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Abstract

In practice, the device imperfections might introduce deviations from the idealized models used in
the security proofs of quantum key distribution (QKD). This requires the refined security analysis
for practical QKD. However, in most of previous analysis, the imperfections are individually
considered with different models. Here, we derive a security analysis which takes both the source
and detection imperfections into account. Particularly, the efficiency mismatch in the detection
and a number of flaws in the source (such as, inaccuracy of encoded quantum state, side-channel
of source, distinguishable decoy states, Trojan-horse, and so on) are analyzed in a general security
model. Then the performance of the QKD system with the devices imperfections is evaluated. Our
results present an important step toward the practical security of QKD wit realistic devices.

1. Introduction

Quantum key distribution (QKD), such as BB84 [1], provides a way to share key between Alice and Bob
with information-theoretical security. The unconditional security of QKD have been widely proved in
theory [2—4] and demonstrated in experiments based on fiber [5-7] or free-space [8—10]. Some quantum
networks based on QKD are also available now [11-13]. However, it is well known that the imperfections of
practical devices will compensate the security of generated key. In fact, some quantum attacks have been
discovered and demonstrated by exploiting these imperfections of practical devices [14—19]. Some detail
information about the advances of QKD and quantum hacking can be found in recent review papers

[20, 21].

In order to overcome the gap between theory and practice, two methods, security patch and
device-independent QKD, are approached. In the former one, by adopting monitor or taking parameters of
practical devices into the security model as many as possible, most of known quantum hacking can be
defeated. The later one tries to propose new QKD protocol, in which the security can be proved with just a
few of basic assumptions. Three typical device-independent protocols are full device-independent QKD
[22, 23], measurement-device-independent QKD [24] and semi-device-independent QKD [25].

For BB84 protocol with single photon source (SPS), the key rate are given by

r>1—H(&) — H(5). (1)

Here the key is distilled from Z—basis. If key is generated from both of two bases, equation (1) can be easily
expended. dj is the bit error in Z-basis, which is directly measured in experiment. d; is the phase error in
Z-basis. If the QKD system is perfect, d; equals with the bit error in X-basis (dy). But, when imperfections
are taken into account, 5; # 07, then new method is required to estimate the upper bound of 5;. In fact,
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Table 1. The considered imperfections in our model and the required parameters that used to evaluate these imperfections. Alice and
Bob can measure the required parameters for practical QKD system in experiment, then evaluate the security of QKD based on our
model given in the following sections. The superscript i,j = 1,2, 3, 4 are the index of four quantum states sent by Alice, which represent
20, 21, X0, X1 respectively. The subscript of Dy is the index of different decoy states k and . And [y (g, A)] is @ matrix with element

19N> ) for k,m = 1,2, . ... The detail calculation of these security parameters are descried in the main text.
Considered imperfection Required parameter Symbol
Inaccuracy of encoded quantum state Fidelity between practical states |;) and ideal states |7) =i P =1 ¢
Side channel of source Fidelity of different quantum state in other dimensions = wilw)P =1 —€
|w;) and |wj) (w includes wavelength, time, et al)
Trojan-horse The intensity of reflected Trojan-horse photon = )P =1 — €7
with different quantum state |y ) and |1},
Distinguishable decoy state Trace distance of different decoy states in all dimensions Dy = % lpi(N) — pi( V)| = 5’;‘1
pi(A) and p;(A) (X includes wavelength, time, et al)
Detection mismatch The detection efficiency matrices of two detectors Fl;" Fy = [no(/\k, )\mﬂ S
Ak(m) s variable that control the efficiency of detectors FFF = [m(Ao Aw)]

based on different imperfections, many works have been done, such as GLLP’s analysis [3], basis-dependent
source flaws [4], Trojan-horse [18], decoy state [26—28] and distinguishable decoy state [29], leaked source
[30], detection mismatch [31, 32], weak randomness of basis choice [33], and so on. However, in most of
these security analysis, the flaws are considered individually with different models.

In this paper, following the GLLP’s analysis which is security under collective attack (if the source is
independent and identically distributed, it is also security under coherent attack), the security of BB84
protocol with both source and detection imperfections are analyzed. In one model, the efficiency mismatch
in detection and almost all of imperfections in source are taken into account together. The considered
imperfections and the required parameters to evaluate these imperfections are listed in table 1. The
legitimate parties can first measure the required parameters for practical QKD system in experiment, then
evaluate the final key rate based on our analysis in following. When source flaws are taken into account, one
major problem is that Eve could enhance the source flaws by exploiting the loss of system. Then the phase
error is loss-dependent, which will rapidly worse the key rate even the source flaw is very small. In order to
improve the key rate, a practical assumption is proposed, in which parts of loss in Bob’s site can be carefully
calibrated and monitored. In fact, this assumption has been used to secure the single photon detectors
(SPDs) [34, 35]. Then we discuss the performance of QKD system based on this assumption.

