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Abstract

Within the framework of Einstein-Maxwell theory geometric properties of charged
rotating discs of dust, using a post-Newtonian expansion up to tenth order, are dis-
cussed. Investigating the disc’s proper radius and the proper circumference allows us
to address questions related to the Ehrenfest paradox. In the Newtonian limit there is
an agreement with a rotating disc from special relativity. The charged rotating disc
of dust also possesses material-like properties. A fundamental geometric property of
the disc is its Gaussian curvature. The result obtained for the charged rotating disc
of dust is checked by additionally calculating the Gaussian curvature of the analytic
limiting cases (charged rotating) Maclaurin disc, electrically counterpoised dust-disc
and uncharged rotating disc of dust. We find that by increasing the disc’s specific
charge there occurs a transition from negative to positive curvature.

Keywords Charged rotating disc of dust - Post-Newtonian expansion - Ehrenfest
paradox - Gaussian curvature - Maclaurin disc - Electrically counterpoised dust
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1 Introduction

In 1909 Ehrenfest formulated a famous paradox concerning a rigidly rotating disc (or
a cylinder in the original version) within special relativity [1]. He pointed out that
special relativistic rigidity, introduced by Born [2], easily leads to two contradicting
statements about radius and circumference measured by a non-rotating observer before
and after the disc is set into rotation.

The paradox gave rise to a long lasting debate on how to resolve it, see, e.g., [3].
Numerous physicists came up with solution approaches, however, they turned out to be
wrong in most cases. Grgn presented in 1975 a resolution solely based on kinematics
[4]. Initially, it was not clear whether this would be sufficient or whether a dynamical
treatment would be necessary to solve the problem completely. Today, most physicists
(including the authors of this paper) accept Grgn’s kinematic considerations as the
correct way to resolve Ehrenfest’s paradox.

Nevertheless there are related questions to the paradox, as how the ratio of circum-
ference to radius is observed from the point of view of non-rotating versus co-rotating
observers (on the disc), how those measurements change when the rotation speed is
altered and how material properties affect more realistic discs.

With the help of the available semi-analytic solution of the charged rotating disc of
dust, which is a concrete, physically relevant solution of the Einstein-Maxwell equa-
tions in terms of a post-Newtonian expansion [5], we can tackle the above questions
in a very direct way.

Motivated by those geometric investigations it is also natural to ask about the
intrinsic curvature of the charged rotating disc of dust. For a two-dimensional disc the
intrinsic curvature is simply the Gaussian curvature. In particular, the post-Newtonian
expansion allows us not only to study special relativistic effects, but also investigate the
influence of higher order corrections coming from general relativity. A key observation
is that the specific charge of the disc acts like a regulator to adjust the curvature of the
disc. More precisely, by increasing the specific charge from O to 1 there is a critical
value at which a transitions from negative to positive curvature occurs.

The present paper is structured as follows. In Sect. 2 we briefly introduce the
mathematical formulation of the disc problem in terms of a boundary value problem,
followed by a short overview of the used post-Newtonian expansion in Sect. 3. After
defining the proper radius and the proper circumference of the rotating disc in Sect. 4,
we discuss the above mentioned questions related to the Ehrenfest paradox based on
the charged rotating disc of dust. Sect. 5 is devoted to the curvature of the disc. The
result will be compared with the ones for a Maclaurin disc within Newtonian theory,
a disc with a concrete electrically counterpoised dust-configuration (having maximal
charge) and the uncharged disc of dust.
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2 Boundary value problem for the charged disc of dust

We consider an equilibrium configuration of an infinitesimally thin disc of dust (perfect
fluid with vanishing pressure) with constant specific charge € = 24 ¢ [—1, 1] and
constant angular velocity €2 [5-7]. pe1 and u denote the charge density and the baryonic
mass density of the disc, respectively.

The corresponding disc problem is formulated in the framework of Einstein-
Maxwell equations’:

1
Ry — ER 8ab = 81Ty, (1)
F.) = 4m j, )
where
_ (em) @usy 1 e 1 ed
Top =T, " +T, = E FacFp™ — ZgachdF + Wlqlp , 3)
J = peu® = epu, “)
Fab = Ab;a - Aa;b = Ah,a - Aa,b . (5)

To the energy momentum tensor, 7,5, both the electromagnetic field and matter (dust)
contribute. j¢ represents a purely convective four-current density, where u“ is the
four-velocity. As is common practice, the field strength tensor F;, is expressed in
terms of the four-potential A,.

For an equilibrium configuration, spacetime is stationary, implying the existence
of an associated Killing vector §&. We also demand axisymmetry, characterized by
another Killing vector 5 that commutes with &. Furthermore, the problem is reflection
symmetric with respect to the equatorial plane of the disc.

