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Abstract
We present a study of the vacuum transition probabilities taking into account
quantum corrections. We first introduce a general method that expands pre-
vious works employing the Lorentzian formalism of the Wheeler—De Witt
equation by considering higher order terms in the semiclassical expansion. The
method presented is applicable in principle to any model in the minisuperspace
and up to any desired order in the quantum correction terms. Then, we apply
this method to obtain analytical solutions for the probabilities up to second
quantum corrections for homogeneous isotropic and anisotropic universes.
We use the Friedmann—Lemaitre—Robertson—Walker metric with positive and
zero curvature for the isotropic case and the Bianchi III and Kantowski—Sachs
metrics for the anisotropic case. Interpreting the results as distribution probab-
ilities of creating universes by vacuum decay with a given size, we found that
the general behaviour is that considering up to the second quantum correction
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leads to an avoidance of the initial singularity. However, we show that this
result can only be achieved for the isotropic Universe. Furthermore, we also
study the effect of anisotropy on the transition probabilities.

Keywords: quantum cosmology, vacuum-vacuum transitions,
quantum corrections

1. Introduction

Quantum tunnelling represents one of the first phenomena that challenged the classical ideas
and required a quantum theory for its proper understanding. It is a key process in many situ-
ations, in particular, in the canonical approach to quantum gravity it is thought to provide the
description for the birth of our Universe. Let us consider a general scenario where a scalar
field is present with its corresponding potential with the general behaviour of containing two
local minima of different values separated by a hill. Then, we can always expect that a trans-
ition between the two minima can occur via quantum tunnelling. In field theory, this is called
a vacuum transition (analogously in the absence of a scalar field, the two minima can also be
described in a simpler context with two different values of the cosmological constant). Since
this set up appears in many scenarios, it has attracted a lot of attention over the decades. In
particular, for field theory, the study of such types of transitions began with the work of Sidney
Coleman et al [1, 2] and it is described by the nucleation of true vacuum bubbles on a false
vacuum background (the true vacuum in this context is located at the global minimum). Later
on, by using a proposal for a quantum theory of gravity employing the path integral approach,
these transitions were studied including the gravitational field by Coleman and De Luccia
[3] and then by Parke [4]. Over the years, many new results have been explored using these
Euclidean techniques (see for example [5-15]).

On the other hand, it is well known that an alternative description to the path integral
approach of quantum gravity can be described by employing a Hamiltonian formalism. In
this way, employing the Arnowitt, Deser and Misner (ADM) formalism [16, 17], instead of a
path integral, the classical Hamiltonian and momentum constraints of a gravitational system
are quantized using the Dirac quantization procedure, leading to a set of constraints on a wave
function for the Universe (for a general introduction to the subject of quantum cosmology see
[18-22]). In particular, when we are dealing with homogeneous metrics, all the information is
encoded in the equation resulting from the Hamiltonian constraint. At the quantum level, this
constraint can be regarded as the Hamiltonian differential operator acting on a wave function,
this is called the Wheeler—De Witt (WDW) equation [23, 24] and the wave function is normally
termed the wave function of the Universe. One important feature of this formalism is that it
does not rely on a Wick rotation, thus, it is a purely Lorentzian method 3. The interpretation of
this wave function turned out to be very troublesome, since in a cosmological setting describ-
ing the entire Universe, there is no notion of an external observer (see for example [25, 26] for
recent proposals and discussions on this regard). However, there are many ways in which we
can use the solutions of the WDW equation to explore physical properties of the gravitational
systems. In particular, the squared ratio of two solutions can be interpreted as the conditional
probability between both configurations. Using this interpretation, the vacuum transition prob-
abilities have also been explored in a Lorentzian formalism. First of all, Fischler, Morgan and

3 In this particular context what we mean by this statement is that we will be able to study the transition probabilit-
ies without requiring any Wick rotation whereas in the Euclidean path integral approach an analytic continuation is
required in order to describe the Universe after nucleation which may be a relevant limitation.
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Polchinski studied the transition between two values of the cosmological constant in [27, 28].
Recently, such results were generalized in [29], one important feature of the Lorentzian form-
alism is that the final state can be a closed Universe, contrary to the results obtained with
the Euclidean approach, that is employing the Euclidean path integral. Later on, the inclusion
of a scalar field was studied in [30]. One limitation of this formalism when dealing with the
scalar field is that there is not a concrete description of bubble nucleation, however the trans-
ition probabilities obtained can be interpreted as probability distributions of creating universes
with a given size by vacuum decay, as a generalization of the standard tunnelling from noth-
ing scenario. Based on these works, in [31] a general method was proposed to compute such
transition probabilities for any model in the minisuperspace at the semiclassical level. In [32]
such method was used to study the transitions in the Horava-Lifshitz theory of gravity, then in
[33] it was generalized to consider linear terms in the momenta to take into account the effect
of a generalized uncertainty principle.

Let us remark that all these studies provide results only at the semiclassical level. The incor-
poration of quantum corrections to the transition probabilities in the Euclidean formalism is
troublesome since there appears a negative mode problem that may spoil the semiclassical
approximation [34]. This issue has been studied rigorously over the years [35-39]. On the other
hand, the Lorentzian formalism employs a semiclassical expansion in the form of a WKB pro-
posal. In this way, the quantum corrections are incorporated by considering the higher-order
terms in the & expansion. It has been shown for field theory that the first quantum correc-
tion computed in this form indeed coincides with the 1-loop contribution of the Euclidean
formalism [40]. Thus, the main purpose of this article is to expand the general method presen-
ted in [30, 31] to incorporate quantum corrections to the transition probabilities with gravity in
a general setup, in this way avoiding the problems presented in the Euclidean formalism. For
recent developments regarding the incorporation of quantum gravity corrections employing
the WDW equation see for example [41-45].

Let us also remark that recently, a new method has been proposed (at the semiclassical
level) in the form of a tunnelling potential in which many of the Euclidean results can be
derived [46—50]. Furthermore, the holographic interpretation of these transitions has also been
explored [51-54]. In this way, the computation of quantum corrections obtained in the present
work may be relevant in the holographic setup. Moreover, if the new Euclidean method is able
to compute loop corrections as well, a possible comparison with our results is highly relevant
as well.

Moreover, although the Friedmann—Lemaitre—Robertson—Walker (FLRW) metric describ-
ing a homogeneous and isotropic Universe is the natural and most used choice to study these
transitions given its cosmological importance, it is also relevant to study homogeneous but
anisotropic metrics. This is justified by the fact that inflation is thought to erase any signal of
anisotropy in the early Universe. However, in the very early Universe certain amount of aniso-
tropy could be present and such metrics should be relevant. In addition, there are also some
recent experimental studies that suggest that such metrics may be important for the description
of our Universe even at the present epoch as well [55, 56]. Therefore, in this article, we will
apply the general method to study both isotropic and anisotropic homogeneous metrics.

The outline of this article is as follows: In section 2 we will present the general method to
compute the transition probabilities with quantum corrections for any model on the minisu-
perspace starting with a generic form of the Hamiltonian constraint. We will apply the method
to study the transition probabilities with quantum corrections terms (up to second order in
powers of 1) in the following sections. First, we will study the isotropic case with the closed
FLRW metric in section 3 and the flat FLRW metric in section 4. Then, we will consider
anisotropic metrics. In section 5 we will study Bianchi III metric and compare the results with

3
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the flat FLRW result, which corresponds to its isotropy limit. Then, in section 6 we will use
the Kantowski—Sachs metric. Finally, in section 7 we will present our Final Remarks and in
appendix, we will discuss the dependence of the results on the choice of factorization for the
Bianchi IIT and flat FLRW metrics which is an important subject to remark.

2. Transition probabilities with quantum corrections

In this section, we begin by expanding the general method proposed in [30, 31] to compute
transition probabilities in a general scenario. We will consider higher-order terms in the WKB
expansion for the WDW equation to compute the quantum corrections to the transition prob-
abilities. We will also consider transitions between a false and a true vacuum of a scalar field
potential. We employ the notation and conventions of these references.

We consider a general form for the Hamiltonian constraint in the context of the ADM for-
mulation of general relativity given by

H= %GMN (®) mymy +f]®] =0, M

where Wheeler’s superspace is defined by the coordinates ® (there can be an infinite number
of them and include the degrees of freedom of the three-dimensional metric as well as mat-
ter fields and are collectively denoted by ® with their corresponding canonically conjugate
momenta 7). Moreover, GM represents the superspace inverse metric, and the function f[®]
will contain all remaining terms related to the three-curvature and potential terms of matter
fields. Hence, in general, these are 3-fields oM (X), and the corresponding degrees of freedom
are labelled by the index M and the 3-vector X. The WDW equation is obtained by performing
a canonical quantization of the Hamiltonian constraint by promoting the superspace degrees of
freedom and their momenta to hermitian operators acting on the wave functional. Thus, in the
position representation, the wave functional is an eigenfunction of the superspace operators
®M(¥), which have eigenvalues ®(¥) in specific real domains, for given M and ¥, and the

corresponding momenta operators are Ty = —ih&}%@, leading to the Hamiltonian constraint
HT (D) = —h—zGMN(<1>) LN +f[®]| ¥[®] =0 )
L2 SOM 5PN -

up to ordering ambiguities*, where W[®] is the wave functional in superspace. In order to
obtain a semiclassical outcome and quantum corrections from this equation, we employ the
general proposal of the WKB type

U [®] = exp { %S [@]} 3)
with the h-expansion
S[®] = So [®] + 1Sy [®] + 1S, [®] + O (BY), 4)

4 A natural ordering choice would be to take the hermitian ordering ansatz GMN (®)mymy — 7uG"N (f/ﬁ)ﬁv. However,
the ordering that we are taking is useful for the purposes of the current work.

4



Class. Quantum Grav. 42 (2025) 025018 H Garcia-Compean et al

where S is the classical action and §; and S, are the first and second quantum corrections
respectively. Substituting this ansatz in the WDW equation (2) we obtain for the first three
orders in A

L oy 950 65

> SOM 3N +f[®] =0, 5)
5So 68, . 52
2 GMN 091 _ . ~MN
O sam sar — 1O Samaen ©
5So 68 58, 68 528
MN Y20 2 MN Y91 I _ .~MN 1
267 S gon O s gon — 0 saiigen @

We now assume that the superspace has a finite dimension 7, that is we make a minisuper-
space approximation where there are n coordinates on the minisuperspace ®¥. The solution
of equation (5) is the classical action Sy. This action generates classical trajectories in minisu-
perspace, i.e. integral curves @ with parameter s, along the gradient of Sy, which can be given
as solutions of the equation

A i 050
ds JpN’

C(s) (®)
where C(s) is an auxiliary function, an explanation for the introduction of this function was
given in [31]. Then, employing equations (5) and (8) the classical action can be written as

sofal =2 [ Cd() [ 1o ©)

Then, as it was shown in [31] a system of equations for the n + 1 variables: (diy ,C%(s)) can

be obtained which in principle can be solved for any model in the minisuperspace in order to
obtain a solution for Sy. In the following, we will assume that the fields ®¥ depend only on
the time variable, then using equation (9), the functional derivative in (8) can be expressed in
terms of a partial derivative of the function f{®] and the integrals on the spatial slice will only
give a factor of the volume of such slice Vol(X).

