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Abstract We construct new classes of the dynamical
black hole solutions in five or higher dimensional Einstein–
Maxwell theory, coupled to a dilaton field, in the presence of
an arbitrary cosmological constant. The dilaton field interacts
non-trivially with the Maxwell field, as well as the cosmo-
logical constant, with two arbitrary coupling constants. The
solutions are non-stationary, and almost conformally regu-
lar everywhere. To construct the solutions, we use the four-
dimensional Bianchi type IX geometry, as the base space. We
find three different classes of solutions, based on the values
of the coupling constants. We notice that our solutions could
be asymptotically de-Sitter, anti-de-Sitter or flat. We find the
relevant quantities of the solutions, and discuss the properties
of the solutions.

1 Introduction

Finding the exact solutions to the Einstein gravity, especially
in the presence of matter fields in different dimensions, is
truly the main aim of gravitational physics. In this regard, the
dimensional compactification of higher dimensional grav-
ity has been studied broadly in different references [1,2]. In
other area of research on holography between two different
models of physics, especially AdS/CFT and Kerr/CFT cor-
respondences, constructing the exact solutions to the asymp-
totically de-Sitter and Anti-de-Sitter Einstein gravity is of
utmost importance [3]. Moreover, the exact solutions to the
Einstein gravity coupled to the different matter fields, such as
Maxwell field, dilaton field and NUT charges are constructed
in [4–6]. The Einstein–Maxwell-dilaton theory with different
types of interaction between the fields, can describe physical
phenomenons, such as slowly rotation black holes [7], topo-
logical charged hairy black holes [8], cosmic censorship [9],
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gravitational radiation [10], hyperscaling violation [11] and
compactification of M-theory in generalized Freund-Rubin
theory [12]. The Einstein–Maxwell-dilaton theory and its
extensions have also been used in other areas of research
on black holes [13–26].

In a recent work [27], the authors considered the Einstein–
Maxwell-dilaton theory with two extra vector fields. The first
field supports the non-trivial topology, and the second field
supports states with the finite charge density. They found a
new class of charged black holes with hyper-scaling violat-
ing asymptotics. The black holes have non-trivial horizon
topology, for arbitrary Lifshitz exponent and a hyper-scaling
violation parameter [27].

Moreover, in [28–31], the authors constructed time-
dependent charged black hole solutions in different dimen-
sions in Einstein–Maxwell theory. Some of the time-
dependent solutions can describe the coalescence of the
extremal charged black holes in different dimensions.

After direct detection of coalescing black holes [32], there
is a huge interest in finding the exact analytical dynamical
black hole solutions. In general, finding the exact analytical
dynamical black hole solutions is a difficult task in general
relativity (and its modified versions which include the matter
fields).

Inspired by above considerations, in this article we gen-
eralize the Kastor–Traschen-like black holes [33,34] in any
dimensions D ≥ 5, based on an embedded four-dimensional
Bianchi type IX space. The Kastor–Traschen black holes on
Gibbons-Hawking space were constructed in [35,36], which
describe a system of coalescing black holes.

The organization of the paper is as follows. In Sect. 2,
we briefly review the Bianchi type IX space and discuss its
properties. Then, we consider the Einstein–Maxwell-dilaton
theory in N + 1-dimensions with two non-equal coupling
constants. We employ special ansatzes for the metric, the
Maxwell field and the dilaton, and explicitly solve all the field
equations. We find analytical exact solutions for all the metric
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functions, the Maxwell field and the dilaton field. Moreover,
we find a constraint on the two non-equal coupling constants
and also another constraint on the cosmological constant.
We discuss and plot the quantities related to the geometry.
In Sect. 3, we consider the Einstein–Maxwell-dilaton the-
ory in N + 1-dimensions with two non-zero equal coupling
constants. We employ another different set of ansatzes for
the metric, the Maxwell field and the dilaton, and explicitly
solve all the field equations. We find analytical exact solutions
for all the metric functions, the Maxwell field and the dilaton
field. Moreover, we find a constraint on the cosmological con-
stant. We discuss and plot the quantities related to the geom-
etry. In Sect. 4, we consider the Einstein–Maxwell-dilaton
theory in N + 1-dimensions with two zero coupling con-
stants. The theory reduces to the Einstein–Maxwell theory.
We employ special ansatzes for the metric and the Maxwell
field, and explicitly solve all the field equations. We find
analytical exact solutions for all the metric functions and the
Maxwell field. We discuss and plot the quantities related to
the geometry. In Sect. 5, we show that the solutions to the
Einstein–Maxwell-dilaton theory in Sect. 2 can be embed-
ded to a higher-dimensional gravity theory coupled to a form
field. We find that the dimension of the the internal space is
related to the coupling constant b in the Einstein–Maxwell-
dilaton theory. We wrap up the article by an appendix and
the concluding remarks and comments on the future works.

