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Analog Photonics Computing for Information Processing,

Inference, and Optimization

Nikita Stroev and Natalia G. Berloff*

This review presents an overview of the current state-of-the-art in photonics
computing, which leverages photons, photons coupled with matter, and
optics-related technologies for effective and efficient computational purposes.
It covers the history and development of photonics computing and modern
analogue computing platforms and architectures, focusing on optimization
tasks and neural network implementations. The authors examine
special-purpose optimizers, mathematical descriptions of photonics
optimizers, and their various interconnections. Disparate applications are
discussed, including direct encoding, logistics, finance, phase retrieval,
machine learning, neural networks, probabilistic graphical models, and image
processing, among many others. The main directions of technological
advancement and associated challenges in photonics computing are explored,
along with an assessment of its efficiency. Finally, the paper discusses
prospects and the field of optical quantum computing, providing insights into

Also, Moore’s law usually comes with sev-
eral essential indicators, such as the pro-
cessor’s thread performance and clock fre-
quency, which reached the point of satu-
ration much faster than the density of the
transistors. All of these factors limit the
scaling performance of modern comput-
ers. However, there are other reasons for
the saturation of conventional computing
power growth, which are the consequences
of Moore’s law. For example, increasing the
number of transistors allows one to obtain
more powerful systems. Still, the process-
ing speed will inevitably decrease with the
concomitant increase in heat production,
while increased energy consumption is con-
nected with the growth of the performance.

the potential applications of this technology.

1. Introduction

In 1965, Intel co-founder Gordon Moore formulated an empir-
ical observation that the number of transistors in a micropro-
cessor will double nearly every two years, the statement which
is known as Moore’s law.['?] This prediction was followed by the
forecast of reaching a saturation point by 2015. The progress of
conventional computer architectures was very close to Moore’s
vision, and reaching the saturation point was just a matter of
time. The miniaturization of silicon transistors recently managed
to break the 7-nm barrier, which was believed to be the limit.
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Another critical issue is the so-called von

Neumann bottleneck,®) arising from the ar-

chitecture design. It refers to the computer

system throughput limitation due to the

characteristic of bandwidth for incoming
and outcoming data.*3] All these issues pose severe prob-
lems to the future of conventional computer development. As
a result, the alternatives to von Neumann systems started to
emerge.[67]

One turns to alternative hardware architectures and purpose-
built devices to keep up with the scaling performance. As such,
universal quantum computing promises to decrease the algorith-
mic complexity of solving challenging tasks by exploiting the en-
tangled states. However, in contrast to this high-risk and high-
reward strategy (also discussed below in the optical setting), there
is an option to replace electrons with photons but remain in the
scope of classical or classical with a transient quantum coher-
ence regime of optical computing. The motivation for such tran-
sition is clear since photons move at the speed of light, have
low heat production, have high density and can be efficiently
coupled to matter to exploit nonlinear behaviors. Moreover, op-
tical technologies have matured and entered our everyday lives,
such as fiber optic channels that carry the global traffic of infor-
mation or optical readers of compact disks. However, the con-
version of photons into electrons is required for compatibility
with complementary metal-oxide-semiconductor (CMOS) archi-
tectures. Such conversion takes a significant portion of energy,
slows down the overall process of information processing, and
presents a severe technological bottleneck in this type of hybrid
technology.

Despite these difficulties, optical hardware is exploited in
computing devices. For example, different application-specific
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photonic hardware can operate on a reasonable scale in data
centres for heavy machine learning (ML) applications and
large-scale optimization. Moreover, neural network (NN) archi-
tectures are nearly ideally suited for optical hardware with the
potential to achieve high efficiency, fast computing times, and
low energy consumption due to the desired physical properties
of the photonic systems. Nevertheless, at this point, optical
computing can not be associated with mainstream technology.
It is unlikely that optics will ever replace electronics as the uni-
versal platform in the foreseeable future. The additional reason
is the technological inertia accumulated through the years by
significant investments in CMOS technologies. Partially, the
rapid development of what we call conventional computers in
the early years led to an ever-increasing gap with computing
using photonics, which will occupy its own place in the domain
of application-specific hardware.

There are many excellent reviews on the topic of optical com-
puting. The challenges of modern computing and new opportu-
nities for optics are discussed in Ref. [8]. This work presents the
latest research progress of analogue optical computing, focusing
on three main directions: vector/matrix manipulation, reservoir
computing (RC) and photonic Ising machine. Moreover, it cov-
ers the topic of computing efficiencies, such as the ratio of per-
formance and power dissipation and the error/precision inter-
play of such hardware. Another excellent review considers ana-
logue optical computing in the context of artificial intelligence
(AI) applications.®! This work provides an overview of the latest
accomplishments of optical computing, considering the realiza-
tion of different Al models and NN paradigms. One can find ad-
ditional information in other reviews,['%-16l which appeared due
to the recent interest in deep learning (DL) methods and their
success in many domains.

What differentiates our review from those listed above is that
we treat analogue optical computing using the concept of uni-
versality of the underlying dynamical systems description. The
advantage of optical computing comes from ultrafast emulation
of the dynamics.['”] We focus on physical optimizers that exploit
bifurcation dynamics and threshold operation and aim at solv-
ing nonlinear problems, therefore, going beyond the speed-up of
performing the linear operations that optics is so efficient at.

We organized our review as follows. Section 2 provides a
short history of optical computing together with the modern ana-
logue computing platforms focusing on NN implementation and
other neuromorphic systems. Section 3 discusses the special-
purpose optimizers and several examples of such devices. This
section connects the operational regimes of such machines with
the complexity classes and addresses the scalability of this ap-
proach. Section 4 focuses on the physics of optical computing
devices based on laser networks, optical parametric oscillators
(OPOs) in fiber, photon or polariton networks, as well as their
mathematical models. The second part of this review investi-
gates the mathematical structures of different assignments and
their emulation by the physical systems. The following Section 5
lists a wide range of possible applications across different ap-
plied domains. The final part consists of our subjective perspec-
tive on the future technological development of optical com-
puting field in Section 6 and passing remarks about quantum
optical devices in Section 7. Finally, Section 8 summarizes the
results.
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2. Analog Optical Computing

Modern technologies demand vast data flows, creating various
challenges for the development of the semiconductor industry
and pushing classic electrical circuits to their physical limits.
The developments range from more mainstream such as opti-
cal components that can be integrated into traditional computers
or play the role of specific hardware, dealing with computation-
ally heavy tasks or supplementing such calculations, to ambitious
ones, such as all-optical digital computer architecture.

2.1. Brief Prehistory of the Optical Computing

Although optical computing is an emerging technology that has
gained more momentum over time (especially considering the
popularity and efficiency of the latest data-driven approaches),
many significant advances have been made in previous decades.
Therefore, before describing the particular systems, their advan-
tages and their applications, we briefly discuss the progress that
enabled the future developments. More information and addi-
tional details can be found in Ref. [18].

The generic optical processor architecture comprizes three
plane parts: the input, the processing and the output planes. Early
on, the input plane was a fixed image slide with its later change
to a spatial light modulator (SLM), introduced to perform the in-
put signal conversion. The processing plane can be composed of
lenses, nonlinear components, or holograms, while the final out-
put part is composed of photodetectors or a camera.

The first promising applications for optical processors were
pattern recognition tasks, which influenced the prototypes of op-
tical correlators. The simple architecture called 4-f was based on
the work on spatial filtering, see.!'”! The Fourier transform prop-
erty of a lens is the standard function of many optical computing
schemes, taking advantage of the speed and parallelism of light.
The second type of correlator architecture was presented in 1966
by Weaver and Goodman,!?"l which is called the joint transform
correlator (JTC), see Figure 1.

Before 1950, there were significant steps in development of
optical technologies such as the theory of image formation in
the microscope,!?!! developed by Abbe, the development of phase
contrast filter by Zernikel??] and the appearance of the informa-
tion optics after Elias Snitzer in 1952.122241 Other major inven-
tions of that period were holography (by Gabor,1948)!%] and the
development of the laser in 1960.126%7] The consequent intro-
duction of the off-axis hologram allowed the separation of the
different terms of the reconstruction solving 3D reconstruction
tasks!?82%! in 1962 by Leith and Upatnieks, which basically led to
practical holography and was further enhanced by Lohmann, cre-
ating the first computer-generated hologram/3®3!l in 1966. Early
SLMs were based on the Pockels effect with few prospective
devices.’23*] Liquid crystal technology is the most commonly
used technology for SLMs today. Another significant step was the
invention of the first optical transistor,!*] the hope for small in-
tegrated circuits.

The period from 1980 to 2004 was vibrant and productive. Ac-
tive progress was going in the field of holography, particularly
new encoding methods and the point-oriented methods were de-
veloped to achieve high quality and high diffraction efficiency
optical reconstructions of the computer-generated holograms.3¢!
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Figure 1. The optical setup of the joint transform correlator (JTC). Reproduced with permission.['®] Copyright 2010, de Gruyter Academic Publishing.

More than 50 types of SLM were introduced in the eighties
and nineties.*”] Optical transistors presented another active area
of research with the appearance of the micro-electromechanical
systems (MEMS) technology.*®! Vertical-cavity surface-emitting
lasers (VCSELs) and the self-electrooptic effect devices entered
the markets in 90s.%%] In general, many aspects of modern opti-
cal interconnections and their components were introduced and
studied during this period.

The optical technologies development provided the necessary
experience in the capabilities of the optical devices and led to the
maturation of the experimental element base. Optical comput-
ing received a second chance after the success of so-called deep
NNs, which share many similarities with the previous neural-like
optical architectures.

2.2. Modern Optical Computing

Today, numerous research topics benefit from the progress in
optical computing; therefore, the field is no longer so well de-
fined. For example, some of the algorithms initially developed for
pattern recognition using optical processors are now used suc-
cessfully in digital computers. Other fields, such as biophotonics,
largely benefit from past optical processing research.

Transistor is the fundamental building block of modern elec-
tronic computers. Therefore, one must find an equivalent opti-
cal transistor to replace electronic components with optical ones.
To assemble such transistors into the higher-level components
to create an all-optical computer’s central processing unit (CPU),
one has to design the optical processor and optical storage and or-
ganize the optical data transfer. However, such an approach faces
many challenges, while the potential of optics in large architec-
ture consisting of higher-level components can be seen as some-
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what speculative.[*)] Among persisting problems are the scalabil-
ity of the optical logic devices due to the bad logic-level restora-
tion, cascadability, fan-out and input—output isolation, energy
consumption issues and non-miniature device footprint. More-
over, coupling these potential devices with the electrical compo-
nents will require conversion of information carried from pho-
tons to electrons, which is relatively slow and energy-consuming.

However, the development of integrated photonics
continued.!] Tt led to attempts to create linear logic ele-
ments, such as all-optical logic gates,[***}] improve the existing
optical transistors and develop new ones in the context of the
all-optical processing.[***] One can use SLM, micro-lens array
and holographic elements in free space to realize optical linear
interconnection. Such linear elements are essential components
in various optical computing devices.

Nonlinearity is another essential component in optical
schemes; however, its realization meets specific difficulties as
light beams pass through each other unperturbed in a pure vac-
uum. To force these beams to interact, one has to set up a high-
energy experiment, which is challenging to realize in practice.
There are two other ways to realize the nonlinearity: introduce
the digital readout mechanism, implemented by the charged-
coupled device, send it to a computer with further nonlinear pro-
cessing before feeding it back to SLM, or develop fully optical
nonlinear activation materials with high enough intensity of the
beams (utilising absorption, refraction or scattering processes).
Nonlinearities can be divided into local (as needed in neural ar-
chitectures) and global systems (such as RC systems, see below).
Combining the linear and nonlinear elements led to the develop-
ing of specialized isolated devices. As a result, optical computing
research has seen a resurgence in activity, centring around new
developments in photonic hardware accelerators and neuromor-
phic computing.
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Neuromorphic computing usually denotes the use of in-
tegrated systems to mimic neuro-biological architectures. Al-
though it is very close to the domain of AI, with the stress on
the word “artificial”, which deals with the intelligent designed
machines or agents, we will use neuromorphic computing in
the general sense to describe any neural systems, be it brain or
nature-inspired or artificially designed. Modern key focus areas
are trying to emulate the neural structure and functionality of the
human brain, including probabilistic computing, which incorpo-
rates uncertainties. Optics has required ingredients to emulate
NNS.[13'46]

2.3. Optical Neural Networks

Optics has long been considered as a promising technology for
implementation of matrix multiplication and interconnects. Ar-
tificial neural networks (ANN) have been widely exploited for
industrial and fundamental applications, and this new techno-
logical demand created a renewed case for photonic NNs. Al-
though most ANN hardware systems are electronic-based, their
optical implementation is promising because of their built-in par-
allelism and low energy consumption. Disparate ANNs vary by
types of constituent elements, mathematical operations and the
architecture used. In photonic ANNs, the mathematical opera-
tions are mapped to the characteristics of optical propagation set
by programmable linear optics and nonlinearity. A scalar synap-
tic weight describes pairwise connections between artificial neu-
rons. At the same time, the layout of interconnections can be
given as a matrix-vector operation, where the input to each neu-
ron is the dot product of the output from connected neurons with
assigned weights.

Photonic realizations of ANNs fall into three categories.
First, free-space systems rely on diffraction, Fourier transforms,
etc.[*8] They have high scalability and can simultaneously pro-
cess large numbers of neurons but suffer limited connectiv-
ity. One example is a reconfigurable, scalable two-layer NN for
the classifying phases of a statistical Ising model.[*! Second,
SLMs program linear operations and Fourier lenses implement
the summation by collecting the light power encoded signal.
However, in the case of free optics, the nonlinear optical acti-
vation functions are realized in a complicated manner, for ex-
ample, with the laser-cooled atoms with electromagnetically in-
duced transparency.[*! Finally, on-chip designs based on wave-
length multiplexingl®®! or beamsplitter meshesl®! can achieve
programmable all-to-all coupling but need to scale better. One
on-chip design was proposed in Ref. [52], where the optical plat-
form takes advantage of encoding information in both phase and
magnitude, thus making it possible to execute complex arith-
metic by optical interference, which suits performing handwrit-
ing recognition tasks. Mach-Zehnder Interferometers (MZIs)
can perform many functions, such as dividing and modulating
the light signals, separating the reference and the main light
beams, and implementing a complex-valued weight matrix.

Tunable waveguides can multiply optical signals, while
wavelength-division multiplexing can add signals. Wavelength-
division multiplexing can be achieved by the accumulation of car-
riers in semiconductors, >33 electronic currents,*>>¢! or photon-
induced changes of the material.’’} To achieve the full po-
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tential in on-chip architectures, one must require long-range
connections between neurons, assisted by photonic waveguides
that outperform metal wires connections of conventional elec-
tronics but fall behind free-optics solutions. In particular, sil-
icon photonic platforms demonstrated efficient neuromorphic
architectures.>*135] Coherent input light can be transformed us-
ing an array of beam splitters and phase shifters.’! This is done
by assigning inputs to different waveguides and modulating their
power. Another approach to weight configuration is modulating
the effective refractive index of signal-carrying waveguides. Non-
volatile synapse implementations, also known as all-optical, do
not require electrical inputs for tuning. Instead, they use opti-
cally induced changes in chalcogenide materials to control light
propagation in waveguides.[*®) This could lead to improved heat
dissipation.

A scheme based on homodyne detection has several scaling
advantages over on-chip approaches. It has linear chip-area scal-
ing and constant circuit depth.[®] The input vector is encoded
onto a pulse train and fanned out to an array of homodyne detec-
tors. Each detector computes a product between the input and a
row of a matrix encoded into optical pulse trains. The accumu-
lated charge on the homodyne detector performs matrix-vector
multiplication. The output is sent through an electrical nonlin-
earity and converted back to optical signal using a modulator.
The advantage of the homodyne detection scheme is that the ma-
trix elements (weights) are encoded optically and can be dynami-
cally reconfigured. This procedure requires a reduced number of
photonic components: the number of modulators, detectors, and
beamsplitter grows linearly with the number of neurons. The ho-
modyne detection architecture can be parallelized to implement
general matrix-matrix multiplication by routing the light out of
plane.[®¥ This is useful in practical NNs that reuse weights (either
natively in convolutional layers or through batching).

Nonlinearity in ANN is required to implement the threshold-
ing effect of the neuron. Some photonic devices exhibit nonlin-
ear neuron-like (gate-like) transfer functions. However, the chal-
lenge is to achieve cascadability. Photonic neurons need to be able
to respond to multiple optical inputs, apply a nonlinearity, and
produce an optical output that can drive other photonic neurons.
Integrated photonic solutions use either optical/electrical /optical
(O/E/O) or all-optical design to achieve such cascadability. In the
O/E/O approach, nonlinearities may be introduced during the
E/O conversion stage by employing lasers, saturated modulators
or photodetector-modulators!®!) or in the electronic domain only
(e.g., the nonlinear behavior of spiking photonic neurons can be
achieved using a superconducting electronic signal pathway.[®])

NN architectures can take different forms: feed- and back-
forward, layered and recurrent, spiking or continuous etc. Dif-
ferent neural models have unique signal representations, train-
ing methods, and network topologies. Weight configurations can
differ depending on the training type: supervised training, un-
supervised or programmatic “compilation.” Topology describes
the graph structure of neuron connectivity, and often it is ad-
vantageous to ANN operation to constrain the topology to guide
weight configurations. Therefore, hardware implementation
details may differ between different ANN, while the key technolo-
gies necessary for practical realization include active on-chip elec-
tronics and light sources. Many photonic architectures have al-
ready been demonstrated: recurrent ANN, continuous-time and

© 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

85U8017 SUOWIWOD A0 3(qeol(dde au Aq peusenob afe sejonte O 8sn Jo sejni Joj AriqiT8uluO 8|1/ UO (SUONIPUOD-pUe-SWeY W0 A3 1M Afeiq 1 [eul|uo//SAny) SUONIPUOD pue swie 1 8y} 89S ' [£202/60/0T] Uo AriqiTauliuo ABjIm ‘Auewes aueiyood Aq S5000£202@INb/z00T 0T/10p/o0 A8 im Areiqiul|uo//sdny woly papeojumoq ‘6 ‘€202 ‘Y06TTSE


http://www.advancedsciencenews.com
http://www.advquantumtech.com

ADVANCED
SCIENCE NEWS

ADVANCED
QUANTUM
TECHNOLOGIES

www.advancedsciencenews.com

www.advquantumtech.com

(0 YK
(a) x© XK
.
M
n
=
Copies of x® Combiner Multiplier, Nonlinear Readout, Conversion
(b) . (beam splitter) integrator function i: serialization to optical
‘J“U\Jh\ :
[ .
PAU = | R+
LA YT
H)A\ﬂ/\j\/\ 8 ‘J\M 4 Source ‘(\M\M
I ' JUU
Input S . AP L e Output
“J‘u\.ﬂf\ ----------------
7 A —— — — -4 S [ l S B A e et P
Ul
L] m ;
__________________________________________ — D A
s = S = O >
Weights = = = | =| = wll,_/ - b
A k) Ak G
Al( )Az( ). AN'( )
— ~ _
Optical signal Electronic signal Optical signal

Figure 2. a) One layer of an optical NN with k layers consists of matrix-vector multiplication (grey) and non-linearities (red). b) One-level implementation.
Matrix multiplication is performed by combining the input and weight signals and performing balanced homodyne detection. The final signals are sent
through a non-linear function (red), serialized, and sent to the following layer’s input. Reproduced with permission.[®] Copyright 2019, American Physical

Society.

programmed by compiler;*"! feed-forward, single-valued and ex-
ternally trained ANN;P! spiking, feed-forward ANN with both
external and local training;>’] a feed-forward multilayer ANN cre-
ated using semiconducting few-photon light-emitting diodes and
superconducting-nanowire single-photon detectors;1*>>! diffrac-
tive networks with a nonlinearity.*”) The computational tasks
solved by these platforms cover the main functions attributed to
ML and AI: image and audio recognition and classification, sim-
ulation of dynamical systems, combinatorial optimization and
many other applications, which we will discuss in Section 5.
Some of the architectures and their different experimental real-
izations are shown in Figures 2—4.