In this way, considering the next order in the WKB expansion, we note that we can write

oM
ﬁz/ds o5 (10)
ds x ds OPM
then, using (8), from equation (6) we obtain
i s dS/ (52S0
S == G" : 11
: 2/ /Xc(s') SOM 5N an

Furthermore, from (9), it is clear that we can write

dS _ 2Vol(X) of

5N~ C(s) Do 12)
and
528 _2Vol(X) o0*f . (13)
OPM5PN C(s) O0DPMoY
Thus, it is found that the first quantum correction can be written as
s = —ivolr(x) [ &2 (14)

C2(s")
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where the Laplacian is defined on the minisuperspace, that is
0*f
OPMHPN
Likewise, following the same procedure using (7), we obtain that the second quantum cor-
rection can be written as

(0] O5
o[ S L [ S e oo

V2f = GMN (15)

where we have denoted
g

(vf) OPM HIN”

Thus, we note that once we have solved the system of equations, using (9), (14) and (16) we can
have a solution to the WDW equation up to second order in the WKB expansion in general.
Let us also remark that each term in the WKB expansion leads to an independent equation
from the WDW equation (such as equations (5)—(7) for the first three terms), thus, the system
of equations will always have the same number of variables as equations. Then, in principle,
we can compute the transition probabilities up to any desired order. However, for simplicity,
in the following we will keep only up to the second quantum correction.

As we remarked in [31], the system of equations can be solved in general as long as ®¥ =
®M(5) is satisfied, yielding the solutions

2Vol* (X) ,  deM o VMf

a7

C*(s)=— v = 18
(5 O S e ()
where we rise indices with the minisuperspace metric, that is
of
M MN
G 19
V=G (19)
From equation (18) we see that in general the various fields will be related by
dq)M M
aer _ v'f 0
doey  VNf

which is valid for every value of M and N such that d®™N £ 0. Therefore, as long as all the
expressions are different from zero, we will always be able to reduce the number of independ-
ent degrees of freedom to just one and change the integration variable from s to such field
in (9), (14) and (16).

So far, we have only studied the way in which we can obtain a general solution from the
WDW equation with up to second quantum correction terms. In order to compute the transition
probabilities, following [30, 31] we will consider the ratio of two solutions, in one of them we
follow a path in field space in which the scalar field evolves from the false minimum to the
true one, whereas in the other one, we discuss a solution where the scalar field is kept at the
false minimum. Then, the transition tunnelling probability for going from the false vacuum at
@4 to the true vacuum at ¢p is given by

P(A— B) =exp[—2Re(T")], (21)

where

47— L[5 (e miihn) S (chnasihon)]. 2
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and the degrees of freedom coming from the three metric are denoted by ¢/, these fields take an
initial value of /(s = 0) = ¢} where the scalar field is ¢5 and a final value of ¢ (s = spy) = !,
where the scalar field is ¢4. Moreover, the sign ambiguity appears due to the fact that the
general solution of the wave functionals will be a linear superposition of exponential terms,
however, we will keep only the dominant terms. Thus, using the expansion (4) we can write
in this case up to second order

T =To+1+1Y, (23)

where

= %I:SO (8007¢ng0m7¢14) SO (3067¢A7%0£1,¢A):|5
[y =i [Sl (9007(153;(»0"17(;514) ) (¢67¢A;50;1117¢A)]

) (24)
Ty =ih S5 (9h, dB; ol da) — S2 (), das el éa)] -
In this case, I' stands for the value that is calculated with the classical action, and it will be
referred to as the semiclassical contribution, I'; is the first quantum correction to the transition
probabilities, and I'; is the second quantum correction.
As it was remarked in [30, 31], the concrete expression for the transition probabilities will
depend on the specific choice of s. In this work we will consider the same form as in previous
works, that is we consider the parameter s such that the scalar field takes the values

, 0<s<s—94s
o(s)~ 1% © (25)
ba, S+0s<s<spy.

Thus, we establish a configuration in which there is a bubble of true vacuum in the background
of a false vacuum separated by a wall. Given the limitations of the minisuperspace approach in
describing these transitions, this method remains our sole option for implementing this config-
uration. Furthermore, we will always consider the thin wall approximation in which ds — 0.
This choice for the s parameter allows us to obtain the solutions from the semiclassical com-
putations on the Euclidean approach as was shown in [30, 31].

With this choice, from (9) we obtain that the semiclassical contribution takes the form

. 5—9s s—0s
F0:—2V01(X)1 /0 if _/0 %f

h C(s)
$=g¢s d=a (26)
S+4s
f f
e c<s>‘c<@¢:¢A]}‘

From (14) the first quantum correction is given by

/3‘55 ds 2 / ds 2
0 C2(s) P=bs 0

(Vf Vf’¢ ¢

', = Vol* (X)

r+5v
o),

P=0a (27)
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Moreover from (16) the second quantum correction is written as

. s—0s 3 s—0s 5
r,— R / iYL O gr (g2 4 / as YN 19 (w2
0 0

2 C3 (S) ot C5 (S) .
_/ﬁ&“wm@kﬂW7) ‘/ﬁ&m“fQ“vW?W
’ ) p=¢s 0 ) ¢=¢1  (28)
S+0s 13
+ [@ dSVCOS(S() (Vz (sz) B v (vzf) |¢=¢A)

5+ (0] 5 X 2 2
+/S_§x dsvcsl(i)) ([v (V)] = [V (V)] ‘d»-@)

Therefore, with these expressions, we can compute the transition probabilities up to second
quantum correction for any model on minisuperspace. Let us remark that we have only
assumed a generic form of the Hamiltonian constraint (1), thus, these expressions will be valid
in principle for any metric and for any gravity theory that leads to a Hamiltonian constraint
of this form, in the same way that the semiclassical treatment was valid for Hotava-Lifshitz
gravity for example as shown in [32].

However, let us make some assumptions that will be relevant to this article in order to
describe some general features of the quantum correction terms. In this work we will only
consider General Relativity and the matter content of the system to be a scalar field canonically
coupled to gravity with a potential V(¢) that has a false and a true minimum, thus, the complete
action is’

1 1
s=3 [ @R [ ez jera.e0.0 V(o). 9)

This action will lead to a structure of the Hamiltonian constraint which will allow us to recast
the function f as

f=H()+F()V(e). (30)
Furthermore, since the scalar field is canonically coupled, the minisuperspace metric will sat-
isfy GM? = 0 for M # ¢. Moreover, for the same reason we can assume that G*% = G*? (/).
In addition, as we pointed out earlier, due to the fact that all fields in minisuperspace can be

related through equation (20), in the regions where the scalar field is constant we can always
write f = f ((IDi) for some fixed i. In this way, the general solutions (18) can be cast as

2(Vf) Vol (X) (Vf)*

Cls) = 2ivol(x) (| 2 gy = YL (V)

f A%

then, we can change the integrals in s in the region of constant scalar field in (26)—(28) to
integrals in the chosen degree of freedom @'

Moreover, for the third term in (26) we note that on the region of the path where the scalar

field is not a constant, we have integrals of the general form

5+0s
[ [K(6)L ()] ds, 32)

5—9s

do’, (31)

5 Using natural units in which c=1and 87 G = 1.
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for some functions K(¢) and L(¢’). When dealing with the FLRW metric this term coincides
with the tension term in the bubble as found in [30]. Moreover, in general, we have dealt with
these types of terms by defining constants (that we will call tension terms ®) accompanying
the function that depends on the degrees of freedom of the metric evaluated at s, as previously
done in [31-33]. This will be valid only on the thin wall limit. Therefore, for the semiclassical
contribution we define the tension term as

Volef,-To:—2VolXi/ —
( ) |<I> ( ) e C(S)
where ® = ®/(5). Thus, employing the thin wall limit, we finally obtain that the semiclassical
contribution is given by

e \fVol /<I>‘ N Vf /<I>‘ A Vf doi| 4 Vol (X)f T,

h ,‘T),‘

S+ds F
(V—="Va), (33)

b=
(34)

where the sign ambiguity on the right hand side appears because of the general solution in (31)
and will be independent of the sign ambiguity in the left hand side of the expression (23). The
choice of both signs will be the appropriate choice in order to have well defined probabilities.
We note that neither sign ambiguity is physically relevant. The left sign ambiguity just tells us
which term is dominant in the solution of the WDW equation and the one on the right hand side
tells us which is the appropriate auxiliary function C(s) that we must consider. This expression
gives the correct semiclassical results for all the metrics considered in [31]. Furthermore, we
note that in general, the transition probability depends on two parameters, in this case, ® and
T that we will consider as independent. Moreover, we note that the volume of the spatial slice
is an overall constant. Thus, for metrics that do not have a finite value for this volume, we can
always compactify the spatial slice and consider appropriate constant values.

Following the same procedure, for the first quantum correction we obtain in the thin wall
limit

Py = Yo / | / A Y
2 o VI, @ VI|,_, (35)
+ Vol (X) [ Vif|g Tia + FG??| 5, T1 o],
where T ; and T  are tension terms defined analogously as in (33) by
5+0s ds
Vol (X) Vif| 5 Tii = Vol (X) [ a0 >viF(v Va), (36)
Si(sss-&-és ds

Vol (X) FG**| ;, Ty » = Vol (X) FG%¢ (v<2 (2)) NETA)

5—9s CZ( )
where V(") denotes the nth derivative of the potential with respect to the scalar field.
Furthermore, we have denoted the restricted Laplacian as

82
Opldyp’!

ViF =G" F, (38)

6 Although we will call them fension terms, they will not be in general related to the actual tension apart from the
term appearing in the semiclassical contribution. For the quantum corrections, they will be independent parameters
that should be related to the quantum fluctuations of the scalar field on the wall.

9



Class. Quantum Grav. 42 (2025) 025018 H Garcia-Compean et al

i.e. the Laplacian restricted only to the fields that are not the scalar field. We note that if V4F =
(FG?? for some constant ¢, or one of these functions is zero, the tension terms can be reduced
to only one term. Therefore, we note that in general the first quantum correction will depend
on three parameters, one coming from the metric, namely ® and two tension terms at most.
Furthermore, we note that once again we obtain the global term Vol(X), thus, there is not any
problem with metrics that contain non-compact spatial slices as well.

