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’Do you guys just put the word quantum in front of everything?’
Scott Lang

’Cho mẹ. Đừng lo, con đi tới cùng’
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Abstract

As of late, both the fields of quantum computing and machine learning have experienced simul-

taneous developments. It is thus naturally that the interplay between these two fields is being

investigated with the hope that they could benefit from one another. In this thesis, we explore

one of the facets of this union called quantum machine learning. More accurately, throughout

this thesis, the aim will be to learn Boolean functions using quantum circuits.

To do so, we first study a type of circuit, that we named tunable quantum neural network,

exclusively made of multi-controlled X gates and we formally show that this type of circuit is

able to express any Boolean function, provided that it is tuned correctly. We then devise a

learning algorithm, that makes use of a specific quantum superposition to identify misclassified

inputs. This algorithm intends to minimise the number of updates to the quantum circuit as

it can be a costly operation. However, because of the large number of measurements required,

it may not be practical.

To tackle this limitation and to guide our design of a learning algorithm that is indeed practical,

we take advantage of the still ongoing field of quantum learning theory and design two other

learning algorithms to be used in their respective framework. The first algorithm is used to

train the network in the quantum probably approximately correct (QPAC) learning framework.

By leveraging a quantum procedure called amplitude amplification, we show that this algorithm

is efficient. The second algorithm also uses amplitude amplification but this time to train the

network in the quantum exact learning framework with access to a uniform quantum example

oracle. In both frameworks, we show that, in some cases, our algorithms perform better than

what can be found in the literature.
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Chapter 1

Introduction

1.1 Motivation

Theorised in the early 1980’s [27, 10], quantum computers promise to harness quantum phe-

nomena, such as entanglement and superposition, to perform computations. This allows some

quantum algorithms to perform the same task as their classical counterparts but with lower

time complexity. This reduction in compute time is termed quantum speed-up and has been

shown for numerous tasks, be it solving linear equations [37] or Monte-Carlo methods [52].

Until recently, these results were confined to theoretical results, but recent breakthroughs in

quantum hardware have spurred the hope that they might one day become reality.

Simultaneously, the field of machine learning has experienced great advancements and success

in many areas, spanning from natural language processing [79] to image recognition [39]. This

rapid development has been driven by several factors. Chief among them is certainly the

explosion of available data and the advancement of computation hardware. However, as the

scale and complexity of the tasks increase, there is a possibility that this field may reach a limit

[75]. It is thus necessary to explore more hardware-efficient algorithms [36] or novel hardware

architectures altogether [58].

One proposed lead is the exploration of the interplay between quantum computing and machine

1



2 Chapter 1. Introduction

learning. This union of fields is known as quantummachine learning and covers different realities

depending on the type of data and the type of algorithm being considered. In this thesis,

our focus will be on performing machine learning tasks over classical data but with quantum

algorithms. Many works have been done in that direction [69, 85, 60] with, for most of them,

an emphasis on adapting existing classical methods to quantum computers [83, 74, 65]. As the

goal is to exhibit a quantum speed-up, the performances of these methods have to be quantified.

This is where the field of learning theory comes into play. This field is interested in studying

the performances and limitations of learning algorithms and in doing so, it provides a rigorous

framework to analyse such algorithms. Many learning models have been introduced, with two

major models being: Probably Approximately Correct Learning (PAC-learning) [76] and Exact

Learning [2]. As quantum machine learning algorithms emerged, so did the field of quantum

learning theory [4]. The latter is predominantly populated with quantum counterparts to the

classical models such as Quantum Probably Approximately Correct Learning (QPAC-Learning)

[16].

While the field of quantum machine learning is promising, it is still hampered by the current

state of quantum hardware which does not allow for practical implementations. With that in

mind, we strived to develop a learning architecture made of simple gates and with low entan-

glement that can more easily be simulated on classical computers and potentially implemented

on real hardware.

1.2 Objectives and Contributions

Given the above discussion, at the start of my PhD, my two objectives were:

1. Find a learning architecture made of simple gates and with low entanglement.

2. Study the architecture’s resilience to noise.

But as my research went on, with the first objective completed, I decided to study the learning

capacity of this architecture as it was something that had not been done before and so a new



1.3. Publications 3

objective came up:

3. Study the architecture in at least one learning theory framework.

With these objectives in mind, my contributions throughout my PhD are the followings:

1. In Chapter 3, I introduced a quantum circuit exclusively made of multi-controlled X

gates acting on the same qubit. I then formally showed that this type of circuit is able

to express any Boolean functions and named it tunable quantum neural network (TNN).

2. In Chapter 4, I designed an algorithm to train this architecture to learn any Boolean

functions. This algorithm is based on a superposition of all the inputs where each of the

inputs is associated with a specific amplitude. While successful, this algorithm required

a number of samples that were impractical.

3. In Chapter 5, I turned to the QPAC framework to design an algorithm that works within

this framework and proved that it is efficient. I then applied this algorithm to learn the

class of parity functions. For this class of functions, the algorithm performs better, in

some cases, than what can be found in the literature.

4. In Chapter 6, I studied this architecture in the exact learning framework and devised an

algorithm that was then fine-tuned by training the architecture to learn generic functions

and comparing the performances against a naive algorithm. This fine-tuned algorithm

was then adapted to learn k-juntas. I found that under certain conditions, the algorithm

exhibits better performances than the literature.

1.3 Publications

The following papers are the product of the research undertaken during my PhD:

1. Tunable Quantum Neural Networks for Boolean Functions

Viet Pham Ngoc, Herbert Wiklicky. 2020.

Presented as a poster at Quantum Techniques in Machine Learning (QTML) 2020.
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2. Tunable Quantum Neural Networks in the QPAC-Learning

Viet Pham Ngoc, David Tuckey, Herbert Wiklicky. 2022.

Presented at Quantum Physics and Logic (QPL) 2022.

3. Exactly Learning under the Uniform Distribution with Tunable Quantum

Neural Networks and Amplitude Amplification

Viet Pham Ngoc, Herbert Wiklicky. 2023.

Accepted as a poster at QTML 2023.

This thesis is based on these papers.



Chapter 2

Background

2.1 Introduction

This chapter intends to introduce the knowledge necessary for a reader to form their own un-

derstanding of the research presented in this thesis. While some knowledge of mathematics is

required, no previous knowledge of quantum physics or quantum computing is necessary. This

chapter will first deal with some notions of general algebra before delving into the mathematical

framework for quantum computing. This will then lead to the presentation of the basics of this

field. These two last parts are mostly inspired by [57], considered by many to be an essen-

tial textbook for anyone interested in the field of quantum computing. Concerning quantum

computing, there exist many computing paradigms, among them are gate-based computing,

adiabatic computing and measurement-based computing. In this thesis we will only focus on

gate-based computing, hence we will only describe this model. We will also present some of

the well-known quantum algorithms stemming from this model, amongst which we will detail

the quantum amplitude amplification procedure.

5



6 Chapter 2. Background

2.2 Mathematical Background

2.2.1 Group

In Chapter 3, we will use the algebraic structure of groups that we define here.

Let G be a non-empty set, equipped with an inner operation + : G×G→ G. Then (G,+) is

said to be a group if this operation has the following properties:

• Associativity: ∀a, b, c ∈ G, a+ (b+ c) = (a+ c) + b

• Neutral element: ∃0 ∈ G, ∀a ∈ G, 0 + a = a+ 0 = a

• Inverse element: ∀a ∈ G, ∃b ∈ G, a+ b = b+ a = 0

This element is unique and is noted −a for a ∈ G.

The definition of a group does not assume the commutativity of the inner operation, that is:

∀a, b ∈ G, a+ b = b+ a (2.1)

However, there exist groups for which this operation is commutative, in which case, these groups

are called commutative groups or abelian groups.

Example 2.1:

Consider (C(R), ◦) the set of continuous functions from R to R, along with the composition

operation. Then it is a group but it is not a commutative group. On the contrary, (Z,+) the

set of the integers with the usual addition is an abelian group.

Subgroup generated by a set

Let (G,+) be a group and S a subset of G. ⟨S⟩ is called the subgroup generated by S: it is

the smallest subgroup of G containing S and is the subgroup made of combinations of a finite
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number of elements of S or their inverse:

⟨S⟩ =

{︄
m∑︂
i=1

(−1)ϵisi | m ∈ N,∀i, si ∈ S,∀i, ϵi ∈ {0, 1}

}︄
(2.2)

Example 2.2:

Consider the group (Z,+), then Z = ⟨1⟩.

Group morphism

Let (G,+) and (H, ∗) be two groups. A group morphism is a function ϕ : G→ H that preserves

the structure of the two groups:

∀a, b ∈ G, ϕ(a+ b) = ϕ(a) ∗ ϕ(b) (2.3)

A group morphism that is also bijective is called an isomorphism. If an isomorphism between

two groups exists, then these two groups are said to be isomorphic in which case they can be

considered as identical.

Galois field

Although this concept should have a section of its own, we will only briefly mention it at the

start of Chapter 3 and Galois fields being related to groups we will define them here. Let F be

a non empty set, together with the inner operations + and ×, (F,+,×) is a field if:

• (F,+) is a commutative group with neutral element 0

• (F \ {0},×) is a commutative group with neutral element 1

• × is distributive over +: ∀a, b, c ∈ F, a× (b+ c) = a× b+ a× c

A Galois field is then a finite field. If q is the cardinal of a Galois field, all finite fields of cardinal

q are isomorphic to each other so the same denomination can be used: Fq. The smallest Galois

field is then F2 = ({0, 1},+,×).
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2.2.2 Finite Dimensional Hilbert Space

Here we present the concept of finite dimensional complex Hilbert spaces that form the math-

ematical framework for quantum mechanics and quantum computing. A complex vector space

V is said to be a Hilbert space if it is equipped with an inner product and is a complete metric

space with respect to the metric induced by this inner product. In the following, we will briefly

present the notions that have been introduced in this definition.

Complex vector space

A non-empty set V is said to be a complex vector space if it is equipped with the two following

operations:

1. Vector addition such that (V,+) is a commutative group.

2. Scalar multiplication: C× V → V with the following properties:

• Associativity:

∀λ, µ ∈ C, ∀v ∈ V, λ(µv) = (λµ)v (2.4)

• Neutral element: if we denote 1, the identity element for the multiplication in C

(that is the regular 1) then:

∀v ∈ V, 1v = v (2.5)

• Distributivity with regard to the vector addition:

∀λ ∈ C, ∀u, v ∈ V, λ(u+ v) = λu+ λv (2.6)

• Distributivity with regard to the scalar addition:

∀λ, µ ∈ C, ∀v ∈ V, (λ+ µ)v = λv + µv (2.7)
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A subset S ⊆ V is said to be a spanning set for V if any vector of V can be expressed as a

linear combination of vectors of S:

∀v ∈ V, ∃u1, . . . , uk ∈ S, ∃λ1, . . . λk ∈ C, v = λ1u1 + . . .+ λkuk (2.8)

In addition, vectors v1, . . . vk ∈ V are said to be linearly independent if:

∀λ1, . . . λk ∈ C, λ1v1 + . . .+ λkvk = 0 ⇐⇒ λ1 = 0, . . . λk = 0 (2.9)

A set of linearly independent vectors of V that is also spanning V is called a basis of V . It

can be shown that, for any vector space V , there exists a basis and any two different bases of

V have the same cardinal. This common cardinal is called the dimension of V . While infinite

dimensional vector spaces exist, we will only consider finite dimensional vector spaces.

Example 2.3:

For n ∈ N, let us consider Cn. Then Cn is a complex vector space spanned by the linearly

independent set {e1, . . . , en} where ei is the zero vector with 1 on the i-th coordinate. This set

is called the canonical basis of Cn and the dimension of Cn is n.

Inner product

Let V be a complex vector space, an inner product is a function ⟨., .⟩ : V × V → C verifying

the following properties:

• Conjugate symmetry:

∀u, v ∈ V, ⟨u, v⟩ = ⟨v, u⟩∗ (2.10)

• Linearity in the second argument1:

∀λ ∈ C, ∀u, v, w ∈ V, ⟨u, λv + w⟩ = λ⟨u, v⟩+ ⟨u,w⟩ (2.11)

1In the mathematical literature, the inner product is defined as being linear in the first argument but in the
scope of quantum physic it is linear in the second argument which is consistent with the Dirac notation.



10 Chapter 2. Background

• Positive-definiteness:

∀v ∈ V, ⟨v, v⟩ ≥ 0 and ⟨v, v⟩ = 0 ⇐⇒ v = 0 (2.12)

Example 2.4:

In Cn, the function defined by:

⟨(u1, . . . , un), (v1, . . . , vn)⟩ =
n∑︂
i=1

u∗i vi (2.13)

Is an inner product for Cn

The inner product allows us to define orthogonality: two vectors u, v ∈ V are said to be

orthogonal if and only if:

⟨u, v⟩ = 0 (2.14)

In addition the inner product induces a norm ∥.∥, the canonical norm, defined by:

∀v ∈ V, ∥v∥ =
√︁
⟨v, v⟩ (2.15)

This norm, in turn, induces the metric d : V × V → R defined by:

∀u, v ∈ V, d(u, v) = ∥v − u∥ (2.16)

Hence, a complex vector space, equipped with an inner product is also a metric space.

