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ABSTRACT: In theories of ultralight dark matter, solitons form in the inner regions of galactic
halos. The observational implications of these depend on the soliton mass. Various relations
between the mass of the soliton and properties of the halo have been proposed. We analyze
the implications of these relations, and test them with a suite of numerical simulations. The
relation of Schive et al. 2014 is equivalent to (E/M)s = (E/M )nalo Where Eggha10) and
Mgo)(halo) are the energy and mass of the soliton (halo). If the halo is approximately virialized,
this relation is parametrically similar to the evaporation/growth threshold of Chan et al. 2022,
and it thus gives a rough lower bound on the soliton mass. A different relation has been
proposed by Mocz et al. 2017, which is equivalent to Fg = FEhalo, SO is an upper bound on
the soliton mass provided the halo energy can be estimated reliably. Our simulations provide
evidence for this picture, and are in broad consistency with the literature, in particular after
accounting for ambiguities in the definition of Fy,), at finite volume.
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1 Introduction

Ultra-Light Dark Matter (ULDM) is a well-motivated Dark Matter (DM) candidate, poten-
tially arising in high energy completions of the Standard Model of Particle Physics. It is
generically produced in the early Universe via the vacuum misalignment mechanism, and
is stable on cosmological timescales [1-7]. Compared to collision-less Cold Dark Matter,
ULDM leads to novel behavior on distances comparable to or smaller than its de-Broglie
wavelength A\qp = 27/(mwv), where v is the characteristic velocity of a system. On such scales
ULDM'’s wave-like nature is manifest. This results in a suppression of power in cosmological
perturbations, leaving observable imprints on the Cosmic Microwave Background (CMB)
anisotropy power spectrum, galaxy clustering [8], and the Lyman-alpha forest [9-12]. ULDM
wave-like density fluctuations can also lead to astrophysical effects inside galaxies, such as
dynamical heating and dynamical friction [7, 13, 14], leading to constraints using systems
like dwarf and ultra-faint dwarf galaxies [15-17]. Observational constraints on the magnitude
of such effects bounds the particle mass of an ULDM candidate m that comprises all of Dark
Matter to satisfy m > 10721 eV. See e.g. [7, 18, 19] for reviews.



Another key feature of ULDM, on which we focus in this work, is the formation of cored
density profiles at the centers of galaxy halos. These cores consist of ‘solitons’, which are
a ground state of the system in the sense that the soliton solution to the ULDM equations
of motion minimizes the energy for a fixed mass. Solitons have been seen in ULDM halos
in many numerical simulations [20-32]. Solitons can affect the observed rotation curves of
low-surface-brightness galaxies [33, 34] and irregular dwarf galaxies [35], stellar kinematics
and dynamics of dwarf galaxies [14, 16, 36], and even strong gravitational lensing time
delays [37, 38], and involve interesting physics such as stochastic motion [39, 40] and quasi-
normal mode fluctuations [20, 41].! It has been suggested that soliton cores may play a
role in resolving the core-cusp problem [48], namely, the mismatch between simulations of
cold dark matter [49] and observations [50].

A natural question is whether a soliton forms within the lifetime of a galaxy and, if so,
what is its expected mass for a given host galaxy halo. Dynamical relaxation estimates of the
timescale for soliton formation are consistent with the results of simulations that use “noise”
initial conditions, which are designed to be in the kinetic regime [27, 51-54]. Meanwhile,
simulations with cosmological initial conditions — notably those of refs. [21, 55] — suggest
that solitons in cosmological halos may form more rapidly than predicted by kinetic theory
estimates (the impact of baryons has been studied in ref. [56]). Regarding the expected soliton
mass, the cosmological simulations in refs. [21, 22] (see also ref. [57]) provided numerical
evidence for a simple relation between the soliton mass and the host halo mass and energy.
Those authors also suggested that the relation may represent an attractor of the equations
of motion, supporting this point via simulations with different initial conditions. Many
other investigations of the soliton-halo relation have subsequently appeared in the literature,
reporting varying levels of agreement [22, 23, 25, 57-63]. In this work, we present a new
perspective on the problem. A summary of our main understanding is as follows.

The soliton-halo relation found in ref. [22] was fit in that paper by the expression?
\Etoty)” 21
Mg = 4.2 —— —_— 1.1
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where My, is the soliton mass. In a cosmological setting Fio, and M are the total energy
and the virial mass of a halo, including the soliton. In flat-space simulations Fio and M
are the total energy and the total mass in the simulation box (both of these are conserved
quantities), which are a proxy for the halo properties in a cosmological system, assuming
most of the simulated volume is virialized.

The simulations used to obtain eq. (1.1) employed toy initial conditions (multiple solitons
starting at rest); however, ref. [22] noted that the result was consistent with cosmological
simulations [21, 59]. The prefactor &~ 4.2 in eq. (1.1) was obtained in [22] by fitting the
numerical data.> The exponent 1/2 on |Ei|/M was also confirmed numerically, with insight
from cosmological simulations. We will call eq. (1.1) the 1/2 relation.

'Other gravitational probes of ULDM include [42-47].

2See eq. (5) and figure 4 there; we restore natural units to their expression. Ref. [22] referred to M, rather
than Mso1, where M, is the soliton mass enclosed in the core radius 7., at which the density drops to half its
maximum value. The relation is Mg, ~ 4.2M..

3Since ref. [22] phrases eq. (1.1) in terms of M, the prefactor in eq. (5) there is a = 4.2Mc/Mso1 ~ 1.



Ref. [33] pointed out that the 1/2 relation is directly equivalent to the relation

Esol _ Etot
Msol M

(equivalent to eq. (1)) . (1.2)

This follows because the soliton by itself satisfies the relation My, ~ 4.2(%—3‘)1/2%, as
can be verified by direct calculation of the soliton solution.* We note that it is unlikely
that a soliton would have a mass significantly smaller than that determined by the 1/2
relation. This is suggested by the results of ref. [65], which investigated the evaporation and
growth of a soliton in a homogeneous “noisy” background, showing that in such a system
solitons with masses smaller by more than a factor of approximately 3 than those predicted
by eq. (1.2) would evaporate due to scattering with the background particles. We return
to this point in more detail later on.

Another soliton-halo relation was proposed in ref. [25]. We call this the 1/3 relation
since it can be rewritten as

| Eto] )1/3

My = 2.6(G2m2

(1.3)
In fact, if the simulated system is approximately virialized, then eq. (1.3) can only be an
upper bound on the soliton mass. This can easily be understood by the fact that, as pointed
out in ref. [33], eq. (1.3) is directly equivalent to

Esol = Fiot ) (1-4)
. .. . . E 1/3
because an expression similar to eq. (1.3) holds for a single soliton: My, ~ 2.64('6;2%
(see also appendix B). A soliton more massive than that predicted by the 1/3 relation would
have more energy than the entire halo (in absolute value), which is an impossibility for bound
virialized systems. The 1/3 upper bound may be violated if a flat-space simulation contains
unbound particles since these would contribute positively to Eiqt; the bound however holds
if Eiot is restricted to the bound particles.

To test the picture above, we performed simulations of ULDM in flat space-time and
studied the soliton-halo configurations arising from the evolution of different types of initial
conditions, see section 3 for details. The results, collected in figure 1, are consistent with
our expectations: the solitons form not far from (and usually below) eq. (1.2), and thus
from the 1/2 relation. Subsequently, the solitons accrete more mass, but do not surpass
the 1/3 relation. Figure 3, which uses variables that allow both relations to be represented
on a single plot, demonstrates this point.

