Therefore, remaining under perturbative control (being weakly coupled in other words)
amounts to having | fﬁLCG] < 1 and |C{¢e| < 1. If we use our definition of f§L and CY,
from (3.42) and evaluate them for k; = ko = k3 = k, then the ratios we wish to check
can be expressed as

kS|B B kS| B 3|B
gl 210 WBeed o n KBad L Bl (5 45
24P 8P 8Py P, 8Py P,

where we approximated as before |(g| ~ 7341/ 2,

Let us proceed with the calculation of B2 (k1, k2, k3), where the Lagrangian that enters
the calculation, L2, is given by (3.4). Expanding all the terms in the Lagrangian and
using (2.17) to substitute d¢p, the bispectrum as a function of the momenta k,,, n € {1,2, 3},
and at time 7 becomes

By (ko s, ) = — M2 T [ckl () (7 (7)

X / d7 a(7)?F (%) (zzg;gefm(kl,kg, bmkg,%)*+I?;§erm(k1,k2,ks,%)*)} ,
—oo(1+ie)
(3.49)

where

TR (e ey s 7) = AT (K e s, 7)o ()X ()X (1) A5 (ke )G, (1) (1) (7)
A (e e e 7)o (7) X (70, (7) A4S (R KK T) G, (7) ks (7) X0 (7).

TEE™ (ke kg, 7) = | AS (ki s, ™) (7) Xk ()X, (1) A (kb b )G, (7 (7 (7))
ks kg, (3.50)

2Let us stress that all of this applies ignoring the eventual conversion of isocurvature perturbations into
curvature perturbations. We will comment on this separately later.
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In the above, the k,- and 7-dependent coefficients are

2 2
{ 2 _ kl C 2 B 3 H
AT (k. ka) —3<1+<’,@> ! A§ o bz ) = = (1_0—%@ ,
¢x2 A§X2 (kh ko, k3) X2 A%XQ (kh ko, kg)
A3 (k17k27k3) = 3 k2 . k}g, A4 (k17k27kj3) = 3 k2 . k37
245 (o1, ko, k A (et o K
A (ky ko, o) = =2 (5’ 2R ey, AG (kR ) = TS ;217 2.ka)
1
(3.51)

where we define the momenta K2 = k2 + (3 4 0)e,H? related to the Fourier transform of the
modified Laplace operator defined in (2.17). Note that I, is both k,, and 7 dependent. In
the above, we are assuming X F x ~ F' to simplify some of the coefficients, which is a good
approximation taking, e.g., (2.61) as the coupling function when § < 1.

The calculation of B¢s(k1, k2, ks3) is found in a similar fashion, where the Lagrangian
that enters the in-in formula (3.44) is now L¢s, which corresponds to (3.7) together with (3.5)
where dy is explicitly replaced by its (-dependent expression (2.17). The resulting bispectrum
is of the same form as before,

B<3 (k17 ko, ks, 7_) = _2MP21 Im |:Ck‘1 (T)Ckz (T)Cka (T)

x / d%a(%)2(6I<1§perm(k1,k:z,kg,%)*—i—QI?;perm(kl,kg,kzg,%)*)} :
—oo(141g)

(3.52)
with
TEP™ (Key K ke, 7) = AS (R Koz, Ky, 7)Coy ()G (7)Ciy (T) + AS (Rt K, Kes, )Gy (7)Chy (T) G (7).
TEP™ (ke ko, ) = [ A (K ™) G (7)Gaa ()G, ()] 4 [l1 s+ [l - Ko
+ A5 Rz, ke, 7)o (T)Gh ()G, ()] 1 0 o]+ Ry 0 k] (3.58)

While the coefficients A" are straightforward to compute from the Fourier transform of the
Lagrangian, they are extremely long, so we omit them here. (They are also not particularly
insightful.) Nevertheless, we use the full coefficients in our calculations below.

3.4.2 Analytical estimates

Before numerically computing the full bispectra outlined above, aiming to minimize ap-
proximations, let us examine a few regimes of interest. In these cases, we can obtain some
analytical insight by applying analogous applicable approximations.