Complete metric space

Let (M,d) a metric space. Then the sequence (uk) ∈ MN is said to be a Cauchy sequence if

and only if:

∀ϵ > 0, ∃N ∈ N, ∀k, l > N, d(uk, ul) < ϵ (2.17)

(M,d) is then said to be a complete metric space if any Cauchy sequence in M also converges

in M .
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Regarding the finite-dimensional complex vector space V equipped with an inner product, we

have seen that the inner product induces a metric d, making (V, d) a metric space. Being of

finite dimensional, it can be shown that (V, d) is a complete metric space2. Hence any finite-

dimensional vector space equipped with an inner product is a Hilbert space. In particular, for

n ∈ N, Cn is a Hilbert space. In fact, a complex vector space of dimension n being isomorphic

to Cn we can limit ourselves to these spaces3.

2.2.3 Matrix

Let V and W be two complex vector spaces. Then f : V → W is a linear map if:

∀u, v ∈ V, ∀λ ∈ C, f(u+ λv) = f(u) + λf(v) (2.18)

Suppose now that V and W are of finite dimensional n ∈ N and m ∈ N respectively. Let

{v1, . . . , vn} be a basis of V and {w1, . . . , wm} a basis of W . For j ∈ [1, . . . , n], as f(vj) ∈ W ,

and {wi}i∈[1,...m] being a basis for W , there exist ai,j ∈ C such that:

f(vj) =
m∑︂
i=1

ai,jwi (2.19)

Adopting the column vector representation, in the basis {wi}i∈[1,...m], we have:

f(vj) =

⎡⎢⎢⎢⎢⎣
a1,j
...

am,j

⎤⎥⎥⎥⎥⎦ = Cj (2.20)

2This stems from the fact that, in the finite-dimensional case, the convergence of a vector is component-wise
convergence and C is itself a complete metric space.

3Consider the linear map sending one basis of the space onto the canonical basis of Cn, then this map is an
isomorphism.
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{vj}j∈[1,...n] being itself a basis of V , for x ∈ V , there exist xj ∈ C such that x =
∑︁n

j=1 xjvj and

f being a linear map, it follows that:

f(x) =
n∑︂
j=1

xjf(vj) =
n∑︂
j=1

xjCj (2.21)

Where the last equality has been written in the {wi}i∈[1,...m] basis. If we collect the columns Cj

into a matrix:

A = [C1 . . . Cn] (2.22)

Then A is called the matrix representation of the linear map f in the bases {vj}j∈[1,...n] and

{wi}i∈[1,...m]. And we have:

f(x) =
n∑︂
j=1

xjCj = Ax (2.23)

If V = W , then f is called an endomorphism. If f is invertible, it is called an isomorphism

and its inverse is also an isomorphism. If f is an isomorphism, the spaces V and W are

said to be isomorphic which implies that they have the same dimension. Often times, the

matrix representation of a linear map f : V → W is given in the canonical bases of V and W

respectively and the two are conflated with one another. From now on, we will only consider

linear maps through matrices. The space of all the matrices with m rows, n columns and

complex coefficients is denoted Mm×n(C), and if m = n, the space of all complex square

matrices is denotedMn(C).

Hermitian conjugate

Let V and W be two Hilbert spaces of respective dimensions n and m. Let A : V → W be a

linear map, then it can be shown that there exists a unique linear map A† : W → V verifying4:

∀v ∈ V, ∀w ∈ W, ⟨w,Av⟩W = ⟨A†w, v⟩V (2.24)

Where A† is called the Hermitian conjugate or the adjoint and has the following properties:

4Once again the definition will differ from the one found in mathematical literature but it is consistent with
the right linearity of the inner product as defined previously.
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• ∀A ∈Mm×n(C),
(︁
A†)︁† = A

• ∀A,B ∈Mm×n(C), ∀λ ∈ C, (A+ λB)† = A† + λ∗B†

Now, if W = V , we have the additional properties:

• ∀A,B ∈Mn(C), (AB)† = B†A†

• If A is invertible, so is A† and we have
(︁
A†)︁−1

= (A−1)
†

If we consider the matrix representation, the Hermitian conjugate of A is simply the transposed

complex conjugate of A, that is:

A† = (A∗)t (2.25)

Linear forms

Let V be a Hilbert space. One type of linear maps of particular interest arises when considering

the linear maps from V to C. These linear maps are then called linear forms and the space of

the linear forms from V to C is called the dual space of V , noted V ∗. It can be shown that V ∗ is

a vector space that is isomorphic to V . In fact, the inner product on V induces an isomorphism

between V and V ∗. Indeed, consider Φ defined as follows:

Φ :

⎧⎪⎪⎨⎪⎪⎩
V → V ∗

v ↦→ ⟨v, .⟩
(2.26)

Then Φ is an isomorphism and for v ∈ V , Φ(v) ∈ V ∗ will be called the covector of v. In terms

of matrix representation, it comes that:

Φ(v) = (v∗)t = v† (2.27)

From now on, we will only consider matrices inMn(C) for n ∈ N. From the notion of adjoint

stem two categories of square matrices that are fundamental in the field of quantum mechanics:

hermitian matrices and unitary matrices.
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Hermitian matrix

Let n ∈ N and A ∈Mn(C), then A is said to be hermitian if it is self adjoint, meaning that it

is equal to its adjoint or formally:

A = A† = (A∗)t (2.28)

Example 2.5:

Among the hermitian matrices, the Pauli matrices are particularly important. They can

be denoted σ1, σ2, σ3 or σx, σy, σz. The notation that will be used throughout this thesis is

X,Y,Z ∈M2 (C) defined by:

X =

⎡⎢⎣0 1

1 0

⎤⎥⎦ , Y =

⎡⎢⎣ 0 i

−i 0

⎤⎥⎦ , and Z =

⎡⎢⎣1 0

0 −1

⎤⎥⎦ (2.29)

The properties of this set will be studied further throughout this chapter but it can already be

established that they are involutory, meaning that they are their own inverse:

X = X−1, Y = Y−1 and Z = Z−1 (2.30)

This can also be written:

X2 = Y2 = Z2 = I (2.31)

Where I ∈M2 (C) is the identity matrix. They are anti-commuting:

XY = −YX, XZ = −ZX and YZ = −ZY (2.32)

And we also have:

XY = iZ, YZ = iX and ZX = iY (2.33)
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Unitary matrix

Let n ∈ N and A ∈Mn(C), then A is said to be unitary if it is invertible and its inverse is its

adjoint:

A−1 = A† (2.34)

Example 2.6:

The Pauli matrices being hermitian and involutory, they are also unitary matrices. Other

examples of unitary matrices are the rotation matrices R(θ) defined, for θ ∈ R, by:

R(θ) =

⎡⎢⎣cos(θ) − sin(θ)

sin(θ) cos(θ)

⎤⎥⎦ (2.35)

If U(n) is the set of all the unitary matrices of size n, then U(n) equipped with the matrix

multiplication is a group called the unitary group. This means that:

• The identity matrix I is unitary.

• ∀A,B ∈ U(n), AB ∈ U(n)

• ∀A ∈ U(n), A−1 ∈ U(n)

An interesting property of the unitary matrices is that they conserve the inner product:

∀A ∈ U(n), ∀u, v ∈ Cn, ⟨Au,Av⟩ = ⟨u, v⟩ (2.36)

Eigenvalues and eigenvectors

Let n ∈ N and A ∈ Mn(C). v ∈ Cn is said to be an eigenvector of A associated with the

eigenvalue λ ∈ C if:

v ̸= 0 and Av = λv (2.37)
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A matrixA ∈Mn(C) is said to be diagonalisable if there exists a set of vectors {v1, . . . , vn} that

are both eigenvectors of A, associated with the eigenvalues {λ1, . . . , λn} and form a basis of Cn.

A is said to be diagonalisable because in the basis {v1, . . . , vn}, referred to as the eigenbasis,

its representation is the diagonal matrix: diag(λ1, . . . , λn). If in addition, {v1, . . . , vn} is an

orthonormal basis, A is said to be unitarily diagonalisable. In this case, A can easily be

decomposed as follows:

A =
n∑︂
i=1

λiviv
†
i (2.38)

This leads to a strong characterisation called the spectral theorem. A matrix A is said to be

normal if it commutes with its adjoint:

AA† = A†A (2.39)

The spectral theorem then states that a matrix is normal if and only if it is unitarily diagonal-

isable.

Regarding the hermitian matrices, as they are their own adjoint, they are also normal, hence

according to the spectral theorem, they are diagonalisable. There exist an additional result

related to their eigenvalues: a matrix is hermitian if and only if it is normal and its eigenvalues

are real.

On the same note, as the inverse of unitary matrices is their adjoint, they are normal. And

concerning their eigenvalues: a matrix is unitary if and only if it is a normal matrix and its

eigenvalues of modulus 1.

Example 2.7:

Coming back to the Pauli matrices X,Y and Z introduced in Example 2.5. As seen previously

they are hermitian so unitarily diagonalisable and their eigenvalues are real numbers. In addi-

tion, they are also unitary so their eigenvalues must have modulus 1. All in all, this means that

their eigenvalues are in {−1, 1}. As they are not I or −I we can conclude that their eigenvalues
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are exactly −1 and 1. Their eigenvectors being:

X
1√
2
[1, 1]t =

1√
2
[1, 1]t and X

1√
2
[1,−1]t = − 1√

2
[1,−1]t (2.40)

Y
1√
2
[i, 1]t =

1√
2
[i, 1]t and Y

1√
2
[1, i]t = − 1√

2
[1, i]t (2.41)

Z[1, 0]t = [1, 0]t and Z[0, 1]t = −[0, 1]t (2.42)

2.2.4 Tensor Product

Let n,m ∈ N, the tensor product of Cn and Cm, denoted Cn ⊗ Cm, is a vector space arising

from the bilinear map ⊗ defined by:

⎧⎪⎪⎨⎪⎪⎩
Cn × Cm → Cn ⊗ Cm

(u, v) ↦→ u⊗ v
(2.43)

If {a1, . . . , an} and {b1, . . . , bm} are basis of Cn and Cm, then {ai ⊗ bj | 1 ≤ i ≤ n, 1 ≤ j ≤ m}

is a basis of Cn⊗Cm and for u = λ1a1+ . . . λnan ∈ Cn and v = µ1b1+ . . . µmam ∈ Cm we have:

u⊗ v =
∑︂
i,j

λiµjai ⊗ bj (2.44)

In addition, Cn ⊗ Cm is equipped with an inner product defined by:

∀u1, u2 ∈ Cn, ∀v1, v2 ∈ Cm, ⟨u1 ⊗ v1, u2 ⊗ v2⟩ = ⟨u1, u2⟩⟨v1, v2⟩ (2.45)

So Cn ⊗ Cm is a Hilbert space of dimension nm, hence it is isomorphic to Cnm.

Now let A ∈ Mn(C) and B ∈ Mm(C), then their tensor product A ⊗ B, also known as

Kronecker product, is defined by:

∀u ∈ Cn, ∀v ∈ Cm, (A⊗B)(u⊗ v) = (Au)⊗ (Bv) (2.46)
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In terms of matrix coefficients, if A = [ai,j]1≤i,j≤n, then:

A⊗B =

⎡⎢⎢⎢⎢⎣
a1,1B · · · a1,nB

...
. . .

...

an,1B · · · an,nB

⎤⎥⎥⎥⎥⎦ (2.47)

So A⊗B ∈Mnm(C).

Example 2.8:

Consider C2 with its canonical basis {e1 = [1, 0]t, e2 = [0, 1]}, then:

e1 ⊗ e1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1

⎡⎢⎣1
0

⎤⎥⎦
0

⎡⎢⎣1
0

⎤⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

0

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, e1 ⊗ e2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1

⎡⎢⎣0
1

⎤⎥⎦
0

⎡⎢⎣0
1

⎤⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0

1

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

e2 ⊗ e1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0

⎡⎢⎣1
0

⎤⎥⎦
1

⎡⎢⎣1
0

⎤⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0

0

1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, e2 ⊗ e2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0

⎡⎢⎣0
1

⎤⎥⎦
1

⎡⎢⎣0
1

⎤⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
And {e1 ⊗ e1, e1 ⊗ e2, e2 ⊗ e1, e2 ⊗ e2} is a basis of C2 ⊗ C2 which is itself isomorphic to C4.

Now if we consider the Pauli matrices introduced in Example 2.5. We have, for example:

X⊗Y =

⎡⎢⎣0Y 1Y

1Y 0Y

⎤⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 i

0 0 −i 0

0 i 0 0

−i 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(2.48)
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And:

Y ⊗X =

⎡⎢⎣ 0X iX

−iX 0X

⎤⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 i

0 0 i 0

0 −i 0 0

−i 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(2.49)

Notice that the tensor product is not commutative as X⊗Y ̸= Y ⊗X.

The tensor product also holds the following properties:

• ∀A,C ∈Mn(C), ∀B,D ∈Mm(C), (A⊗B)(C⊗D) = (AC)⊗ (BD)

• ∀A ∈Mn(C), ∀B ∈Mm(C), (A⊗B)† = A† ⊗B†

• For A ∈ Mn(C) and B ∈ Mm(C), A ⊗ B is invertible if and only if A and B are

invertible, in which case: (A⊗B)−1 = A−1 ⊗B−1

From these properties, it comes that a tensor product of hermitian matrices is a hermitian

matrix and the tensor product of unitary matrices is also a unitary matrix.