Finally, following the same procedure we obtain for the second quantum correction

Vol(X)h | [T V(YY) [ f i (YY) s ;
r, = . gaoi - [ XD T ge
T Lfo v\, [% Vi
Ti 212 3/2
L Vol (X)n /‘b NN : 4
8v2 | Jey VY (Vf) s
[P I -
s V(W)
P=ca
2 2 2 oy} 2 23 23 2
+Vol(X)h{VR(VRf)‘®Tz,|+[(VRf)G +VR(FG )”@Tz,z—kF(G ) T

T 5+ G*? (Vify

+ 2V (viH) Yk (vif) |q> Tou+ [v (Vf{f)}z

Tz
PHi

ol P

)
)

Y 2F (G‘M’)ZV%J

Tart Vi (v,%f) Vg (FG¢¢
¢

N

‘ To s

+2Vk (viﬂ) Vi (FG<"<") L) Tyo + [VR (FG¢ ] T+ F? (G‘f"f’)3

T2,11}7
&)i

where we have defined the tension terms 7, ; with i = 1,...,11 in the same general form as
above in (33), (36) and (37) with their corresponding functions of the scalar field, and the sign
ambiguity is the same as the one in equation (34) for both terms. Furthermore, we have defined
the dot product in the superspace as

o o
OPM HPN”

Therefore, we note that the second quantum correction is described by ®' one more time
but we have many new tension terms, at most we can have 11 new independent constants (this
is the maximum value, it can be reduced if some terms are zero or equivalent). Furthermore,
we obtain once again that the spatial slice volume Vol(X) appears as an overall term. Thus,
we can compute the transition probabilities up to second quantum correction for metrics with
a non-compact spatial slice.

Let us remark that the number of tension terms increases when the quantum corrections are
taken into account. However, as we will see, at least for the metrics that will be of interest to
us in the present article, most of the terms will be related or will vanish in such a way that in
almost all cases we will only have one tension term per order in the WKB expansion.

Furthermore, let us also point out that in the Euclidean approach the loop contributions are
taken into account by writing

o

(39

Vf-Vg=G"N (40)

P’ = Pf, + By, (41)
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where @, fulfills the equations of motion and ®f, are the quantum fluctuations. In the
Lorentzian formalism the results of the quantum corrections are described with the same vari-
able ® and employing such decomposition would correspond to the addition of more inde-
pendent fields to the minisuperspace, which could result in the necessity to expand this form-
alism to midisuperspace models, which is an intermediate framework with an infinite number
of degrees of freedom of the metric but does not require the full minisuperspace approxima-
tion. The quantum corrections that we are computing correspond to considering higher-order
terms in the semiclassical WKB expansion, thus, they are quantum corrections of the WDW
equation. However, even if we do not employ such a decomposition we can understand these
corrections as follows: the quantum fluctuations of the degrees of freedom of the three metric
are responsible for adding all the integrals to I'j and I',. Furthermore, the quantum fluctu-
ations of the scalar field on the thin wall are the ones responsible for creating all these new
tension terms. Thus, these quantum corrections should correspond to loop corrections in the
Euclidean formalism as was proven at one loop for field theory in [40]. Consequently, we
can also implement quantum corrections by considering a quantum corrected action. In this
form, the Hamiltonian will be modified by adding quantum correction terms to the minisuper-
space metric and the f function as in [40]. However, since the resulting Hamiltonian has the
same structure as the one studied in the present article, the general formalism presented can
be applied to this action as well. Thus, this formalism allows us to pursue quantum correction
terms in the form of a quantum corrected action and higher order in the WKB expansion at the
same time. However, this is beyond the scope of this work.

3. Transitions for the closed FLRW metric

Now that we have described in detail the general method to compute the transition probabilit-
ies, let us apply this method for metrics of cosmological interest. Let us begin with the FLRW
closed metric that describes a closed homogeneous isotropic Universe with positive spatial
curvature.

The FLRW metric with positive curvature in 3+1 dimensions is written as

ds* = —N? (1) dF* + a* (t) (dr* + sin® rd3) , (42)

where r € [0,7], dQ3 the metric of the sphere, a(f) is the scale factor and N(¢) is the lapse
function. Considering a homogeneous scalar field we obtain the Hamiltonian constraint

’/T2 772
H=N|-2 - "% _3414V|~0, 43)

2a® 12a

where V() is the scalar field potential. As always, since the canonical momentum with respect
to N vanishes, we can ignore the prefactor and focus only on the term inside brackets in the
last expression. Then, by comparing it with the general form (1), we identify for this metric a
minisuperspace defined by the coordinates {<I>M } = {a, ¢}, with inverse metric

(GMN) _ ( —1({641 1/Oa3 ) 44)
and

fla,p) =-3a+a’ V(). (45)

1
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We also obtain the volume of the spatial slice as

27 T T
Vol (X) = / / / sin’ rsin0drdfd® = 272 (46)
¢=0J6=0Jr=0

which is finite. In this case, following the general method we can only choose ®' = a since
there is only one degree of freedom coming from the metric, furthermore, we can choose
ap = a(s = 0) = 0 since the expressions are well behaved for this value. Thus, in this case the
semiclassical contribution to the transition probability (34) takes the form

1272 1 Ve ,\? 1 Va,\?
To=+ 1-222) 1 ——|(1-22) -1
0 { ( 3¢ Vi 3¢

h Vs

with @ = a(5). This result was derived in [30, 31] and coincides with the one obtained with the
Euclidean approach. We note from this result that lim;_,oI'g = 0, then, taking only this semi-
classical contribution we will obtain that the transition probability (21) fulfills limz_,o P(A —
B) = 1. Therefore, interpreting the transition probabilities as probability distributions of cre-
ating universes with a given size a as it has been previously done in [30-33], we note that
the semiclassical contribution implies that the most possible scenario is that the Universe is
created at the spatial singularity.

Let us continue with the first quantum correction, that is the term of order O (%) in the WKB
expansion. The general expression for this term is written in (35). For this metric we find that

2 2
} n %a%, (47)

Vi=v® _v. (48)

Therefore, substituting in (35) we obtain

INE l(‘éi) - 1) In(1—a*Vp) — (Vé? - 1) In(1—a’Vy)

We note that in this case there is only one tension term since both expressions for the tension
terms in the general form are equivalent, thus, the first quantum correction only adds one
independent parameter to the transition probability. Moreover we note that limg_,o '} = 22T,
which is a constant. Therefore, the inclusion of the first quantum correction will not alter the
fact that the point with the biggest probability is the spatial singularity (a = 0) but it reduces
the probability in that point.

Let us now move on to the second quantum correction. In this case we obtain

V2 (V) = % (v<4> _ W)) ,

+ 27Ty (49)

(50)
1 2
V()] = 5 (v -v)
Then, for this metric we have
Vol(X)h (¥ V2(VY) [ f i 2y (o) ) ‘
s Ag 5\ o ¢:¢Bd<I> —7 h(v< % )F(VB,a) K (51)
oy 3 _
Vol (x)h [* [V (V)] f o2 a
~ Ag i <7 — 7 h(w ) G (Vp,a) K (52)
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where we have defined the functions

1— Ya2)'/? \J1—¥a? VIV
F(V,a) :/(SCl)zda: — ’ >+ arctanh y3-Vvat
a(1- V) 2-1+va) T 26 NG
— arctanh l 1— ;/azl , (53)
| va2)3?
G(V,a):/Wda
(1—va?)
1 2V/3 = Va? (63 —34Va® + 3V2a*) V3 —Va?
= — 3 —3v2arctanh | ——— | |.
576v/3V (—1+ Va?) V2
(54)

We note that the function G(V,a) is well behaved in the limit @ — 0. On the other hand, the
third term of the F(V,a) function diverges in this limit. However, we note that this limit is
independent of V, therefore we can eliminate this divergence in the transition probability by
imposing the condition

vyl vy = v v (55)

In this way, we can still choose ay = 0 in order to have access to the initial spatial singularity.
Furthermore, for this metric from the eleven possible tension terms, only one remains since
all the non-zero terms have the same dependence on a, thus, we finally obtain that the second
quantum correction is written as

r,= ﬂzn{(vg” - v;”) [F(Vg,a) — F(Vs,a)] - (v§>)2 (G (Vs,a) — G (Vg,0)]

22

+(Vis>)2[G(VA,a)—G(vA,0)]}+ . (56)

We note that once again, the second quantum correction only adds one more independent
parameter tension term. From this result we also note that the limit limgz_o ', will diverge
because of the tension term. Thus, choosing appropriately the sign of (23) we will obtain that
taking into account up to second order in the quantum corrections the transition probability
fulfills limz_,o P(A — B) = 0. Therefore, the second order quantum correction implies that the
most probable size of the Universe to be created is at a finite non-zero value of the scale factor.
In this way, the quantum correction terms lead to a result that avoids the spatial singularity.
Let us remark from (47) that the semiclassical contribution Iy is well behaved for all values
of the potentials, but it can be complex for positive values of the potential minima. However,
this is not a problem since we always take only the real part. Nevertheless, we see from (49)
that T'; has a divergence in a> = V;, j, which can occur for positive values of the potential min-

ima. Furthermore from (56) we note that I';, will also have a divergence appearing in a*> = %,
which can also appear for positive values of the potential minima. In these cases, the transition
probability will only be well defined up to an upper limit. On the other hand, we note that
for negative potential minima everything is well defined without any issue. Therefore posit-
ive values of the potential minima will imply some additional restrictions for the validity of
the transition probabilities. Moreover, in order to have a well defined second quantum correc-
tion term we need to impose additional restrictions on the higher derivatives of the potential

expressed in (55).
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P(A-B)
1.0
0.8

—— Semiclassical Contribution
0.6

—— First Quantum Correction
g2 — Second Quantum Correction
0.2

02 04 06 08 10

Figure 1. Transition probability for the positive FLRW metric in units such that 7 =

(2) (2)
1, choosing Vs = —1.5, Va=—1, % — 1 =% —1=0.05, V§ - V§) = —0.005,

Va
V) = v = 0.1, Ty = 0.005, T) =5 x 107*, T, = 10~°. We plot the results with the
semiclassical contribution Iy (red line), including the first quantum correction I'g 4 I’y
(blue line) and including the second quantum correction I'g + Iy + I'; (purple line).

