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Quantum machine learning (QML) requires powerful, flexible and efficiently trainable models to be
successful in solving challenging problems. We introduce density quantum neural networks, a model
family that prepares mixtures of trainable unitaries, with a distributional constraint over coefficients.
This framework balances expressivity and efficient trainability, especially on quantum hardware. For
expressivity, the Hastings-Campbell Mixing lemma converts benefits from linear combination of
unitaries into density models with similar performance guarantees but shallower circuits. For
trainability, commuting-generator circuits enable density model construction with efficiently
extractable gradients. The framework connects to various facets of QML including post-variational
andmeasurement-based learning. In classical settings, density models naturally integrate themixture
of experts formalism and offer natural overfitting mitigation. The framework is versatile—we uplift
several quantum models into density versions to improve model performance, or trainability, or both.
These include Hamming weight-preserving and equivariant models, among others. Extensive
numerical experiments validate our findings.

Modern deep learning owes much of its success to the existence to three
factors. The first is increasing resource availability, meaning data and
compute power. Secondly, families of powerful and expressivemodels, such
as multilayer perceptrons1 convolutional and recurrent neural networks2

and multi-head attention mechanisms3,4. With these model primitives, one
may build composites such as transformer, diffusion and mixer models
which ultimately lead to specific state of the art models such as AlphaZero5,
GPT-36 or Dalle7. Particularly for these vast models containing billions of
parameters, and the enormous quantity of data required, an efficient
training algorithm is essential. A cornerstone of many such protocols is the
backpropagation algorithm8, and its variants, which enables the computa-
tion of gradients throughout the entirety of the network, with minimal
overhead beyond the network evaluation itself.

It is reasonable to assume a similar trajectory for quantum machine
learning.While rapid progress in quantum error correction9–11 is increasing
the number and quality of effective qubits (compute power), quantum
processing units will still likely remain significantly depth-limited for the
foreseeable future. On the model side, quantum neural networks (QNNs)
are typically (but not exclusively) constructed from parametrised quantum
circuits (PQCs)12–15.However, inmany cases these lack task-specific features
and unfortunately donot generallypossess an efficient scaling for training in
line with classical backpropagation16. Therefore, it is essentially to develop
quantum models which can be associated to specific interpretations (for

example the convolutional operation on images), and which are efficient to
train. The popular parameter-shift rule for QNNs17–22, extracts analytic
gradients (i.e., not relying on approximate finite differences), but even the
simplest instance of the rule, requiresOðNÞ gradient circuits to be evaluated
forNparameters. Toput this in perspective, it was estimated in ref. 16 that, if
one is allowed only a single day of computation, the parameter-shift rule can
only compute gradients on n ~ 100 qubit trainable circuits with only ~9000
parameters, assuming reasonable quantum clock speeds. This also does not
account for various other problem specific scalings, such as the data which
needs tobe iteratedover for each training iteration, or other obstacles such as
barren plateaus23. Scaling current quantum training approaches towards the
size of billion or trillion-parameter deep neural networks, which have been
so successful in the modern era, clearly will not be feasible with such
methods. Additionally, since we are arguably in the boundary between the
NISQ and ISQ eras, models should use circuits which are as compact, yet
expressive as possible. On the other hand, they should also be complex
enough to avoid classical simulation, surrogation or dequantisation24–26 but
not so complex to admit barren plateaus27. Clearly, satisfying all of these
constraints is challenging task.

Topartially address someof these challenges, in thisworkwe introduce
a framework of models dubbed density QNNs. Our primary aim is to
showcase how these models add another dimension to the landscape of
quantum learning models, giving practitioners a new toolkit to experiment
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with when tackling the above questions. Through the text, we demonstrate
how one may construct density QNNsmay be constructed which are more
trainable, ormore expressive than their pure-state counterparts. Our results
are laid out as follows. First, we introduce the general form of the density
framework, before discussing comparisons and relationships to otherQML
model families/frameworks in the literature.Then,wepropose twomethods
of preparing such models on a quantum computer. Next, we prove our
primary theoretical results—firstly relating to the gradient query complexity
of such models, and secondly discussing the connection to non-unitary
quantum machine learning via the Mixing lemma from randomised com-
piling. We then discuss two proposed connections between density net-
works and mechanisms in the classical machine learning literature. First,
there has been suggestion in the literature that the density networks as we
propose them may be a quantum-native analogue of the dropout
mechanism.We propose separate training and inference phases for density
QNNs to bring this comparison closer to reality, but find it still lacking as a
valid comparison. Secondly, we demonstrate a strong realisation of density
networks within the mixture of experts (MoE) framework from classical
machine learning—density QNNs can be viewed as a ‘quantummixture of
experts’. Finally, we provide numerical results to demonstrate the flexibility
of themodel to improve performance, or improve trainability (or both).We
test several QNN architectures on synthetic translation-invariant data, and
Hamming weight preserving architectures on the MNIST image classifi-
cation task. Finally, we show numerically how, in some capacity, density
QNNs may prevent data overfitting using data reuploading as an example,
despite not functioning as a true dropout mechanism.

Results
Density quantum neural networks
Tobegin,we explicitly define the framework (see SupplementaryMaterialA
for a discussion) of density quantum neural networks (density QNNs) as
follows:

ρðθ; α; xÞ :¼
XK
k¼1

αkUkðθkÞρðxÞUy
kðθkÞ ð1Þ

ρ(x) is a data encoded initial state, which is usually assumed to be prepared
via a ‘data-loader’ unitary, ρðxÞ ¼ ∣xi xh ∣; ∣xi :¼ VðxÞ∣0i�n, a collection of
sub-unitaries fUkgKk¼1, and a distribution, fαkgKk¼1, whichmay depend on x.

For now, we treat the density state above as an abstraction and later in
the text we will discuss methods to prepare the state practically and actually
use themodel. The preparationmethodwill have relevance for the different
applications and connections to other paradigms. Once we have chosen a
state preparation method for equation (1), we must choose particular spe-
cifications for the sub-unitaries. In some cases, we may recast efficiently
trainablemodels/frameworks within the density formalism to increase their
expressibility. In others, we use the framework to improve the overall
inference speed of models. In this work, we assume that the sub-unitary
circuit structures, once chosen, are fixed, and the only trainability arises
from the parameters, fθkgKk¼1 therein, as well as the coefficients, fαkgKk¼1. In
other words, we do not incorporate variable structure circuits learned for
example via quantum architecture search.

As a generalisation, one may consider adding a data dependence into
the sub-unitary coefficients, α → α(x), while retaining the distributional
requirement for all x,

P
k αðxÞk ¼ 1. This gives us the more general family

of density QNN states:

ρDðθ; α; xÞ ¼
XK
k¼1

αkðxÞUkðθkÞρðxÞUy
kðθkÞ ð2Þ

In theQMLworld, overly dense or expressive single unitarymodels are
known tohave problems related to trainability via barrenplateaus28.Density
QNNs and related frameworks may be a useful direction to retain highly

parameterised models but via a combination of smaller, trainable models.
We will demonstrate this through several examples in the remainder of the
text. Before doing so, in the next section, we want to appropriately cast
density QNNs within the current spectrum of quantum machine learning
models.

Connection to other QML frameworks
Before proceeding, we first discuss the connection to other popular QML
frameworks. For supervised learning purposes, each term in the density
state,UkðθkÞρðxÞUy

kðθkÞ is expressive enough by itself to capturemost basic
models in the literature. This is due to the common model definition as
f ðθ; xÞ :¼ TrðOUðθÞρðxÞUyðθÞÞ ¼ TrðOðθÞρðxÞÞ for some observable,O,
i.e. the overlap between a parameterised Hermitian observable and a data-
dependent state. This unifies many paradigms in quantum machine
learning literature such as kernel methods29 and data reuploading models
via gate teleportation30. Due to the linearity of the quantum mechanics, we
can write it also in this form by inserting equation (2) into the function
evaluation:

f Dðfθ; αg; xÞ ¼ Tr Oðθ; α; xÞρðxÞ� �
;

Oðθ; α; xÞ :¼ PK
k¼1

αkðxÞUy
kðθkÞOUkðθkÞ

ð3Þ

Removing this data-dependence from the coefficients simply removes
the data-dependence from the observable, Oðθ; α; xÞ ! Oðθ; αÞ. Finally,
selecting the sub-unitaries to be identical and equal to the data loading
unitary, with K equal to the size of the training data leads to observable
OðfxkgMk¼1; αÞ :¼

PM
k¼1 αkU

yðxkÞOUðxkÞ ¼
PM

k¼1 αkρðxkÞ. This is an
optimal family of models in a kernel method via the representer theorem29.

