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Abstract

We propose a scheme to achieve nonreciprocal mechanical squeezing in a hybrid
Kerr-modified cavity magnomechanical system, where the magnon mode is driven
by two-tone microwave fields. The nonreciprocity originates from the magnon Kerr
effect. Strong mechanical squeezing beyond the 3 dB limit can be nonreciprocally
generated by adjusting the magnon frequency detuning, effective magnomechanical
coupling strength, as well as the damping of the oscillator and the dissipation of the
cavity. Importantly, the proposed scheme is robust against environmental thermal
noise and system dissipation, ensuring its feasibility under current experimental
conditions. This work may pave the way for the development of nonreciprocal
quantum devices, such as isolators and circulators. Furthermore, the ability to achieve
such robust mechanical squeezing has significant implications for advancing
quantum precision measurements in metrology and sensing, offering new
opportunities for exploring quantum-enhanced technologies.
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1 Introduction

Hybrid systems based on magnons have garnered significant interest for their potential
in advancing novel quantum technologies [1-3]. Among these, cavity magnomechan-
ics (CMM)—which involves coupling a ferrimagnetic crystal, such as yttrium iron gar-
net (YIG, Y3Fes0;,) with a microwave cavity, has attracted considerable attention in re-
cent years [4-7]. In these systems, magnons couple with photons via magnetic-dipole
interactions [8], and with phonons through magnetostrictive interactions [9]. This mul-
timodal coupling enables the integration of magnon, photon, and phonon modes, of-
fering a versatile platform for exploring a wide range of quantum phenomena. A va-
riety of physical effects have been demonstrated both theoretically and experimentally
in CMM systems, including magnomechanically induced transparency [10-12], quan-
tum entanglement [13—15] and one-way quantum steering [16—18], mechanical bista-
bility [19], magnon blockade [20-22], magnon dark mode [23, 24], precision measure-
ment [25-27] and sensing [28—30]. Notable studies have also explored the Kerr effect in
magnons [19, 31, 32], along with phonon and magnon squeezing [33—37].
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Squeezed states are fundamental quantum resources, critical for continuous-variable in-
formation processing. They play a pivotal role in enhancing measurement sensitivity, with
promising applications in quantum information science and quantum metrology [38, 39].
Various methods for generating squeezed states have been developed across different plat-
forms, and the CMM system has emerged as a particularly promising candidate for such
investigations [40, 41]. Specifically, magnon and phonon squeezing in CMM systems can
be achieved using techniques such as Josephson parametric amplification (JPA) [42, 43],
Duffing nonlinearity [44, 45], two-tone laser driving [46, 47]. Among these, two-tone driv-
ing has been proven especially effective for eliciting rich quantum properties and dynam-
ics.

Nonreciprocal physics, which examines phenomena where a system exhibits different
behaviors in opposite directions, has garnered significant attention in recent years [48].
Quantum nonreciprocal effects cause wide concern, with the potential to advance both
fundamental physics and quantum technologies, including quantum information process-
ing and quantum computing [49-52]. One of the most exciting topics currently under in-
vestigation is nonreciprocal squeezing, achieved by breaking time-reversal symmetry (e.g.,
by modulating the magnetic field direction), which causes the system to exhibit different
quantum squeezing effects in different directions [53]. In cavity optomechanical (COM)
system, nonreciprocal mechanical squeezing can be achieved by utilising spinning cavity.
This effect arises from the Sagnac-Fizeau effect, where the spinning cavity induces oppo-
site frequency shifts, allowing mechanical squeezing in one drive direction but not in the
reverse [54, 55]. The magnon Kerr effect provides another avenue for exploring nonre-
ciprocal quantum phenomena in CMM systems, such as nonreciprocal photon-phonon
entanglement [1, 56]. By tuning the direction of the magnetic field applied along the crystal
axes [100] or [110], a positive or negative frequency shift is generated, enabling the real-
ization of nonreciprocal quantum effects. The alteration of the magnetic field’s direction
can be achieved by modifying the orientation of the current in the magnetic field coils,
indirectly influencing the distribution and interactions of the magnetic field [57].