2 Bianchi type IX geometry and
Einstein–Maxwell-dilaton theory with two non-equal
coupling constants

In Bianchi’s classification of the homogeneous spaces,
Bianchi type IX is a self-dual and asymptotically Euclidean
space and includes two important sub-spaces such as Eguchi–
Hanson I and II. The Bianchi type IX geometry with an SU (2)

isometry group is given by

ds2 =e2 f (η)σ 2
1 +e2h(η)σ 2

2 +e2g(η)σ 2
3 +e2( f (η)+h(η)+g(η))dη2,

(1)

where the Maurer-Cartan one-forms σi satisfy dσi =
1
2εi jkσ jσk , and are given by

σ1 = dψ + cos θdφ, (2)

σ2 = cos ψ sin θdφ − sin ψdθ, (3)

σ3 = sin ψ sin θdφ + cos ψdθ. (4)

The periodicity of the Euler angles θ , φ and ψ are π ,
2π and 4π , respectively. From the self-duality property of
Bianchi type IX, we find

2
d f

dη
= e2h + e2g − e2 f − 2λ1e

h+g, (5)

2
dh

dη
= e2g + e2 f − e2h − 2λ2e

f +g, (6)

2
dg

dη
= e2 f + e2h − e2g − 2λ3e

f +h, (7)

where the constants λi satisfy λiλ j = εi jkλk , with i =
1, 2, 3. By choosing (λ1, λ2, λ3) = (0, 0, 0) and solving the
vacuum Einstein equations, we find the functions f (η), h(η)

and g(η) in terms of the standard Jacobi elliptic functions sn,
cn and dn as [37,38]

f (η) = 1

2
ln

(
c2 cn(c2η, k2)dn(c2η, k2)

sn(−c2η, k2)

)
, (8)

h(η) = 1

2
ln

(
c2 cn(c2η, k2)

dn(c2η, k2)sn(−c2η, k2)

)
, (9)

g(η) = 1

2
ln

(
c2 dn(c2η, k2)

cn(c2η, k2)sn(−c2η, k2)

)
. (10)

Changing the coordinate η to r = 2c√
sn(c2η,k2)

, we find the

triaxial Bianchi type IX geometry

ds2
B.I X = dr2

√
g(r)

+ r2

4

√
g(r)

⎧⎨
⎩

(dψ + cos θdφ)2

1 − a4
1
r4

+ (− sin ψdθ + cos ψ sin θdφ)2

1 − a4
2
r4

+ (cos ψdθ + sin ψ sin θdφ)2

1 − a4
3
r4

⎫⎬
⎭ , (11)

where

g(r) =
(

1 − a4
1

r4

)(
1 − a4

2

r4

)(
1 − a4

3

r4

)
, (12)

and we can choose the parameters a1 = 0, a2 = 2kc and
a3 = 2c, with constants c > 0 and 0 ≤ k ≤ 1. In order to
preserve the positive definiteness of the metric (11), we need
to impose r ≥ a3. Bianchi type IX is an important geometry
and has been used in different theories such as supergravity,
loop quantum cosmology and string theory [39–42].

Having constructed a background space for the theory, we
focus on the action of the Einstein–Maxwell-dilaton theory,
in N + 1 dimensions, where the dilaton field is coupled to
the electromagnetic field and the cosmological constant, with
two different coupling constants a and b [43]

S =
∫

dN+1x
√−g

{
R − 4

N − 1
(∇φ)2 − e−4/(N−1)aφF2

− e4/(N−1)bφ


}
, (13)

where R is the Ricci scalar, Fμν = ∇μAν − ∇ν Aμ is the
electromagnetic field tensor, φ is the dilaton field and 
 the
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cosmological constant. We consider the following ansatz for
the N + 1-dimensional metric as a background geometry

ds2
N+1 = − 1

H(r, θ)2 dt
2 + H(r, θ)

2
(N−2) R(t)2

[ds2
B.I X + �N−4

i=1 dx2
i ], (14)

where R(t) and H(r, θ) are two metric functions, �N−4
i=1 dx2

i
is the extended Euclidean spaces, and ds2

B.I X is the four-
dimensional Bianchi type IX metric given by (11).

Variation of the action (13) with respect to the metric ten-
sor gμν , electromagnetic gauge field Aμ and the dilaton field
φ leads to the Einstein field equations, electromagnetic and
dilaton field equations in N + 1 dimensions [43],

Gμν ≡ Rμν − 1

2
gμνR− 4

N − 1

[
∇μφ∇νφ − 1

2
gμν(∇φ)2

]

−e
−4aφ
N−1

[
2FμρFν

ρ − 1

2
gμν(F)2

]

+ 1

2
e

4bφ
N−1 gμν
= 0, (15)

Mμ ≡ ∇ν(e−4/(N−1)aφFμν) = 0, (16)

D ≡ ∇2φ − b

2
e4/(N−1)bφ
 + a

2
e−4/(N−1)aφF2 = 0.

