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1 Introduction

Among the four fundamental forces, the gravitational interaction is special for its universality.
Any ingredients, including the standard model (SM) and possible dark sectors solving the
puzzles in the SM, should at least interact through gravity. Recently, there is a revival of
attention to a dark sector that interacts with the SM only through gravity [1–24]. Most
of the studies focus on the gravitational interaction within the Einstein gravity or the
nonminimal coupling to gravity, namely up to the dimension four operators. However, if
the dark sector involves a scalar field, it can couple to the quadratic curvature through
dimension five operators, such as φR2, φRµνRµν , φRµνρσRµνρσ, and φRµνρσR̃µνρσ. These
operators lead to unique phenomena absent in the standard gravity [25–36]. In particular,
the last two operators,

LφRR = −φΛRµνρσR
µνρσ, (1.1)

L
φRR̃

= −φΛRµνρσR̃
µνρσ, (1.2)

induce a decay of φ into graviton pairs (see, e.g., [37, 38]), which is never realized in the
Einstein gravity nor the nonminimal coupling to gravity [1, 18, 37, 38].
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Gravitational waves have been discovered by the LIGO/Virgo experiments [39] and
the Einstein gravity is confirmed at the classical level. The quantum nature of the gravity,
on the other hand, is not confirmed yet. The future discovery of quantized field of the
gravitational wave, the graviton, will give us a clue to the quantum gravity. In the universe,
there are several phenomena that produce gravitons: scattering of Standard Model particles
in thermal plasma [40–42], bremsstrahlung production at the inflaton decay [43, 44] and
the amplification of the vacuum fluctuation during the reheating era [1, 4, 5, 18]. The
inflationary production of primordial gravitational waves may also fall into this category [45].
There are several proposals to detect high frequency gravitons [46–51].

In this paper, we study a dark sector interacting with the SM only through gravity
whose lightest particle is a scalar field φ. We show that dimension five couplings of φ
to the quadratic curvature is expected for generic theories of this type unless prohibited
by symmetry, because they are generated when we integrate out particles heavier than φ.
We systematically derive these couplings of φ to gravity based on the Schwinger-DeWitt
formalism. In particular, we clarify that the suppression scale Λ for these operators is
associated with the mass of heavy particles and hence can be much smaller than the Planck
scale. As a result, the amount of gravitational waves is far more enhanced, imprinting a
high frequency peak in the spectrum of gravitational waves. Also, in some phenomenological
applications, a relatively small suppression scale is required to have interesting effects, which
is, however, suffering from the appearance of a ghost (see, e.g., [31, 32]). Our understanding
provides a healthy UV completion to a small suppression scale, above which a heavy particle
just appears in the spectrum without having a ghost.

This paper is organized as follows. In section 2 we systematically derive the scalar cou-
pling to the quadratic curvature: R2, RµνRµν , RµνρσRµνρσ and RµνρσR̃µνρσ by integrating
out heavy particles, starting from the renormalizable couplings in the matter sector. In
section 3 we show that the scalar decay into the graviton pair occurs through the effective
operator derived in section 2. The graviton abundance from the scalar decay can be
significant in some concrete models and we derive resultant cosmological graviton spectrum.
In section 4 we summarize our results.

2 Scalar field couplings to quadratic curvature

In this section, we derive the couplings of a scalar field to the quadratic curvature terms
induced after integrating out heavy intermediate fields. Before going to actual computations,
let us illustrate our basic strategy with the following simple action:

S =
∫

d4x
√
−g

[
M2
P

2 R+ 1
2g

µν∂µφ∂νφ+ 1
2g

µν∂µχ∂νχ−
m2 + λφ

2 χ2 − V (φ)
]
, (2.1)

where gµν is the metric tensor with g its determinant, MP is the (reduced) Planck mass, R
is the Ricci scalar, χ is a heavy scalar field to be integrated out and φ is a scalar field that
eventually couples to the quadratic curvature terms. By integrating out χ, the one-loop
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Figure 1. The schematic picture that the propagator induces the scalar field couplings to the
curvature tensors. The thick line on the left hand side indicates the full propagator of the heavy
intermediate particle, which contains the curvature tensors as indicated on the right hand side. The
vertex insertion is indicated by the crossed dot, the scalar field by the dashed lines, and the graviton
by the wavy lines.

effective action is given by

Γ[φ] = i

2Tr log
[
�+m2 + λφ

]
, (2.2)

where � = ∇µ∇µ with ∇µ the covariant derivative. Since we are interested in the term
linear in φ, we may expand the effective action as

Γ[φ] ' iλ

2 Tr
[ 1
�+m2φ

]
= −λ2

∫
d4x
√
−g [DF (x, x)φ(x)] , (2.3)

where the propagator and the state are defined as

iDF (x, x′) = 〈x| 1
�+m2 |x

′〉, 〈x|x′〉 = 1√
−g

δ(4)(x− x′). (2.4)

Since the �-operator contains the gravitons, the propagator depends on the curvature
tensors, which are then translated to the scalar field couplings to the quadratic curvature
terms through eq. (2.3). This is schematically illustrated in figure 1. Thus our primary task
is to compute the propagator. We consider the simple example here, but the same strategy
is applicable to a wider situation as we shall see.

The rest of this section is organized as follows. In section 2.1, we compute the propagator
of a field with a general spin. In particular, we use the Schwinger-DeWitt formalism and
derive the propagator to the lowest order in the WKB expansion. The WKB expansion is
equivalent to the derivative expansion of the coupling, which is suitable for our purpose since
we are interested in the heavy mass limit of the fields that we integrate out. In section 2.2,
we compute the scalar field couplings to the quadratic curvature terms after integrating out
heavy scalar/fermion/vector fields. Obviously the propagator that we compute in section 2.1
plays an essential role there. Finally we see that our results are related to the beta functions
in section 2.3.