Exploiting stationarity and axisymmetry the line element can globally be written
in terms of Weyl-Lewis-Papapetrou coordinates:

ds? = £~ [h (dp2 + d;2) + p2d<p2] — F(dt +adg)? . 6)
Using Lorenz-gauge the four-potential A, takes the form:
Aqg=1(0,0, Ay, Ay). (N

The coordinates ¢ and ¢ used in the line element are adapted to the Killing vectors,
such that
§ ’ d i (@)
= — an = —.
ot T= %
As a consequence, the metric functions f, &, and a as well as the potentials A, and
A; depend on the coordinates p and ¢ only. Instead of f and & we will also make use
of the functions U and k, where f = 2V and h = &%,

! We use units in which ¢ = G = 4reg = 1.
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In the subsequent discussion we heavily rely on the co-rotating frame of reference
defined by ¢’ = ¢ — Qt. As usual, the covariance of the metric and the four-potential
imply the following transformation laws:

noh

/= 1+Q 2_922—2 , I_Q/ /=]+Q , — =,
f=rlasear-@22 2L (- f=ata s, =1

©)

Al =Ay. Aj=QA,+A. (10)

It should be noted that the mass density w is related to the surface mass density o
via
_f
M—EG([))S({). (11)

However, o is not coordinate independent in contrast to the proper surface mass density

op = \/%0 . (12)

In (electro-)vacuum, assuming axisymmetry and stationarity, the combined Einstein-
Maxwell equations in terms of f, h, a, A, and A, that can be found in [6], can be
reduced to the Ernst equations [8]:

(me+ |c1>|2) AE = (VE + 20V D) - VE, (13)

(m5+ |<1>|2) A® = (VE+20VD) - VO, (14)
where

®=a+if and g:(f—|c1>|2)+ib, (15)

with o := 0d = — Ay, are the Ernst potentials. The potentials 8 and b are defined via

Bo= % (Aw,t - aA,,;) . Be= —g (AW - aAf,P) (16)

and

f? f?
by ==rar=2(BAup = Aiby) s be="-a,=2(BAu = AB) . (7)

V and A are meant as operators in 3-dimensional Euclidean space with cylindrical
coordinates p, ¢ and ¢. Note that the integrability conditions for (16) and (17) are
automatically satisfied as a consequence of the Einstein-Maxwell equations. Vice
versa, (16) and (17) may be used to obtain a and A, from the solutions to the Ernst
equations by a path-independent line integration. The function £ can be determined
by a path-independent line integration from the other functions as well.
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Using reflection symmetry the following boundary conditions on the disc, i.e. for
0 < p < pg and ¢ = 0, where pg is the coordinate radius, can be derived:

b=0, =0, (eU’—eA;)pzo, (A;—eeul>§=0. (18)

The Ernst equations (13) and (14) together with the boundary conditions (18), as well
as the asymptotic flatness condition (6 — 1 and ® — 0 for p? + ¢?> — o0) and
the regularity condition at the rim of the disc, form a well-defined boundary value
problem for the charged disc of dust.

3 Post-Newtonian expansion

In case of the rotating disc of dust without charge the corresponding boundary value
problem could be solved analytically [9, 10]. For the charged rotating disc of dust a
semi-analytic solution in terms of a post-Newtonian expansion up to tenth order is
available [5, 6].

This expansion uses a relativity parameter y [11], defined by

y=1-\fe. with fo:=f(p=0,¢=0). (19)

Equivalently, y can be expressed in terms of the redshift, Z., of a photon emitted at
p =0,¢ =0 and observed at p2 + %2 — o0:

— Zc
T 1+ 2z

14 (20)

From both expressions, (19) and (20), it is evident that y takes values between 0 and
1, where y =~ 0 represents Minkowski spacetime and y — 1 corresponds to the
ultra-relativistic limit. At the ultra-relativistic limit we assume the formation of black
holes [5]. Note that U, appearing in f. = ¢?Uc, can be interpreted as a generalized
Newtonian potential.

The parameter space of the charged disc solution is spanned by y € [0, 1],€ € [0, 1]
and the coordinate radius pg as a scaling parameter. By restricting to positive charges
we do not loose generality.”

A convenient choice of coordinates is given in terms of elliptic coordinates n and
v, defined through

p=poy/(1—7n)(L+v2), ¢=ponv, (21)

withn € [—1, 1]and v € [0, oo]. Additionally normalizing all dimensioned quantities
with suitable powers of pp leads to a dimensionless formulation of the disc problem.

2 In fact, all dimensionless physical parameters describing the disc are functions of y and €, in particular
p0S2, M /pg and J/ p(z) (with M and J being gravitational mass and angular momentum).
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The normalized quantities are denoted by *, e.g.
* * A(/) *
a=—, Al =— or Q= pyQ2. (22)

As a starting point of the post-Newtonian expansion we utilize the relation

)

QN
y=—Un(p=0.5=0)= = 23)

between the Newtonian potential Uy and the angular frequency Q2 that holds in
Newtonian limit only. As a consequence, we have Q2 = (1 - 62) Y + Ox?) in
general (beyond the Newtonian limit). Expanding this relation implies that Q* is an
odd function in g := /Y, i.e.

oo
S S 2
n=0
where Q3 | is a function of n and v and Q} = V1 — €23

All the discussed potentials and metric functions can be expanded in 2*. Examining
their symmetry properties reveals a purely symmetric or antisymmetric behaviour
under the transformation Q* — —Q* that changes the sense of rotation. Therefore,
they can also be written as a series in g, containing only even or odd powers of g,
respectively. For the metric functions we get:

o0 oo oo
F=14) fug™ s h=14) hug™ . a*=) a3, """ (29
n=1 n=2 n=1

All the coefficient functions f>,, h2, and ai‘n 41 depend on the coordinates n and v
only.