(17)

respectively.
We consider the following ansatz for the dilaton field

φ(t, r, θ) = − (N − 1)

4a
ln (HU (r, θ)RV (t)), (18)

where U and V are two constants that will be determined
throughout solving the field equations of motion. We also
consider the following ansatz for the electromagnetic gauge
field

At (t, r, θ) = αRX (t)HY (r, θ), (19)

where we assumed At (t, r, θ) to be the only non-zero com-
ponent of the electromagnetic gauge field, which generates
an electric field in r and θ directions. In (19), α, X and Y are
constants.

The Mr component of the electromagnetic field equation
(16) gives the following differential equation

Mr = −
√
r8 − 16c4(k4 + 1)r4 + 256c8k4

r8

(∂r H)(∂t R)Yα(X + V + N − 2)

×RX+V−3H
N−4
N−2 +Y+U = 0, (20)

where N is the number of spatial dimension. This Eq. (20)
leads to the following relation between the constants X and
V

X + V = 2 − N . (21)

Moreover, from the Gtr component of the Einstein field
equation

Gtr = − (N − 1)∂t R∂r H(UV + 4a2)

8a2HR
, (22)

we find

UV = −4a2. (23)

Substituting these constraints (21) and (23) inGrθ component
of the Einstein field equation, we can determine the constants
that appear in dilaton field (18)

U = 2a2

N − 2
, V = −2(N − 2), (24)

and the constants in the gauge ansatz (19)

X = N − 2,Y = −1 − a2

N − 2
, α2 = N − 1

2(a2 + N − 2)
.

(25)

Substituting these results into the Mt component of the
Maxwell field equation (which due to its length, we show
it explicitly in the appendix) gives a differential equation for
the metric function H(r, θ), that can be solved as

H(r, θ) = (g+r2 cos θ + g−)
N−2

a2+N−2 , (26)

where g± are arbitrary constants. This suggest that for a fixed
dimension, increasing the coupling constant |a|, decreases
the value of H(r, θ). We also note that based on the line
element ansatz in Eq. (14), the function H(r, θ) needs to be
a real-positive function. In Fig. 1, we represent the behaviour
of the metric function H(r, θ) with respect to the coordinates
r and θ , for three different dimensions, where we set the
coupling constant a = 1.

By solving Grr and Gt t components of Einstein field equa-
tions, we find the following solutions for the metric function
R(t) and the cosmological constant 


R(t) = (ηt + ν)
a2

(N−2)2 , (27)


 = N − 1

(N − 2)2 a
2η2

(
Na2

(N − 2)2 − 1

)
, (28)

where η and ν are arbitrary constants, N is the number of
spatial dimensions and a is the coupling constant. We can
avoid R(t) = 0 by imposing η ≥ 0 and ν > 0. The solu-
tion (27) for the metric function R(t), indicates that for a
fixed number of dimension, the value of R(t) increases by
increasing the norm of the coupling constant |a|.
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Fig. 1 The metric function H(r, θ) in terms of the coordinates r and
θ for three different spatial dimensions N = 4, N = 5 and N = 6,
which correspond to the lower, middle and upper surface, respectively.
We assumed the constants g+ = 0.5, g− = 15 and a = 1

From Eq. (28), we realize that depending on the value of
the coupling constant a, and the number of spatial dimen-
sion N , the cosmological constant 
 can become positive,
negative or zero. For example, in (4+1)-dimensions, 
 > 0
(dS space) when the coupling constant a > 1, 
 = 0 for
a = ±1, and 
 < 0 (AdS space) for −1 < a < 1. As an
example, in Fig. 2, we illustrate the changes in the cosmolog-
ical constant 
 with respect to the spatial dimensions N for

different values of the coupling constant a, and its changes
with respect to the coupling constant a for different values
of N .

We find the following relation between the coupling con-
stants a and b by solving the other non-zero components of
the field equations

ab = −(N − 2), (29)

which indicates that the coupling constants a and b cannot
be equal to each other. Moreover, we can rewrite the action
of Einstein–Maxwell-dilaton theory (13), as

S =
∫

dN+1x
√−g

{
R − 4

N − 1
(∇φ)2 − e−4/(N−1)aφF2

−e− 4(N−2)
a(N−1)

φ



}
, (30)

from which we realize that increasing the coupling con-
stant a, leads to an increase in the strength of the interaction
between the dilaton field and the cosmological constant, and
the decrease in the strength of the interaction between the
dilaton field and the electromagnetic field. It is worth noting
that our N +1-dimensional results are all independent of the
constants k and c that appear in the Bianchi type IX geometry
(11). Therefore, our results satisfy all the field equations for
any sub-classes of the Bianchi type IX geometry. Substitut-
ing the result for the metric functions H(r, θ) and R(t) into
the dilaton field �(t, r, θ) (18), we get

Fig. 2 The behaviour of the cosmological constant in terms of a the spatial dimension N for two different values of the coupling constant a, and
b in terms of N for two different values of a, where we set η = 1
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�(t, r, θ) = (N − 1)
(
(−N + 2) ln

(
g+ r2 cos(θ) + g−

) + ln(ηt + ν)
(
a2 + N − 2

))
a

2 (N − 2)
(
a2 + N − 2

) . (31)

We show the behaviour of the dilaton field �(t, r, θ) for three
different spatial dimensions in Fig. 3. We notice that for a
specific time slice, the dilaton field decreases by increasing
the dimension.