2.1 Propagator and WKB expansion

The propagator plays the central role in our derivation of the scalar field couplings to the
quadratic curvature terms. In this subsection, we review the derivation of the propagator
based on the Schwinger-DeWitt formalism (see e.g., [52–54] and references therein).
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We define the propagator as

(�+X) iDF (x, x′) = 1√
−g

δ(d)(x− x′), (2.5)

where we allow X dependent not only on the mass term but on the curvature tensors in
general. Here DF is understood either scalar/bispinor/tensor depending on the spin of a
particle that we integrate out, and hence we use the bold font for the unit operator in the
right hand side. Furthermore, we anticipate the UV divergences and hence we perform the
dimensional regularization. With the proper time τ the propagator is expressed as

DF (x, x′) =
∫ ∞

0
dτ K(τ ;x, x′), (2.6)

where

K(τ ;x, x′) = 〈x| exp [−iτ (�+X)] |x′〉 ≡ 〈x, τ |x′, 0〉. (2.7)

The function K satisfies the Schrödinger-type equation:

i
∂

∂τ
K(τ ;x, x′) = (�+X)K(τ ;x, x′), (2.8)

and this guarantees eq. (2.6), where we use that K(τ ;x, x′) → 0 as τ → ∞ due to the
implicit iε-prescription. We now make the WKB ansatz1

K(τ ;x, x′) = i

(4πiτ)d/2
exp

[
− iσ(x, x′)

2τ − iτ
(
X − 1

6R
)]

∆1/2(x, x′)Ω(τ ;x, x′), (2.9)

as the solution of the Schrödinger equation, where σ is Synge’s world function and ∆ the
van Vleck-Morette determinant (see appendix B). The dimension of spacetime is promoted
to be d as we use the dimensional regularization. We expand Ω as

Ω(τ ;x, x′) =
∞∑
n=0

(iτ)n an(x, x′), (2.10)

with the condition K(0;x, x′) = 1δ(d)(x− x′)/
√
−g fixing

a0 = 1. (2.11)

The propagator in the coincidence limit x′ → x is given in terms of an as

lim
x′→x

DF (x, x′) = 1
(4π)d/2

∞∑
n=0

[an]
(
M2

)d/2−n−1
Γ
(
n− d

2 + 1
)
, (2.12)

where we denote

[an] ≡ lim
x′→x

an(x, x′), M2 = X − 1
6R. (2.13)

1This is the so-called R-summed version of the WKB ansatz [55, 56].
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Remember that, for our purpose, we need the propagator only in the coincidence limit since
the effective action contains the trace of the spacetime (see eq. (2.3)). From this expression
it is clear that the small τ expansion corresponds to the derivative expansion since the
higher order terms are suppressed by the higher powers ofM2. We can compute [an] from
the Schrödinger equation. We leave the derivation in appendix B and show only the final
results here [56–58]:

[a0] = 1, [a1] = 0, (2.14)

[a2] =
[
− 1

180RµνR
µν + 1

180RµνρσR
µνρσ + 1

12WµνW
µν + 1

6�X −
1
30�R

]
1, (2.15)

where the field Ψ that is integrated out is assumed to satisfy

[∇µ,∇ν ] Ψ = WµνΨ. (2.16)

2.2 Integrating out heavy fields

Equipped with the WKB expansion of the propagators, we now derive the scalar field cou-
plings to the quadratic curvature terms. We consider the cases that the heavy intermediate
particle is a scalar field, a fermion and a vector field, in turn.

Scalar field. We first integrate out a heavy scalar field. We may take the action as

S =
∫

d4x
√
−g
[
M2
P

2

(
1+ ξχ2

M2
P

)
R+ 1

2g
µν∂µφ∂νφ+ 1

2g
µν∂µχ∂νχ−

m2 +λφ

2 χ2−V (φ)
]
,

(2.17)

where we now include the nonminimal coupling between χ and the Ricci scalar. As we
explained at the beginning of this section, the effective coupling is given by

Seff = −µ
4−d

2

∫
d4x
√
−g

[
λφ(x) lim

x′→x
DF (x, x′)

]
, (2.18)

where µ is the scale that is introduced in the dimensional regularization, and

X = m2 − ξR, M2 = m2 −
(
ξ + 1

6

)
R. (2.19)

With eq. (2.12), we obtain the effective coupling to the quadratic curvature terms as

Leff = − 1
32π2

λφ

m2

[
1
2

(
ξ + 1

6

)2
R2 − 1

180RµνR
µν + 1

180RµνρσR
µνρσ

]
, (2.20)

where we use that Wµν = 0 for the scalar field. In particular, if we assume that the mass of
χ comes from the scalar field vacuum expectation value (VEV), the original interaction
may be written as

Lmass = − λ̃2 Φ2χ2, (2.21)
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with Φ = vφ + φ. We then identify that (note that λ is dimensionful and λ̃ is dimensionless)

m2 = λ̃v2
φ, λ = 2λ̃vφ, ⇒

λ

m2 = 2
vφ
. (2.22)

We then obtain

Leff = − 1
16π2

φ

vφ

[
1
2

(
ξ + 1

6

)2
R2 − 1

180RµνR
µν + 1

180RµνρσR
µνρσ

]
. (2.23)

Fermion. We next consider the fermion. We may take the action as

S =
∫

d4x
√
−g ψ̄

[
i /∇−m− λφ

]
ψ. (2.24)

The effective action is given by

Γ[φ] = −iTr log
[
i /∇−m− λφ

]
= iλTr

[ 1
i /∇−m

φ

]
+ · · · . (2.25)

We note that the spinor traces of odd γs vanish, and hence

Tr
[ 1
i /∇−m

φ

]
= Tr

[
−i /∇−m
−i /∇−m

1
i /∇−m

φ

]
=−mTr

[ 1
�+Xφ

]
, X =m2+R

4 . (2.26)

We thus obtain the effective action as

Seff = µ4−d
∫

d4x
√
−g

[
λmφ(x) tr

[
lim
x′→x

DF (x, x′)
]]
, (2.27)

where the trace is over the spinor indices. In the fermion case we have (see appendix A)

WµνW
µν = − iγ5

8 RµνρσR̃
µνρσ − 1

8RµνρσR
µνρσ. (2.28)

With eq. (2.12), we then obtain the effective coupling as

Leff = 1
16π2

λφ

m

[ 1
72R

2 − 1
45RµνR

µν − 7
360RµνρσR

µνρσ
]
. (2.29)

In particular, if we assume that the mass of the fermion comes from φ, we may take m = λvφ
(here λ is dimensionless) and we have

Leff = 1
16π2

φ

vφ

[ 1
72R

2 − 1
45RµνR

µν − 7
360RµνρσR

µνρσ
]
. (2.30)

Here it may be appropriate to comment on the gravitational chiral anomaly. Indeed, the
coupling induced by the gravitational anomaly can be computed within the same framework.
In order to see this point, we may consider the following action:

S =
∫

d4x
√
−g ψ̄

[
i /∇−me2iγ5φ/f

]
ψ. (2.31)

– 6 –
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We may expand the effective action to linear order in φ and obtain

Γ[φ] = −iTr
[ 1
i /∇−m

(
−2iγ5

mφ

f

)]
. (2.32)

In the same way as above, this is rewritten as

Seff = µ4−d
∫

d4x
√
−g

[
2im2φ

f
tr
[

lim
x′→x

DF (x, x′)γ5

]]
. (2.33)

Only the term proportional to γ5 in WµνW
µν contributes and we thus get

Leff = 1
192π2

φ

f
RµνρσR̃

µνρσ. (2.34)

In order to see that this is consistent with the gravitational chiral anomaly, we note that
the axial phase in the mass can be rotated away by

ψ → e−iγ5φ/fψ. (2.35)

This rotation then induces [59]

Lanom = 1
192π2

φ

f
RµνρσR̃

µνρσ, (2.36)

through the gravitational chiral anomaly, in addition to the derivative interaction between φ
and ψ. Assuming that the derivative coupling does not induce further threshold corrections
(which is the case e.g., in the axion-gauge field system [60], and what we expect from the
decoupling theorem), this agrees with the effective coupling that we derived.