Next, returning to equation (3) and replacing the data dependence
from the statewith a parameter dependence, ρ(x)→ ρ(θ), we fall within the
family of flipped quantummodels31. These are a useful model family where
the role of data and parameters in themodel have been flipped. This insight
enables the incorporation of classical shadows32 for, e.g. quantum training
and classical deployment of QML models.

Finally, we have the framework of post-variational quantummodels33,
originating from the classical combinations of quantum states ansatz34. In
motivation, thesemodels are perhapsmore similar to the ‘implicit’30 models
suchasquantumkernelmethods,where thequantumcomputer is usedonly
for specific fixed, non-trainable, operations (e.g. evaluating inner products
for kernels), rather than ‘explicit’30modelswhere trainable parameters reside
within unitaries, U(θ). Post-variational models involve optimising coeffi-
cients αk,q, which are injected into the model via a linear or non-linear
combination of observables, fOqgQq¼1

, applied to (non-trainable) unitary

transformed states, fUkρðxÞUy
kg

K

k¼1. In the linear case, the output of the
model is:

f PVðα; xÞ ¼ P
kq

αkqTrðOqUkρðxÞUy
kÞ

¼ P
kq

αkqTrðOkqρðxÞÞ;Okq :¼ UkOqU
y
k

ð4Þ

The major benefit of post-variational models is that, similar to quantum
kernel methods, the optimisation over a convex combination of parameters
outside the circuit is in principle significantly easier than the non-convex
optimisation of parameters within the unitaries. However, just like kernel
methods, this comes at the limitation of an expensive forward pass through
themodel, which requiresOðKQÞ circuits to be evaluated. In the worst case,
this should also be exponential in the numberof qubits in to enable arbitrary
quantum transformations on ρ(x), KQ ≤ 4n 33. To avoid evaluating an
exponential number of quantum circuits, it is clearly necessary to employ
heuristic strategies or impose symmetries to choose a sufficiently large yet
expressive pool of operators Okq. In light of this, ref. 33 proposes ansatz

https://doi.org/10.1038/s41534-025-01099-6 Article

npj Quantum Information |          (2025) 11:172 2

www.nature.com/npjqi


expansion strategies34 or gradient heuristics to grow the pool of quantum
operations. Such techniquesmaybe also incorporated into ourproposal, but
we leave such investigations to future work.

Preparing density quantum neural networks
As mentioned above, we have not yet described a method to prepare the
density QNN state, equation (1). Figure 1 showcases twomethods of doing
so. For now, we do not assume any specific choice for the sub-unitaries.
There are two methods to prepare the density state. The first is via a
deterministic circuit which exactly prepares ρ(θ, α, x), and shown in Fig. 1b.
We prove the correctness of this circuit in Supplementary Material I.2. The
structure of the circuit can be related directly to the corresponding linear
combination of unitaries QNN35 which prepares instead the pure state,P

k αkUkðθkÞ∣xi, seen in Fig. 1a. Notably, the deterministic density QNN
removes the need for ancilla postselection on a specific state, (ð∣0i�n

A Þ in the
figure). In other words, while a single forward pass through an LCU QNN
will only succeed with some probability p, the deterministic density QNN
state preparation succeeds with probability p = 1. While the circuits in Fig.
1a, b are conceptually simple, the controlled operation of the sub-unitaries
may be very expensive in practice, which is a necessity without any further
assumptions. In SupplementaryMaterial I.2 we discuss certain assumptions
on the structure of the sub-unitaries which may simplify the resource
requirements of this preparation mechanism, specifically assuming a
Hamming-weight preserving structure allows the removal of the generic
controlled operation.

The second method uses the distributional property of α to only pre-
pare the density state ρ(θ, α, x) on average, depicted in Fig. 1c. In this form,

the forward pass completely removes the need for ancillary qubits, and
complicated controlled unitaries.

The effect of this is threefold:
• A forward pass through the randomised density QNN (Fig. 1c)

requires time which is upper bounded by the execution speed of only
the most complex unitary, Uk� . This is illustrated in Fig. 1c. In the
language of post-variational models measuring Q observables on a
randomised density QNN has complexity OðQÞ, a K-fold
improvement.

• Secondly, we will show that the gain in efficiency in moving from the
LCU to randomised densityQNNdoes not come at a significant loss in
model performance. We prove this, under certain assumptions, using
the Hastings-Campbell Mixing lemma from randomised quantum
circuit compiling.

• Thirdly, and related to the first two points, one can view the rando-
mised densityQNNas an explicit version of the post-variational (in the
sense of ref. 30) framework. This may be an interesting direction to
study given the series of hierarchies found by ref. 30 between implicit,
explicit and reuploading models.

Gradient extraction for density QNNs
For density QNNs to be performant in practice, they must be efficiently
trainable. In other words, it should not be exponentially more difficult to
evaluate gradients from such models, compared to the component sub-
unitaries. In the following, we describe general statements regarding the
gradient extractability from density QNNs. By then choosing the sub-
unitaries to themselves be efficiently trainable (in line with a so-called

Fig. 1 | Density quantum neural networks. a Linear combination of unitaries
quantum neural networks (LCU QNNs) preparing the state

P
k αkUkðθkÞ∣xi via

postselection on an ancilla register A which prepares the distribution α. b shows
corresponding density quantum neural network, implemented deterministically to
prepare the state ρ(θ, α, x). Finally, the instantiation of the density QNN state via
randomisation is shown in (c) where sub-unitary, Uk(θk) is only prepared with the
probability αk without the need for the multi controlled deep circuits and ancilla
qubits. The deterministic density QNN, (b) is required if one wishes to make a true
comparison of these networks to the dropout mechanism. From the Mixing lemma,

the randomised version, (c), can distil the performance benefits of themore powerful
LCU QNN, (a), into very short depth circuits. The probability loaders, Load

ffiffiffi
α

p� �
are assumed to be unary data loaders which act onK qubits within the register,A and
have depth logðKÞ71. One could also use binary Prepare and Select circuits
acting on logðKÞ qubits as is more standard in LCU literature. The resulting func-
tions from each network, f(θ, α, x) result from themeasurement of an observable,O,
via f ðθ; α; xÞ ¼ TrðOσðθ; α; xÞÞ, where σ is the output state from each circuit.V(x) is
the n-qubit data loader acting on register, B.
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backpropagation scaling, whichwewill define), the entiremodelwill also be.
We formalise this as follows:

Proposition 1. (Gradient scaling for density quantum neural networks)
Given a density QNN as in equation (1) composed of K sub-unitaries,
U ¼ fUkðθkÞgKk¼1, implemented with distribution, α = {αk}, an unbiased
estimator of the gradients of a loss function, L, defined by a Hermitian
observable,H:

Lðθ; α; xÞ ¼ Tr Hρðθ; α; xÞ� � ð5Þ

can be computed by classically post-processing
PK

l¼1

PK
k¼1 T‘k circuits,

whereTℓk is the number of circuits required to compute the gradient of sub-
unitary k, U(θk) with respect to the parameters in sub-unitary ℓ, θℓ.
Furthermore, these parametersmay be shared across the unitaries, θk ¼ θk0
for some k; k0.

The proof is given in SupplementaryMaterial B.1, but it follows simply
from the linearity of the model. Now, there are two sub-cases one can
consider. First, if all parameters between sub-unitaries are independent,θk≠
θℓ, ∀ k, ℓ. This gives the following corollary, also in SupplementaryMaterial
B.1 and illustrated in Fig. 2.