The key merit of NN hardware is the level of energy consump-
tion, which can be evaluated as petaMAC (multiply-accumulate
operations) per second per mm? processing speeds(®}! and at-
tojoule per MAC energy efficiencies.[*] In general, current op-
toelectronic hardware offers great advantages for implementing
ANN, but eliminating the electrical contribution will inevitably be
beneficial. For practical applications of neuromorphic photonic
systems, one needs to reduce heat dissipation during informa-
tion transfer between electrons and photons. Improving optical
sources, high-efficiency modulators, and photonic analogue-to-
digital interfaces can reduce the need for electronic processors.
However, current photonic platforms lack functionality such
as logic gates, high-level compilers and assemblers, analogue-
digital-analogue conversion, and memory. While photonics has
advantages in connectivity and linear operations over electronics,
on-chip memory is challenging. In-memory computing, where
processing is performed in situ with an array of memory devices
called memristors, has been established;[®%®) however, reading
and writing at high frequencies is still challenging. The recent
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trends in the development of the ANN show the increasing de-
mand to lower the power consumption of the devices. At the
same time, the requirements for parallelism and scalability re-
main the same through the years.[”] Thus, the optical domain
offers a promising solution to future hardware requirements.

2.4. Reservoir and other Neuromorphic Computing Systems

RC is a recurrent NN-based framework for computation that
maps input signals into a specific computational space of the
fixed nonlinear system dynamics. This system is usually called
a “reservoir”, and its state is passed to a simple readout mech-
anism, specifically trained to get the final output.[®] The origi-
nal concepts of RC can be traced to the liquid—state machines!®”!
and echo-state networks.[”’) Many physical systems can repro-
duce this computational framework, and the optical/photonics
domain is no exception. The extension of RC to deep hierarchi-
cal RC allows one to create more efficient models and simul-
taneously investigate the inherent role of layered composition
in recurrent structures. Another promising research direction is
to combine RC with quantum physical systems to access larger
computational space.

The idea of RC is to exploit the rich nonlinear dynamics of
controllable nonlinear systems and simultaneously overcome
the disadvantages of recurrent architectures with their challeng-
ing and time-consuming training for both hardware and soft-
ware systems. The RC training is performed only at the readout
stage, as the reservoir dynamics are fixed. This readout frame-
work enjoys the benefits of a particular photonic physical system,
such as speed or energy consumption, reducing learning costs.
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Figure 3. In fully functioned 2-layer all optical NN the first layer comprizes a linear operation by the first SLM (SLM1) which encodes a certain pattern
and a nonlinear activation function based on the electromagnetic induced transparency at magneto-optical trap (MOT). The second layer contains the
second SLM (SLM2), converting four beams into two output beams at camera C3. The collimated coupling laser beam passing lens L1 is incident on
the SLM1, which generates four beams at the focal plane of L3, which is monitored by a flip mirror (FM) and camera C1. Four beams are imaged on the
MOT through a 4-f system comprising L4 and L5. A probe laser is going opposite the coupling beam, which is imaged on camera C2 through L5 and L6.
L7 and L8 achieve further amplification. Four beams are incident on SLM2, generating two beams and then focusing on camera C3. Reproduced with

permission.[4?l Copyright 2019, Optica Publishing Group.

Another RC benefitis learning temporal (dynamic) dependencies
compared to the feed-forward architectures used for static (non-
temporal) data processing. The simplicity of the training proce-
dure in RC is attractive. However, accessing complex dynamics
without rigorous understanding can lead to many problems. Op-
erating within the RC framework usually needs extensive experi-
ments and experimental verification due to the need for a unified
theory of RC. Another disadvantage is the performance instability
due to the noise present, typical for nearly chaotic dynamical sys-
tems.

Nevertheless, many successful cases of RC are being applied to
practical problems, such as temporal pattern classification, time
series forecasting, pattern generation, adaptive filtering and con-
trol, and system approximations. Moreover, RC can be used con-
ventionally for static data processing. The first all-optical imple-
mentation of RC was demonstrated within a simple optical de-
layed feedback loop combined with the nonlinearity of an optical
amplifier.”?] Concerning the free-space optics principles, an im-
age processing task was successfully solved using a predesigned
configuration with a diffraction grating and Fourier imaging with
randomly interconnected microring resonators.”?! The reservoir
consisting of a diffractive optical element was described based on
an 8 x 8 laser array (of VCSELs) and an SLM. It showed rich dy-
namics with the potential for scaling up.[ Further modifications
of this setup with a laser illumination field and digital micro-
mirror device allowed one to realize the large-scale RC scheme
with 2025 diffractively coupled photonic nodes applied to a time
series prediction task.l’! The recurrent 24-node silicon photonic
NN, in which microring weight banks configure connections,
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was programmed using a “neural compiler” to solve a differen-
tial system emulation task with a 294-fold acceleration against a
conventional benchmark.>"]

Some hybrid architectures, such as opto-electronic devices,
similarly benefit from the RC concept. For example, excellent per-
formance has been obtained for speech recognition,!”*# chaotic
time series prediction,””7*%% and radar signal forecasting,®!!
with the operating speed in the megahertz range and the poten-
tial to increase it to gigahertz speed, at the same time preserving
the state-of-the-art numerical accuracy. Additional cases of suc-
cessful RC have been reported in literature.[®®7652] We will con-
sider the NN and RC architectures cases involving quantum ef-
fects in Section 7.1. Another example is illustrated by Figure 5.

3. Nonlinear Optimization with Optical Machines

Problems that can be solved by optical hardware cover a wide
range of optimization problems: linear and nonlinear in binary,
integer, real or complex variables, with or without constraints.
Such a general framework can include many applications across
social sciences, finance, telecommunications, aerospace, biolog-
ical and chemical industries.!®*]

Nonlinear optimization problems are quadratic to second
order around the vicinity of the optimal solution so the usual
simplification involves Quadratic Programming (QP) that
minimizes quadratic functions of variables subject to linear
constraints. Such approximation can be successfully performed
even outside the feasible solutions space. QPs can be met in the
least squares regression or as a part of a bigger problem, such
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Figure 4. Complex-valued coherent optical NN. a) Scheme with an input layer, multiple hidden layers, and an output layer. b) The schematic of the
optical neural chip in implementing complex-valued networks. The single chip performs all stages, such as the input preparation, weight multiplication
and coherent detection. The division and modulation of the light signals (i; — ig) are realized by the MZIs (red). Green MZI separates the reference light.
Blue MZIs are used to implement the 6 x 6 complex-valued weight matrix. Grey MZls are used for on-chip coherent detection. c) The workflow of the
ONC system. Reproduced with permission.[>2] Copyright 2021, Springer Nature.

as support vector machine (SVM) training. The apparent corre-
spondence between the QP objective function and 2-local spin
Hamiltonians of various physical systems allows one to map the
problem into the physical setup. Here, the variables are associ-
ated with “spins” and the objective function with a “Hamiltonian”
that encodes the interactions patterns and strengths between
spins.

A system can find the optimal solution or ground state of a spin
Hamiltonian using either quasi- or non-equilibrium regimes. In
thermodynamic equilibrium, the system may use quantum an-
nealing with a time-dependent Hamiltonian. This involves adi-
abatic evolution from an initial trivial Hamiltonian to a final
Hamiltonian encoding the original objective function. However,
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this process can become inefficient for larger systems and sophis-
ticated Hamiltonians due to a shrinking spectral gap./®!]

Many open non-equilibrium gain-dissipative systems, such
as lasers and photonic or polaritonic condensates are non-
Hermitian systems and, therefore, do not have a ground state.
Instead, they tend to minimize losses on the route to coherence.
One can use geometric analogies to describe their operational
principle as the approach of the surface of the optimization cost
function (loss landscape) from below. There are two main pro-
cesses that lead to loss minimization: bosonic stimulation below
the threshold and the coherence of operations at the threshold
responsible for the quality of the solution. After increasing the
gain to the point where it overcomes the linear losses and is
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Figure 5. a) Schematics of proposed reservoir computing (RC) architecture. The electric input signal u(t) is coded on optical pulse, 5(t) is coded by
optical modulator. The sinusoidal nonlinearity is achieved by the electro-optic conversion (F"). RC system comprizes the L-array of optical cavities with
N temporal nodes with N x L virtual nodes. Photodetectors (PDs) get the output signals from optical circuit and generate nonlinear conversion (F4*).
The digital processing unit detects signals |x|? and weights and sums them to obtain the final output y(t). b) Schematic of the waveguide layout for input
mask circuit with the three types of installations for optical connection, and c) input mask reservoir circuit. The input weights h; and reservoir parameters
can be tuned by the phase shifter, MZI and variable optical attenuator setup. Reproduced with permission.l”'l Copyright 2021, Springer Nature.

stabilized by the nonlinearity of the gain saturation, the emergent
coherent state minimizes the losses (equivalent to maximization
of the total number of particles). It hence achieves the loss
minimization mapped into the objective spin Hamiltonian. The
system elements’ resulting evolution closely resembles the Hop-
field Networks’ dynamics, proposed to be used to solve quadratic
optimization problems forty years ago.(®] Despite the successes
and alot of excitement generated back then, the optimizers based
on Hopfield networks were almost forgotten primarily due to the
high connectivity required between neurons and the concomi-
tant evolution time of the networks used by classical architecture.
Hopfield networks have recently regained interest because they
can now be emulated with physical systems such as electronic
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circuits or photonic NNs. Photonic systems have an advantage
over electronic systems because they operate on a much faster
time scale and can carry many signals through a single optical
waveguide. This means that a photonic implementation of
Hopfield networks as optimizers can have large dimensionality,
dense connectivity, and quickly converge to the optimal solution.

3.1. Spin Hamiltonians and Hard Optimization
Real-life decision or optimization problems can be challeng-

ing for conventional classical computers. These problems can
often be reformulated into finding the ground state of a spin
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Hamiltonian, which can be emulated with a simulator quantum,
classical or hybrid. The overhead in the number of additional
variables needed during this mapping is at most polynomial.
However, such spin model Hamiltonians are experimentally
challenging to implement and control. Two classes of spin
Hamiltonians are generally considered: Ising and XY. The Ising
model attracts the most attention because many challenging dis-
crete combinatorial optimization problems can be mapped into
it.8¢] The minimization of the Ising Hamiltonian with the cou-
pling matrix J (the minimization of the quadratic unconstrained
binary optimization problem (QUBO)) is formulated as

N N
min —Z z Jysisp,  subjectto s € {-1,1} (1)

i=1 j=1,<i

Going beyond quadratic would lead to a k-local spin Hamilto-
nian:

N
min — Z Qi iy iS5, Siy o+ Sy -o- S, subject to

i1y iy

5, € {-11) @)

This problem known a higher-order binary optimization prob-
lems (HOBO) appears in many contexts including including k-
SAT,!®”] number factorization,®®! computing the partition func-
tion of a 4D pure lattice gauge theory,® molecular similarity
measurement,**! and molecular conformational sampling.°!l In
the XY model “spins” are continuous vectors s; = (cos 6}, sin §))
and the quadratic continuous optimization problem (QCO) be-

comes

min — Z]ijsi -8 = rr})in - ZJU' cos(¢; —0,) subject to

ij<i ij<i
0, € [0, 27) (3)

and directly applicable for phase retrieval problems.>%°] When
phases 0; are restricted to take on discrete values 2z /n with
an integer n > 2, Equation(3) becomes the n—state Clock model
with applications in chemical materials and protein folding
research.[%]

The appearance of continuous spins is a common feature in
many optical systems because short photonic impulses can be
characterized through amplitude and phase variables. Some of
the optical hardware for ML take advantage of this feature. For ex-
ample, complex-valued NNs,[*2] or more unusual concept of ana-
logue transformations using a nonlinear set of functions were
proposed.*’]

The computational complexity of a problem is determined by
the time or number of operations required to solve it as the prob-
lem’s size increases. A problem belongs to the P class if a poly-
nomial algorithm exists for solving it. If a polynomial algorithm
exists for verifying a solution, the problem belongs to the non-
deterministic polynomial-time (NP) class. Most difficult prob-
lems in NP are called NP-complete. They are equivalent to each
other in that either all of them or none admit a polynomial-time
algorithm. A problem is called NP-complete if the existence of an
efficient algorithm for its solution implies the existence of such
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an algorithm for all NP-complete problems. If a decision problem
with a yes or no answer is NP-complete, then its corresponding
optimization problem is said to be NP-hard. This means that NP-
hard problems are not any easier to solve than the corresponding
NP-complete decision problems. The computational complexity
of the Ising model has been studied and shown to be NP-hard
for certain cases.[?®) The existence of universal spin Hamiltoni-
ans has been established, meaning that all classical spin models
can be reproduced within such a model.®”! The mapping of vari-
ous NP problems, including Karp’s 21 NP-complete problems, to
Ising models with polynomial overhead has been formulated.!®¢]

The procedure for creating “hard” instances for spin Hamilto-
nians was developed based on statistical physics, here the hard-
ness of problems is connected to a first-order phase transitionin a
system.[190-193] Indeed, even a medium size hard instance is diffi-
cult to solve on a classical computer due to the exponential growth
of operations with size. Having a unified set of optimization prob-
lems with tunable hardness is an ongoing research direction. It
will allow for an objective benchmark of classical and/or quan-
tum simulators and algorithms. Otherwise, it would be hard to
evaluate the performance of state-of-the-art platforms and meth-
ods.

Current research made a good starting point in developing
a standardized procedure for performance evaluation. For ex-
ample, the “optimization simplicity criterion” was recently pro-
posed to identify computationally simple instances.!'®! Optical
machines with their mode selection operation often follow the
dominant eigenvalue of the coupling matrix and find minimiz-
ers that correspond to the signs of the principal eigenvector com-
ponents. If the minimizers of a given problem have this prop-
erty, the solution will be found easily in polynomial (at most
quadratic) time. One such popular example is the Ising model
on the M&bius ladder graph.['] By rewiring the Mébius ladder
graph to random 3-regular graphs, one can probe an intermediate
computational complexity between P and NP-hard classes with
several numerical methods. Another way to construct instances
for testing involves planted ensemble technique.[*9>1%]

4. Description of Physical Optical Platforms for
Optimization

The concept of using simulators or analogue processing devices
predated the modern computers.['%! In recent years, different
physical platforms have been competing to solve classical opti-
mization problems faster than conventional hardware. This com-
petition has led to the emergence of a new field of coherent net-
works/Hamiltonian simulators at the intersection of laser and
condensed matter physics, engineering, and complexity theories.
Various physical systems have emerged as promising platforms
for solving computational problems. We shall overview some of
these systems following the structure we used in Ref. [15].

4.1. Laser Networks

A new generation of complex lasers, such as degenerate cavity
lasers, multimode fiber amplifiers, large-aperture VCSELs, and
random lasers, have many advantages over traditional laser res-
onators when used for computing.'””] They have many spatial
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degrees of freedom and controllable nonlinear interactions. The
spatial coherence of emission can be tuned over a wide range and
the output beams may have arbitrary profiles providing pairwise
couplings. These properties allow complex lasers to be used for
RCI1%] or to represent the coupling matrix interactions. In laser
networks, coupling can be engineered by mutual light injection
from one laser to another. This introduces losses that depend on
the relative phases between the lasers and drives the system to
phase-locking that minimizes losses.!'®! Degenerate cavity lasers
are particularly promising as Hamiltonian simulators as all their
transverse modes have nearly identical Q which leads to simulta-
neous syncronization of a large number of transverse modes.!'?’]

The evolution of the N single transverse and longitudinal
modes class-B lasers are described!!1*!!!] by

dAi Ai 4

= =G ai)T_p + JZJU'T_; cos(6; - 6) ®
Z]’J - sin(0; — ) )

dGi 1 2

G = TR G+ IAP) ©

where for laser i, A;[0,] is amplitude [phase], G, is gain, P, is pump
strength, a; is loss, Q; is frequency detuning, 7, and 7, are the
cavity round trip time and the carrier lifetime, respectively. The
coupling strengths between i-th and j-th lasers are represented by
Ji- It all amplitudes are equal, then Equation (5) reduces to the
Kuramoto equation of coupled phase oscillators

do,
Z=0,- = Y Jsin(0, - 0) (7)
L

Equation (7) is widely used to describe the emergence of coherent
behavior in complex systems.[112113]

It has been demonstrated that the probability of finding the
global minimum of the XY Hamiltonian agrees between the
experimental realization of the laser array and with numerical
simulations.[''"] However, simulating the Kuramoto model Equa-
tion (7) on the same matrix of coupling strength yields a much
lower probability of finding the global minimum. This implies
that amplitude dynamics provide a mechanism to reach lower
energy states. Consequently, cavity lasers can be used as an effi-
cient physical simulator for finding the global minimum of the
XY Hamiltonian and solving phase retrieval problems. A partic-
ularly successful example was a digital degenerate cavity laser.®!
It is an all-optical system that uses a nonlinear lasing process to
find a solution that best satisfies the constraint on the Fourier
magnitudes of light scattered from an object.

4.2. Optical Parametric Oscillators

A network of coupled degenerate optical parametric os-
cillators (DOPOs) has been used to minimize the Ising
Hamiltonian.[!**120] DOPO is a nonlinear oscillator with two
possible phase states above the threshold that can be associated
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Figure 6. Schematics of the coherent Ising machine (CIM) with the feed-
back mechanism. The time-multiplexed pulse degenerate parametric os-
cillator is formed by a non-linear crystal (periodically polarized lithium nio-
bate (PPLN)) in a fiber optic ring cavity containing 160 pulses. The feed-
back signal couples the independent pulses in the cavity and is computed
from the measurements from different pulse fractions. Reproduced with
permission.'™] Copyright 2016, American Association for the Advance-
ment of Science.

with the Ising spins. These artificial Ising spins are encoded
by the optical phase of short laser pulses generated by a non-
linear optical process, that is, optical parametric amplification.
The DOPO-based simulator, coherent Ising machine (CIM), is
a gain-dissipative system in which the ground state of the Ising
Hamiltonian corresponds to the lowest loss configuration. The
optimal solution is found by driving the system close to the near-
threshold regime, where other local energy minima are still un-
stable.

Currently, most successful implementations of CIMs use a
fiber-based degenerate DOPOs and a measurement-based feed-
back coupling, in which a matrix-vector multiplication is per-
formed on the field programmable gate array (FPGA) embed-
ded in the feedback loop, see the scheme depicted in Figure 6.
The computational performance of such a scalable optical pro-
cessor, bounded by the electronic feedback, was demonstrated
for various large-scale Ising problems.['1*116] The comparison of
a possible CIM’s speedup over classical algorithms is an ongo-
ing study.'¥121] Furthermore, the ability to implement arbitrary
coupling connections!!*] between any two spins implies better
scalability than the solid-state based annealer, that is, D-Wave
machine ']

In CIM, each Ising spin (a DOPO) is described by

v
a PR T

%1+ YT ®)
J
where ¥, = A, exp[i6,] is the complex amplitude, 6, is the phase,
p is pump intensity, and linear and nonlinear losses are normal-
ized. A portion of the light is extracted from the cavity after each
round trip, homodyned against a reference pulse to produce ¥,
that is fed to the FPGA, where the last term of Equation (8) is
computed and converted back to light for the next round trip.
CIM’s essential elements are DOPOs with an unconventional
operating mechanism called mode selection or gain-dissipative
principle. Each DOPO is prepared in a linear superposition state
of different excitations to implement a quantum parallel search.
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The cost function is mapped to the effective loss, photon de-
cay rate, of the given network by setting the coupling coefficient
proportional to the J;;, which encodes the information about the
given task. The ground state of the Ising Hamiltonian corre-
sponds to an oscillation mode with the minimum network loss.
The system reaches the ground state with a minimum loss at the
threshold pump rate. It starts oscillating as a single stable mode,
which triggers photons’ stimulated emission and affects the sat-
uration for all the other modes. Detecting this single oscillation
mode will give us the solution to the desired problem.

4.3. Networks of Light-Matter Particles

Photons have both attractive and not properties concerning com-
putational assignments. However, despite the commonly known
optical platforms, such as free optical setups or systems of lasers,
it is possible to bind the photons with the matter wave excita-
tions. This gives rise to unique designs, combining the photons
with matter, such as exciton-polaritons. Exciton-polaritons (or
simply polaritons) are quasi-particles that result from coupling
of light confined inside semiconductor microcavities and bound
electron-hole pairs. They are bosons and can form a condensed
state above a critical density.'??) The design and choice of ma-
terial allow for control of the polariton mass and the realization
of solid-state nonequilibrium condensates at room temperature
in organic structures. In the limit of small gain, solid-state con-
densates resemble equilibrium Bose—Einstein condensates. They
approach lasers in the regime of high gain.