Palenta and Breithaupt were able to use this post-Newtonian expansion to derive
analytic solutions for those coefficient functions. First, Palenta solved the boundary
value problem in terms of this expansion up to eighth order (n = 8) and Breithaupt
later on up to tenth [5, 6]. The subsequent calculations and discussions of the present
paper build on Breithaupt’s semi-analytic solution of the charged rotating disc of dust.

4 Related questions to Ehrenfest’s paradox

In 1909 Ehrenfest pointed out that rigid rotation of discs (or cylinders) within special
relativity involving a period of angular acceleration inevitably leads to a paradox [1].

3 1t turns out that (appropriately normalized, e.g. by R introduced in Sect. 4) increases monotonically
with g and decreases monotonically with €. (For both g = 0 and € = 1 it vanishes.)
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The concept of rigidity in special relativity is defined by Born as follows: Each
infinitesimal neighbourhood of an arbitrarily moving body, as measured by co-moving
observers at each point of the body, should appear permanently undeformed [2].

Relying on this definition, Ehrenfest formulated a paradox: A relativistic cylinder
with radius R is given a rotating motion about its axis, which finally becomes constant
- while satisfying Born’s rigidity at all times. Let R” be the radius of the constantly
rotating cylinder measured by an observer at rest, then two contradicting requirements
need to be fulfilled:

(i) 2z R” <27 R,
(i) " = R.

While to this day there is still no common agreement on its solution, there is a
kinematic resolution of the paradox by Grgn most physicists do indeed accept [3,
4, 12]. He showed that it is not possible to synchronize clocks of successive inertial
rest frames momentarily at rest to points around the periphery of the rotating disc.
This means that setting a disc in rotational motion, while satisfying Born’s rigidity
condition, is kinematically impossible.

Despite its resolution, there are still interesting questions related to Ehrenfest’s
paradox:

1. How does the spatial geometry of an accelerated disc which is initially at rest
evolves as measured by non-rotating and co-rotating observers?

2. What is the spatial geometry of a disc that is already set into rotation as seen by
non-rotating and co-rotating observers?

3. A real disc has material properties, how do they influence the rotating disc?

The uniformly rotating disc of dust is relativistically rigid in the sense that it rotates
rigidly, meaning €2 = const. [13].

In the present section we want to describe geometric quantities like proper radius
and proper circumference of the rotating disc and address the above posed questions.
To this purpose, we introduce the line element

do? = hjpdx’dxk (26)
with the projection tensor
hik = ik + uiug . (27)
This means ‘
ds? = do? — wjurdx’dx®. (28)

Note that ds> = do? for dx’ orthogonal to u’, and ds*> = —dz? for dx’ = u’dr (with
7 being the proper time). do? can be used to measure infinitesimal proper distances on
the disc. In the co-rotating frame where the four-velocity has only a fourth component
(in the vicinity of the disc we consider a family of observers with the same property),
we obtain

80484
84

do?® = hjyy dx“dx'? = (g[w - )dx’“dx’f‘, where o, 8 =1,2,3. (29)
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Thus the line element do? corresponds to the result of the “radar method” of Landau
and Lifschitz [14, § 84]. Since the projection tensor hfxﬁ does not depend on x™* in
our case, we can also use it to calculate finite proper spatial distances via integration.
This is due to the fact that the spacetime is stationary and the four-velocity field shares
this symmetry. However, the four-velocity field is not hypersurface-orthogonal and
the 3-space characterized globally by the line element (29) is not a hypersurface of
spacetime.

From now on we are only interested in the proper spatial geometry of the

disc itself, as a 2-dimensional object - described by the line element do? e =
1SC
{ndxeav? ]
di
the disc who applyS the radar method.

In elliptic coordinates the 2-dimensional proper spatial line element of the metric
(6) takes the form

. This is the geometry observed by a family of “residents” of

do?| = g dn + /7 o (1 —nP)de”. (30)

v=0 1—

Note that since v = 0 on the disc, the elliptic coordinates decouple and dp?> =

,001 2d77 and,o _:0()(1 -n )
Integratlon of the line element (30) then gives the proper circumference

C'(n) = 2mpoy/1 —n2f 712, (31)

the proper area
1
A =2} [ aii (32)
n
and the proper radius

1
R(n) = R'() = po / di (33)

ﬁ ( f/—l /) /
n V1=7?
of the rotating disc of charged dust. By inserting the post-Newtonian expansions of

the metric functions in the co-rotating frame, using (25), (24) and (9), also (31), (32)
and (33) can be written as series expansions in g.

4 When we state that the geometry is “seen” or “measured” by co-rotating observers, we actually mean that
the co-rotating observers apply the radar method to measure distances. Since they are at rest relative to the
rotating disc (and their four-velocity field, in accordance with the four-velocity field of fixed particles in the
disc, has only a fourth component in the co-rotating frame), they measure the proper spatial geometry of
the disc. In the non-rotating frame, on the other hand, the non-rotating observers also use the radar method.
However, they are at rest relative to the non-rotating frame (with a four-velocity field that has vanishing
spatial components in the non-rotating frame) and consequently do not measure the proper spatial geometry
of the disc, but the proper spatial geometry of their own “rest space”.