Corollary 1. Given a density QNN as in equation (1) composed of K sub-
unitaries, U ¼ fUkðθkÞgKk¼1 where the parameters of sub-unitaries are
independent, θk ≠ θℓ, ∀ k, ℓ an unbiased estimator of the gradients of a loss
function, L, equation (5) can be computed by classically post-processingPK

k¼1 Tk circuits, where Tk is the number of circuits required to compute
the gradient of sub-unitary k, U(θk) with respect to the parameters, θk.

The second case iswhere some (or all) parameters are shared across the
sub-unitaries. Taking the extreme example, θ j

l ¼ θ j
k ¼: θ j 8k; l—i.e. all

sub-unitaries fromequation (1)have the samenumber of parameters,which
are all identical. In this case, for each sub-unitary, l, we must evaluate all K
terms in the sumso atmost the number of circuitswill increase by a factor of
K2—we need to compute every term in the matrix of partial derivatives.

Note that this is the number of circuits required, not the overall sample
complexity of the estimate. For example, take the single layer commuting-
block circuit (just a commuting-generator circuit) with C mutually com-
muting generators. Also assume a suitable measurement observable, H,
such that the resulting gradient observables, fOcjOc :¼ ½Gc;H�gCk¼1, can be
simultaneously diagonalized. To estimate theseC gradient observables each
to a precision ε (meaning outputting an estimate ~oc such that j~ok �
ψ
�

∣Oc∣ψ
�j≤ ε with confidence 1 − δ) requires O ε�2 log C

δ

� �� �
copies of ψ

(or equivalently calls to a unitary preparing ψ). It is also possible to incor-
porate strategies such as shadow tomography32, amplitude estimation36 or
quantum gradient algorithms37 to improve the C, δ or ε parameter scalings
for more general scenarios, though inevitably at the cost of scaling in the
others.

Efficiently trainable density networks. The results of the previous
section state that moving to the density framework does not result in an
exponential increase in gradient extraction difficulty, unless the number
of sub-unitaries is exponential. However, what we really care for is that

themodels are end-to-end efficiently trainable, meaning that overall their
gradients can be computed with a backpropagation scaling. This is the
resource scaling which the (classical) backpropagation algorithm obeys,
and which we ideally would strive for in quantum models. In the fol-
lowing, we can specialise the derived results to the cases where the
component sub-unitaries have efficient gradient extraction protocols.
This will render the entire density model also efficiently trainable in this
regime.

This ‘backpropagation’ scaling can be defined as follows. Specifically:

Definition 1. (Backpropagation scaling16,38) Given a parameterised func-
tion, f ðθÞ; θ 2 RN , with f 0ðθÞ being an estimate of the gradient of f with
respect to θ up to some accuracy ε. The total computational cost to estimate
f 0ðθÞ with backpropagation is bounded with:

T ðf 0ðθÞÞ≤ ctT ðf ðθÞÞ ð6Þ

and

Mðf 0ðθÞÞ≤ cmMðf ðθÞÞ ð7Þ

where ct; cm ¼ OðlogðNÞÞ and T ðgÞ=MðgÞ is the time/amount ofmemory
required to compute g.

In plain terms, a model which achieves a backpropagation scaling
according to Definition 1, particularly for quantum models, implies that it
does not take significantlymore effort, (in terms of number of qubits, circuit
size, or number of circuits) to compute gradients of the model with respect
to all parameters, than it does to evaluate the model itself.

One family of circuits which does obey such a scaling are the so-called
commuting-block QNNs, defined in ref. 38, and which contain B blocks of
unitaries generated by operators which all mutually commute within a
block.We discuss the specific circuits in ‘Methods’ but for nowwe specialise
Proposition 1 to these commuting-block unitaries as follows:

Corollary 2. (Gradient scaling for density commuting-block quantum
neural networks) Given a density QNN containing k sub-unitaries, each
acting on n qubits. Each sub-unitary, k, has a commuting-block structure
withBk blocks. Assume each sub-unitary has different parameters, θk≠ θℓ,∀
k, ℓ. Then an unbiased estimate of the gradient can be estimated by classical
post-processingOð2Pk Bk � KÞ circuits on n+ 1 qubits.

Proof. This follows immediately from Proposition 1 and Theorem 5 from
ref. 38. Here, the gradients of a single B-block commuting block circuit can
be computed by post-processing 2B− 1 circuits, where 2 circuits are
requiredperblock,with the exceptionof thefinal block,which canbe treated
as a commuting generator circuit and evaluated with a single circuit.

At this stage, we showcase two possibilities when constructing density
networks. It should be noted that these in some sense represent extreme
cases, and should not be taken as the exclusive possibilities. Ultimately, the
successful models will likely exist in the middle group. The first path allows
us to increase the trainability of certain QML models in the literature. In
Table 1, we show some results if we were to do so for some popular

Fig. 2 | Illustration of Corollary 1. In the case where
no parameters are shared across the sub-unitaries,
the gradients of the density model in equation (1)
when measured with an observable H simply
involves computing gradients for each sub-unitary
individually. As a result, the fullmodel introduces an
OðKÞ overhead for gradient extraction. If K ¼
OðlogðNÞÞ and each sub-unitary admits a back-
propagation scaling for gradient extraction, the
density model will also admit a backpropagation
scaling.
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examples. The first step is to dissect commuting-block components from
each ‘layer’ of the respective model, then treat these components as sub-
unitaries within the density formalism and then apply Corollary 2. In the
following sections, we describe this strategy for the models in the table,
beginning with the hardware efficient ansatz.

Secondly, we may simply use it as a means to increase overall model
expressibility—where the component sub-unitaries, Uk(θk) are any generic
trainable circuits (which are independent for simplicity). Further assume
eachUk(θk) has identical structurewithNparameters acting onnqubits and
requiring Tn,N gradient circuits each. Then, from Corollary 1, a density
model will requireKTn,N parameter-shift circuits. Inmany cases,Kwill be a
constant independent ofN, or n, and furthermore this evaluation over theK
sub-unitaries can be done in parallel.

In the next section, and in Fig. 3 we illustrate these paths using hard-
ware efficient QNNs. For the examples in the following sections (the other
models referenced in Table 1 and others), we demonstrate both of these
directions.

Hardware efficient quantum neural networks. To illustrate the two
possible paths for model construction, we use a toy example (shown in

Fig. 3)—the common but much maligned hardware efficient39 quantum
neural network. These ‘problem-independent’ ansätze were proposed to
keep quantum learning models as close as possible to the restrictions of
physical quantum computers, by enforcing specific qubit connectivities
and avoiding injecting trainable parameters into complex transforma-
tions. These circuits are extremely flexible, but this comes at the cost of
being vulnerable to barren plateaus23 and generally difficult to train.

A D layer hardware efficient ansatz on n qubits is usually defined to
have 1 parameter per qubit (located in a single qubit Pauli rotation) per
layer. The parameter-shift rule with such a model would require 2nD
individual circuits to estimate the full gradient vector, each for M mea-
surements shots. Given such a circuit, we can construct a density version
withD sub-unitaries and reduce the gradient requirements from 2nD to 2D
as the gradients for the single qubit unitaries in each sub-unitary can be
evaluated in parallel, using the commuting-generator toolkit fromMethods
and Corollary 2. This example is relatively trivial as the resulting unitaries
are shallow depth (which also likely increases the ease of classical simul-
ability) and training each corresponds only to learning a restricted single
qubit measurement basis. In the Fig. 3, we take a variation of the common
CNOT-ladder layout—entanglement is generated in each layer by nearest-

Table 1 | Summary of gradient scalings for training density quantum neural networks

QNN ansatz Nparams Ngrad Nparams Ngrad

Original Original Density Density

D layer hardware efficient39 OðnDÞ OðnDÞ OðnDÞ OðDÞ
Equivariant XX38 OðGÞ Oð1Þ OðKGÞ OðKÞ
HW pres.65—pyramid Oðn2Þ Oðn2Þ OðnÞ Oð1Þ
HW pres.55—butterfly Oðn logðnÞÞ Oðn logðnÞÞ Oðn logðnÞÞ OðlogðnÞÞ
HW pres.67—round-robin Oðn2Þ Oðn2Þ Oðn2Þ OðnÞ
Number of gradient circuits (Ngrad ) required to estimate full gradient vector for original quantumneural networks versus their density QNNcounterparts eachwithNparams parameters acting on n qubits. The

equivariant XX ansatz38, an example of a commuting-generator circuit containsG commuting unitaries (G depends on themaximum locality chosen),K versions of which can be combined to give a density
version. For the HW preserving, we refer to the versions created exclusively from commuting-block unitaries, not those which take K versions of the original circuit—see Fig. 6 for the distinction with the

round-robin circuit. We suppress precision factors of Oðε�2Þ and Oðlogðδ�1ÞÞ, and we assume a direct sampling method to evaluate gradients.