Similarly to polaritons, gas of photons confined in a dye-filled
optical microcavity can form a macroscopic coherent state.!123-126]

Experiments have shown that polariton or photon conden-
sate lattices can be constructed using various techniques. One
such technique is optical engineering of polariton lattices by
injecting polaritons into specific areas of the sample using an
SLM.[127-131] Additionally, potential landscapes have been engi-
neered to confine polaritons or photons.['32134 The evolution of
gain-dissipative condensates in a lattice is described by rate equa-

tions derived from the tight-binding approximation,!*3>13¢ taking
the form of Stuart-Landau equations:
= (= |9P) Y = U+ Y G ©)

#

where ¥, is the complex amplitude, U is the polariton—polariton
interaction strength, y, is the effective injection rate (gain minus
loss). The coupling strength is complex C; = J;; + iG;; where the
dissipative part of coupling is J;; and the Josephson part is G;. If
|J;1 > |G| and the injection feedback is introduced that modi-
fies the injection rate to bring all amplitudes to the same value
Ay, for instance by y; = €(A} — |¥;|”) then Equation (9) reaches
the fixed point which is the minimum of the XY Hamiltonian.[*3°]
The total number of quasi-particles in the system becomes

N N N
Total = NAZ = ) v+ ) )" J;cos(6; - 0) (10)
i=1 i=1 j<i

where 0, is the phase of the i—th condensate. It follows from
Equation (10) that if the total injection, Y 7, to stimulate that
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number of quasi-particles is minimized, then the XY Hamilto-
nian is globally minimized (Figure 7). To minimize the Ising
Hamiltonian or n-states Clock Hamiltonians a resonant pump
can be added to the system.["3”] The resonant pump can be tuned
with the condensate frequency, or n times the condensate fre-
quency for n > 1 (n : 1 resonance). In this case, the dynamics of
the oscillators (e.g., photons or polaritons) obey

#(n—1)
i

¥ = (= (W)Y — U+ )%, + b)Y (11)
i

where h(t) is the strength of the resonant excitation that grows in

time until it reaches its stationary value H. At the fixed point, the

total number of quasi-particles in the system reaches

N N N
Total = NA] = Z i+ Z Z]ij cos(9; — 0;) — HAY,* cos(nd;)
P

i=1 j<i
(12)

At n > 1, the last term of Equation (12) forces the phases to
take discrete values in 2 /n and, therefore, minimize the Ising
Hamiltonian (for n = 2) or the n-state Clock Hamiltonian (for
n>2).

4.4. Hybrid Optical Machines

If physics provides the route to optimization we can ask if we
can combine the best optimization algorithms with the optics
functionality. The idea of using a hybrid approach to optimiza-
tion, combining the best of both optical and electronic technolo-
gies has the potential to greatly improve the efficiency and effec-
tiveness of optimization processes. One possibility has been re-
cently realized by Microsoft by building a hybrid opto-electronic
platform that performs matrix-vector multiplication in the opti-
cal domain while iteratively applying the gradient descent to the
minimum of the objective function using electronics.!'3#! This co-
designing of unconventional hardware and algorithms paves the
way for scalable architectures with compute-in-memory opera-
tion and spatial-division multiplexed representation of variables.

4.5. Mathematical Description of Optical Optimizers

Many existing optical machines can be described as the evolu-
tion of a set of N classical degrees of freedom. The variety of opti-
cal platforms, such as atoms, polaritons, excitons, photons, etc.,
shares many similar features in their mathematical description.
We present here the structured list of the main equations used in
the context of nature-inspired physical systems and algorithms
in Figure 8. There are a few main reasons to highlight the uni-
fied picture of these equations. The first one is to show that
all of the presented equations represent the same phenomena
of the minimization principle and bifurcation dynamics, unify-
ing many equations from math, physics, theory of NN, etc.,
see.®] The second important feature is represented through
the structure of the list. One can easily find the correct trans-
formation between two chosen equations. This is the reason we
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Figure 7. Top: Schematic of the condensate density map for a five-vertex polariton graph. The sign of the coupling depends on the separation distance
between the sites and is either ferromagnetic (solid-blue lines) or anti-ferromagnetic (dashed-red lines). Each vertex of the graph polaritons represents a
local phase mapped to a classical vector spin. Bottom: schematics of different types of annealing for finding the global minimum of the energy landscape
of the simulated XY Hamiltonian.Reproduced with permission.['*!] Copyright 2017 Springer Nature.

non-rigorously placed them in the order so that the canonical
Andronov—Hopf oscillators (AHO) model resides at the top of
the list and the most straightforward gradient resides at the bot-
tom. One can land at the required equations starting from the
canonical model by using the proper transformation in the neigh-
borhood of the bifurcation leading to the solution or omitting
some of the terms or derivatives. Moreover, the difference be-
tween the presented equations appears to lie only in the chosen
parametrization of the system. The optimization process can be
done differently, even in the scope of classical dynamical systems
depending on the chosen parameters. Such a unified framework
allows one to merge many empirical results or to work in the
same framework of a universal model for a better comparison
of results (Figure 8).

The Principle of Least Action, the Principle of Minimum
Power Dissipation (or Minimum Entropy Generation) or the Vari-
ational Principle are good demonstrations that “optimization is
built into physics”."*" In Hamilton’s formulation, the funda-
mental Principle of Least Action states that a true dynamical tra-
jectory of a system between an initial and final configuration in
a specified time is found by choosing the one among the set of
possible imaginary trajectories that makes the action locally sta-
tionary (in other words have least action). Such a variational task
is an excellent example of physics spawning complex problems.
For even more complicated tasks, one can consider the formula-
tions of the Principle of Least Action for classical and quantum
field theories. We do not include the explicit Hamiltonian equa-
tions (g, = ‘;—;, pi= —%) in the second block in the Figure 8.
However, the‘y also connected with the presented equations and
served as a perfect entry point for considering the whole list from
the physicist’s point of view. Within the scope of this review, we
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restrict ourselves to classical systems with a discrete number of
degrees of freedom and focus on PDEs that can be mapped into
Newtonian-like equations of motion. Additionally, we do not pay
much attention to the changes in the original equations of mo-
tion, such as Lagrange multipliers, holonomic constraints or rel-
ativistic factors.

Also depicted in Figure 8 is the well-known classical gradient-
descent dynamics with the target cost function defined by the
gradients — 37 ; Q;(x;), which is the most straightforward equa-
tion among the presented dynamical systems. One can con-
nect it with gradient descent with momentum (see the centre of
Figure 8) or the classical momentum (CM) method,™! or it’s
improved version—Nesterov accelerated gradient-descent!'#]).

Kuramoto model is a well-known mathematical model used
to describe synchronization phenomena occurring in a system
of coupled oscillators.'**-1%] One can obtain this model from
the AHO equations using the transformation that involved the
eigenvalues and eigenvectors of the coupling matrix at the neigh-
borhood of the Hopf bifurcation, directly derive it from a non-
trivial dissipative Hamiltonian or view this model as the gradi-
ent descent over the cost function corresponding to the classical
XY Hamiltonian.

The bottom part of Figure 8 consists of Hopfield NN and co-
herent Ising machine description. Hopfield NN is a recurrent
artificial NN and can be viewed as the gradient descent variant
with the effective projection term with characteristic time = and
the gradient terms — 3., Q;(x;), which are usually represented
through — 3., J;#(x;), where ¢(x;) is the projection function and
J;; are the coupling strengths.[**! CIM equations are very close to
the Hopfield description. CIM is a network of OPOs, in which
the “strongest” collective mode of oscillations corresponds to an
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Figure 8. The ordered list of the main models from different branches of
science used in the context of the optimization. The most general equa-
tions are closer to the top, starting with the canonical AHO model, which
encompasses all equations below through certain transformations. In con-
trast, the simpler ones, like gradient descent, are located at the bottom.
We non-rigorously group the models according to their use of the second-

order derivative terms. The functions ). j# Qjj(x) can have different forms

such as n— in gradient descent case, Q;(x) =Jjx; or Q;(x;) = J;®(x) in
case of the Hopﬁeld NNs.

optimum solution while going above the threshold of a particu-
lar Ising problem.'"*115] The main difference between the clas-
sical description of CIM (which is debated to be essentially non-
classicall'*®1#7]) and Hopfield NN is the additional pumping term
p and saturation mechanism —x?.

The middle part of the Figure 8 contains simulated bifurcation
machine (SBM) equations, which are inspired by the adiabatic
evolution of classical nonlinear Hamiltonian systems exhibiting
bifurcation phenomena.l'*150 The higher derivative makes the
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connection with the physics more visible and improves the sim-
ulation algorithm’s performance for specific parameters.

An alternative perspective on the connections between the
physical Lagrangian/Hamiltonian systems and NN evolution is
given by the Modern Hopfield networks, or dense associative
memories.[1>1152] Modern Hopfield networks operate with fea-
ture x; and memory (hidden) h, neurons that evolve as contin-
uous variables in continuous time. The characteristic times for
each group are 7; and 7, The symmetric coupling functions are
chosen according to Q,,(h,) = &,.f, and G(x;) = &g and con-
nect only neurons from dlfferent groups, that is, a feature neu-
ron i to the memory neuron p and reverse. The outputs of the
memory neurons and the feature neurons are denoted by non-
linear functions f({h,}) and g; = g({x;}) correspondingly. These
functions can be represented as derivatives of the Lagrangian

functions for the two groups of neurons f, = ﬂ and g, =

Choosing the specific Lagrangian will define the network’s dy-
namics (or updates rule), which minimizes the energy function.
One can recover an effective theory of evolution by integrating
out hidden neurons.

The upper part of Figure 8 contains the Andronov—Hopf os-
cillators model 315 the canonical model describing the ap-
pearance of the bifurcations, which are among the essential
phenomena observed in neuron dynamics, responsible for the
periodic activity. The functions Qj are accountable for the in-
teraction between the i and j oscillators, while y;, w;, o;, U;
represent the effective gain, self-frequency, nonlinear dissipa-
tion and self-interactions respectively. Many lasers,['>>! photonic,
polaritonic,[*®! and biological systems!'*®! exhibit the so-called
Andronov-Hopf bifurcation at the threshold that can spawn the
limit cycle behavior. AHO can be an attractive choice for the uni-
fying framework for many models presented here, which demon-
strate a variety of collective phenomena.l'*! Another important
property of the AHO model is its canonicity, which means that in
the vicinity of bifurcation, one can get every equation in Figure 8
below AHO by a certain transformation, which is not true in the
reverse case. One can also investigate the bifurcation phenomena
and the time-dependent behavior of the coefficients near the bi-
furcation point since it is the crucial mechanism for the system to
find a solution to the optimization task. AHO shares its canon-
icity with another model - weakly interacting NN. The network
consists of N neural oscillators comprized of excitatory (x;(t)) and
inhibitory (y;(t)), that evolve according to the presented dynami-
cal equations.>! In the local context, functions f, g are responsi-
ble for the internal behavior of the ith part of the system. At the
same time, p, q represents the external interactions, the strength
of which is parametrized by the e parameter. The explicit transfor-
mations between the equations can be found in Refs. [157, 158,
159]

We will omit the explicit description of the transformations
that lead from the top equations to the bottom, while the de-
tailed discussion and corresponding references can be found
in Ref. [139]. Although the MEMs do not contain the optical
elements, they are governed by similar optical second-order
differential equations.> The transition from the AHO to the
CIM, Hopfield of SBM equations can also be found in Ref. [139].
[t is important to remember that introducing sophisticated time
dynamics of the parameters can improve the minimization
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properties of each of the presented types of equations. For
example, it is possible to introduce specific time schedules (e.g.,
the chaotic amplitude method that anneals the coupling terms
depending on the discrepancy between the oscillator amplitude
and its saturation point!'®)) or to introduce the high-order terms
(e.g. v, ~ Zilj,iz,...ik—l Qiiyip i Wi Wiy o W - W;_1[161])~

An additional note should highlight the Principle of Mini-
mum Power Dissipation and its role in analogue optimization
machines. It was shown that many physical systems act through
this principle and perform Lagrange function optimization./'*!
The Lagrange multipliers are given by the gain or loss coefficients
or their time-varying parametrization; see, for example, the equa-
tions of the CIM. Depending on the characteristics of the ma-
chine, it can be helpful in many other applied domains.

The operation of optical machines consisting of N elements
can be described in a unified fashion as an evolution of a set of N
classical or quantum oscillators. The difference between classical
and quantum comes from the system’s initial state. It affects the
speed and probability of finding the final state (usually a solution
to a problem). If the occupation numbers of oscillators are large
and somewhat uncertain and interactions are weak, then the sys-
tem evolves as an ensemble of classical fields with corresponding
classical-field action.!'®?] This analogy is valid for any bosonic os-
cillators, including optical: atoms, polaritons, excitons, photons,
etc. For instance, the density matrix of a completely disordered,
weakly interacting Bose gas with large and somewhat uncertain
occupation numbers is almost diagonal in the coherent-state rep-
resentation. The initial state can be viewed as a statistical en-
semble of coherent states. To the leading order, each coherent
state evolves along its classical trajectory. The evolution leads to
an explosive increase of occupation numbers in the low-energy
region of wave number space where the ordering process takes
place.[12] Even if the occupation numbers are of order unity in
the initial state, so that the classical matter field description is
not yet applicable, the evolution, which can be described at this
stage by the standard Boltzmann quantum kinetic equation, in-
evitably results in the appearance of large occupation numbers
in the low-energy region of the particle distribution. Therefore,
one can switch from the kinetic equation to the matter field de-
scription for the long-wavelength component of the field at a par-
ticular moment of the evolution when the occupation numbers
become appropriately large. The optical system can be described
using a classical matter field when this happens. However, the
quantum dynamics before this moment plays a crucial role. This
fully quantum dynamics with entanglement and superposition
of states allows for complete scanning of the high dimensional
space of the system until the coherent state is found. After that,
the system behaves classically. while this coherent state settles
to a fixed point that is a solution to a problem. During the pas-
sage to the coherent state, the quantum effects should enhance
the search for the optimal state and potentially lead to the quan-
tum speed-up.

4.6. Associative Memory Model
In this section, we present the associative memory model as one

of the NN models, which exploits the links with spin Hamilto-
nians. This correspondence implies that many physical systems
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with nontrivial (non-zero) interaction potentials can be used as
computational devices.

The standard model of associative memory!®! uses a system
of N binary neurons, with values +1. A configuration of all the
neurons is denoted by a vector o;,i =1, .., N. The model stores
K memories, denoted by fi“, p=1,., K, which are also binary.
The model is defined by an energy function (or, further Lyapunov
function), which is given by

N K

E= ‘% 2.odiop Ji= 2{‘5?51‘“ ()
e

ij=1

and a dynamical update rule that decreases the energy at every
update. The fundamental problem is that when presented with a
new pattern, the network should respond with a stored memory
that most closely resembles the input. Many physical systems we
considered in Section 4 can follow the gradient of this Lyapunov
function, which automatically converts them into the ANN.

The theory of Hebbian learning addressed the associative
memoryl163164] and describes how to prescribe the coupling coef-
ficients between the neurons J;; (usually normalized by the num-
ber of patterns K). Usually, J; is taken as the sum of the outer
products of the stored patterns. One can find more ways to de-
fine coupling coefficients in the associative memory, for exam-
ple, pseudoinverse rule, Storkey learning rule, or others. There
has been a lot of work investigating this model’s capacity, de-
fined as the maximal number of memories that the network can
store and reliably retrieve. It has been demonstrated that in the
case of random memories, this maximal value is of the order of
K™%y (0,14 N [85165166] If one attempts to store more patterns,
several neighboring memories in the configuration space will
merge, which produces a global minimum of the energy (13),
thus preventing recovery of the stored memories. It is possible to
improve the capacity close to K™* = N by modifying the Hamil-
tonian (13) in a way that removes second-order correlations be-
tween the stored memories.[*]

The simple associative memory model (13) has many benefits.
First, itis quadratic in variables, which means that the energy gra-
dient is linear to these variables. Therefore, one can easily calcu-
late the corresponding updates of the neurons that lower the en-
ergy function (13). The following consequence of this mathemat-
ical structure is that one can reproduce the energy function (13)
together with required dynamical behavior using various physi-
cal hardware systems. To build an associative memory machine,
one needs to connect the elements representing the analogue
variables via nontrivial interaction potential proportional to the
strength J;; and project the final stable state into the discrete do-
main to obtain the binary states of neurons. Furthermore, the
model’s simplicity allows one to easily modify and incorporate
other extensions. Finally, the model’s universality means itis pos-
sible to solve different tasks via associative memory by mapping
between tasks; for example, the classification task can be reduced
to pattern recognition/restoration.

Another well-known name for the associative memory model
is the Hopfield NN, a form of recurrent ANN with binary
threshold nodes. Moreover, Hopfield NN shares many other
similarities with the physical spin-glass model and several
combinatorial optimization tasks. For example, the Hopfield
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model is isomorphic to the Ising model of magnetism (for
zero temperature),'® which has been extensively analyzed in
physical contexts. In combinatorial optimization, finding the
ground state of the Ising model is NP-hard and can be related
to the QUBO. Moreover, computing the statistical sum of the
spin-glass has the same NP-hard complexity class, which was
a significant obstacle in calculating its various thermodynamic
quantities. Other examples of tasks are the Boolean satisfiability
problem or SAT!'%] and weighted MAX-2-SAT.

To fully define the associative memory model, one has to spec-
ify the dynamical update rule of the neurons. For instance, the
update rule can describe the discrete state of neurons in discrete
time steps:

1,
ai(t+1)={ .

with the same notation used in 13. The continuous version has
the form:

if ,J,0.(t) > 0,

: (14)
otherwise,

dx; X;
EZ_?"’;JUg(’Cj)"‘hi (15)

where x; denotes the mean state of the i-th neuron that can get
continuous values in the initially defined range, b, is a direct in-
put or bias coefficient in case the Lyapunov function (13) has non-
zero field, g is a monotone function that bounds the continuous
states and converts them into the discrete in the final state of con-
vergence, for example, makes the correspondence between the
variables as o; = sign(x;), and 7 is the characteristic time of the
convergence to an optimal or suboptimal solution.

The analogue computation with the NN can be described as
an evolution of the vector-state variables in the high-dimensional
continuous space. One can precisely trace it using Equation (15).
The vital aspect of such a differential equation structure is an
existence of a Lyapunov function. This Lyapunov function E be-
hind the Hopfield NN can lead to the understanding of possi-
ble final states, which appear to be attractors of the system’s dy-
namical behavior. For both models, one can realize the dynam-
ical state update using a particular hardware system described
previously. However, one should differentiate between different
regimes that can be realized on the hardware level: the task of
finding the ground state (the global minimum) of the model and
pattern restoration (descending on the surface of the Lyapunov
function toward its nearest minimum).

The explicit formula for the Lyapunov function in the discrete
variant of the model with the non-zero field is:

N N
1
E= -3 U; 6:J;0; — ; h;o; (16)

In the case of continuous variables Equation (15), the same func-
tion has a slightly different forms:

N N N o
1 1 -
E=_E ZGJUGJ'_;MG“-F;;/ g 1(Z)dZ (17)

ij=1
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where the last term appears due to the correspondence between
the discrete and continuous state o; = g(x;). For g(x), one usually
picks the g(x) = tanh(x/p) function, where the time-dependent
parameter f tends to zero during the evolution of the Hopfield
NN forcing the last term of the Equation (17) to disappear.!'’"]
The essential property of the dynamical update rules is that the
energy decreases through the system evolution, which leads to
the final stable patterns in the phase space.

The classical Hopfield NN has many modifications for the Lya-
punov function, variables update rules and other features. One
version is known as modern Hopfield NNs.!'5!l Modern Hopfield
networks with continuous states can be integrated into DL archi-
tectures because they are continuous and differentiable with re-
spect to their parameters. Moreover, they retrieve patterns with
just one update, conforming to DL layers. For these reasons,
modern Hopfield networks can serve as specialized layers in
deep networks to equip them with memories. Possible applica-
tions of Hopfield layers in deep network architectures find their
way in multiple instance learning, defence against adversarial
attacks,!t”!] processing of and learning with point sets, sequence
analysis and time series prediction, storing and retrieving refer-
ence data, for example, the training data, outliers, high error data
points, prototypes and many other purposes.!'>!] Even more im-
portantly, the functionality of the modern Hopfield networks can
be compared with various methods from the ML domain, such
as SVMs, random forest, boosting, decision trees, Bayesian meth-
ods and many others.!172173]

As we mentioned above, many optical systems can perform
optimization tasks. Since there are intrinsic similarities between
this task and the associative memory model, one can exploit this
relation to realize Hopfield NN using optical systems. Such real-
izations include previously discussed laser networks, Ising ma-
chines, photon!'74l and polariton systems,!!3!] and confocal cav-
ity QED NN,['7°] see Figure 9. The connection between the opti-
cal networks and the Hopfield model is important since it allows
one to incorporate such layers into more complex optical archi-
tectures without complicated adjustments.