Before the bounce in the IR. Starting with the prebounce phase in the IR regime, we
can assume o ~ 0, € ~ 3, H ~ 1/(27), a*F ~ 1/(4r?A;M27?), and use (2.56) and (2.63)
to estimate chz. Keeping only leading-order terms in the IR results in [the Agxz, A§X2,

and AgXQ terms turn out to dominate in (3.50)]

| w Ak (ks - ks + 3k3ky - ks + 3k3K1 - ko)

By 2(ky, kg, ks, mp_) ~
CX2< 1, k2, k3, Tb—) 6M§Kk?+/€%+k‘§) ’

(3.54)
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which is O(k?/M2), hence highly suppressed.?” Indeed, the deviation from Gaussianity
can be quantified as in (3.48) by

7 [1Hy |k K
X ~ p P
Onebel = G\ 6m /’ln <2|Hb_|)

where IR modes of observational relevance have kj, < |H},_| < Mp,, so this is a very small

, (3.55)

number. Let us stress that this is before any conversion of x into ¢, hence CY, is not
straightforwardly mapped onto observational constraints on fy;,. Nevertheless, since the
correlation ((x?) involves ¢ (which is suppressed on cosmological scales [its spectrum is
blue]), the contribution to the final fy;, will be severely IR suppressed, even though C¥,
itself can be greater than one.

We can similarly evaluate B@ in the IR. In the equilateral limit, to leading order the
integrand of (3.52) is 9i(—3m,_ /2)Y? (v + in/2 + In[—k7/2]) /(4732 M3 1) — the Lagrangian
is essentially dominated by its (¢ term — so we find

Bes(k K 1 i )
k1) & <n {Q‘Hb—d) . (3.56)

Following (3.48), we can express the corresponding deviation from Gaussianity as

¢ (3kp)3/2 kp
| frnCel =~ 5 In

which is again highly suppressed. In fact, the right-hand side of the above is the same

, (3.57)

as |(g| up to an O(1) number [cf. (3.27)], in agreement with the estimate [L¢s/Le2| ~ |C]
from section 3.3.4. This shows that [Les/Le2| ~ |£$.¢a], but we note that (3.55) implies
|Ley2/Ly2| ~ [¢] »# [CRi¢c|- This simply indicates that the ratio of the third- and second-
order Lagrangians can sometimes be a good proxy for non-Gaussianities (or, for that matter,
corrections to any other observable due to any nonlinear interactions), but they are not
necessarily (formally) the same quantities. The bispectrum and corresponding quantities
such as fxp and Cyp, are observable (at least in principle), while the ratio of the Lagrangians
is really only a rough theoretical estimate of the strong coupling scale. In particular, there
can sometimes be cancellations in the full calculation of the bispectrum.

Before the bounce in the UV. Previously, we calculated Agirong in section 3.3 by comparing
the size of the third- and second-order terms in the action. Here, we show how Agtrong can
be obtained through calculations of the bispectrum. Indeed, a more robust way to quantify
this scale is to determine the scale where the non-Gaussianities become order unity. As
mentioned previously, | fISLCG| and |C¥, (| represent the level of non-Gaussianities. Focusing
on (¢*), we first compute the Bs bispectrum using (3.52) and (3.53) with all the terms
from the third-order action [cf. (3.5) and (3.7)] for the equilateral shape. Assuming o ~ 0,
ey ~ 3, and H ~ 1/(27) for the background contraction again and taking a UV limit, where

Z5This is to be contrasted with the dimensionless bispectrum corresponding to a scale-invariant perturbation
(e.g., inflation or the matter bounce scenario), which depends on the angles of the k, configuration but does
not have an overall power-law dependence on the magnitude of the wavenumbers.
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in particular the mode function is approximated by (. ~ \/7,_ /(3k7) e %7 /(2Mp,), one finds
the integral in (3.52) to be dominated by

5/2 _ - _1\3/4 /— ke -1.3/2,.2 _3ikTy,_
2Mp1 3 54MP1 2 6\/§‘M§’1
(3.58)

where I' is the incomplete gamma function here, hence the dimensionless bispectrum by the
end of the contracting phase is found to be (also keeping subleading terms)

i k‘67'§ 14
e 3 B 3.59
| Bes(k, m-) 1296 M4, (km,-)? o
Correspondingly,
7 K k
¢ . 3
_ B ’ 3.60
| fredal 186 ’56H§_MP1 M, | |

in agreement with (3.34), suggesting here |L:3/Lq2| ~ £$.¢a]. From (3.60), the strong
coupling scale appears to be

1/3
A(Cuscuton) | 53/245/6_1/3 (Hg_Mm) / ’ (3.61)

strong

again in agreement with (3.35), up to the numerical prefactor here that is around 10.35, so
about an order of magnitude larger than the estimated (Hg_MPl)l/ 3. However, recall that the
higher-order operators yielding the above strong coupling scale could in principle be removed
by integration by parts perturbatively in 1/k in the UV where it matches GR. Accordingly,
the subleading term in (3.60) would actually imply a strong coupling scale at the Planck scale.