Vector field. Finally we consider the vector boson. To be specific, we assume that the
mass originates from the Higgs mechanism and hence consider the abelian Higgs model:

S =
∫

d4x
√
−g

−1
4FµνF

µν + |DµΦ|2 − λ
(
|Φ|2 −

v2
φ

2

)2

+ δB (c̄FA)

 , (2.37)

where Aµ is the gauge field with Fµν its field strength, δB is the BRST transformation, FA
is the gauge fixing function which we specify below, and

DµΦ = (∂µ + ieAµ) Φ. (2.38)

We expand Φ as

Φ = vφ + φ+ iχ√
2

. (2.39)

The action is then given by

L = −1
4FµνF

µν + m̄2
A

2 AµAµ + 1
2 (∂χ)2 − λ

2
(
2vφφ+ φ2

)
χ2 + m̄AA

µ∂µχ

+ 1
2 (∂φ)2 −

m2
φ

2 φ2 − gχAµ∂µφ+ δB (c̄FA) + · · · , (2.40)

– 7 –
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where

m̄2
A = m2

A

(
1 + φ

vφ

)2

, m2
A = e2v2

φ, m2
φ = 2λv2

φ, (2.41)

and the dots indicate the higher order terms that are irrelevant at one-loop.
We now perform the derivative expansion. This is equivalent to taking mφ/mA → 0

(or e2 � λ) in the current case. Although the higher order terms in the small m2
φ/m

2
A

expansion can be obtained with the higher order WKB expansions, here we keep only the
leading order terms. This in particular means that we should drop the φ-dependent mass
term of χ that is proportional to λ to be consistent. For the same reason, we should also
drop the χ-A mixing term that depends on ∂µφ. With this in mind, the quadratic action of
χ and A to the order of our interest is given by

LχA = −1
4FµνF

µν + m̄2
A

2 AµAµ + 1
2 (∂χ)2 + m̄AA

µ∂µχ+ δB (c̄FA) . (2.42)

We take the gauge fixing function FA as

FA = ζ

2B −∇µA
µ + ζm̄Aχ, (2.43)

where ζ is the gauge fixing parameter. The BRST transformation is given by

δB c̄ = B, δBB = 0, δBAµ = −∂µc, δBφ = −gcχ, δBχ = m̄Ac. (2.44)

By integrating out the Nakanishi-Lautrup B-field, we then obtain

L=−1
4FµνF

µν− 1
2ζ (∇µAµ)2 + 1

2m̄
2
AAµA

µ+ 1
2 (∂χ)2− 1

2ζm̄
2
Aχ

2− c̄
(
�+ζm̄2

A

)
c+ · · · .

(2.45)

In the following we take the Feynman gauge ζ = 1 and then we get

L = 1
2Aµ

(
gµν�+ gµνm̄2

A +Rµν
)
Aν −

1
2χ
(
�+ m̄2

A

)
χ− c̄

(
�+ m̄2

A

)
c+ · · · . (2.46)

We may expand the effective action to the linear order in φ as

Seff = −µ4−d
∫

d4x
√
−g

[
tr
[
D

(V )
F

]
−D(S)

F

] m2
Aφ

vφ
, (2.47)

where the superscript indicates whether a given propagator is that of a vector or scalar
field, and we use that the ghost is Grassmannian. We note that

[∇µ,∇ν ]Aρ = −RµνρσAσ = (Wµν)ρ
σAσ, (2.48)

and hence

tr [WµνW
µν ] = −RµνρσRµνρσ. (2.49)

We thus obtain

Leff = − 1
16π2

φ

vφ

[
−1

8R
2 + 29

60RµνR
µν − 1

15RµνρσR
µνρσ

]
. (2.50)

– 8 –



J
H
E
P
0
5
(
2
0
2
2
)
0
8
7

2.3 Relation to beta function as low energy theorem

In the previous subsection we have derived the effective couplings of the scalar field to the
quadratic curvature terms. These coefficients are actually controlled by the beta function.
Indeed, if an intermediate particle is heavy enough, its effect on the low energy theory is only
through threshold corrections. The interaction of a scalar field φ to the heavy particle of
the form m(1 +φ/vφ) modifies the energy scale at which the heavy particle decouples in the
constant φ limit, and hence the induced effective couplings are given by the beta functions.
This is analogous to the Higgs couplings to photons in the massless Higgs limit [61].

In the case of our interest, the relevant beta functions are given by [62]2

βα1 = dα1
d logµ = 1

16π2

(
−NS

2

(
ξ + 1

6

)2
+ NF + 20NV

144

)
, (2.51)

βα2 = dα2
d logµ = 1

16π2
NS − 2NF − 88NV

180 , (2.52)

βα3 = dα3
d logµ = − 1

16π2
4NS + 7NF − 52NV

720 , (2.53)

where NS , NF and NV are number of real scalars, Weyl fermions and gauge bosons, respec-
tively. We define the coefficients as

L = α1R
2 + α2RµνR

µν + α3RµνρσR
µνρσ, (2.54)

and drop the contribution from the graviton loops. The RGE is different above and below
the scale at which the heavy particles decouple, and φ modifies this scale as we explained
above. Below the scale of the heavy particle, this threshold correction is written as

∆αi = βαi log
(

1 + φ

vφ

)
. (2.55)

By expanding this with respect to φ, we obtain the effective Lagrangian as

Leff = φ

vφ

(
βα1R

2 + βα2RµνR
µν + βα3RµνρσR

µνρσ
)
. (2.56)

For the scalar field and fermion cases, we see that this effective Lagrangian coincides with
our computation in section 2.2 with NS = 1 or NF = 2 (remember that NF is the number of
Weyl fermions and we considered the Dirac fermion in section 2.2). For the vector field case,
we take NS = NV = 1 with ξ = 0 and then the above coupling coincides with our result
in section 2.2. The additional scalar degree of freedom is understood as the contribution
from the longitudinal mode. Note that the same interpretation is applied to the Higgs
couplings to photons from the W -boson loop in [61]. We thus establish the relation between
the effective couplings and the beta functions, which we may call the low energy theorem
following [61].