4.7. Higher-Order Systems

One significant extension of the Hopfield model consists in in-
corporating the tensor terms, which depend on the o; variables
polynomially in k.I'”7] The such extension allows one to increase
the number of stored patterns to K"** = a, N*~!, where a; is a nu-
merical constant. Moreover, it is possible to observe the so-called
“feature to prototype transition” when increasing k in the NN
training. The prototype theory provides an alternative approach
to learning in which objects are recognized as a whole. Although
tensor terms are assumed not to be biologically plausible, /'] they
can be reproduced on some artificial physical setups.l'®!l From
this perspective, artificial tensor platforms can significantly bene-
fit from such technological opportunities. The higher order Hop-
field NNs!['7#] can be written as
%(t)
() s

dx; X '

—_ =4 A A TR P

dt T Z Liy, i ™h I
Q

Q is the set of indices that excluded index I, where x, are real
continuous variables, g(x) is the threshold function and g is the
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Figure 9. a) Four nodes with the all-to-all coupling and sign-changing connectivity between spin ensembles. Blue and red show ferromagnetic versus
antiferromagnetic Jj; links. One can find the physical details in.l78] b) The realization of the Hopfield NN by the spin ensemble. Binary neurons s; of a
single-layer network are recurrently fed back and subjected to a linear transform J with the consequent element-wise threshold operation. c) The Hopfield
model exhibits an energy landscape with many metastable states. Energy-minimizing dynamics drive similar spin configurations to the stored local
minimum, characterized by the basin of attraction. Too many memories make the basins of attraction vanish. d) Schematic of the associative memory
problem—recalling multiple stored patterns by completing distorted input images. Reproduced with permission.['76] Copyright 2021, American Physical

Society.

scaling parameter that can depend on time. Such systems can
solve HOBO, see Equation (2), because of the k-local coupling.

It was shown!'®!) that polariton systems above the threshold
are described by

dy

B W - )+ YA, )
Q

dy,

D~ elon 1) 20

Equation (20) describes the feedback mechanism that drives all
p; = |¥;|? to a priori set values p,,, € characterizes how fast y; ad-
justs to changes in p;. Next, we proceed with the different ways
of connecting the practical computational tasks with the actual
physical behavior of the presented systems.

5. Mathematical Formulation of Applications

This section considers a range of generic applications that follow
from the network’s ability to solve optimization problems or/and
actas Hopfield networks. We start with the simple problems from
classical computer science with the corresponding mapping to
the QUBO or mixed-integer problems. We then move to mod-
ern tasks that differ in information capacity and are considered
to suffer from the so-called “curse of dimensionality”, where it is
more suitable to work with the probability distributions instead
of the individual variables. However, in both cases, we do not pay
attention to whether the presented mapping is efficient (like in
the following subsection) or not (when one needs multiple se-
quential operations with a considerable amount of pre and post-
processing in between). Some of the inefficient embeddings can
still possess mathematical challenges and can be improved ei-
ther in the general formulation or with task-specific information.
At the end of this chapter, we discuss the NN architectures and
their capabilities.

5.1. Direct Encoding/Decoding
This subsection describes the connections/correspondences be-

tween different computational tasks.[16%179:180]
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The propositional satisfiability problem (SAT) lies at the heart
of such correspondence. It is a fundamental problem determin-
ing whether a set of sentences in propositional logic is satisfac-
tory. A clause is built as the disjunction, the logical OR (denoted
by V) of some Boolean variables or their negations. A set of sev-
eral clauses, which must be satisfied simultaneously, is the con-
junction, logical AND (denoted by A) of the clauses. One can write
a satisfiability problem in the general form:

(VX VL )AM VY VL)AL (..) (21)

where the x;, y; are “literals”, any of the original variables or their
negations. The form (21) is called a conjunctive normal form
(CNF), and one can easily see that any logical statement between
Boolean variables can be written as a CNF.

SAT is the first problem that was proven to be NP-
complete.!1%%17°] Currently, no known algorithm efficiently solves
each SAT instance. The question of its existence is equivalent to
the famous P versus NP problem. Nevertheless, many heuristics
SAT algorithms can solve problem instances involving a signifi-
cant number of variables, sufficient for many applications. Addi-
tionally, many versions of the SAT problems exist, like 3-SAT and
the generalization k-SAT, HORN-SAT, and XOR-SAT, which can
better suit particular unconventional tasks.

One specific SAT version - weighted MAX-2-SAT allows one
to easily reformulate the task as QUBO. A simple 2-SAT has m
clauses of 2 literals each. A MAX-2-SAT is the problem of as-
signing values that maximize the number of satisfied clauses.
Weighted MAX-SAT gives each clause a positive weight so that
the measure of violating the cost appears in the problem. To re-
formulate a weighted MAX-2-SAT problem as a QUBO, one has
to use the fact that maximizing the weight of satisfied clauses is
equivalent to minimizing the weight of unsatisfied clauses, and
using the logic x; V x; = x; A ;. The final form looks then:

max Z WX (22)

boj<i

which is the QUBO that has the same form as Equation(1). Thus,
the connection between the SAT (that can be easily converted into

© 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

85U8017 SUOWIWOD A0 3(qeol(dde au Aq peusenob afe sejonte O 8sn Jo sejni Joj AriqiT8uluO 8|1/ UO (SUONIPUOD-pUe-SWeY W0 A3 1M Afeiq 1 [eul|uo//SAny) SUONIPUOD pue swie 1 8y} 89S ' [£202/60/0T] Uo AriqiTauliuo ABjIm ‘Auewes aueiyood Aq S5000£202@INb/z00T 0T/10p/o0 A8 im Areiqiul|uo//sdny woly papeojumoq ‘6 ‘€202 ‘Y06TTSE


http://www.advancedsciencenews.com
http://www.advquantumtech.com

ADVANCED
SCIENCE NEWS

ADVANCED
QUANTUM
TECHNOLOGIES

www.advancedsciencenews.com

weighted MAX-2-SAT by use of the Boolean logic) and QUBO
is revealed.

We know the Ising formulations for many NP problems.!®¢]
For example, one can find number partitioning, graph partition-
ing, clique existence, binary integer linear programming, exact
cover, set packing (or maximal independent set), vertex cover,
satisfiability (with the emphasis on 3SAT to maximal indepen-
dent set reduction), set cover, knapsack with integer weights,
graph coloring, Hamiltonian cycles and paths, travelling sales-
man problem, Steiner trees, feedback vertex set, feedback edge
set, graph isomorphisms among the covered problems, as well
as some useful tricks for the near-term quantum adiabatic opti-
mization devices. We mention some of them in a slightly differ-
ent form below.

5.2. Logistics

Logistic and planning problems are usually related to the well-
known travelling salesman problem (TSP). TSP is a well-known
optimization problem in which the goal is to find the shortest
possible route that visits a given set of N cities and returns to the
starting city. In order to solve this problem, one approach is to use
a spin matrix to represent the route. Spin matrix has elements
x,; € {0, 1} indexed by the vertex number v and its order in the
path. The weighted edges w,, > 0 from the edges set E describe
the cost of travelling between two cities. The Ising Hamiltonian
can be written as

N N

N 2 2
HTSP=A2<1—Z>¢VJ> +AZ<1—Z>¢”> +A
(uv)&E

i=1 v=1 v=1 i=1

M=

Xu,i%,i41

i

N
+ B Z Wy Z Xu,i%i1 (23)
i=1

(w)€E

The first two terms in the Hamiltonian ensure that each city is in
the route and appears only once. The third term in the Hamilto-
nian ensures that any adjacent cities in the route are connected,
while the fourth term minimizes the sum of weights of all cities
in the route. By choosing reasonable values for the constants A
and B, it is possible to ensure that only valid routes are explored.

5.3. Financial Applications

Optimizing the portfolio selection means finding the most opti-
mal combination of investments for an institution or individual.
One of the modern portfolio optimization problem formulations
has the following form Ref. [181]

_]y'xixj:| -(1-4) [Z 'Jixi:| , Z %=1 (24)

where N is the number of different assets, and x; is the deci-
sion variable representing the proportion of capital invested in
asset i. Here coupling coefficient J; represents the covariance be-
tween returns of assets i and j, p; is the mean return of asset
i, and A € [0, 1] is the risk aversion parameter. When A = 0, the
model maximizes the portfolio’s mean return, and the optimal

0<x;<1 4 4

N N
min A
=1 j=1
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solution will be formed only by the assets with the greatest mean
return. When A = 1, only the total risk associated with the port-
folio is minimized.

There are different modifications to the portfolio optimization
problem. For instance, one can introduce bounding and cardi-
nality constraints that specify that there should be K different as-
sets in the portfolio or/and the portion of some assets should be
within certain bounds. This is achieved by

€z, <x; <6z, 2z €{0,1} (25)

The cardinality-constrained mean-variance model is a mixed
quadratic and integer programming problem in the NP-hard
class of problems. It can be minimized if we follow the Hopfield
dynamics.['82183] The discrete dynamics becomes

x(t+1) = G{=24 ) Jyx(0) + (1 = )] (20)
j

where G, is a sigmoid with values in [e;, §;]. When solving any
optimization problem, constraints usually appear in the energy
function. However, in many cases of Hopfield networks, this is
not necessary. Constraints on x; are satisfied using a sigmoid’s
activation function since its outputs already lie inside the desired
interval. To fulfil the cardinality constraints, we begin with 3K /2
neurons. After getting a minimum for the objective function, we
remove the asset with the smallest output and repeat this process
until the network has precisely K assets. These remaining assets
solve the original portfolio selection problem. To satisfy the con-
straint Z x; = 1, one can use various adjustments, for instance,
to evaluate the feasibility of every portfolio and change the pro-
portions of capital x; to be invested in each selected asset.!'?]

A variant of the Hopfield networks for solving mixed-integer
programming was constructed to solve the financial transac-
tion settlement problem and implemented in an opto-electronic
hardware.!'38] The method is based on the discretized version of
the MEMs equation shown in Figure 8 with annealing of the pa-
rameters y(t) and a(t) in

4 (0% + al)x = ) Jigx) (27)
J#i

where g(x) once again caps the value of x between —1 and 1 (e.g.,
g(x) = tanh(x)).

5.4. Mixed-Integer and Box-Constrained Programming

The financial applications discussed in the previous section are
not the only ones that utilize mixed-integer programming or box-
constrained continuous optimization formulations. In fact, there
is a strong correlation between discrete combinatorial problems
and continuous non-convex programming, and it is often advan-
tageous to represent discrete combinatorial problems in a con-
tinuous formulation that is conducive to many efficient methods.
An early example is the Motzkin-Straus continuous formulation
of the NP-hard MaxClique problem.[*¥* The objective of the Max-
Clique problem is to identify the largest complete subgraph of a
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given graph such that all pairs of vertices within that subgraph
are connected by an edge. If J represents the graph adjacency
matrix, then the MaxClique Ising Hamiltonian to be minimized
is as follows:

H== 544 (1-])ss (28)
ij

i

where s; € {0,1} and takes the value of 1 if i—th vertex be-
longs to the maximum subgraph. The first term represents the
objective to have the largest subgraph possible and the second
penalizes the lack of the edge connecting the vertices in the sub-
graph. Parameters A is a Lagrange multiplier to enforce the con-
straint. This problem, however, can be formulated as a continu-
ous box-constrained quadratic optimization problem as!!84]

min, ,, — Z Ty + A1 — Z x,) (29)
ij i

where x; is real. The optimal solution has nonzero entries with
x; = 1/d, where d is the size of the optimal subgraph. Moreover,
the mixed-integer or box-constrained optimization is prevalent
in numerous real-life applications. For instance, it can be used
in scheduling and resource allocation problems, where decisions
must be made regarding the allocation of limited resources to
various tasks. It can also be applied in transportation and logis-
tics, where it can help optimize routes and reduce costs. It can
be utilized in manufacturing and production planning to opti-
mize production schedules and minimize costs. All of the opti-
cal platforms we considered above operate with continuous am-
plitudes, so it seems natural that they can natively encode and
process these problems in analog fashion. Recently, there have
been several proposals of solving these continuous problems.
The mixed-integer programming can be addressed by a set of pro-
grammable bosonic quantum field modes since the eigenspec-
trum of the bosonic number operators consists of nonnegative
integers so they can naturally represent integer variables.['®] Box-
constrained quadratic programming problems can be solved by
using modifications to the dynamics of CIM based on OPOs! 8¢
or opto-electronic iterative machine.!'3#!

5.5. Phase Retrieval

The minimization of the XY model, which is used to solve the
QCO problem, is closely related to the challenging phase re-
trieval problem. The objective of the phase retrieval problem is
to recover a signal or image from the magnitude of its Fourier
transform.[®>-* This problem arises because signal detectors are
typically only able to record the modulus of the diffraction pat-
tern, resulting in a loss of information about the phase of the
optical wave. The task is to determine a complex vector x from
the measurement real vector b = |Ax|, where the matrix A is
complex-valued so that!1¥’]

2
min > <2 Ay — biui> (30)
45 J

Here u is a complex vector of components with amplitude 1
such that Ax = diag(b)u. Introducing J = diag(b)(I — AA")diag(b)
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(where the the Moore-Penrose inverse of a matrix A is denoted as
A") we rewrite Equation (30) as minimization of the XY Hamil-
tonian

rr}gn Z]ijsisj (31)
y

where s; = (cos(8,), sin(6,)).

5.6. Machine Learning

The exponential growth of data has surpassed our capacity to pro-
cess it using human and computational resources. This has led
to the development of data-driven methods and a shift from clas-
sical computer science paradigms to modern ML approaches. In
ML, the focus is on predicting outcomes from given data, with
the richness of data significantly influencing performance. Three
crucial components in ML are data, features, and algorithms.
Data can be collected in various ways and can be of great value
depending on the context. Features represent the properties of
considered objects and are essential for the success of ML ap-
proaches. However, determining and selecting the right features
can be time-consuming. The choice of algorithm depends on the
context and influences accuracy, speed, and computational com-
plexity. These components are presented in order of their signif-
icance in the ML pipeline.

The components were presented according to their signifi-
cance in the ML pipeline. Simply saying, one can only extract
useful information from a noisy but meaningful dataset. The fol-
lowing subsection starts the discussion with the simple classical
algorithms, which are the basis of many existing applications.
Then, we outline the central ideas behind the main ML meth-
ods that will be the centre of attention for transferring into the
special-purpose hardware. At the end of this chapter, we cover
the wide range of capabilities of the NNs.

5.6.1. Regression

Regression analysis is a statistical method that has been used for
many years to estimate the relationships between a dependent
variable and one or more independent variables. This technique
allows for the modeling of the relationship between these vari-
ables, and can be used to make predictions about the dependent
variable based on the values of the independent variables. One
of the most commonly used forms of regression analysis is lin-
ear regression, which assumes that the relationship between the
dependent and independent variables is linear. In linear regres-
sion, a line is fit to the data in such a way as to minimize the sum
of squared errors between the observed values of the dependent
variable and the predicted values based on the line. This model
assumes that the dependent variables denoted by y; have a linear
relationship depending on the m-vector of points {x;y, ..., x;,}7|
with an addition of the disturbance terms ¢, in each case. This
relationship can be written in the following form:

Yi=Bo+ biXy + e+ BuXi, + 6 = Z Bx+ € (32)
=0

© 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

85U8017 SUOWIWOD A0 3(qeol(dde au Aq peusenob afe sejonte O 8sn Jo sejni Joj AriqiT8uluO 8|1/ UO (SUONIPUOD-pUe-SWeY W0 A3 1M Afeiq 1 [eul|uo//SAny) SUONIPUOD pue swie 1 8y} 89S ' [£202/60/0T] Uo AriqiTauliuo ABjIm ‘Auewes aueiyood Aq S5000£202@INb/z00T 0T/10p/o0 A8 im Areiqiul|uo//sdny woly papeojumoq ‘6 ‘€202 ‘Y06TTSE


http://www.advancedsciencenews.com
http://www.advquantumtech.com

ADVANCED
SCIENCE NEWS

ADVANCED
QUANTUM
TECHNOLOGIES

www.advancedsciencenews.com

To shorten notation we use the matrix form y = X + € where:
y={nhX = {x}. B={Ble={eh (= L,m).(i=0,....m),
with x,, = 1. The linear regression task is the estimation of the
values of the regression coefficients f; given the data points
x; and observables y;, so that the error term e =y—Xg is
minimized. One can use different metrics for that purpose, such
as the sum of squared errors of ¢; or others.

The most common parameter estimation technique is called
the least-squares estimation. Here, the optimum parameter is de-
fined through the minimization of the sum of the mean squared
loss

n m 2
5 (50
i=1 \ j=0

J

which can be connected with the conventional QP. The optimal
solution can be obtained by differentiating Equation (33) and
equating it to zero with respect to parameters B;- In matrix no-
tation, the solution can be written as

B=X"X)"'X"y (34)

There exist different modifications of the proposed procedure:
generalized least squares, where one introduces a certain degree
of correlation between the residuals ¢; (33), or the weighted least
squares, where the knowledge of the variance of observations is
incorporated as the coefficients w, before each of the residual.
Moreover, intrinsically different techniques can be based on max-
imum likelihood estimation, Bayesian methods, or regulariza-
tion.

A natural extension of linear regression is in replacing linear
dependence with a polynomial. In the case of one argument, it is
possible to rewrite Equation (32) as

m

Yi =ﬁo+ﬂ1xi+ﬁzxiz+"‘+ﬂmxim+€L= Zﬁjxi"'ei (35)
=0

Given the data points xi.', the task is the same as Equation (33)

except for the change in variables x; — xi . Similarly, it is possi-
ble to replace the polynomial basis with a set of some nonlinear
functions f(x;);, so that x7 — f(x;);.

Multiple linear regression is a generalization of linear regres-
sion with more than one independent variable. The basic model
for multiple linear regression can be written in a similar form:

m

Vi= B+ 0 Xy + B X+ + X, + 6 = Zﬁinj"'ei (36)
=0

where instead of variables x;; one has a set of matrix elements
X; of size k X k. Depending on the chosen norm for the matrix,
it is possible to formulate the task of finding the regression co-
efficients. Taking the square Frobenius norm of the matrix, the

search for optimal coefficients f; is equivalent to solving Equa-
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tion(33), except for the additional sum over the k* matrix ele-
ments:

¥ n m 2
min 3 3, ( B - Yﬁ) (37)
j=0

=1 =1

This can be extended further for multivariate linear regression
or combined with the nonlinear basis with minor consequences
concerning the parameters search and hardware operations, ex-
cept for the much more complicated procedure for preprocessing
the coefficients for any modification. Regression can be consid-
ered the simplest form of supervised learning.

5.6.2. Classification

Classification is one of the popular tasks for ML. The purpose
of classification is to sort the objects among the initially defined
classes. The earliest algorithms include naive Bayes and decision
trees. Here, we only consider Markov random field (MRF) encod-
ing, which is the general case for such models.

The k-nearest neighbors algorithm is a non-parametric classi-
fication method used in statistics.['818] It aims to classify the
objects by considering their k nearest neighbors with the defined
class. The consequent attaching objects to a particular group is re-
peated until the convergence. We omit the explicit corresponding
formulas because of their similarity with the k-means, the unsu-
pervised clusterization algorithm, presented below. Both meth-
ods are usually based on Euclidean distances and can easily be
transferred to special-purpose optimization hardware.

Another classification method is called a support vector ma-
chine (SVM). SVM is a supervised learning model that analyses
data for classification purposes. It aims to construct a hyperplane
between the classes of training data points in a high-dimensional
space, emphasising a good separation achieved by maximising
its margin. SVM was introduced in Ref. [190] and standardized
in Ref. [191].