In section 4, we compare with other works and show that their data is not clearly
inconsistent with the band enclosing the 1/2 and 1/3 relations (after accounting for an
arbitrary additive constant present in the definition of the potential energy for finite box
simulations).

If our results can be translated to a cosmological setting (which may very well be the case,
see figure 11), ULDM bounds based on the 1/2 relation may be considered conservative when

“Note that the 1/2 relation is consistent with the findings of ref. [64].
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Figure 1. The kinetic energy-to-mass ratio of solitons compared to that of their halos, (Eyin/M )sol
and (Exin/M )nalo respectively. Data points are the results from simulations with all the types of
initial conditions that we tested, see section 2.1. The red line is the 1/2 relation in eq. (1.2), i.e.
(Exin/M)sol = (Fxin/M )nalo- After the soliton halo-system forms, both (Eyin/M )so1 and (Exin/M nalo
are time-dependent as the system evolves, with the soliton slowly accreting mass, whereas the halo,
after it forms, does not undergo significant evolution (see e.g. bottom-right panel of figure 2). The
error bars on data points represent the change during this evolution as well as the effects of soliton
fluctuations, with central values corresponding to the mean values over the evolution (see figure 2).
[The maximum values of (Exin/M )sol, (Fkin/M )nalo are therefore (weakly) sensitive to the simulation
run time.] Horizontal error bars correspond to the fluctuations in Fy;, towards the end of simulations.

applied to astrophysical systems, provided that the soliton formation time is not too large
compared to the age of the system. Assuming the kinetic theory relaxation calculation gives
the relevant timescale, the formation of the soliton limits the applicability of the soliton-halo
relation in galactic systems like dwarf galaxies to ULDM masses m < 1072 eV [53].

The paper is structured as follows. We describe the setup of our simulations in section 2;
we present our main results in section 3; we discuss implications of our results and comparison
with previous works in section 4 and we conclude in section 5. Further details are provided
in appendices: in appendix A, we describe the algorithm we use to numerically solve the
equations of motion; in appendix B we review basics of the soliton solution; in appendix C we
give precise details of the initial conditions used in simulations; in appendix D we investigate
the sensitivity of our results to our choice of criterion for a soliton to have formed. Finally,
in appendix E we review how the energy spectrum of the ULDM field can be calculated
and discuss additional insights that this can provide.

2 Simulation setup

Due to its huge occupation number, the evolution of ULDM is well-approximated by its
classical equations of motion (EoM), which, in the non-relativistic limit of interest, reduce to
the Schrédinger-Poisson equations. We consider systems in boxes with periodic boundary
conditions on grids with 2562 or 5123 points, and evolve them numerically with a standard
pseudo-spectral algorithm (see e.g. [27]). Key quantities are the energy of a soliton Ey, =



Exinsol T Epotsol and of the halo Eiot = Eyin + Epot, Where Eyn(soly and Ejoq(so1) are the
kinetic and potential energies. Throughout this work, we discuss systems with zero net angular
momentum. As in all finite-box (non-GR) simulations, the potential energy Eio; is defined
only up to an additive constant, and the naive evaluation of this is unphysical as it depends on
the box size. We choose this constant such that the gravitational potential of the resulting halo
matches the behavior that would occur in the infinite-volume limit (o< 1/r), see appendix A.
Where possible, we present our results using Fy, (which is independent of this constant and
the uncertainty associated with its determination), as we discuss further in section 3.

Upon redefining space, time and density as z — z/m, t — t/m, p — m?/(4nG)p
respectively, the EoM do not depend on m. When showing results we however set m =
10721 eV. Additionally, the EoM retain a residual scaling symmetry (rescaling the field,
distances, times and potentials, see appendix A). We use this to fix the box length to
L = 10kpc; this choice is useful to connect the DM halos in our simulations to observed
galactic halos, which have scale radii of O(10kpc). In combination with our choice of m, this
also fixes the units of time and density, expressed in Gyr and Mg/ kpc? respectively.

2.1 Initial conditions

We study the soliton-halo configurations arising from different sets of initial conditions:

o Soliton merging. We start with N = 4 — 100 solitons randomly placed and at rest,
either with (I) the same radius chosen in the range L/(10 — 50), as in ref. [22], or (II)
with a random radius sampled from a uniform distribution in the range L/(20 — 100),
which resembles the setup of ref. [25].

e Halo. We initialize the ULDM field ¢ with a density approximating that of a virialized
(statistically stationary) Navarro-Frenk-White (NFW) [49] or Burkert [66, 67] halo
profile. The parameters of the halos are chosen to mimic dwarf galaxy systems such
as Fornax [68, 69] for m = (10722 — 1072!) eV, with initial density parameter py =
(108 — 10'%) Mg /kpc® and scale radius s = (0.5 — 2) kpc, see eq. (C.4).

e Background. We initialize ¢ as a Gaussian noise background with mean density p and
Maxwellian velocity distribution, with momentum variance k‘%kg /2, as in refs. [27, 65],
ie.

(W @)y) = Cla—y),  Cla) = pe ™ M/t (2.1)
We consider a sufficiently dense background such that the Jeans length, A\; =
21 /(167Gpm?)'/4, is smaller than L, ensuring that it rapidly forms a gravitation-

ally bound halo via the Jeans instability [27]. The range of parameters probed is
FpreL = 10 — 100 and p such that A\;/L = 0.1 —0.4.

e Collapse. We begin with an elliptical overdensity of the form
W(z) = \//706790%/21%%*9«“3/21%%%3/21%5 , (2.2)

with density and radius varying in the range py = (0.01 —1) Mg /pc® and R; =
(0.5 —=5) kpc. The phase of the field is coherent across the initial configuration, but
the overdensity quickly collapses and in the process loses coherence.



e Background+Collapse. We consider the elliptical overdensity in eq. (2.2) on top of the
noise background in eq. (2.1).

Further details can be found in appendix C.

2.2 When should a soliton-halo relation be computed?

Our goal is to clarify the properties of systems in which a soliton is embedded in a host halo
whose mass is much larger than that of the soliton, M > Mg,. Such hierarchical systems
enable kinematic tracer observables (stellar or gas velocities) in the halo’s large-scale region
to be compared with ULDM’s velocity predictions for the inner region, where the soliton
lives, enabling the soliton to be bounded or potentially discovered [16, 33].

To this aim, we need to choose a time at which to determine whether a soliton has formed,
and, if it has, its properties and soliton-halo relation. In a cosmological context, the obvious
phenomenologically-motivated choice is the Hubble time. However, the timescales involved
in simulations with some types of initial conditions (e.g., those starting from a background,
or soliton mergers) do not necessarily coincide with those of realistic cosmological initial
conditions; in other words, the properties of the soliton and halo at a Hubble time in such
simulations might not be relevant to cosmology. Nevertheless, we believe that such systems
can still elucidate the dynamics leading to physical soliton-halo relation.