In order to explicitly visualize the effect of the first and second order quantum corrections
for all values of the scale factor, we plot in figure 1 the transition probability (21) using the res-
ults for this metric, that is using equation (47) for the semiclassical contribution, equation (49)
for the first quantum correction and equation (56) for the second order quantum correction. We
choose units in which A = 1, we also choose V3 = —1.5, V, = —1, %z) —1= %) —1=0.05,
Vi — v = —0.005, VY = V(¥ = 0.1, Ty = 0.005, T; =5 x 10~* and T = 10, In order
to have a well defined transition probability we choose the plus sign in the left hand side of (23)
and the minus sign in the right of (47) which corresponds to the minus sign in (56) as well.
We note that the result with the semiclassical contribution only has a maximum value on the
spatial singularity and as a increases, the probability decreases. The result including the first
quantum correction does not change the overall shape of the curve, it only reduces the over-
all probability and makes it fall faster. However, as we have previously seen, when the second
quantum correction is taken into account as well, the shape of the curve is changed in the ultra-
violet (small values of the scale factor), in such a way that the maximum value of the transition
probability is no longer in the spatial singularity, it is instead located at a small non-zero value
of the scale factor. From this point, the same behaviour is encountered as in the other two
results in the infrared, that is as the scale factor increases, the probability decreases. Thus,
the quantum corrections are only relevant on the ultraviolet as expected. We remark that this
behaviour is independent of the specific numerical values of the parameters, we only require
that they have the same signs as the particular choices that we employed.

4. Transitions for the flat FLRW metric

In this section we consider the FLRW metric with zero spatial curvature. This metric will be
important in the following since it represents the isotropic limit of the Bianchi III metric. We
can write this metric in Cartesian coordinates as follows

ds® = —N(1)d? +a® (1) [dx® +dy* +d2?] . 57

14
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The Hamiltonian constraint is given by

2
“a +a’V| ~0. (58)

As always, the N function is not dynamical, so we can focus on the terms within brackets.
Comparing it with the general form (2) we see that once again the minisuperspace is defined
by the coordinates {®"} = {a, ¢} with the metric

—-L 9
(GMN)=( o 1) (59)

and

fla,9)=a’V(¢). (60)

We also note that in this case the spatial volume takes the form

Vol (X // dxdydz. ©1)

In a strict sense, this volume is divergent as a result of the non-compact nature of the 3-space of
the 3+1 decomposition. However, as we pointed out earlier we can constrain the variables to a
finite interval in order to obtain a finite value for this term. Since it will be an overall constant
we will not worry about its value and we will maintain it as an arbitrary constant that will not
modify the behaviour of the transition probabilities.

Then, substituting the above identifications for this metric into equation (34) we obtain

21V01( ) Vol (X)
B (a2
We note that limz_,o['g = 0, then, considering only the semiclassical contribution we would
obtain for the transition probability lim,—o P(A — B) = 1. Thus, once again, the semiclassical
contribution leads to a maximum value for probability at the initial singularity.

Proceeding with the first quantum correction, we have also in this case

V=V — (63)

o= — 2T, (62)

that substituting back into (35) we get

o 2) 2) a
LI <V(—V(> n(a) +

Vol (X)
T:. 64
T 5 D (64)

ap

Moreover, as in the previous case, there only remains a single tension term, thus, the first
quantum correction only adds one independent constant. From this expression we also notice
that the choice ap =0 may lead to a divergence due to the logarithmic term. Therefore, in
order to obtain a consistent probability we are forced to impose the condition on the second
derivatives of the potential

2 2
vy _ Vi

B _ A 65
Ve TV (65)
Thus, the first quantum correction is written finally as
Vol
ALY (66)

2
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which is just a constant. Consequently, as was discussed in the previous example, the first
quantum correction does not alter the overall behaviour, in particular the point with maximum
probability.
Let us move on to the computation of the second quantum correction. For this metric we
also have
v _y@)
v (v =
2

2 (V(3) — V(l))

- 53

(67)

[V (V)] (68)

Therefore, substituting back these equations into (39) and computing all the remaining terms,
we finally obtain

a

a

ih Vol (X)
2

1
Wp—Wy) —
(W A)3a3

Vol (X)

Ih=+ 2T, (69)
P

ao

where we have defined

Vo) _y@ (V)

T VB2 3312
For this metric we obtain once again that from the eleven possible different tension terms,
only one dependence on a appears, leading to only one tension term. In this way, the second
quantum correction also adds only one independent constant. Here we also note that the choice
ap = 0 will lead to a divergence in the first term of (69). However, for positive values of the
potential minima we note that the first term never contributes to the transition probability after
taking the real part. Therefore, for positive potentials the second quantum correction takes
simply the form

(70)

_ Vol X)h

I
6_13

T>. (71)

On the other hand, for negative potential minima, this divergence can be eliminated by impos-
ing the constraint

Wy = Wp. (72)

Then, the negative potential minima leads to an additional constraint on the higher derivative
terms of the potential, but it takes the same form as in the previous example. In any case,
we note that lim,—oI'» will diverge. Thus, by choosing the proper signs, we will obtain that
limg_,o P(A — B) = 0 as in the previous section.

We can plot the transition probability for this metric considering the semiclassical contri-
bution (62), the first quantum correction (66) and the second quantum correction (71). In this
case, we obtain the same general behaviour as the one encountered for the positive FLRW
metric in figure 1 in the previous section. The only difference is that the conditions for the
higher derivatives of the potential are modified, in this case we must impose (65) and (72).
Therefore, for this metric the second quantum correction will also lead to an avoidance of the
initial singularity.

5. Transitions for the Bianchi Ill metric

Now that we have completed the study of the FLRW metrics, let us move on to consider metrics
describing homogeneous but anisotropic universes. We will begin by considering the Bianchi

16
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IIT metric in the present section. In a local set of coordinates we can write this metric in the
following form [57-59]

ds? = —N* (1) df* + A% (1) do® + B* (1) e ~**dy* + C2 (1) d2?, (73)

where « # 0 is a constant measuring the amount of anisotropy. We see that the isotropy limit
is performed by taking A(f) = B(t) = C(f) and o — 0 and results in the flat FLRW metric by
considering the coordinates to correspond to Cartesian coordinates in this limit. Furthermore,
if we consider different values for the scale factors A(¢), B(¢) and C(¢) and take oo — 0 we will
obtain the anisotropic Bianchi I metric.

Considering a homogeneous scalar field coupled to gravity the Hamiltonian constraint takes
the form

H=N A 2_|_i 2_|_£ ;1 1 1
TN BT T 4aC™B T 4aBTC T 2 TATE T Qg TATIC T o B IC
2 2 (74)
7T¢ a“BC
AB ~ 0.
toame t o FV(©)ABC| =0

Comparing with the general form (1), we see that the coordinates on minisuperspace are
{®M} = {A,B,C,¢}. Moreover the metric is written as

A2 —AB —-AC 0
1 -AB  B* -BC 0
MNY __
(6™ = 24BC| -AC —-BC C* 0 (75
0 0 0o 2
and the function f reads
o2
f(A,B,C,$) = ABC (V (6) + Az) : (76)

We also note that in this case the volume of X is given by

Vol (X) = /// e~ *“dxdyxdz a7

which again is finite only if we restrict the spatial slice to a finite interval in y and z but we
will consider it as an arbitrary constant. In [31] the semiclassical contribution to the transition
probability was studied for this metric. However, in that work, a convenient factorization was
used to obtain a result consistent in the case of a vanishing potential. In the present case, it
will be more convenient to consider the Hamiltonian constraint without any factorization. The
dependence of the results on a particular factorization will be explored in appendix.

We note that for this metric we have more than one variable on the minisuperspace apart
from the scalar field. Thus, as it was asserted in the general method in section 2 these variables
will be related as a consequence of the semiclassical expansion. In particular, in the region
where the scalar field is constant equation (20) leads to

az
g 5w A(V+E)

e W () 79
which can be integrated to obtain
A2 N %) 2/3
B=byC=b (79)

Al/3 ’
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where by and b are integration constants. However, we can set these constants to 1 by rescaling
the variables on the metric in a suitable way for each of the solutions and demanding continuity
on the wall at B. Therefore we obtain for the region where the scalar field is constant

2\ 2/3
(#%)
S
From this relation, we note that the isotropy limit leads to lim,_,o B = A. Therefore, all the
anisotropy will be measured by the constant v, Moreover, as we pointed out previously the limit
«a — 0 corresponds to the Bianchi I metric, thus, from these relations we note that if we study
the Bianchi I metric, we will be forced to obtain the flat FLRW metric and its corresponding
result. Thus, the Bianchi III metric is more suitable to study the effect of anisotropy.

Furthermore, we note that given « # 0, the variable B will diverge as A — 0. On the other
hand for big values of A, B increases with A. Thus, in this case the cosmological behaviour
does not describe a spatial singularity at the beginning (A = 0). Instead, we have in the early
Universe (understood as small values of A) a behaviour in which B and C start with big val-
ues (infinite in principle), then, as A grows, they decrease until they reach a minimum value,
from where they start growing. For positive potential minima, this minimum value is non-
zero, whereas for a negative potential minimum it is zero but always with a non-zero value
of A. Thus, we have a phase of contraction on the B and C direction, until they reach a point
where they start an expansion as A expands, that is, similar to a bounce scenario as the dimen-
sion described by A emerges’. We note that the size of the contraction phase before the bounce
depends on the size of the values of % and it disappears in the isotropy limit. Let us remark
that since we have two different degrees of freedom coming from the metric, namely A and B
we can write down the transition probabilities in terms of any of these two, however only A is
single-valued in time, whereas the other two can have the same value twice given the bounce
nature. For all these reasons we will consider only positive values of the potential minima and
from now on write the transition probabilities in terms of the A function.

With the identifications made above for this metric, substituting back into (26) we obtain
for the semiclassical contribution

B=C= (80)

2iVol (X A A
Fozi# VVeFui (Vg,A) | — v/ VaFm (Va,A)
Ay Ao
4/3 @D
Vol (X) <13 (2 . 302
AN (A2 T
+ B + VB 05

where we have defined the function
1/3

NV
A? 43 2 2 2
Fui (V,A) = /(N/VS)\/(AZJr C:/) (AZ - O:/) (3A2 + 53>dA (82)

It can be shown that the Bianchi III results (81) coincides with the flat FLRW result (62) in the
isotropy limit o« — 0 as we expected.