Performing a similar calculation for B, » using (3.49), (3.50), and (3.51), together with the
same approximations as before, where in particular in the UV now xj, ~ /24/k (—n7)e 7,
we find the integral in (3.49) to be dominated by

3i/=3k3T,_ [T sine (DA RT3
_ B Y T (2, -3ikn,_
203, / TV 203, (2’ Stk )
7ka7>>1 e3ika_

4/3k Mgl(

We keep the subleading term since when computing (3.49), we have to multiply the above

kT +i+...). (3.62)

—3ikT,— and

integral by Cx(mh—)xx(mb—)? — whose sole complex contribution goes as e
take the imaginary part of the result, hence only the subleading term in (3.62) survives.

In the end, we find

kp
86 My,

which becomes strongly coupled only near the Planck scale. We note that the leading-order
term that canceled is the one that would otherwise have yielded |CX,(a| ~ k2/(|Hy—|Mpy) as
initially expected in the discussion below (3.26). Thus, this is another situation where the

|CRal ~ (3.63)

leading-order terms in our previous order-of-magnitude estimate of the strong coupling scale
cancel in the full calculation of the bispectrum, hence [L¢y2/L, 2| = |CX;al.
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Through the bounce in the IR. We now evaluate the relevant bispectra B¢,2 and Bes
in the IR at the time 7y, i.e., once the bounce phase has ended. In the case where all
three modes ki, ko, and ks exit the horizon in the prebounce phase, one can split the
conformal-time integrations in (3.49) and (3.52) as [™ + [**; the first integral was already
evaluated in the IR calculation above, so the new contribution comes from the second integral.
To get a rough approximation of the integral from 7,_ to 7,4, as before, we analytically
expand and estimate the background and linear perturbations about the bounce point (i.e.,
about 7 = 0), according to what was derived in section 2.2.2. Starting with the evaluation
of ((x?), after substitution for those quantities we find

_ w2 Ak M 1ol
Beya (K1, ko, ks, ~— ° — kiky k3 [1— =222+
o2 (ks ko, ks, ) M2 (kY + k3 + kD) 15273 M2, 2MHE

2

m 2
+ (K3hor - kg + k3 ko) |3+ MZZ;O] ) . (3.64)
Pl —

Upon comparing with (3.54), the overall O(k?/M2) dependence before and after the bounce
remains the same, but the coefficients of k?ks - k3 and k3k; - k3 + k:%k:l - ko now depend on
the parameters of the bouncing phase (parameters of the Cuscuton potential), hence the
precise shape changes. It is informative to compare the size of non-Gaussianities through
CX. (s before and after the bounce as a ratio,

JURNT
V2 T3 -292) |

|C§L(Tb+)CG(Tb+) (3.65)

O (Tb-)Ca ()

~ ‘

where we made use of the first approximation in (3.16) and defined v = m/(u?My,). We
first note that the above ratio diverges as v — 0 or as v — /3/2, indicating the theory
becomes strongly coupled (and breaks down) in those limits. However, these correspond
to the boundaries of the range over which the bounce phase can occur in the first place
[recall again the footnotes 22 and 23, refs. [45, 46], eq. (3.17), or the discussion below (3.38)].
Now, let us explore this ratio within that range. For v = 1, the bounce phase does not
generate any significant enhancement of non-Gaussianities from y interactions since the
above ratio is ~ 1.43. In fact, the ratio (3.65) is < 10 for 0.471 < v < 1.196, and it is
< 100 for 0.147 < v < 1.221. Thus, we confirm that the theory is not strongly coupled
if 1/2 < m/(u?Mp,) < 1; recall the discussion below (3.24). However, note that this is a
conservative range as (3.54) and (3.64) indicate |C¥, (Tp+)Ce (b )| is suppressed in the IR, so
v would have to be very close to 0 or 1/3/2" before it reaches the strong coupling limit.
The same calculation as above for (¢3) yields