We therefore adopt the following procedure to determine a time, tgorm, from which point
on we analyze the soliton and halo, with the understanding that this inevitably leads to
some arbitrariness: at each timestep in a simulation we identify the point in the box that
contains the highest density, pg. We then determine whether the spherically-averaged density
profile around this point is well-matched by the soliton solution with central density pg and
half-density radius r.(po) = 1.3/(4nGm?pg)/* for r < 3r. and an NFW profile for r > 4r,
(with scale radius and density as free parameters). If such a fit is sufficiently good, we consider
the soliton-halo system as formed. Further details and analysis of the uncertainties arising
from our choices can be found in appendix D, while in appendix E we discuss an alternative
way to pinpoint soliton formation, via the spectral energy density.

Figure 2 shows results from a sample simulation with Soliton merging (I) initial conditions,
which illustrates the formation of the soliton-halo system and motivates our procedure
for when this is first identified. The top four panels show column density snapshots at
t =0,0.5, 1.0, 4.5 Gyr. The bottom-left panel shows the time evolution of My, /M, with
| = 64mpo/(GPm®).
The bottom-right panel shows the radially-averaged density profile at the corresponding times,
together with the best-fit curves for the soliton and the NF'W halo. Based on the criterion
above, the soliton-halo system forms at tgm ~ 1 Gyr (dashed line). Note that if we omit the

M, estimated from the peak density po using the soliton relation M;LO

halo region (r > 4r.) from the soliton-halo condition, we find that a soliton-like overdensity
appears already at an earlier time with ¢, ~ 0.5 Gyr. However, the top-right panel of
figure 2 shows that the halo is still evolving fast at that time. Our choice of procedure,
including the choice of numerical factors, detailed in appendix D, is guided by qualitative
tests of this kind. The mass of the soliton is then recovered via the fitted density profile.®

Refs. [65] pointed out that fitting the density profile with the soliton form can cause an upward bias
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Figure 2. Results from a simulation with the soliton merger (I) initial conditions (in which the
initial solitons have the same radius). The top four panels show the projected density field at
t =0,0.5, 1.0, 4.5 Gyr, in Mg /kpc2 units (logarithmic scale). The bottom-left panel shows the
time-evolution of My, /M. We find that the virialized soliton-halo system forms at tgorm ~ 1Gyr
(dashed vertical line). Red and blue bands indicate the 1/2 and 1/3 relations, respectively. The width
of these bands reflects the short-time fluctuations in Ey;, around the final time (corresponding to
the horizontal error bars in figure 1), which affects the value of Ey,/M? and hence the prediction of
Mso1/M. The bottom-right panel shows the radially averaged density profile around the center of the
soliton at different times. The dashed lines show the soliton + NF'W fit of the density profile, for the
times ¢ = 1.0, 4.5 Gyr at which this is good.



Solitons exhibit quasi-normal mode fluctuations [20], along with secular mass accretion
from the surrounding halo [27-29, 65]; both of which are apparent in the bottom-left panel
of figure 2. Because of these effects, any single numerical value for Mg, would only capture
part of the physics. Instead, when analyzing results, we report a range of Mg, /M values
for each simulation, from ¢ = tg,, to the final simulation time tg,,1, see e.g. figure 1. Eyipn
also undergoes fluctuations, which we represent as horizontal error bars on Fy, /M, which
we extract from the range of values around the final time.

We end simulations when the soliton growth is deep in the era of secular growth,® such
that the largest value of Mg reached is not very sensitive to the (somewhat arbitrary) value
of tgna1. This is due to the slow mass accretion rate during this era, and also because the
growth of the soliton in finite-box simulations is bounded above, in a sense that we explain
further below. The specific value of g, chosen depends on the particular initial conditions.
For example, for the background initial conditions we ensure that tgna > trel, Where t. is
the relaxation time (see ref. [27]); for soliton merging runs, collapse etc. we ensure that tgya)
is much greater than the free-fall time tg, estimated as tg ~ 0.5(GM/L3)~1/2.

3 Core-halo relation: results

In figure 1, we summarize the soliton-halo relation obtained from all simulations and initial
conditions. We express this in terms of the energy-to-mass ratios, /M, for both the soliton
and the halo. For a realistic system, the halo may extend beyond the volume that we simulate;
however, as discussed below, E/M is relatively unaffected by the cutoff set by the box. To
avoid potentially unphysical results from the undetermined constant in the potential energy,
we use the kinetic energy Fiin, instead of the total energy Eior.” This is justified under the
assumption that the system is virialized. The soliton mass M, and kinetic energy Fin sol
are obtained from fitting its density profile. Finally, the red line in figure 1 shows the kinetic
energy version of the 1/2 relation, eq. (1.2). Over the time-range between tgor, and tapal,
the data points fall around the 1/2 relation.

To compare with existing literature and other soliton-halo relations, in particular the
1/3 relation, eq. (1.3), we follow refs. [25, 60] in defining the dimensionless variable

— ’Etot| 1
- M3 GPm?
This is an invariant of the Schrédinger-Poisson system under the residual rescaling symmetry

[1]

(3.1)

described in appendix A and is thus a natural candidate to enter in a soliton-halo relation. A
class of soliton-halo relations, including the 1/2 and 1/3 relations, can be parametrized as

Msol

A a2l . (3.2)

in the inferred mass of the soliton component of the field, due to interference with unbound traveling wave
fluctuations. Simple estimates suggest that this effect can range between ten percent to about a factor of two.
We do not aim at a better accuracy, nor believe this is required for current phenomenological applications.

5Tn this regime, the soliton mass accretion follows a power law behavior with time, Mo ~ " with n < 1.
This behavior can be seen from the bottom-left panels of figure 2 and figure 7. A detailed study of the soliton
mass accretion is beyond the scope of this work. Studies of the soliton mass growth include refs. [27-29, 65].

"See discussion in section ITA of [70]. Given this undetermined constant, plotting results in terms of
FEiot,(so1) may introduce confusion when comparing different groups.
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Figure 3. The ratio Mg, /M between the soliton and halo masses obtained in numerical simulations,
as a function of the dimensionless Schrodinger-Poisson invariant = = |E|/(M3G?m?), where E is calcu-
lated from the kinetic energy using the virial theorem. The red and blue lines show the 1/2 and 1/3 rela-
tions, respectively. Once the soliton-halo system is formed, it typically lies within (or at most slightly be-
low) the band bracketed by these two relations, shaded gray. Error bars reflect variations in the soliton-
halo relation over the system’s evolution (as Mg, /M increases) and the impact of soliton fluctuations.

In the literature, a and 8 have been fitted as independent parameters. However, requiring
the relation to hold in the limit My, — M fixes a ~ (0.054)~? (see appendix B). Perhaps
not surprisingly, given that the fits to simulation data were obtained from systems with M
not much smaller than M, previously reported numerical values of o and g are consistent
with this limit. For example, the 8 = 1/2 relation in ref. [22] gives a & 4.2, while ref. [25]
finds f = 1/3 and o = 2.6.

In figure 3, we present the same results as in figure 1, but using the variables Mg, /M
and Z. As before, we replace |Eio| in eq. (3.1) by FEy,. Consistently with figure 1, our results
for Mg /M fall around the 1/2 relation. They also lie below the 1/3 relation, with the trend
becoming clearer at small M, /M. This agrees with our expectation, discussed in section 1,
that the 1/3 relation is an upper bound. To illustrate this point further, in figure 4 we plot
Fkinsol versus the total kinetic energy Fliy, i.e. the kinetic version of eq. (1.4), confirming
Finsol < Exin. Note that the separation between the values of My, /M corresponding to
the 1/2 and 1/3 relations is larger for smaller =. Consequently, if a soliton forms near the
1/2 line, it takes longer to evolve toward the 1/3 line. This may account for the clustering
of data points near 1/2 at lower values of = in figure 3.