2. Protocol

The model is shown in figure 1. Alice randomly prepares one of four quantum states |’}/3j>, here § = Z, X is
the basis and j = 0, 1 is the bit. Due to the imperfection of state preparing, ng> may do not equal with the
standard BB84 state |f3;), and they are also distinguishable in other dimensions. Thus, the practical
quantum state prepared by Alice should be written as

’wﬁj>Bs B ‘Wﬁf'>3’w5f>s’ @

The subscript B means the encoded state sent to Bob. ‘ng> is the quantum state leaked to Eve due to the

side-channel of source. The index w includes all side-channels of Alice’s quantum state, such as time,
wavelength, waveform, Trojan-horse photon, and so on. Note that for simple of discussion, we assume ng>
is pure in equation (2), but the following analysis can be easily expended to the case of mixed state by
introducing an auxiliary system belonging to Eve.
Now we consider the entanglement-based protocol according to the practical quantum state of
equation (2), in which Alice prepares the following entanglement states in two bases,
1
‘¢Z>ABS = ﬁ(‘ZO>A|@Zo>Bs + |21>A‘9021>Bs)
) (3)
WX>ABS = ﬁ(|XO>A|S@xo>Bs + |x1>A|80x1>Bs)~

After the state preparing, Alice measures the auxiliary system A to determine her bit, and sends B (S) to Bob
(Eve). Generally speaking, due to the imperfection of source, [1),) # |¢x). And since the system A is virtual,
the state ’ ﬁj> , and the measurement of Alice are perfect.
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Alice F ﬂ Bob

(a) The communication model

Actual X measurement (67 )

(b) The measurement model for Alice and Bob

Figure 1. (a) The communication model among Alice, Bob and Eve. The system S means the side-channel of source, and T is for
detection flaws. py is the quantum state sent to Bob by Alice. (b) The detection model for Alice and Bob based on reference [31].

The imperfect detection can be divided as two parts, a filter (Fz, Fx or Ggr) followed by a perfect measurement (M or My). The

key is distilled from Z-basis, and the virtual X measurement is used to estimate the phase error.

When the quantum state ‘4,05].> flies in the quantum channel, Eve can perform collective attack on
BS

system B. Due to the existence of detection flaws, Eve also tries to control the click of SPDs by introducing
another system T (see figure 1(a)). Generally speaking, Eve’s interaction can be described by a set of POVM
operators. But due to the existence of flaws in source and detection, Eve’s operations may depend on the
system S and T. Thus, the POVM elements of Eve should be written as,

{Egsr = lwe)(wi| ® Egr}s (4)

here i is the index of POVM elements, and t = 1, 2, 3,4 means z, z1, Xo, X respectively. Then the quantum
state shared by Alice, Bob and Eve is given by

‘\I/Z>ABSTE = ZEEEF|¢Z>ABS|O>T|I.>E’
it

|Ux) apsTE = ZEiitT|¢X>ABS‘O>T‘i>E'

it

(5)

Here E is Eve’s system to perform her collective attack with basis {|7);;}. In order to determine Alice’s basis,
a quantum coin with basis {|0c),|1c)} is introduced [4]. Then the final entanglement state shared by Alice,
Bob, and Eve is given by

[T) = —= (10)|¥2) + [16)[Tx)) - (6)

1

V2
When Alice and Bob shared the entanglement state above, they randomly measure their quantum state

with one of two bases, X or Z. Since Alice’s measurements are virtual, thus her performances on system C
and A are perfect. But, due to the flaws of detection, Bob’s measurements may be controlled by Eve.
According to reference [31] (see figure 1(b) for detail), when the detection mismatch is taking into account,
Bob’s measurement can be divided as two parts, a filter followed by a perfect measurement. The filter
operators for actual Z— and X—measurement, and virtual X—measurement are given by

Fz = |z0) (20| @ (Fo)t + |21) (21| @ (F1)T,

Fx = |x0)p(x0| @ (Fo)1 + |x1)5(x1| @ (F1)7) (7)
Ger = |20) (20| @ (CFy )1 + |21) (21| ® (CFy 1.
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Here Fy and F, are detection efficiency matrices of SPDs, which characterize the mismatch of two detectors.
C s a virtual filter used to estimate the phase error, which can be constructed by using F; and F;. Here
actual Z- (or X-) measurement means that Alice and Bob share |¥;) (or |¥x)) given by equation (5), and
both Alice and Bob measure their quantum state with Z-basis (or X-basis), which indexes the bit error
(or &;). The virtual X-measurement means that Alice and Bob share |¥), but both of them measure the
quantum state with X-basis, which indexes the phase error ;. Since the phase error could not be directly
measured in the BB84 protocol, it should be estimated with the measured bit error ¢ and d;.