Accordingly, in the non-rotating frame of reference circumference and radius are defined by C(n) =

- 1/2
2172 _ P —1 .
2rpov/ 1 —n= f and R(n) pofﬂdnﬁ(f h) , respectively.
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In order to compare the results for C’, A" and R of the charged disc of dust with those
of a standard disc within the framework of special relativity, described by Grgn, we
have to take the Newtonian limit. Thus, we require that both the metric deviates only
slightly from the Minkowski metric and the rotational velocities are small compared

to the speed of light.

Charged disc of dust (Newtonian limit): Disc within SR (Newtonian

limit):
1 1

C’:2n,oo[p*+<2£2*2 *2—§f2)p*g2}, .

C' =2nr [1 += (wr)z] ,
/ 2 *2 1 *2 %2 1 *2 2 2

A =mpy | p* + 291/0 +§(2_f2),0 8> 1

A =mr? [1 + 1 (a)r)z] ,
* 1 * 2
R=po[p +g(4—fz)pg] R=r.

Crucial to the discussion of Ehrenfest’s paradox and the closely related geometric
questions is the ratio of circumference to radius as seen from co-rotating and non-
rotating observers.

Charged disc of dust (Newtonian limit): Disc within SR (Newtonian
limit):
C’ 1 1
— =2r |:1 + = (wr)2:| ,
S PR 2+ f) g ' ?
— =27 |1—= .
R 3 Ve g = 2.
r

The ﬁrst order (n = 1) coefficient function f> is given by f>(n,0) = —1 — 52 and
pr=L=1-n

It should be noted that the above expansions utilize different expansion parameters
and therefore only in the Newtonian limit a comparison is meaningful. For the disc of
dust we demand the gravitational potential to be small compared to the speed of light

¢ and the expansion parameter is g = @ <« 1. On the other hand, for the SR-disc
we have expansions around small rotational velocities, % < 1.

Grgn discusses only kinematic aspects of the disc and material properties are absent
in [4, 12]. However, a real disc is hold together by attractive forces originating from the
rigid material itself. In case of the disc of dust attractive gravitational forces, mediated
through the terms involving f>, play the role of those material forces.

Taking the different expansions and the appearance of the terms with f> into
account, the disc of dust agrees with Grgn’s investigated disc in the Newtonian limit.

Furthermore, an interesting observation can be made. The quantities C’, A" and
R of the disc of dust are all larger than those of Grgn’s analysed disc (for n> < 1
and r > 0). Although dust is by definition a pressure-less fluid without any elastic
properties, the rotating disc of dust nevertheless behaves to some extend as if it had
material properties, resulting in a kind of “elastic”” expansion.
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35 Page 10 of 26 D. Rumler et al.

Fig. 1 Normalized ratio of
circumference to radius in the
rotating frame plotted for n = 0

[V}
3 |H
T

Explicitly writing out the ratios of circumference to radius leads to:

/

% — 2 [1 + é (1 - n2><1 . 362) g2i| : (34)
%:271 [1—%(1—;72)4 . (35)

Remarkably, for n> < 1, there is a geometrical transition induced by an alteration
of the specific charge: % > 27 for €2 < % This transition is also present beyond
the Newtonian limit, as can be seen in Fig. 1. All figures in this paper are created
using all available orders, i.e. up to n = 10. For vanishing charge the ratio of proper
circumference to proper radius becomes larger than 2, just as in the case of Grgn’s
result for this ratio.

In the non-rotating frame there is no such transition, instead the ratio of circumfer-
ence to radius is always smaller than 277, independent of the specific charge (excluding
n = =£1). This also stays true beyond the Newtonian limit (apart from high values of
g), see Fig. 2. Within special relativity the ratio is exactly equal to 27, as Grgn showed.
Those results, however, do not contradict each other, since values smaller than 27 are
caused by the gravitational correction term involving f>. As discussed above, Grgn’s
analysis of the rotating disc does not involve corresponding terms.”

Now, let us address the questions raised in the beginning of this section, starting
with the first one. Formulated in the Newtonian language, a dust particle in the rotating
disc is in an equilibrium state of gravitational, electric and centrifugal force. It is
therefore evident that changing the parameter € directly affects the rotational velocity
Q. In particular, by decreasing € we can transition to disc configurations with higher
rotational velocities €2. This, however, is achieved in a quasi-stationary way and cannot
be seen as setting the disc into rotation as we alter the specific charge of the disc and

5 In the framework of special relativity there is an enlightening explanation for Grgn’s results: Observed
in the non-rotating frame, not the circumference of the disc is being contracted due to rotation, but the
infinitesimal measuring rods placed along the circumference. As a consequence observers on the rotating
disc measure a ratio larger than 27 (they have to use more measuring rods), while an observer in the
non-rotating frame still measures exactly 2.
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Fig.2 Normalized ratio of
circumference to radius in the
non-rotating frame plotted for

n=0 -

ou! ‘:‘“‘
L

Fig.3 Normalized proper
radius, evaluated at the rim of
the disc, as a function of €

2219

R(n=0) s

20 =07

g=20.6

0 0.2 0.4 0.6 0.8 1

thus the disc itself. Nevertheless, we can compare disc configurations with increasing
rotational velocities with each other and examine the effect on the spatial geometry. As
can be seen in Fig. 1, for co-rotating observers the geometric ratio % monotonically
increases from values smaller to greater than 2. In fact, as will be shown in Sect. 6, a
simultaneous transition from positive to negative curvature also occurs. Non-rotating
observers also measure increasing values of %. They, however, remain below 27, apart
from high values of g due to the emergence of an ergosphere.