Despite its convenience in formulating the soliton-halo relation and describing simulation
results, = is unfortunately badly affected by finite-volume effects. On the other hand, the
quantity E/M used in the relation in eq. (1.2) is much less sensitive to such artifacts. To
illustrate this, in figure 5 we show the r-dependence of |E(r)|/M (r) and Z(r) oc |E(r)|/M3(r)
for an NFW halo of scale radius 7 by integrating F and M separately from the halo center
to the point r. This procedure mimics how such variables vary as a function of the box
size in finite-volume simulations that do not extend to the virial radius of a simulated halo
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Figure 5. The radial dependence of the Schrédinger-Poisson invariant Z(r) o |E(r)|/M (r)? and of
|E(r)|/M(r) in an NFW halo with scale radius rs, normalized to their values at r = r5. These are
calculated using the analytic form of the NFW density profile and gravitational potential. Z(r) has a
much stronger dependence on r than |E(r)|/M(r), and therefore when evaluated in simulations is
more sensitive to the finite-box size in which a soliton-halo system is contained.

system. E(r)/M (r) only changes by a factor of 2 as r varies from rg to 1075, however Z(r)
varies by more than two orders of magnitude.

As further illustration of the weak dependence of E /M on the box length L, in figure 6 we
show results from three simulations for m = 1072! eV starting from NFW halo initial conditions
with same central density and scale radius rs = 0.5 kpc, but different L = 5, 10, 20 kpc. A
prominent soliton forms, with its mass varying by at most 10% across the three box sizes.
The left and center panels compare the soliton-halo relations using E/M and E, respectively.
Exin/M and Ego) kin/Mso1 remain clustered within 20% across the three cases, whereas Z and
M1 /M vary by a factor of 2 and 5, and thus are much more sensitive to L.
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Figure 6. The soliton-halo relation expressed in terms of E/M (left panel) and = (center panel),
arising from simulations with the same halo initial conditions but in different sized boxes, with box
length L. The soliton-halo relation shows significantly less sensitivity to L when expressed in terms of
E/M rather than Z. We also show the circular velocity vcir.(r) in the right panel.

Importantly for observational comparisons, a soliton-halo system that lies around the
1/2 relation leads to a velocity rotation curve veirc(r) = /GM (r)/r that has two distinct and
approximately equal peaks, at distances of the order of the soliton radius and the halo scale
radius, respectively [33]. The soliton peak predicted from simulations is largely unaffected by
finite-volume effects. Indeed, vgirc(r) only depends on the mass distribution at a distance
smaller than r (for an approximately spherical system), and is thus sensitive to finite box
size effects only to the extent that these alter the density distribution of the system within
the simulated volume. To demonstrate this, in the right panel of figure 6 we plot the rotation
curves in the three simulations in different size boxes described above. The amplitude and
position of the inner peak, associated to the soliton, is the same within 20% in all cases.
The outer peak, linked to the halo, is instead sensitive to box size if this is too small; for
instance, it is absent in a 5kpc box.

4 Discussion

4.1 Consistency with the evaporation lower limit of Chan et al. 2022

Chan, Sibiryakov, and Xue [65] conducted a perturbative analysis of soliton mass absorption
and evaporation in a statistically-homogeneous background with a Maxwellian velocity
distribution and characteristic momentum kg, as given by eq. (2.1). They demonstrated
that a soliton undergoes evaporation due to gravitational scattering when the background
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particles are significantly faster than those in the soliton. More precisely, this occurs if®

By k?
dnsol < .12 28 (4.1)
sol 2m
In the opposite limit, the soliton instead grows by accreting mass from the background.
The 1/2 relation of eq. (1.2), phrased in terms of kinetic rather than total energy, can

be written in a form similar to eq. (4.1):

Ekin,sol _ Ekin _ 3k%kg (4 2)
Mo M 4m? ’ )

where we used FEyy,/M = 3k§kg /4m?, valid for a Maxwellian distribution with variance
kgkg/2, see appendix C.

Comparing eq. (4.2) with eq. (4.1), we obtain that solitons that just exceed the evaporation
limit of eq. (4.1) are a factor (3/(2-0.12))'/2 ~ 3.5 lighter than prescribed by the 1/2 relation,
i.e. solitons evaporate if their mass is smaller than

1/2
Msol, evap =~ 1~2<|E]§t‘) % . (4.3)

Although strictly valid only for a soliton embedded in a Maxwellian gas, eqs. (4.2)
and (4.3) may still be applicable to a generic soliton-halo system, where Fyj,, M, and kpg
are interpreted as the kinetic energy, mass, and characteristic momentum in an approximately
virialized region that is larger than the soliton itself and containing a mass much larger than
the soliton mass. In this case, only solitons with masses at most a factor of ~ 3.5 below the
1/2 line (red) in figure 3 would be possible. The inhomogeneous nature of a halo and the
fact that the particles in the halo are self-bound could affect this analysis. The evaporation
limit of eq. (4.3) appears to nevertheless be approximately valid, see figure 3.

Our results from simulations are consistent with such a limit. An example of this behavior
is plotted in figure 7, which shows the growth of a soliton starting from background noise
initial conditions (with initial kpie L = 40, A3/L ~ 0.2). Such initial conditions are fairly close
to the simplifying assumptions in the analysis of ref. [65], except for the fact that A\j/L < 1,
which induces background collapse via Jeans instability and the formation of a self-bound
halo. Note however that the evaporation limit should be calculated for the virialized halo, i.e.
after the collapse of the initial background waves. During collapse Eij, becomes significantly
larger than its initial value Bk%kgM /4m?, leading to a tighter evaporation limit than that
one would infer from the initial kinetic energy density. This is, approximately, taken into
account by using the evaporation limit in the form of eq. (4.3). As shown in the bottom-left
panel of figure 7, when it forms, the soliton lies between the 1/2 relation in eq. (1.1) (red)
and the resulting evaporation limit in eq. (4.3) (dashed black), both computed using Fii,
from the simulation after soliton formation.

8This is obtained combining eqgs. (2.18) and (2.12) of ref. [65] with the condition Ts/T, < 0.08 obtained in
the same reference.
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Figure 7. Formation the soliton-halo system and growth of the soliton in a typical simulation starting
from initial conditions consisting of background noise, with Jeans wavelength A\j/L ~ 0.2. The plots
are as described in figure 2; in the bottom-left panel we additionally show the evaporation limit of
ref. [65], below which a soliton is unstable to evaporation by scattering with the background. This
limit is roughly a factor of 3.5 smaller than the 1/2 relation (in this plot the finite thickness of the

1/2 and 1/3 bands is hardly noticeable).
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4.2 The 1/3 relation is an upper bound

Since the 1/3 relation simply amounts to eq. (1.4), it can at most set an upper bound
on the soliton mass in a cosmological context, or in flat-space simulations where all field
components are bound (i.e., have negative energy). In a finite volume, there could be unbound
positive-energy debris that orbit the box, which would allow the 1/3 relation to be violated
if Eyot and M are interpreted as the halo’s energy and mass (in an infinite volume, such
debris would escape to infinity). However, by analyzing the spectrum of the ULDM field, see
appendix E, we find that our simulations have a negligible quantity of positive energy debris.
Figures 3 and 4 are consistent with this point and thus the 1/3 relation. Our presentation
of kinetic rather than total energy in these figures avoids ambiguities with respect to the
definition of total energy that would affect the soliton-halo relation; these however need to
be resolved for direct comparison to other works in the literature, notably ref. [25], which
makes use of the total energy. We return to this point in section 4.4.