According to the model given above, the bit error and phase error can be written as,

_ (WM T)

5 =iyl (82)
P (U
(UXIMG] %)
P = : (8b)
P (URR)
(w3 [M5|w7)
0 =S (8¢c)
P(we)

Here |¥}), |U%) and |¥3) are the final quantum states when the quantum state from the quantum channel
pass through the filter in actual Z measurement, actual X measurement and virtual X measurement,
respectively (see part (b) of figure 1). And M{, M} and M are perfect measurement in Z and X bases. Since
the measurement is perfect, Mj; = M. These parameters can be given by,

|Wy) = Fz|Wy),
|W%) = Fx|¥x),
|U3) = GgrFz|¥z). (9a)

Mg = |2021) \p(2021| + |2120) pp (21205
My = [x0x1) zp (Xox1| + [x10) o (*1X0]
M, = |X0X1) g (XoX1| + |x1%0) op (X1%0]- (9b)

Furthermore, due to the existence of filter G, not all the photons can pass the filter and be detected by
Bob, thus the key rate of equation (1) should be rewritten as

r > P [1— H(0,)] — H(5). (10)

Here Py, is the probability that Bob successfully performs the virtual X—basis measurement, which is given
by
VAN
P = 22I2), (1)
(Wz|97)

3. Key rate

According to the model given above, Alice and Bob should maximize the phase error 47 and minimize the
probability Py, to estimate the lower bound of key rate. In other words, the legitimate users should solve
the following problem,

Y4 in -«
n})ax : 5p, and min: Py
. y

subject to : ¢,

P (12)
ey
Here the constrictions (5I§(x) is the bit error in Z-basis (X-basis), and Pgﬁ "is the probability that Alice sends
the quantum state in 3—basis with bit i and Bob successfully detects bit j in 3'—basis. Note that all of them
(0;(x) and Pgﬁ ) can be directly measured in experiment. In the appendix A, we prove that Pfj’ﬁ can be
written as

P =Tr{pel(f; QZHTf(f, ®Z)] @ FfFj},

Py =Tr{psl(f, © Xi)" - f - (f, ® X1 ® FF}, (13)

. 1
P — T [ pe(Z) @ cﬂ:)} .
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The upscript ‘vir’ means the virtual measurement in X—basis is performed by Alice and Bob. The
parameters required in the equation above are given in appendix A. Z;; and Xj; represent the accuracy of
encoded quantum state in Z-basis and X-basis, which are given by equations (A13) and (A17). Zg is the
accuracy of encoded quantum state in virtual X—basis measurement, which is defined by equation (A28).
21, 1s a diagonal matrix that represents the fidelity of side-channel state between the given quantum state
|wzy,,) and all the four quantum state |w;), which is defined in equations (A11) and (A14). And the
definition of fy,, is the same as that of f; , , which is given by equation (A18). F]Jer is the detection matrix
of two detectors (j = 0, 1), and C can be directly calculated by using F]Jer

Then the bit/phase error rate (equation (8)) and the probability that Bob successfully performed the
virtual measurement (equation (11)) can be rewritten as

PG + P

5§ = p% 4 p% 4 pz 4 pz > (1421)
00 01 10 11
Py + Py
b= o ?;Jr 0, (14b)
POO+P01 +P10 +P11
Pxx,vir + Pxx,vir
5127 = vir o Vir o vir vir ? (145)
Pog™" + Por™ 4+ Pig™ + Py
Pxx,vir + Pxx,vir + Pxx,vir + Pxx,vir
Payec = 00 01 10 11 ) (14d)

Pgo + Poi + Py + P

By solving equation (12) under the given condition equation (14), the lower bound of key rate can be
estimated, when SPS is adopted by Alice and Bob. However, due to the unavailability of SPS in practical
applications, the weak coherent source is always used. Then, according to the GLLP’s analysis [3], the key
rate should be rewritten as

u > Paceite "Y{ |1 = HO| = QufscH(ED). (15)

Here 4 is the intensity of signal state. f; is the efficiency of error correction. Q, (EZ) is the total gain (bit
error rate) of signal state. Y} and &,y are the yield and phase error rate of single photon pulse from signal

o

state. The phase error rate 6.} should be estimated and maximized with the same method given above
(equation (12)), which is given by

T 2,0
min : Py, and maxép)1

PE PE 55 (16)
s . SOH STHH Ot
subject to : 0,7y, 0y, Py

Here 0, 6,) are the bit error rate of single photon pulse, which can be estimated by the decoy state
method [26-28],