Taking Ap = 0 we note from the last expression that limz_,, 'y = 0. Thus, we obtain once
again that considering only the semiclassical contribution the probability will have its biggest

7 The relation between the coordinates can change if we consider a different factorization. This point will be discussed
in the appendix.
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Figure 2. Transition probabilities for the Bianchi III metric in units such that A =1,
choosing Vp =1, V4 =5, Top = 1. We plot the results of the semiclassical contribution
T’y for different values of «. We choose av =0 that corresponds to the flat FLRW case
in which A — @ (red line), o = 0.075 (blue line), o = 0.1 (yellow line), o = 0.15 (green
line) and oo = 0.2 (purple line).

value in A = 0. However, let us remark that in this case this point does not represent a spa-
tial singularity. Furthermore, we plot the last expression for different values of « to obtain
figure 2, where in order to have a well-behaved probability we have chosen the minus sign
in both sign ambiguities. Additionally, we choose positive values for the potential minima,
Vs =1and V4 = 5, and for the tension term 7y = 1. We can see that the form of the semiclas-
sical contribution coincides with the general form of the FLRW results. Moreover, the effect
of anisotropy is to decrease the value of the transition probability as the value of « increases,
and the case aw— 0 corresponds to the FLRW result, in this form our result is consistent
with [31].

Let us continue now with the computation of the first quantum correction, in this case we
obtain

5 2) 2a?
Vi=v® 3y . (83)
A2
Then, computing the remaining terms and substituting back into equation (35) we obtain for
the first quantum correction

302
Vg

We note that taking the isotropic limit o — 0 in the last expression we obtain the flat FLRW
result of equation (66). However, contrary to that case, we will not have any divergence if we
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take Ap = 0 as long as « % 0. Moreover, in order to obtain the flat FLRW result in the limit
a — 0 we impose the same condition (65), thus, the first quantum correction takes the form

(2) A2 4 302 | 22 4 3a?

V 11 A+ A+

Fl = VO] (X) <‘f — 3) In 2 3‘(/52 2 3‘(/:2 =+ VOl (X) Tl . (85)
B AO + Vp AO + Va

Taking Ay = 0, the latter simplifies to

(X)T1. (86)

Fl = Vol (X) (

However, we note that once we have chosen Ag = 0 we can no longer recover the flat FLRW
result (66) in the isotropy limit. In the isotropy limit the first quantum correction will be a
constant, but the first term will contribute with a logarithmic constant term as well. Thus, the
first quantum correction does not lead exactly to the flat FLRW result in the isotropy limit.
Furthermore, we also note that we only obtain one tension term, thus, the first quantum cor-
rection adds only one independent constant. Moreover, we note that in order to have a well
defined probability we should choose only positive values of the potential minima as we have
remarked before. In addition, we also note that lim;_,,T'; = Vol(X)T; which is a constant,
thus, as in the previous cases the first quantum correction will not alter the behaviour near the
value A = 0. In figure 3 we show a plot of this result taking different values of «, we have

2
considered the same values for the potential minima, and choose % — % =-0.005,Tp=1,
T1 = 0.1. We see that the general behaviour is the same as the FLRW result. That is, for all
values of «, the first quantum correction does not change the overall behaviour, it only reduces
the probability. The effect of anisotropy is to reduce the probability once again. Moreover, in
this case, the isotropy limit does not correspond exactly to the flat FLRW result.

Finally, for the second correction we obtain in this case

Vi) — 3y 4 6o

2 27\
VAV = —5¢ - (87)
g2 (VO —3y()? 4 dal
V(v = 1BC : (88)

Then, computing the remaining terms in equation (39) we obtain for the second quantum
correction

A A

ihVol (X 1 1 Vol (X) h
= i% —aHm(Ve,A) | = —7Hu (Va,A) || + &) a7 s
Vi A Vy A] A3 (AZ 4 %)

B

(89)
where the Hyyp function is defined as
dA A2+ 2
Hy (V,A) :/ 773 ~7 ;
Al/3 (A2—|—¥) (A2—a7> (3A2+5%)

(90)

((V(3))2A4 n 8a2) (A2 + %)

a? 5a2
V(A2 _ 7) (3A2 n 7)

x 602+ (v<4> - 3V(2))A4+
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Figure 3. Transition probabilities for the flat FLRW (orange line) and Bianchi III met-

(2)
rics in units such that A = 1, choosing Vg =1, V4 =5, VV”%B — % =—-0.005 Ty =1,

T1 = 0.1. We plot the results of the semiclassical contribution plus the first quantum cor-
rection, I'g 4+ I';, taking different values of «; we choose the cases o =0 (purple line),
a =0.075 (blue line), « = 0.1 (yellow line), « = 0.15 (green line) and o = 0.2 (red line).
The isotropy limit of the Bianchi III metric a — 0, does not correspond exactly to the
flat FLRW result.

As in the previous case we note that the first term of equation (89) has an overall i, thus, if
the function is always real for positive potentials, this term will not contribute. Furthermore,
we note that once again only one tension term is added from the eleven possible because the
non-zero terms have the same dependence with A. However, if we take the isotropy limit for
this result we obtain

1 A
3A3

hVol (X
+ %Tz, 91

ih Vol (X)

lim I’y = & (Wg — Wy)

Ao

where

3V — v®) (V<3>)2
N VI

which is very similar to the result for the FLRW metric in equation (69). The only difference
appears in the constant accompanying the second derivative on the W function, in this case it
is a factor of 3, whereas for the flat FLRW metric it was just a factor of 1. The differences that
appear at the first and the second quantum corrections come from the fact that although the
FLRW metric follows from the isotropy limit as a classical result, the metric on superspace for
the flat FLRW case does not come from the Bianchi III metric in this limit, thus, the structure
of the minisuperspace is not the same after taking the isotropy limit and we should not expect
the same results in all scenarios. In particular, we note that the Laplacian in the Bianchi III
metric (83) does not lead to the Laplacian for the FLRW metric (83) in the isotropy limit. It is
interesting that this discrepancy appears when we take into account the quantum corrections
and it only changes by constants, it does not change the general behaviour. Furthermore, we
note that in the general case we have for this metric that limjs_,,I', will diverge, thus, making
the probability vanish on this limit after choosing the appropriate signs.

W:

92)
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Now, by considering different values of «, and arduously exploring the expression (90)
we can find values of the parameters in which Hyy only takes real values. In this way, the
first term in (89) does not contribute to the transition probability, we only have the tension

©)
term. This can be done for example by choosing Vg =1, V4 =5, V% — 5 =-0.005,Ty =1,

Ty =0.1, T, = 0.05, (V)2 = (v{))2 =0.1, ViV -3V = v — V(z) —0.1. The result-
ing transition probablhtles are shown in figure 4 for different values of «. It is shown that
the general form corresponds to the behaviour encountered in the FLRW metrics. The effect
of anisotropy is once again to reduce the probability and move the maximum value towards
smaller values of A as anisotropy is increased.

In summary, we have obtained that the behaviour of the transition probabilities for the
Bianchi IIT metric is, in general, the same as for the FLRW metrics, that is, the semiclassical
contribution leads to a maximum value at the origin of A, the first quantum correction reduces
the probability but does not change the overall shape and the second quantum correction leads
to a vanishing probability in this point. However, as we pointed out earlier for this metric this
point does not describe a spatial singularity. What is being avoided in this case is the situation
where one dimension is absent and the other two are infinite in size. We could try different
factorizations looking for a scenario that allows us to have access to a spatial singularity in this
anisotropic metric looking for a description where the second quantum correction avoids such
singularity. However, as we will show in the appendix this scenario does not exist. Therefore,
we conclude that the avoidance of the initial singularity due to quantum corrections is only
possible in the isotropic case. Moreover, we have shown that the effect of the anisotropy is to
reduce the probability in all scenarios, making it fall faster. In particular, when considering up
to second quantum correction terms, the maximum point of the probability is moved towards
smaller values of A.

6. Transitions for the Kantowski-Sachs metric

Finally, we will consider the Kantowski—Sachs metric. This metric describes an anisotropic
Universe or the interior of a Schwarzschild black hole. Following the parametrization proposed
by Misner [60] and employing a change of variables [31] we can write this metric in the form

ds” = —N? (1) dF* + 7 (1) dr” + f 8 (467 +sin® dv?] ©3)

with 0 < 6 <7 and 0 < ¢ < 27. Considering once again a homogeneous scalar field the
Hamiltonian constraint turns out to be

3
H=N 72

T
474

2 ~
T+ 2—% +Z > V(qb) ~0. (94)

Once more, we can focus only on the term inside brackets, and comparing it with the general
form (1), we observe that the coordinates defining the minisuperspace are {<I>M } ={~,0,0}.
Thus, the metric is

()

(GMN) = (95)

o o8]
o |

ol
Yo o
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— Blll with @ =0.2
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Figure 4. Transition probabilities for the flat FLRW (orange line) and Bianchi III met-

(2)
rics in units such that A = 1, choosing Vg =1, V4 =5, % — l—; =—-0.005, Ty =1,
Ti=0.1, T, =0.05, (V)2 = (V{2 =0.1, v —3v? = v{) —3v{P) —0.1. We
plot the results of the semiclassical contribution plus the first and second quantum cor-
rections, I'o + I'; + I'», for different values of «; we choose the cases =0 (purple
line), o = 0.075 (blue line), a = 0.1 (yellow line), o = 0.15 (green line) and o = 0.2 (red
line). The isotropy limit of the Bianchi III metric o« — 0, does not correspond exactly to
the flat FLRW result.

and the function f is given by

2

Flr,0,0) = %V(@ — 7. (96)

We also have in this case that the volume of the spatial slice X reads

T 27
Vol (X) = //e—o/w—o sin6drdfdy) :47r/dr, 97)

which is finite only if we restrict it to a finite interval in r, since the spatial slice is again non-
compact in this scenario. Thus, we will consider it as an overall arbitrary constant as in the
previous cases.

In order to obtain a consistent system of equations we need to consider non-zero values for
the potential minima. In the region of constant scalar field, the relations (20) leads in this case
to

2 o’V

1—co’

¥ (98)

where c is an integration constant. By definition y and o are positive functions [31], therefore
¢ has to fulfill the condition

14

1—co

>0, 99)

which depends on the value of V4 . From this expression we note that lim,_,oy = 0 but
lim,_0 f{—z = ‘i, Therefore, we note from the form of the metric (93) that the limit o — 0 leads
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to the vanishing of the radial component but not of the angular part, thus, once again we will
not have access to a spatial singularity.
Computing the remaining terms and substituting back in (34) we obtain

o

Vol (X)1 Vol (X) T
Fozi# csFxs|cp,0] JO—CAFKS[CA#T] . + h( )m\/l_CBU’ (100)

where we have defined the function
vV4-3
Fks[c,x] = /dex

21 —cx (101)
= 5.3 |VA—3ex (5 +3cx) — Yarctanh (VA= 3ex) |

c
This result was first derived in [31]. We note that limz_,oI'g = 0. Thus, once again the
semiclassical contribution leads to a maximum value for the probability located at o = 0.
Furthermore, we note that in this semiclassical contribution, the tension term will be the only
one that contributes after taking the real part since the integral with a constant scalar field gives
always imaginary numbers.