In order to study the singularities of this spacetime, we
calculate the Ricci scalar and the Kretschmann invariant of
the solutions in N + 1-dimensions

RN = f (N )(t, r, θ, ψ)

r10R(t)2H(r, θ) sin2 θ
, (32)

KN = g(N )(t, r, θ, ψ)

r14R(t)2H(r, θ) sin2 θ
, (33)

where we show the numerator of these expressions by
f (N )(t, r, θ, ψ) and g(N )(t, r, θ, ψ), respectively, which are
functions of the coordinates. These functions change based
on the number of dimensions. We realize that in any dimen-
sion N ≥ 4, the Ricci scalar and the Kretschmann invari-
ant diverge at r = 0, sin θ = 0 and on the hypersurface
H(r, θ) = 0. We can avoid the singularities at R(t) = 0, by
restricting the constants η ≥ 0 and ν > 0.

There is a correspondence in asymptotically AdS/dS
spacetimes, between the UV/IR physics in dual conformal
field theory and the near boundary of the spacetime. The c-
theorem states that for an expanding dS spacetime, the renor-
malization group flows to the ultraviolet, and for a contract-
ing dS spacetime, to the infrared [44–46]. The c-function in
N + 1-dimensions is given by

Fig. 3 The behaviour of the dilaton field �(t, r, θ) for three different
spatial dimensions N = 4, N = 5 and N = 6, which correspond to
the upper, middle and lower surface, respectively. We set the constants
g+ = 0.5, g− = 15, η = 1, ν = 2 and a = 1, and assume the time
slice t = 1

c ∼ 1

(Gtt )
N−1

2

, (34)

where Gtt is the effective Einstein field tensor. In Fig. 4, we
show the behaviour of the c-function in N = 4.

The electromagnetic gauge field Aμ given in Eq. (19) is
explicitly given by

At (t, r, θ) = α(ηt + ν)
a2
N−2 (g+r2 cos θ + g−)−1, (35)

which yields the electric field in r and θ directions. Furnished
with (35), we find the components of the electric field are
given by

Er = − r cos θg+(ηt + ν)
a2
N−2

√
2N − 2

(g+r2 cos θ + g−)2
√
a2 + N − 2

, (36)

Eθ = r2 sin θg+(ηt + ν)
a2
N−2

√
2N − 2

2(g+r2 cos θ + g−)2
√
a2 + N − 2

. (37)

We show the behaviour of these electric fields in Fig. 5 for
assumed values for the constants.

We show in Sect. 5 that our solutions in this section can
be uplifted to a higher dimensional Einstein-form theory,
however they can’t be uplifted into a higher dimensional

Fig. 4 The behaviour of the c-function with respect to the time coor-
dinate in N = 4, for a set of values for the constants
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Fig. 5 The electric fields a Er
and b Eθ in (4 + 1)-dimensions
at t = 5, where we set a = 3,
η = 1, ν = 2, g+ = 1 and
g− = 15

Einstein–Maxwell theory with cosmological constant, or just
higher dimensional Einstein gravity with a cosmological con-
stant. In fact, in the first uplifting situation, the uplifting
works if a = b, and the number of extra spatial directions is
given by [5,47]

d = 3a2

1 − a2 . (38)

However as we noticed before, the consistency of the solu-
tions implies ab = −(N − 2) and so, there is no value for
the coupling constant a, such that a = b. The latter uplift-
ing, i.e. the case of uplifting the N +1-dimensional solutions
to Einstein–Maxwell-dilaton theory with two coupling con-
stants to the solutions of N + 2-dimensional gravity with the
cosmological constant, is only possible if the coupling con-
stants are equal to a = ±2 and b = ± 1

2 , [48,49]. However,
the product of these coupling constants are equal to +1, and
so they are not in agreement with the relation between the
coupling constants (29). We actually explicitly check out that
the N + 2-dimensional metric

ds2
N+2 = e

∓
(

4
3

)(
1
2

)
φ(t,r,θ)

ds2
N+1 + e

±4
(

1
2

)
φ(t,r,θ)

(dz + 2At (t, r, θ)dt)2, (39)

where ds2
N+1, φ(t, r, θ) and At (t, r, θ) are given by (14),

(31), and (35), respectively, does not satisfy the field equa-
tions of the N + 2-dimensional gravity with a cosmological
constant. We note that in (39), z is the uplifted coordinate. In
fact, a careful analysis of the uplifting process in [49], shows
that the N+1-dimensional metric for the Einstein–Maxwell-
dilaton theory, always is diagonal; though our metric ansatz
(14) has off-diagonal elements due to the Bianchi type IX
geometry. It looks like that we may need a new anstaz for
the uplifting of the N + 1-dimensional Einstein–Maxwell-
dilaton theory into a N + 2-dimensional gravity with the
cosmological constant.