1/2 2 _ 7/2 _cal
vt leq - S, Yo —2Dpy (€ — e (1)
pv — v? % G (17)
507" < min {K",K”, K"},
where D, = %tr |p) — pu| is the trace distance of different decoy states [29], which shows the
distinguishability of signal state and decoy state. And
K — " QuE, T e Yo
Yy
KV — e"Q,E, —eyYy + ZVD/W"’}E&:)I]J
G (18)
1 v v V(l_"lcal )
e//Q/lE/l —¢ QVEV + ZD/I,V € —¢ Bob
KW —

(= )Yy

Here 73, is the calibrated transmittance of Bob’s system. In the worst case, the transmittance of Bob’s

system is unknown, 7¢2, = 1. But if the transmittance of Bob’s optical devices 7, and detection efficiency

of SPDs (n)4) are carefully calibrated and monitored, nggb = NBob X Nd-
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4. Simulation and discussion

In this section we evaluate the performance of practical QKD system with potential imperfections in source
and detection. Before the simulation, we first discuss the imperfections considered in our model (also see
table 1).

4.1. Inaccuracy of encoded state

In practical QKD system, due to the finite extinction ratio of encoder, the prepared quantum states by Alice
may different from the ideal states required by the QKD protocol. For example, Alice wants to send a
quantum state with polarization H, but the practical quantum state may be /T — 6|H) ++/8|V), here § # 0
is a small deviation. Generally speaking, the practical quantum states prepared by Alice can be written as

Wzo> = C05(51)|Zo> + sin(51)|21 N

)
1Vz,) = sin(02)|zo) + cos(d)|z1),
(19)
)+ sin(d3) |x;)
)

>

)
h’xo> = cos(53)\x0
)

o™ sin(ds)|xo) + cos(da)|x1).

Note that although here we assume the quantum prepared by Alice is pure, our analysis is also valid for the
case of mixed state. Since the mixed state can be purified by introducing another system belonging to Eve.
Thus, as defined in table 1, the fidelity between practical quantum state and ideal quantum state is given by

f(fn =cos’(6;)=1-— z—:é. (20)
Herei = 1,2,3,4, and sﬁ = sin%(6;) represents the inaccuracy of each practical quantum state.

4.2. Distinguishable side-channels
As one of security assumptions, Alice should only modulate her bit and basis information in the encode
dimension. But, duo to the imperfection of devices or implementation, the quantum states sent by Alice
may be distinguishable in other side-channels, such as time (¢), wavelength (\), waveform (w), mode (m),
and so on. Generally speaking, there may be correlation in all of these side-channels, thus the quantum state
of side channel should be written as

lws, (£, A, w, m, .. .)). (21)

However, in practical situations, it is difficult for the legitimate parties to evaluate the correlation of
different side-channels for the practical QKD system in experiment, then it is hard to completely describe
the quantum state above. Thus, for simple of simulation, here we assume that each side-channel is
independent, then the quantum state can be rewritten as

|w5i(t) )\) w, m, .. )>

— Ju () © s (V) © g () ® o (m)) @ - 22
Thus, as defined in table 1, the fidelity between different side-channels is given by
fi = ws, (t, A w, m, .. ) |ws, (8, A\ w, m, .. )2
= [{Jws, (B)ws, (O - [{Jws, (N)|ws, (MY - [(ws, (w)]ws, () [* - [{|ws, (m)|ws, (m))* ... (23)

=1- 63]
Here €5 represent the consistency of each quantum state in side-channels.

4.3. Trojan-horse

Due to the reflection of optical devices and the finite isolation, Eve could inject strong pulse into Alice’s
zone, and gets parts of information by analyzing the reflected photon. The four quantum states of reflected
Trojan-horse photon can be written as [18]

|’\/ Nout>) ‘ -V /~L0ut>> | + i’\/ Nout>> | - i\/ Nout>~ (24)

Here (1., is the intensity of reflected Trojan-horse photon. In the simulation, we assume phase-coding is
used and the average intensities of all Trojan-horse pulses are the same. For other coding method
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(polarization, time-bin) and different intensity of Trojan-horse pulse, it is easily to rewrite the quantum
state above. Then, as defined in table 1, the fidelity of Trojan-horse pulse is given by

1 674#0\1( e72uom elelout

i e_4,“/0ut 1 e_z,“out e_z,“out
ﬁh = |:th:| = e_z,“/out e_z,“out 1 e_4/10ut 25
e_z,“/out e_z,“out e_4/10ut 1 ( )

= [1 —sé’j} .