Moving further, for the first quantum correction we obtain
Vi =Vv". (102)

Then, computing the remaining terms and substituting back in (35) we obtain for the first
quantum correction

g—0o
vol(x) | (VP vP
I = SB_ZA ) Vol (X)T 103
1 2 (VB VA n(O') + 0( ) 1, ( )
oo

where we note again that there only appears one tension term, thus, it only adds one extra
parameter. Furthermore, we note that the divergence that appeared in the flat FLRW result
in (64) appears again here and we are led to impose also the condition (65). Thus, we finally
obtain

'y = Vol (X) T, (104)

which is only a constant. Therefore, the general behaviour is unaltered by the first quantum
correction.
Carrying out with the analysis to the second quantum correction, we note that for this metric

V2 (V) = SV, (105)
2
V(v =5 (V)

Therefore, computing the remaining necessary terms we obtain from (39) that the second
quantum correction term is written as

(106)

_ 2 _ _
Vol (X)ih | ViV (VY - vy g
D=+ g “B ) g A g
2 4 v, Hks (cg,0) UO-F Vs ks (¢B,0) TV ks (ca,0) .
2 _
v 4 Vol(X)h [V,
- (A Ixs (ca,0) + E ) L1,
VA oo 1-— (4:1%

(107)
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where we have defined the functions

do v4—3co 3c V4 —3co
H, = =— — —arctanh | ——— 108
KS (C,O’) azm 4o ] arctan ( 2 ) ( )
1—co 1 4—co c V4 —3co
Igs(c,0)= | ————Fdo=—— | ——=+ -arctanh | ——— | | . 109
ks (¢:0) /02(4—360)3/2 16 [UV4—3CU 2 ( 2 >} (10

Furthermore, we note from this result that the functions Hgs and Ixg have a divergence if
we choose oy = 0, but this divergence is independent of c. Therefore, in order to have a well
defined probability we can eliminate those divergences by imposing the conditions

4) 4 3\ 2 3\ 2
vi' Vv (v (v

ZA 110
Vi Va'\ Vg Va (110)

We note that as in all the previous cases, all the possible tension terms reduce to only one
and that it is written in such a way that lims_,o I'; diverges, therefore choosing the appropriate
signs the probability of having a Universe created at ¢ = 0 vanishes. However, we note that as
in the Bianchi III result, we are not avoiding the singularity, we are just preventing this point
which has a different physical meaning. Furthermore, when we plot the transition probabilities
for the semiclassical contribution in (100), the first quantum correction in (104) and the second
quantum correction in (107) we obtain the same qualitative behaviour as the one encountered
for the FLRW metric in figure 1. The study of the transition probabilities using this metric
is relevant because although we can not compare directly the results with the Bianchi III or
FLRW metric, in the sense that we can not obtain their results by taking an appropriate value
of some parameter, we can see that the general behaviour that we encountered for the FLRW
metric appears as well for this anisotropic metric but the point that gets avoided in this case
does not describe a spatial singularity as the Bianchi III result. Thus, the conclusion that the
singularity is avoided only in the isotropic Universe is supported by the results of this section
as well, showing that the limitation in the anisotropic case is not an artefact of the Bianchi III
metric.

7. Final remarks

In this article, we have studied the quantum corrections to the vacuum transition probabil-
ities between two minima of a scalar field potential employing a Lorentzian formalism in
the presence of gravity. First of all, we expanded a method previously proposed in [30, 31]
to describe these probabilities by computing solutions of the WDW equation using a semi-
classical expansion of the WKB type. We have shown how to take into account the quantum
corrections to the general method for any model in the minisuperspace. We note that each
quantum correction corresponds to considering one higher-order term in the / expansion of the
WKB proposal. Then, the WDW equation provides one equation for every term in the semi-
classical expansion considered. Therefore, in principle, the system of equations will always
be solvable. Thus, this method can account for any desired order in the quantum corrections.
Moreover, by choosing the parameter defining the integral curves in the minisuperspace in
an appropriate form as has been used in previous works, and applying some general consid-
erations, we have obtained explicit analytical expressions for the semiclassical contributions
and up to second order quantum corrections in (34), (35) and (39). One important feature of
these general expressions is that all of them have the volume of the spatial slice as an overall
constant, a feature that we expect will be maintained regardless of the order of the quantum
correction that we wish to compute, and that allows to compute the transition probabilities for
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metrics with a non-compact spatial slice. Furthermore, all expressions are described in terms
of one degree of freedom coming from the metric evaluated at the point where the transition
is made. Thus, the interpretation of the probability functions obtained can still be stated as
describing probability distributions of creating universes with a given size as was done for
the semiclassical contributions on previous works. However, taking into account the quantum
corrections, independent parameters (that we called tension terms) were added in increasing
numbers. These terms arrived from the quantum fluctuations of the scalar field and may not
be independent if the functions on the metric accompanying them are proportional or vanish.
For example, on all the metrics considered in the main text, only one tension term was added
for each order in the expansion.

Then, we applied the method to some metrics of cosmological interest using General
Relativity. We found analytical expressions for the transition amplitudes for homogeneous
isotropic and anisotropic metrics. These expressions include the semiclassical contributions
and two quantum corrections and are described by the potential minima and their derivatives,
tension terms, and only one variable from the metric that represents the size of the Universe at
the time of nucleation.

For an isotropic Universe, we studied the FLRW metric with positive and zero curvature. In
order to obtain well defined probabilities, the quantum corrections implied extra restrictions on
the derivatives of the potential evaluated at the minima. The general behaviour of the transition
probabilities was shown in figure 1. It was shown that the semiclassical contribution leads to
a probability that starts at its maximum value on the spatial singularity and falls to zero as
the scale factor increases. The first quantum correction does not change the overall shape, it
only reduces the probability. On the other hand, the second quantum correction changes the
behaviour in the singularity, leading to the prediction that the maximum probability is located
at a small size of the scale factor but different from zero, in this way, the quantum corrections
leads to an avoidance of the initial singularity. We also noted that the quantum correction
terms are relevant in the ultraviolet described by small values of the scale factor but they do
not change the behaviour in the infrared as we expected. It is interesting that the change of
behaviour appears at second order in the quantum correction terms, the same occurs when
computing quantum corrections to the Schrodinger equation coming from the Klein—-Gordon
equation as shown in [61]. Thus, since the WDW equation is a Klein—Gordon type equation
in superspace we obtain a consistent result in this regard.

For an anisotropic Universe, we studied the Bianchi III and the Kantowski—Sachs metrics.
For the Bianchi metric, we encountered the same general form of the transition probability as
in the isotropic case. However, the point of maximum probability in the semiclassical contri-
bution that is avoided in the second quantum correction in this case does not represent an initial
singularity. The different scale factors are related as a consequence of the integral curves on
minisuperspace in such a way that such point describes a scenario where two Cartesian dir-
ections have infinite value for their scale factor whereas the third direction has a zero scale
factor. However, if we factorize some terms in the Hamiltonian constraint we can obtain new
Hamiltonians that are equivalent at the classical level but at the quantum level they lead to
different forms of the WDW equation and different relations of the scale factors. This ambi-
guity on the correct choice for the Hamiltonian constraint is equivalent to the ordering ambi-
guity in the quantization procedure for the squared momentum. However, as we showed in
the appendix, once we obtain a proper factorization that allows an initial spatial singularity,
the avoidance of such point is lost and we only obtain transition probabilities that lead to a
maximum value at the initial singularity. Thus, the avoidance of the spatial singularity due
to quantum corrections to the transition probabilities can only be obtained in the isotropic
Universe. Furthermore, at the classical level the limit o — O of the Bianchi III metric results

26



Class. Quantum Grav. 42 (2025) 025018 H Garcia-Compean et al

in the flat FLRW metric. We encountered that the results from the semiclassical contribution
indeed lead to the flat FLRW result in such isotropy limit. However, the quantum corrections
lead to a very similar result but it differs from the flat FLRW result by some constants. Thus,
the different structure of the minisuperspace from these two metrics is revealed only after
considering quantum corrections. Furthermore, by varying the parameter o we found that the
effect of anisotropy, even adding quantum corrections, is to decrease the transition probability,
preserving the form that was observed for the FLRW case of positive curvature. On the other
hand, for the Kantowski—Sachs metric we also encountered the same general behaviour for the
transition probabilities as for the previous cases. But in this case, the point that gets avoided
represents a point where the radial part of the metric is set to zero but not the angular part,
thus, once again it is not a spatial singularity. Therefore, the result that the avoidance of the
initial singularity is only possible for the isotropic Universe is not an artefact of the Bianchi
I metric.

Let us remark, that in the Euclidean formalism the computation of the quantum corrections
to the transition probabilities is troublesome. However, in the Lorentzian formalism we could
compute such corrections in a fairly simple form by considering higher order terms in the
semiclassical expansion. It will be interesting to investigate if some of the properties outlined
in this article such as the avoidance of the initial singularity for the isotropic Universe can
also be encountered on the Euclidean formalism or if this represents a relevant departure from
both approaches. Moreover, it could also be relevant to pursue a possible generalization of the
current method to midisuperspace models.
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Appendix. Effects of a given factorization to the transition probabilities

In order to determine the effect of choosing a different factorization for the Hamiltonian con-
straint in the Bianchi IIT and flat FLRW metrics, let us study a general factorization of the
Hamiltonian of the Bianchi III metric (74) in the form

H:NA*’YB*5C*C A“/+13571Cc71 ) B(5+1A“/71Cc71 ) CC+1A'yle§71

T B Tc
4 4 4
AYB°C¢! AYCSBo! A1 CS AR TIce! ) (1)
— 5 TATR — 5 TATC — f’ﬁgﬂ'(;#’ fw¢

+aP AT B O L v () ATTIBTT 4] ~ 0,

where v, § and ( are integers. We now consider the Hamiltonian constraint to be the terms
within brackets, then, after identifying the metric and the corresponding f function we can
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proceed to relate the degrees of freedom of the metric when the scalar field is constant by
employing equation (20). In this case we obtain

dA:(A>(715C)V+?€(7350, 112
B \B) (0-1-7-QV+%(0+1-7-()
and
dB:<B)<6—1—v—<>v+z§<6+1—v—<>_ 113
dC \C) ((-1=-7=0)V+ % ((+1-7v-0)

The second relation is very difficult to solve because of the appearance of the A function. We
can simplify this expression by choosing § = (. Then, we obtain

B=1b,C, (114)
where by is an integration constant that will be taken as 1. In the same way, it is found that
o2 b3
B = qyA? {AZ + @v} , (115)
where ay is another integration constant that will be taken as 1 and
1- —-3-2 2(C+1
b= =10 L) i
v=3-2 v-1-2 2¢+1-7)(2¢+3-7)

Nevertheless, we want to obtain an isotropy limit that leads to the flat FLRW metric in order
to correctly study the effect of anisotropy, that is we require lim,—o B = A. This leads to the
condition

o1 +2¢3 =1, (117)

which gives us the solution { = +. In this way, the most general factorization requires v = { =
6. So the above definitions are simplified as
v—1 y+3 2
- 3 =1 " p3=——. 118

"= o L R (118)
Howeyver, as we remarked in the main text the motivation to consider a different factorization
is to have access to an initial singularity for the Bianchi III metric, that is that we can have
limy 0 B = 0. We note from equation (115) that this behaviour can be obtained by requiring
that ¢y > 0, which leads to

y>1, or vy<-3. (119)
Furthermore, the general form of the metric in minisuperspace is

AVY(BC)TY —(AB) ¢! —(AC)" B! 0

(G") = 1 —@B ot pt@ac)! —(BC) A 0 (120)
2| —@0)B ! —(BC) At Cti(aB) ! 0
0 0 0 2(ABC)"!

and we can identify

f=H(A,B,C)+F(AB,C)V(d), (121)
with

H(A,B,C) = A" " (BC)"*' | F(A,B,C) = (ABC)"™". (122)
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With these considerations, we can proceed to compute the transition probabilities with up
to second quantum corrections using the general expressions (34), (35) and (39). However,
we note that all the integrals on the three expressions will vanish in the limit A — Ay = 0.
Therefore, the behaviour of the transition probabilities in the singularity is dictated only by the
tension terms. Thus, let us analyse the resulting tension terms due to the three contributions.