4(36 +~?)
3(3 = 292) In(kp/|Hy-[)]

fu (7)o ()
Fin(m-)Ga(m)
indicating once again that the bounce phase has little effect on the deviation from Gaussianity

in the IR provided 7 is not close to 1/3/2. For v < 1, the above ratio is between 1 and ~ 1.5.
Once again one finds a divergence (and thus a strong coupling issue) if 7 is close to /3/2,

~1+ (3.66)

but then the same discussion as in the previous paragraph applies.
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Lastly, if x converts into ¢ instantaneously at the onset of the bounce, so that { becomes
scale invariant at 7,_, then ¢ evolves through the bounce according to (2.85), but with its
initial conditions approximately set at 7, as (2.53). Using that in the calculation of Bs
through the bounce in the IR, we can quantify the enhancement of the non-Gaussianity

from (¢3) as
16(5 — v?) 677 A3k, MS,
~1+ 5 , 3.67
=292 lnChy/ [y DI\~ T T (3:67)

where we simply assumed f$; (Th—)Ca(Tp—) &~ CX.(Tp—)xc(Tb— ). Other than the same apparent

fgL(Tb-i-)CG (Tb-i-)
Foe (1= )Ca (=)

strong coupling issue as before if v — /3/2", we note the additional k& dependence in the
above enhancement indicating the spectral index of the bispectrum changes after conversion,
through the bounce. This dependence implies that the bispectrum is either enhanced or
suppressed through the bounce depending on whether k,/|Hy,_| is greater or smaller than
(|Hy—|/Mp)5. However, in magnitude, it remains the case that the contribution to f$; from
the bounce phase is suppressed in the IR. The dominant contribution, if there is any, would
then come from the conversion process itself, which was ignored in the above.

3.4.3 Numerical results

Let us confirm the above analytical IR estimates of B2 and B3 by performing full numerical
computations of the bispectra. We note that the three k,, modes of the bispectra relevant
to observations first evolve from their subhorizon regime, cross the horizon, evolve on
superhorizon scales in the prebounce regime, and then through the bounce. Thus, when
evaluating the bispectra at late times (after the bounce phase), the integrals involved in
computing (3.49) and (3.52) go through all of these regimes. Until the post horizon-crossing
regime, our model resembles other contracting cosmologies, for which non-Gaussianities have
been studied and shown to be negligible (e.g., [108, 179]) — this is in contrast to inflation,
where contributions to the bispectrum mainly come from the horizon-crossing regime. Our
numerical computations further confirm that the contribution from the superhorizon regime
dominates over the preceding regimes. Thus, we focus on the superhorizon regime during
the prebounce phase and then through the bounce phase. We evaluate the bispectrum
using the exact numerical solutions presented in section 2.3 for both the background and
the mode functions xx(7) and (x(7).

The numerical results for the strength of nonlinear effects expressed through the quantity
|CXL (K1, k2, k3, T)Ca| — recall (3.42) — are shown in figure 4. The pivot value of the first
wavenumber is set to k; = 10798 My, and the value of ( is approximated by (g (7;1/k1) &
Pe(k1)'/? as before [recall (3.11)]. We initiate the integral of (3.49) deep in the contracting
phase, but the precise starting point is unimportant, as the contribution from the lower
integration bound is negligible. In the top-left panel of figure 4, we show the result when the
integration is stopped at 7 = 7,_, which is to say that the bounce phase is not included in
the computation. The top-right panel comparatively shows the analytical result obtained
from (3.54); the top-left and -right panels are nearly identical, thus demonstrating the validity
of the many approximations used in deriving (3.54). The bottom-left panel then shows the
result when the integration is stopped at 7 = 7,4, which is to say that the bounce phase
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Figure 4. Results for the nonlinear corrections from (x? bispectrum. The pivot value of the first
wavenumber is set to be ky = 107° My, and the value of (. is approximated by |(| ~ P¢(k1)'/2. The
bispectrum is computed numerically in the two panels on the left, ending the integration at 7 = 7,_ in
the top-left plot and at 7 = 7,4 in the bottom-left plot. In the top-right panel, the analytical estimate
of (3.54) is plotted, which closely matches the corresponding numerical results in the top-left panel.
The ratio of |CX;.(¢| numerical values at T = 7, and 7 = 7, is plotted in the bottom-right panel.

is included in the computation. In these three panels, note that |C¥, (¢| is shown on a
logarithmic scale, and as such, it indicates that nonlinear effects are strongly suppressed,
as expected from the analytical estimates.