4.4. Distinguishable decoy state

Decoy state method has been considered as a standard technology to defeat photon-number dependent
attacks when non-single photon source is used. One of important assumptions for decoy state method is
that the decoy states are indistinguishable in any dimension excepting the intensity. But, due to the
imperfection of implementation, this assumption may be broken in practical system. If the density matrix
of decoy state is written as [29]

ph=pe®pN) =) /A AAPEf(A)[m, A) (1, Al. (26)
n=0

Here p, () is the quantum state leaked to Eve to distinguish different decoy states, A includes all the
dimensions that can be measured by Eve. f,(A) is the probability distribution of decoy states in variable A.
Then the imperfection of decoy states can be characterized by the trace distance, which is given by

1
Dy = St |pe(X) — (V)| = ey, (27)

4.5. Detection mismatch

The detection mismatch is one of major problems in SPDs, which can be described by the detection
efficiency matrices Fy and F,. Generally speaking, duo to the following reasons, it is very difficult to
completely characterize the matrices Fy and F in experiment. (1) There may be many dimensions which
can induce the detection mismatch, such as time [36], wavelength [37], polarization [38], and so on. (2) In
parts of dimensions, e.g. time, the detection efficiency curve of SPDs follow continuous distribution. Then
the dimension of detection matrices is infinite. (3) The matrices Fy and F; may be non-diagonal, since the
detector may have non-trivial efficiency responses to signals entangled across the different dimension or
variable.

Thus, for simple of simulation, here we ignore the correlation of different dimension and variable, and
assume the matrices Fy and F, are diagonal. We also only consider two detection variables Ao and A;, which
means Fy and F; are matrices with dimension two. Here A¢ and A, can be any variable that control the
efficiency of detector, such as time, wavelength, polarization, and son on. Then, F; and F; can be written as

~[10(Xo) 0 ~{m (o) 0
F‘)_[ 0 Uo(Al)}’ Fl_{ 0 m(Al)]’ 28

here 7,,(\,) means the detection efficiency of detector m at variable \,, and m,n = 0, 1.

4.6. Numerical simulation
With the definition above, all the required parameters can be rewritten as the function of £/, £, €%/ and £,
For example, Zyy and Z;y in equation (A13) can be rewritten as

ZOO = (\/ 1 - Ei) 5%) O) O)

(29)
Zyy = (\/6?, \/1—¢1,0,0)
and the fidelity of side channels can be rewritten as
fij= \/(l—ﬁgj)(1—€;’j)=\/l—a%. (30)

Here £5} = 5 + &7 — €&} ~ &5 + £} is the total deviation of side-channel and Trojan-horse pulse.
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Figure2. The estimated key rate for both SPS (a) and WPS (b), when both source and detection imperfections are considered.
The blue lines are the key rate for perfect system. The red lines are the key rate with different imperfections. In the simulation,
the value of security parameters is selected based on different experiments [18, 36, 38, 39] which is listed in table 2, and other
parameters about the QKD system come from the experiment results of GYS [40]: dark count Yy, = 1.7 x 10~°, the optical error
rate eqey = 3.3%, the transmittance of Bob’s optical system 7, = 0.045, the loss of fiber 0.21dB km ™!, the efficiency of error
correction f,, = 1.22. In the case of WPS, we assume that weak + vacuum decoy state method is used, and the intensity of signal
state (decoy state) is set as o = 0.48 (v = 0.01) which is optimal under the GYS parameters [41]. The method for simulations is
given in appendix B.

Table 2. The value of security parameters used in the simulations of figures 2 to 4.
Here, for simple of simulation, we assume that s’i =g, forall i, 5’2’j =g, foralli,j,
1o(Ao) = 1 (A1) = Land 7,(A\) = 1,(Ng) = 1py- At the same time, we also assume
that only weak + vacuum decoy state method with intensities y (signal state) and v
(decoy state) is used, thus Dy; = D,,,,. The value of security parameters is selected
based on different experiments [18, 36, 38, 39].

Source Detection
Parameter € & Hout D,, oM
Value (Case 1) 1074 1073 10-¢ 1074 0.15
Value (Case 2) 107° 1074 10~° 10~° 0.1
Value (Case 3) 1073 1073 10-¢ 1073 0.05

Furthermore, since the loss of channel and finite detection efficiency of SPDs, Eve could enhance the
source flaws by exploiting these kinds of loss. Thus, the inaccuracy of quantum state and consistence of
side-channel should be rewritten as

: i i
gy~ el =¢1/n

- o - - (31)
€35 €35 = E35/N R &5 [+ ey /1)
where 7 is the transmittance of system, including the transmittance of channel 7). , the transmittance of
Bob’s optical devices 7p,,, and the detection efficiency of Bob’s SPDs 74. Generally speaking,
7 = Nc X Npob X 7d- (32)

Submitting equations (31) and (32) into the model given above, the key rate for both SPS
(equation (10)) and WPS (equation (16)) can be estimated, which is shown in figure 2. The results clearly
show that the estimated key rate will be rapidly decreased, but communication with distance longer than
100 km is still possible if the maker of the QKD system can make sure the deviation of practical devices is
small.