In the next section, we propose a different set of ansatzes
to find a new exact solution to the theory, which includes the
case where the coupling constants are equal to each other
a = b.

3 Einstein–Maxwell-dilaton theory with two non-zero
equal coupling constants

One of the main results of the previous section is the restric-
tion on the coupling constants ab = −(N − 2), which indi-
cates that with the considered ansatzes (14), (18), and (19),
the coupling constants can’t be equal to each other. In order
to explore a new class of exact solution to the Einstein–
Maxwell-dilaton theory with equal coupling constantsa = b,
we assume a new ansatz for the N+1-dimensional spacetime
as

ds2
N+1 = − 1

H(t, r, θ)2 dt
2 + H(t, r, θ)

2
(N−2) R(t)2

[ds2
B.I X + �N−4

i=1 dx2
i ], (40)

where the metric function H(t, r, θ) is now a function of the
spatial coordinates r and θ , as well as the time coordinate t .
We also consider a new ansatz for the electromagnetic gauge

At (t, r, θ) = αRX (t)HY (t, r, θ), (41)

and the dilaton field

φ(t, r, θ) = − (N − 1)

4a
ln (HU (t, r, θ)RV (t)), (42)

where X , Y , U and V are constants that will be determined
by the field equations.

Combining the electromagnetic field equations Mr and
Mt , leads to a differential equation for the metric function
H(t, r, θ), which can be solved as
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Fig. 6 The metric function
H(t, r, θ) in terms of the
coordinates r and θ for three
different spatial dimensions
N = 4, N = 5 and N = 6 (a),
which correspond to the upper,
middle and lower surface,
respectively. The metric
function H(t, r, θ) in terms of
the coordinates r and θ for
N = 5 (b), which is the zoom in
of middle surface in a. We
assumed the constants η = 1,
ν = 2, g+ = 0.5, g− = 5,
a = 1.5 and the time slice t = 2

H(t, r, θ) = R−(N−2)(t)
(
R(t)p +g+r2 cos θ +g−

) N−2
N−2+a2

,

(43)

where g± and p are arbitrary constants. Substituting the result
for H(t, r, θ) in the other non-zero components of the elec-
tromagnetic and Einstein field equations, we determine the
constants X , Y and α in the Maxwell gauge field (41)

X = −a2,Y = −1 − a2

(N − 2)
, α2 = (N − 1)

2(a2 + (N − 2))
,

(44)

and the constants U and V in the dilaton field (42)

U = 2a2

(N − 2)
, V = 2a2. (45)

In Fig. 6, we represent the behaviour of the metric function
H(t, r, θ) with respect to the coordinates r and θ , for three
different dimensions, where we set the coupling constant a =
1.5. As we notice from Fig. 6a, the fluctuations in the metric
function is not visible especially for N = 5 and N = 6,
because of the vertical axis values. In Fig. 6b, we zoom in
on the metric function for N = 5, and notice non-trivial
fluctuations versus the coordinates r and θ . We notice that
for a specific time slice, the metric function decreases by
increasing the dimension of spacetime.

Substituting these results in the Einstein equation Gt t and
Grr , we find the metric function R(t) and the cosmological
constant as

R(t) = (ηt + ν)�, (46)


 = −(N − 1)
η2(a2 − N )

(a2 + N − 2)2

(
a2 + 2

a2 + 4 − N

)2

, (47)

where η and ν are arbitrary constants, and � is a constant that
has the following relation with p that appears as the power
of R(t) in Eq. (43)

p = (N − 2)� + 1

�
. (48)

In order to reproduce the same results of the reference [50]
for the five-dimensional Einstein–Maxwell-dilaton theory,
based on the Bianchi type IX geometry, we consider p =
a2 + 2 with no loss of generality. This choice makes � =

1
a2+4−N

. We note that the divergence in the � can be removed
by choosing different values for p.

Substituting the results for the metric functions H(r, θ)

and R(t), into the dilaton field �(t, r, θ) (42), we get

�(t, r, θ) = − 2a(N − 1)

N − 2 + a2 ln{(ηt + ν)a
2+2

+ g+r2 cos θ + g−}. (49)

We show the behaviour of the dilaton field �(t, r, θ) for three
different spatial dimensions in Fig. 7. As we notice from
Fig. 7a, the fluctuations in the dilaton field is not visible for
different values of N = 4, N = 5 and N = 6, because of
the vertical axis values. In Fig. 7b, we zoom in on the dilaton
field for N = 5, and notice non-trivial fluctuations versus
the coordinates r and θ . We notice that for a specific time
slice, the dilaton field increases by increasing the dimension
of spacetime.

We realize that the cosmological constant 
 in N + 1-
dimensions can be positive, negative or zero, based on the
coupling constant a and the number of the spatial dimension
N . In Fig. 8, we show the behaviour of the cosmological
constant 
 in terms of the number of dimension N in Fig.
8a, and in terms of the coupling constant a, for different
values of N , in Fig. 8b.