In the bottom-right panel of figure 4, we further plot the ratio of |C¥, (| after the bounce
(at 7 = 7p4) to its value before the bounce (at 7 = 7,_). Again, we checked that this closely
matches the ratio of the analytical estimates (3.64) and (3.54). The plot further shows that
the bounce phase (with reasonable Cuscuton parameters such as those used in the numerical
computations) has only a small effect on the size and shape of the bispectrum.

To examine the overall scale dependence of the (x? and ¢3 bispectra, we compute the
quantities |C{;(c| and | féLCG] at 7,4 for the simple case of k1 = ko = k3 = k over a range
of k values. The results are respectively plotted in the left and right plots of figure 5.
Additionally, the analytical estimates from (3.55) and (3.57) are included as dashed curves,
which correspond to the bispectra evaluated at 7,_. The plots thus show that the bounce has
only a marginal effect on the size of non-Gaussianities [as expected from (3.65) and (3.66)]
and that the analytical estimates closely match the full numerical computations. In both
cases, non-Gaussianities are suppressed in the IR due to the ‘blue’ & dependence; indeed,
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Figure 5. Numerical and analytical estimates of |C%, (o] (left) and |f$.Cs| (right) as functions of
k= kl = kg = kg.

ignoring logarithmic dependence, (3.55) and (3.57) imply |CX,Co| ~ k'/2 and | f$.Ca| ~ K3/2.
Note that these power-laws are good approximations (coming from the IR limit) for the whole
k range used in figure 5. In other words, & modes even as high as 107'9M}, safely remain
superhorizon (as defined in footnote 5) for the time intervals of interest when computing
the bispectra. This can be easily seen in the prebounce phase as the Hubble radius is at
its smallest at 7, and |H},_| ~ 1073 Mp, in the numerical example used. The same is true
post bounce. Through the bounce, the horizon scale differs significantly from the Hubble
radius, but (2.71) still holds for these modes.

In the previous plots, we demonstrated that the theory is not strongly coupled and that
the perturbations remain highly Gaussian. However, the current observational constraints
on non-Gaussianities [161] are more stringent than the strong coupling constraints. In
principle, if non-Gaussianities are observed in future experiments (e.g., [164, 165]), they can
be used to constrain model parameters. However, the quantities shown in figure 5 cannot
be directly mapped to CMB observables. Therefore, for completeness, we also estimate the
non-Gaussianity ‘amplitude’ assuming that x perturbations directly convert into (, ignoring
any additional enhancements of non-Gaussianities from this conversion process. That is,
we estimate f$; post conversion as B§X2(k1, ko, ks3)/ ((271’)473)%). This essentially corresponds
to our definition of f$; provided in (3.42), with B¢ replaced by Beyy, and Py by Py. The
numerical results are presented on a logarithmic scale in the left panel of figure 6, indicating
extremely low values, substantially beneath current observational limits for observationally
relevant modes. This agrees with our analytical estimate using (3.54), where we anticipate,
for a fixed triangle shape, the overall amplitude to scale as k?/(M2 A;), thereby resulting

in significant suppression.

Finally, we end this section by presenting in the right panel of figure 6 the bispectrum’s
shape function, By, (k1, ko, k3)k?k3Kk3, normalized by its value at ky = ko = k3 = k, =
107°® My,. The shape does not resemble any of the well-known shapes (equilateral, folded,
or local); therefore, the bispectrum from the Cuscuton bounce, while highly suppressed,
has a distinct shape of its own.
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Figure 6. The left panel represents the level of non-Gaussianities, assuming that y converted into (,
ignoring potential enhancement due to nonlinear interactions needed for this process to happen. The
right panel shows the shape function normalized by its value at ki = ko = ks = k, = 10778 M.

4 Discussion and conclusions

In this work, we revisited the Cuscuton bounce model of [45, 119], and besides the initial sce-
nario where the matter field is massless, we also expanded our study to include the case where
the matter field may be an ekpyrotic field. We provided new insight regarding the evolution of
the perturbations through the bounce, reconfirming stability at the linear level, and extending
both the numerical and analytical scope of the previous analyses (e.g., [45, 46, 119]).