2.2.5 Dirac Notation

This section is intended to provide a link between the fields of mathematics and quantum me-

chanics by introducing the Dirac notation. This notation is widely used in quantum mechanics

to denote vectors and covectors using respectively the ket and the bra.

Let n ∈ N, a vector v ∈ Cn will be denoted with the ket notation:

|v⟩ (2.50)

The covector of v will then be denoted using the bra notation:

⟨v| (2.51)
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And we thus have the relation:

⟨v| = |v⟩† (2.52)

The Dirac notation offers some useful notational shortcuts. Among them, for u, v ∈ Cn, the

inner product between u and v is written:

⟨u|v⟩ (2.53)

This notation explains why the inner product has been defined as linear in the second argument

and anti-linear in the first argument. If A ∈Mn(C) has eigenvalue λ, then one can denote |λ⟩

to refer to an eigenvector corresponding to λ, that is:

A |λ⟩ = λ |λ⟩ (2.54)

So if A is unitarily diagonalisable with eigenvalues {λ1, . . . , λn}, A can be decomposed as:

A =
n∑︂
i=1

λi |λi⟩ ⟨λi| (2.55)

Finally, the Dirac notation allows for more compact writing of tensor products. For n,m ∈ N,

if u ∈ Cn and v ∈ Cm, the tensor product of u and v can be written:

|u⟩ ⊗ |v⟩ = |u⟩ |v⟩ = |u, v⟩ = |uv⟩ (2.56)

2.3 Quantum Computing Background

2.3.1 The Postulates of Quantum Mechanics

Here we will state the four postulates of quantum mechanics as can be found in [57]. These

postulates map the physical reality to the mathematical framework used to describe it.
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First postulate

The state space of any closed physical system is a complex Hilbert space. The system is

completely described by its state vector which is a unit vector. This means that if Cn is the

state space of the system, then its state can be described by |ψ⟩ ∈ Cn such that:

∥ |ψ⟩ ∥ =
√︁
⟨ψ|ψ⟩ = 1 (2.57)

Example 2.9:

Suppose the state space to be C2, then by denoting {|0⟩ , |1⟩} its canonical basis, a state vector

can be any vector a |0⟩+ b |1⟩ such that:

a, b ∈ C and
√︁
|a|2 + |b|2 = 1 (2.58)

Second postulate

The evolution in time of a closed system is described by a unitary transformation. Suppose

that the system evolves from the state |ψ1⟩ ∈ Cn to the state |ψ2⟩ ∈ Cn. Then there exists

U ∈ U(n) such that:

|ψ2⟩ = U |ψ1⟩ (2.59)

Example 2.10:

The Pauli matrices introduced in Example 2.5, being also unitary matrices, can be used to

describe the evolution of a physical system evolving in C2. Another widely used transformation

is the Hadamard transformation H:

H =
1√
2

⎡⎢⎣1 1

1 −1

⎤⎥⎦ (2.60)
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Third postulate

Quantum measurements are described by a set {Mm} of measurement operators. Those are

linear maps acting on the state space and verifying the completeness equation:

∑︂
m

M†
mMm = I (2.61)

The index m here refers to one of the possible outcomes of the measurement. When applying

the measurement to the state |ψ⟩, the probability p(m) of measuring m is given by:

p(m) = ⟨ψ|M†
mMm |ψ⟩ (2.62)

Immediately after measuring m, the system will collapse to the state |ψm⟩:

|ψm⟩ =
Mm |ψ⟩√︂

⟨ψ|M†
mMm |ψ⟩

(2.63)

Example 2.11:

One important type of measurement is the projective measurement. A projective measurement

is described by an observable that is a hermitian matrix M. M being hermitian, we know that

it is unitarily diagonalisable and its eigenvalues are real numbers. This means that M can be

decomposed as:

M =
∑︂

λ∈Sp(M)

λPλ (2.64)

Where Sp(M) is the set of the distinct eigenvalues of M and for λ ∈ Sp(M), Pλ is the

orthogonal projector onto the eigenspace associated to λ. M being unitarily diagonalisable, we

have Pλ = P2
λ = P†

λ and ∑︂
λ∈Sp(λ)

Pλ = I (2.65)

So: ∑︂
λ∈Sp(λ)

P†
λPλ = I (2.66)

Meaning that it is valid to perform measurements in the eigenbasis of a hermitian matrix.
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Fourth postulate

The state space of a composite system is the tensor product of the component systems. This

means that if the composite system is made of s systems that are in the respective states

|ψ1⟩ , . . . , |ψs⟩, then the overall system is in state:

|ψ1⟩ ⊗ . . .⊗ |ψs⟩ = |ψ1, . . . , ψs⟩ (2.67)

Example 2.12:

From this description of composite systems arises the intriguing concept of entanglement that

is unique to quantum mechanics. A composite system is said to be in an entangled state if its

state vector can not be decomposed as a tensor product of the states of its component systems.

Prime and fundamental examples of such entangled states are the Bell states. Consider C2⊗C2,

where, as in Example 2.9, the canonical basis of C2 is denoted {|0⟩ , |1⟩}, then the four Bell

states are defined by:

⃓⃓
Φ±⟩︁ = |00⟩ ± |11⟩√

2
and

⃓⃓
Ψ±⟩︁ = |01⟩ ± |10⟩√

2
(2.68)

It can be shown that none of these states can be decomposed as a tensor product of two vector

states in C2. Hence those states are said to be entangled states.

2.3.2 Quantum Computing Framework

The qubit

The most elementary system in the theory of quantum computing is the qubit. This is a two-

dimensional system hence, according to the first postulate, its state space is C2 and we denote

the canonical basis:

|0⟩ =

⎡⎢⎣1
0

⎤⎥⎦ and |1⟩ =

⎡⎢⎣0
1

⎤⎥⎦ (2.69)
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This basis is also called the computational basis. A qubit can then be described by the state

vector:

a |0⟩+ b |1⟩ where a, b ∈ C and |a|2 + |b|2 = 1 (2.70)

If a ̸= 0 and b ̸= 0, then the qubit is said to be in superposition of the states |0⟩ and |1⟩ and

performing a projective measurement using the observable Z, the possible outcomes will be:

1 with probability |a|2 or − 1 with probability |b|2 (2.71)

So after measurement, the superposition will collapse to the state

|0⟩ with probability |a|2 or |1⟩ with probability |b|2 (2.72)

Another well-known one qubit basis is given by the states |+⟩ and |−⟩ defined by:

|+⟩ = |0⟩+ |1⟩√
2

and |−⟩ = |0⟩ − |1⟩√
2

(2.73)

Multiple qubits system

Suppose now that we are working with a system comprising of n qubits, then according to the

fourth postulate, the system’s state space is (C2)⊗n that is isomorphic to C2n . The computa-

tional basis of this system is then:

{|x⟩ | x ∈ {0, 1}n} (2.74)

And the state of the system can be described by any state vector of the form:

∑︂
x∈{0,1}n

ax |x⟩ where ∀x ∈ {0, 1}n, ax ∈ C and
∑︂

x∈{0,1}n
|ax|2 = 1 (2.75)
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Quantum gates

Now that the computation units have been introduced, the question of what can be done with

them arises. Although there exist other models for quantum computation, we will only focus

on gate-based quantum computing. The second postulate states that any transformation to the

system must be a unitary transformation. From now on, we will call a unitary transformation

a quantum gate as they can be seen as the quantum version of the classical logic gates. The

simplest of these quantum gates are the single qubit gates, acting on one qubit. These gates

are elements of U(2) and the Pauli matrices as well as the Hadamard transformation are single

qubit gates. Other possible single qubit gates are the rotation gates RX(θ), RY (θ) and RZ(θ)

defined for θ ∈ R by:

Rx(θ) = e−
iθX
2 =

⎡⎢⎣ cos
(︁
θ
2

)︁
−i sin

(︁
θ
2

)︁
i sin

(︁
θ
2

)︁
cos
(︁
θ
2

)︁
⎤⎥⎦ (2.76)

Ry(θ) = e−
iθY
2 =

⎡⎢⎣cos (︁ θ2)︁ − sin
(︁
θ
2

)︁
sin
(︁
θ
2

)︁
cos
(︁
θ
2

)︁
⎤⎥⎦ (2.77)

Rz(θ) = e−
iθZ
2 =

⎡⎢⎣e−i θ2 0

0 ei
θ
2

⎤⎥⎦ (2.78)

Notice that the Ry gate is the usual rotation matrix as introduced in Example 2.6. Actually,

it can be shown [57, Theorem 4.1] that up to a phase factor, any single qubit gate can be

decomposed as a product of some of these rotation gates.

Regarding systems with multiple qubits, suppose the state space is C2n , we could apply single

qubit gates Ui ∈ U(2) to each of the composite systems, resulting in the overall gate:

U = U1 ⊗ . . .⊗Un ∈ U(2n) (2.79)

However, in that case, each qubit would evolve independently from the others. It would thus

be more interesting if we could apply gates that, in one way, make qubits interact with each

other. One such gate is the controlled NOT gate, denoted CNOT or CX that takes as inputs
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two qubits, one control qubit and one target qubit, and will apply the X gate on the target

qubit only if the control qubit is in the state |1⟩. In a two qubits system where the first qubit

is the control one and the second is the target qubit, the CNOT gate is given by:

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(2.80)

In fact, it is possible to take any single qubit gate and make a controlled version of it. There

also exist gates that are controlled by more than one qubit. For example, the Toffoli gate is a

X gate that is controlled by two qubits. While there exist many other multi-qubits gates that

are other than controlled gates, the work of this thesis revolves around X gates controlled by

multiple qubits.

Quantum circuits

A quantum circuit is a graphical representation of the transformation applied to a system

of multiple qubits that is akin to classical logic circuits. In a quantum circuit, a qubit is

represented by a wire and a gate is represented by a block covering the qubits it is acting on.

If a gate is a controlled gate, a “switch” linked to the control qubits is added to the gate.

Finally, measurements are represented with a meter symbol, if not specified, the measurements

will usually be done in the computational basis or equivalently in the Z basis. In Figure 2.1

are represented some gates commonly found in the quantum computing literature as well as

the measurement representation. A quantum circuit is then built by assembling these different

H

(a) Hadamard gate

•

(b) CNOT gate

•
•

(c) Toffoli gate (d) Measurement

Figure 2.1: Common quantum circuit components
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components. Starting from the left with the initial state, usually, all the qubits are initialised

in the |0⟩ state, the quantum gates are added to the circuit in the desired configuration and

finally, the quantum circuits are usually terminated by measurements so that a result can be

measured. In Figure 2.2 is depicted a quantum circuit that creates the Bell state |Φ+⟩, starting

from the state |00⟩. Right before the measurement, the system is indeed in state |Φ+⟩. The

|0⟩ H •

|0⟩

Figure 2.2: Quantum circuit creating the Bell state |Φ+⟩ and performing measurement

measurements performed at the end of this circuit will then yield {+1,+1} or {−1,−1} with

probability 1
2
each. Actually as |Φ+⟩ is an entangled state, it would have been sufficient to just

measure one of the qubits.

2.3.3 Quantum Algorithms

Quantum algorithms are procedures that in one way or another involve quantum circuits and

most importantly leverage quantum phenomena such as superposition and entanglement. By

doing so, some of the quantum algorithms exhibit a speed-up when compared to their classical

counterparts. In the following we list and slightly detail some of the most famous quantum

algorithms.

Certainly among the pantheon of quantum algorithms is Shor’s algorithm [73]. By using super-

position, entanglement and quantum Fourier transform, this algorithm can find a prime factor

of a number. While for large numbers this is a notoriously hard task for classical comput-

ers, with the best-known complexity being sub-exponential, Shor’s algorithm can theoretically

perform the same task with a polylogarithmic complexity.

Other quantum algorithms that may be more closely related to the work of this thesis are

oracle identification algorithms. While the tasks solved by these algorithms can differ, they
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all involve a Boolean function in which a characteristic has to be identified. For example, the

Deutsch-Jozsa algorithm [24] will differentiate between a balanced function and a constant one.

If n is the number of variables of the function, then classically, the worst case requires 2n−1 +1

different evaluations of the function. On the other hand, by using a superposition of all the

possible inputs, entangled with their respective image by the Boolean function, the quantum

algorithm can determine the nature of the function in just one query to function oracle. In

a similar way, the Bernstein-Vazirani algorithm [11] will find the secret string generating the

Boolean function via dot product. If n is the number of variables, it does so with only one

query to the oracle instead of n for the classical algorithm.

Finally, the other archetypal example of a quantum algorithm is Grover’s algorithm [34] which

is a search algorithm. Given an unstructured database of N elements, a classical algorithm will

require approximately N operations to find a marked element within this database. Once again

by using a superposition of all the elements of the database, entangled with their respective

mark, Grover’s algorithm will find the marked element after
√
N application of a specific

operator.

2.3.4 Quantum Amplitude Amplification

Throughout this thesis, we will use a procedure named quantum amplitude amplification or

amplitude amplification for short. This procedure, introduced by [15], can be seen as a gener-

alisation of the previously mentioned Grover’s algorithm [34] as it works for any configuration

of superposition where Grover’s algorithm only works with the uniform superposition. As its

name suggests, amplitude amplification allows to amplify the amplitude of states that are of

interest so that in the end, the probability of measuring one of them is close to 1. While

the basis used in [15] is the computational basis, the version presented here works with any

orthonormal basis.