Inspired by the above work, here we propose a scheme to achieve nonreciprocal me-
chanical squeezing in a hybrid Kerr-modified CMM system. The magnon Kerr effect en-
ables mechanical squeezing to occur when the magnetic field is applied in one direction
but not in the opposite direction. We investigate the influence of the magnomechanical
coupling strength and magnon frequency detuning on the nonreciprocal squeezing behav-
ior, demonstrating that ideal nonreciprocal squeezing is achievable within experimentally
feasible parameters. Furthermore, we examine the effects of intrinsic losses and thermal
noise, showing that the proposed scheme remains robust against both types of dissipation.

This paper is organized as follows. In Sect. 2, we introduce the hybrid Kerr-modified
CMM system, driven by two-tone laser, and present the system Hamiltonian in detail.
In Sect. 3, we analyze the dynamical evolution of quantum fluctuation in the system. In
Sect. 4, we explore nonreciprocal mechanical squeezing and provide a detailed discussion
of its underlying physical mechanism. Finally, we give a brief summary of our work in
Sect. 5.

2 Model and Hamiltonian
We consider a hybrid Kerr-modified CMM system as shown in Fig. 1(a), which consists
of a microwave cavity, and a YIG sphere supporting a Kittle mode is positioned in a static
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Figure 1 (a) Device sketch of Kerr-modified CMM system. The YIG sphere is placed in a microwave cavity and
the two-tone laser directly drives the magnon mode of the YIG sphere to obtain squeezing. In addition, the
Kittel mode is driven by a magnetic field, and by changing the driving direction of the magnetic field, the
positive and negative of Ky can be changed, leading to the generation of nonreciprocal phenomena. (b)
Frequency spectrum of the hybrid Kerr-modified CMM system

magnetic field By. The Kerr magnon in the Kittel mode of the YIG sphere couples to mi-
crowave cavity photons via magnetic dipole interaction and to the vibrational phonons of
the YIG sphere via magnetostrictive interaction, respectively. The magnon mode is driven
by a two-tone laser with different amplitudes E and frequencies w.. The total Hamilto-
nian of the system (in the unit of / = 1) is given by

H= HO + Hl(err + Hint + Hd: (1)
where
Hy = wsa’a + wpb'b,

HKerr = mele + I(()(WITI’V[)Z,
Hine = gi(@a'm +am’) + ggm'm(b" + b),

Hy = (E,e”' + E_e7 ™" + Hec.

Here a (a'), b (b"), and m (m") are respectively the annihilation (creation) operators of
photon, phonon and magnon, which satisfying the commutator relation [o,07] =1 (o =
a,b and m). w,, w, and w,, are the frequency of cavity mode, mechanical mode and Kittel
mode, respectively. The coupling strength between the cavity mode and the Kittel mode,
denoted by g,, and the magnon-phonon coupling strength, denoted by g;. In the absence
of an external driving field, the magnomechanical coupling strength g, is typically weak.
However, it can be enhanced by applying a driving field to the Kittel mode. Here, two
lasers with the frequency . = w,, = w;, and the amplitudes E are employed to drive the
Kittel mode. The K term describes the magnon Kerr nonlinearity in the Kittel mode of
the YIG sphere, which is caused by magnetocrystalline anisotropy. Experimentally, the
Kerr coefficient Ky, which is inversely proportional to the volume of the YIG sphere, can
be tuned within the range of 0.05 to 100 nH by varying the sphere’s diameter from 1 mm
to 100 pm and adjusted positively or negatively by changing the direction of the applied
magnetic field [19, 32]. In other words, when the magnetic field is aligned along the crystal
axis in the direction [100], K is positive. Conversely, when the magnetic field is aligned
along the crystal axis in the direction [110], K, is negative.
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By incorporating considerations of mechanical damping, cavity decay, and environmen-
tal noise, the dynamics of the CMM system can be described by the following nonlinear

quantum Langevin equations (QLEs)