Fig. 3 | Decomposing a hardware efficient ansatz for a density QNN.D layers of a
hardware efficient (HWE) ansatz with entanglement generated by CNOT ladders
and trainable parameters in single qubits Rx, Ry, Rz gates. (bottom left) D layers
extracted into D sub-unitaries with probabilities, fαdgDd¼1 for a density QNN ver-
sion. Applying the commuting-generator framework to the density version,
ρHWEðθ; α; xÞ, enables parallel gradient evaluation in 2D circuits versus 2nD as
required by the pure state version, ∣ψHWEðθ; α; xÞ�. TO illustrate potential differ-
ences between sub-unitaries, we arbitrarily reverse CNOT directions in subsequent

layers and partially accounting for low circuit depth. (bottom right) Alternatively,
we can simply create a more expressive version of the hardware efficient QNN
within the density framework by duplicating across K sub-unitaries with prob-
abilities fαkgKk¼1 retaining D layers each. In this case, the model requires 2nDK
circuits for gradient extraction, but each sub-unitary can have independent para-
meters learning different features, especially if each contains different entanglement
structures.
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neighbour CNOT gates. Typically, an identical structure is used in each
layer, however in the figure we allow each sub-unitary extracted from each
layer to have a varying CNOT control-target directionality and different
single qubit rotations in each layer. This is to increase differences between
each ‘expert’ (see below) as each sub-unitary can generate different levels of
(dis)entanglement. Secondly, as illustrated in Fig. 3 one can also define a
density version which is not more trainable than the original version—in
this case, we haveK depth-D hardware efficient circuits, which according to
the parameter shift rule would now requireOð2KDnÞ circuits.However, the
density model contains more parameters (K-fold more) than the original
single circuit version, and possibly is more expressive as a QML model.

LCU and the mixing lemma
The second feature of the density framework is the relationship to linear
combination of unitaries (LCU) quantum machine learning. Above, we
discussed two methods of preparing the density state, equation (1) and
illustrated in Fig. 1. Now, we will demonstrate how one may translate
performance guarantees from families of LCU QNNs (Fig. 1a) to the ran-
domised version of the density QNN (Fig. 1c).

Specifically, we will show that, in at least one restricted learning sce-
nario,wewill show that if one can construct and train anLCUQNN(Fig. 1a)
which has a better learning performance (in terms of e.g. classification
accuracy) than any component unitary, this improved performance can be
transferred to a density QNN without performance loss. This transference
has an important consequence—due to the minimal requirements of
implementing a randomised density QNN (Fig. 1c) on quantum hardware,
relative to the LCU QNN, we can implement the more performant model
much more cheaply. To do so, we will prove a result using the Hastings-
Campbell mixing lemma40,41 from the field compiling of complex unitaries
onto sequences of simpler quantum operations.

In this context, we will adapt theMixing lemma as follows. Assume
one trainsK sub-unitaries {Uk(θk)} each to be ‘good’models, in that they
each achieve a low prediction error, δ1, to some ground truth function.
Next, with the trained sub-unitaries fixed, one learns a linear combi-
nation,

P
k αkUk, with (distributional) coefficients, {αk}, by training

only the coefficients. Assume this more powerful QNN model (LCU
QNN) achieves a ‘better’ prediction error, δ2 < δ1. However, despite
better performance, the LCU QNN is far more expensive to implement
than any individual Uk (as can be seen in Fig. 1a). The logic of the
Mixing lemma implies that instead of this deep circuit, we may ran-
domise over the unitaries—create a randomised density QNN—and
achieve the same error as the LCU QNN but with the same overhead as
the most complex Uk. We formalise this as the following:

Lemma 1. (Mixing lemma for supervised learning) Let h(x) be a target
ground truth function, prepared via the application of a fixed unitary,
V,hðxÞ :¼ TrðOVρðxÞVyÞ on a data encoded state, ρ(x) andmeasuredwith
a fixed observable,O. Suppose there existsK unitaries fUkðθÞgKk¼1 such that
these each are δ1 good predictive models of h(x):

ExjhðxÞ � f kðθ; xÞj≤ δ1; 8k ð8Þ

and a distribution fαkgKk¼1 such that predictions according to the LCU
model f LCUðθ; α; xÞ :¼ TrðO P

k αkUkðθÞ
� �

ρðxÞ P
k αkU

y
kðθÞ

� �
Þ have

error bounded as:

ExjhðxÞ � f LCUðθ; α; xÞj≤ δ2 ð9Þ

for some δ1, δ2 > 0. Then, the corresponding density QNN, f ðθ; α; xÞ ¼
TrðOρðθ; α; xÞÞ; ρðθ; α; xÞ ¼ PK

k¼1 αkU
y
kðθÞρðxÞUkðθÞ can generate pre-

dictions for h(x) with error:

ExjhðxÞ � f ðθ; α; xÞj≤ δ21
4 k Ok1

þ 2δ2 ð10Þ

We prove this lemma in Supplementary Material B.2. In the above,
ExjhðxÞ � gθðxÞj is the expected prediction error admitted by the model,
gθ(x), where the expectation is taken over the distribution the data is drawn
from.Take the commonpredictor observable tobeO ¼ Z,k Ok1 ¼ 1 and
set δ1 = δ. Assume we find a distribution for the LCU QNN which quad-
ratically reduces this error δ2 = δ2. Then according to Lemma 1, the density
QNNwill also be anOðδ2Þ good predictor, but at the same implementation
cost as a single sub-unitary QNN.

In the rest of this work, we do not primarily take the QNN → LCU
QNN→ density QNN route as implied by Lemma 1, instead directly train
the parameters of the density QNN indicating the viability of bypassing the
expensive LCU directly. Though, for the sake of completeness, in Supple-
mentary Material C we do provide one example where the LCU QNN
outperforms the single-circuit QNN numercially. It may be that non-
unitary (pure LCU) quantummachine learning35 and the density QNNswe
present here have different difficulties in practice to achieve good model
performance. Also, the above result is clearly restrictive to the setting where
the model to be learned is itself a QNN, and we also know the correct
observable to measure. However, it may be generalised to stronger state-
ments where the data is generated by an arbitrary classical function. We
leave both of these investigations to future work.

In the quantum compiling problem, one endeavours to produce a
sequence of ‘simple’operationswhichapproximate the behaviour of a target
unitary or quantum channel on input states. Randomised compiling
(informally via the Hastings-Campbell mixing lemma40,41) allows one to
carry a quadratic suppression in compiling error from a channel composed
of a LCU, into the corresponding randomised channel which has the same
execution overhead as an individual unitary in the linear combination. If we
treat the compilation task as a learning problem, as has been done in several
works, spawning the subfield of variational quantumcompiling42,43, one can
intuitively see how the Mixing lemma may be directly applied.

However, to argue for the benefit of density networks over individual
QML circuits, wemust go further and generalise to other learning tasks, for
example supervised data classification/regression (which is the primary task
we use density QNNs for in this work).