2The beta functions of the quadratic curvature terms are computed e.g., in [62–70], although some
references have opposite signs than others. Here we use the result in [62] which agrees with our computation
including the sign and hence we believe is correct.
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Two comments are in order. First, there is actually no surprise that our computation
is related to the beta functions. This is rather built-in since our method, if we do not
expand with respect to φ, is equivalent to computing the full one-loop effective action, which
after renormalization encodes the information of the beta functions. See e.g., [70] for the
effective potential and the beta functions of the SM in the curved spacetime derived in this
way. Second, although we focused on the term linear in φ and quadratic in the curvature
tensors, the method is readily extended to higher order terms. In particular, if we know
a gravitational analogue of the (full-order) Euler-Heiseinberg Lagrangian, we can easily
derive couplings between n scalar fields and m curvature tensors with n and m arbitrary.
Unfortunately, to our knowledge, no such an effective Lagrangian is known. Thus, although
definitely doable order by order, it requires an additional task to derive such an effective
interaction. This is in contrast to the Higgs couplings to photons that the Euler-Heisenberg
Lagrangian is used to derive such a generalized version of the low energy theorem [61].

3 Scalar decay into gravitons

In this section we study a scalar field decay into a graviton pair. First we briefly explain
the lowest order operators that induce the decay. Perhaps the simplest interaction that one
may think of is L = cφR. This coupling, however, does not induce the decay, contrary to
the claims in [71–73]. The key point is that R contains a linear term in the (scalar part of)
graviton and hence c induces a kinetic mixing between the graviton and φ. Therefore one
has to solve the kinetic mixing before discussing the decay of φ. Solving the kinetic mixing
is equivalent to moving to the frame without the nonminimal coupling, or the conformal
frame, by the Weyl transformation. One does not have any coupling between φ and two
gravitons in the conformal frame, meaning that there is no decay induced by the operator
φR [1]. The next simplest possibility is the couplings between φ and the quadratic curvature.
Among them, φR2 and φRµνRµν do not induce the decay in the flat spacetime [37, 38]. This
is probably most easily seen by noting that the on-shell graviton equation of motion gives
R = 0 and Rµν = 0 in the flat spacetime. We thus focus on the operators (1.1) and (1.2) in
this section.

3.1 Scalar decay rate into graviton pair

In section 2 we have shown that there appear scalar field couplings to the quadratic curvature
in the form of LφRR (1.1) and/or L

φRR̃
(1.2) after integrating out heavy particles.3 These

terms induce a scalar decay into the graviton pair. Both operators give the same decay
rate as4

Γ(φ→ 2h) = 1
4π

m7
φ

Λ2M4
Pl
. (3.1)

3Note that we cannot remove these couplings by the Weyl transformation.
4This rate differs from the one in [38] by a factor of 16. We believe that this difference originates from

that [38] does not properly normalize the graviton field.
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Given a renormalizable interaction between φ and other scalars, fermions or vector bosons,
one can calculate the cutoff scale Λ, following the procedure given in the previous section.
For the scalar coupling LφRR, from eq. (2.56), we obtain

Λ = vφ
11520π2

4NS + 7NF − 52NV
, (3.2)

where for simplicity we assumed that the coupled scalar, fermion and vector boson masses
are given in the universal form by m(1 + φ/vφ) and NS , NF and NV are the number of real
scalar, Weyl fermion and gauge boson that are decoupled above the scale mφ. Although
the decay rate into the graviton pair (3.1) might be small due to the M4

Pl suppression, it is
possible that the branching fraction of φ decay into the graviton is sizable, or even dominant.

We emphasize that the scalar decay into the graviton pair is always allowed unless it is
prohibited by some symmetry. For example, let us consider the action5

S =
∫

d4x
√
−g

[
M2

Pl
2 R+ 1

2g
µν∂µφ∂νφ− V (φ) + ψ̄

(
i /∇−m− λφ

)
ψ

]
, (3.3)

where φ does not have interaction with the Standard Model particles, i.e., it lives in the
completely hidden sector. If the fermion ψ is heavier than φ, the scalar particle φ cannot
decay into the fermion pair. However, one can integrate out the heavy fermion and obtain
the effective operators of the form (1.1) and (1.2) as we explicitly computed in section 2.2,
which causes the scalar decay into the graviton pair. Thus the scalar φ is not stable even
in such a case. Not only heavy fermion, but also scalar boson or vector boson loops also
contribute to the scalar decay into the graviton pair. Below we show a concrete example
that exhibits significant graviton production through the scalar decay.

3.2 Cosmic graviton background spectrum from scalar decay

An example is the dark Higgs field Φ which spontaneously breaks dark gauged U(1)
symmetry:

L = |(∂µ + ieAµ)Φ|2 − 1
4FµνF

µν − λ
(
|Φ|2 −

v2
φ

2

)2

. (3.4)

We assume that there are no direct couplings between the dark sector and the Standard
Model sector. If e2 > λ, the radial mode of the Higgs (which is denoted by φ) cannot
perturbatively decay into the gauge boson pair. In such a case, φ can only decay into the
graviton through the effective operator LφRR (1.1). The decay rate is estimated by inserting
NF = 0 and NS = NV = 1 in (3.2) as

Γ(φ→ 2h) = 8× 10−17 GeV λ

(
mφ

1013 GeV

)5
, (3.5)

5If the VEV of φ is zero, vφ in (3.2) should be regarded as vφ = m/λ. If, on the other hand, m = 0 and
φ has a finite VEV, vφ in (3.2) is regarded as the VEV of φ.