4.3 Observational implications

Given sufficient time, halos in our simulations grow a central soliton with an initial mass
lying near the 1/2 relation that then slowly increases in mass towards the 1/3 relation.
As we discuss further in section 4.4, we expect similar scaling for cosmological halos. A
soliton-halo relation allows predictions to be made for observable rotation and dispersion
velocity curves [33]. A soliton of a given mass M, induces a characteristic peak in the
circular velocity profile at radius rpeax With value vpeax, which are given by

- m Mo 1 ~ m -2 Mg -1
Upeak A 8'3(10216\/) <107M®)kms y Tpeak & 0'46(10216\/) 107 Mo, kpc .
(4.4)
For a density profile consisting of a soliton embedded in a host halo and not too far from the

1/2 relation, a doubly-peaked rotation curve is predicted. The inner peak is approximately
given by eq. (4.4), and is at radius r ~ 27, [33], and the outer peak is induced by the NFW
halo at radius r ~ 2rg, with rs the NF'W scale radius. As the mass of a soliton increases
above the 1/2 relation, the relative amplitude of the second peak decreases. If the radial
scale r ~ 2r. can be resolved by observations (recall that r. o< 1/m), the presence or lack
thereof of the inner peak can constrain, or give evidence for, ULDM with a particular m.
Figure 8 shows the circular velocity curves of soliton-halo systems in simulations with
halo initial conditions (NFW and Burkert). These are calculated from the radially-averaged
density profiles, and normalized to vpeax and 7peak, which are defined in eq. (4.4) and evaluated
using the soliton density profile fit. These results are plotted at a physical time of 10 Gyr,
and the masses and size of the halos are taken in the range relevant to dwarf galaxies and
ULDM particle mass m between 5 x 10722 eV and 102! eV. We vary the box length between
10kpc and 40kpc, and the halo parameters within pg = 10 — 108 M /kpc?, 75 = 0.5— 1.5kpe.

With such parameters, the ratio rg/r. varies over 10 < rg/r. < 30, as can be inferred from

the position of the second peak in figure 8.
Doubly-peaked rotation curves are generally not observed in the kinematical data of
DM-dominated disk galaxies. This led refs. [33, 34, 70] to infer a bound m > 10~2!eV by

assuming the 1/2 soliton-halo relation. As this relation is consistent with our results for
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Figure 8. Velocity rotation curves for simulations with halo initial condition (Burkert and NFW),
evaluated at ¢ ~ 10 Gyr. Here, 75cax is the distance at which the circular velocity wvci.c reaches its
maximum for a soliton density profile matched to the central density in the simulations, and vpeak
is the corresponding velocity. The rotation curves plotted are obtained from the radially averaged
density profile in the simulations (and hence veirc is not exactly equal to Vpeak at 7 = Tpeak)-

m ~ 10721 eV in dwarf galaxy-like systems with ages near the Hubble time, our simulations
support such a lower bound on m.

4.4 Comparison with previous works
4.4.1 Comparison with flat space-time simulations

We now compare with ref. [25] and examine the consistency of our results with their claimed
1/3 relation. Our numerical methods (i.e. our algorithm to solve the Schrédinger-Poisson
equations) and the setting (flat space-time with periodic boundary) are similar to this
reference. Moreover, as far as we could tell, our soliton merging (II) initial conditions match
their initial conditions. Yet our results, as shown in figure 3, lie systematically below the
1/3 relation, in apparent contrast to those of [25].

One possible reason for this discrepancy is the choice of ref. [25] to use the variable =
calculated from the total energy Fio rather than the kinetic energy. Since, as mentioned,
in a finite volume the potential energy E,o contains an arbitrary additive constant, the
total energy does too. If not chosen such that the potential energy matches its infinite
volume value, such a constant means that e.g. the system would usually not obey the virial
theorem Fii, = —Eiot.”

To check that this is the origin of our discrepancy with ref. [25], in the left panel of figure 9
we plot our results in terms of = calculated using the total energy without any correction in
Epot. With this prescription our results cluster around the 1/3 relation, slightly exceeding
it in some cases. Meanwhile, in the right panel we plot only data from soliton merger (I1I)
initial conditions (blue markers), which are the direct parallel of the simulations of ref. [25].

9Figure 1 in ref. [25] shows the total, potential, and kinetic energy in their simulation. That plot shows
that the virial theorem is indeed violated at the O(1) level. Digitizing the plot we find 2Fyin/|Epot| ~ 1.4,
instead of 1. This may not come as a surprise, since indeed in ref. [25], the arbitrary constant is determined
to make the average of ® in the box equal to zero, as also our periodic boundary conditions solver does, see
appendix A. We thank P. Mocz for clarification of this point.
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Figure 10. Simulation results for the soliton halo relation from ref. [60] and ref. [23], compared with
the 1/2 and 1/3 relations.

The results obtained in this way are fully consistent with those of [25]; for comparison, we
show also digitized data from figure4 there (black points).

Other works in the literature used different simulation setups to analyze the soliton-
halo relation, so only indirect comparisons are possible. Ref. [60] used absorbing boundary
conditions. Since, in this case, = is not constant in time, ref. [60] presented results both with
respect to the initial value of =, and with respect to a short time average (Z). In figure 10
we superimpose the 1/2 and 1/3 relations alongside digitized results from that paper. We do
the same for the results in ref. [23], which also used absorbing boundary conditions, again in
figure 10.19 Speculatively, if these references did use an unadjusted Epet, that might (possibly
partially) account for those data points clustered around and above the 1/3 line. A direct
comparison by re-analyzing such data using Ey, may be useful.

10We could not determine whether = used in that reference was calculated from the initial data, or another
procedure as in [60].
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4.4.2 Comparison with cosmological simulations

In a cosmological context, the soliton-halo relation is usually written as

By
a'? My = Ay (, / %M) , (4.5)

where Mg, and M are the mass of a soliton and halo respectively, and Ay, and By are
parameters of the relation. Here, a is the cosmological scale factor, and ((a) is the cosmology-
dependent factor that relates the average overdensity of the halo within its virial radius, rvir,
to the cosmological dark matter density at the time of formation [22], i.e.

M= Tl ), (4.6)
and pp, is the cosmological dark matter density today. Note that ((a) = (1872482(Qum(a)—1)—
39(Qum(a) — 1)%)/Qm(a), with Q,(a) the matter cosmological abundance at scale factor a [71].