Connection to classical mechanisms
We have discussed features of density QNNs, and elucidated their position
within the spectrum of existing quantummodels. In this section, we discuss
relationships or analogies between density QNNs to purely classical
mechanisms and models. We summarise these relationships in the fol-
lowing three observations:
• Observation1:The randomised statepreparationmethodmaybeused

as the training mode, and the deterministic state preparation method
maybeused as the inferencemode for densityQNNs, if analogies are to
be made with the classical dropout mechanism.

• Observation 2: Unlike classical dropout, density QNNs do not com-
bine an exponential number of sub-networks at inference time.

• Observation 3:Density QNNs are a quantum analogue of Mixture of
Experts (MoE) models, which are subtly different from ensemble
methods.

We expand on these observations in the following.

Quantum dropout. In the previous section, we have demonstrated how
density QNNs have the capacity to mitigate overfitting via more strategic
parameter allocation. In light of this, one may make an analogy with the
randomised density QNN and the dropout44,45 mechanism in classical
neural networks. Dropout is an effective method of combining the pre-
dictions of exponentially many classical neural networks, and also
mitigates overfitting. This analogy has indeed been remarked in recent
works46 due to the random ‘removal’ of K− 1 sub-unitaries in each
forward pass, which, on the surface, appears similar to the randomised
removal of neurons in a neural network. it has therefore been conjectured
that randomised density QNNs as we have defined them may be less
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prone to overfitting because of this analogy. However, in the following,
we will argue that this is an incorrect, or at least an incomplete
comparison.

This incompleteness of the comparison arises from (at least) two
sources. Firstly, there is a distinct difference (and important) between the
training and evaluationmodes in classical dropout. In the training mode, a
dropout mechanism applies a random zeroing of the nodes of a neural
network, which removes outgoing weights from those nodes. This means,
on any forward pass through the loss function, only a sub-network is
actually activated. However, in the inference mode, all sub-networks are
effectively present, where the outgoing weights of a dropped node are re-
weighted by the probability of dropping that node.

Regarding different training and inference operations, we propose the
randomised implementation of the density QNN (Fig. 1c) as the state
preparation method for the training phase of the model. To align with
classical dropout, we then propose the deterministic density QNN (Fig. 1b)
as the inferencemode.Due to the linearity of themodel, this has the effect of
weighting the contributions of each sub-unitary QNN, Uk(θk) by the cor-
responding coefficients, αk, exactly as in classical dropout.

However, dropout also has the key feature of efficiently combining an
exponentialnumber of effective sub-networks at inference,which is a critical
feature in boosting model performance. However, in order to maintain
training efficiency (within Corollary 2), a density QNN may have at most
K ¼ OðlogðNÞÞ ‘sub-networks’, where N is the total number of circuit
parameters.As such, it is unclear if at a fundamental level a densityQNNcan
function fully as a quantum analogue for dropout. Nevertheless, we will
demonstrate that the density QNN still can, in some capacity, mitigate
overfitting, and perform the effective action of dropout.

Density quantum neural networks as a mixture of experts. The next,
and final, comparison to classical methods we discuss is an interpretation
of the density QNN framework as a MoE model47,48. MoE models have
achieved success even at the level of large scale machine learning models
such as Mixtral49, particularly where sparsity is required. The MoE fra-
mework isflexible andpowerful as it allows an increase in the capacity of a
model with minimal increase in computational effort. This same meth-
odology drives the densityQNN framework of this work. AMoE contains
a set of ‘experts’, {f1,…, fK}, each of which is ‘responsible’ for a different
training case. A gating network, G, decides which expert should be used
for a given input. In the simplest form, theMoEoutput,F(x), is aweighted
sum of the experts, according to the gating network output FðxÞ ¼P

k GkðxÞf kðxÞ where GkðxÞ is the kth output of the gating network, given
input x. A typical difference between MoE models and ensemble models
is that, for the latter every element of the ensemble is evaluated for every
input, while for anMoE, only a subset are activated (e.g. the top-k experts
for a given input). We elaborate on this in Supplementary Material H.

We can interpret the densityQNNexactly as a form ofMoE as follows.
By allowing the sub-unitary coefficients to be data-dependent (αk→ αk(x)),
as in equation (3), we can predict them using a gating network in an MoE.
Now, the sub-unitaries become the ‘experts’ and the overall model has
increased capacity to learn which sub-unitary (expert) is more relevant for
the task at hand (the given input x). If the data were quantum states, we

could use another quantum neural network as a gating network, or perhaps
classical shadows32 with a classical neural network. We choose a simple yet
traditional model for the data-dependent gating mechanism we describe in
‘Methods’. Therehas been extensive investigation into variationsof theMoE
models both for deep50,51 and shallowmodels52,53 though we leave thorough
investigation of different approaches in the quantum world to future work.
For example, one could employ techniques regulating the dependence on
the overall mixture on any individual subsets of unitaries50 which can occur
when the distribution tends to become quite peaked, meaning the gating
network chooses to rely only on a small fraction of experts for a given input.

Numerical results
Now, we demonstrate that density networks can be successful in practice,
through three examples. The first is an demonstration where an efficiently
trainable model can be made more expressive (see Fig. 3, right), and in the
secondwe choose an example of an interpretablemodel family forwhichwe
construct both efficiently trainable versions (Fig. 3, left) andmore expressive
(Fig. 3, right). The third, andfinal,main example demonstrates the ability of
density QNNs to mitigate overfitting compared to standard single unitary
QML models. We summarise the takeaways of each set of numerics as
follows:
• Model: Equivariant quantum neural networks.

Takeaways: Backpropagation scaling models can be made more
expressive and performant. Model initialisations via sub-unitary pre-
training is possible and successful.

• Model: Hamming-weight preserving (orthogonal) quantum neural
networks.
Takeaways: Non-backpropagation scaling models can be made
trainable with minimal or no performance loss. Increasing sub-
unitary expressivity monotonically improves overall performance.

• Model: Data reuploading quantum neural networks.
Takeaways: Distributing parameters over shallower sub-unitaries
mitigates overfitting to training data.

Equivariant quantumneural networks. For the first example, we build a
density version of a commuting-generator (a special case of commuting-
block circuit) ansatz on the simplified classification problem posed by
ref. 38. Here, the challenge is classifying bars vs. dots, in a noisy setting,
described in ‘Methods’.

For the baseQNN, we use the original ‘XX’ ansatz (denotedUXX(θ)) of
ref. 38, see Fig. 4a) and compare against a density QNN version with two
sub-unitaries, {U1,U2} and coefficients {α1,α2}.WedefineU1≔UXX(θ). The
second sub-unitary, U2 ≔ UYY(θ), has the exact same structure as UXX(θ),
but with the XX generators replaced by Pauli-Y generators. The measure-
ment operator is chosen to be the translation invariant operator

P
i Zi to

suit the translation symmetry in the synthetic problem. The output function
of the model is then:

f ðθ; α; xÞ :¼
Xd
i¼1

XK
k¼1

TrðZiρðθ; α; xÞÞ ð11Þ

Fig. 4 | Equivariant density QNNs. a The
commuting-generator XX model and a, b XX+YY
density QNN model. The former contains up to
three-body Pauli-X generated operations with
twirling applied to enforce equivariance. The latter
contains two sub-unitariesUXX (circuit (a)) andUYY

which has the same structure but replacing Pauli-X
operations with Pauli-Y. UXX/UYY are applied with
probabilities αXX/YY. Each sub-unitary in b are
commuting-generator circuits, so each has effi-
ciently extractable gradients.
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with