Let n ∈ N, A = {|αk⟩} and B = {|βk⟩} orthonormal basis of the Hilbert space C2n and suppose
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we have U ∈ U(2n) such that :

U |α0⟩ = |ψ⟩ =
∑︂
x∈B

bx |x⟩ (2.81)

Now let G ⊆ {|βk⟩} be the set of the good states, that is, the states we are interested in. |ψ⟩

can be rewritten:

|ψ⟩ =
∑︂
x∈G

bx |x⟩+
∑︂
x/∈G

bx |x⟩ (2.82)

Let θ ∈
[︁
0, π

2

]︁
such that:

sin(θ) =

√︄∑︂
x∈G

|bx|2 (2.83)

Then |ψ⟩ can be rewritten:

|ψ⟩ = sin(θ) |ψG⟩+ cos(θ) |ψ�G⟩ (2.84)

Where And |ψG⟩ and |ψ�G⟩ are the normalised states:

|ψG⟩ =
1

sin(θ)

∑︂
x∈G

bx |x⟩ (2.85)

And:

|ψ�G⟩ =
1

cos(θ)

∑︂
x/∈G

bx |x⟩ (2.86)

Then when measuring in the B basis, the probability of measuring a state in G is equal to

sin2(θ). In order to perform amplitude amplification, two more operators are needed, namely

XG, defined in the B basis by:

XG = I− 2
∑︂
x∈G

|x⟩ ⟨x| (2.87)

So for |x⟩ ∈ B, XG will act as follows:

XG |x⟩ =

⎧⎪⎪⎨⎪⎪⎩
− |x⟩ if |x⟩ ∈ G

|x⟩ else

(2.88)
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And Xα0 defined in the A basis by:

Xα0 = I− 2 |α0⟩ ⟨α0| (2.89)

Similarly to XG, Xα0 has the following action on the A basis:

Xα0 |x⟩ =

⎧⎪⎪⎨⎪⎪⎩
− |x⟩ if |x⟩ = |α0⟩

|x⟩ else

(2.90)

These operators allow to define the diffusion operator Q:

Q = −UXα0U
†XG (2.91)

The quantum circuit for Q is depicted in Figure 2.3a

As shown in [15], for k ∈ N:

Qk |ψ⟩ = sin((2k + 1)θ) |ψG⟩+ cos((2k + 1)θ) |ψ�G⟩ (2.92)

So by taking k0 ∈ N such that (2k0 + 1)θ ≈ π
2
it is possible to measure a good state with high

probability. The quantum circuit for the whole amplitude amplification procedure is represented

in Figure 2.3b

XG U† −Xα0 U...
...

(a) Quantum circuit for Q

U Qk...
...

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩|α0⟩

(b) Quantum circuit for amplitude amplification

Figure 2.3: Quantum circuits for the diffusion operator (Figure 2.3a) and amplitude amplifica-
tion (Figure 2.3b)



Chapter 3

Tunable Neural Networks

3.1 Introduction

In this chapter, we introduce the architecture that we named tunable quantum neural networks.

This construction relies on the correspondence, introduced by [88] and most recently by [14],

between the algebraic normal form of a Boolean function and a quantum circuit made of multi-

controlled X gates acting on a single ancillary qubit. We prove that this correspondence is

correct and unique by building a group isomorphism between the set of Boolean functions and

the set of multi-controlled X gates of this type. While this construction is quite simple, to

the best of our knowledge, such a proof did not exist. This allows us to introduce a quantum

circuit ansatz whose gates can be tuned in order to exactly learn any Boolean functions.

This circuit can be likened to a neural network in the sense that each gate can only perform

a simple operation on the input data as well as the output of the previous gate. The circuit

taken as a whole is then able to compute complex Boolean functions. The gates of this circuit

can then be tuned in order to learn, either exactly or approximately, any Boolean function.

This training process will be the subject of the following chapters where this architecture will

be studied in different learning frameworks.

31
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3.2 The Algebraic Normal Form of Boolean Functions

Let F2 = ({0, 1},⊕, .) be the smallest Galois field that will be identified with the set of Boolean

values and denoted B. In this case, ⊕ denotes the logical operator XOR and . denotes the

logical operator AND. For n ∈ N, BBn
is the set of the functions from Bn to B, also known as

Boolean functions.

Definition 3.1:

Let n ∈ N. For f, g ∈ BBn
we define f ⊕ g ∈ BBn

by:

f ⊕ g : x ↦→ f(x)⊕ g(x) (3.1)

From this definition of the XOR operator over two Boolean functions, we have the following:

Lemma 3.2:

For n ∈ N,
(︁
BBn

,⊕
)︁
is a finite abelian group where the identity element is the constant function

0 and where each element is its own inverse.

Proof :

Let f, g ∈ BBn
:

Let x ∈ Bn, by definition of ⊕, we have: (f ⊕ g)(x) = f(x)⊕ g(x) ∈ B so: f ⊕ g ∈ BBn
.

Let f, g, h ∈ BBn
:

Let x ∈ Bn, then ((f⊕g)⊕h)(x) = (f⊕g)(x)⊕h(x) = (f(x)⊕g(x))⊕h(x) = f(x)⊕(g(x)⊕h(x)).

So ((f ⊕ g)⊕ h)(x) = f(x)⊕ (g ⊕ h)(x) = (f ⊕ (g ⊕ h))(x) hence: (f ⊕ g)⊕ h = f ⊕ (g ⊕ h)

Let f ∈ BBn
, and 0 ∈ BBn

the constant function:

Let x ∈ Bn, (f ⊕0)(x) = f(x)⊕0(x) = f(x)⊕ 0 = f(x) = 0⊕ f(x) = 0(x)⊕ f(x) = (0⊕ f)(x)

so f ⊕ 0 = 0⊕ f and 0 is the identity element.

Let f ∈ BBn
: Let x ∈ Bn, (f ⊕ f)(x) = f(x)⊕ f(x) = 0 = 0(x) so f ⊕ f = 0 and f is its own

inverse. ■

Definition 3.3:
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Let n ∈ N and u = u0 . . . un−1 ∈ Bn. We denote:

1u = {i ∈ [0, . . . , n− 1] | ui = 1} (3.2)

1u is the set of the indices for which a component of u is equal to 1

Definition 3.4:

Let n ∈ N. For x ∈ Bn and u ∈ Bn \ {0}. We define xu as:

xu =
∏︂
i∈1u

xi (3.3)

And for x ∈ Bn, we denote:

x0 = 1 (3.4)

This allows us to define the following function:

Definition 3.5:

Let n ∈ N and u ∈ Bn. We denote mu ∈ BBn
the function defined by:

mu : x ↦→ xu (3.5)

mu is then called a monomial.

Definition 3.6:

Let n ∈ N andMn = {mu | u ∈ Bn} be the set of all the monomials in BBn
.

We denote by An the subgroup of
(︁
BBn

,⊕
)︁
generated byMn.

Theorem 3.7:

Let n ∈ N and An the subgroup of
(︁
BBn

,⊕
)︁
as defined in Definition 3.6, then:

An = BBn

(3.6)

Proof :
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Let n ∈ N. The commutativity of ⊕ and the fact that for u ∈ Bn, we have mu = m−1
u lead to:

An =

{︄⨁︂
u∈Bn

αumu | ∀u ∈ Bn, αu ∈ {0, 1}

}︄
(3.7)

As An is a subgroup of BBn
we have An ⊆ BBn

.

Now take {αu}u∈Bn , {βu}u∈Bn ∈ {0, 1}2n such that {αu}u∈Bn ̸= {βu}u∈Bn and denote

D = {u ∈ Bn | αu ̸= βu} (3.8)

And suppose: ⨁︂
u∈Bn

αumu =
⨁︂
u∈Bn

βumu (3.9)

Then: ⨁︂
u∈Bn

αumu ⊕
⨁︂
u∈Bn

βumu =
⨁︂
u∈Bn

(αu ⊕ βu)mu =
⨁︂
u∈D

mu = 0 (3.10)

In Equation 3.10, the terms αu and βu taking value in {0, 1} have voluntarily been conflated

with their Boolean values to express the fact that mu is an involution. Let u0 ∈ D with minimal

Hamming weight, that is u0 is such that |1u0| is the smallest among all u ∈ D. Let u ∈ D\{u0}

then there exist i ∈ 1u such that i /∈ 1u0 , meaning u0i = 0, which leads to mu(u
0) = 0. As

mu0(u
0) = 1 we have: ⨁︂

u∈D

mu(u
0) = 1 ̸= 0 (3.11)

So
⨁︁

u∈Dmu ̸= 0 hence: ⨁︂
u∈Bn

αumu ̸=
⨁︂
u∈Bn

βumu (3.12)

From what precedes, we conclude that |An| = 22
n
=
⃓⃓
BBn
⃓⃓
and thus: An = BBn

■

In essence, Theorem 3.7 states that any f ∈ BBn
can uniquely be written under the form:

f =
⨁︂
u∈Bn

αfumu (3.13)

This polynomial representation is called the algebraic normal form (ANF). The ANF is of
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interest as it renders explicit the relation between the inputs of a Boolean function and the

corresponding output using only two simple Boolean operators: XOR and AND. While there

exist other polynomial representations such as the disjunctive normal form, the ANF is partic-

ularly suited to being used in the context of quantum computing as it can easily be translated

into a quantum circuit as will be shown later. In Table 3.1 are gathered some functions of BB2

along with their algebraic normal form and the corresponding coefficients.

function {α00, α01, α10, α11} ANF

0 {0, 0, 0, 0} 0
1 {1, 0, 0, 0} 1

AND(x0x1) {0, 0, 0, 1} x0.x1
XOR(x0x1) {0, 1, 1, 0} x0 ⊕ x1
OR(x0x1) {0, 1, 1, 1} x0 ⊕ x1 ⊕ x0.x1
NOT(x0) {1, 0, 1, 0} 1⊕ x0

Table 3.1: Some functions of BB2
with their respective ANF

For the sake of completeness, we present a way to construct the algebraic normal form of a

Boolean function. There are several different methods but here we present the method of

indeterminate coefficients [45] through an example.

Example 3.8:

Suppose we wish to express the ANF of the function OR ∈ BB2
defined by Table 3.2.

x 00 01 10 11
OR(x) 0 1 1 1

Table 3.2: Truth table of OR

The outputs of f can be gathered in the vector vf = (0, 1, 1, 1)T and we are looking for the

vector cf = (αf00, α
f
01, α

f
10, α

f
11) such that Mcf = vf where M is the matrix constructed as

follow: Mx,u = mu(x). In our case:

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

1 1 0 0

1 0 1 0

1 1 1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(3.14)
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It can be shown that M = M−1 in B4×4, so we have cf = Mvf that is cf = (0, 1, 1, 1)T . This

leads to the ANF: OR(x0x1) = x0 ⊕ x1 ⊕ x0x1 which is matching the one given in Table 3.1.

In this section, for n ∈ N, we have equipped the set of the Boolean functions from Bn to B

with the ⊕ operator and shown that it has a group structure. This allowed us to show that any

function of BBn
can uniquely be expressed under a polynomial form that only involves theAND

and XOR logical operator. From this preliminary work, we will derive a way of expressing

any function of BBn
into a quantum circuit of n+1 qubits using exclusively multi-controlled X

gates.

3.3 From Algebraic Normal Form to Quantum Circuit

Let n ∈ N, and consider a quantum circuit operating on n+1 qubits separated in two registers

|x0 . . . xn−1⟩ |qr⟩ where the first register of n qubits is the input register and the second register

of one qubit is the read-out register.

Definition 3.9:

Let u ∈ Bn, we denote Cu the multi-controlled X gates that is acting on the read-out qubit

|qr⟩ and controlled by the qubits {|xi⟩ | i ∈ 1u} where 1u is as in Definition 3.3.

In Figure 3.1 are represented all the possible gates for the case n = 2. We now show some

|x0⟩
|x1⟩
|qr⟩ X

(a) C00

|x0⟩
|x1⟩ •

|qr⟩ X

(b) C01

|x0⟩ •
|x1⟩
|qr⟩ X

(c) C10

|x0⟩ •
|x1⟩ •

|0r⟩ X

(d) C11

Figure 3.1: The set of the possible Cu gates for n = 2

properties pertaining to this type of gate. These properties will result in a way of easily

expressing any Boolean function through a quantum circuit composed exclusively of gates of

the type defined in Definition 3.9.
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Proposition 3.10:

Let n ∈ N and u ∈ Bn then:

∀x ∈ Bn, qr ∈ B,Cu |x⟩ |qr⟩ = |x⟩ |qr ⊕mu(x)⟩ (3.15)

Where mu is defined in Definition 3.5

Proof :

Let n ∈ N and u ∈ Bn. Take Cu the quantum gate as in Definition 3.9.

Now let x = x0 . . . xn−1 ∈ Bn, qr ∈ B, Cu being the X gates controlled by the qubits |xi⟩ such

that i ∈ 1u, it will switch the value of the read-out qubit if and only if all the control qubits

are in the state |1⟩. This behaviour can be written as:

Cu |x⟩ |qr⟩ = |x⟩

⃓⃓⃓⃓
⃓qr ⊕∏︂

i∈1u

xi

⟩︄
= |x⟩ |qr ⊕ xu⟩ = |x⟩ |qr ⊕mu(x)⟩ (3.16)

■

Property 3.10 shows that a single gate Cu is able to express the monomial mu on the read-out

qubit. We now show that by combining multiple gates of this form we can express any Boolean

function.