In order to analyze which part, source or detection, is the main factor for the decrease of key rate, the
estimated key rate for WPS with only source or detection imperfection is also shown in figure 3. It shows
that the decrease of key rate in source is much larger than that of the detection. One of major reasons is that
Eve can enhance the source flaws by exploiting the total loss of system, including the channel, the optical
device of Bob and detection efficiency of SPDs (see equation (32)). But, in some practical situations, parts
of loss can be carefully calibrated and monitored. For example, in some QKD system, only passive optical
devices are used by Bob, and the transmittance of these devices is not easy to be changed by Eve (or Bob can
locally monitor the transmittance of these optical devices). At the same time, the average detection
efficiency of SPDs may also be monitored by Bob. In fact, calibrating and monitoring the detection
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Figure 3. The estimated key rate for WPS, if only imperfections on source (a) or detection (b) are taken into account. The blue
lines are the key rate for perfect system, and the red lines are the key rate with different imperfections. The parameters used in the
simulation are the same as that of figure 2 and table 2. In part (a), only source imperfections are considered and the detection is
assumed as perfect devices. And in part (b), only detection mismatch is analyzed and the source is assumed as perfect devices.

(a) SPS

Perfect case
Imperfect case 1
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Imperfect case 3 | 4
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Key rate /pulse
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Figure 4. The improved key rate for both SPS and WPS, when parts of loss in Bob’s devices can be carefully calibrated and
monitored (see equation (33)), for example, the optical devices and the SPDs. The blue lines are the key rate for perfect QKD
system without any practical flaws, and the read lines are the practical key rate with different imperfections of practical devices.
The doted blue line shows the fundamental rate-loss bound for the ideal system, such as unit detector efficiencies, zero dark
count rates, zero intrinsic error, unit error-correction efficiency, and so on. According to the analysis of reference [42], the linear
bound is about — log,(1 — 7.). The parameters used in the simulation are the same as that of figure 2 and table 2.

efficiency of SPDs have been used to secure the SPDs [34, 35]. In other words, equation (32) is a worst case,
and it can be improved in some practical situations, thus a reasonable assumption is that

N =Tec- (33)

With the calibrated transmittance above, the practical key rate can be improved, see figure 4. For
example, in the case of WPS with & = &, = 107>, p10 = 1075, D,,,, = 107 and 7, = 0.05, the maximal
distance of security communication can be increased from about 80 km to 110 km.

5. Summary

The unconditional security of generated key by QKD will be compensated by the imperfection of practical
devices. Many models have been proposed to analyze these imperfections in practical QKD system. But, in
most of these models, the imperfection are considered individually. In this paper, we take both the source
and detection imperfections into account in one model, then the performance of practical QKD system is
evaluated.

In the source parts, our model includes almost all of imperfection of source, such as, inaccuracy of
encoded quantum state, distinguishable side-channels of source, distinguishable decoy states, Trojan-horse,
and so on. But, when source flaws are taken into account, the key rate will be rapidly reduced. One of major
reasons is that Eve could enhance the source flaws by exploiting the loss of system, since the channel is
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totally controlled by her. Here we discuss a possible way to overcome this problem by introducing a
reasonable assumption. It is that the legitimate parties can divide the loss as two parts, untrusted loss (the
loss of quantum channel) and trusted loss (the transmittance of Bob’s optical devices or the detection
efficiency of SPDs). Then if the trusted loss can be carefully calibrated and monitored, the key rate will be
improved.

In the detection parts, although the major imperfection (detection mismatch) is considered in our
model, there still are many other flaws, such as weak-randomness of basis choice, the backflash of SPDs, and
so on. In fact, how to take all of these detection flaws together is still an open question. And we will discuss
it in our further work.
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Appendix A. The proof of 13