It’s worth mentioning that for the case where the coupling
constant a = 1, in N = 4 dimensions, the action of Einstein–
Maxwell-dilaton theory reduces to the low-energy effective
action for heterotic string theory [51].

In Fig. 9, we represent the c-function of the solutions,
where N = 4.
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Fig. 7 The dilaton field
�(t, r, θ) in terms of the
coordinates r and θ for three
different spatial dimensions
N = 4, N = 5 and N = 6 (a),
which correspond to the lower,
middle and upper surface,
respectively. The dilaton field
�(t, r, θ) in terms of the
coordinates r and θ for N = 5
(b), which is the zoom in of
middle surface in a. We
assumed the constants η = 1,
ν = 2, g+ = 0.5, g− = 5,
a = 1.5 and the time slice t = 2

Fig. 8 The behaviour of the cosmological constant 
 in terms of a the number of spatial dimension N for two different values of the coupling
constant a, and b in terms of a in two different dimensions, where we assumed η = 1

The electromagnetic gauge field Aμ given in Eq. (41), is
explicitly given by

At (t, r, θ) = α(ηt + ν)
− a2

a2+4−N

×
{
(ηt + ν)

N−2+a2

a2+4−N ((ηt + ν)
2+a2

a2+4−N

+ g+r2 cos θ + g−)−1
}
, (50)

which yields the electric field in r and θ direction. Furnished
with (50), we find the components of the electric field are
given by

Er = − r cos θg+(ηt + ν)
2a4−N+2
−a2+N−4

√
2N − 2(

1 + (g+r2 cos θ + g−)(ηt + ν)
a4

−a2+N−4

)2√
a2 + N − 2

,

(51)

Eθ = r2 sin θg+(ηt + ν)
2a4−N+2
−a2+N−4

√
2N − 2(

1 + (g+r2 cos θ + g−)(ηt + ν)
a4

−a2+N−4

)2
2
√
a2 + N − 2

.

(52)

In Fig. 10, we show the electric fields Er and Eθ in terms
of the coordinates r and θ , for a set values for the constants.

We also note that the N+1-dimensional metric (40) can be
uplifted to the solution to the higher dimensional Einstein–
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Fig. 9 The behaviour of the c-function for N = 4 for a set of values
for the constants

Maxwell theory with a cosmological constant, if the coupling
constant a is greater than or equal to 1

2 and less than 1 [49].
The Einstein–Maxwell theory with a cosmological constant
is a N + 1 + D-dimensional theory with the cosmological

constant equal to 
 = 9μ2

2
(D+3)(D+4)

D2 , where D = 3a2

1−a2 .
The N + 1 + D-dimensional metric is given by

ds2
N+1+D = e

4
3

√
D

D+3 φ(t,r,θ)
ds2

N+1+e
−4
D

√
D

D+3 φ(t,r,θ)
d 	y ·d 	y,

(53)

where 	y = (y1, . . . , yD) parametrizes an Euclidean ED
space, and ds2

N+1 and φ(t, r, θ) are given by (40) and (49),
respectively. We explicitly check that (53) satisfies all the

Einstein–Maxwell field equations for a = 1
2 ,

√
2
5 and 1√

2
(where D = 1, 2 and 3) with the cosmological constants

 = 90μ2, 135

4 μ2 and 21μ2, respectively.
We should note that the solution for the dilaton field (42) is

not well defined, if the coupling constant a, is equal to zero.
In other words, if we are interested in the exact solutions,
in the limit where a → 0, we shall impose the limit in the
action (13), and solve the corresponding field equations. In
the next section, we propose a different set of ansatzes to find
a new exact solution to the theory, which includes the case
where the coupling constants are equal to zero a = b = 0.

4 Einstein–Maxwell-dilaton theory with two zero
coupling constants

In this section, we consider the N +1-dimensional Einstein–
Maxwell theory in the presence of the cosmological constant.
Considering a = b = 0 in the last section makes the dila-
ton field (42) diverges. Moreover, this assumption leads to a
divergent cosmological constant (47) when N = 4. There-
fore, we assume the following ansatz for the line element,
and the electromagnetic gauge

ds2
N+1 = − 1

H(t, r, θ)2 dt
2 + H(t, r, θ)

2
(N−2) R(t)2

[ds2
B.I X + �N−4

i=1 dx2
i ], (54)

At (t, r, θ) = α

H(t, r, θ)
, (55)

respectively. Solving the field equations, we find the metric
function H(t, r, θ) as

H(t, r, θ) = 1 + (g+r2 cos θ + g−)RY (t), (56)

where g± are two arbitrary constants, and Y is a constant that
we will determine by the field equations. Moreover, solving
the Gt t component of Einstein equation, and substituting the

Fig. 10 The electric fields a Er
and b Eθ in (4 + 1)-dimensions
for a = b = 1, where we set
t = 10, η = 1, ν = 2, g+ = 1
and g− = 15