Concerning the second question, we have seen that the ratio %, that characterizes
the proper spatial geometry and is measured by co-rotating observers, can be less than,
equal to or greater than 27 depending on the specific charge €. For a ratio equal to
27 the critical value of the specific charge is €. = \% in the Newtonian limit. With
growing g, €t decreases slightly and becomes dependent on the radial coordinate
n (see Figs. 15 and 16). Non-rotating observers, on the other hand, always perceive
smaller values than 2 for % (again, apart from high values of g).

6 We note that inside an ergosphere non-rotating (with respect to infinity) observers no longer exist.
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Finally, the third question resolves around the influence of material properties
present in a real rotating disc. Indeed, as we have already seen in the Newtonian limit,
the disc of dust mimics “elastic” material properties and shows an “elastic” expansion
as response to the rotational motion. But also beyond Newtonian physics, according to
Fig. 3, the disc’s total proper radius Ry := R(n = 0) grows with decreasing specific
charge € and in turn increasing rotational velocities €2. The more relativistic the disc,
the more pronounced is the effect.

5 Curvature

Motivated by the found geometric transition induced by a change of the specific charge
€, we now examine the intrinsic curvature of rotating discs more closely.

As the domain of arotating disc is simply a two-dimensional spatial surface, denoted
by X», the geometric quantity that describes its intrinsic curvature is the Gaussian
curvature K.

In the following subsections we will calculate the Gaussian curvature of the charged
rotating disc of dust (using the post-Newtonian expansion up to n = 10) and various
analytic limiting cases. The findings will be compared and reviewed.

5.1 Gaussian curvature of the charged disc of dust

By using the derived expressions for the proper radius R and the proper circumference
C’, (33) and (31), the proper spatial line element of the charged rotating disc of dust
can be written in the following instructive and simple way:

C'(R)\
do?| =dRrR*+ <L) de'?, (36)
P03 2

where at least formally C'(R) = C'(n(R)).
With this condensed version of the proper spatial line element also the Gaussian
curvature takes a very simply form, i.e.

/
__CRrr _ 37)
C'(R)
It thus follows immediately that the Gaussian curvature of the charged rotating disc
of dust is determined primarily by the second derivative of the proper circumference
C’ with respect to the proper radius R.

Even though the above formula for K, (37), is quite insightful, it is not that practical,
since we do not know the functional dependence of C’ on R. By using the chain rule
we can, however, transform formula (37) into the slightly less appealing but all the
more useful form

s 1 [dR\® dzRC, dRC, -
=T (a) [d—nz Do =y W""]' o9
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Fig.4 Gaussian Curvature K
normalized by the total proper
radius, R, squared and
evaluated at n = 0

Fig.5 Radial dependence of the
normalized Gaussian curvature
for the special cases € = 0 and
€ =1, where g = 0.6

0.64

0.44

R

.2

02 0.4 0.6 08 1
~02

~0.4

Inserting the solutions for the post-Newtonian expansion leads to

K= pig[(%z— 1) g?
+ (<6n2—5)64+ (%—8n2>62+3n2+%+1:—22(e2—1>>g4
+(’)<g6):|. (39)

As can be seen in Fig. 4, there is a characteristic transition curve in parameter space
where the curvature K changes its sign. The same transition curve appears in Fig. 1
depicting %. Explicitly written out expansions up to fifth order of % and R(Q)K are
listed in appendix A.

Figure 5 shows the radial dependence of R(Z)K for the special cases € = 1 and
€ = 0. In case of maximal charge, i.e. ¢ = 1, the disc has no rotation at all and
general relativistic effects cause positive curvature. For € = 0 the rotation is maximal
and special relativistic effects are dominant and lead, in accordance with the disc
described by Grgn, to negative curvature. In both cases the curvature K gets more
positive towards the centre of the disc (where n = 1). This is expected, since in the
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35 Page 14 of 26 D. Rumler et al.

Fig.6 Functional dependence of
C’ (normalized by 27 Ryy) on R ' 4
(normalized by R() plotted for g=0.8/
€ =0and /
¢=10,0.2,0.4,0.6,0.8) el ’
27TRO
HE TR ;
Ro

Fig.7 Functional dependence of '
C’ (normalized by 27 Ry) on R

(normalized by Ry) plotted for " g=038
€ =0.5and ,
— " C
¢ =10,0.2,0.4,0.6,0.8) mol
YRR
Ro

Fig. 8 Functional dependence of
C’ (normalized by 27 Ry) on R
(normalized by R() plotted for

€ =1and W o Y
— P/ =0.8
g=1{0,0.2,0.4,0.6,0.8} 27 Ro y g
B DRI ﬁus o ;
Ro

non-rotating case general relativistic effects increase towards the centre of a massive
object, where the gravitational potential is the deepest. At maximal rotation, on the
other hand, the rotational speed decreases towards the centre while general relativistic
effects increase.

Interesting to the current discussion is also the functional dependence of C’ on R
that is visualized in terms of parametric plots (including appropriate normalizations)
in Figs. 6, 7, 8. As can be observed there, CfRR > 0 for small € and CjRR < 0 for large
€. Considering formula (37), this perfectly coincides with the plot of the normalized
curvature in Fig. 4. The plots in Figs. 6, 7, 8 are also in line with the %—plot in Fig. 1.