The main novelty then lies in going beyond the linear level. We derived the full third-order
action for the system consisting of the Cuscuton and a massless scalar. As far as we are
aware, third-order actions involving the Cuscuton (or related theories) have only been derived
in [180] under slow-roll approximations and in a related but different modified gravity based
bouncing model in [181]. We used the third-order action with two goals in mind: to check
the consistency of the models (i.e., find the range of validity for a perturbative approach
and weak coupling) and to see if they produced sizable non-Gaussianities (which satisfy
observational constraints or could lead to observable predictions).

Our strong coupling analysis showed that the Cuscuton bounce has a reasonable regime
of validity. Two conditions are needed: the second derivative of the Cuscuton potential
at the bounce point, U,(¢ = 0), must not be larger than M;!/M2 [see (3.25)]; and the
mass coefficient of the Cuscuton’s ‘kinetic’ term M), must be much smaller than the Planck
scale. Under these conditions, we find the strong coupling scale to be at least of the order
Mf/ 3 /MFl,l/ 5 [see (3.35)], while the background energy scale is at most of the order of M2 /My,
[see (3.16)]. Such a hierarchy of scales encourages us that the Cuscuton bounce may remain
weakly coupled over cosmological scales of relevance, something other nonsingular bouncing
cosmologies can hardly realize (see again, e.g., [59, 60, 83]). While we reach this conclusion
by comparing the third- and second-order actions and by computing the bispectra, it may be
interesting to check its robustness using alternative methods in future work, such as through
scattering amplitudes and positivity bounds (see again, e.g., [59, 86]).

— 49 —



Our analysis of the bispectra revealed non-Gaussianities are very suppressed, in contrast
to other bouncing models such as [107, 115, 168, 169, 182-184] and notably [181], which has a
Cuscuton-like modification to GR that enables the bounce [185] (although the mechanism for
generating the perturbations before the bounce is rather different from ours since it is purely
adiabatic). In particular, we found barely any enhancement of nonlinearities as perturbations
pass through the bounce in the IR, provided the Cuscuton parameters are in the ranges
described above (i.e., within the regime of validity of the model) and provided U ,,(¢ = 0)
is not too close to zero either [see (3.65)], something foreseen in [46].

Although finding no new observable non-Gaussian signature may be a disappointment,
it is also a good thing in terms of the validity of the models under study and within
the present observational bounds. Let us emphasize that this study focused on multifield
models where a near-scale-invariant power spectrum was generated through an isocurvature
perturbation.?® As such, our models are not fully developed yet in the sense that there
still needs to be some form of transition (e.g., through a reheating surface after the bounce
phase) through which the isocurvature modes are converted into curvature perturbations.
This has been analyzed in various other works such as [117, 128, 129, 149, 151-154, 157, 158],
so we omitted this in our analysis. Still, from those references, we know that O(1-10)
non-Gaussianities can be generated during the conversion process, already intriguingly close
to current observational constraints such as from Planck [161]. Therefore, any additional
significant non-Gaussianities from the preconversion phase would imply that these bouncing
models are ruled out entirely. As we have shown in this work, this is not the case in Cuscuton
bounce models since preconversion non-Gaussianities are extremely suppressed, but such
O(1-10) non-Gaussianities from the conversion may be within observational reach by future
cosmological surveys.

Another aspect of the Cuscuton bounce that we left aside in this work is primordial
gravitational waves. Indeed, we ignored tensorial metric perturbations 7;; from the start.
At the level of the power spectrum, the evolution and spectrum of the tensor modes have
been explored in [119], and they have been shown to be stable and nonsingular through the
bounce phase. Their prebounce power spectrum can be understood quite intuitively. Tensor
modes behave in a similar way to adiabatic perturbations (so schematically |v;;| ~ []). In
particular in the models of this work, this means that the tensor 2-point function (v7;) ~ (¢?)
has a blue (vacuum) spectrum, which is highly suppressed on cosmologically relevant scales.?”
A similar statement is expected to hold for the 3-point functions, i.e., (’yfj> ~ (¢?) and
(Vijx?) ~ ({x?), and as such we would not expect any observable bispectra involving graviton

26We did not consider purely adiabatic scenarios such as the matter bounce and varying equations of state [98—
100, 115, 186, 187]. However, we believe our conclusions regarding the bouncing phase not contributing any
significant changes to non-Gaussianities as the perturbations evolve through the bounce would still hold. This
may be a good thing for the models that produce sizable non-Gaussianities on their own [84, 108, 115, 179].