123



  837 Page 10 of 14 Eur. Phys. J. C           (2024) 84:837 

result and the form of H(t, r, θ) (56) into Grr , we find a
differential equation for R(t), which gives us

R(t) =
(

η exp

{
ε

(



X

)1/2

t

})p

, (57)

where η is an arbitrary constant, ε = ±1 and X and p will be
determined throughout the equations. From Grθ component
of Einstein equation

Grθ = − 4r3g2+ sin θ cos θ(α2 − (N−1)
2(N−2)

)

(g+r2 cos θ + g− + exp{(N − 2)ε(

X )1/2t}) ,

(58)

we find the constant α2 that appears in electromagnetic gauge
field (55) as

α2 = (N − 1)

2(N − 2)
. (59)

Substituting these results into the rest of the equations of
motion, we determine the constants Y and X as

Y = −(N − 2)p, X = N (N − 1)ε2. (60)

Assuming p = 1, which makes Y = −(N − 2), recovers
the same results proposed in [50] for the five-dimensional
Einstein–Maxwell-dilaton theory, based on the Bianchi type
IX geometry.

In Fig. 11, we show the behaviour of the metric function
H(t, r, θ) in 5-dimensional spacetime (N = 4) for three
different time slices.

The c-function in N + 1-dimensions is given by

c ∼ 1

(Gtt )
N−1

2

, (61)

where Gtt is the effective Einstein field tensor. For N = 4,
we show the behaviour of the c-function in terms of the time
coordinate, for both ε = +1 and ε = −1 in Fig. 12.

Furnished with our results, we find the electric fields pro-
duced by the electromagnetic gauge field (55) as

Er = −
rg+ cos θ

√
2N − 2 exp

(
(N+2)√
N2−N

ε
1/2t
)

√
N − 2

(
(g+r2 cos θ + g−) exp

(
2√

N2−N
ε
1/2t

)
+ exp

( √
N√

N−1
ε
1/2t

))2 , (62)

Eθ =
r2g+ sin θ

√
2N − 2 exp

(
(N+2)√
N2−N

ε
1/2t
)

2
√
N − 2

(
(g+r2 cos θ + g−) exp

(
2√

N2−N
ε
1/2t

)
+ exp

( √
N√

N−1
ε
1/2t

))2 . (63)

Fig. 11 The metric function H(t, r, θ) in (4 + 1)-dimensions, where
the upper surface, middle surface and the lower surface correspond to
specific time slices t = 1, t = 2 and t = 3, respectively. We consider
the constants as a = 1, g+ = 0.5, g− = 15 and 
 = 1

In Fig. 13, we show the behaviour of the electric fields
Er and Eθ in (4 + 1)-dimensions, where we set t = 2 and

 = 1.

5 Embedding of the solutions in higher-dimensional
theory

In this section, we consider the D-dimensional gravity cou-
pled to a form field, in presence of a cosmological constant

D [52],

SD =
∫

dDx
√−g

(
R − 1

2(q + 2)!F
2[q+2] + 2
D

)
, (64)

where D = p+q + 1. The B[q+1] denotes a q + 1-potential.
We note that in Eq. (64), R is the D-dimensional Ricci scalar,
and F[q+2] is given as,

F[q+2] = dB[q+1]. (65)

Note that in (65), F[q+2] is the q +2-field strength form, and
dB[q+1] is the exterior derivation of the potential B[q+1].

We now consider the dimensional reduction of the D-
dimensional theory (64) to p + 1-dimensions. We consider
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Fig. 12 c-function in terms of time for a ε = +1 and b ε = −1, for a set of values for the constants

Fig. 13 The electric fields a Er
and b Eθ in (4 + 1)-dimensions,
where we set t = 2, 
 = 1,
ε = 1, g+ = 0.5 and g− = 15

an internal curved q-dimensional space, with the line ele-
ment dK2

q [52]. We consider the following ansatz for the
D-dimensional metric,

ds2
D = e−δφ′

ds2
p+1 + e

φ′
(

2
δ(p−1)

−δ
)
dK2

q , (66)

and also the q + 1-potential B[q+1],

B[q+1] = A[1] ∧ dKq . (67)

It turns out that the theory in p + 1 dimensions, is given
by [52],

Sp+1 =
∫

d p+1x

(
R′ − 1

2
(∇φ′)2 − 1

4
eγφ′F2[2]

+2
De
−δφ′ + 2
′e− 2

δ(p−1)
φ′)

. (68)

We note that in Eq. (68), R′ is the p + 1-dimensional Ricci
scalar, and 
′ = R′′/2, where R′′ is the q-dimensional Ricci
scalar of the internal space. We also note that in the action
(68), δ and γ are the dilaton coupling constants, which are
given by [47],

δ =
(

2q

(p − 1)(p + q − 1)

)1/2

, (69)

γ = δ(2 − p). (70)
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We compare Eq. (13) with (68), and find that the dilaton fields
are related by