We can attempt to match the general form of the soliton-halo relations we consider,
eq. (3.2), with the cosmological form of eq. (4.5) as follows. For a virialized halo, it is
reasonable to assume

| Etot| ~ (4.7)

Tvir

Plugging this into eq. (3.2) with ry;; expressed in terms of M from eq. (4.6), leads to

47Tmlg aﬁ_% [C(a 1_% 4
aﬁMsol —Ckﬁ( 323,5;56)> <g21§> ( gEliM> = Bh(/B) =41= ?ﬁ . (48)

We see that this only leads to a soliton-halo relation of the form of eq. (4.5) for 5 =1/2, in
which case By, = 1/3 (this was also found in ref. [22]). On the other hand, for a generic £,
the most we can do is neglect the effects of cosmology, by setting a = 1, { = 1. With such

an assumption, we can relate the parameters Ay for different 3 as

4,80\ 2/3
An(p) = Ozg( oy ) =  Ay(1/3) = A,/°(1/2), (4.9)
where we used g/ = 4.2 and ay/3 = 2.6.11

Figure 11 shows results from cosmological simulations [22, 55, 65, 72] as collected by
ref. [59], together with some halos from ref. [73]. In ref. [73], results from 5 halos at different
redshift are shown. In figure 11, we only show results from the halos at their latest redshift
z = 2.5 and exclude their halo-4; as one can evince from figure 4, figure 6 there, such
excluded halos may not be virialized. Ref. [73] used m = 2.5 x 10722 eV, whereas ref. [59]
used m = 0.8 x 10722eV. According to the rescaling eq. (A.4), eq. (A.9), to translate the
points of ref. [73] to m = 0.8 x 10722eV while keeping the same time-scales, one should
rescale M — (2.5/0.8)3/2M. We compare these with the 1/2 cosmological relation of eq. (4.8)

"To analyze such data without neglecting cosmological effects, we would require soliton and halo masses
without cosmological normalizations, which have typically not been reported in the literature.
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Figure 11. Results from cosmological simulations [22, 55, 65, 72], as collected by ref. [59], plus
from ref. [73], scaled for an ULDM mass m = 8 x 10723eV (results in ref. [73] are shown for
m = 2.5 x 10722 eV). Notice that here, results are expressed using M. ~ Mg, /4.2. (For ref. [73] we
show only halos at z = 2.5, and exclude their halo-4 that seems far from virialized, see figures 4 and 6
there.) Also shown is the 1/2 relation translated to a cosmological setting, and the 1/3 relation (the
latter assumes no cosmology effects, see discussion in section 4.4.2).

with = 1/2, and also with the 1/3 relation in the form of eq. (4.5) neglecting cosmological
effects (i.e. with a =1 and By(1/3) and A,(1/3) as in egs. (4.8) and (4.9)). We find rough
agreement with the expectations that the 1/2 relation is a rough lower bound and the 1/3
relation is an upper bound, despite neglecting cosmological effects in the latter.!?

5 Summary

The presence of cored, coherent over-densities (‘solitons’) inside halos is a key prediction of
ULDM theories. It is important to understand how massive such solitons are in order to com-
pare predictions of ULDM to observations, most notably stellar kinematics in galaxies. Several
groups have attempted to characterize the soliton-halo relation via numerical simulations.

We performed a series of flat-space numerical simulations of ULDM halos initialized in
different ways, with the aim of analyzing on the soliton-halo relation, exploring a larger range
of Mgo1/M than previous works. Our main findings are summarized in figures 1 and 3. In
all of our simulations, solitons form around the 1/2 relation, and then accrete mass from
the surrounding halo without surpassing the 1/3 relation. This can be explained by the 1/3
relation being an upper bound, whereas the 1/2 relation scales parametrically as, and is a
factor of about 3 above the evaporation lower bound derived in ref. [65].

After accounting for an ambiguity in the definition of the potential energy in a finite
volume, our results are compatible with data from other works in the literature. We believe
it would be useful if other groups who have carried out flat-space simulations re-analyzed
their data taking into account this issue with the potential energy to check whether they

12The results of ref. [72] are outliers with respect to the other groups results we show. Although we do not
have a clear explanation as of why this is the case, we note that ref. [72] uses a smoothed particle hydrodynamic
approach that emulate the ULDM wave effects, which may affect the soliton-halo relation obtained.
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also find solitons lying within the band between the 1/2 and 1/3 relations. If this is indeed
the case, then the soliton-halo relation could be viewed as a “soliton-halo band” bracketed
by these two relations.

We have also noted that the quantity = (defined in eq. (3.1)), which is often used in the
literature to express a soliton-halo relation, is sensitive to finite-volume effects.

If solitons still fall into the soliton-halo band once cosmological effects are included (as
figure 11 suggests might be the case), then the use of the 1/2 relation when investigating
observational consequences can be regarded as reasonably conservative. In particular, we
predict solitons to have mass roughly given by the 1/2 relation or larger and as a result the
inner peak in the rotation curve, induced by the soliton, is generically of similar amplitude
or larger than the outer one induced by the halo. An important remaining question is the
timescale on which the soliton forms cosmologically: if the relaxation timescale is relevant
then the soliton-halo predictions hold for dwarf galaxy systems (velocity dispersion of the
order of 10 km/s) for ULDM masses m < 10729 ¢eV. There could however be other faster
timescales relevant in cosmological scenarios compared to relaxation (e.g. associated to the
halo merger history). These might extend the applicability to the soliton-halo relation to
larger ULDM particle masses. A detailed study of these aspects is left for future work.
Another important question involves the role of baryon physics in shaping the soliton-halo
relation. Although works on baryon feedback on ULDM already exist [56, 74], it would be
interesting to include such effects in our simulations in future work.

Solitons can also form inside small-scale overdensities in theories in which the Dark
Matter is in the wave-like regime, m < eV but not ultra-light with m > 10720 eV, for example
in theories of post-inflationary axions (see e.g. [28, 75, 76]) and dark photons (see e.g. [77, 78]),
and it might be interesting to analyze the impact of the soliton-halo band in this context.
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A Solving the Schrodinger-Poisson equations

The ULDM follows the Schrodinger-Poisson equations for a non-relativistic field 1,

Oy 1y
15 = 2mV Y+ md, (A.1)
V2@ = dnG([v]” — ([¢?])), (A.2)

where (-) indicates the spatial average. These can be obtained from a relativistic scalar field

1 —imt * imt
= —(ve + e , A3
) Jom (v Pre™) (A.3)
that obeys the Klein-Gordon equation, in the limit in which 1) varies slowly with respect to
m, i.e. Opp < map and 92 < m2q). Tt is convenient to express the fields and coordinates

in a dimensionless form. To this end, we define

1 V4nG

T 2 - 7 \2 F 2
w_ﬁ - Y, T=AImZ, t=NNmt, P=7/\", (A.4)
where A is any dimensionless parameter. With this definition, eq. (A.1) becomes
R
= =—_Vi)+ O A.
Vie = [ — (191%)). (A.6)

and is independent of m and G, as well as of the rescaling parameter A (we omit the subscript
in V2 from now on).
The density of the field is 5 = |¢|?, its total mass is

i = [ @z, (A7)
and its energy is
- . - Vo2 1 .-
E = Exin + Epot = /d% <| 21/}‘ + 2|¢|2<I>> . (A.8)

Both M and E are conserved under the Schrédinger-Poisson evolution. Under the rescaling
in eq. (A.4),

i - 47erM’

¢ E:47erE . |E| 1

A3 M3 G2m?

[1]
[1]:

(A.9)

Thus, Z is invariant under the A rescaling.

We solve the rescaled Schrodinger-Poisson equations, in egs. (A.5) and (A.6), using a
standard pseudo-spectral 3D solver, similar to that described in ref. [27], in a periodic box
with length L. In the following, we review the basics of its implementations, along with
details specific to our setup. The field is evolved via the unitary operator

(=iv)? ~

DT + i) = [[ e adiPaeicadt=3" () (A.10)
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where df is the time-step. In this equation, first the kinetic operator acts on zﬁ(f) as

(=iv)?