Definition 3.11:

Let n ∈ N, we denote Cn = {Cu | u ∈ Bn} and AQn the subgroup of the unitary group U(2n+1)

that is generated by Cn.

Proposition 3.12:

Let n ∈ N, and AQn as in Definition 3.11, then AQn is a finite commutative group where each

element is its own inverse.

Proof :

Let n ∈ N and u, v ∈ Bn.

Now let x ∈ Bn and qr ∈ B then by using Property 3.10, we have:

CuCv |x⟩ |qr⟩ = Cu |x⟩ |qr ⊕mv(x)⟩ = |x⟩ |qr ⊕mv(x)⊕mu(x)⟩ (3.17)
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But mv(x)⊕mu(x) = mu(x)⊕mv(x) so:

CuCv |x⟩ |qr⟩ = |x⟩ |qr ⊕mu(x)⊕mv(x)⟩ = Cv |x⟩ |qr ⊕mu(x)⟩ = CvCu |x⟩ |qr⟩ (3.18)

Hence: CuCv = CvCu

In addition:

CuCu |x⟩ |qr⟩ = |x⟩ |qr ⊕mu(x)⊕mu(x)⟩ = |x⟩ |qr ⊕ 0⟩ = |x⟩ |qr⟩ (3.19)

So: Cu = C−1
u All these go to show that AQn can be described as:

AQn =

{︄∏︂
u∈Bn

Cαu
u | ∀u ∈ Bn, αu ∈ {0, 1}

}︄
(3.20)

So AQn is finite and
⃓⃓
AQn
⃓⃓
≤ 22

n
.

Let A,B ∈ AQn , then there exist {αu}u∈Bn ∈ {0, 1}2n and {βu}u∈Bn ∈ {0, 1}2n such that

A =
∏︁

u∈Bn Cαu
u and B =

∏︁
u∈Bn Cβu

u .

The commutativity of the gates Cu leads to

AB =
∏︂
u∈Bn

Cαu
u

∏︂
u∈Bn

Cβu
u =

∏︂
u∈Bn

Cβu
u

∏︂
u∈Bn

Cαu
u = BA (3.21)

And:

A2 =
∏︂
u∈Bn

Cαu
u

∏︂
u∈Bn

Cαu
u =

∏︂
u∈Bn

Cαu⊕αu
u =

∏︂
u∈Bn

C0
u = I (3.22)

So A = A−1. ■

Now that we have established that for n ∈ N, BBn
and the set AQn have a similar group structure,

we introduce a correspondence between these two groups that will make evident how a Boolean

function can be expressed by such a quantum circuit.

Definition 3.13:

Let n ∈ N, we introduce Φ : BBn → AQn the group morphism such that:

∀u ∈ Bn,Φ(mu) = Cu (3.23)
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Lemma 3.14:

Let n ∈ Bn and f ∈ BBn
, then:

∀x ∈ Bn, qr ∈ B,Φ(f) |x⟩ |qr⟩ = |x⟩ |qr ⊕ f(x)⟩ (3.24)

Proof :

Let n ∈ N and f ∈ BBn
, from Theorem 3.7, f has an algebraic normal form. So there exist

{αu}u∈Bn ∈ {0, 1}2n such that:

f =
⨁︂
u∈Bn

αumu (3.25)

Φ being a group morphism, we have:

Φ(f) = Φ

(︄⨁︂
u∈Bn

αumu

)︄
=
∏︂
u∈Bn

Φ(mu)
αu =

∏︂
u∈Bn

Cαu
u (3.26)

So for x ∈ Bn and qr ∈ B, thanks to Property 3.10:

Φ(f) |x⟩ |qr⟩ =
∏︂
u∈Bn

Cαu
u |x⟩ |qr⟩ = |x⟩

⃓⃓⃓⃓
⃓qr ⊕⨁︂

u∈Bn

αumu(x)

⟩︄
= |x⟩ |qr ⊕ f(x)⟩ (3.27)

■

We can now show that for n ∈ N, BBn
and AQn are in fact equivalent:

Theorem 3.15:

Let n ∈ N and Φ : BBn → AQn the group morphism introduced in Definition 3.13.

Φ is a group isomorphism.

Proof :

Let n ∈ N.

Let f, g ∈ BBn
such that Φ(f) = Φ(g). Let x ∈ Bn, then from Lemma 3.14 we have:

Φ(f) |x⟩ |0⟩ = |x⟩ |f(x)⟩ and Φ(g) |x⟩ |0⟩ = |x⟩ |g(x)⟩ (3.28)

But Φ(f) = Φ(g) so |x⟩ |f(x)⟩ = |x⟩ |g(x)⟩, that is f(x) = g(x).

Hence f = g.
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Let A ∈ AQn , then there exists {αu}u∈Bn ∈ {0, 1}2n such that A =
∏︁

u∈Bn Cαu
u . Let us denote

f =
⨁︁

u∈Bn αumu, then f ∈ BBn
and we have:

Φ(f) = Φ

(︄⨁︂
u∈Bn

αumu

)︄
=
∏︂
u∈Bn

Φ(mu)
αu =

∏︂
u∈Bn

Cαu
u = A (3.29)

So all in all, Φ is an isomorphism between
(︁
BBn

,⊕
)︁
and

(︁
AQn , .

)︁
■

Theorem 3.15 ensures that for n ∈ N, if we take f ∈ BBn
, a Boolean function, then it is possible

to construct a quantum circuit that will express this function on the read out qubit. To do so

we only need to decompose f into its algebraic normal form, transform each monomial of the

ANF into its corresponding multi-controlled X gate and add them sequentially to the quantum

circuit. Theorem 3.15 also ensure that the resulting circuit is unique, up to permutations on

the order of the gates. We illustrate the construction of such quantum circuits in Examples

3.16 and 3.17

Example 3.16:

Let us build the quantum circuit expressing the function OR ∈ BB2
from Example 3.8, its truth

table being given in Table 3.2. From Example 3.8, we know that:

OR = m01 ⊕m10 ⊕m11 (3.30)

Applying Φ, we get:

Φ(OR) = C01C10C11 (3.31)

That is, the quantum circuit corresponding to OR is given in Figure 3.2

|x0⟩ • •
|x1⟩ • • •

|qr⟩ X X X

Figure 3.2: Quantum circuit corresponding to OR

Example 3.17:
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Here we will construct the circuit corresponding to the function f ∈ BB3
for which the values

are given in Table 3.3.

x 000 001 010 011 100 101 110 111
f(x) 1 0 1 0 0 0 1 1

Table 3.3: Truth table of f

We apply the method of indeterminate coefficients to find the algebraic normal form of f :

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0

1 1 1 1 0 0 0 0

1 0 0 0 1 0 0 0

1 1 0 0 1 1 0 0

1 0 1 0 1 0 1 0

1 1 1 1 1 1 1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and cf =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

1

0

0

0

1

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.32)

So vf = (1, 1, 0, 0, 1, 1, 1, 0)T that is:

f = m000 ⊕m001 ⊕m100 ⊕m101 ⊕m110 (3.33)

Applying Φ to get the quantum circuit, we have:

Φ(f) = C000C001C100C101C110 (3.34)

Which is represented in Figure 3.3

In this section, for n ∈ N, we have shown that the set of the Boolean functions BBn
is equivalent

to the set of quantum circuits AQn . This set contains the quantum circuits of n+1 qubits made

of X gates controlled by subsets of the n first qubits and acting on the read-out qubit. This

equivalence is such that for f ∈ BBn
, there exists a unique corresponding quantum circuit and

this circuit is able to express f .
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|x0⟩ • • •
|x1⟩ •
|x2⟩ • •

|qr⟩ X X X X X

Figure 3.3: Quantum circuit corresponding to f

In this thesis, we only focus on multi-controlled X gates to perform the computations. This

type of gates represents an abstraction in the sense that they are not considered to be basic

gates but they can nonetheless be implemented with basic gates such as Toffoli gates and some

additional ancillary qubits. The reason we chose to work with this abstraction that are multi-

controlled X gates is that, in our opinion, they are the best and most direct way to visualise the

equivalence between the ANF of a function and the quantum circuit expressing this function.

From this equivalence, we introduce a type of quantum circuit that we called tunable quantum

neural network. This type of circuit will be the subject of the studies conducted in this thesis.

3.4 Tunable Quantum Neural Network

Let n ∈ N and suppose we wish to express a Boolean function of BBn
with a quantum circuit.

From Section 3.3, we know this can be achieved with a circuit of n+ 1 qubit, made of X gates

controlled by subsets of the n first qubits and acting on the read-out qubit. We formalise this

approach in the form of a circuit ansatz that we called tunable quantum neural network (TNN).

This ansatz is built from multi-controlled gates acting on the read-out qubit, the action being

switchable between the identity and the X gate.

Formally, we consider the quantum circuit of n + 1 qubits |x0 . . . xn−1⟩ |qr⟩ and we define the

following tunable gate:

Definition 3.18:
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Let n ∈ N and u ∈ Bn. The tunable gate Gu(Au) is the gate controlled by the set of qubits:

{|xi⟩ | i ∈ 1u} (3.35)

Where 1u is defined in Definition 3.3. It is acting on the read-out qubit |qr⟩ and its action, Au,

on this qubit can be switched between the identity I or the NOT X gate.

A tunable quantum neural network T is then defined by:

T =
∏︂
u∈Bn

Gu(Au) (3.36)

For u ∈ Bn, Gu(I) = I or Gu(X) = Cu so from Property 3.12 it follows that the order with

which the gates Gu are added to the circuit does not change the overall result. Additionally,

as:

{︄∏︂
u∈Bn

Gu(Au) | ∀u ∈ Bn,Au ∈ {I,X}

}︄
=

{︄∏︂
u∈Bn

Gu | ∀u ∈ Bn,Gu ∈ {I,Cu}

}︄
= AQn (3.37)

We are assured that any Boolean function of BBn
can be expressed by a TNN of n+ 1 qubits.

We chose to call this ansatz tunable quantum neural network as similarly to the classical case,

when taken in isolation, each gate is performing a simple computation on its inputs but when

put into a network, the sequence of gates is able to compute any Boolean function no matter

how complex it can be, it suffices to tune it accordingly. Figure 3.4 depicts TNN in the case

n = 2 and n = 3 while in Figure are represented networks tuned to express the Boolean

functions from Examples 3.16 and 3.17.

3.5 Conclusion

In this chapter, we have introduced a quantum circuit ansatz made of X gates controlled by

subsets of the input qubits and acting on a common ancillary qubit. We have then shown

that the set of circuits of this type is isomorphic to the set of Boolean functions. This means
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|x0⟩ • •
|x1⟩ • •

|qr⟩ A00 A01 A10 A11

(a) Tunable neural network for n = 2

|x0⟩ • • • •
|x1⟩ • • • •
|x2⟩ • • • •

|qr⟩ A000 A001 A010 A011 A100 A101 A110 A111

(b) Tunable neural network for n = 3

Figure 3.4: Tunable neural networks for n = 2 and n = 3

|x0⟩ • •
|x1⟩ • •

|qr⟩ I X X X

(a) Tuned network for Example 3.16

|x0⟩ • • • •
|x1⟩ • • • •
|x2⟩ • • • •

|qr⟩ X X I I X X X I

(b) Tuned network for Example 3.17

Figure 3.5: Tuned networks for Example 3.16 and 3.17

that, provided it is properly tuned, this ansatz is able to express any Boolean function. In the

following chapters, we will study different ways to perform this tuning process.



Chapter 4

Learning Boolean Functions with a

Specific Superposition

4.1 Introduction

In this chapter, we introduce an algorithm to train a tunable quantum neural network to learn a

Boolean function. While [87] introduced an algorithm to construct a correctly tuned network, it

required access to the whole truth table of the target function and involved the use of positively

and negatively controlled X gates that are then transformed into regular multi-controlled X

gates. In contrast, our algorithm is more in line with the proceedings of machine learning

tasks. In our setup, the network is given access to an oracle that provides a superposition of

the inputs, entangled with their respective image by the function. The goal is to progressively

tune the network so that the function it is expressing converges to the target function. When

the algorithm stops, the network should express a function that is point wise equal to the target

function. To do so, we present the algorithm and prove that it will correctly stop, moreover, we

show that the algorithm will stop after at most n+1 updates when n is the number of variables.

We present a version of this algorithm when the oracle produces a superposition with specific

amplitudes that allows for a better identification of the misclassified inputs. Finally we also

implement it for n = 3 and n = 4 and verify that the number of updates to the network is

45
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indeed at most n+ 1.