ρðθ; α; xÞ :¼ α1UXXðθÞ
Nd
j¼1

∣xi xh ∣ryj

" #
Uy

XXðθÞ

þα2UYYðθÞ
Nd
j¼1

∣xi xh ∣ryj

" #
Uy

YY ðθÞ
ð12Þ

Each generator that appears in UXX/YY(θ) is of the form symðX1Þ or
symðX1 . . .XkÞ (symðY1Þ and symðY1 . . .YkÞ respectively) for some k ≤
K. The operation sym is the twirling operation used to generate equivariant
quantum circuits (in this case, equivariance with respect to translation
symmetry). For example, symðX1X2Þ is a sum of all pairs ofX operators on
the state with no intermediate trivial qubit, symðX1X3Þ is a sum of all pairs

on the state separated by exactly one trivial qubit (in either direction,
visualising the qubits as a 1D chainwith closed boundary conditions) and so
on. However, note that in this case since the YY ansatz (UXX/YY(θ)) is in the
same basis as the data encoding (Ry), we have classical simulatability for
computing expectation values since the initial circuit is effectively Clifford38.
Thedensity circuits are visualised inFig. 4bwhichwe adapt fromref. 38, and
the results of the experiment can be seen in Fig. 5a, b. We also construct
density versions of the twoother non trivialmodels considered in ref. 38, the
quantum convolutional neural network (QCNN)54 and a ‘non-commuting`
equivariant circuit (see ref. 38, Fig. 5c). In both these latter cases, we again
consider two sub-unitaries U1 and U2 which have identical structure but
different learned parameterisations, U1 =U2, θ

�
1≠θ

�
2 . In initialising the

density QNN, we bias the model towards the ‘first’ sub-unitary with
probability 99% (as in Fig. 4b). The density QNN outperforms its base
counterpart in all cases, and the best tradeoff between efficiency and model

Fig. 5 | Numerics on noisy bars and dots dataset.We create density QNN versions
of the non-trivial models from ref. 38; (1) the commuting-generator circuit in Fig. 4,
(2) a `non-commuting' equivariant QNN and (3) the quantum convolutional neural
network54, all on 10 qubits. In all cases the density QNN is initialised from (sepa-
rately) pretrained (for 1000 epochs) base versions, and training continues for
another 1000. For the non-commuting and QCNNdensity models the sub-unitaries
have identical structure but trained independently. We show mean and standard

deviation in test accuracy vs. a training epochs and b number of overall shots over 5
independent training runs, from the same initialisation. In all cases, after basemodel
performance saturation, the density QNN improves the final result. The gaps in (b)
are to account for the extra measurement overhead to initialise and train the second
sub-unitaries. This isUYY for the densitymodel andU2 (non-comm-2/QCNN-2) for
the other twomodels. In all cases, the density version is initialised with α1/αXX = 0.99
α2/αYY = 0.01 which are also trainable.

Fig. 6 | Hamming weight preserving density QNN
with round-robin structure. Illustration of extrac-
tion possibilities from an orthogonal QNN with
round-robin connectivity, on 8 qubits. We can
extract a minimally expressive `shallow' (depth
D = 1) or a maximally expressive `deep' (depth
D ¼ nðn�1Þ

2 ) sub-unitary for each ‘expert’. Both cases
haveK = n− 1 sub-unitaries, which have n

2 (shallow)
or nðn�1Þ

2 (deep) parameters. The shallow version has
gradients which can be evaluated in parallel using
n− 1 circuits with gradient complexity stated in
Table 1. The deep version assumes a cycled con-
nectivity as seen in the figure with gradient extrac-
tion complexity Oðn3Þ. We can interpolate between
the two regimes for different sub-unitary depths, D,
between 1 ≤D ≤ n− 1, but efficient gradient
extraction is lost for D ≥ 2. An MoE gating network
can be used to predict the probability coeffi-
cients, {αk(x)}.
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performance is found for the density XX + YY model. We describe the
experiment details in ‘Methods’.

Orthogonal quantum neural networks. For the second example, we
turn to the Hamming weight (HW) preserving quantum neural network
(U(1) equivariant), and specifically their orthogonal QNNs variants. As
mentioned above, thesemodels have desirable properties from amachine
learning point of view—they are interpretable and can stabilise training.
While we focus on the easiest to simulate version of HW preserving
models here, all of the below is applicable to the more difficult to clas-
sically simulate compound QNNs55 (Supplementary Material E.2) and
general Hamming weight preserving unitaries.

The data encoded state for orthogonal QNNs on n qubits,
ρðxÞ :¼ ∣xi xh ∣; ∣xi :¼ P

j xj∣ej
E
, is a unary amplitude encoding of the

vector x (ej is a basis vector with a single 1 in position j and zeros otherwise).
The unitary that acts on this state consists of two qubit gates known as
reconfigurable beam splitter (RBS) gates (see ‘Methods’). There are various
configurations for these gates which parameterise some subset of SO(n)
matrices. To begin, we choose the round-robin architecture, shown in Fig. 6
(top), composed ofOðnÞ layers of where in each layer qubit is connected to
only one other, alternating so eventually each qubit is connected to every
other. Evaluating gradients for this QNN specification via the parameter
shift rule requires Oðn2Þ circuits. We construct the ‘shallow’ version of a
round-robin density QNN by simply extracting each layer into the sub-
unitaries, with K ¼ OðnÞ. Then each Uk is a depth D = 1 commuting
generator circuit whose gradients can be evaluated in parallel with OðnÞ
circuits via Corollary 2. In the spirit of Fig. 3 (right), we also takeK ¼ OðnÞ
copies of the full round robin circuit to construct a more expressive model.
This model will require OðKn2Þ ¼ Oðn3Þ circuits for gradient evaluation,

but also has OðnÞ more parameters than the ‘vanilla’ round-robin model.
Wecanalso interpolate between these two regimesby scaling the complexity
of each sub-unitary with a round-robin layer depth between 1 ≤D ≤ n− 1.
In all cases, we demonstrate the MoE formalism by introducing a gating
network to predict the coefficients, {α(x)}, details given in ‘Methods’.

In all cases, since the unitaries are Hamming weight preserving, the
output states, ∣yk

�
from each sub-unitary are of the form ∣yi ¼ P

j yj∣eji for
some vector y. This output is related to the input vector via some orthogonal
matrix transformation OU, y =OUx where the elements of OU can be com-
puted via the angles of the RBS gates in the circuit (see ‘Methods’). The
typical output of such a layer is the vector y itself, for further processing in a
deep learning pipeline. As a result the output of a ‘orthogonal’ densityQNN
is a linear combination of orthogonal transformations,
y ¼ P

k αkyk ¼
P

k αkO
Ukx, benefitting from both stable orthogonal

training within each sub-unitary, and the generality afforded by the linear
combination. In contrast, adding more (e.g. RBS) gates directly to the pure
state version circuit (i.e. the ‘vanilla’ round-robin QNN)would not increase
the expressivity as the output would only correspond to another (different)
orthogonal matrix. The results of these experiments are shown in Fig. 7.

Mitigating overfitting with density QNNs. We have argued above that
the density QNN framework possesses similarities and differences to the
dropout mechanism. Nevertheless, we can demonstrate that indeed,
density QNNs have the capacity to do what dropout does—which is to
mitigate overfitting. To demonstrate this, we use data reuploading56

QNNs. Data reuploading is a poweful QML technique which allows the
construction of universal quantum classifiers, evenwith single qubits.We
compare a single, deep (‘vanilla’) data reuploading QNN to a density
version with approximately the same number of parameters, and test

Fig. 7 | Round-robin Hamming weight preserving density QNN results. Top row
Round-robin OrthoQNN versus shallow (D = 1) round-robin density QNN, as a
function of training epochs (a) and measurement shots (b) on 10 qubits. For D = 1
the density QNN is a commuting generator circuit and so requires only n− 1 circuit
evaluations for each iteration whereas the OrthoQNN requires 4nðn�1Þ

2 circuits as per
the parameter-shift rule for gradient evaluation. Bottom row increasing complexity

of densityQNNby increasing round robin depth,D, fromD∈ {1, 2, 3, 4, (n− 1)} as a
function of epochs (c) and measurement shots (b, log scale). In all cases for the
density QNN, n− 1 = 9 sub-unitaries are trained in parallel for 25 epochs (9 thin
lines) before initialising the density QNN, and training continues for a further 25.
Performance of density QNN increases monotonically with sub-unitary depth, D.
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which model is more likely to overfit training data, generated by Che-
byshev polynomials—see ‘Methods’ for details. In summary, we find that
given a budget of N parameters, distributing these across a density QNN
with shallow sub-unitaries will lead to better results (from the perspective
of overfitting) than increasing the circuit depth of a single quantum
classifier. See ‘Methods’ for a definition of data reuploading and Sup-
plementary Material G.3 for a discussion of data reuploading with den-
sity QNNs.