Linear SVM deals with the » points x in the m-dimensional
space, where each point has been assigned a binary class y; =
+1. The task is to construct a hyperplane that divides these two
groups with the maximum distance between them. The so-called
“hard margin” scenario assumes that the initial data is linearly
separable. One can start by constructing two parallel hyperplanes,
separating groups of different classes with the largest distance
between these two surfaces. The target surface between these hy-
perplanes is called the maximum margin hyperplane. To mathe-
matically describe these surfaces, one can write:

wa"—b=ijxj?—b=¢1 (38)
J

where w; are the components of the normal vector for both of the

hyperplanes, xjL are m-dimensional coordinates of the vector with
the serial number i, b defines the surface shift concerning the
zero coordinates and +1 defines the class. Everything abovey = 1
belongs to one class, and everything below y = —1 belongs to an-
other. The offset of the hyperplane is determined by b/ ||w||, while
the marginal distance equals 2/||w]|. To maximize the marginal
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distance, one has to minimize the norm of ||w|| and hence its
square ||w||%. This task can be reformulated as the optimization
problem, adding the constraints that prevent data points from
being positioned into the margin

min||w]||

sty(wix'=b)>1, fori=1,...,n (39)

The natural extension of SVM is in considering a so-called
“soft margin” case. Itis assumed that the given data points are not
linearly separable. In this case, one has to introduce a new kind
of variable & = max(0, 1 — y;(w'x' — b)) for each point i, which is
usually referred to as the hinge loss function, playing a regular-
izer role. Thus, it is possible to rewrite Equation (39) as

min L 3 £ + Clw)?
g (40)

sty (w'x —b) >1—-¢and ¢ >0, forall i

where the constant C regulates the interplay between the pure
hard margin classifier and the soft margin one. We can reformu-
late the problem using the Lagrangian duality:

n n n
1
max Z:, a5 2 2 na(xx)ye,

i=1 j=1

(41)

n
1 .
s.t. a;y,=0,and 0 < a; < — forall i
; 2nC

where the norm vector w is expressed through the new variables
a;, so that w = Z:’:l a,yx', and the initial task of determining the
offset of the surface is expressed via b =w’x' —y,. Thus, it is
possible to obtain the problem, which has an exact QP formu-
lation. This problem can be solved with the standard quadratic
algorithms, thus, can be solved using special-purpose hardware.

It is helpful to mention the nonlinear extension of the SVM,
which solves nonlinear classification task and can exploit the dif-
ferent functional forms of kernels. One can modify the scalar
dot product in the quadratic form Equation (41) by a different
kernel function k(x;, x;) depending on the properties of the ana-
logue hardware.

5.6.3. Finding the Principal Eigenvector

Finding the principal (dominant) eigenvector of a given matrix
J belongs to the P-class of problems. However, finding such a
dominant eigenvector on an ever-growing large matrix becomes
a computationally intensive task incompatible with Moore’s law.
At the same time, a range of real-life problems would benefit
from fast calculation of the principal eigenvector. The PageR-
ank algorithm[1921931 ig a well-known method for evaluating the
relative importance of web pages based on the structure of the
links between them. The web network is represented as a directed
graph, where each page is a node and each hyperlink is an edge
connecting one page to another. The PageRank algorithm com-
putes a single score vector, known as the PageRank, for the entire
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database of web pages. The key assumption underlying this algo-
rithm is that pages transfer importance to other pages via links,
and thus the components of the PageRank vector determine the
importance of each page. Mathematically, finding the PageRank
vector is equivalent to calculating the principal eigenvector of the
link-structure matrix, also known as the Google matrix. Calcu-
lating the principal eigenvector is also required in other fields
such as social network analysis, bibliometrics, recommendation
systems, DNA sequencing, bioinformatics, and distributed com-
puting systems.[19419]

There are numerous applications of PageRank to chemistry
and engineering sciences networks to investigate and analyse
complex systems. As systems grow in size and complexity, the
interactions between their networks and subnetworks can be-
come increasingly complicated and difficult to track. In order to
organize and study these complexities, network analysis meth-
ods such as PageRank can be used. These methods provide a way
to analyze the structure of the network and identify important
nodes or relationships within it.['! For instance, MonitorRank
diagnoses root causes of issues in a modern distributed system:
error logs and tracing debugging information.!'””] PageRank has
been used for road and urban space networks, which help predict
traffic flow and human movement. It was shown that PageRank
is the best network measure in predicting traffic on individual
roads.[1%)]

Recent research has shown that optical systems can pro-
vide significant advantages for calculating the principal
eigenvector.['%! By choosing appropriate control parameters
for these optical systems, the steady state of optical networks can
be used to solve an eigenvalue maximization problem.['*] This
results in the identification of the energy state dictated by the
signs of the eigenvector corresponding to the largest eigenvalue
of the interaction matrix, that is, the principal eigenvector. In
particular, estimates presented in Ref. [196] suggest that special-
purpose optical machines for PageRank calculations may offer
dramatic improvements in power consumption compared to
classical computing architectures.

5.6.4. Dimensionality Reduction

Dimensionality reduction involves the transformation of data
from the space with many dimensions into a low-dimensional
space, usually preserving meaningful and valuable properties
from the original data. It isn’t easy to handle high-dimensional
data in practice due to the growth of the space volume. Di-
mensionality reduction is standard in data-intensive fields.
It can be used in signal processing, neuroinformatics, and
bioinformatics.?*2°!] One can find its applications in recom-
mender systems, 22l semantic search!?%}! or as a primary tool in
many domains involving numerical analysis.

One of the well-known methods for dimensionality reduction
is the principal component analysis (PCA).[2°" The idea behind
PCA is to approximate particular data with linear manifolds of
lower dimensions. PCA can be alternatively interpreted as find-
ing subspaces of lower dimension in the orthogonal projection
on which the data variation is maximum.

The initial task behind the PCA is to find the best approxima-
tion of the data points using lines and surfaces. Given the set of
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vectors xy,X,, ..., X,, € R", the aim is at finding the sequence of
k k-dimensional affine spaces L, C R" that find

2

3

m m n
. 2 s
min E d (xi, Lk) = min E E (xil —ag — E % ajq(xiq - %q))
ki hi ‘
i=1

k
i=1 I=1 j=1 q=1

(42)

for each k, where d(x;, L;) is the Euclidean distance from the point
x; to the L. Affine spaces L, are defined as the sets of linear com-
binations L, = {a, + a;a, + -+ + qa,} with coefficients «; € R,
while the vectors {a,, a,, ..., a,} C R" form orthonormal basis in
R".

Equation (42) is an optimization problem. The initial vector a,,
is simply defined as the solution to

min i @ (x L) = - 2% (43)

i=1 i=1

The next component is found iteratively by subtracting the pro-
jection x; = x; — ay(a_ x;) (with the scalar product a] x;) for the vec-
tors corresponding to L;:

a = argmin(}m“ <xi - aj(aiji>>2> (44)

HERS=

The iterations continue until the number of the affine space k
reaches the n — 1 of the initial problem space dimension. Using
the identity ||x; — aj(aiji)H2 =||x||> - (aiji)z, one can easily map
this task into the QP in a, variables with the normalization con-
straints and the coupling matrix J; = —x;x;. To shorten the pre-
sented notation, the iterative procedure can be written similarly
to maximization tasks

k-1

X, =X - ) Xw,w, (45)
s=1
W = ar“g ﬁrjlalx{ HXkWHZ } (46)

where k is the number of principal component, X is the data ma-
trix of size n X m, w, = (wy, ..., w,,), are the weight coefficients.
If the sequential operation is limited on the specific hardware
system, one can still use the first iteration of the PCA method
to obtain the largest eigenvalues of a matrix. One can find many
alternative formulations of the PCA task, such as cancelling cor-
relations between coordinates, that is, covariance matrix diago-
nalization or singular value decomposition.

Singular value decomposition (SVD) is a special form of a rect-
angular matrix decomposition in the form

X=UzV' (47)

where U is the unitary matrix (representing the rotation as the
linear transformation of the space in the geometrical interpreta-
tion), X is the rectangular diagonal matrix with non-negative real
numbers on the diagonal (which are called the singular values,
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the action of the matrix has the interpretation of the correspond-
ing scaling by diagonal elements) and VT is another unitary ma-
trix (with the same additional rotation interpretation).

SVD is essentially vital in the standard techniques of the latent
semantic analysis (LSA),[2952%] which purpose is to process doc-
uments and detect the relationship between libraries and terms.

There is a direct correspondence between PCA and SVD de-
composition. To perform the PCA, one has to find the eigenvec-
tors of the covariance matrix XX' (without the appropriate scal-
ing factor nlj). The covariance matrix is diagonalizable, and with
the normalized eigenvectors, one can write

XX" = WDW' (48)
Applying SVD to the same data matrix X gives

XX = (Uzv")(uzv")' = (UZVT)(VZUT) (49)
which gives

WDW' = UX>.U" (50)

Using this correspondence, one can perform the SVD decompo-
sition as PCA on the special-purpose hardware.

5.6.5. Clusterization

The most detailed description of clusterization is the separation
of the objects on a specific basis. The goal can be defined as a
classification without any prior information about the classes.
The machine can set the number of clusters in advance or de-
fine them automatically. The algorithm determines objects’ sim-
ilarity by their marked features and puts the objects with many
similar features in the same class. There are successful applica-
tions of clusterization in market analysis (consumer analytics),
image compressing, data analytics, and anomaly detection.

K-means clustering is a clustering method that aims to par-
tition n observations into k clusters. Each of these observations
is located in the cluster with the nearest mean, also called a
centroid.[?7-2%] There are heuristic algorithms that deal with
such an assignment; however, the problem is NP-hard.

Given a set of observations {x;,...,x,} in a d-dimensional
space k-means algorithm aims to partition these observations

into k sets {S;, S,, ..., S;} to minimize the within-cluster sum of
squares (or variance):
- 2
argminz Z HX_”&” (51)
Si i=1 x€S;

where pg is the mean of points in the set S;. One usually uses
an iterative technique consisting of two steps to perform such

an optimization task. Given an initial set of k means m;, ..., m,,
the first step is to assign each observation to the cluster with the
nearest mean, according to the Euclidean distance. The next step

; S dae ] — ;
is to recalculate the centroids: m!*' = Exj sy % Finally, the loop

i

(
is run until the convergence. The algorithm uses the assigning

of objects to the nearest cluster by Euclidean distance, and itis a

© 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

85U8017 SUOWIWOD A0 3(qeol(dde au Aq peusenob afe sejonte O 8sn Jo sejni Joj AriqiT8uluO 8|1/ UO (SUONIPUOD-pUe-SWeY W0 A3 1M Afeiq 1 [eul|uo//SAny) SUONIPUOD pue swie 1 8y} 89S ' [£202/60/0T] Uo AriqiTauliuo ABjIm ‘Auewes aueiyood Aq S5000£202@INb/z00T 0T/10p/o0 A8 im Areiqiul|uo//sdny woly papeojumoq ‘6 ‘€202 ‘Y06TTSE


http://www.advancedsciencenews.com
http://www.advquantumtech.com

ADVANCED
SCIENCE NEWS

ADVANCED
QUANTUM
TECHNOLOGIES

www.advancedsciencenews.com

suitable method for transferring its sequential operations to the
specific hardware.

Mean shift is a high-dimensional-space analysis method for
locating the maximum density function given a discrete number
of data sampled from this arbitrary density function. It is help-
ful in complex hierarchical algorithms and is used in different
computer vision or image processing domains.

Given data points x; in n-dimensional space, one can use the
kernel function k(r), acting on the norm value r, to determine the
mean shift’s value. The kernel function has to be non-negative,
non-increasing and continuous. One can use the flat kernel so
that k(r) = 1if r < r, and 0 outside. Each iteration consists of cal-
culating the function

F(x) = Zk<(x;—2x)2> (52)

1

where there are a states. The maximum of F(x) is computed us-
ing the square norm.

5.7. Neural Networks

ANNs are often associated with ML. We considered the associa-
tive memory model, a simple recurrent shallow NN in the Sub-
section 4.6. This model can be extended to higher-order systems,
simultaneously gaining many useful properties. However, optical
systems are not tied only to this type of architecture.!*’l

Any NN can be defined as a set of neurons and connections
between them. An artificial neuron’s task is to take input num-
bers, process them in a certain way (executing a special function),
and output the results. The standard mathematical transforma-
tion of one NN layer can be written as ("(Zio w;x; + b), where
w; denote the weights for the input data points x; (or indepen-
dent variables), and the constant b is the shift called bias. Here,
the ¢ is a nonlinear activation function. A single-layer NN that
performs a similar transformation and produces a single out-
put number is called a perceptron. The perceptrons, assembled
into multilayered structures, are called multilayer perceptrons.
The introduction to the NNs is presented in Refs. [210, 211, 212]
with more modern workl?'* and the latest results after the DL
breakthrough.?!4

The activation function ¢ plays an essential role in the NN de-
sign because the output signal would be simply a linear function
in its absence. There are many functional activation functions,
such as binary step function, sigmoid (or logistic function), hy-
perbolic tangent, etc. They allow a NN to map an input to the out-
put appropriately. Thus, NN is considered a universal function
approximator.[?"®] To choose the NN weights, one usually uses
the backpropagation procedure,21%21] although there are many
alternatives. Backpropagation consists of tuning the NN weights
according to the difference between the actual output value of
the network and the predicted one, with the final goal of mini-
mizing this discrepancy or the cost function. The tuning proce-
dure involves computing the total discrepancy gradients on each
layer, starting from the final one and updating the corresponding
weight values. Through the extensive number of such iterations,
there is a chance that the weights will be tuned in the desired way.
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Many deep NN (NN with many layers) can be mapped into a
shallow one with a significant overhead on the number of neu-
rons in the standard layer. That means that any deep NN func-
tionality can, in principle, be performed on a physical device suit-
able to a shallow architecture. With an appropriate mapping, both
networks will have the same approximation qualities.[?18-221]

A well-trained NN can approximate many complicated algo-
rithms, some of which are presented in this review. However, one
has to provide enough input conditions and good output answers,
especially when the problem is of high computational complexity.
In addition, however, the resulting correlations need to be better
understood. The valuable properties of the NNs go far beyond the
optimization domain. We will consider some of them below.

5.7.1. Neural Networks and Dynamical Systems

Using ML models in the domain of physical sciences, that is, in-
corporating physical laws and domain knowledge into neural ar-
chitectures, is called physics-informed machine learning (PIML).
It provides a powerful approach to modeling different physical
phenomena. This rapidly growing field can pursue many other
goals. Among them are constructing better predictive models
with high accuracy and reliable generalization abilities, increas-
ing data processing rate, accelerating the dynamical processes
through optimized architecture, and solving inverse problems
with interpretable models. One should expect that emulating
complex nonlinear dynamics should benefit from the PIML. This
can be seen in the applications in weather forecasting, 222l model-
ing of turbulence,?2*?24] nonlinear dynamics, 2222l applications
of the ML to the Koopman operator theory.??’] Optical hardware
can be potentially used to speed up these applications.

The correspondence between NN architectures and dynami-
cal systems is straightforward. Some of the NN can be viewed
as discretizations of dynamical systems, which is true in reverse
order—one can design NNs to have specific properties, such as
invertibility.[22] This correspondence can broaden the applicabil-
ity of the potential optical hardware. Their connection with dy-
namical systems and DL can be found in Ref. [229]. The gen-
eralization of the optimization algorithms inspired by different
optical systems has canonical universality property.[23!

5.8. Probabilistic Graphical Models

Graphical models provide a natural tool for dealing with un-
certainty and complexity in a wide range of tasks and estab-
lish a powerful framework for representing and analyzing com-
plex data structures. The graph theoretic approach used in these
models offers an interface for modeling data and designing ef-
ficient general-purpose algorithms. Many models used in dis-
parate fields such as statistics, systems engineering, information
theory, and pattern recognition can be considered special cases
of the general graphical model formalism. Graphical models are
particularly useful for representing joint probability distributions
and performing inference based on observed data.[231-233]
Probabilistic graphical models (PGMs) are graphs with the
nodes represented by random variables, while edges connect-
ing them represent conditional independence assumptions.

© 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

85U8017 SUOWIWOD A0 3(qeol(dde au Aq peusenob afe sejonte O 8sn Jo sejni Joj AriqiT8uluO 8|1/ UO (SUONIPUOD-pUe-SWeY W0 A3 1M Afeiq 1 [eul|uo//SAny) SUONIPUOD pue swie 1 8y} 89S ' [£202/60/0T] Uo AriqiTauliuo ABjIm ‘Auewes aueiyood Aq S5000£202@INb/z00T 0T/10p/o0 A8 im Areiqiul|uo//sdny woly papeojumoq ‘6 ‘€202 ‘Y06TTSE


http://www.advancedsciencenews.com
http://www.advquantumtech.com

ADVANCED
SCIENCE NEWS

ADVANCED
QUANTUM
TECHNOLOGIES

www.advancedsciencenews.com

Probabilistic graphical models (PGMs) provide a compact rep-
resentation of joint probability distributions. There are two
main types of graphical models: undirected models, also known
as MRFs, which are widely used in the physics and vision
communities, and directed models, also known as Bayesian
networks (BNs), belief networks, or causal models, which are
more popular with the Al and ML communities.[?*!]

The spin Hamiltonians are particularly useful for PGMs. We
recall the Ising spin model of Equation (1). Each spin variable
s; can be treated as a random binary variable so that their cou-
pling strengths serve as the connections between random vari-
ables. Certain configurations of spin variables X = (x;, ..., xy) €
{=1,+1}" is called an assignment. The probability of an assign-
ment in the PGM is given by

Pls =x) = 2 exp (— >y Jijxixj> (53)

i=1 j=1,j<i

where

z= 2 eXP(—Z 2 w) (54

Xe{-1,+1}N i=1 j=1,<i

is the so-called partition function.

There are several quantities of interest in the PGMs. First, itis
the inference task - the computation of the quantity Z given by
Equation (54). The exact inference is the computation of Z with
all possible assignments, which is a hard problem for an arbi-
trary graph. The running time of the exact algorithms of finding
Z is exponential in the size of the largest cluster of correspond-
ing graph nodes. There are rare cases of the Ising model graphs
when it is possible to compute its partition function in polyno-
mial time, but the problem of computing Z is generally hard.
Hence, the approximate inference is widely used. Other quan-
tities of interest can include finding the low-energy states (low
energy sampling), worst margin violators, constituents of parti-
tion functions—assignment likelihood and marginal probabili-
ties and certain moments concerning the partition function and
the target value.

Some popular approximate inference methods include sam-
pling (Monte Carlo), variational methods and message-passing
algorithms.[?*!] Since many optical spin machines are not flexible
in terms of programmability compared to conventional comput-
ers, one can hardly exploit sophisticated methods in hardware op-
erations. That is why the sampling procedure is the most promis-
ing application from the hardware perspective, especially for in-
ference tasks. Expanding the spin machines’ functionality is a
promising direction, given the speed and energy efficiency of the
optical efficiency domain.

The physical system often realizes the symmetric coupling
coefficients, making the model undirected. Using the system-
specific devices that redirect light, it is possible to introduce the
asymmetry in the variable connections, which opens the path to
the directional PGM. In addition to the universality concept, one
can see many practical tasks encoded into the Ising model (such
as portfolio optimization) as special cases of the PGMs. Moreover,
the hardware’s ability to realize the high-order interaction terms
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allows one to encode complicated conditional dependencies with
little or no overhead on the number of variables.

However, the application scope of optical machines aimed at
simulating PGMs is far beyond the scope of this problem. One
can encode complicated large graphs with many factors, repre-
senting large-scale practical problems and efficiently use them
as supporting decision-making networks. There are also appli-
cations in control theory and game theory. For example, PGM
can compactly model joint probability distributions using sparse
graphs to reflect conditional independence relationships in com-
plex systems. It is possible to decompose similarly multi-attribute
cost functions (or utility functions). For instance, let the general
cost function be a sum of local cost functions. Each local term
has parental nodes (random variables or factors), which it de-
pends upon. Moreover, some of the utility nodes will also have
action (control) nodes similar to parent nodes because they de-
pend on the state of the environment and the performed actions.
The resulting graph is called an influence diagram. Using such
a diagram, one can perform sampling, similar to the inference
task, and compute the optimal (sequence of) action(s) to maxi-
mize or minimize the cost function.[?*!:23*] The application of the
same strategy was used in multi-person game theory.?3*! In such
a way, one can exploit optical spin machines to investigate dy-
namical systems and decision policy on factor graphs. There are
many more applications of such correspondence between spin
system functionality, control theory, and decision-making. The
advantages of optical systems will benefit large complex graphs
with complex connections between units.[?3!] Exploring the func-
tionality of optical machines with respect to different paradigms
is a promising research direction.