According to equation (5), we have
W) = ZE |15)|0)7

Z BT‘5k>A|’Yﬁk>B|w5k>s‘0>T‘i>E

1tk

\/_ZE%TW" |75k |w, Wt’%ik |0)r]i)g

itk

(A1)
\/—ZEBT|BIC |’73k> | sft ‘0> ‘ i)E
itk
i, B i,
wak A ) ) o) o™ (S0 ) i
itk
= 5 10N Pl 416G ) .
itk
Here ElL. = > B @ B £ = (we|wg, ), and |£(G, 1,7)) = E3|0). Note the fact that
B = a1 + a’X + ai’Y + a}? Z, here I is the unity matrix and X, Y, Z are Pauli matrices, and
1v6.) = [ Bo) + o, |B1). Thus,
) = T3 3180 | Sk LIy | £kt el
itk LK
(A2)

fZ S 18 @ L1Be) ) ¥ wnds | 166G, 1 7) e

Lt | Lkk

here L.L=1X,Y,Z and k, k' =0, 1.
(a) |U})
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We first get the bit error rate in Z-basis 0;. According to equation (A2), we have
[07) = Fz|¥z)

(20lL|zi0) |2} ()" |20)p)f i) | Fol€Gist, 1)) i)e
f

Lty | LkK
(A3)
Z Y (alLlze)lz) o ol 2) ) wn)s | Fil€Gst )i

1t] Lk,k'

=Y LRoléG )i + Y LR G 1))

%) 2%

Here

Ly = %Z<ZO|L|Zk’>‘Zk> (aztj ¢ J20) ) |wi)s

LkK

= 5> [Zai’t’j(agdzOLm) ¥ a;k<zOLzl>>] a8}z
k !

(A4)

= Z |:(altj ltj)azk + \/_(a”] il)/t)j)a;k] ‘zk>‘zo>ft2k|wt>

=Y (agg’al, + apy’al )|z z0)f*|wr)
k

= f (apg’ o, + ag)’ o o) 20)|wr) + £ (g o, + agy’ el M) 20) |we)

and

~ 1 o
L= 5 > alLlae) ) e o [ )y

Lk,k'

= %Z [Z“;’t’j(a2k<zlLZO> + a;k<ZIL21>)] |2k} |20)f* wr)
k 1

i t, it,] Z) (AS)
= 3 [+ et + e — el e
k

=D (@0l + ajaz)zlz)ff |w)
k

= f(aigad, + el )|zo) |z wn) + f7 (el + art’ad )z |z lwi)

where
1 1) (1 £,5) (3,1,7) (i, t,7)
(i) +a (itj) _ Ax  — 4y

Ao :T G =T s

(i,t,)) (ist,)) (ist,)) (ist,)
Gtj) _ 9x ~ tay Gtj) _ 91 — Ay

a :T ay —T

Thus the probability that Alice gets Z, and Bob gets Z, can be written as

(A6)

P = YN (eG 6 DIES 2 a0l + agal ) (aly? o, + ay T ob ) Fol€Gi, 1, )

ioljf

=YD e DAL A @ F Fol (1)

[

(A7)

where

£, 1) = (|€G, 1, 1)), €6, 1,2)), .. )T, (A8)
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and i
it it
age g
at,t,l L,t,2
] 0 1 01 01 | — f200,,0 1
Ai,t — Jt (azo) aZo’ O) O) i1 it,2 = Jt (azo) az()) O> O)Bi,t~
ay ayys ..
it,1 i,t,2
11 oo
Thus

Pz = (D 1(fey @ Zoo) T f - (o ® Zoo)] @ Fy Fol€(3))

1

= Tr{pE[(fzo ® Zoo)t f - (fp ® Zoo)] ® FJFO},

where pp = [£())(£(1)], Zoo = (o, a} ,0,0) and

P00 0 LR AR
A P I A N S
o o g o DR
0 0 0 g SRR

with flJ = <wi\wj>.
With the same method given above, we have

P =Tr{pel(f ® Zo)" - f - (f1y ® Zo)] © Ff Fy}
PY =Tr{pel(f, ® Z10)* - [+ (f, ® Z10)] @ Fy Fo}
PY =Tr{pel(f., ® Z1) " - f - (f, ® Z1)] @ F Fy}

—

where
ZO] - (O) 0) Oégo) aio))
ZlO = (a;)a;l)o) 0))
le = (0) O) a(z)l’ ail ))
and
20 0 0
0 1 0 o0

fllz 0 0 fSZI 0
0o 0 o0 [

The bit error rate in Z-basis (equation (8a)) is given by

5 Do+ PR
PP+ PR+ P+ PR

(b) [T%)

According to equation (A2) and the method given above, it is easy to get the probability,

Alice sends x; and Bob measures x; in X-basis, which is

Py =Tr{pel(fr, © Xoo) " - f - (fiy @ Xo0)] @ Fy Fo}
Py =Tr{pel(f, @ Xo1)" - f (feo ® Xo1)] ® FF,}
Py =Tr{pel(fy, ® X))t f- (fe, ® X10)] ®F3_Fo}
Py =Tr{pel(f, @ X11) " - f - (fy, @ X11)] ® F{ Fp }.
Here
Xoo = ZooU,  Xo1 = ZnU,
X =20U,  Xn=2ZnU,