φ′ =
√

8

N − 1
φ. (71)

We also find that


D = 0, (72)

and

2
′ = −
, (73)

and

A[1] = 2Atdt. (74)

Moreover, the coupling constants in (68) are given by

δ = − N − 1

2(p − 1)b

√
8

N − 1
, (75)

γ = − 4a

N − 1

√
N − 1

8
, (76)

in terms of coupling constants a and b in (13). Equations
(29), (70), (75) and (76) yield

p = N . (77)

Moreover from Eq. (69), we find the dimension of the com-
pact space is given by

q = N − 1

b2 − 1
. (78)

So, we can conclude that our N + 1-dimensional solutions
in Sect. 2 with the metric (14), the dilaton field (18), and the
electromagnetic field (19) can be uplifted to the D = N+1+
N−1
b2−1

-dimensional theory (64) with no cosmological constant

D = 0. Of course, Eq. (78) imposes another constraint on
the coupling constant b, to have an integer value for q.

6 Conclusions

In this article, we present new classes of exact solutions to
the D-dimensional Einstein–Maxwell-dilaton theory which
describes the dynamical black holes in D ≥ 5 dimensions.
The solutions are based partially on the Bianchi type IX
geometry, where there are two couplings between the dilaton
field and the electromagnetic field, as well as the dilaton with
the cosmological constant. We consider three different cases
where the coupling constants are not equal, are non-zero and

equal, and finally both are zero. In each case, we use differ-
ent ansatzes for the D-dimensional metric, the dilaton and the
Maxwell’s field. We analytically solve all the field equations
and find unique solutions for the metric functions, the dilaton
and electromagnetic fields. By solving the field equations, we
find that for the case of not equal coupling constants, there is
a constraint on the coupling constants. Moreover, we find that
the cosmological constant can take any positive, zero or neg-
ative values. We also show that for special values for the cou-
pling constant b, the solutions with two non-equal coupling
constants, can be uplifted to a higher dimensional Einstein-
form theory with no cosmological constant. Moreover, We
show that for special values for the coupling constant a, the
solutions with two equal coupling constants, can be uplifted
to a higher dimensional Einstein theory with a cosmological
constant. We also should mention that the different classes of
exact solutions are completely unique and analytical, and we
do not use any approximations to find them, at all. We con-
clude with the observation that the well-known holography
between the rotating black holes and the conformal field theo-
ries (CFTs) enjoys the independence of the central charges of
the CFT on the non-gravitational matter fields [53,54]. In this
article, we found some exact solutions to the five and higher
dimensional gravity coupled to non-gravitational fields. It
would be an interesting project to find the rotating versions
of the exact solutions, presented in the article. The rotat-
ing solutions provide a treasure trove of solutions, including
black holes, where we can find and study their holographic
dual CFTs. Moreover, we can test the independence of the
central charges of the CFT on the non-gravitational fields, for
a broader class of gravitational theories. One other interest-
ing line of research is to seek the possible hidden symmetry
in the solutions space of a probe field, in the background of
rotating versions of the exact solutions, presented in the arti-
cle. These symmetries, in general, lead to finding the possible
dual hidden CFT to the black holes [55]. Moreover extending
the dual hidden CFT by introducing a deformation parameter
in the radial equation of the probe field, as well as finding the
different pictures for the dual hidden CFT [56], are some of
other applications of the rotating versions of the exact solu-
tions, presented in the article. We leave studying the rotating
versions of the exact solutions and their above-mentioned
applications in holography for a future article.
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7 Appendix

For the case where the coupling constants are not equal a 
=
b, we show the Mt component of the electromagnetic field
equation in N + 1-dimensions, which gives a differential
equation for the metric function H(r, θ)

Mt = − 64(H
−N+a2
N−2 α(a2 + N − 2)

(N − 2)2r5R4(t) sin θ
√

16k4c4 − r4
√

16c4 − r4(
((N − 2) sin θ(c4k4 − c4) cos2 ψ

−k4c4 + r4/16)Hr3
(

∂2

∂θ2 H

)

+(N−2)(r9/32−c4(k4+1)r5/2+8c8k4r) sin θH

×
(

∂2

∂r2 H

)
+ sin θa2(c4(k4 − 1) cos2 ψ

−k4c4 + r4/16)r3
(

∂

∂θ
H

)2

− (N − 2) cos θH

×(c4(k4 − 1) cos2 ψ + c4 − r4/16)r3
(

∂

∂θ
H

)

+4 sin θ

(
∂

∂r
H

)
((a2r9/256

−a2c4(k4 − 1)r5/16 + a2c8k4r)

(
∂

∂r
H

)

−(N − 2)(−3r8/256 + c4(k4 − 1)r4/16

+c8k4)H)
)
. (79)

Solving this equation, we find a solution for H(r, θ)

H(r, θ) = (g+r2 cos θ + g−)
N−2

a2+N−2 , (80)

where g± are arbitrary constants.
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