5.9. Image Processing

Several problems in computer vision can be formulated as bi-
nary quadratic programs, a particular case of QUBO. One can
also see the similarity with PGMs. The conventional approach to
such problems is to use the semidefinite relaxation technique,
which appeared to be quite efficient.[2**] The problems discussed
include image co-segmentation, image segmentation with differ-
ent constraints, graph matching, image deconvolution, graph bi-
section, and others. The computational complexity of these prob-
lems is high, which makes it necessary to propose an improved
version of the semidefinite programming approach, which is
more efficient and scalable. Some of these formulations are listed
with little corresponding details, and we refer the reader to the
original work.[27]

minxe{—l,+1}” x'Ax (55)
s.t. ()(Tti)2 <xnli=1,..,s

i

is the image co-segmentation task with the matrix A" 5 is the
number of images, n; is the number of pixels for i-th image, and
n=7y;_ n.t €{0,1}" is the indicator vector for the i-th image,
k € (0,1] is a parameter.

min,c(qye  h'x+x"Hx
L .
st X Xy =li=1.. K (56)
K .
Y Xy SLj=1..,L
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Table 1. Example of possible encoding for the several tasks.
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Assignment Formulation Details
MIN-2-SAT n{qoin)" WiixiX; (59) Discrete variables, direct mapping, straightforward operation with
€{0,1}11 4=
i ij<i respect to dynamical updates, efficient.
Phase retrieval min Z M.uu Continuous variables, direct mapping on the QCO (Equation(3)),
4%
i (60) straightforward operation, efficient concerning the QCO hardware.
st |u| = 1i=1n
Regression m 2 Continuous variables, partial mapping, straightforward operation,
I’l'}fiﬂ Z <Z B — Y,-> (61) inefficient concerning the variables mapping.
J =1 \j=0
SVM min||wl| = min(X; wjz) Continuous variables, partial mapping, straightforward operation,
¢ ( T b) S 1 foriz1 (62) inefficient concerning the variabes mapping.
sty(wx,—b)>1, fori=1,...,n
k-means k ) Continuous variables, partial mapping, consequent operation,
n}{n z Z HX —Hs; H (63) inefficient variabes mapping and operation setup.
Ii=1xes;
Graph bisection min  — z WXoX: Discrete variables, partial mapping due to the constraints,
4%

x€{-1,1} i

(64)

s.t. ZX, =0

Image min E ajXiX;
. xie{-1,+1} = vy
co-segmentation ij

(65)

st (Y ) =0<Kknki=1, s
j

straightforward operation, inefficient representation of the
constraints.

Discrete variables, partial mapping due to the constraints,
straightforward operation, overhead on auxiliary variables,
inefficient concerning the constraints and overhead.

is the graph matching task and x;;_,;,; = 1 if the i-th source point
is matched to the j-th target point; otherwise it equals to 0. h;_y),;
records the local feature similarity between source point i and
target point j; Hy_y);4 41141 = €xp(—(d; — dyy)*/o?) encodes the
structural consistency of source point i,j and target point k, I. The
corresponding details can be found in Ref. [238]

i —Kx|2+S 5
xgﬁjm II5 + S(x) (57)
is the image deconvolution task, where K is the convolution ma-
trix corresponding to the blurring kernel k, S denotes the smooth-
ness cost, x and q represent the input image and the blurred im-
age respectively.[?3¢]

min —x' Wx,
xe{-1,1}*

(58)
st.x'1=0

is the graph bisection task with W, = exp(—d;, /oY), if (i,)) € &;
and 0 otherwise, where dij denotes the Euclidean distance be-
tween i and j. These tasks can potentially be mapped into the
special-purpose hardware dealing with quadratic assignments or
low-level programmable tasks.

5.10. Several Examples of Hardware Embeddings
Here we consider the hardware representation of several tasks

we considered previously. We characterize each assignment stat-
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ing its possible embedding on the particular hardware type - spin
machines and characterize several parameters of such embed-
ding. We consider discrete and continuous variables (the latter
can require additional overhead on the number of discrete op-
erational units), direct mapping of the problem coefficients or
partial concerning other factors, whether the hardware requires
the consequent manner of operations or not, incorporating addi-
tional constraints into the coefficients of the problem and other
details. Overall, these factors determine whether the possible em-
beddings are efficient or not (significant overhead, consequent
operations, etc.). We present the examples in Table 1.

A significant part of the current review is devoted to the de-
scription of the reductionism approach to the optimization prob-
lem, where one has to transform the target assignment into the
known formulation (for example Ising model) or combinations
of conditions (see graphical models) and then to map it into the
particular hardware to get a proper solution. Although many pre-
sented approaches are similar, we are not restricted to covering
only them. To support this statement, we present a few high-
complexity realizations of specific computational problems.

Among them, we can highlight the recent demonstration of
natural language processing on a photonic processor,?*] see
Figure 11. The significant advance is achieving capacity exceed-
ing 1.5 x 10 optical nodes, which enables large-scale applica-
tions. In another work,[2*%] authors realized an optical NN to sim-
ulate inference at an optical energy consumption of 2.7 aJ per
MAC for computer vision model Resnet50 (Residual Network)
and 1.6 a] per MAC for natural language processing model BERT
(Bidirectional Encoder Representations from Transformers) with
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Figure 10. a) A GAN architecture scheme consisting of the discriminator and generator. b) The offline noise-aware training and inference processes flow

of the generator. ¢) Decomposition of the generator into individual layers.

In each layer, the input signals pass through the photonic tensor core and are

converted to the electrical domain by photodetectors (PDs). After postprocessing, the data are converted back into the optical domain and transferred
to the next layer. EOM, electro-optic modulator. d) Optical microscopic image of the photonic tensor core consisting of four input channels. The optical
RNG is input to the photonic tensor core through O/E and E/O conversion in our experiment. DEMUX, demultiplexers. e) The false-colored scanning

electron microscopy (SEM) image of the photonic tensor core. The Si; N,

waveguide, the GST metasurface, and the Al,O; protection layer are colored

green, red, and blue, respectively. Scale bar, 10 pm. Inset: The zoomed-in SEM image of the phase-gradient metasurface on the waveguide. Scale bar,
2 pm. Reproduced with permission.?#11 Copyright 2022, American Association for the Advancement of Science.

little accuracy degradation. The third examplel?*!] demonstrated
arealization of a complicated generative network on the basis of a
photonic computing core consisting of an array of programmable
phase-change metasurface mode converters. The corresponding
scheme can be found in Figure 10. Overall, one can see more
and more sophisticated architectures being reproduced using op-
tical platforms.

5.11. Spin Glass Simulators

The inherent relationship between spin glass models and opti-
mization tasks has been a longstanding subject of research. Con-
siderable attention has been devoted to examining the complex-
ity of both paradigms. In this regard, simulating a realistic glass
model can be approached as a computational problem. Hence, it
is necessary to mention several works on these simulations using
optical platforms. A concise overview of the measurements of var-
ious parameters of artificial disordered systems through optical
setups, focusing on overlap distributions and replica symmetry-
breaking realizations, can be found in Ref. [242]. Additionally, the
chapter includes the construction of a statistical model of light
modes dynamics in a random laser with a new equivalent for the
overlap distribution. One of the first experimental measurements
of overlap distributions in a random laser system was reported

Adv. Quantum Technol. 2023, 6, 2300055 2300055 (25 of 43)

in Ref. [243]. The subsequent work by Basak et al. in 2016244
describes the observation of strong intensity fluctuations in stan-
dard ordered cavities, with subsequent analyses highlighting the
replica symmetry breaking phenomena. Another example is the
work by Moura et al. in Ref. [245], where the intensity fluctua-
tion overlap distribution is measured in the spontaneous mode-
locking regime of a multimode Q-switched Nd:YAG laser. Re-
search on spin glass simulators goes hand in hand with the
optimization domain, motivating the search for unconventional
hardware that is the primary focus of this review. This results in
the realization of optical computing platforms that can address
spin-glass problems on a large scale, such as the platform based
on spatial light modulation and multiple light scattering.[2¢]

6. Main Directions of Technological Development
in Optical Computing

The demand for computational resources is gaining momentum
due to their use in many practical applications. This trend is sup-
ported by a growing industrial interest from prominent IT com-
panies (Microsoft, Google, IBM, Amazon, etc.) and fast-growing
start-ups. To get a better global picture, one must understand the
current paradigm of conventional heavy calculations and what
advantages the optical machines can offer. First, we present sev-
eral key metrics of the standard approaches and then show the
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Figure 11. 3D PELM for language processing. a) The text database entry is a paragraph of variable length. Text pre-processing: a sparse representation
of the input paragraph is mapped into a Hadamard matrix with phase values in 0, z. b) The mask is encoded into the optical wavefront by a phase-only
SLM. Free-space propagation of the optical field maps the input data into a 3D intensity distribution (speckle-like volume). c) Sampling the propagating
laser beam in multiple far-field planes enables upscaling the feature space. d) The example shows a binary text classification problem for large-scale
rating. Reproduced with permission.[?3°] Copyright 2022, Optica Publishing Group.

benefits of optical devices. After that, we describe the strategies
pursued in photonic neuromorphic computing.

6.1. Performance of Information Processing Systems

In general, Moore’s law concerns several metrics. All of them
are reaching saturation but at a different paces. To maintain the
same effectiveness of the hardware, new technology is required.
However, the more significant demand for superior hardware is
caused by the explosive growth of AI applications, which puts
much more pressure on research and development performance.
For example, the need for computational capabilities has in-
creased by more than five orders of magnitude from 2012 to 2018
because of the Al developments shown in the OpenAl report.!®]
Several key metrics characterize the performance of informa-
tion processing systems. We will use MAC (multiply-accumulate
operation containing one multiplication and one addition) and
FLOP (floating-point operation). The relationship between them
is that 1 MAC counts as 2 FLOP. One usually uses MACs and
FLOPs to measure the speed performance of the device, which
depends on the frequency or the characteristic intrinsic opera-
tion time on the hardware. Alternatively, one can use the opera-
tions per second (OPS), be it conventional mathematical opera-
tion or hardware state switching, but this notation is rarely used.
Another important metric is energy consumption or efficiency,
which can be measured in FLOPs W (FLOPs per watt). One can
consider alternative metrics, such as the total training energy in
joules in the case of the training NN or ] per spike in the oper-
ations performed on the spiking NN (SNN) architecture. Many
combined metrics and their variations exist, such as speed per
area (OPS per mm), that are used to describe some other en-
ergy characteristics. Other important parameters of the hardware
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setup may include the analogue level of noise, scalability proper-
ties, specific architecture parameters, etc.

Data centres that use thousands of CPUs and hundreds of
graphics processing units (GPUs) consume megawatts of power.
Despite the versatility of conventional computers, their charac-
teristics are not enough to achieve high performance in the key
metrics. Thus, application-specific hardware that differs in archi-
tecture and logic reduces this gap between the desired efficiency
and computer capabilities. One can find several discussions of
these devices in Refs. [196, 247] with the corresponding compar-
ison of the key metrics; see also Figure 12. In addition, we men-
tion some of these electronic devices as reference points for com-
parison with optical devices.

Classical computing architectures can differ in the details
within one type of device. However, it is common to characterize
them using two key metrics—the processing power or the com-
puting speed using FLOPs and the energy efficiency. One can use
the ratio of the FLOPs to the power consumption in watts (W) to
get the energy efficiency metrics.[1%]

The standard estimate of the modern CPU efficiency is 2
TFLOPs, while the power efficiency is about 10 GFLOPs W'
Therefore, we can use the Intel Xeon processor as one of the
top devices in terms of efficiency for working with the double-
precision format, which has 4.8 TFLOPs and 29 GFLOPs W1.[248]
GPUs are the advanced specialized electronic architectures and
workhorses of the current ML tasks in real applications because
of the parallel computing options. Most of the GPUs operate at
near 0.3 kW power consumption with the range of 0.5-7 TFLOPs
and corresponding 1.6-23 GFLOPs W energy efficiency for the
work with the double-precision format.

Another type of classical hardware is powerful non-distributed
computer systems that are not so energy efficient but have enor-
mous computing power. The top 10 list starts with NVIDIA DGX
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Figure 12. Left panel: computing power and energy efficiency of different types of computing hardware. The schematic distribution of the processing
power versus energy efficiency is shown for several CPUs, GPUs, FPGAs, supercomputers, and potential unconventional computing devices based
on optical systems. Reproduced with permission.['®] Right panel: energy efficiency values versus computing speed per area for spike-event hardware
compared with results described in the literature.[?#”] Reproduced with permission from corresponding preprints.

SuperPOD with 2356 TFLOPs and nearly 26.2 GFLOPs W. The
most powerful supercomputer in processing power is Fujitsu’s
Fugaku, with 442000 TFLOPs and 14.8 GFLOP J . One can link
several devices into the powerful distributed system to achieve
much higher processing power with additional energy costs.

Another class of electronic devices can be named “dedicated
hardware”. Although the GPU is not usually attributed to this
class, it performs a similar role. A good example is the FPGA,
an integrated circuit that can be configured by a customer us-
ing a hardware description language. On average, FPGA can
achieve 10 TFLOPs with near 50 GFLOPs W! energy consump-
tion rate and several times more (x5,x7) by working with lower
precision numbers.!?*! Another example of dedicated hardware
is Google’s Tensor processing unit (TPU). TPUs are custom-
developed application-specific integrated circuits (ASICs) to ac-
celerate ML workloads. The efficiency can be estimated as 90
TFLOPs, and 400 GFLOPs W1.[2°0]

Further improvements in electronic special-purpose devices
are expected to come from analogue architectures based on
memristors,”>!] non-volatile memories, compact low-voltage
field-effect transistors and engineering of heterostructures of 2D
materials taking into account the quantum effects. Another op-
tion is to explore the different architecture of the dedicated hard-
ware. For example, IBM claims to achieve 176 000 times bet-
ter energy efficiency with their bio-inspired neuromorphic chip
TrueNorth chip than the conventional general-purpose Intel i7
system for specific applications.?°?] Nevertheless, TrueNorth has
a relatively slow frequency rate of 1 kHz and an approximate en-
ergy efficiency of 2.3 pJ per bit. Moreover, it requires additional
connections for the incoming neural spikes. One can further ex-
plore Intel’s Loihil>3] or NeuroGrid!?>*! devices, which are close
to the modern GPU.[2]

Despite impressive and innovative developments, more than
the presented classical architectures are needed to satisfy the
need. For example, some estimates on demand from future au-
tonomous vehicles require the information processing at 100
TOPS rate with the energy consumption of less than 100 Watt
with the additional low latency.[?¢]
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6.2. Optical Energy Consumption

Optical devices can process information instantaneously. Addi-
tional advantages include negligible energy consumption and
heat generation. State-of-the-art for CPUs and GPUs metrics
can be converted into 20 p] per MAC.I**’! The dedicated hard-
ware and application-specific circuits can achieve 1 pJ per MAC
with reduced precision of the calculations.?*®! The same so-called
“ideal” benchmark is supported by Ref., [51] where authors used
a programmable nanophotonic processor with a cascaded array
of 56 programmable MZIs in a silicon photonic integrated cir-
cuit to perform the vowel recognition task. Modern Al chips can
reach the 100 mW per GOPS operation power per second, but
the future competitive requirements should be ~ 107! mW per
GOPS.@

We can consider several examples of photonic hardware and
highlight their technical characteristics, such as speed and en-
ergy consumption. The photonic accelerator architecture based
on coherent detection(®”! enables a new class of ultra-low-energy
processors operating at very low (sub-aJ) energies for MAC op-
eration. These structures can be reprogrammed and trained on
the fly and have good scalability of up to one million elements.
Additionally,®®! discusses the “standard quantum limit” for op-
tical NNs that can be bounded with 50 z] per MAC values for
irreversible digital computation.

Optical NNs can achieve accurate results with extremely low
optical energies.[?>%] It was shown experimentally that optical NN
with dot product calculated optically achieved high accuracy on
the MNIST digits classification using few photons (of the order
107" J of optical energy) per weight multiplication. The essential
idea was to reduce the noise from accumulating scalar multipli-
cations in dot-product sums.

Some optical machines can use pre-optimized mathematical
structures for architectural benefits. A good example is energy-
efficient, high-throughput, and compact tensorised optical NN
exploiting the tensor-train decomposition.l?*") Such a NN can im-
prove the energy efficiency by a factor of 1.4 X 104 compared with
digital electronics ANN hardware and by a factor of 2.9 x 102
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compared with silicon photonic technologies. Moreover, it was
possible to achieve better energy efficiency with fewer elements
for footprint-energy efficiency calculation.[?®] In general, neuro-
morphic photonic systems potentially offer petaMAC per second
per mm? processing speeds!®] and attojoule per MAC energy
efficiencies.[%!]

Energy consumption is closely related to the physical proper-
ties of the neural architecture. For example, event-driven spiking
neural networks (SNNs) outperform ANNs in energy efficiency.
The dynamic of many models can be described using the uni-
versal Izhikevich model.l**>] Event-driving neuromorphic com-
puting overcomes traditional von-Neumann architectures’ limi-
tations but has several specific problems with the throughput,
scalability, training methods, etc.

The successful implementation of an optoelectronic spiking
neuron inspired by the Izhikevich model was reported in Ref.
[247]. A nanoscale optoelectronic neuron with 200 a] per spike in-
put can trigger the output from on-chip nanolasers with 10 {] per
spike. This neuron can support a fanout of & 80 or overcome 19
dB excess optical loss while running at 10 GSpikes s in the NN.
Such a scheme corresponds to 100 throughput and 1000 times
energy-efficiency improvement compared to state-of-art electrical
neuromorphic hardware such as Loihi and NeuroGrid.[?*’] The
hybrid systems of quasiparticles can be another potential plat-
form for spiking architectures. Exciton-polaritons can achieve 1
pJ per spike with 100 ps timescale.[261:262]

6.3. Evaluation of Speed

A universal optical computer was not a viable option to compete
with classical computers. Instead, a specified optical computer or
optical block as a part of a hybrid classical/nonclassical architec-
ture has become a focus of recent research. One of the first real-
izations of simple mathematical operations, such as a free-space
fan-in/out vector-matrix multiplication, was introduced by Good-
man in 1978.2631 Tt is the essential linear algebra operation, where
the input vector is loaded into an array of light sources, and the
multiplication matrix is encoded into the SLM. The light prop-
agation is analogous to broadcasting the initial vector into SLM,
which performs element-wise multiplication, after which the lens
gathers all the beams in the horizontal direction and summates
the intensities. One can evaluate the performance of this device
as N2 MAC for one multiplication of the vector with N elements
and a square matrix N2. However, the effective performance is
limited by the system’s frequency f, mainly of the SLM, resulting
in fN? MACs; see also.?%4 Nevertheless, using 256-length input
vector and 125 MHz frequency rate, the device’s performance can
reach impressive & 8 TMACs.

Other schemes based on different forms of the free-space
matrix-vector multiplication can reach similar values. In 2020,
Lightmatter presented an optoelectrical hybrid chip “Mars” with
0.4 — 4 TMACs depending on the frequency of weights.[25] A
massively parallel convolution of 16 x 16 “tensor core” scheme
based on crossbar architecture has been built on a chip with
13 GHz modulation speed for the inputs, and approximate 2
TMACs.[2] Another scheme based on the electro-optical Mach—
Zehnder modulators represents a universal optical vector con-
volutional accelerator and achieves more than ten TOPS speed,
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with a consequent successful use as an optical convolutional NN
in facial and handwritten digit images recognition.?*”] Most of
the photonic hardware with the feed-forward architecture can
operate at high (GHz) speeds and usually have good scalability
characteristics.[60:259.260]

Another critical factor affecting the optical device’s speed per-
formance is the hardware’s architecture. From this perspective,
RC might improve many aspects of optical computing devices.
One could expect several orders of magnitude speed-up com-
pared to the typical ANN structure. RC optoelectronic/optical im-
plementations are usually divided into spatially distributed and
time-delayed.[®”) The RC scheme on a silicon photonic chip with
optical waveguides, splitters and optical combiners can achieve
the data processing rate of 0.12 and up to 12.5 Gbit s.128] More-
over, more exotic physical systems, such as exciton-polaritons,
can reach similar performance so that the SNN architectures can
achieve the characteristic operation time of the order of 100 ps
with the energy efficiency of 1 pJ per spikel261:262]

Optic-based spin machines also enjoy competitive speed char-
acteristics. CIM evolved from having just 4 spins and 12 con-
nections in 2014 (Stanford) to 16K spins and 256M connections
in 2021. The 2000-node version achieves semidefinite relaxation
minimum of a cost function in 0.1 ms and further improves the
solution.[?®] The new generation of CIMs based on Thin-Film
LiNbO3 (TFLM) photonic circuits will be released in 2022. It will
feature an OPO network with # pW pump power, ~ fs pulse du-
ration, 100 GHz-1 THz clock frequency and the synchronized
operation of multiple CIMs on a chip.