2TTypically, contracting models that produce a near-scale-invariant power spectrum through isocurvature
perturbations, like ekpyrotic cosmology, do not forecast a detectable tensor-to-scalar ratio. This contrasts with
models based on purely adiabatic perturbations, such as the matter bounce (e = 3/2) for which superhorizon
modes grow significantly. The reason has to do with the fact that within contracting models for which € > 3,
superhorizon perturbations freeze (or at most grow logarithmically), ensuring that the model remains stable
against anisotropies. However, as modes freeze out on relatively large physical scales during the contracting
phase (in contrast to inflation), their amplitude is also very suppressed (see section 4.1 of [188] for more details).
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legs. (For an alternative bouncing model that predicts an interesting signal in the tensor
3-point function, see [114].) Moreover, it is important to stress that the presence of the
Cuscuton does not affect the action/EoM governing tensor perturbations at the linear level
(so while the ¢ evolution may be ‘nontrivial’ due to the Cuscuton, that of ~;; would be exactly
as in GR [119]), but it could be interesting to explore more carefully what happens when
tensor perturbations are included at higher order.

In general, one of the holy grails for any early universe scenario would be to have a model
that predicts sizable non-Gaussianities, yet within the observational bounds, at the same
time as being distinguishable from other scenarios and detectable in the future. Although the
bispectrum does not achieve this for the current Cuscuton bounce models, there could poten-
tially be a distinguishable signature in the trispectrum (see, e.g., [128, 153] for trispectrum
computations in ekpyrosis). Exploring this would involve going to next order in perturbations
again, which would represent a significant computational challenge; hence we leave it for
future work. Still, it would also provide further scrutinization in terms of the robustness and
validity of the model to higher-order nonlinearities, and thanks to computational advances, we
may be able to have interesting observational constraints on the trispectrum in the future (see,
e.g., [189-191]). In passing, we wish to mention that while the overall size of the correlations
may be relevant predictions for various models of primordial cosmology, specific features
(such as shapes or oscillations in the amplitude) within the correlations could have an even
greater constraining power in terms of having model-independent signatures of inflation
versus bouncing alternatives (see, e.g., [118, 192-196]). Yet another observable signature of
bouncing cosmology that deserves further exploration is the formation of primordial black
holes (see, e.g., [197-203]). The Cuscuton bounce may provide an interesting framework for
investigating primordial black holes in the context of bouncing cosmology.

Let us end by mentioning that the Cuscuton, which is still not widely studied, has revealed
lots of interesting properties in recent years (e.g., [204—210]). While we treated the Cuscuton
as an effective field theory as in [43], the interesting question remains whether this theory
admits a UV completion, which still eludes us (see [32, 34, 211] for a few potential avenues,
in particular the connection with Hofava-Lifshitz gravity [212]). Various directions could be
explored in the future, such as those of [213, 214] for k-essence theories or discretization as
alluded to in [32, 43]. Certainly, the Cuscuton still has lots of secrets to unveil.
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A Three-point functions for two locally non-Gaussian scalar fields

Here we show how (3.42) is derived from (3.40). In order to make the derivation easy to
follow, we take into account the terms in (3.40) one by one and derive the final expression
of (3.42) step by step.

A.1 One field

Let us consider the following,?®

(@) = Cal@) + flu (Ge(@) = (Ca(@)?) +-- (A1)

and evaluate (g, the Fourier transform of (,

gk:/d%c((a:)e*ik'””:/dBwCG(a:)efik'w—i-f]gL (/dgazg‘g(ac)zeik'w—/d3w<CG(a3)2>e“”).