5.2 Newtonian theory: Maclaurin discs and their Gaussian curvature
In the Newtonian limit Einstein and Maxwell equations decouple and reduce to the

Poisson equations for the gravitational and the electric potential. Thus, in Newtonian
theory the disc of dust is fully described by
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AU = 47M9 | with M9 = oMld(p)5(z) for 0 < p < po (40)
' 0 otherwise '
AUE = —47ep M4 (41
and .
vt = (v-590) @)
2 P
where U is the gravitational and UF := o = —A, the electric potential. Eq. (42)

shows that the dust particles in the disc are in an equilibrium of electric, gravitational
and centrifugal force.

Rotating discs in the framework of Newtonian theory characterized by (40)—(42)
are also known as charged Maclaurin discs.

The solution for the exterior Newtonian gravitational potential of Maclaurin
spheroids, in terms of elliptic coordinates, can be found in [10]. In the limit where
the spheroid shrinks to a disc, this potential is given everywhere. As before, we are
interested in the solution on the disc itself. On X, where v = 0, the gravitational
potential reduces to

Ulo = 50 (147 43)

with U, = —g? in the Newtonian limit. According to Egs. (40) and (41), UF trivially
follows from Eq. (43): UF = —€U.

Furthermore, using the solution for U, (42) can be rewritten to the already known
equation,
Q? ,03

Ve=1"c2

(44)
that was used as a starting point for the post-Newtonian expansion.

Integrating (40) over an infinitesimal ¢ -interval and exploiting reflection symmetry
reveals the surface mass density

1 3M

Mid

oMd — =", 45
2 lemor angn (45)

where M is the mass of the disc. It can be easily verified that

1
U =U- 592,02 (46)

is the corotating potential in the Newtonian limit.

By understanding the Newtonian theory as a limit of the full general relativistic
theory we can reuse the line element. The 4-dimensional line element in the Newtonian
limit, evaluated on the disc, reads
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)72
1—n?
+2003 (1= n?) dg/dr — (1 +20")dr?. 47)

as?| =1 -20)0} A + (1 —20) p} (1 —nz) dg”

p=|

Using Eq. (29), the proper spatial line element of the Maclaurin disc follows immedi-
ately:

do? an

2\ 27 2 N
=[1+(1+n>g],001_nz

+ [1 + (2 iy (1 — nz)) g2:| o2 (1 - nz) g (48)

v=0

As expected, the Gaussian curvature of the Maclaurin disc resulting from (48) is given
by:
1
KM = — (3¢2 — 1) g2 (49)
Po
In conclusion, the Gaussian curvature of the charged Maclaurin disc is in perfect
agreement with the Gaussian curvature of the disc of dust in the Newtonian limit.

5.3 Gaussian curvature of a specific ECD-disc configuration

For general (not necessarily disc-) configurations with ¢ = =1 one obtains elec-
trically counterpoised dust (ECD), see, e.g., [15]. Those solutions are static. The
Papapetrou-Majumdar class [16, 17] contains such static solutions to the Einstein-
Maxwell equations and the corresponding line element is of the form

ds? = [~ [(dp2 + d{z) + p2d<p2] _ i, (50)

where
2=V =1-ca (51)

is the defining relation between the metric function f and the electrostatic potential
a. Due to the static spacetime the electromagnetic four-potential has only one non-
vanishing component:

A, =1(0,0,0, —). (52)

Starting from line element (50), the Einstein-Maxwell equations reduce to the sur-
prisingly simple equation

Ae YV = 47 BCP—3U (53)
By introducing a new potential V and a redefined mass density ,LLECD as
Vi=1l-e¢Y and puEP .= [ EP3U (54)
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Eq. (53) can be transformed into the Poisson equation
AV = 4rpECP (55)

The solution can consequently be represented as a Poisson integral and based on its
asymptotic behaviour we can identify the mass:

M= [ W50 papdpdc (56)

For ECD the mass density /LECD is not predetermined by the theory, but can rather be

freely chosen. As a physically motivated toy model, we consider a specific ECD-disc
configuration equipped with the mass density of a Maclaurin disc:

MgCD — MMld ) (57)

Note, that this means /L]SEtCD = e2U05CD(p)8(§) = oM(p)§(¢). Choosing the
mass density in this way is justified, since then the mass of the ECD-disc also
coincides with the one of the Maclaurin disc: M = f uFPp, o) pdpdepds =
S0, ¢) pdpdeds.

In case of the Maclaurin disc, the equation of motion AU = 4x ,uMld leads to the
solution Ul,—g = 3Uc (1 +n?), see Egs. (40) and (43). Analogously, for ECD the
solution of (55) with the chosen mass density (57) is given by

Vo = %VC (1 n nz) . (58)

However, now we get V. = —157.
The proper spatial line element, stemming from (50), for the chosen ECD-disc
configuration in terms of elliptic coordinates then reads

2
do? _ -1 2 N dn? 2(1—2)d2, 59
T f v:0<p01—n2n+p0 n~)de (59
where
FR Y, Vi = 1 $’ (1+2)
== ) v=0 = 21_g2 n .

It implies the following Gaussian curvature:

KECD _ 1 32(1 _32)282

p2— (-]t

(60)

The corresponding plot of the normalized Gaussian curvature can be found in Fig.