Exciton-polaritons possess even better ultrafast timescales. For
example, the polariton graph simulator(!*!) is easily scalable to
10K elements and shows ~ 100 ps operational times respectively,
while the degenerate lasers!® system have ~ ps characteristic
timescale. However, all-to-all controllable couplings have yet to
be experimentally implemented.

6.4. Other Important Properties

Other essential factors are undoubtedly affecting optical devices’
attractiveness and performance, such as intrinsic noise and ana-
logue accuracy of the hardware. For example, the recognition re-
sults using MNIST handwritten digits can show different accu-
racy on different devices, which can be a good measure of how
well a particular NN is adjusted to a specific task.?*’] The com-
prehensive analysis of the error sources and their classification
for the electro-optical device can be found in Ref. [8].

The essential part of the hardware is its structure/architecture.
It affects many other properties of the optical devices, be it the
accuracy, scalability, the potential for future optimization, etc.
The interplay between the hardware’s electronic and photonic
components depends on the architecture. It directly affects opti-
cal/electronic conversion, storing and reading the data, and logic
operations cost in the case of a hybrid architecture.

Scalability is one of the key metrics and is the consequence of
the architecture choice. It measures the ability of a system to keep
its algorithmic performance with a growing number of variables.

The optical setups enjoy additional degrees of freedom com-
pared to the conventional electronic hardware. For example,
two independent variables in the complex plane can param-
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eterize short optical impulses. In addition, one can explore
optics-specific degrees of freedom such as polarization and orbit
angular moments of light.

Lastly, current optical hardware is used to employ classical
algorithms and NN architectures that are conventional for
standard electronic architecture. These algorithms are designed
using Boolean logic, which is suitable for a digital computing
system. However, they are not always optimal for optics im-
plementation. Therefore, developing specialized algorithms
optimized for optical computer platforms is necessary, further
reducing the operational complexity and execution time.

6.5. Noise in Analog Optical Computing

In many analogue devices, noise plays a crucial role in their oper-
ation. The investigation of noise, its sources, and its properties in
optical systems is a fundamental subject that has been addressed
extensively. The classical theory of laser noisel?”°] encompasses
fundamental concepts of fluctuations caused by atomic transi-
tions between lower and upper levels and the independence of
classically-prescribed optical fields, considering both moderate
and high-power laser cases. These ideas were expanded to in-
clude sources of quantum noise (such as momentum fluctua-
tions of electrons at optical frequencies and uncertainty-related
fluctuations of the electromagnetic field), shot noise, the transi-
tion to classical noise in high-power lasers, the distinction be-
tween lasing and non-lasing modes, and intensity fluctuations at
different frequencies and their corresponding distributions.[?’!]
The transition between classical and quantum noise has been ex-
tensively studied,!?”? with discussions on the origin of quantum
noise emerging from the reversible or irreversible part of dynam-
ics and comparisons with purely classical fluctuations and corre-
sponding physical examples.[?”>] While noise in analog photonics
is generally considered a harmful effect, it is possible to mitigate
its impact or make the system robust toward specific types of
perturbation using system-specific techniques. Analog DL plat-
forms experience both deterministic and non-deterministic noise
sources, with the amount of noise increasing with operational
speed. To address this issue and efficiently deploy MAC opera-
tions, the authors of (2] introduced and experimentally demon-
strated a noise-resilient DL scheme with a record-high 10GMAC
per sec per axon compute rate. This approach uses a coherent sil-
icon integrated circuit that combines a noise-tolerant linear neu-
ron architectural scheme with noise-aware training methods.
There are many other alternative ways of dealing with “noisy”
analog computations. For example, in Ref., [275] authors dis-
cuss the advantages of the pre-trained analog optical processors
with bit precision operations. To surpass the performance of dig-
ital processors because of the confined photonic hardware size
and the limited bit precision of high-speed electro-optical com-
ponents, engineers usually used post-training techniques such
as inference averaging, dynamic precision inference etc., to com-
pensate for the “noisy” analog computations. Hence, the authors
proposed and experimentally demonstrated a speed-optimized
dynamic precision NN inference via tiled matrix multiplication
on a silicon photonic processor with the aim of targeting high-
accuracy and speed-optimized classification tasks. The advan-
tages of optical computing over digital computing for accelerat-
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ing DL lie in operations executed at low precision. The key met-
ric here is the effective number of bits of precision of analog
processors, which is limited by noise. Dynamic precision analog
computing for NN was proposed in Ref. [240]. It lies in repeat-
ing operations and averaging the result, decreasing the impact of
noise. This method reduces energy consumption by up to 89%
for a particular computer vision model and 24% for a natural lan-
guage processing model, overcoming the weight noise, thermal
and shot noises.

The computational errors from different sources tend to accu-
mulate and severely impair the large-scale photonic NN perfor-
mance. Usually, one can not expect something valuable from the
noise realizations. Counterintuitively to the current belief, it was
demonstrated that a photonic generative network can act as a part
of a generative adversarial network for generating handwritten
numbers.[>!] The implementation was realized with a photonic
core consisting of an array of programable phase-change mem-
ory cells, applied noise-aware training by injecting additional
noise, and led to the demonstration of the network’s resilience
to hardware nonidealities. Several offline noise-aware training
schemes for discriminative models were proposed, such as inject-
ing noises to layer inputs, synaptic weights, and preactivation.[?*!]
In summary, noise is considered a significant obstacle to effi-
cient optical computation; however, it can be leveraged or ex-
ploited smartly.

6.6. Optical Minimizers of Spin Hamiltonians

Optical systems designed to minimize spin Hamiltonians have
the potential to find the global minimum of hard optimization
problems. These systems offer several advantages, including the
ability to find better solutions to a wide variety of nonlinear op-
timization problems within a fixed time, to find solutions of a
given precision more quickly, or to solve more complex prob-
lems at a fixed and limited cost. However, these machines also
have their limitations and vary in terms of scalability, the ability
to engineer the required couplings, the flexibility of tuning the
interactions, the precision of read-out, and other factors that facil-
itate the approach to the global minimum rather than local min-
ima. Despite these limitations, all of these machines have some
aspects of their operation that promise increased performance
over classical computations. To solve an optimization problem
using optical minimizers of spin Hamiltonians, it is necessary
to find an optimal mapping of the real-life problem onto a spin
Hamiltonian. Some optimal mappings are already known, while
for others finding an optimal mapping is a crucial step toward
successfully solving the problem.

Combinatorial optimization is a field of study that focuses on
finding the absolute minimum configuration of a given problem.
However, in many applications it is desirable to not only find one
absolute minimum, but also to obtain multiple or all degenerate
absolute minima and, in some cases, to sample many low-energy
excited states.!?’] This sampling capability can be useful for ap-
plications that require distributional information about optimal
solutions, such as the implementation of Boltzmann machines
as generative models for ML.?”’] In industrial settings, having ac-
cess to a pool of candidate solutions to an optimization problem
can make processes more efficient and flexible. For example, in
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drug discovery,!?’8] structure-based lead optimization could gen-

erate many candidate molecules for simultaneous testing.

One approach to solving large optimization problems is to de-
compose them into smaller subproblems that can be solved sepa-
rately, for example to accommodate hardware limitations. By us-
ing multiple low-energy samples rather than just the optimum
for each subproblem, it is possible to construct better solutions
to the original problem.[?”?] However, a spin minimizer designed
for combinatorial optimization may not be well-suited for sam-
pling all ground and low-energy states. The nonlinear stochastic
dynamics of such machines in the presence of quantum noise
can be exploited to sample degenerate ground and low-energy
spin configurations of spin models. When these optical machines
operate in a quantum-noise-dominated regime with short photon
lifetimes (i.e., low cavity finesse), homodyne monitoring of the
system can efficiently produce samples of low-energy spin con-
figurations that are better than their classical counterparts.[28%]

To properly access the properties of such systems, one can use
computer simulations in several scenarios. Such emulations al-
low one to avoid extensive labor experiments to predict properties
of such systems properly, tune and optimize the parameters for
optimal performance and even inspire new classes of algorithms
for conventional computers. The emulation algorithms can be
found in Refs. [281, 282]. Such techniques can apply to a broad
type of NNs.

6.7. Efficiency of Artificial Neural Networks

ANN are powerful tools for processing large data sets and ana-
lyzing vast amounts of information quickly and without explicit
instructions. As a result, a wide variety of NN architectures have
been developed and implemented in various applications. The
development of different NN is important because each architec-
ture can represent different systems while maintaining a certain
level of universality in approximating and representing complex
systems. This expands the already significant scope of applicabil-
ity of NNs.

Passive optics can perform many linear transformations with-
out power consumption and minimal latency at rates over
50 Gb s!. Optical logic gates have been demonstrated to be
feasible.l?83-287] However, attempts to replicate classical boolean
electronic logic circuits in photonics have not been successful.
Analog photonic computing devices are suitable for NNs due to
their fast and energy-efficient computations. Optical nonlineari-
ties can be used to implement various nonlinear functions.2%]
Recent developments suggest that optical implementations of
NNs can surpass electronic solutions in terms of computational
speed and energy efficiency. However, the challenge of develop-
ing truly deep NNs with photonics remains. Photonic multilayer
perceptrons and photonic SNN have potential for realizing all-
optical ANNs. Photonic accelerators for convolutional NNs are
the most promising photonic solutions for enhancing inference
speed and reducing power consumption in the near term.

However, there are still many opportunities to explore and im-
prove the implementation of photonic NNs. For example, more
research is needed to assess whether specific types of deep NNs
can be implemented optically in an efficient manner that pro-
vides advantages over fully electronic implementations. Further-
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more, some deep NNs, such as long-short-term memory NNs,
generative adversarial nets, geometric deep NNs, and deep belief
networks, have not yet been implemented in photonics.

The ultimate goal is to realize large photonic NNs with thou-
sands of nodes and interconnections across many hidden layers.
To achieve this, it is essential to work on the cascadability and
robustness of photonic NNs to fabrication imperfections and pa-
rameter drifts over time.[?”] Resonant structures like microring
resonators are susceptible to manufacturing deviations.[?*°! Lin-
ear optical processors based on MZIs appear more robust due to
their reconfigurability. Some studies discuss achieving reliable
photonic computations with imperfect components.[2!]

Further investigation is needed to implement nonlinear ac-
tivation functions in an all-optical manner in photonic NNs.
While software can emulate nonlinearities, integrating nonlin-
ear elements into hardware remains a challenge. Several ap-
proaches have been reported to address this issue, including
the use of MZIs,[>?] graphene and quantum well electro-optic
absorption modulators, and photonic crystals.[2*] Technological
breakthroughs would greatly benefit photonic NNs, particularly
the implementation of an integrated, non-volatile, and energy-
efficient photonic memory element. Phase-change materials are
a promising approach for achieving such photonic memories
due to their potential for multi-level storage.*®l These mate-
rials’ cells have been exploited in photonic NNs, particularly
for SNNs.l%7]

6.7.1. All-Optical Backpropagation

When training NNs, one usually considers the backpropagation
algorithm by default. The essential idea behind the backpropaga-
tion is to compute the gradient of the loss function with respect
to each weight by the chain rule and doing it consequently, one
layer at a time, iterating backward from the last layer to avoid re-
dundant calculations of intermediate terms in this sequence of
steps.[214216] Such a procedure allows one to fit the weights of a
NN for a given task. Still, the complexity of the backpropagation
is enormous. It grows linearly with the number of training exam-
ples or butches, the number of iterations, which is not known in
advance and the basic complexity of feedforward input propaga-
tions, which can be estimated as a consequent series of matrix-
vector multiplications. These evaluations hold for many cases,
assuming batch gradient descent algorithm and simple matrix
multiplication for the input propagation. However, one can re-
duce the number of steps with some approximate schemes. At
the moment, there are many different ways to train NNs, includ-
ing variants of backpropagation or alternatives, such as learning
without backpropagation.!?]

Thus, the backpropagation algorithm remains one of the most
expensive components to compute. The significant power and
time consumption happens due to the sequential computation
of gradients in the backpropagation procedure of NN training.
Backpropagation through nonlinear neurons is another chal-
lenge to the field of optical NNs and a significant conceptual
Dbarrier to all-optical training schemes. Although there exist sev-
eral practical, simple solutions, such as using approximation pro-
vided in a pump-probe scheme that requires only passive op-
tical elements!?*®! or by measuring the forward and backward
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Figure 13. Schematics of physical neural networks (PNNs). Training sequence of PNN with b) back-propagation, and c) augmented biologically plausible
training called direct feedback alignment (DFA). Augmented DFA enables parallel, scalable, and physically accelerable training of deep physical networks
based on random projection with alternative nonlinearity g(a). Reproduced with permission.[3%1 Copyright 2022, Springer Nature.

propagated optical fields based on light reciprocity and phase con-
junction principles,?*’] the schemes still involve digital electron-
ics or programming a high-speed SLM respectively. Therefore,
having incomplete solutions, the work on the end-to-end optical
training of NNs is in progress. Achieving the efficient all-optical
backpropagation training method (besides the realization of
depth and nonlinearities) will be a major achievement in the field.
The question of such realization is just a matter of time since
there are no fundamental restrictions on such a development.[2®

6.8. Alternative Learning Methods

The most computationally intensive part of the NN operations is
the learning process, with backpropagation being the standard
procedure behind many cases of training the weights. Exploiting
the physical mechanism to reduce the energy requirements for
such a training procedure (e.g., in the case of optical schemes)
should be considered one of the significant achievements of op-
tical NNs. A hybrid in situ-in silico universal algorithm called
physics-aware training was introduced in Ref. [299] with a few ex-
amples (including an optical one) as demonstrations. Since the
analogue computation of the backpropagation terms according
to the direct chain rule is complicated, scientists and engineers
have devised many alternatives for the learning procedures. For
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example, the training algorithm called direct feedback alignment
was introduced in Ref. [300], see Figure 13. This is a universal
method based on random projection with alternative nonlinear
activation and requires no information about the nature of the
physical system. Another approach lies in a simple mechanism
that can transmit teaching signals across neuronal layers by mul-
tiplying them by random synaptic weights and performs simi-
larly as backpropagation on many tasks.(31]

6.9. Statistical Sampling

Statistical sampling is another essential domain where using op-
tical machines can be beneficial. PGMs can effectively represent
the probability distributions of different factors in complex sys-
tems. Moreover, due to its universal structure, one can model
complicated large graphs with many factors for various practi-
cal problems.

The correspondence between the Ising model and the prob-
ability measure of the pairwise PGM allows one to solve many
tasks, such as inference based on the given observations or sam-
pling. For example, the latter can obtain the most and the least
probable states by exploiting the sign before the energy func-
tion. Furthermore, the additional specific mechanism presented
in several types of hardware can enhance the sampling procedure
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to efficiently use them as a source of additional information for
particular problems.

Unfortunately, the simulation of PGMs using optical ma-
chines needs to be better investigated. The obvious directions
will be to increase the programmability of the optical spin mod-
els to access more options for manipulating the Ising/XY/Potts
etc., states or decompose large and rich PGMs into their discrete
approximations accessible by spin Hamiltonian simulators. An-
other option is to investigate additional hardware improvements
in the context of PGMs. Finally, there are many more applica-
tions of such correspondence between spin system functionality,
control theory, and decision-making.

6.9.1. Neural Architectures and Transfer Learning

Many NN architectures can differ in forms (deep and shallow,
feed-forward, and recurrent), training methods, network topolo-
gies, and operational principles. Some photonic architectures
were mentioned before; see Section 2.3. Moreover, some of these
structures are best suited for one purpose than another. For ex-
ample, recurrent NNs are good at tackling temporal dependen-
cies, while convolutional NN is a standard architecture in image
processing tasks. However, one can not easily realize all of the ar-
chitectures on particular hardware due to its physical limitations
or the ineffectiveness of the design.

To deal with the transfer of functionality between different ar-
chitectures, one can pay attention to the domain of transfer learn-
ing. Originally, transfer learning was a research direction in ML
that aimed at gaining knowledge from solving one type of prob-
lem and using it in a different but related domain; see recent
reviews.30239] However, transfer learning is a way to transfer
features of one architecture to another and make the problem
more hardware-friendly.

Transfer of functionality will dramatically influence the ML do-
main and benefit the hardware computing field. It is of essential
importance for optical devices, which have certain engineering
limitations on the realizations of some architectures. Many more
related research directions, like neural architecture search, can
be adjusted to optimize the hardware systems.

7. Optical Quantum Computing

ANN in photonic integrated circuits and optical minimizers of
spin Hamiltonians are the main paradigms for optical platforms
that have already established an engineering base and clear
development directions. Compared with emerging quantum
technologies, a high-risk endeavor, classical optical devices
offer advantages in speed, parallelism, energy consumption, or
operational policy in short to medium term. Therefore, we can
say that optical technologies are repeating their electronic special
purpose hardware analogues development, with the technolog-
ical progress making “another loop in its spiral development”.
Quantum computers have emerged from exciting developments
in physics and the theory of computation. There are several
hardware platforms for developing quantum computing, and it
is still being determined which technology or combination of
technologies will be most successful.
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This section assesses the current status and future potential of
quantum computing based on photons. The current view of the
academic community is to exert caution when discussing future
practical applications of quantum computing technology because
it is so different from the information technology we use now.
Many believe that quantum technology will substantially impact
society in the decades ahead.**] Still, not many are confident
about the commercial potential of quantum technology in the
near term (five to ten years).3%! Others are sceptical that quan-
tum computers will ever become useful.2%! At the core of crit-
ics’ argument against the feasibility of quantum computers lies
the notion of complexity. So far, a very low-level complexity class
of probability distributions has been identified and described by
noisy intermediate-scale quantum computers. Such computers
would allow neither good-quality quantum error correction nor
a demonstration of “quantum supremacy”—the ability of quan-
tum computers to make computations that are impossible or ex-
tremely hard for classical computers.[3%!

7.1. Quantum Optical Devices

The operation of quantum computers relies on three principles:
quantum entanglement, quantum complexity and quantum er-
ror correction. Therefore, quantum computers exploit the char-
acteristic correlations among the parts of a quantum system that
make them robust and scalable to large devices solving hard prob-
lems.

By 2022, many advances in quantum computing were an-
nounced (but some were also refuted). The leading technology
is based on superconducting qubits (Google, IBM, Rigetty) and
trapped ions (IonQ, Honeywell). Google team has announced
quantum supremacy using 53 qubits in 2019; IBM entangled 65
qubits while revealing a road map to more than 1000 by 2023.
The advantages of superconducting qubit systems are that they
are based on well-developed semiconductor technology; how-
ever, they have to be kept cold (10mK) and have a short deco-
herence time (< 10ps). In contrast, trapped ions are very stable
with much longer decoherence times (minutes), longer range in-
teractions (beyond nearest neighbors) and report the best quan-
tum volume among any quantum computer systems. However,
many lasers are needed to be controlled simultaneously, the op-
eration could be faster, and it would be hard to put many ions
on a chip. So far, IonQ has achieved 32 trapped ions in a chain,
promised to achieve quantum supremacy by 2025 and solve in-
teresting real-life problems by 2028. There are other proposals
and small-scale realizations using silicon quantum dots,*"’! dia-
mond vacancies,?%®] neutral atoms, 3319 etc. One of the biggest
disappointments was experienced by Microsoft in 2021 invested
into topological qubits. A topological qubit created from a pair of
Majorana zero modes could theoretically benefit from topologi-
cal protection. This protection could lead to stability and a lack
of decoherence, potentially allowing topological quantum com-
puters to scale up in power more easily than other approaches.
The theoretical existence of Majorana zero modes was claimed to
have been realized experimentally in 2018,131!] but the paper was
later retracted due to the discovery of erroneous data.

Quantum computers based on photons had been considered
impractical in the early ages of quantum computer developments
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because of difficulties in generating and controlling the required
quantum states. However, such computers are being developed
by photonic companies such as Xanadu (Toronto) and PsiQuan-
tum (Palo Alto, CA) in addition to intensive academic research.
The advantages of photon-based quantum computers are room
temperature operation, much longer decoherence times (from
ms to h), and the systems being cheaper and easier to build. How-
ever, they become large quickly (although PsiQuantum claims
that one million qubits would still be possible).