– 11 –



J
H
E
P
0
5
(
2
0
2
2
)
0
8
7

where the dark Higgs mass is given by mφ =
√

2λvφ. In terms of the cosmic temperature
Tdec at which the Hubble parameter H becomes equal to 1

3Γ(φ→ 2h), we obtain

Tdec ' 4 GeV λ1/2
(

mφ

1013 GeV

)5/2 ( 106.75
g∗(Tdec)

)1/4
, (3.6)

assuming the radiation-dominated universe when φ decays, where g∗(T ) denotes the rela-
tivistic degrees of freedom at the temperature T . Let us suppose that Hinf < mφ < minf ,
where Hinf and minf are the inflationary Hubble scale and the inflaton mass, respectively. In
such a case, the dark Higgs already sits at the potential minimum and the U(1) symmetry
is already broken during inflation. After inflation ends, φ particles are produced during
the inflaton oscillation through the gravitational effect [1]. The abundance, in terms of the
energy density-to-entropy density ratio, is given by6

ρφ
s
' 2× 10−3 GeV

(
mφ

1013 GeV

)(
Hinf

1012 GeV

)(
TR

1012 GeV

)
, (3.7)

where TR denotes the reheating temperature of the universe.7 Thus the dark Higgs particle
abundance can be substantial when it decays and the energetic gravitons are efficiently
produced. Depending on the parameter choice, the dark Higgs can be dominant component
of the universe before it decays and the graviton energy density becomes so large that
it conflicts with the upper bound on the dark radiation energy density at the Big-bang
Nucleosynthesis or the recombination epoch. The energy density of the graviton, in terms
of the density parameter Ωh ≡ ρh/ρcrit where ρh and ρcrit denote the present graviton and
critical energy density of the universe, is given by

Ωh = Ωrad

(
g∗s(Tdec)
g∗0

)(
g∗s0

g∗s(Tdec)

)4/3 4
3Tdec

ρφ
s

(3.8)

' 2× 10−8 λ−1/2
(

1013 GeV
mφ

)3/2 (
Hinf

1012 GeV

)(
TR

1012 GeV

)
, (3.9)

where Ωrad denotes the present density parameter of the radiation, g∗ (g∗s) is the effective
degrees of freedom for the energy (entropy) density, and g∗0 (g∗s0) is its present value.

Let us calculate the present-day energy spectrum of the graviton produced by the scalar
decay. The present day graviton energy spectrum is given by

dρh
d lnE = E2

∫ dz
H(z)Γ(φ→ 2h)nφ(z)a3(z)dNh

dE′ , (3.10)

dNh

dE′ = 2δ
(
E′ − mφ

2

)
, E′ ≡ (1 + z)E, (3.11)

6Here we present a contribution from the inflaton coherent oscillation, which is also interpreted as the
gravitational inflaton annihilation [1, 4, 9, 11, 23]. The gravitational annihilation of Standard Model particles
in thermal bath also produces scalar particles [2, 6–8], but it is subdominant in the most parameters we are
interested in.

7We assume that the gauge boson mass evφ is larger than the inflaton mass minf in order to suppress the
gravitational gauge boson production by the inflaton oscillation [13].
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where H(z) is the Hubble parameter at the redshift z. The integral is explicitly performed as

dρh
d lnE = 16E4

m4
φ

Γ(φ→ 2h)ρφ(zd)
H(zd)

, (3.12)

where 1 + zd ≡ mφ/(2E). The energy density ρφ is given by

ρφ(z) =
(
ρφ
s

)
s(z) exp (−Γtott(z)) , (3.13)

where Γtot denotes the total decay width of φ and ρφ/s on the right-hand-side evaluated
before φ starts to decay. If the two graviton mode is the only possible decay channel,
Γtot = Γ(φ→ 2h). It is convenient to plot it in terms of the density parameter

dΩh

d lnE ≡
1
ρcrit

dρh
d lnE , (3.14)

where ρcrit denotes the present critical energy density of the universe. The peak frequency
is given by

fpeak = mφ

4π
a(Tdec)
a0

' 2× 1022 Hz λ−1/2
(

1013 GeV
mφ

)3/2

. (3.15)

Figure 2 shows the present graviton spectrum from the dark Higgs decay for (a):
(mφ, Hinf , TR) = (1013, 1012, 1012), (b): (1013, 1011, 1011) and (c): (1012, 1011, 1011) in GeV
unit. We have taken vφ = 10mφ (or λ = 5× 10−3). We used the fitting formula in [74] for
the effective degrees of freedom for the entropy density g∗s and energy density g∗ at the
redshift zd. A small modulation is seen in the spectrum due to the zd dependence of g∗ and
g∗s. As seen from the figure, the typical frequency is so high that the current gravitational
wave detectors are not sensitive. The reason is that the scalar decays at relatively late
epoch and the effect of redshift is relatively small.

3.3 Some other models

Below we list several models that may predict significant amount of graviton through the
scalar decay.

Axion. In the previous subsection we considered the radial mode of the dark Higgs
decaying into the graviton pair. Not only the radial mode, but also the axionic component
has the same decay mode. Let us consider a simple model with global chiral U(1) symmetry
like the Peccei-Quinn symmetry:

S =
∫

d4x
√
−g

gµν∂µΦ†∂νΦ− λ
(
|Φ|2 −

v2
φ

2

)2

+ ψ̄i /∇ψ − (λΦψ̄RψL + h.c.)

 . (3.16)

The axion-like particle a appears as an angular component of Φ after the symmetry breaking:
Φ = (vφ/

√
2)eia/vφ . The axion obtains a mass due to either non-perturbative effects if the

fermion ψ are charged under some hidden gauge symmetry with strong coupling or explicit

– 13 –



J
H
E
P
0
5
(
2
0
2
2
)
0
8
7

10
-14

10
-12

10
-10

10
-8

10
-6

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

10
21

10
22

10
23

10
24

10
25

10
26

d
Ω

h
/d

ln
E

E [GeV]

f [Hz]

(a)
(b)
(c)

Figure 2. The present graviton spectrum from the dark Higgs decay for (a): (mφ,Hinf ,TR) =
(1013,1012,1012), (b): (1013,1011,1011) and (c): (1012,1011,1011) in GeV unit.

breaking terms of the global U(1). If ψ (and hidden sector gauge fields if any) is heavier
than the axion, the only possible decay mode of the axion is that into the graviton pair.
The relevant effective axion-graviton coupling is given in (2.34) and the axion decay rate
into the graviton pair is given by eq. (3.1) with Λ = 192π2vφ. The decay temperature of
the axion is estimated as

Tdec ' 2× 10−3 GeV
(

ma

1012 GeV

)7/2
(

1013 GeV
vφ

)( 10
g∗(Tdec)

)1/4
. (3.17)

The axion abundance is estimated by assuming the standard misalignment production
mechanism:

ρa
s

= 1
8TR

(
ai
MPl

)2
, (3.18)

where ai denotes the initial axion amplitude. Here we assumed that the axion starts to
oscillate before the completion of the reheating: ma & T 2

R/MPl. Otherwise, TR in (3.18)
should be replaced with ∼

√
maMPl. Since the axion dominantly decays into the graviton

in our setup, the graviton abundance is calculated in the same way as (3.8) and given by

Ωh ' 9× 10−6
(

TR
108 GeV

)(
vφ

1013 GeV

)3
(

1012 GeV
ma

)7/2(
ai
vφ

)2

. (3.19)