2
9. There we introduced RECP := RECP(y = 0) = POG(()I__—iz)-
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(RgCD) 2 JECD

0.6

g.'v] 0.8 n

Fig.9 Normalized Gaussian Curvature of the chosen ECD-configuration

Interestingly, in contrast to the charged rotating disc of dust (see Fig. 5), the chosen
ECD-disc configuration possesses higher (positive) curvature at the rim of the disc
and lower at the centre. But nevertheless, it has a positive curvature in agreement with
the € = 1-limit of the charged rotating disc of dust.

To gain a better understanding of this radial curvature behaviour, we investigate and
compare the proper surface mass densities of the so far discussed discs. The resulting
proper surface mass densities are

1
Jfhl=—U’ h!
(e} f o K¢ t=0+ f

2 2 1 23 2 2 2 4 6
—(=n?=5)e* -7 +0 , 61
anO["g +6<<3n )e n-)ng (g) (61)

GMld _ Mid

Op

=58, (62)

O_ECD — GECDe‘U

-2
2 1 g ) g
[ )
nzpo[+21—g2 JHI} r—g"
2
=—— [ngz—n3g4+0(g6>]- (63)
2o

As it should be, 6)1¢ represents the Newtonian limit of o}, and oy P.

In Fig. 10 all three normalized proper surface mass densities are plotted and in
Fig. 11 Roople=1 and R(];:CDUII;:CD are depicted for different values of the relativity
parameter g.

From Fig. 11 it is evident that apECD is denser at the rim and less dense at the centre
compared to op|e=1. The higher g, the more extreme is this behaviour of the chosen
ECD-configuration. This dominance of the proper surface mass density GPECD at the
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Fig. 10 Comparison of the

1 0.10+
norr?a.hz'ed h;/)[{é)pic\zlzurface n'lass ECD ,ECD
densities R op " Roop and -0 p
Rg‘CDJ[I,ECD for g = 0.7 and 0.081

e=1

0.044

0 02 04 06 08 1 12 1.4 1.6 1.8

Ml ECD
RMH R, REC

Fig. 11 Comparison of the
normalized proper surface mass
densities Ryop and R(I)ECD JFI;:CD 012
for different values of g and
e=1

ECD _ECD
RO Up

2
R(J R(I;ZCD

rim as opposed to the centre leads to the observed higher curvature KFCP at the rim.
In contrast, the curvature K|.—; generated by the surface mass density oplc=; of the
maximally charged disc of dust increases towards the centre.

5.4 Gaussian curvature of the uncharged disc of dust

By means of the inverse scattering method that originates from soliton theory, the
global problem of the uniformly rotating disc of dust without charge was solved
rigorously by Neugebauer and Meinel [9, 10, 18].

An essential part of this method is to formulate and to solve a Riemann-Hilbert
problem. It turns out that this Riemann-Hilbert problem has a unique solution in
the parameter region 0 < u < po := 4.629..., where pu = 2 (po2)% e 2% and
Vo:=U'(p =0, =0). u — 0corresponds to the Newtonian limit and for u —
the formation of a Kerr-black hole was proven [9, 18], see also [19].

Analogous to the charged disc, the line element can globally be written in Weyl-
Lewis-Papapetrou form:

ds? = 2V’ I:eZk/ (d,o2 + d§2> + pzdgo’z] — e (dr +adg)’ . (64)

@ Springer



35 Page 20 0of 26 D. Rumler et al.

Fig. 12 Normalized Gaussian uncharged 2 b i
curvature of the uncharged disc (RO & ) Kuncharge
of dust =

Denoting x := %, as used in the literature above, the resulting proper spatial line
element reads

do? . = e—2(U—k)p3 dx? + e‘2V°p§x2d¢’2 , (65)
2

2U'

utilising the boundary condition e?Y" = ¢2"0 and the transformation law k' — U’ =

k—U.
For the associated Gaussian curvature we obtain the compact formula

Kuncha.rged - _ 12 ieZ(U—k) = _%ieZ(Vo—k/) . (66)
2p3x 0x 2phx dx

Hence the normalized Gaussian curvature plotted in Fig. 12 can be calculated by

[ ax et ]

2
Ryt ) gumearzed 0,y = 2k’ (1) S
( 0 e 2K ()

; (67)

with i := u(1 — x2) and the relation g(n) = /1 — eY0(u) between the parameters g
and . The only occurring metric potential k is related (within the disc) to the Ernst
potential 20 4 iby in the origin (x = 0) by

1[0 @] + [bo.a@]”
4 e2V0(i1) '

K (i) = (68)

These parameter functions ¢2"0 and by itself are given in terms of Jacobi’s elliptic
functions.

Comparing the plot of the normalized Gaussian curvature of the uncharged disc
(exact solution), Fig. 12, with the one of the charged disc evaluated at € = 0 (post-
Newtonian expansion up to tenth order), Fig. 13, shows a good qualitative agreement.
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Fig. 13 Normalized Gaussian
curvature of the charged disc of
dust in the limit of vanishing
charge

R2K

Checking the more conclusive numerical values, certifies an excellent coincidence
between the (exact) analytic and the semi-analytic solution for ¢ = 0. Averaged
over the disc (using x = {0,0.3,0.7, 1}), the percent deviation of R%K le—o from

2
(Rg“c*‘arged) Kuncharged 65 99 5 1076 for g = 0.6, 3.50 x 10~5 for ¢ = 0.7 and

still only 4.72 x 10~ for g = 0.8. See appendix B for the corresponding numerical
values of the normalized Gaussian curvature.