4.2 Learning Algorithm

4.2.1 Presentation of the Algorithm

Let n ∈ N and f ∈ BBn
, in this chapter we introduce an algorithm resulting in a correctly tuned

neural network expressing f . We first outline the general structure of this algorithm and then

go further into the implementation details. This algorithm focuses on reducing the number of

updates to the circuit during the training phase. For f ∈ BBn
, suppose we are given an oracle

O(f) that outputs |ψ⟩:

|ψ⟩ =
∑︂
x∈Bn

ax |x⟩ |f(x)⟩ (4.1)

Where ax ∈ C for x ∈ Bn. Let T(h) be a tunable neural network such that it expresses the

function h ∈ BBn
in its current state, then:

T(h) |ψ⟩ =
∑︂
x∈Bn

ax |x⟩ |f(x)⊕ h(x)⟩ =
∑︂

f(x)=h(x)

ax |x⟩ |0⟩+
∑︂

f(x)̸=h(x)

ax |x⟩ |1⟩ (4.2)

So the inputs for which their output by the tunable neural network is different from the target

function are such that the read-out qubit is in state |1⟩. Now suppose that we have a way of

identifying such inputs in this superposition, that is:

Definition 4.1:

Let ei (error identification) be the operation such that:

ei

[︄∑︂
x∈Bn

bx |x⟩ |rx⟩

]︄
= {x ∈ Bn | bx ̸= 0, rx = 1} (4.3)

Then the tuning algorithm would work as follow: starting from T(0) the tunable network with

all the gates initialised with the identity gate I, for k ∈ N, let T(k) be the state of the network

following the k-th update. We denote E(k) = ei
[︁
T(k) |ψ⟩

]︁
the set of the misclassified inputs by
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T(k), then an update step can be described as:

1. Determine E(k)

2. For u ∈ E(k) switch the action of the corresponding gate Gu

Once the update step is completed, the resulting network is denoted T(k+1). Switching the

action of the gate Gu can be performed by multiplying it by Cu due to the fact that Cu = C−1
u .

The algorithm terminates when the tunable network reaches a state T(h) such that E(h) = ∅.

The learning algorithm is outlined in Algorithm 1.

Algorithm 1: Learning algorithm

Input: The superposition |ψ⟩ created by the oracle
Output: A correctly tuned network T
for u ∈ Bn do

Gu ← I;
end
T←

∏︁
u∈Bn Gu;

E ← ei [T |ψ⟩];
while E ̸= ∅ do

for u ∈ E do
Gu ← GuCu;

end
T←

∏︁
u∈Bn Gu;

E ← ei(f) [T |ψ⟩];
end

Example 4.2:

Let us run this algorithm to learn the function introduced in Example 3.17, the values of which

are gathered in Table 3.3. Suppose the oracle O(f) produces |ψ⟩ =
∑︁

x∈Bn ax |x⟩ |f(x)⟩ and we

assume further that for x ∈ Bn, ax ̸= 0.

As stated in Algorithm 1, we start with all the gates initialised to I, hence T(0) = I and the

function h(0) expressed by the network is h(0) = 0. The effect of the network on the inputs of

the oracle’s output is given in Table 4.1.

This leads to E(0) = {000, 010, 110, 111}. The update step then yields:

T(1) = C000C010C110C111 (4.4)
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x 000 001 010 011 100 101 110 111

h(0)(x) 0 0 0 0 0 0 0 0

(f ⊕ h(0))(x) 1 0 1 0 0 0 1 1

Table 4.1: Truth table of h(0) and f ⊕ h(0)

In this new state, the network now expresses the function h(1). We have gathered the values of

this function as well as those of f ⊕ h(1) in Table 4.2:

x 000 001 010 011 100 101 110 111

h(1)(x) 1 1 0 0 1 1 1 0

(f ⊕ h(1))(x) 0 1 1 0 1 1 0 1

Table 4.2: Truth table of h(1) and f ⊕ h(1)

From this state of the network, we thus have E(1) = {001, 010, 100, 101, 111}, leading to:

T(2) = T(1)C001C010C100C101C111 (4.5)

= C000C001(C010C010)C100C101C110(C111C111) (4.6)

= C000C001C100C101C110 (4.7)

Continuing, we have E(2) = ∅ so the algorithm terminates and we have found a network that

correctly expresses the target function as it matches its corresponding quantum circuit as shown

in Figure 3.3.

4.2.2 Proof of Termination and Correctness

We now properly define an oracle O(f) mentioned earlier. When queried, this oracle outputs

the type of superposition that we will need:

Definition 4.3:

Let n ∈ N and f ∈ BBn
, we define O(f) to be the oracle such that a call to it provides the

superposition:

|ψ⟩ =
∑︂
x∈Bn

ax |x⟩ |f(x)⟩ (4.8)

Where ax ̸= 0 for x ∈ Bn.
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We show here that when provided with such a superposition, the algorithm will terminate after

at most n+1 update steps and the resulting network is properly tuned to express f .

Lemma 4.4:

Let n ∈ N and x ∈ Bn, we denote by Tx the set of the controlled gates that can be triggered by

|x⟩ and wH(x) = |1x| the Hamming weight of x. Then:

∀x ∈ Bn, Tx ⊆ {Gx} ∪ {Gu | wH(u) < wH(x)} (4.9)

Proof :

Let x ∈ Bn. For u ∈ Bn, by Definition 3.18, the gate Gu is controlled by the set of qubits

{|xi⟩ | i ∈ 1u} so x triggers Gu if and only if xi = 1 for i ∈ 1u that is to say if and only if

1u ⊆ 1x. So either 1u = 1x and u = x or 1u ⊂ 1x and in this case we have wH(u) < wH(x).

This leads to Tx ⊆ {Gx} ∪ {Gu | wH(u) < wH(x)}. ■

From Lemma 4.4 we naturally have:

Corollary 4.5:

Let n ∈ N, x ∈ Bn, qr ∈ B and T =
∏︁

u∈Bn Gu a tunable neural network. Then:

T |x⟩ |qr⟩ = Gx

∏︂
wH(u)<wH(x)

Gu |x⟩ |qr⟩ (4.10)

This result will be useful to show the following:

Lemma 4.6:

Let k ∈ N∗. Suppose that we are tuning the network according to Algorithm 1, then following

the k-th update, the gates controlled by at most k-1 qubits will not be updated anymore.

Proof :

We show this result by induction over k.

Let n ∈ N and k ∈ N∗.

Suppose that in the general case, the oracle produces the superposition

|ψ⟩ =
∑︂
x∈Bn

ax |x⟩ |qx⟩ (4.11)
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We denote T(k) =
∏︁

u∈Bn G
(k)
u the state of the network after the k-th update.

For k = 1:

Before the first update, the network is in the state T(0). From Corollary 4.5 we have:

T(0) |0⟩ |q0⟩ = G
(0)
0 |0⟩ |q0⟩ = |0⟩ |q′0⟩ (4.12)

From the update rule, if 0 ∈ E(0), meaning |q′0⟩ = |1⟩ and ax ̸= 0, we switch the action of G
(0)
0 .

If not, we keep it the same. Either way, let us denote G0 the resulting gate and we have:

T(1) =
∏︂
u̸=0

G(1)
u G0 (4.13)

With

T(1) |0⟩ |q0⟩ = G0 |0⟩ |q0⟩ = |0⟩ |0⟩ (4.14)

This means that 0 /∈ E(1) and so G0 will not be updated further. Let T(k) =
∏︁

u∈Bn G
(k)
u the

state of the network following the k-th update. From the induction hypothesis, we have:

T(k) =
∏︂

wH(u)≥k

G(k)
u

∏︂
wH(u)<k

Gu (4.15)

Let x ∈ Bn such that wH(x) = k, from Corollary 4.5 we have:

T(k) |x⟩ |qx⟩ = G(k)
x

∏︂
wH(u)<k

Gu |x⟩ |qx⟩ = |x⟩ |q′x⟩ (4.16)

Once again, if x ∈ E(k), i.e. |q′x⟩ = |1⟩ and ax ̸= 0, then the action of G
(k)
x is switched, otherwise

it remains unchanged. Either way, we denote Gx the resulting gate and we have:

T(k+1) |x⟩ |qx⟩ = Gx

∏︂
wH(u)<k

Gu |x⟩ |qx⟩ = |x⟩ |0⟩ (4.17)

This leads to x /∈ E(k+1) meaning that Gx will not be updated at the k + 1-th update nor any

further updates. ■



4.2. Learning Algorithm 51

From Lemma 4.6 stems the following:

Corollary 4.7:

Let n ∈ N and k ≤ n. Let E(k) be the set of misclassified inputs after the k-th update, then:

E(k) ⊆ {x ∈ Bn | wH(x) ≥ k} (4.18)

Proof :

Let n ∈ N and k ≥ n. Suppose there exist x ∈ Bn such that wH(x) = s < k and x ∈ E(k).

Then according to the update rule, Gx will be updated at the k + 1-th update. This is in

contradiction with Lemma 4.6 as Gx is controlled by s ≤ k − 1 qubits. ■

We recall that the tuning algorithm terminates when it reaches a state h ∈ N such that

E(h) = ∅. The previous results lead to the following:

Theorem 4.8:

Let n ∈ N. The training of a TNN of n inputs will terminate after at most n+ 1 updates.

Proof :

This is a direct consequence of Corollary 4.7. After the n+1-th update the set of misclassified

inputs E(n+1) is such that

E(n+1) ⊆ {x ∈ Bn | wH(x) ≥ n+ 1} (4.19)

But {x ∈ Bn | wH(x) ≥ n+ 1} = ∅ so E(n+1) = ∅ and the algorithm terminates. ■

Finally, the following ensures that when provided with a superposition of all the possible inputs,

the training will result in a correctly tuned network which will be a translation of the algebraic

normal form of the target function.

Theorem 4.9:

Let n ∈ N and f ∈ BBn
be the target function. Suppose we are training a tunable neural

network on the superposition produced by the oracle O(f) as in Definition 4.3:

|ψ⟩ =
∑︂
x∈Bn

ax |x⟩ |f(x)⟩ (4.20)
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With ax ̸= 0 for x ∈ Bn. Then when the training terminates, the network is a translation of

the algebraic normal form of f .

Proof :

Let n ∈ N, f ∈ BBn
the target function and |ψ⟩ the superposition as in (4.20). Suppose further

that the algorithm terminated and that the network is in its final state T. By design, the

algorithm stops when the set of misclassified inputs E is empty. Because we suppose that

ax ̸= 0 for x ∈ Bn, this means:

∀x ∈ Bn, T |x⟩ |f(x)⟩ = |x⟩ |0⟩ (4.21)

By construction:

T =
∏︂
u∈Bn

Cαu
u (4.22)

Where for u ∈ Bn, αu ∈ {0, 1}, so T ∈ AQn . Let Φ the isomorphism introduced in Definition

3.13 let us denote

f̃ = Φ−1(T) (4.23)

Then for x ∈ Bn and qx ∈ B, we have

T |x⟩ |qx⟩ = |x⟩
⃓⃓⃓
qx ⊕ f̃(x)

⟩︂
(4.24)

Together with (4.21), this means that for x ∈ Bn:

|x⟩
⃓⃓⃓
f(x)⊕ f̃(x)

⟩︂
= |x⟩ |0⟩ (4.25)

Hence

∀x ∈ Bn, f̃(x) = f(x) (4.26)

That is f̃ = f and in its final state, the network correctly expresses the target function. ■

Here we have proven that the tuning algorithm terminates and when it does, the network is

correctly tuned to express the target function on the read-out qubit. Nevertheless, this is all

conditioned on the fact that we are able to perform the operation denoted ei that identifies all
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the inputs present in the superposition that have been erroneously classified by the network.

We will not present two ways this operation can be achieved.

4.3 Identifying Errors via Maximum Likelihood Estima-

tion

As previously, suppose that we want to train a tunable network to express a Boolean function

while given access to an oracle O(f) as in Definition 4.3. Suppose further that in its current

state, the network is expressing the function h ∈ BBn
. Let us denote T(h) this state, then we

have:

T(h) |ψ⟩ =
∑︂

f(x)=h(x)

ax |x⟩ |0⟩+
∑︂

f(x)̸=h(x)

ax |x⟩ |1⟩ (4.27)

Then the probability P1 of measuring |1⟩ on the read-out qubit is:

P1 =
∑︂

f(x) ̸=h(x)

|ax|2 (4.28)

This means that by using a suitable amplitude encoding and by estimating P1 it is possible to

retrieve the inputs that have been misclassified by the network hence realising the operation

ei.

4.3.1 Building a Suitable Amplitude Encoding

Suppose we can accurately enough estimate P1. Here we can limit ourselves to real amplitudes

and we want a set of amplitudes {ax ∈ R | x ∈ Bn} so that there exists a unique subset S ⊆ Bn

such that:

P1 =
∑︂
x∈S

a2x (4.29)
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This goal can be achieved by leveraging the uniqueness of the binary decomposition. For x ∈ Bn,

we denote x̄ ∈ N its conversion in the decimal system and we consider the superposition:

|ψ⟩ = 1√
22n − 1

∑︂
x∈Bn

√
2x̄ |x⟩ |f(x)⟩ (4.30)

The uniqueness of the binary decomposition yields:

∀S, S ′ ⊆ Bn, S ̸= S ′ ⇐⇒ 1

22n − 1

∑︂
x∈S

2x̄ ̸= 1

22n − 1

∑︂
x∈S′

2x̄ (4.31)

And for p ∈ [0, 1] we have:

(22
n − 1)p ∈ N⇒ ∃!S ⊆ Bn,

∑︂
x∈S

2x̄ = (22
n − 1)p (4.32)

Which is what we are looking for. However, we recall that when running the tuning algorithm,

the gates controlled by the least number of qubits are tuned to their definitive value early in

the process. We thus want to reflect this behaviour in the superposition by granting a larger

amplitude to inputs with a small Hamming weight. Later on, this superposition can then be

switched with another where inputs with a large Hamming weight have a larger amplitude to

finish the tuning process.

Definition 4.10:

Let n ∈ N and for h ∈ J0, nK we denote Wh = {x ∈ Bn | wH(x) = h} and for x ∈ Wh, we

introduce ωh(x) its rank in Wh, induced by the natural order ≤ on N and applied to x̄.