. , Ka ,

a=—(iw, + E)u — i@, M + \/KaGiy,

; , Vb . +

b= —(iwp + ?)b —igym'm+ \/Ypbip,

= —(io + %")m —igym(b' + b) — 2iKom' mm

—ig,a — i(E,e” " + E_e™ ") + Jic,myy,, 2)
where «,, v, and k,,, respectively, represent the decay rates of cavity mode, phonon mode,
and Kittel mode. o;, is the input noise operator corresponding to the three modes with the
nonzero correlation functions [58]

(OO, (@) = (ng + 13— 1),

(oo (0)) = ny8(¢ = 1), 3)
where 1, =[exp(hw, /kgT) — 1]7! is the mean thermal excitation number of three modes
when the environmental temperature is T, and kg is the Boltzmann constant.

The standard linearization relation can be employed to rewrite the operators in the form
of the steady-state mean plus quantum fluctuation (i.e., & = &, + o). Substituting this into
Eq. (2) yields:

8= —(iwa + %“)aa — g8 + [Radin,

8bh= —(iwp + %)(Sb —igy(m;ém + mm') + /Vpbin,

81t = —i{wn + gy(b7 + b) + 2A16m — %’”m —iAsm’

—ig,8a — igymy(8b" + 8b) + /KM, ()
and

) ) Kq .
as = —(iw, + g)as — igam,

m=w%+%m—mwﬁ

. . K . .
titg = —[i(wm + Ap) + Em]ms — igaa — igymy(b} + by)
—i(E e "+t 4 E_e7i-t), (5)
where Ay = 2Ky|m;|? is the frequency shift caused by the Kerr effect. Since the ampli-
tude of the Kittel mode is dominant at the two-tone drive frequencies m.., we assume that

my(t) ~ m, e+ + m_e”-! and ay(t) ~ a,e”+! + a_e~®-!. Moreover, since the magnome-

chanical coupling g, is very small in the current CMM experiment, the g, (b} + b,) term in
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the above equation can be ignored. In this way, we obtain the mean amplitudes m., which

are associated with the Kittel mode:

E.
_ ©)
8a
wr—wg+i g

my =
Ty + Ap + g -

To simplify the calculation, the linearization Hamiltonian can be obtained from Eq. (4).
Furthermore, using the rotating frame U = e~fl¢a@’a+m'm+o,b'blt \yo can obtain the lin-

earization Hamiltonian in the interaction picture

Hyg = (A + 200)8m'Sm + g,(8adm’ + 8a'sm) + [5m'(G,8b" + G_5b)
+8m' (e 2 G, 8b + ¥ ' G_5b") + H.c], (7)

where A, = w,, — w, is the detuning of the Kittel mode frequency with respect to the cavity
mode frequency. G4 = g,my represent the effective magnomechanical coupling strengths
associated with the drive fields. Without loss of generality, we assume G > 0 to be real.

3 Dynamics of quantum fluctuations
Now, to further study the dynamics of quantum fluctuation, since &), g2, G+ << wp, using
the rotating wave approximation (RWA), the above equation can be written in the form of

linearization QLEs
. Ka .
Sa = —7811 — ig,0m + \/Kin,
8h = —%Sb —i(G_8m + G,5m') + /Tpbin,
81t = —[i(Ap + 2A0) + %m]am —inSmt
—iga8a — i(G_8 + G.8y) + /KMy )

in order to investigate mechanical squeezing, we define a pair of quadrature operators of
quantum fluctuations and their corresponding noise operators as §X, = (8o + 8o 7)/v/2,
8Y, = (8o —857)/ix/2, and Xo,,, = (Oin + oin /N2, Y, = (Oin— on)/iv/2, all quadrature op-
erators can be represented as column vectors u(¢) = [§X,(£), 8Y,(¢), §Xp(¢), § Yy (£), 8 X, (E),
8Y,u(O1F, and N(&) = [\/KaXayr /KaYass /V6Xbins V6 Ybir 6 Xmiy» /9m Yy 17 Then,
the linearized QLEs in Eq. (8) governing the dynamics of the quantum fluctuations can be
written in a compact form [59]

a(?) = A(H)u + N(2), %)

where A(?) is the drift matrix is given by

—fa 0 0 0 0 g
0 -k 0 0 g 0
ap-| 0 © -5 0 0 G.-G, 10)
0 0 0 —B -(G_+Gy) 0
0 g 0 G_- G+ KTm Am + Ak
-g 0 —-(G_+@G,) 0 A, —3A; -
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The linearized evolution of quantum fluctuations and the zero-mean Gaussian property
of quantum noise result in the asymptotic quantum state of the system evolving into a
Gaussian state that is independent of the initial state [60]. This asymptotic quantum state
can be characterized by a 6 x6 covariance matrix (CM) V, with the elements of which are
defined as follows:

Via = (u(@)u(t) + wi()ug(t)) /2. (11)
The CM V can be obtained by solving the Lyapunov equation directly,
V=A®)V@) + VIOA®)T + D, (12)

here, the symbol D represents the diffusion matrix D = diag[«,(2n, + 1),x,(2n, + 1),
ve(2np + 1), vp(2np + 1), 6,21y, + 1), k,,(21,, + 1))], whose elements are related to the noise
correlation function and are typically defined by 8(¢ — ¢')Dy; = <nk(t)n1(t’) + nl(t/)nk(t)> /2.
Furthermore, in order to guarantee the stability of the system, in accordance with the
Routh-Hurwitz criterion, it is essential to ensure that all eigenvalues of the matrix A(¢)

have a negative real part [61].

4 Nonreciprocal mechanical squeezing with Kerr effect

Next we are interested in investigating the properties and the phenomena of mechanical
quadrature squeezing, according to the Heisenberg uncertainty principle the degree of
squeezing can be defined in the dB unit

(50?)
S=-10 loglo W, (13)

where (80%) =1 (0=X,Y) is the vacuum fluctuation, and (§0?) denotes the diagonal
element of the covariance matrix. When S > 0, it means that the corresponding mode is

vac

squeezed, and when S > 3, strong squeezing is generated.

In order to study nonreciprocal squeezing, the following parameters are employed in
experimentally accessible manners [3, 11, 62]: @, = 2m x 10 GHz, w;, = 27 x 30 MHz,
Kg = Km = 2w MHz, y, = 2m x 100 Hz, g = G_ = 27 x 3 MHz, T = 10 mK. To achieve
nonreciprocal mechanical squeezing in the hybrid Kerr-modified CMM system, i.e., the
mechanical squeezing can be generated by driving the Kittel mode along the crystal axis
[110] but not the [100], we numerically calculate the variance of the phase quadrature of
the mechanical mode (SX;,2) and the evolution of the steady-state variance is plotted in
Fig. 2. The red line and green line represent the variance for the Ky < 0 and K > 0 cases,
respectively. It is evident that the variance of the quadrature of the mechanical mode is
squeezed when the direction of the driving Kittel mode is [110]. However, when the direc-
tion of driving Kittel mode is [100], no mechanical squeezing occurs. That is, nonrecip-
rocal mechanical squeezing can be achieved in this hybrid Kerr-modified CMM system.
Furthermore, it is possible to achieve a mechanical squeezing of greater than 3 dB in dif-
ferent directions by selecting the appropriate parameters. This phenomenon is related to
the anti-Stokes sideband cooling corresponding to the red detuned driving field, the more
detailed examination of the physical mechanisms will be provided in the subsequent dis-

cussion.
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Figure 2 The time evolution of the variance of the phase 25
quadrature of the mechanical mode (8X,%) with A, < 0 and ii i 8
A > 0.The parameters are G; = 0.96G_, Ay = 0.5wp and 2
Ap =5wy. See text for other parameters. The blue region of —~15
the graph represents the area below the quantum noise ;;
limit, indicating the presence of quantum squeezing in this =
region. This figure highlights the difference in the time
evolution of the mechanical mode’s phase quadrature 0.5
variance under different Ay conditions 0
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Figure 3 (a) The degree of squeezing S and (b) The population number of the mechanical mode versus the
ratio of effective magnomechanical coupling strengths G,/G_ with Ay >0, Ay =0and A, <0.The
parameters are Ay =0.3wp and A, = wp. The other parameters are the same as those in Fig. 2. This figure
shows how the squeezing and population dynamics of the mechanical mode depend on the relative
magnomechanical coupling strength ratio with different Ay