5.5 Visualization

Similar to Flamm’s paraboloid in case of Schwarzschild spacetime, we want to visu-
alize the spatial curvature of the charged disc of dust by an isometric embedding.

The isometric embedding of the proper 2-dimensional disc space, characterized
by (36), into 3-dimensional Euclidean space, furnished with the line element di? =
dr? + r2d¢? + dz? is achieved by the identifications

=9, (69)
;= Cz(ﬂR) , (70)
- 172
R C'(R) 5 3
Z2(R) :/ [1 _ %} dR, (71)
0 T

if the condition C’(R) g < 27 is satisfied.

This means that this embedding only works for sufficiently high values of €. Based
on to the fact that the curvature becomes first negative at the centre of the disc by
lowering e (if initially it is positive everywhere), see Sect. 5.6, it can be shown that
K > 0 is not only a sufficient but also a necessary condition for the embedding
constraint, C'(R) g < 2, to be fulfilled.

In Fig. 14 the embedding of the charged disc of dust is depicted for the values
g=0.6ande =1.
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1 1 0.5

Fig. 14 Isometric embedding of the proper 2-dimensional disc space into 3-dimensional Euclidean space
for g = 0.6 and € = 1. The scaling parameter py is set to 1

Fig. 15 Conditions 1), 2), and 3)
lead to the same transition curve
in the parameter space. W.l.o.g. 02|
n=0

2
€ ’/ 3)
1)

L S L N I B B N B
0 01 02 03 04 05 06 07 08

g

5.6 Transition curve

In three different cases we have seen the occurrence of a transition curve in the param-
eter space (€, g):

/

C
D=2, 2K=0. 3)Cy=2m.

It turns out that all those three conditions are equivalent and indeed all the curves are
identical. This is also backed up by Fig. 15.

The radial dependence of the transition curve can be read off from Fig. 16. As can
be seen there, changing € does not cause a transition throughout the whole disc at
the same time. In fact, by starting with positive curvature, i.e. high values of €, the
transition to negative curvature happens first at the centre and last at the rim.

6 Discussion
A central assumption in cosmology is that the universe is spatially homogeneous

and isotropic on large length scales. This is the cosmological principle and indeed
observations confirm that it is fulfilled on scales of about 100 Mpc. Using the cosmo-
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Fig. 16 Radial dependence of o
the curve K = 0 plotted for g
different values of the relativistic 052

parameter g

0.54— g = 0.7
€ ’—\

0.56— g=0.5
R - — . g=0.3
g =0.1

0.58—

logical principle one can straightforwardly derive the Friedmann-Robertson-Walker
metric that reduces the Einstein equations to the famous Friedmann equations. Due to
homogeneity and isotropy the solutions exhibit a globally constant geometry with only
three possible spatial curvatures: flat (k = 0), positive (k = +1) or negative (k = —1).
Remarkably, observations of the CMB suggest that our universe might indeed be flat.
The first Friedmann equation reveals that there is a critical energy density that leads to
a flat universe. If the density is higher than the critical density the universe is positively
curved and if it is lower it is negatively curved. For more details see, e.g., [20].

In some sense the proper spatial geometry of the charged rotating disc of dust
behaves analogous to the spatial curvature of the Friedmann universe. High values
of the specific charge € (defined as the ratio of electric charge to baryonic mass)
cause positive and low values negative curvature. Furthermore, for given g and 7
there is a critical value of € that gives rise to Euclidean geometry. However, unlike in
Friedmann cosmology the geometry of the charged disc of dust is not globally constant.
The geometry remains unchanged only in angular direction, but not in radial one. A
beautiful exception of this represents the Newtonian limit with a radially independent
curvature. In fact, for the critical value € = \/Lg the disc is globally flat.

Acknowledgements This work has been funded by the Deutsche Forschungsgemeinschaft (DFG) under
Grant No. 406116891 within the Research Training Group RTG 2522/1. The authors would like to thank
Martin Breithaupt for the provided results of the post-Newtonian expansion up to tenth order.

Funding Open Access funding enabled and organized by Projekt DEAL.

Data availability The datasets generated during and/or analysed during the current study are available from
the corresponding author on reasonable request.

Declarations

Conflict of interest The authors have no relevant financial or non-financial interests to disclose.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If

@ Springer



35 Page24o0f26 D. Rumler et al.

material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A Expansions up to fifth order
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Appendix B Gaussian curvature

Table 1 Gaussian curvature:

uncharged disc (exact solution) uncharged (Rgncmrged)z KR3 o
versus charged disc in the limit
€ — 0 (series expansion up to g=0.6 X = —0.333602 — 0.333602
tenth order) x=03  —0349614 —0.349614
x=0.7 — 0.434073 — 0.434072
x=1 — 0.584301 — 0.584297
g =07 x=0 — 0.441980 — 0.441979
x=03 — 0.471784 — 0471784
x=0.7 — 0.640493 — 0.640487
x=1 —0.988126 — 0.987999
g=0.38 x=0 —0.560113 — 0.560108
x =03 —0.611598 — 0.611586
x=0.7 —0.930419 — 0.930281
x = — 1.73047 — 1.72751
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