Following (34) the tension term for the semiclassical contribution takes the form

MRECER
_ 3 _ Y

VOI(X)A(W+2$;+1) [Az ’y+3a} T,

123

From this expression, we note that the important quantity to keep track, to study the behaviour
in the initial singularity, is given by
o+ Br+1)

y+3 '
Furthermore, taking the limit oo — 0 of (123) we are lead consistently to the tension term of
the flat FLRW metric

Vol (X)

Bo= (124)

aOtOT,, (125)

from where we note that relevant quantity is
n=3{+1). (126)

In the same way, following (35) for the first quantum correction I';, we obtain only one tension
term written as

8y
27583
_z«,(3l;r1) [Aer Y+3a :| T,. (127)

Vol (X)A _—
( ) i ’Y+1VB

In the previous equation (127) we see that the relevant quantity to study the initial singularity

is

2v(3v+1)
y+3

One again, taking the limit o — 0, we obtain the corresponding tension term for the flat FLRW
metric

pr= (128)

Vol (X)a®' Ty, (129)
where the relevant quantity is
n = 67. (130)

Finally, for the second quantum correction (39), we obtain only 3 different tension terms in
the form

43y —1) 4(5y—1)

_o2i [, y+3a?] 0T _2 [, 44302 T

Vol (X)h{ A+ [A24+ 1= — Th14+A 7 [A24——— T
( ) l: +’7+1VB:| 2,1+ |: +’}/+1VB 2,2
(131)
N =R [ v+3a2] P T
o S8
vy+1Vp 23
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Therefore, the relevant quantities for the second correction are
9y —1 159> -7 5vy-1)3By+1)
= 7ﬂ3 = ,54 == .
v+3 v+3 v+3
In this case, in order to obtain correctly the FLRW flat result, we need to take o — 0 and

eliminate the second tension term since the functions depending on the scalar field vanish in
this limit. Thus, we are led to

B2

(132)

Vol (X)a*®7=D7, 4+ Vol (X)&* VT, 5, (133)
from where we identify
m=303y-1),m3=3057-1). (134)

Therefore, the singularity will be the point of maximum probability for /3; and n; positive,
the general form of the probability distribution will not change for zero values of these para-
meters, whereas the singularity will be avoided if at least one of the 3; (for the Bianchi III
metric) or one of the n; (for the flat FLRW metric) is negative.

As asserted before we are interested in studying these behaviours for the regions where
we can explore the initial singularity, that is v > 1 or v < —3. However, it can be shown that
all 5; and n; are positive for v > 1 whereas all of these coefficients are negative for v < —3.
Since taking negative values for 1y will change drastically our semiclassical results, we will
not consider the region v < —3. Therefore, focusing on v > 1 we note that all coefficients are
positive, thus, the singularity will remain as the point with maximum probability even after
taking up to second quantum correction terms. Therefore, we conclude that the avoidance of
the initial singularity by taking quantum corrections can only be performed in the isotropic
Universe.

ORCID iDs

H Garcia-Compedn (2 https://orcid.org/0000-0001-6247-6774
J Hernandez-Aguilar @ https://orcid.org/0009-0000-8704-4724
D Mata-Pacheco @ https://orcid.org/0000-0002-6197-3178

C Ramirez (@ https://orcid.org/0000-0001-9864-010X

References

[1] Coleman S R 1977 The fate of the false vacuum. 1. Semiclassical theory Phys. Rev. D 15 2929-36
Coleman S R 1977 Phys. Rev. D 16 1248 (erratum)

[2] Callan C G Jr and Coleman S R 1977 The fate of the false vacuum. 2. First quantum corrections
Phys. Rev. D 16 1762-8

[3] Coleman S R and De Luccia F 1980 Gravitational effects on and of vacuum decay Phys. Rev. D
21 3305

[4] Parke S J 1983 Gravity, the decay of the false vacuum and the new inflationary universe scenario
Phys. Lett. B 121 313-5

[5] Jensen L G and Ruback P J 1989 Bubble formation in anisotropic cosmologies Nucl. Phys. B
325 660-86

[6] Samuel D A and Hiscock W A 1991 Effect of gravity on false vacuum decay rates for O(4) sym-
metric bubble nucleation Phys. Rev. D 44 3052-61

[7] Wu A Q 1992 Tunneling in the presence of gravity Phys. Rev. D 46 5321-30

[8] Mansouri R and Mohazzab M 1993 Tunneling in anisotropic cosmological models Class. Quantum
Grav. 10 1353-9

30


https://orcid.org/0000-0001-6247-6774
https://orcid.org/0000-0001-6247-6774
https://orcid.org/0009-0000-8704-4724
https://orcid.org/0009-0000-8704-4724
https://orcid.org/0000-0002-6197-3178
https://orcid.org/0000-0002-6197-3178
https://orcid.org/0000-0001-9864-010X
https://orcid.org/0000-0001-9864-010X
https://doi.org/10.1103/PhysRevD.15.2929
https://doi.org/10.1103/PhysRevD.15.2929
https://doi.org/10.1103/PhysRevD.16.1248
https://doi.org/10.1103/PhysRevD.16.1248
https://doi.org/10.1103/PhysRevD.16.1762
https://doi.org/10.1103/PhysRevD.16.1762
https://doi.org/10.1103/PhysRevD.21.3305
https://doi.org/10.1103/PhysRevD.21.3305
https://doi.org/10.1016/0370-2693(83)91376-X
https://doi.org/10.1016/0370-2693(83)91376-X
https://doi.org/10.1016/0550-3213(89)90502-6
https://doi.org/10.1016/0550-3213(89)90502-6
https://doi.org/10.1103/PhysRevD.44.3052
https://doi.org/10.1103/PhysRevD.44.3052
https://doi.org/10.1103/PhysRevD.46.5321
https://doi.org/10.1103/PhysRevD.46.5321
https://doi.org/10.1088/0264-9381/10/7/011
https://doi.org/10.1088/0264-9381/10/7/011

Class. Quantum Grav. 42 (2025) 025018 H Garcia-Compean et al

[9] Gen U and Sasaki M 2000 False vacuum decay with gravity in nonthin wall limit Phys. Rev. D

61 103508

[10] Cai R G, Hu B and Koh S 2009 Gauss-Bonnet term on vacuum decay Phys. Lett. B 671 181-6

[11] Kanno S and Soda J 2012 Exact Coleman-de Luccia instantons Int. J. Mod. Phys. D 21 1250040

[12] Salehian B and Firouzjahi H 2019 Vacuum decay and bubble nucleation in f(R) gravity Phys. Rev.
D 99 025002

[13] Oshita N, Shoji Y and Yamaguchi M 2023 Polychronic tunneling: new tunneling processes exper-
iencing Euclidean and Lorentzian evolution simultaneously Phys. Rev. D 107 045007

[14] Vicentini S 2022 Vacuum decay and quadratic gravity PhD Thesis University of Trento INFN
(available at: https://doi.org/10.48550/arXiv.2009.04435)

[15] Antoniadis I, Bielli D, Chatrabhuti A and Isono H 2024 Thin-wall vacuum decay in the presence
of a compact dimension (arXiv:2405.16920 [hep-th])

[16] Arnowitt R L, Deser S and Misner C W 2008 The Dynamics of general relativity Gen. Relativ.
Gravit. 40 1997-2027

[17] Corichi A and Nunez D 1991 Introduction to the ADM formalism Rev. Mex. Fis. 37 72047

[18] Halliwell J J 2009 Introductory lectures on quantum cosmology (arXiv:0909.2566)

[19] Wiltshire D L 2000 An introduction to quantum cosmology (arXiv:gr-qc/0101003 [gr-qc])

[20] Carlip S 2001 Quantum gravity: a progress report Rep. Prog. Phys. 64 885

[21] Kiefer C and Sandhoefer B 2022 Quantum cosmology Z. Naturforsch. A 77 543-59

[22] Isham CJ 1993 Canonical quantum gravity and the problem of time NATO Sci. Ser. C 409 157-287

[23] Wheeler J A 1969 Superspace and the nature of quantum geometrodynamics Topics in Nonlinear
Physics ed N J Zabusky (Springer) pp 615-724

[24] DeWitt B S 1967 Quantum theory of gravity I, the canonical theory Phys. Rev. 160 1113

[25] Craig D A and Singh P 2010 Consistent probabilities in Wheeler-DeWitt quantum cosmology Phys.
Rev. D 82 123526

[26] Chataignier L, Kiefer C and Moniz P 2023 Observations in quantum cosmology Class. Quantum
Grav. 40 223001

[27] Fischler W, Morgan D and Polchinski J 1990 Quantum nucleation of false vacuum bubbles Phys.
Rev. D 41 2638

[28] Fischler W, Morgan D and Polchinski J 1990 Quantization of false vacuum bubbles: a Hamiltonian
treatment of gravitational tunneling Phys. Rev. D 42 4042-55

[29] De Alwis S P, Muia F, Pasquarella V and Quevedo F 2020 Quantum transitions between Minkowski
and de Sitter spacetimes Fortsch. Phys. 68 2000069

[30] Cespedes S, de Alwis S P, Muia F and Quevedo F 2021 Lorentzian vacuum transitions: open or
closed universes? Phys. Rev. D 104 026013