In order to illustrate the impact of the effective magnomechanical coupling strength on
the degree of squeezing, we plot the variation of mechanical squeezing with the ratio of
coupling strengths in Fig. 3(a). It can be seen that regardless of whether the value of A
is positive or negative, the mechanical squeezing increases and then decreases with the
ratio of G,/G_. Furthermore, it can be demonstrated that there exists an optimal ratio that
maximises the degree of squeezing. This phenomenon can be attributed to the competitive
relationship between the squeezing and cooling. The population number of mechanical
mode is plotted as a function of the ratio of G,/G_ in Fig. 3(b). It can be observed that
as the G, /G_ ratio increases, the cooling effect of the oscillator diminishes until it cannot
be effectively cooled to the ground state. This is one of the factors that contributes to the
variability in the degree of squeezing.

The mechanism by which two-tone driven fields influence the physical process in Fig. 3
can be described in detail as follows: the effective Hamiltonian resulting from the RWA is
derived from Eq. (8), by introducing the Bogoliubov mode corresponding to the mechan-
ical mode 88=cosh(r)sb+sinh(r)8b", where r is squeezing parameter defined by tanhr =
G./G_. The direct magnetostrictive force between the Kittel mode and the phonon mode

of the YIG is given by the following equation

Hie = G(Sm' 38 + 5msp"), (14)

Page 7 of 12



Wu et al. EPJ Quantum Technology (2024) 11:88 Page 8 of 12

(a) A >0 A =0 A <0 (b)
- ideal nonreciprocal area
15 1
=)
=z
o0 10
E )
g 2 |2 i
S s 5
n 2 2
= =
=] =] L/
0 0
-5 0 5 -5 0 5
Am/wb Am/wb
Figure 4 (a) The degree of squeezing S of the mechanical mode versus the magnon frequency detuning
Ap/wp with Ag >0, Ay =0and Ay < 0. The regions of the dotted line are unstable areas. (b) The chiral
factors for mechanical squeezing as a function of detuning A,/wp, and the blue areas represent the ideal
nonreciprocal areas. The parameters are Ay = 0.5wy and A, = 5wy. The other parameters are the same as
those in Fig. 2. This figure demonstrates how the mechanical mode squeezing and the chiral factors evolve
with Ak

where G = \/m is the coupling strength between Bogoliubov mode and Kittel mode.
The above equation represents the well-known beam-splitter-like interaction in sideband
cooling. It can be demonstrated that the Bogoliubov mode j can be cooled by the magnon
dissipation «,, according to the reservoir engineering mechanism. However, the competi-
tion arises from the interplay between the increase of the squeezing parameter r and the
reduction of the beam-splitter-like interaction strength G as G, increases. Consequently, a
trade-off between these two competing factors results in the optimal degree of squeezing.

In addition to the influence of effective magnomechanical coupling strengths G, and
G_ on mechanical squeezing, the change of detuning also affects nonreciprocal squeez-
ing. This is demonstrated in Fig. 4(a), which plots the degree of squeezing as a function of
detuning in different magnetic field drive directions. The blue line represents the degree
of mechanical squeezing of the mode in the absence of the Kerr effect, that is, when K = 0.
The green and red lines represent the mechanical squeezing that occurs when the mag-
netic field drives the Kittel mode along the crystal axes [110] and [100] directions, (i.e.,
A >0 and Ay < 0) respectively, which demonstrates the nonreciprocity of the mechan-
ical squeezing. It should be noted that in order to determine the stability of the system,
there are regions of unstability in the system when both Ky > 0 and Kj < 0. This can be
demonstrated by applying the Routh-Hurwitz criterion. Moreover, in order to provide a
quantitative description of the nonreciprocity of mechanical squeezing, we introduce the

chiral factor C as follows

| S(Ak>0)-S(Ar<0)