Thus one can avoid the graviton overproduction for appropriate parameter choices, while it
is also possible that a significant amount of cosmic graviton background exists in the present
universe. If one would neglect the axion decay mode into the graviton, it is completely
stable and it would dominate the universe leading to inconsistent cosmology. Taking account
of the gravitational decay mode can make such a model viable.
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Inflaton. Next we consider the possibility of the inflaton decay into the graviton pair.8

In this case, the relic graviton abundance is roughly given by Ωh ∼ Ωrad × Brφ→2h, where
Brφ→2h denotes the branching ratio of the inflaton decay into the graviton pair. It is
estimated as

Brφ→2h = Γ(φ→ 2h)√
π2g∗
10

T 2
R

MPl

' 5× 10−21
(

mφ

1013 GeV

)7
(

1017 GeV
Λ

)2(1010 GeV
TR

)2

. (3.20)

In order to avoid the constraint on the abundance of dark radiation from the cosmic
microwave background observation, we need Brφ→2h . 0.1. Note that, typical inflation
models such as hilltop inflation models require nontrivial relation between the inflaton mass
mφ and its VEV vφ (and hence Λ) once the condition for reproducing the observed large
scale density perturbation is imposed. Under this constraint, we find that the branching
ratio is typically negligibly small unless the reheating temperature is very low.

One of the possible inflation models that may predict a substantial branching ratio into
the graviton pair is the so-called α-attractor inflation model [75–78]. Let us modify the
kinetic term of the dark Higgs in the Lagrangian (3.4) in order to identify the dark Higgs
as the inflaton:

L = |(∂µ + ieAµ)Φ|2(
1− |Φ|

2

M2

)2 − 1
4FµνF

µν − λ
(
|Φ|2 − v2

φ

)2
. (3.21)

The potential becomes effectively flat after the canonical rescaling of the Higgs field at large
field value and inflation happens there. If we take vφ < M <

√
2vφ, the potential energy of

the inflaton during inflation is lower than that of the origin Φ = 0 and hence the symmetry
is never restored after inflation. A similar inflation model was considered in ref. [79] in the
context of global U(1), instead of the gauged U(1). A crucial difference is that the inflaton
decays into the Goldstone boson (axion) pair in the former case while the inflaton decay
to the gauge boson pair is kinematically forbidden for e2 > λ in the latter case. In this
model, we have a constraint on the parameter in order to reproduce the observed density
perturbation of the universe [79]:

λ ' 0.03
(

1014 GeV
vφ

)2 (
x

1− x2

)2
, (3.22)

where x ≡ vφ/M and its range is 1/
√

2 < x < 1. The inflaton mass is calculated as

mφ = 2
√
λvφ(1− x2) ' 2× 1013 GeV× x. (3.23)

In this scenario, the inflaton should dominantly decay into the visible sector for successful
reheating. It can be realized by introducing a small portal coupling between the Standard
Model Higgs and the dark Higgs or a small kinetic mixing between the Standard Model
photon and the dark photon. The decay rate into the Standard Model sector is parametrized
by the reheating temperature TR. By substituting these values into (3.20) using Λ estimated
by (3.2), we have Brφ→2h ∼ O(1) for TR ∼ 10 GeV.

8The inflaton “annihilation” into the graviton pair in the Einstein gravity and its extensions has been
considered in refs. [1, 4, 18].
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Decaying dark matter. Let us suppose that a scalar in the hidden sector is dominant
component of the dark matter. Without a direct coupling to the Standard Model sector, it
can decay into the graviton pair through the term (1.1) unless prohibited by symmetry.9

From the decay rate (3.1), the lifetime is

τ ' 2× 1017 sec
(

1010 GeV
mφ

)7 ( Λ
MPl

)2
. (3.24)

Thus the lifetime can be comparable to the present age of the universe while the right
amount of dark matter is obtained through the gravitational production (3.7) (see also
refs. [2, 6, 9, 80, 81]). In such a case it is a simple candidate of the decaying dark matter.10

4 Summary and discussion

In this paper, we demonstrated that a scalar field φ can generically couple to the quadratic
curvature (unless prohibited by symmetry) because such couplings are generated if there
exist intermediate particles heavier than φ. We systematically derived higher dimensional
couplings of φ to gravity by integrating out heavy scalar, fermion, and vector fields, based on
the Schwinger-DeWitt formalism at the lowest order in the WKB expansion. We confirmed
that our results are consistent with the beta functions of the quadratic curvature [62] since
the effects of heavy fields should be imprinted in threshold corrections.

One of the most interesting consequences is a decay of φ into graviton pairs, which is
induced by the quadratic curvature in the form of LφRR (1.1) and/or L

φRR̃
(1.2). Let us

note a typical frequency range of the present-day graviton spectrum from various sources.
The dark Higgs decay as studied in the main text produces the peak graviton frequency of
fpeak ∼ 1022 Hz as shown in eq. (3.15) and figure 2. In the case of decaying dark matter,
even higher frequency is expected: fpeak ∼ 1031 Hz. On the other hand, the graviton
spectrum from the Standard Model thermal plasma predicts fpeak ∼ 1011 Hz [40, 42]. The
inflaton annihilation into the graviton pair also predicts the spectrum that extends to
f ∼ 1012 Hz [18]. It shows that there are quite rich sources of high-frequency gravitons that
can be probes of the early universe and high energy physics.

As mentioned in the introduction, there are several phenomenological implications of the
couplings between φ and the quadratic curvature other than the graviton production. For
instance, the Chern-Simons coupling, φRµνρσR̃µνρσ, can lead to gravitational leptogenesis if
we identify φ as inflaton [30]. This coupling induces the production of chiral gravitational
waves during inflation, which results in the B − L asymmetry through the gravitational
anomaly. However, it is known that φRµνρσR̃µνρσ leads to the ghost instability, which
severely constrains the efficiency of leptogenesis [31, 32]. In connection with this, the pre-
diction is highly sensitive to the UV physics and hence depends on other higher dimensional

9Here we do not consider violation of global symmetries due to quantum gravity.
10A worth-mentioning possibility is φ→ hh∗ → h+ SM with h∗ denoting an off-shell graviton and SM

denoting SM particles. This process involves SM particles in the final state and thus is in principle more
suitable for detection. However, the decay rate is suppressed further by m2

φ/M
2
P (and the three-body phase

space factor), and our estimation indicates that the flux from this channel is not sizable enough to be
observed by the current cosmic ray experiments.
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operators involving φ and curvature [36]. Our results suggest that such ghost instability can
be absent in a healthy UV completion, where a new fermion appears above the instability
scale without having a ghost. Also, the coefficients of relevant higher dimensional operators
are fixed when we integrate out a heavy fermion. It would be interesting to study the
production of chiral gravitational waves [82] in a concrete healthy UV completion. The
same coupling is also discussed in the context of topological superconductor [83–85].