(A.2)
The first term simply evaluates to ¢}, the Fourier transform of (¢(x). For the second term,
after inserting (c(z) = [, (5 exp(ip - x), we have

/d?’iUCG(ﬂU)z@_ik'w:/dSw/pcseip'x/q Cge’iq.me—ikm:/p/qczc)}gg/d?)xei@"‘rq—k)m
= [ [ e Omra-k = [ e, (A3)
pJq p
and for the last term,
[ @ (Gol@)) e = (Gol@)?) (2m) 6 (k) (A1)

which as mentioned before drops out for all values of k except for k = 0. Putting all the
terms together, we can write

G =Ck + ¢ K= §L/p GG — (2m)° flu(Ca(@)) 6P (k). (A.5)

Now let us calculate (Cg,Ck,Cks). Inserting the above, we have

(i ChaCis) = ((Ciey + €y ) (G + Gy ) (G + Gy )
= (GGG + T > K] + [k K] + O ((GM)?) (A.6)

Z8Note that (Cc(x)?) is essentially a constant ensuring that (¢(x)) = 0 to quadratic order, which fixes the
gauge freedom in defining (. However, when (¢ has a scale-invariant or red power spectrum, the real-space
2-point function presents an IR divergence, resulting in ((q(z)?) being infinite. As shown below in the
bispectrum calculation, this term matters only for £ = 0. Yet, both theoretically and observationally, we
always have to consider an IR cut-off.
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where we set (Cy (., (k) = 0 based on Wick’s theorem. Let us then focus on evaluating
(G ChnCs )+ Imserting (A.5), we have

(CE CEam) = f5 / (CE CE.COCE ) — (CE C2) (2m)? S (Ca(@) )0 (k)
s / (G CENCECE, ) + (G CE N CECE) + (CRCEN (S CE, )

- <<I?1CISQ>( ) fNL<CG( ) > (k3)
= 2(2m)* foo Pe (k) P (k) 0 (o + ks + Kes)

+ @) Fu Pl 60k + k) ([ P = (Ga@). (a)

where the second line follows from Wick’s theorem, and in the last two lines, the definition
of the power spectrum from (3.43) is used. Noting that [, Pc(p) = (Ce(x)?) is the Fourier
transform of the 2-point function, the last term of (A.7) vanishes regardless of the value
of k3. Together with (A.6), we thus have

3
(o ChyCieg) = 2(27)° fw [P (k1) Pe (k) + Pe (ki) Pe(ks) + Pe(ka) Pe(ks)] <Z

n=1

This gives the first line of (3.42).

A.2 Two fields

Next, we consider the full definition of {(x) and x(x) with local-type non-Gaussianities
considered in (3.40). This updates (A.5) as

Ge=C8+ 0", “am/@@p(%um@<n m+v&/@mp

Xk = Xg F XN, = fNL/ Xxh—p — (2m)* £ (xa (%) )6 (k) +CNL/ X5Ch_p- (A9)
P p

We then need to repeat the derivation of ((i (i, (i) in (A.7). The presence of C$,, brings
an extra term compared to (A.7),

(CE CE.a%) D Chu / (CE.CE COXE, )

= & / ((GR, G (G xRy —p) + (GRXE —p) (GG + (G G (G5 xR —p) ) =0,
(A.10)

since ((;xp) = 0 for any k and p; recall (3.46) and (3.43). Therefore, (A.8) still holds.
To derive the second line of (3.42), we should start from the correlator (Cg, Ci, Xks):

(Chy G Xvs) = (G, + M) (GE, + G (XK, + XaD)
= (CRGENE,) + [B1 o K]+ (GE G %) + O (M2 GMAY) - (A1)
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First, we show that (g (i, Xgy) = 0, hence only the first two terms will contribute. Indeed,
using (A.9),

(GG = A [ (G XX —p) — (GG 2m) Rl @))5 ) ()
+ O [ (G GGG )
p
= RUGEE ([ 06N -p) - (o (@6 )
= e RUGEEI ) ([ A= (el@ ) =0, (a12)

where in the first equality the last term vanishes in a similar fashion to (A.10). Lastly
by similar arguments,

(G2 NG = fa /p (CECSCE, o) — ) feu(Ca(@)?)6® (ks) (G2 xE,)

+ CISIL <C’§1 nggg—pxg3>

4
3
= Chu [ (GG ) = (2 CEu P k) Pk ( 3 k:) (A1
n=1
Therefore,
3
(G Goa Xia) = (27)°CSs [Pe(kt) Py (ks) + P (k) Py (k)] 6 ( 3 k) | (A14)
n=1

This gives the second line of (3.42). By the symmetry ¢ <> x, the last two lines of (3.42)
also follow.
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