TS (A>0)+S(Ar<0) | (15)

where chiral factor C should be within the range of 0 to 1, corresponding to weak to strong
nonreciprocity of mechanical squeezing. When C = 1, this represents the ideal nonre-
ciprocal case. In Fig. 4(b), the chiral factor C is plotted against the frequency detuning
A, here the blue region represents the ideal nonreciprocal area, which occurs when the
amount of detuning is sufficiently large. Additionally, the ideal nonreciprocal area also
occurs when the detuning is approximately equal to zero, which corresponds to the un-
stability area in Fig. 4(a). It is evident that the chiral factor is significantly correlated with
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Figure 5 The degree of squeezing versus the dissipation of cavity mode k4, and damping of mechanical
mode yp with Ag >0, Ay =0and Ay < 0. We take Ay =0.1wp and Ap, = wp. The other parameters are the
same as those in Fig. 2. The contour lines with values of 0 and 3 correspond to the range where squeezing
exists (S > 0) and the region where strong squeezing occurs (S > 3), respectively. The figure demonstrates
how the degree of squeezing is influenced by the cavity dissipation and mechanical damping under varying
Ay conditions
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Figure 6 The degree of squeezing versus temperature T and the ratio of effective magnomechanical
coupling strengths G4/G- with A >0, Ay =0and Ay < 0. The other parameters are the same as those in
Fig. 5. The blank areas represent the regions where no squeezing occurs

detuning, and the chiral factor C can be altered from 0 to 1 by varying the detuning. This
demonstrates that the ideal nonreciprocal squeezing effect can be achieved in our scheme
by modifying the frequency detuning of the Kittel mode.

From a practical standpoint, the dissipation is an unavoidable consequence in the CMM
system. Nevertheless, given that the magnon mode decay rate remains relatively con-
stant for a YIG sphere constrained by intrinsic loss, we will now focus on the influence
of the dissipation of the cavity mode and the damping of the phonon mode on mechan-
ical squeezing. Experiments have shown that varying the environmental pressure (e.g.,
operating in vacuum conditions) can minimize mechanical damping [63]. Additionally,
using superconducting or high-reflectivity coatings can minimize dissipation of cavity,
thereby improving the cavity’s quality factor [64]. In Fig. 5, we plot the steady-state degree
of squeezing S versus the decay rates «, and y;. It can be seen that mechanical squeezing
can be achieved over a wide range of k, and y;, regardless of the value of Ky. Furthermore,
when Ay is negative, the system’s dissipation requirements are most relaxed, and strong
mechanical squeezing can be observed even within a wide range of parameter values. In
addition to the losses of the system, another factor that has a non-negligible impact on the
system in practice is the temperature. We plot the variation of mechanical squeezing with
temperature and coupling ratio G,/G_ in Fig. 6. Similar to the effect of system’s dissipa-
tion on squeezing, mechanical squeezing is most robust to temperature when Ay < 0, even

Page 9 of 12
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near 0.9 K. The preceding discussion demonstrates that by selecting parameters that are
experimentally feasible, our scheme can achieve nonreciprocal mechanical squeezing in
practice. In comparison to the previous scheme, which employed the Sagnac—Fizeau effect
to generate nonreciprocal squeezing [54, 55], the present approach achieves a higher de-
gree of mechanical squeezing and demonstrates greater robustness against thermal noise

and system dissipation.

5 Conclusions

In conclusion, we have investigated the nonreciprocal mechanical squeezing in a hybrid
Kerr-modified CMM system. The Kerr effect enables nonreciprocal mechanical squeez-
ing by applying a magnetic field to the Kittel mode of the YIG sphere from different direc-
tions. Our scheme has demonstrated that both the effective magnomechanical coupling
strengths and frequency detuning have a large impact on mechanical squeezing. Further-
more, the influence of the system dissipation and the external environment on mechanical
squeezing can be significantly reduced with the appropriate system parameters. Notably,
all the chosen parameters are experimentally feasible and enable the realization of strong
mechanical squeezing, exceeding the 3 dB standard quantum limit. Consequently, this
work offers a valuable tool for investigating quantum nonreciprocity and provides a novel

approach for advancing quantum precision measurements.
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