—icqdf 5 @Z(Lt) = 1;(04) (t~+ df) , (All)

e
followed by the potential operator, which is obtained by solving:
V2o, = [)2 — (j 7). (A.12)

The range that a runs over, and the values of the constants c,, dn, depend on the order
of the numerical integrator that is used. We make use of the 6th order version, for which
the numerical values of ¢4, d, can be found in [27]. We evaluate egs. (A.11) and (A.12) in
Fourier space, via fast Fourier transforms using the FFTW library [79]. We use adaptive
time-steps, to ensure a conservation of energy AE/E < 1075 between time-steps, and an
overall conservation of energy |E{CY, — Efot. |/|Efot + Efot. | < 1073.

In particular, eq. (A.12) is solved by setting the zero-momentum mode (k = 0) of ®
to zero, implying that the average of ® over the box is zero, <(i>> = 0. To fix the arbitrary

constant in the potential energy Fp., we define

B(Z) = Peoae(E) + ¢, (A.13)

where ®¢oqe is the gravitational potential computed as described above and satisfying <i>c0de> =

0. Via an appropriate determination of the constant ¢, we then require limz_,, ®(7) = 0,
where 7 is the distance to the point of maximum density. Specifically, from the Poisson
equation, the asymptotic behavior of ® in the infinite-volume limit is

~ M
¢ ~ ——— for large 7 . (A.14)
4mr

Hence, if R is the furthest point in the grid from the point of maximum density (within which
we interpret all the mass M of the box to lie), we can approximately recover the constant ¢ as

.. . - M Y
O(R) = Poqe(R) +c=——= = c=

A7 R B AR

- q)code(R) . (A15)

We stress that this method is just a rough estimate, since there is no guarantee that the
potential already goes as eq. (A.14) within the box.

In figure 12, we plot our soliton-halo data points as a function of =, calculated from
the total energy Fio including the constant eq. (A.15) in Epe (with R = L/2). Relative
to figure 3 (which is the same plot but with = calculated from the kinetic energy alone),
many of the data points are shifted to the left. We believe this discrepancy is likely due
to the calculation of the constant in the potential energy via eq. (A.15) not being accurate
enough. On the other hand, with the corrected Eio the points are substantially closer to the
results using Fyi, than when using the uncorrected Fiot, as plotted in figure 9. This suggests
that our calculation of the constant in the potential energy is at least partially successful.
Given this situation, and the fact that a mis-determination of this constant can affect the
interpretation of results, we decided to use quantities calculated from FEy;, for our main plots.

As mentioned in section 3, we discard a few runs that do not approximately satisfy the
virial theorm (i.e. for which the system is not virialized); in particular, we demand that

(2Exin — |Epot|)/(2Exin + |Epot|) < 0.2 . (A.16)
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Figure 12. Same as in figure 3, but with = calculated using E}. instead of Ey;,. Unlike figure 9 left,
the constant in the potential energy (which in enters =) is chosen as in eq. (A.15) such this matches
its infinite-volume value.

B Soliton solution

The soliton solution can be obtained from egs. (A.5) and (A.6) with the spherically-symmetric
ansatz

DT, 1) = x(F)e Pl (B.1)

which leads to
02 () = 27(® — Wso1) X , (B.2)
O2(rd) = 7x* . (B.3)

These equations are invariant under the A rescaling of eq. (A.4) and thus admit an infinite
class of solutions for y, labeled by x. We define them such that y(0) = A2, We can solve the
equations above for x1(0) with boundary conditions 97x(0) = 9;®(0) = 0, lims_ x(7) =0
to obtain

M1y ~ 26, o1~ 1.31, @go11 ~ —0.69 + B(7 — o0) . (B.4)

Here, My, = [ d®Z|¢|? = [ d3Ex? is the total soliton mass and 7 is the soliton half-density
radius, i.e. ()] = [1(0)|?/2. For an isolated soliton, ®(7 — co) = 0.® A generic
soliton will then have

sol )\Msol 1, sol >‘ Esol 1, Te=Tec 1/)\ Weol ~2 _0'69)\2 + (i)(f — OO) . (B-5)

From these equations it follows 7. = 1.31/(47Gm?p(0))'/4 and M2, = 64mp(0)/(G3m9),
used in section 2.

13For a soliton surrounded by a halo, one can identify (f(ﬁ — 00) with Bofrser in eq. (E.17).
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The soliton is a virialized system, i.e. 2Eyi, g0l = —FEpot o1, and one can show that

~ 1~ ~
Esol = ngolwsol = _Ekin,sol ) (Bﬁ)

where in the first equality we integrated by parts the equations of motions and used the virial
theorem. Hence, since Eq./ MSOI = Esou / Ms’ou given that Z is independent of A, a soliton-
halo relation of the form in eq. (3.2) whose validity is retained in the limit My,/M — 1
should always obey

l=a <|EU|>B - O‘<<47f)2 ot )B ~ 0(0.054)” (B.7)
G2m2Ms301,1 3M3201,1

This implies that for a soliton one has = ~ 0.054. Both a = 4.2, 8 = 1/2 (from [22]) and
a = 2.6, 5 =1/3 (from [25]) approximately satisfy eq. (B.7). From this result, one can infer
that the 1/2 relation is simply rewritten as in eq. (1.2), whereas the 1/3 relation as in eq. (1.4).

C DMore details on the initial conditions

In this appendix, we present further details on the initial conditions of our simulations
described in section 2.1.

Halos. We initialize halos via the Eddington procedure (see [13, 80])
Y(a) = (A2 Y03 F(E(x,0))em Tt (C.1)

where 3 is a random phase dependent on ¥, Av is the velocity spacing allowed by resolution
in the simulation, and

2 Ve d?p
1€)== | 10 @), (©2)
E=V(r)— 1)22 , ==+ D(rpax) , (C.3)

where Q = /& — ¥ and ® is the overall gravitational potential. As target density, we use
a NFW profile [49] or a Burkert profile [66, 67],

3 3
POTg POTg
P r(r+rs)? Phurk (r+75)(r2 +12) (C4)

with varying po and rs.

Background. We can satisfy eq. (2.1) vial?

Ak)3 C-L3 . 832
LZ)({E) = ( L3) Z k2 (AE + iBE)elk'x, CE = oprT e kQ/k‘ZOkg . (0.5)
K

3
kbkg

The field in eq. (C.5) is equivalent to the initialization in [27], which reads 1 = V8N7¥/4e F*/2ei?k |
where ¢;, is uniformly distributed between 0 and 27, with the identifications p = N/L* and kpig = 1.
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Here, L3 is the volume of the integration (i.e. the simulation volume), Ak = 27/L is the
resolution in Fourier space, and Ay and By are uncorrelated Gaussianly-distributed variables
with unitary variance and zero mean, satisfying

<A,;A,;,> - <BEBE,> =0 <A,;BE,> 0. (C.6)
The kinetic energy per unit volume is
Bgn 1 o 1 Bk . o 1 3pki, 3k M
13 =53 (IVul?) = 2m2/(2ﬂ)3ckk: = _The k. (c)

where M = pL3. From this, it follows that Ey,/M = 3k%kg /4m?2.1°

D The criterion for soliton formation

Here, we provide details of the criterion used to define the formation time of a soliton-halo
system, as briefly discussed in section 2.2. Explicitly:

1. At each time step in the simulation we identify the point in the box that contains the
highest mass density. Call this point the origin of coordinates r = 0, with density p(0).
Using the soliton profile approximation [21]

)\4
pat(r) = ( a~ 0228 , b~4.071, (D.1)

14 a?\2r2)b’
we obtain a first estimate of the soliton core radius r. from the value of p(0).