Our results are readily extended to higher order terms both in φ and curvature. In
the context of Schwinger effect, it is known that the Schwinger current has a contribution
which is only suppressed by a power of mass although the particle production should
exhibit an exponential suppression for heavy masses. This contribution can be elegantly
understood as higher dimensional operators obtained from integrating out heavy particles,
i.e., the Euler-Heisenberg Lagrangian [86, 87]. Similar power-suppressed behavior is also
observed in the calculation of two point functions for heavy particles, m2 > R, in the
curved spacetime [54]. We expect that they are not related to the production of particles,
rather should be identified with higher dimensional operators, gravitational analogue of the
Euler-Heisenberg Lagrangian. We will come back to this issue elsewhere.
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A Convention

In this appendix, we summarize our conventions. We work with the mostly-minus convention
for the spacetime metric. In particular, the Minkowski metric is given by

ηab = diag (+1,−1,−1,−1) . (A.1)

We define the geometrical quantities as

Γµνρ = 1
2g

µα (∂νgρα + ∂ρgνα − ∂αgνρ) , (A.2)

Rµνρ
σ = ∂µΓσνρ − ∂νΓσµρ + ΓανρΓσαµ − ΓαµρΓσαν , (A.3)

Rµν = Rµαν
α = ∂µΓααν − ∂αΓαµν + ΓαβνΓβαµ − ΓαµνΓβαβ , (A.4)

R = gµνRµν . (A.5)

This fixes the sign convention for the Ricci scalar. In particular, the Einstein-Hilbert action
comes with plus, and the conformal coupling corresponds to ξ = −1/6 with this convention.
The covariant derivative acts on a vector field as

∇µvν = ∂µvν − Γρµνvρ. (A.6)
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The commutator is then given by

[∇µ,∇ν ] vρ = −Rµνρσvσ. (A.7)

We thus obtain

(WµνW
µν)αβ = RµναρR

µνρ
β , (A.8)

for a vector field. The covariant derivative acting on a spinor is given by

∇µψ =
(
∂µ + 1

4ω
ab
µ γab

)
ψ, (A.9)

where our convention of the gamma matrix is{
γa,γb

}
= 2ηab, γab = 1

2 (γaγb−γbγa) , γ5 = iγ0γ1γ2γ3 =− i

4!ε
abcdγaγbγcγd, (A.10)

with ε0123 = +1, and we use a, b, · · · for the local Lorentz indices and µ, ν, · · · for the
spacetime indices. The spin connection is defined as

ωabµ = eaν

[
∂µe

νb + Γνσµeσb
]
, (A.11)

with the vierbein defined as

gµν = eaµηabe
b
ν . (A.12)

Note that this is equivalent to the compatibility equation:

∇µeaν = ∂µe
a
ν + ωµ

abeνb − Γρµνeaρ = 0. (A.13)

The Riemann tensor is equally expressed by the spin connection as

Rµν
ab = −∂µωνab + ∂νωµ

ab − ωµacωνcb + ων
acωµc

b. (A.14)

It indeed satisfies

Rµνρσ = eρaeσbRµν
ab, (A.15)

which one can show from [∇µ,∇ν ] eaρ = 0. It follows that the spinor satisfies

[∇µ,∇ν ]ψ = −1
4Rµν

abγabψ. (A.16)

We thus have

WµνW
µν = − iγ5

8 RµνρσR̃
µνρσ − 1

8RµνρσR
µνρσ, (A.17)

where the dual Riemann tensor is defined as

R̃µνρσ = 1
2εµν

αβRαβρσ. (A.18)

We can also easily show that

/∇2 = �+ R

4 . (A.19)
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B Technical details of the WKB expansion

In this appendix we outline the computation of the coefficients of the WKB expansion an
in the coincidence limit. Our goal is to derive eqs. (2.14) and (2.15).

B.1 Bitensor

We first summarize basic properties of Synge’s world function and the related bitensors
that are needed for the WKB approximation. We mainly follow [89].

Synge’s world function. The world function σ(x, x′) is defined as

σ(x, x′) = 1
2 (λ1 − λ0)

∫ λ1

λ0
dλ gµν(z(λ))dz

µ

dλ

dzν

dλ
, (B.1)

where z(λ) is the geodesic that connects x and x′ and λ the affine parameter with z(λ1) = x

and z(λ0) = x′. We assume that there is only one such geodesic that is true in the
coincidence limit x′ → x. One can show with the geodesic equation that

ε ≡ gµν
dzµ

dλ

dzν

dλ
, (B.2)

is constant along the geodesic, and hence

σ(x, x′) = ε

2(λ1 − λ0)2 = s2

2 , (B.3)

where s is the proper distance that is well-defined if x and x′ are time like.
We now consider the derivative of σ with respect to x and x′. We may use the notation

that

σα = ∂σ

∂xα
, σα′ = ∂σ

∂xα′
, (B.4)

and so on. We first take xµ to xµ + δxµ with δxµ infinitesimal. In this case the geodesic is
modified as zµ(λ)→ zµ(λ) + δzµ(λ) with δzµ(λ0) = 0 and δzµ(λ1) = δxµ. Note that the
affine parameter is rescaled such that it again runs from λ0 to λ1. One can show with the
geodesic equation that the variance of σ comes only from the boundary, and is explicitly
given as

δσ = (λ1 − λ0)
[
gµν

dzµ

dλ
δzν

]λ1

λ0

. (B.5)

This indicates that

σα = (λ1 − λ0) gαµtµ, σα′ = − (λ1 − λ0) gα′µ′t′
µ
, (B.6)

where gαµ is the metric tensor at x and gα′µ′ at x′, and

tµ = dzµ

dλ

∣∣∣∣
λ=λ1

, t′
µ = dzµ

dλ

∣∣∣∣
λ=λ0

. (B.7)

We then obtain

σασα = σα
′
σα′ = 2σ. (B.8)
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van Vleck-Morette determinant. Next we introduce the van Vleck-Morette determi-
nant. For this purpose we first introduce the metric bitensor gµν′ . In general, the metric
tensor is expressed by the vierbein as

gµν = ηabe
a
µe
b
ν . (B.9)

We introduce a function gµν′ that depends both on x and x′ as

gµν′(x, x′) = ηabe
a
µ(x)ebν′(x′). (B.10)

We then define

∆α′
β′ = −gα′ασαβ′ , ∆ = det∆α′

β′ . (B.11)