For a photon-based quantum computer, boson sampling was
proposed as a counterpart to a random quantum circuit of su-
perconducting qubit systems. A sampling task is one where the
computer generates samples from a specific probability distri-
bution. Quantum algorithms allow sampling from probability
distributions well beyond the capabilities of classical comput-
ers. The most famous example is Shor’s factorization algorithm
which exploits the ability to sample a probability distribution effi-
ciently based on the Fourier coefficients of a function on a quan-
tum computer.

Squeezed states of light have an unequal distribution of quan-
tum uncertainty between their amplitude and phase. The more
a state is squeezed, the more photons it contains. Multi-photon
squeezed light is found in many quantum-optics experiments
and has been studied for over two decades in quantum com-
puting models.?1] It has been proposed that a relatively simple
optical circuit consisting of beam splitters and photon counters
that exploits the properties of squeezed light could carry out a
sampling algorithm faster than classical computers.}13314l Such
an algorithm has many practical applications, including find-
ing matching configurations between molecules>"®! or different
states of a molecule.[31¢]

More rigorously, the boson sampler is a quantum optical de-
vice in which a linear optical network mixes many non-classical
photon sources. As a result, the photons are indistinguishable
and, when originating from different sources, lead to complex
photon counting statistics of the output detectors. When the
number of the input/output channels of the boson sampler is
large, the emulation of such a device with a classical computer
is believed to be # P-hard.[313317] In the original formulation, the
boson sampler was introduced as a device consisting of single-
photon sources, a linear interferometer and photon-counting de-
tectors at the output channels. Several experiments implemented
variations of this set-up: 5 input photons in 21-mode optical
circuit,?'8l and 20 input photons in 60-mode interferometer.3**!

Using single-photon sources creates various technological
complications that reduce the scalability necessary to overcome
the classical computer calculations (that roughly scale as 2 in
the number of operations where k is the number of input pho-
tons). The lack of scalability in single-photon-based experiments
on integrated platforms is due to non-deterministic state prepara-
tion and gate implementation. Using deterministically prepared
squeezed states and linear optics with non-Gaussian operations
provided by photon-counting detectors allows for significant scal-
ing up in the number of input/output channels. Therefore,
the Gaussian boson sampling (GBS) was proposed, where the
single-photon sources are replaced by the single-mode squeezed
light generated by parametric down-conversion sources.*!3] The
achievement of “quantum computational advantage” while im-
plementing GBS using 50 input channels and a 100-mode inter-

Adv. Quantum Technol. 2023, 6, 2300055 2300055 (33 of 43)

www.advquantumtech.com

ferometer was recently reported.?2°! The authors state that their
device provides 200 s samples requiring classical computers bil-
lions of years. Specifically, the paper reports a GBS experiment
representing a quantum state in 10*°-dimensional Hilbert space
and a sampling rate that is 10" faster than that of using dig-
ital supercomputers. This paper was described as the first in-
dependent verification of Google’s quantum advantage claims
and claimed to surpass Google’s supremacy by several orders of
magnitude.

This huge computational advantage reported®?! is based on
specific statistical tests measuring the proximity of the mea-
sured samples to the outcomes of noiseless simulations of the
quantum experiment that were performed on a classical dig-
ital supercomputer. It was previously shown that a classically
sampled distribution might pass the same statistical tests by
only reproducing small-scale correlations of the actual theoretical
distribution.[**!] Moreover, a polynomial-time algorithm based
on taking a truncated Fourier-Hermite expansion on the boson
sampling distribution*2!l may achieve similar or better sampling
quality for the statistical methods of Ref. [320]. Another method
for attaining similar sampling quality based on an algorithm of
Clifford and Clifford®??! was also proposed.[*?] Finally, very re-
cently, a series of approximations were introduced to generate the
probability distributions of any specific measurement outcome in
a polynomial complexity.??* The accuracy of the experiment was
achieved at the fourth-order approximation using a laptop com-
puter. The algorithm was tuned toward the actual experiment and
applies only to the GBS (not Fock-state boson sampling),[*"3] only
for threshold detectors (not photon-counting detectors), and only
for a small number of modes (not quadratic in the number of
photons as in the original proposal®!*)). Subsequent experiments
reported nontrivial genuine high-order correlations in GBS sam-
ples, providing evidence of robustness against possible classical
simulation schemes.[3%]

So far, experimental implementations of GBS lack pro-
grammability (reconfigurability of the circuitry) or have pro-
hibitive loss rates that limit the scalability. There is a need for
rigorous theoretical evidence of the classical hardness of GBS,
althought some progress was recently made.[>2¢]

In 2021, Xanadu and NIST attempted to remedy this by
implementing a programmable and potentially highly scalable
circuit.’””] The system uses eight modes of strongly squeezed
vacuum initialized as two-mode squeezed states in single tempo-
ral modes. These pass through a fully programmable four-mode
interferometer and are read out using photon number-resolving
detectors on all outputs. This was achieved using strong squeez-
ing and high sampling rates. The interferometer implemented a
user-programmable gate sequence based on a network of beam
splitters and phase shifters. The resulting eight-mode Gaussian
state was measured on the Fock basis using eight indepen-
dent photon-number-resolving detectors. The total device was
composed of a 10 mm X 4 mm photonic chip coupled with
a high-level application programming interface running on a
classical computer.

There are many problems to overcome before the quantum
sampling implemented on a quantum computer becomes useful
for real-world applications. Photon losses need to be controlled
and significantly decreased to enable photon travel through
the circuitry to improve scalability. The improvement in the
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Figure 14. a) Definition of the problem. Calculate the sample from the specific distribution defined by the modulus squared permanents of submatrices
of a Haar random unitary matrix U. b) The scheme of the photonic experiments, that is, single photons propagate through a linear optical network
followed by its detection. c) A classical boson sampling algorithm based on Metropolized independence sampling using the distinguishable particle
transition probabilities as the proposal distribution. Reproduced with permission.332] Copyright 2017, Springer Nature.

sampling fidelity and the quality of the squeezed states must
be increased. The most exciting application would require
individual control of the degree of squeezing and the amount
of optical power in each squeezed state. However, the number
of possible real-life applications that can be addressed using the
current architecture is limited. The Xanadu group implemented
two potentially practical algorithms by encoding problems into
the beam splitter network. They used the generated samples
to determine energy spectra for transitions between molecular
states and to find the similarity between graph representations
of different molecules. Specifically, a graph can be encoded
in a photonic circuit by mapping its adjacency matrix into
the structure of a linear optical interferometer with squeezed
light.3?8] The photon-counting statistics can be used to spec-
ify so-called “feature vectors”, which represent the graphs in
Euclidean spacel*®! so that the distance between them can be
used to quantify the similarity of the corresponding graphs.
Such similarity measure between the graphs derived from a
GBS device is important, for instance, for classification in ML.

Adv. Quantum Technol. 2023, 6, 2300055 2300055 (34 of 43)

Recently, other optical computing platforms based on squeezed
states have been theoretically proposed on the route to a useful
optical quantum computer;!33*331l see Figure 14.

7.2. Boson Sampling and Graph Isomorphism

Using the light interference network for quantum analogue cal-
culation has many practical advantages. We mentioned that op-
erating with the boson sampling setup allows one to calculate
the permanent of a specific matrix, which is extremely hard from
the computational perspective. However, it is more complex to
make this helpful computation and was an open question for
some time with a few remaining debates. Recently the connec-
tion between a Gaussian boson sampler and the graph isomor-
phism problem was established.>*3] The graphs are encoded into
quantum states of light, and then their properties are probed
with photon-number-resolving detectors. Using a complete set
of graph invariants, the authors prove that the probabilities in
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the setup can be combined, and the isomorphism between the
two graphs can be established only in the case of equal detection
probabilities on the output.

It is still an open question whether graph isomorphism has
a specific complexity type. It is believed to belong to the class
of NP-intermediate computational problems. The existence of
a polynomial-time algorithm that can determine whether two
graphs are isomorphic is under question; however, there are
quasi-polynomial types of algorithms. One can find the recent ad-
vances in photonic boson sampling with the description of both
the technological improvements and future challenges.***] The
proposed connection between the graph isomorphism and boson
sampling can be further extended to other practical tasks, such
as constructing graph kernels for the ML applications operating
with the graph-structured data.l?*’]

7.3. Quantum ML

Programmable waveguide meshes possess the capability to exe-
cute arbitrary linear transformations between sets of input and
output waveguides, a fundamental operation in photonic quan-
tum computing. In this paradigm, quantum information is en-
coded in the quantum states of light propagating through pho-
tonic integrated circuits.!?35] A prevalent scheme encodes a qubit
as a single photon in a superposition of two rail waveguides.[>*¢]
Noisy intermediate-scale quantum (NISQ) devices have demon-
strated potential in the field of quantum ML, offering the prospect
of processing vast data sets at a significantly faster rate than clas-
sical computers.3*”) Quantum ML draws parallels with classi-
cal photonic deep NN accelerators, consisting of stages of linear
waveguide meshes interconnected by activation layers exhibiting
strong reversible nonlinearities.?*! In a quantum optical neural
network (QONN), programming a NISQ computer entails train-
ing the phases in the waveguide mesh via supervised learning
on input and output quantum states. QONNSs can be trained to
perform an array of quantum information processing tasks, in-
cluding quantum optical state compression and reinforcement
learning. Recently, a QONN successfully programmed a one-way
quantum repeater.33#33°] Nonetheless, these concepts and nu-
merous other ideas in neural quantum architectures remain far
from practical implementation with current experimental capa-
bilities.

7.4. Comparison with other Quantum Approaches to
Optimization

As previously discussed, CIM has shown several orders of mag-
nitude time-to-solution advantages compared to D-Wave2000Q
quantum annealer on similar dense matrix instances. Recent
comparisons of the quantum approximate optimization algo-
rithm (QAOA) with competing methods such as quantum an-
nealing and simulated annealing,?*"! the D-Wave2000Q quan-
tum annealer with the IBM Q Experience system that imple-
ments QAOA,*] and benchmarking of QAOA on Google’s
“Sycamore”>*!] enable us to compare the performance of optical
spin machines with QAOA to some extent.
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Figure 15. The ratio of the found solution to the best solution when us-
ing QAOA for various problem sizes N. Each solution is averaged across
10 random instances (standard deviation is given as error bars). The ex-
perimental solutions of the SK and Max—Cut models approach random as
N increases. Reproduced with permission.[342] Copyright 2021, Springer
Nature.

In the QAOA, the variational wavefunction resembles a trot-
terised version of the quantum annealing procedure:

N
[¥(8,7) >= H e~ 1hiHo g=17iHobjective (66)
i=1

where the starting state is |+ > is the product state of eigenstates
of o, with eigenvalue 1, [+ >= [[,(/0 >; +|1 >.)/V/2 which is si-
multaneously the superposition of all computational basis states.
In contrast to a trotterised version of quantum annealing, the pa-
rameters f; and y; are adjusted in a classical learning loop to min-
imize the objective function. Such adjustments are considered
as NP-hard problems themselves. As P — o0, QAOA approaches
smooth QA. According to the results of Ref., [340] the quantum
approximate optimization algorithm (QAOA) can deterministi-
cally find the solution to specially constructed optimization prob-
lems where both quantum annealing and simulated annealing
fail due to wide and tall energy barriers of the function being min-
imized.However, there exists an efficient classical algorithm for
these instances.

In Ref., [341] small size (up to N = 18) weighted Max—Cut
problems and 2-SAT problems were tested using D-Wave2000Q
quantum annealer with IBM Q Experience. The actual machine
IBM Q on 16 qubits gave such poor solution quality that the real
physical experiment on D-Wave200Q was compared to the simu-
lation of QAOA. Even in this case, physical QA has shown much
better success probabilities than QAOA (99.92 vs 8.84(p = 1) and
42.39(p = 3), respectively, on as small matrices as N = 8!) The
conclusion drawn was that, for the set of problem instances con-
sidered and using success probability as a measure, “the QAOA
cannot compete with quantum annealing”. The corresponding
plots can be found in Figure 15.

In Ref., [342] the authors used the Google Sycamore super-
conducting qubit quantum processor to run the quantum ap-
proximate optimization algorithm (QAOA) for combinatorial
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optimization problems on a planar graph matching the hard-
ware connectivity. They also applied QAOA to the Sherrington—
Kirkpatrick model and Max—Cut, both high-dimensional graph
problems that require significant compilation for QAOA. The
problems were solved up to N = 23 numerically (without noise)
and experimentally. For QAOA the theoretically optimal g, y and
p€1,2,3,4,5 were used in experiments. The success probabil-
ities on average of the problem on graph matching hardware
reached a plateau for N > 8 at about 80 % (numerically) and
about 45 % experimentally. For SK and Max—Cut problems, per-
formance deteriorated quickly (for any p) to the probability of
finding a solution by random guessing (for N > 15). The authors
deduced that although current quantum processors are unable
to surpass classical optimization heuristics, utilizing prevalent
techniques such as the Quantum Approximate Optimization Al-
gorithm (QAOA) on representative problems can serve as a stan-
dard for evaluating different hardware platforms. In order for
quantum optimization to rival classical approaches for practical
problems, itis imperative to transcend beyond artificial problems
with low circuit depth.

7.5. Quantum Effects and Optical Machines

As we can see, various optical hardware uses different mecha-
nisms for its operation. It can have the primary mechanism’s
pure classical, quantum, or hybrid nature. Even in the case of
operating near the classical limit, the quantum effects can be es-
sential and greatly influence the actual operation regime.

For example, it was shown that the nonlinear stochastic dy-
namics of the CIM in the presence of quantum noise could be ef-
ficiently exploited to sample degenerate ground and low-energy
spin configurations of the Ising model on the example of Max—
Cut problems.3*¥] Both quantum noise and optical nonlineari-
ties play an essential role in system dynamics. Removing these
essential elements will result in the degradation of sampling
performance. The supplementary numerical results beyond the
classical simulation complement the description of the quantum
mechanism’s role in the CIM operation. Another work!!“¢] stud-
ies the performance scaling of three quantum algorithms for
combinatorial optimization, such as CIM performance, discrete
adiabatic quantum computation, and the Diirr-Hoyer algorithm
for quantum minimum finding that is based on Grover’s search.
Authors claim that the CIM performance is dramatically better
for solving Max—Cut problems. Moreover, the CIM is competitive
against various heuristic solvers implemented on CPUs, GPUs,
and FPGAs.

Many optical devices fall under the category of open quantum
systems. Such a formalism is necessary to account for many com-
plicated effects. For this purpose, a Markovian open quantum
systems framework has been developed.?*#3%] Such effective dy-
namics for the reduced density matrix of the system give rise
to the Lindblad-form master equation, which allows one to trace
such effects as equilibration with the pump and decay processes,
thermalization of the system and different aspects of interac-
tion with the environment. Although the numerical methods for
such processes are quite complicated, one usually develops ap-
proximated schemes that account for the omitted effects. There
are many more systems where this approach could be beneficial
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for describing subtle but essential features—another example, ex-
cept for the CIM, is the exciton-polariton system frequently men-
tioned before. Furthermore, one should pay attention to other
microscopic processes in the EP system since such consideration
gives more degrees of freedom to inspect compared to the simple
mean-field theory.346-348]

8. Final Remarks

8.1. Benchmarking Optical Machines

So far, the research and development of optical hardware are ex-
periencing significant growth. The main problem is to compare
the capabilities of optical machines as they are often tested on
different problems of variable sizes and difficulty. Thus it is hard
to figure out the scaling properties of the particular mechanism
from either experiment or numerical emulation procedure. An-
other problem is lying in the biased results, which can be cherry-
picked for better demonstrative purposes. In general, it is hard
to find extensive, complete, up-to-date and unbiased results com-
paring different types of optical hardware.

Although the majority of the NN optical architectures can be
compared using standard metrics concerning the accuracy of the
particular datasets and the required workload, we outline what
is known and how some of the optical machines can be com-
pared. For example, in Ref. [349] comparisons between memris-
tors, GPUs, D-Wave and the CIMs were made using the same
set of dense 60-node Max—Cut graphs. The time to solution (with
99 % probability to reach optimal solution) was 600p s for the
CIM and 1000 s for the D-Wave. It was shown that the Ising
machine, which is based on optoelectronic feedback systems, re-
solved Max—Cut optimization problems on both regular and frus-
trated graphs with 100 spins, exhibiting comparable or superior
performance to CIMs based on DOPOs.['®®] Since OEO-based
CIMs can be realized as integrated photonic circuits, the flexible
spin coupling can be achieved optically using programmable sil-
icon photonic circuits. This will fully exploit the high bandwidth
of the optical system and result in a significant acceleration over
existing CIM concepts.

Establishing universal benchmarks will attract more research
in the field since understanding the hardware’s successes and
failures on particular problems allows one to maximize utility.
Moreover, such a research direction shares similar issues with the
ongoing studies on the NN architectures and phase transitions
in the statistical approaches to the computational problems, 1%
which is cross-beneficial for all of the domains.

8.2. The Most Promising Applications for Optical Computing

Our subjective perspective is that modern optical computing has
the potential to give a significant computational advantage in
three major applied areas: neural networks, nonlinear optimiza-
tion, and statistical sampling.

Optical hardware is a promising platform to get acccelera-
tion for these applications, with many computational advantages
coming from the hybrid-quantum/classical mode of operation.
The optics naturally supports these tasks but also benefit from
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many more factors, such as specific architectures and their inter-
play with the natural properties of light systems.

For example, a mode selection mechanism is one of the benefi-
cial regimes of operation for a quantum system spanning a high-
dimensional space of possible solutions and finding an optimal
one while settling to the first possible coherent state with a large
occupation. Another component is classical dynamical system
behavior that can mimic the NN dynamics, following the clas-
sical gradient dynamics on a changing energy landscape while
tunnelling through barriers to the nearest energy minimum. The
task is achieved if this minimum corresponds to the optimum
solution to the problem. Finally, a similar mechanism is respon-
sible for sampling the landscape’s low-energy subspace.

8.3. Future Perspectives

The 'no free lunch’ (NFL) theorem in optimization states that any
two optimization algorithms have the same performance aver-
aged across all possible problem instances. This theorem applies
to the hardware instead of the algorithms with many more im-
plications. One of the consequences of the NFL theorem is the
correspondence between the solver/hardware structure and the
hardness of the problem with the best-case and worst-case sce-
narios.

To use optical spin machines to speed up the solutions to spe-
cific industry real-life problems, one needs to think hard about
the range of application that may go far from the QUBO. These
application has to closely match the optical machine’s operational
principle to take advantage of all the potential advantages. Many
questions need to be addressed before the optical spin machines
become useful for the reallife applications. Which platforms
should we use for comparison between different machines?
What is the importance of optical quantum versus classical, clas-
sical versus classical, hybrid versus classical, optical versus other
physics-based hardware advantages? How does hardware perfor-
mance compare to the best algorithms run on traditional sys-
tems? To answer these questions, we need to introduce a stan-
dard for fair comparisons between the machines and approaches.
Which section of the workflow is more advantageous to optimize?
Should sections that are closer to hardware or closer to a user be
more important? How to properly optimize pre-processing and
post-processing? How do we evaluate results and which metric
should be used? The proximity between the found solutions of
QUBO can be evaluated using, for instance, the Hamming dis-
tance, the distance in the energy space, the ratio of the energies,
the accuracy of the neural architecture, or some other the gener-
alization of the error metrics can be used. How do we evaluate op-
timization performance in several important dimensions, for ex-
ample, the computation time, the solution quality, the energy effi-
ciency, the input scope, etc. all can be used for evaluation? How do
we account for overheads concerning the given architecture and
the task-specific constraints? How to optimize the implementa-
tion, translating, embedding, tuning, post-processing? How do
we find inputs that are hard and relevant? How do we avoid using
trivial ones? The possible the possible phase diagrams should be
built for the parametrized tasks. How do we maximize the gen-
erality of the conclusions, and to what extent if we can only test
some combinations of inputs and hardware?

Adv. Quantum Technol. 2023, 6, 2300055 2300055 (37 of 43)

www.advquantumtech.com

The advantage will come when we (i) develop purpose-built
solutions tuned to specific applications, (ii) develop hybrid algo-
rithms and approaches (e.g., including ML as a part of the hybrid
solutions) and (iii) leverage programmable accelerators for core
tasks. More research is needed to bring the potential of optical (or
any other unconventional) computing systems to real-life appli-
cations. Answering the critical questions will bring us closer to a
better understanding of the underlying principles of unconven-
tional optical machines, improve their performance and hence
achieve a significant practical impact.
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