2. Next, we compute the radial-averaged density profile around r = 0. We fit a soliton
profile to the grid region surrounding r = 0, treating r. as a fit parameter, and including
in the fit grid points within r < 3r..

At the same time, to constrain the halo, we also fit an NFW profile to grid points
satisfying r > 4r., with the NFW scale radius r5 and density pg as fit parameters.
Namely, we add
prt(r > 4re) = LQ : (D.2)
s ()

3. The earliest time ¢y, that satisfies

1 N 2 psim(ru tform)
— > log? (U <05, (D.3)
N i€fit points Pfit (Tz)

is where we begin to report results in the context of a soliton-halo relation.

As we show in figure 13, changing the threshold in eq. (D.3) does not significantly change
the results we obtain. A more restrictive criterion selects later formation times, making
points in the soliton-halo diagram start their life when they are more massive. Meanwhile, a
less restrictive criterion, e.g. increasing the threshold in eq. (D.3) to 5, initially less massive
solitons. However, such a criterion is actually so weak that in some runs an examination
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Figure 13. The same plot as in figure 3, but with a different thresholds used eq. (D.3) for determining
the moment of soliton formation: 0.05 and 5 in left and right panel respectively, instead of 0.5.

of the field and density profile suggests there is actually no soliton at some times when the
threshold is met, limiting the reliability of the soliton-halo relation plot obtained.

E The energy spectrum

To gain deeper insight into soliton formation, one useful tool is the energy spectrum, defined as
dN

dw
This is the number N of ULDM particles with a certain (non-relativistic) energy w. As

the soliton forms, we expect F(t,wso)) to increase accordingly. We briefly review relevant
features of the energy spectrum.

Flt,w) = (E.1)

F(t,w) was originally defined in [27] as
dt’ 1 o3 I it ) = (t—t')? /72
F(t,w) / /d Vo(Z, t')e , (E.2)

where Aw T > 1, with Aw the energy resolution and 7 a parameter of the Gaussian kernel in
the integrand. This expression is justified by considering ¢ as a superposition of orthonormal
energy eigenmodes ,:

=D cn(t)pn(@)e " (E.3)
Using [ d3x ¢ ()Y () = Spp, we have, with ¢/ —t = At,

A
F(t,w) = ch(t) %w + At)elAtlon—w) AT (E.4)
n s

if we assume that in the integration range ¢, (t + At) = ¢, (t), we can complete the square
inside the integral to recover a Gaussian integral and obtain

Z]cn f e (Wmwn)? T2/ o Z\c —w) . (E.5)

k2
15This differs by a factor of 2 from the more common —Hn. = % %% hecause the distribution has variance

kiyg/2 rather than kfy,.
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Interestingly, the same result can be derived using an alternative, manifestly real, formula:
odt’ oy L - 1 it —t/2 /72
F(t,w) = 2Re/ 2—/(1 x ™ (2, )Y (2, t +t')e . (E.6)
0 27

One can again plug the ansatz of eq. (E.3) and see that eq. (E.5) holds. We can also write
the previous expression as

dt/ — t—t fort <0,
F(t,w) / /d3 (@, t))(F, by + 1)t~/ 4 = o (E.7)
t fort’ >0.

The formulation eq. (E.6) is more convenient, since in a simulation one can compute eq. (E.6)
by storing only one snapshot at time ¢ and perform the integral until the next snapshot; this
avoids using a large amount of memory storing multiple snapshots.

In the grid, assuming equal time-steps with spacing At, we have

. AT A2 s - .
F= zn: |Cn(t)|2? ;e_(ZAt)Q/TQ cos(IAH @ — @y)), @ = ﬁ , F=4rGmA\F . (E.8)
In particular, this function is periodic under
vt ez (E.9)
0w —w = . :
AL p

The numerically computed F then makes sense only in a range smaller than the period
21 /At. For eq. (E.8) to reduce to

~ 1 [o° N2 /= 1 @=en)? 2
F— —/ at’ e~ /7 cos(t' (@ — @) = e 22 | 0= i, (E.10)
7 Jo 2o T
we need to impose
AGT > 1, AOAt < 1, T« 1, (E.11)
AT
where AT is the time between snapshots.
The dimensionless ¢, coefficients relate to the number of particles in state n,
_dN
F = O ~ len?0(w — @p) . (E.12)
One can see that, from eq. (E.7), we have
/dwﬁ =M, FEput= /dwa, (E.13)

where Fp,r is the sum of the energy of all the particles in the box. Working out the last
equality, one finds out that F encodes the particle energy, where the energy is the sum of the
kinetic energy and the contribution of the gravitational potential, the latter viewed as an
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external potential. In particular, Epart #* Etot, where Elq is the total energy of the system,
where the fact that the gravitational potential is self-sourced is taken into account. In fact,

2
/mm&ﬂzﬁmgﬁW):>/mmF:/&%w€$=/&%W?|+/&%¢w%
(E.14)
without a factor of 1/2 on the potential energy contribution.
Notice that @ ~ Fyi, + &3, in particular a constant shift in d would yield a constant
shift in @; from eq. (A.15), we can write

Fcode(‘:)code) - F((D) 5 W= ‘Dcode +c, (E15)

where Flode, @eode are the quantities coming from our Schrédinger-Poisson solver, and ¢ is the
constant in eq. (A.13). When a halo is present, ws, gets shifted due to the further potential
well coming from the halo. To understand the origin of such a shift, one can look at the
gravitational potential for a spherical distribution:

G(Msol(T') + Mhalo(r))

P(r) = - —mc[m@m%mw+%m@». (E.16)

We further approximate ppaio(r) =~ 0 for r < r¢ and pgoi(r) = 0 for r < ry, where 7 is a
transition radius (which can be taken to be 3r.). Then, for r < r,

B(r) = (1)~ 47G [ Ay ypaoly) = Ba (1) + Borer (E.17)
and hence
B3oue + € = D3 halo + Poffset (E.18)
where again (Dighe is the location of the soliton energy as coming out from our Schrédinger-
~sol

Poisson solver, while @ is the actual energy corresponding to an isolated soliton.

no halo

In figure 14 we show an example of F for the snapshots of the simulation plotted in
figure 7. One can see the formation of the soliton via a peak arising at @fl%lhalo + Pofsct.
The computation of F(w,t) is an interesting cross-check of our main method adopted for
defining the moment of soliton formation, eq. (D.3). However, using F(w,t) there remain
uncertainties, in particular when to call the forming peak a soliton. These mean that this
method of identifying the formation time does not have a clear advantage compared to

simply considering the density profile.
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Figure 14. The spectrum F' (@) for the same simulation and times as plotted in figure 7. One can
see a peak forming (corresponding to the soliton) and separate from the main peak corresponding to
the halo. In particular, at t = 7.3 Gyr the peak lies at around @ ~ —19; integrating the area in the
vicinity of that peak, one finds M, ~ 100, consistent with the soliton mass obtained by fitting of the
radially-averaged density profile. Notice that an isolated soliton of that mass would have @ =~ —10.
The difference is due to Pogser, eq. (E.17).
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