By using that deteaµ =
√
−g, this is equally expressed as

∆ = −det
(
−σαβ′

)
√
−g
√
−g′

. (B.12)

We now show (∆σα);α = d∆. We take the derivative of σ = σµσµ/2 twice and get

σαβ′ = σµασµβ′ + σµσµαβ′ . (B.13)

The primed and unprimed derivatives commute with each other. Moreover, since σ is a
scalar function, we have σµν = σνµ. As a result we obtain

∆α′
β′ = gα

′
αgµν′σ

µα∆ν′
β′ + σµ

(
∆α′

β′

)
;µ
. (B.14)

By multiplying (∆−1)β′γ′ and taking the trace of α′ and γ′, we obtain

d = σαα + σα (ln ∆);α , (B.15)

which is equivalent to (∆σα);α = d∆, or

d∆1/2 = ∆1/2σαα + 2σα(∆1/2)α. (B.16)

Coincidence limit. Our primary interest is σ and ∆ in the coincidence limit x′ → x.
We assume that this limit exits independent of the direction that x′ approaches to x. For
our purpose its enough to consider the unprimed derivatives and hence we focus on the
unprimed indexed quantities. We first note that

[σ] = [σα] = 0. (B.17)

Eq. (B.8) is our basic tool to study the higher derivative terms. We take the derivative of
eq. (B.8) and obtain

σα(σαβ − gαβ) = 0. (B.18)
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Since σα ∝ tα and we assume that the limit is independent of tα, we obtain

[σαβ ] = gαβ . (B.19)

We next take the derivative of eq. (B.8) three times and obtain

[σγαβ ] + [σβαγ ] = 0. (B.20)

The first two indices of σαβγ commute with each other and hence this is equivalent to

2[σαβγ ] + [[∇β ,∇γ ]σα] = 2[σαβγ ]− [Rβγαδσδ] = 0. (B.21)

The curvature is well-behaved in the coincidence limit, and hence we obtain

[σαβγ ] = 0. (B.22)

In the same way, we can show that

[σαβγδ] = Sαβγδ ≡
1
3 (Rαγβδ +Rαδβγ) , (B.23)

[σαβγδµ] = 3
4 [∇µSαβγδ +∇δSαβγµ +∇γSαβδµ] , (B.24)

[�3σ] = 4
15 (RµνRµν −RµνρσRµνρσ) + 8

5�R. (B.25)

We now move to the coincidence limit of the determinant. It is trivial to see that11

[∆1/2] = 1. (B.26)

In order to compute the coincidence limit with derivatives, we use eq. (B.16). By taking
the derivative of this equation once, we obtain

[(∆1/2)α] = 0. (B.27)

By taking the derivative twice we obtain12

[(∆1/2)αβ ] = −1
6Rαβ . (B.28)

In the same way, we obtain

[(∆1/2)αβγ ] = − 1
12 [∇γRαβ +∇βRγα +∇αRβγ ] , (B.29)

[�2(∆1/2)] = 1
30 (−RµνRµν +RµνρσR

µνρσ)− 1
5�R+ 1

36R
2. (B.30)

11Here we actually use [σαβ′ ] = −gαβ where the minus sign originates from the opposite sign of [σα]
and [σα′ ].

12It seems both the Riemann tensor and the Ricci tensor have the opposite sign as [57]. In our case it
correctly reproduces the factor ξ + 1/6 so should be consistent.
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B.2 WKB expansion

We now compute the coefficients of the WKB expansion an in the coincidence limit. By
substituting eq. (2.9) to the Schrödinger equation, we obtain

0 = i
∂Ω
∂τ

+ i

τ
σαΩα −∆−1/2�

(
∆1/2Ω

)
+ 2iτ(M2)α∆−1/2∇α

(
∆1/2Ω

)
+
[
σα(M2)α −

R

6 + iτ�X̃ − (iτ)2(M2)α(M2)α
]

Ω.

(B.31)

By expanding Ω as

Ω(τ ;x, x′) =
∞∑
n=0

(iτ)n an(x, x′), (B.32)

we obtain the recursion relations

1= a0, (B.33)
0 = σαa0;α, (B.34)

0 = a1 +σαa1;α+∆−1/2�
(
∆1/2a0

)
−
(
σα(M2)α−

R

6

)
a0, (B.35)

0 = 2a2 +σαa2;α+∆−1/2�
(
∆1/2a1

)
−
(
σα(M2)α−

R

6

)
a1−2(M2)α∆−1/2∇α

(
∆1/2a0

)
−
(
�M2

)
a0, (B.36)

0 = (n+3)an+3 +σαan+3;α+∆−1/2�
(
∆1/2an+2

)
−
(
σα(M2)α−

R

6

)
an+2

−2(M2)α∆−1/2∇α
(
∆1/2an+1

)
−
(
�M2

)
an+1 +(M2)α(M2)αan, n≥ 0. (B.37)

Notice that we used the bold font for a0 since it lives in the Lorentz tensor space in general.
We now take the coincidence limit. We need up to four derivatives of a0 to compute

the terms of our interest. We first take the derivative of eq. (B.34) once and obtain

[a0;α] = 0. (B.38)

Next, we take the derivative of eq. (B.34) twice and obtain

[a0;αβ ] + [a0;βα] = 0. (B.39)

We also note that, if a particle of one’s interest has a finite spin, its covariant derivative
acting on a0 satisfies

[∇α,∇β ] a0 = Wαβa0, (B.40)

whereWαβ depends on the spin and is a combination of the curvature tensors. This together
with eq. (B.39) tell us that

[a0;αβ ] = −1
2Wαβ1. (B.41)
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We then take the derivative of eq. (B.34) three times and obtain

[a0;αβγ ] + [a0;βαγ ] + [a0;γαβ ] = 0. (B.42)

We have

a0;βαγ = a0;αβγ +∇γ (Wαβa0) , (B.43)
a0;αγβ = a0;αβγ −Rβγαρa0;ρ +Wβγa0;α, (B.44)

and hence we obtain

[a0;αβγ ] = −1
3 (Wαβ;γ +Wαγ;β)1. (B.45)

We finally take the derivative of eq. (B.34) four times. After a similar (but longer) manipu-
lation as above we obtain [

�2a0
]

= 1
2WµνW

µν . (B.46)

By substituting these results in the recursion relations, we obtain

[a0] = 1, [a1] = 0, (B.47)

[a2] =
[
− 1

180RµνR
µν + 1

180RµνρσR
µνρσ + 1

12WµνW
µν + 1

6�X −
1
30�R

]
1, (B.48)

in agreement with [56–58].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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