[31] Garcfa-Compedn H and Mata-Pacheco D 2021 Lorentzian vacuum transitions for anisotropic uni-
verses Phys. Rev. D 104 106014

[32] Garcia-Compedn H and Mata-Pacheco D 2022 Lorentzian vacuum transitions in Horava—Lifshitz
gravity Universe 8 237

[33] Garcia-Compedn H and Mata-Pacheco D 2022 Lorentzian vacuum transitions with a generalized
uncertainty principle Class. Quantum Grav. 39 235011

[34] Lavrelashvili G V, Rubakov V A and Tinyakov P G 1985 Tunnelling transitions with gravitation:
breaking of the quasiclassical approximation Phys. Lett. B 161 280—4

[35] Abbott L F, Harari D and Park Q H 1987 Vacuum decay in curved backgrounds Class. Quantum
Grav. 412014

[36] Lavrelashvili G V 2000 Negative mode problem in false vacuum decay with gravity Nucl. Phys. B
88 75-82

[37] Koehn M, Lavrelashvili G and Lehners J L 2015 Towards a solution of the negative mode problem
in quantum tunnelling with gravity Phys. Rev. D 92 023506

[38] Bramberger S F, Chitishvili M and Lavrelashvili G 2019 Aspects of the negative mode problem in
quantum tunneling with gravity Phys. Rev. D 100 125006

[39] Jinno R and Sato R 2021 Negative mode problem of false vacuum decay revisited Phys. Rev. D
104 096009

[40] de Alwis S P 2023 Revisiting vacuum decay in field theory (arXiv:2305.11786 [hep-th])

[41] Di Gioia F, Maniccia G, Montani G and Niedda J 2021 Nonunitarity problem in quantum grav-
ity corrections to quantum field theory with Born-Oppenheimer approximation Phys. Rev. D
103 103511

31


https://doi.org/10.1103/PhysRevD.61.103508
https://doi.org/10.1103/PhysRevD.61.103508
https://doi.org/10.1016/j.physletb.2008.11.053
https://doi.org/10.1016/j.physletb.2008.11.053
https://doi.org/10.1142/S021827181250040X
https://doi.org/10.1142/S021827181250040X
https://doi.org/10.1103/PhysRevD.99.025002
https://doi.org/10.1103/PhysRevD.99.025002
https://doi.org/10.1103/PhysRevD.107.045007
https://doi.org/10.1103/PhysRevD.107.045007
https://doi.org/10.48550/arXiv.2009.04435
https://arxiv.org/abs/2405.16920
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/s10714-008-0661-1
https://arxiv.org/abs/0909.2566
https://arxiv.org/abs/gr-qc/0101003
https://doi.org/10.1088/0034-4885/64/8/301
https://doi.org/10.1088/0034-4885/64/8/301
https://doi.org/10.1515/zna-2021-0384
https://doi.org/10.1515/zna-2021-0384
https://doi.org/10.1103/PhysRev.160.1113
https://doi.org/10.1103/PhysRev.160.1113
https://doi.org/10.1103/PhysRevD.82.123526
https://doi.org/10.1103/PhysRevD.82.123526
https://doi.org/10.1088/1361-6382/acfa5b
https://doi.org/10.1088/1361-6382/acfa5b
https://doi.org/10.1103/PhysRevD.41.2638
https://doi.org/10.1103/PhysRevD.41.2638
https://doi.org/10.1103/PhysRevD.42.4042
https://doi.org/10.1103/PhysRevD.42.4042
https://doi.org/10.1002/prop.202000069
https://doi.org/10.1002/prop.202000069
https://doi.org/10.1103/PhysRevD.104.026013
https://doi.org/10.1103/PhysRevD.104.026013
https://doi.org/10.1103/PhysRevD.104.106014
https://doi.org/10.1103/PhysRevD.104.106014
https://doi.org/10.3390/universe8040237
https://doi.org/10.3390/universe8040237
https://doi.org/10.1088/1361-6382/ac9efc
https://doi.org/10.1088/1361-6382/ac9efc
https://doi.org/10.1016/0370-2693(85)90761-0
https://doi.org/10.1016/0370-2693(85)90761-0
https://doi.org/10.1088/0264-9381/4/6/001
https://doi.org/10.1088/0264-9381/4/6/001
https://doi.org/10.1016/S0920-5632(00)00756-8
https://doi.org/10.1016/S0920-5632(00)00756-8
https://doi.org/10.1103/PhysRevD.92.023506
https://doi.org/10.1103/PhysRevD.92.023506
https://doi.org/10.1103/PhysRevD.100.125006
https://doi.org/10.1103/PhysRevD.100.125006
https://doi.org/10.1103/PhysRevD.104.096009
https://doi.org/10.1103/PhysRevD.104.096009
https://arxiv.org/abs/2305.11786
https://doi.org/10.1103/PhysRevD.103.103511
https://doi.org/10.1103/PhysRevD.103.103511

Class. Quantum Grav. 42 (2025) 025018 H Garcia-Compean et al

[42] Maniccia G and Montani G 2022 Quantum gravity corrections to the matter dynamics in the pres-
ence of a reference fluid Phys. Rev. D 105 086014

[43] Maniccia G, Montani G and Antonini S 2023 QFT in curved spacetime from quantum gravity:
proper WKB decomposition of the gravitational component Phys. Rev. D 107 L061901

[44] Maniccia G, Montani G and Torcellini L 2023 Study of the inflationary spectrum in the presence
of quantum gravity corrections Universe 9 169

[45] Maniccia G, Montani G and Tosoni M 2024 Analyzing the influence of graviton fluctuations on the
inflationary spectrum with a Kuchar-Torre clock (arXiv:2406.11756 [gr-qc])

[46] Espinosa J R 2019 Fresh look at the calculation of tunneling actions including gravitational effects
Phys. Rev. D 100 104007

[47] Espinosa J R, Fortin J F and Huertas J 2021 Exactly solvable vacuum decays with gravity Phys.
Rev. D 104 065007

[48] Calcagni G, Frasca M and Ghoshal A 2022 Fate of false vacuum in non-perturbative regimes:
Gravity effects (arXiv:2206.09965 [hep-th])

[49] Espinosa J R, Jinno R and Konstandin T 2023 Tunneling potential actions from canonical trans-
formations J. Cosmol. Astropart. Phys. JCAP02(2023)021

[50] Espinosa J R and Fortin J F 2023 Vacuum decay actions from tunneling potentials for general
spacetime dimension J. Cosmol. Astropart. Phys. JCAP02(2023)023

[51] Freivogel B, Sekino Y, Susskind L and Yeh C P 2006 A Holographic framework for eternal inflation
Phys. Rev. D 74 086003

[52] Barbon J L F and Rabinovici E 2010 Holography of AdS vacuum bubbles J. High Energy Phys.
04 123

[53] Ghosh J K, Kiritsis E, Nitti F and Witkowski L T 2021 Revisiting Coleman-de Luccia transitions
in the AdS regime using holography J. High Energy Phys. JHEP09(2021)065

[54] Pasquarella V and Quevedo F 2023 Vacuum transitions in two-dimensions and their holographic
interpretation J. High Energy Phys. JHEP05(2023)192

[55] ColinJ, Mohayaee R, Rameez M and Sarkar S 2019 Evidence for anisotropy of cosmic acceleration
Astron. Astrophys. 631 L13

[56] Migkas K, Schellenberger G, Reiprich T H, Pacaud F, Ramos-Ceja M E and Lovisari L 2020
Probing cosmic isotropy with a new x-ray galaxy cluster sample through the Lx — T scaling
relation Astron. Astrophys. 636 A15

[57] Akarsu O and Kilinc C B 2010 Bianchi type III models with anisotropic dark energy Gen. Relativ.
Gravit. 42 763-75

[58] Santhi M V and Sobhanbabu Y 2020 Bianchi type-/II Tsallis holographic dark energy model in
Saez—Ballester theory of gravitation Eur. Phys. J. C 80 1198

[59] Ellis G F R and MacCallum M A H 1969 A Class of homogeneous cosmological models Commun.
Math. Phys. 12 108-41

[60] Misner C W 1972 Minisuperspace Magic Without Magic John Archibald Wheeler, A Collection in
Honor of his 60th Birthday ed J R Klauder (W. H. Freeman) pp 441-73

[61] Kiefer C and Singh T P 1991 Quantum gravitational corrections to the functional Schrodinger
equation Phys. Rev. D 44 1067-76

32


https://doi.org/10.1103/PhysRevD.105.086014
https://doi.org/10.1103/PhysRevD.105.086014
https://doi.org/10.1103/PhysRevD.107.L061901
https://doi.org/10.1103/PhysRevD.107.L061901
https://doi.org/10.3390/universe9040169
https://doi.org/10.3390/universe9040169
https://arxiv.org/abs/2406.11756
https://doi.org/10.1103/PhysRevD.100.104007
https://doi.org/10.1103/PhysRevD.100.104007
https://doi.org/10.1103/PhysRevD.104.065007
https://doi.org/10.1103/PhysRevD.104.065007
https://arxiv.org/abs/2206.09965
https://doi.org/10.1088/1475-7516/2023/02/021
https://doi.org/10.1088/1475-7516/2023/02/023
https://doi.org/10.1103/PhysRevD.74.086003
https://doi.org/10.1103/PhysRevD.74.086003
https://doi.org/10.1007/JHEP04(2010)123
https://doi.org/10.1007/JHEP04(2010)123
https://doi.org/10.1007/JHEP09(2021)065
https://doi.org/10.1007/JHEP05(2023)192
https://doi.org/10.1051/0004-6361/201936373
https://doi.org/10.1051/0004-6361/201936373
https://doi.org/10.1051/0004-6361/201936602
https://doi.org/10.1051/0004-6361/201936602
https://doi.org/10.1007/s10714-009-0878-7
https://doi.org/10.1007/s10714-009-0878-7
https://doi.org/10.1140/epjc/s10052-020-08743-9
https://doi.org/10.1140/epjc/s10052-020-08743-9
https://doi.org/10.1007/BF01645908
https://doi.org/10.1007/BF01645908
https://doi.org/10.1103/PhysRevD.44.1067
https://doi.org/10.1103/PhysRevD.44.1067

	Effects of quantum corrections to Lorentzian vacuum transitions in the presence of gravity
	1. Introduction
	2. Transition probabilities with quantum corrections
	3. Transitions for the closed FLRW metric
	4. Transitions for the flat FLRW metric
	5. Transitions for the Bianchi III metric
	6. Transitions for the Kantowski–Sachs metric
	7. Final remarks
	Appendix. Effects of a given factorization to the transition probabilities
	References