S Sun and F Xu

(A9)

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)

ij;-‘, that
(A16)
(A17)
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and
0 0 0 0 0 o0
f_ofz"ﬂoo f_of;‘loo
X0 — 0 0 faxo 0 > X1 0 0 fX] 0 b
0 0 0 f° 0o 0 0 f°

(A18)

1 1 1 1

11 -1 1 -1

USohor a1 4

1 -1 -1 1

Thus, the bit error in X-basis (equation (8b)) can be written as
Pyy 4+ P
5 = o+ (A19)
Py + Py + Py + P
(0) |¥3)
According to equation (A3), we have
1©3) = (Lo + L)CIEG, 1, ) |i) (A20)
it
with .
T N N N

Lo = f(ai o —|—a611a ) 20} |20} |wr) + f7 (abt? o —|—a611a )|z1)|20) |wr) o)

= (ol + ayy ol lao) [z |wr) + f7 (alg o, + ajtled, M) |z fwr).

We first consider the case that |xy)|xo), both Alice and Bob measure |¥3) in X-basis and gets results

0, which is given by

1 1, 1, l 1,
ol ¥2) = 337 [ (@iial, + aifal,) + 7 @il + el
l,t,]
+f gl + alial,) + £ @il + aiial)] ) CIEG B )
Z[ (a'as, + ag’a, +aly’ag, + aray,) (A22)
(A%

(a”]a —i—a”]a;l)—i—a”]a —i—a”] 1} |we)CIEG, £, 1))]1)

1 "Z( Z . . .
= EZ(ﬂﬂx,—,t,j + 7yl CLEG b))

(A%
Thus the probability

vir 1 . . Z{ 4 2 z .
ng’ = 1 Z <f(l> t)])CJr(ft Oxi,t,j +f lyi,t,j)<wt‘wt’>(ft/oxi,t’,j’ +ft/1)’i,t’,j’)c|§(1) t,’] )>

it i
= 3 D (G 0DIC (B massiost] +yudf piesff (A23)
ttt’JJ
il i f! 4 S Va5 ) CIEGEL)).
Thus, with the same method above, we have
PR = L Te [y @ CH ], (A24)
(A25)

here
Zyy = (Vo) " - Voo + (Vo)™ -+ Voo + (Ve T - f - Voo + (Vo) T - f - Vi

13



10P Publishing New J. Phys. 23 (2021) 023011 S Sun and F Xu

with . .
Voo = Qoo ®fzm

Vgo = Q(l)o ®fzv

A2
QO _( 0 1 0 1 ( 6)
00 — aZO’aZO’azo’azo >
1 _ 0 1 0 1
Qg = (ozZI,CVZI,ozZI,ozZ1 .

Thus the probability that Alice gets k and Bob gets k" in the virtual X-basis measurement is given by
; 1
PR = T by @ C+c} (A27)
with
Z]Iz)k/ - (V/(c),k/)+ f * Vl((),k’ + (V]i,k/)-‘r f N Vl:,k/ + (V/(c),k/)+ f * V]i,k/ + (V]i,k/)-‘r f N V/(c),k/ (A28)

here k,K' = 0,1, Vi, = Qp @ fo, Vig = Uy @ £, and

0 _ (0 1 _ 0 _ 1
Qo = (a0, —ay, —ay)
1 _ 0 1 0 1
QOI - (azl’azl’ _azl’ _azl

0o _ 0 1 0 1
QIO - (aZO’aZ[]’aZ[]’aZO

1 0 1 0 1 (A29)
Q10 = (_azl’ —OG, =0, _azl)
Q(l)l = (a(z)g’ a;()’ _a(z)g’ —06;0
Qil = (_agl’ _ail’ agl > ail .
The phase error in Z-basis is given by
Pxx,vir Pxx,vir
6; = Pxx,vir P?olc,vir + Palc?c,vir Pxx,vir . (A30)
o tFPo + P + P
Appendix B. The gain and error rate for simulation
In the case of SPS, when Eve is absent, the estimated count rate and error rate can be written as
Q=1-(1-Y)(1—n)
(B1)

5I§ = [eoYo + edet 7] /Qz

7 = Npop X Mg X 0 is the total transmittance of system with 77, = 10 x 10-*/'%, and o = 0.21 dB km ™" is
loss of fiber and [ is the length of fiber. ey = 0.5 is the error rate of background. Yy is the dark count of
SPDs. eget is the optical error of the QKD system.

In the case of WPS, the total gain and error rate can be written as

Q=1—(1-Ype ",
Q:E; = eoYo + eger (1 —e7 ).

(B2)
Here s = p, v is the intensity of signal state and decoy state.
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