Examples of this set of functions are given in Figure 4.1 for the case n = 4.

We now define a function σ, the goal of which is to introduce an order relation in the Boolean

strings that takes into account their Hamming weight. While there exist other ways of defining

this order relation, we chose this one as it takes into account both the Hamming weight as well

as the natural order on N.

Definition 4.11:
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x ω0(x)
0000 1

(a) Values of ω0

x ω1(x)
0001 1
0010 2
0100 3
1000 4

(b) Values of ω1

x ω2(x)
0011 1
0101 2
0110 3
1001 4
1010 5
1100 6

(c) Values of ω2

x ω3(x)
0111 1
1011 2
1101 3
1110 4

(d) Values of ω3

x ω4(x)
1111 1

(e) Values of ω4

Figure 4.1: The set of functions ωh for n = 4

Let n ∈ N, we define the function σ : Bn → J0, 2n − 1K by:

⎧⎪⎪⎨⎪⎪⎩
σ(0) = 0

σ(x) = maxy∈WwH (x)−1
σ(y) + ωwH(x)(x)

(4.33)

The values of σ(x) for x ∈ B4 are given in Table 4.3.

x σ(x) x σ(x)
0000 0 1000 4
0001 1 1001 8
0010 2 1010 9
0011 5 1011 12
0100 3 1100 10
0101 6 1101 13
0110 7 1110 14
0111 11 1111 15

Table 4.3: Values of σ(x) for x ∈ B4

Using the function σ allows us to introduce the followings:

Definition 4.12:

Let n ∈ N and f ∈ BBn
, we define O↓(f) and O↑(f) the oracles respectively producing the

superpositions

|ψ↓⟩ =
1√

22n − 1

∑︂
x∈Bn

√
22n−1−σ(x) |x⟩ |f(x)⟩ (4.34)

And

|ψ↑⟩ =
1√

22n − 1

∑︂
x∈Bn

√
2σ(x) |x⟩ |f(x)⟩ (4.35)
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By using these superpositions we can mitigate some of the imprecision arising from the esti-

mation of P1. By first working with |ψ↓⟩ we are more likely to identify the inputs with small

Hamming weights that have been misclassified by the network. This, along with Lemma 4.6

ensures that the gates controlled by a small number of qubits are correctly tuned early in the

tuning process. Once these gates have been set correctly, we can switch to using |ψ↑⟩ in order

to tune the gates controlled by a larger number of qubits.

4.3.2 Estimating P1 and Identifying the Errors

As previously, for n ∈ N, suppose the target function to be f ∈ BBn
and in its current state,

the TNN is expressing the function h ∈ BBn
and is noted T(h), then as in (4.27) we have:

T(h) |ψ⟩ =
∑︂

f(x)=h(x)

ax |x⟩ |0⟩+
∑︂

f(x)̸=h(x)

ax |x⟩ |1⟩

Where |ψ⟩ is given in (4.8). Thus measuring the read-out qubit in the Z-basis can be modelled

as a Bernoulli process with the probability of measuring 1 being as in (4.28):

P1 =
∑︂

f(x)̸=h(x)

|ax|2

Lemma 4.13:

Suppose we are measuring the read-out qubit s times. Out of this measurements, the state |1⟩

is measured N1 times, then the maximum likelihood estimation P1̃ of P1 is:

P1̃ =
N1

s
(4.36)

And for ϵ > 0, taking

s =
1

ϵ2
(4.37)

Will result in an estimation P1̃ such that P (|P1 − P1̃| ≤ ϵ) ≥ 0.95

Proof :

These are quite standard results in probability and statistics but for the sake of completeness
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we give a proof.

For this experiment, the likelihood L(p) is given by:

L(p) = pN1(1− p)s−N1 (4.38)

Differentiating the likelihood yields a maximum reached for

p =
N1

s
= P1̃ (4.39)

The 95% confidence interval for this experiment is given by [80]:

⎡⎣P1̃ − z0.975

√︄
P1̃(1− P1̃)

s
, P1̃ + z0.975

√︄
P1̃(1− P1̃)

s

⎤⎦ (4.40)

Now let ϵ > 0, we want: ⃓⃓⃓
P1̃ − P1

⃓⃓⃓
≤ z0.975

√︄
P1̃(1− P1̃)

s
≤ ϵ (4.41)

That is

s ≥ z20.975P1̃(1− P1̃)

ϵ2
(4.42)

But

P1̃(1− P1̃) ≤
1

4
and z0.975 = 1.96 < 2 (4.43)

So

z20.975P1̃(1− P1̃)

ϵ2
<

1

ϵ2
(4.44)

Thus by taking:

s =
1

ϵ2
(4.45)

We do have

P (|P1 − P1̃| ≤ ϵ) ≥ 0.95 (4.46)

■

Recall that we work with the superposition |ψ↓⟩ to first identify the misclassified inputs of low
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Hamming weight and once those have been correctly classified, we switch to |ψ↑⟩. Because

|ψ↓⟩ is defined such that the inputs of low Hamming weight have the largest amplitude, they

will contribute more to the estimation of the probability P1. This means that we only need to

estimate P1 accurately enough to identify the inputs that have the largest contribution. We

set this accuracy so that half of the inputs in |ψ↓⟩, the ones with the largest amplitude, can

correctly be identified. Once they have been identified, we can switch the input superposition

to |ψ↑⟩.

Theorem 4.14:

Let n ∈ N. In order to correctly tune the network to express f ∈ BBn
with high confidence, s

calls to the oracles O↓(f) or O↑(f) have to be made at each update step where:

s = O
(︁
22

n)︁
(4.47)

Proof :

Because we are working either |ψ↓⟩ and |ψ↑⟩, as said previously, it suffices to identify up to half

of the inputs present in the superpositions, namely the ones with the largest amplitude. This

means that we want:

ϵ =
22

n−1

22n − 1
≈ 1

22n−1 (4.48)

From Lemma 4.13 it follows:

s =
1

ϵ2
= 22

n

(4.49)

■

While this sampling complexity can be considered as very large, the procedure at hand is akin to

trying to reconstruct a quantum state from measurement, also known as quantum tomography.

In which case, the sampling complexity is also in O( 1
ϵ2
) [35].

Now that P1 has been estimated accurately enough, it remains to identify the misclassified

inputs using this estimation. This can be done following Algorithm 2. As we go through the s

measurements, the misclassified inputs are collected via the measurement on the first n qubits.

The estimation of P1 is finally computed and used to reconstruct another set of misclassified
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inputs that are then added to the one obtained from collecting the measurements. This two-fold

method allows for a more complete error identification than solely relying on the estimation of

P1. To reconstruct the set of misclassified inputs that contributed to the estimation of P1 we

use the following:

Proposition 4.15:

Let n ∈ N and σ : Bn → J0, 2n − 1K as in Definition .Suppose that we obtained an estimation

P1̃ of the probability P1. Then there exists a unique set E2 ⊆ Bn such that:

∑︂
x∈E2

22
n−1−σ(x) = ⌊(22n − 1)P1̃⌋ (4.50)

Proof :

Let n ∈ N. Because 0 ≤ P1̃ ≤ 1, we have that:

⌊(22n − 1)P1̃⌋ ∈ J0, 22
n − 1K (4.51)

Because of the uniqueness of the binary representation, we are assured that there exists a unique

set Sp ⊆ J0, 2n − 1K such that:

∑︂
p∈Sp

22
n−1−p = ⌊(22n − 1)P1̃⌋ (4.52)

Now because σ is a bijection between Bn and J0, 2nK, there exists a unique subset E2 ⊆ Bn such

that:

E2 = σ−1 (Sp) (4.53)

And we have: ∑︂
x∈E2

22
n−1−σ(x) = ⌊(22n − 1)P1̃⌋ (4.54)

■
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Algorithm 2: Error identification

Input: M the list of the s measurements
Output: E the list of misclassified inputs
N ← 0;
E1 ← [];
for m ∈M do

if the last bit of m is 1 then
N += 1;
append the first n bits of m to E1;

end

end

P1 ← N
s
;

if working with |ψ↓⟩ then
Find E2 such that

∑︁
x∈E2

22
n−1−σ(x) = ⌊(22n − 1)P1⌋

end
else

Find E2 such that
∑︁

x∈E2
2σ(x) = ⌊(22n − 1)P1⌋

end
E ← E1 ∪ E2

4.3.3 Implementation

Here we will present a way of implementing the oracle on a quantum computer. Let n ∈ N

and f ∈ BBn
be the target function. Following the requirements of a quantum system, we will

consider the oracles O↓(f) and O↑(f) to be unitary matrices, elements of U(2n+1), such that:

O↓(f) |0⟩ = |ψ↓⟩ and O↑(f) |0⟩ = |ψ↑⟩ (4.55)

In the following we will focus on O↓(f) but the construction of O↑(f) is similar. The oracle has

been implemented in three stages, as shown in Figure 4.2, where the unitary gate U↓ ∈ U(2n)

generates the amplitudes,Uµ ∈ U(2n) operates a permutation over the states andUf ∈ U(2n+1)

entangles the read-out qubit to the input register according to the target function f .

|0⟩ /n U↓ Uµ

Uf

|0⟩

Figure 4.2: Construction of O↓(f)
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We recall that O↓(f) is such that:

O↓(f) |0⟩ = |ψ↓⟩ =
1√

22n − 1

∑︂
x∈Bn

√
22n−1−σ(x) |x⟩ |f(x)⟩ (4.56)

And we show a way to construct the aforementioned unitary gates so that the initial state |0⟩

is transformed into |ψ↓⟩.

Generation of the amplitudes

The first stage in implementing the oracle consists in generating the right amplitudes. To do

so, we use the rotation operator Ry(θ) defined by:

Ry(θ) =

⎡⎢⎣cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

⎤⎥⎦ (4.57)

We define the following angles:

Definition 4.16:

Let k ∈ N, we denote θk ∈ [0, π/2] with:

θk = arccos

⎛⎝√︄ 22k

22k + 1

⎞⎠ (4.58)

Then

Ry(2θk) =
1√

22k + 1

⎡⎢⎣√22k −1

1
√
22k

⎤⎥⎦ (4.59)

We can now show the following:

Proposition 4.17:

Let n ∈ N, we define U↓ ∈ U(2n) by:

U↓ = Ry(2θn−1)⊗Ry(2θn−2)⊗ . . .⊗Ry(2θ0) (4.60)
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Where for k ∈ [0, . . . , n− 1], Ry(2θk) is as in Definition 4.16. Then:

U↓ |0⟩⊗n =
1√

22n − 1

∑︂
x∈Bn

√
22n−1−x̄ |x⟩ (4.61)

Proof :

We show this by induction on n ∈ N∗.

For n = 1:

U↓ = Ry(2θ0) =
1√
3

⎡⎢⎣√2 −1
1
√
2

⎤⎥⎦ ∈ U(2) (4.62)

Hence:

U↓ |0⟩ =
1√
3

(︂√
2 |0⟩+ |1⟩

)︂
(4.63)

Now for n > 1, let us denote U = Ry(2θn−1)⊗Ry(2θn−2)⊗ . . .⊗Ry(2θ0) ∈ U(2n) and suppose

that:

U |0⟩⊗n =
1√

22n − 1

∑︂
x∈Bn

√
22n−1−x̄ |x⟩ (4.64)

Then by looking at the columns of U = [u1| . . . |u2n ], we have:

u1 =
1√

22n − 1

⎡⎢⎢⎢⎢⎣
√
22n−1

...

1

⎤⎥⎥⎥⎥⎦ (4.65)

We now denote U↓ = Ry(2θn)⊗U ∈ U(2n+1), then the first column of U↓ is:

1√
22n + 1

⎡⎢⎣√22nu1

u1

⎤⎥⎦ =
1√︁

(22n + 1)(22n − 1)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
22n22n−1

...
√
22n

√
22n−1

...

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

1√
22n+1 − 1

⎡⎢⎢⎢⎢⎣
√
22n+1−1

...

1

⎤⎥⎥⎥⎥⎦ (4.66)
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Thus we do have:

U↓ |0⟩⊗n+1 =
1√

22n+1 − 1

∑︂
x∈Bn+1

√
22n+1−1−x̄ |x⟩ (4.67)

■

So we have found a way of creating the amplitudes that we are interested in, we now have

to group the inputs by Hamming weight so that the ones with the smallest weight have the

largest amplitudes in the superposition. This can be achieved by permuting the states within

the superposition obtained after the step that has just been described.

Permutation over the states

Let n ∈ N, now that the right amplitudes have been generated, we have to find a unitary Uµ

such that:

UµU↓ |0⟩⊗n =
1√

22n − 1

∑︂
x∈Bn

√
22n−1−σ(x) |x⟩ (4.68)

Where σ : Bn → N has been defined in Definition 4.11. Or equivalently:

UµU↓ |0⟩⊗n =
1√

22n − 1

∑︂
x∈Bn

√
22n−1−x̄

⃓⃓
σ−1(x̄)

⟩︁
(4.69)

We thus see that to reach the desired superposition, a permutation over the states has to be

performed, specifically:

Definition 4.18:

Let n ∈ N. SBn is the symmetric group on Bn (the group of the permutations on Bn) and

σ : Bn → J0, 2n − 1K as defined in Definition 4.11. We introduce µ ∈ SBn the permutation

defined by:

µ(x) = σ−1(x̄) (4.70)

Example 4.19:

The values of µ(x) for x ∈ B4 are given in Table 4.4, with the values of σ taken from Table 4.3.
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x µ(x) x µ(x)
0000 0000 1000 1001
0001 0001 1001 1010
0010 0010 1010 1100
0011 0100 1011 0111
0100 1000 1100 1011
0101 0011 1101 1101
0110 0101 1110 1110
0111 0110 1111 1111

Table 4.4: Values of µ(x) for x ∈ B4

In order to construct Uµ we will use this well-known result [21]:

Proposition 4.20:

Let X be a finite set and SX the symmetric group on X. For x, y ∈ X, we denote (x, y) the

permutation such that: ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(x, y)(x) = y

(x, y)(y) = x

(x, y)(z) = z if z /∈ {x, y}

(4.71)

Then (x, y) is called a transposition and SX is generated by the transpositions.