For both density and vanilla reuploading models, we use arbitrary
single qubit rotations with 3 parameters as the trainable operations. For the
vanilla version, these are repeated for L ‘reuploads’ so the model has 3L
parameters. For the density QNN,we chooseK = 5 sub-unitaries, the depth
of each (D) is chosen such that 5 × 3D ≈ 3L. Both models are illustrated in
Fig. 8a, andwealso shown the truncatedFourier series learnedby eachof the
5 sub-unitaries in the density case. The results can be seen in Fig. 8b which
shows the test error, as measured by mean squared error (MSE) and the
generalisation gap (difference between train and test errors).

We see as the vanilla reuploading model becomes more expressive
(with increasing L), it overfits and test error grows. In contrast, the density
model (with approximately the same number of parameters) does not
overfit and the test error remains small. This means that if, without any
prior, one would choose an overparameterised model (see57,58 for further
discussions on overparameterisation which may be incorporated in future
work), the densitymodel would perform better. In SupplementaryMaterial
J we provide further detail on this, and supplementary numerics.

Drawbacks and limitations
To conclude our results, we discuss some potential drawbacks and limita-
tions with the density framework, specifically those which it does not solve
relative to single-unitary variational learningmodels. Amajor problemwith
the latter is the existence of barren plateaus, or regions of problematic
gradients more generally. As discussed in ref. 38 the general relationship
between commuting generator circuits, and barren plateaus is still an open
question—particularly in finding a circuit architecture which has a suitable
relationship between input states, circuit generators and measurement
observable to render the dynamical Lie algebra polynomial, the circuit non-
classically simulatable and gradients non-vanishing. This is not a question
resolved via the density framework either, although if such an architecture
was to be found, it could similarly be uplifted as other specific models
studied in thiswork.However, an interesting research direction provided by
the density framework is to allow a combination of different sub-unitaries,

whichmay have different and independent gradient behaviour.However, in
this case it is possible that the sub-unitary with most favourable gradients
would dominate the training (a feature known as representation or expert
collapse in the mixture of expert literature59–61). However, it has also been
demonstrated how barren plateau issues can be mitigated or eliminated via
clever initialisation strategies.

Besides the barren plateau issue, there are still a number of open
questions with variational quantum learning models, which are also
potentially inherited by non-unitary (LCU, dissipative or density) learning
models including; the effect of quantum ormeasurement noise, lack of data
or problem-dependent circuit architectures and training dynamics related
to hyperparameter tuning and loss function choices. All of these are fruitful
areas for future study.

Discussion
Efficiently trainable quantum machine learning models, particularly those
operable on quantum hardware, are crucial for the field’s advancement.
Here, we introduce density quantum neural networks (density QNNs), a
generalisation of traditional pure parameterised quantum circuit models,
incorporating classical randomisation. We demonstrate that the gradient
complexity of thesemodels hinges on the sub-unitaries’ gradient evaluation.
By employing commuting-block circuits for these sub-unitaries, the model
requires a constant number of gradient circuits while potentially enhancing
expressivity. Additionally, investigating the density formalism’s impact on
the efficient classical simulability of the model in specific scenarios is
essential. We also highlight the connections between density QNN form-
alism and other primitives in quantum and classicalmachine learning, such
as quantum-native dropout, the MoE formalism, and measurement-based
and post-variational quantum machine learning. Exploring the intersec-
tions among these distinct learning mechanisms presents promising
research opportunities. Most significantly, we provide a direct connection
between LCU QML and density QNNs via the Hastings-Campbell Mixing
lemma from randomised quantum compiling. This indicates that perfor-
mance benefits from the LCU can be directly translated into the density
framework, for a dramatically reduced cost.

Inspired by interpretable models such as orthogonal QNNs, and effi-
ciently trainable circuits suchas commuting generatorQNNs,we developed
density versions of these families for numerical experimentation. The
density versions demonstrate increased learning performance, or more
efficient trainability, or possibly both, over their pure state counterparts.
Future research should explore the expressivity of density QNNs with

Fig. 8 |Overfittingmitigationwith densityQNNs—data reuploading. aA ‘vanilla’
single qubit data reuploading QNNwith L reuploading layers versus a density QNN
with 5 sub-unitaries, each with D data reuploads. Also shown is the partial Fourier
series representations of each sub-unitary, f f kðθk; xÞg

5
k¼1 when learning the Che-

byshev polynomial T2(x). b Generalisation gap between train and test mean square

errors (MSE) in a regression problem for learning the Chebyshev polynomial T2(x).
The number of parameters between both models is kept approximately the same for
each L, so that 5 × 3D ≈ 3L. For a fixed number of parameters, the test error and
train/test gap (generalisation error) for the vanilla data reuploading model diverges,
while the density QNN test error remains small.
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various sub-unitary families and seek other efficiently trainable sub-unitary
types. Successful examples can be promptly applied to the density model, as
illustrated with hardware-efficient QNNs.

This work underscores the transformative potential of density QNNs
in advancing quantum machine learning, laying a robust foundation for
future innovations.

Methods
Commuting-block quantum neural networks
Commuting-blockQNNs are circuits decomposed intoBblocks or layers, so
the ansatz has the following form:

UðθÞ ¼
YB
b¼1

YNb

j¼1

Ubðθbj Þ ¼
YB
b¼1

YNb

j¼1

eiθ
b
j G

b
j ð13Þ

Each block, b∈ [1,…B], with
QNb

j¼1 e
iθbj G

b
j contains generators,Gb

j such that
½Gb

i ;G
b
j � ¼ 0 8i; j. Increasing the number of blocks was shown to increase

the dimension of the dynamical Lie algebra (DLA)62, which is a concept
useful in probing barren plateaus and expressibility inQNNs. Assume b = 1
for simplicity. Then, given a measurement operator, H, each mutually
commuting generator defines a gradient observable, Ok :¼ ½Gk;H�, such
that i ψðθ; xÞ�

∣½Gk;H�∣ψðθ; xÞ� ¼ ∂θkL. If all generators commute or
anticommute with H, i.e. ½Gk;H� ¼ 0 or fGk;Hg ¼ 0 for all k, one can
show that the gradient operators, Ok, all mutually commute38. As a result,
Ok are simultaneously diagonalisable and their statistics can be extracted in
parallel, using a single circuit query, which is diagonalized by appending a
‘diagonalizing’ unitary to it. One can also extract higher order gradient
information (second derivatives etc.) but with a decreasing precision38. IfGi

∀ i is a tensor product of Pauli operators, implemented in depth T(n), the
gradient circuit has depthTðnÞ þO n

logðnÞ
� �

in general, but the overhead can
be constant if Gi is supported on a constant number of qubits, admitting a
backpropagation scaling.

Hamming weight preserving quantum neural networks
Hamming weight preserving unitaries, or U(1) equivariant circuits27 are a
useful family of QNNs which admit favourable properties such as

interpretability. Such circuits can act on states which have a fixed (k)
Hamming weight (k is equal to the number of 1’s in a computational basis
state) input or on superpositions of different Hammingweight states. In the
latter case, the unitary can be written in a block diagonal form with the kth
block, acting independently on the Hamming weight k subspace55,63,64. The

dimension of the Hamming weight k subspace is
n
k

	 

. However, the

dimension of the DLA (and hence the behaviour of barren plateaus etc.)
depends on the type of operation performed within this space64. However,
for small k even brute force subspace simulation is sufficient for efficient
classical simulation. Thoughwe note thatDLAor brute force simulation are
not the only possible classical simulation methods for these or generic
circuits. For example, one could consider Clifford proximity or entangle-
ment content in the resulting states and tailor simulation appropriately.
Focusing on the k = 1 HW space, we get orthogonal quantum neural net-
works (OrthoQNNs)55,63,65, which have been useful in mitigating unstable
gradient dynamics for classical models and may offer a cubic to quadratic
speedup in parameterising and training (classical) orthogonal neural
networks65.

Hamming weight preserving unitaries (OrthoQNNs as a special
case)65–67 can be built from reconfigurable beam splitter (RBS) gates, or
Givens’ rotations, which have the following (two qubit) form:

RBSðθÞ :¼ e�iθ2GRBS :¼ e�iθ2 Y�X�X�Yð Þ

¼

1 0 0 0

0 cosðθÞ � sinðθÞ 0

0 sinðθÞ cosðθÞ 0

0 0 0 1

0
BBB@

1
CCCA ð14Þ

Different forms of OrthoQNNs can be defined, each parameterising a
(potentially restricted) orthogonal matrix shown in Fig. 9. These are the
explicit ‘pyramid’, ‘X’ and ‘butterfly’ ansätze used above and shown in Fig. 9.
Replacing the RBS gates in these circuits with a so-called fermionic beam
splitter (FBS) gate gives compound QNNs, which we discuss in
Supplementary Material E.2. These compound QNNs can be represented

Fig. 9 | Ansätze for orthogonal quantumneural networks55,65. a Pyramid circuit, bX circuit, c Butterfly circuit and dRound-robin circuit. Each gate corresponds to an RBS
gate with (potentially different) parameter θ. With respect to the number of qubits, n, the depths of each of these layers is 2n� 1; n� 1; logðnÞ and n− 1, respectively.
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by compound matrices acting on higher Hamming weight (k > 1) or
superpositions thereof.

Data reuploading
Data reuploading56 QNNs incorporate unitaries which inject the same data
into the parameterised state multiple times. This allows the learned func-
tions to be highly non-linear in the data, and can produce universal clas-
sifiers. Further, it is well known that suchmodels can be expressed as partial
Fourier series in the data,24,68,69. A single reuploading layer, ℓ, can be written
as follows:

E‘
θ‘;xðρÞ :¼ Uðθ‘ÞV‘ðxÞρVy

‘ ðxÞUyðθ‘Þ ð15Þ

where ρ is some data-independent initial state, usually ρ ¼ ∣0i 0h ∣�n. Then,
the function output from L such uploads is:

EL
θ;xðρÞ :¼ EL

θL;x � � � E2
θ2 ;x E1

θ1;xðρÞ
� �� �

ð16Þ

f ðθ; xÞ ¼ Tr OEL
θ;xðρÞ

� �
¼

X
ω2Ω

cωðθÞeiω
>x ð17Þ

which is a sum of Fourier coefficients with frequencies,Ω≔ {ω}. Here, it is
assumed that the encoding unitaries areHamiltonian encodings of the data,
V‘ðxÞ ¼

QD
d¼1 exp ixdH

‘
d

� �
for some (potentially highly non-local) Her-

mitian operators, fH‘
dgd;‘.

Now, it is known that the expressivity of such models are determined
by the eigenspectrum of the Hamiltonians used in the encoding unitaries.
These generate the Fourier frequencies available to the model,Ω, while the
trainable parameters in the unitaries, θ, determine the coefficients cω(θ)
which dictate how these frequencies are combined. It is straightforward to
generalise this model into a density counterpart, but we explicitly do so in
Supplementary Material G.3 for completeness.

Experiment details
Equivariant density QNN. The bars and dots dataset is as follows. Each
datapoint is a d-dimensional vector (bar or dot) with either alternating
+1 or −1 values (dot) or sequential periods of +1 or −1 of length bd2c
(bar). Gaussian noise with mean = 0 and variance σ2 is added to each
vector. In ref. 38, the translation invariance of the data enables the
application of a commuting-generator equivariant ansatz, where each
generator consists of a symmetrised Pauli-X string containing up to K-
body terms. The measurement observable is also a symmeterised Pauli Z
string with K = 1, meaning H ¼ Pd

i¼1 Zi. Each bar/dot,
x :¼ ½x1; . . . ; xd�> 2 Rd , is encoded as a Pauli Y rotation per qubit,
xi 7!Ryðπxi2 Þ∣0i ¼ cosðπxi4 Þ∣0i þ sinðπxi4 Þ∣1i ¼: ∣xiryi . This angle encoding
uses the same number of qubits as the unary amplitude encoding in the
OrthoQNN above.

For the numerics in Fig. 5, we use 10 qubits in simulation.We increase
the noise to σ = 1.8 to raise the problem difficulty. We train the model with
train and test data of sizes of 1000, 100 respectively and a batch size of 20.
The Adam optimiser with a learning rate of 0.001 is used in all cases. We
initialise theweightingparameters, {α1,α2} = {αXX,αYY} = {0.99, 0.01} to bias
the model towards the (pre-trained) equivariant XX model, and α are also
trainable. The densitymodel is compared to its commutingXX counterpart,
plus anon-commutingmodel (amodelwhichdoesnot obey the commuting
generator properties) and theQCNN54with the same structures as described
in ref. 38. The formulae to compute the number of shots required by each
model (commuting XX, non-commuting, QCNN) is given in ref. 38. The
number of shots for the density QNN XX+YYmodel being 2NXX+ 2NYY

whereNXX/YY is the number of shots to train the XX, YYmodels separately
(over 500 epochs for each model). We adapt the code of 38 to generate the
results for the commuting, non-commuting and QCNN models which is
built using Pennylane70.

Orthogonal density QNN. For all the density orthogonal QNN results,
we take 60,000 train and 10,000 test 28 × 28 pixel images from theMNIST
dataset. For the round-robin decomposition (Fig. 6) each MNIST image
is downscaled to 10 qubits using principal component analysis.

For simplicity in simulation,we compute the actionof each sub-unitary
on the data state, ∣xi (which is the data-loaded feature vector using the
unitary V(x)), and classically combine them. This bypasses the need to
explicitly reconstruct the densitymatrix, ρ(θ,α, x), thoughwe stress in a real
quantum implementation one would apply the randomisation over sub-
unitaries, or create the density state explicitly on the quantum computer as
in Fig. 1. There are various choices one could make to create the data state,
∣xi, for all the above results we assume a parallel vector loader55,71 but the
choice of loader will depend on the available quantum hardware.

With the addition of the data dependent MoE gating network to
predict the distribution of sub-unitary coefficients in Fig. 6, the following
parameterisation is chosen. Specifically, ‘MoE’ refers to coefficients defined
as a gating network with the following form
αkðxÞ ¼ softmaxkðLinearðxÞÞ. We investigate the addition of a non-
linearity in (Supplementary Material H.2). Also, we could replace the input
to the gating network to be a more general feature vector, x→ σ(x), i.e. the
output of another neural network.

For all numerical results involving orthogonal quantum neural net-
works, we used QCLearn, a custom in-house quantum machine learning
software package with model tailored classical simulation, primarily built
in JAX72.

Data reuploading density QNN. For the numerical results demon-
strating overfitting mitigation in Fig. 8 with data reuploading, we gen-
erate training and test data from the family of Chebyshev polynomials of
the first kind, {Tn(x)}, and compare each models ability to learn the
underlying function, defined as:

T0ðxÞ ¼ 1;T1ðxÞ ¼ x;

Tnþ1ðxÞ ¼ 2xTnðxÞ � Tn�1ðxÞ;
ð18Þ

We choose the ground truth function to be h(x) ≔ T4(x) and add
Gaussian noise with mean 0 and variance 0.25 to the training data to nudge
bothmodels towards visible overfitting. The arbitrary single qubit operation
we use for reupload ℓ in both reuploading models (density/vanilla) is
U‘ðθ‘Þ ¼ Rzðθ1‘ ÞRyðθ2‘ ÞRzðθ3‘ Þ. We also again use Pennylane70 for these
results.

Data availability
The data corresponding to this manuscript is available upon reasonable
request.

Code availability
The code corresponding to this manuscript is available upon reasonable
request.
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