Property 4.20 means that any permutation can be decomposed as a product of transpositions

and there exists an algorithm yielding this decomposition as shown in Algorithm 3. In this

algorithm, the notion of minimum is used as a way to choose one non-fixed point so it can be

taken with respect to any order relation on the set X.

Algorithm 3: Permutation decomposition into a product of transposition

Input: υ a permutation on X
Output: Π the decomposition in product of transposition
Π← Id;
while υ ̸= Id do

x0 ← minx∈X{υ(x) ̸= x};
Π← Π ◦ (x0, υ(x0));
υ ← (x0, υ(x0)) ◦ υ

end

Example 4.21:
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Applying Algorithm 3 to the permutation µ ∈ SB4 as introduced in Example 4.19 results in:

µ = (3, 4)(4, 8)(5, 8)(6, 8)(7, 8)(8, 9)(9, 10)(10, 12)(11, 12) (4.72)

Where the used order relation on B4 is the one derived from N. For the sake of presentation

x̄ ∈ N has been used instead of x ∈ B4 in Equation 4.72.

Now it happens that a transposition can easily be translated into a unitary gate using only

multi-controlled X gates:

Proposition 4.22:

Let n ∈ N and x, y ∈ Bn. We denote τ the transposition (x, y), then there exists a unitary gate

Uτ ∈ U(2n) made of multi-controlled X gates such that:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
Uτ |x⟩ = |y⟩

Uτ |y⟩ = |x⟩

Uτ |z⟩ = |z⟩ if z /∈ {x, y}

(4.73)

Proof :

Let n ∈ N, x, y ∈ Bn and τ = (x, y) the transposition. We can build Uτ by using a Gray code

[57] as follow:

1. Build a chain c0, . . . , ct with c0 = x and ct = y where for k ∈ J0, t− 1K, ck and ck+1 differ

by exactly one bit.

2. The transition from ck to ck+1 is represented by a X gate acting on the bit that is

differently controlled by the state of the other bits that are similar.

3. Once y is reached, complete with the symmetric of the obtained circuit with regard to

the last gate.

■
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Example 4.23:

Suppose we want to construct the gate performing the transposition τ = (1011, 1100). One

Gray code is:

1011→ 1111→ 1101→ 1100 (4.74)

The second step to build the gate performing (1011, 1100) is shown in Figure 4.3 where Figure

4.3a represents the transition 1011→ 1111, in Figure 4.3b, the second transition (1111→ 1101)

is added to the first and in Figure 4.3c, the last transition (1101 → 1100) is added. Finally,

the circuit is completed with symmetry to result in Uτ as shown in Figure 4.4.

•

X

•

•

(a) First transition

• •

X •

• X

• •

(b) Second transition

• • •

X • •

• X

• • X

(c) Final transition

Figure 4.3: Second step to build the gate performing τ

• • • • •

X • • • X

• X X •

• • X • •

Figure 4.4: Uτ , the gate performing the transposition τ

We now show:

Proposition 4.24:

Let n ∈ N and υ ∈ SBn a permutation on Bn, then there exists a unitary gate Uυ ∈ U(2n) such

that:

∀x ∈ Bn,Uυ |x⟩ = |υ(x)⟩ (4.75)
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Proof :

Let n ∈ N and υ ∈ SBn . From Property 4.20, there exist τ1, . . . , τk ∈ SBn transpositions such

that:

υ = τk . . . τ1 (4.76)

Now according to Property 4.22, for i ∈ J1, kK, τi can be represented by a gate Uτi ∈ U(2n),

then by denoting:

Uυ = Uτk . . .Uτ1 (4.77)

We are assured to have for x ∈ Bn:

Uυ |x⟩ = |υ(x)⟩ (4.78)

■

Thanks to these result, we can finally build Uµ where µ is defined in Definition 4.18. Therefore,

for n ∈ N, we have:

UµU↓ |0⟩⊗n = Uµ
1√

22n − 1

∑︂
x∈Bn

√
22n−1−x̄ |x⟩ (4.79)

=
1√

22n − 1

∑︂
x∈Bn

√
22n−1−x̄ |µ(x)⟩ (4.80)

=
1√

22n − 1

∑︂
x∈Bn

√
22n−1−x̄

⃓⃓
σ−1(x̄)

⟩︁
(4.81)

=
1√

22n − 1

∑︂
x∈Bn

√
22n−1−σ(x) |x⟩ (4.82)

Which is what we were looking for. All that is left is to entangle the read-out qubit with the

input register according to the target function.
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Entangling the read-out qubit

Let n ∈ N, we now need a unitary gate Uf ∈ U(2n+1) such that:

UfUµU↓ |0⟩⊗n |0⟩ =
1√

22n − 1

∑︂
x∈Bn

√
22n−1−σ(x) |x⟩ |f(x)⟩ (4.83)

This can be achieved with a gate Uf such that for x ∈ Bn:

Uf |x⟩ |0⟩ = |x⟩ |f(x)⟩ (4.84)

While this may seem redundant as well as defeating the purpose of this work, we recall that

we are presenting a way to implement the oracle O↓(f) on the quantum computer so that it

transforms the state |0⟩ into |ψ↓⟩. Once the construction is finished, the whole can be abstracted

into a black box producing the superposition |ψ↓⟩.

There are many ways to construct this unitary, depending on the programming language used.

For example, in Qiskit there exists a method1 that takes as argument the truth table of a

Boolean function and returns a gate performing as in (4.84). For this reason, we will not delve

further into this matter.

For n ∈ N and f ∈ N, we have thus shown a way to implement on a quantum computer the

oracle O↓(f). To implement O↑(f) it suffices to swap the arccos in (4.58) with arcsin.

4.3.4 Experimental Results

We have implemented this algorithm and tested it for n = 3 and n = 4. The reason we did not

test for larger dimensions is that for n ≥ 5, the number of samples exceeded the simulator’s

maximum sample number.

Both for n = 3 and n = 4, we have trained the network over 32 target functions. To account

for the randomness of the process, each training has been repeated 100 times. The statistics

1qiskit.org/documentation/stable/0.26/stubs/qiskit.aqua.components.oracles.TruthTableOracle.html
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obtained from these experiments are represented in Figures 4.5 and 4.6.

(a) Final number of misclassified inputs (b) Number of necessary updates

Figure 4.5: Results of the training runs for n = 3

(a) Final number of misclassified inputs (b) Number of necessary updates

Figure 4.6: Results of the training runs for n = 4

To represent the statistics, we have used box plots where the red line represents the median,

and the lower and upper limits of the box represent the first and third quartiles respectfully.

In addition, the circles indicate outliers. Looking at the final number of misclassified inputs

for n = 3 and n = 4 (Figures 4.5a and 4.6a) we can see that all of the training runs resulted

in a correctly tuned network, expressing exactly the target function. Regarding the number

of updates, we also notice that for n = 4 (Figure 4.6b) all of the learning algorithms never

took more than n + 1 = 5 updates of the network. For n = 3, some of the training runs

took more than n+ 1 = 4 update steps but these can be regarded as outliers. These punctual

behaviours can be explained by the fact that whatever the oracle used, O↓ or O↑, the inputs
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with a Hamming weight of approximately n/2 will have a small assigned amplitude. This

means that they might not always be detected, hence it might take more than one update to

accurately correct them. Despite these outliers, the algorithm performed as expected, resulting

in a correctly tuned network, with the training process taking no more than n+1 update steps

(for the vast majority).

4.4 Conclusion

In this chapter, we have devised an algorithm to train a tunable neural network so that it

learns to express a target Boolean function. By using a quantum oracle providing a quantum

superposition of all the inputs associated with a specific amplitude, we show that the training

stage requires at most n + 1 updates to the network to successfully learn the target function.

However, this comes at the cost of a significant sampling complexity, in the order of 22
n
. We

implemented this algorithm and tested it for small dimensions. The experiments show that

this approach works but the high sample complexity proved to be extremely limiting. For that

reason, we turned to the field of learning theory to provide a guide in the design of an efficient

training algorithm for the tunable quantum neural network.



Chapter 5

TNN in the QPAC-Learning

Framework

5.1 Introduction

Introduced by [76], probably approximately correct (PAC) learning provides a mathematical

framework to analyse classical machine learning techniques. This framework revolves around the

existence of an oracle that provides samples drawn from the instance space. These samples are

then used as examples for an algorithm to learn a target concept. The efficiency of this learning

algorithm can then be characterised by its sampling complexity. Given the momentum gained

by quantum techniques for machine learning, it seems natural for a quantum equivalence of

PAC-learning to be introduced. This is exactly what has been done in [16] with QPAC-learning.

In this framework, instead of providing samples from the instance space, the oracle generates

a superposition of all the examples. Similarly to PAC-learning, QPAC-learning can be used to

evaluate the learning efficiency of quantum algorithms.

In this chapter we are using this framework to study a learning algorithm based on quantum

amplitude amplification [15]. We invoke this fundamental quantum procedure both to compare

the error rate to a threshold as well as increase the probability of measuring the errors produced

by the learner. These measured errors are then used to tune the learner in order to decrease

71
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the error rate. In our case, this learner is a tunable quantum neural network as introduced

in Chapter 3. We implemented this approach and used it to learn the concept class of parity

functions. The results of these experiments show that this architecture is an efficient learner

for this class with a sample complexity that is lower in some cases than what can be found in

the literature.

5.2 Quantum Probably Approximately Correct

QPAC-Learning has been introduced in [16] and is the quantum version of the work presented in

[76]. This framework allows for a mathematical analysis of learners by quantifying the number

of samples that are needed to learn.

Definition 5.1:

Let n ∈ N, a concept is simply a Boolean function c ∈ BBn
and we call concept class C, a subset:

C ⊆ BBn

(5.1)

During the learning process, the learner has access to an example oracle defined as follows:

Definition 5.2:

Let n ∈ N, c ∈ BBn
a concept and D : Bn → [0, 1] a probability distribution over Bn. Then the

example oracle EX(c,D) will output the superposition |Ψ(c,D)⟩ such that:

|Ψ(c,D)⟩ =
∑︂
x∈Bn

√︁
D(x) |x⟩ |c(x)⟩ (5.2)

Herein lies the difference between the quantum and the classical version of PAC-Learning as in

the classical version, a call to the oracle will return an example (x, c(x)) where x is drawn from

Bn according to D. The following definitions are similar to the classical case:

Definition 5.3:

Let n ∈ N, c ∈ BBn
and D : Bn → [0, 1] as defined in Definition 5.2. We denote by Px∼D the
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sampling probability from the distribution D. Suppose that the learner outputs an hypothesis

h ∈ BBn
, then the error errD(c, h) is:

errD(c, h) = Px∼D(h(x) ̸= c(x)) (5.3)

The aim for the learner is then to output a hypothesis h such that the error is small enough

(approximately correct) and to do so with high probability (probably correct). This allows us

to properly define what a learner is in the QPAC-Learning framework:

Definition 5.4:

Let n ∈ N, C ⊆ BBn
be a concept class, 0 < ϵ < 1

2
and 0 < δ < 1

2
. Suppose that for every

distribution D over Bn and every target concept c ∈ C, and given access to the oracle EX(c,D),

an algorithm outputs and hypothesis h ∈ BBn
such that:

P (errD(c, h) < ϵ) > 1− δ (5.4)

Then the algorithm is said to be an (ϵ, δ)-learner for C.

Note that in Definition 5.4, the hypothesis is taken is BBn
but it is also possible to require h ∈ C

which leads to two types of learners:

Definition 5.5:

Let C be a concept class. Suppose the learner outputs h:

• If we are assured that h ∈ C, then the learner is said to be a proper learner

• Otherwise it is an improper learner

As stated previously, this framework allows for a mathematical analysis of learning algorithms

by studying their sample complexity:

Definition 5.6:

Let C a concept class and L an (ϵ, δ)-learner for C. The sample complexity of L is the maximum
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number of calls to the example oracle EX(c,D) needed to output a hypothesis h verifying the

conditions of (5.4), taken over all target concepts c ∈ C and distributions D.

This notion of sample complexity then leads to the idea of an efficient learner:

Definition 5.7:

Let C a concept class and L an (ϵ, δ)-learner for C. L is said to be an efficient learner if its

sample complexity is polynomial in 1
ϵ
and 1

δ

5.3 TNN in the QPAC-Learning Framework

It turns out that tunable networks are particularly well suited to be studied in the QPAC-

learning framework. Let n ∈ N, C ⊆ BBn
a concept class and c ∈ C. Let D be a probability

distribution over Bn and EX(c,D) the oracle producing |Ψ(c,D)⟩ as in (5.2). Now let T(h) a

tunable network that is expressing h ∈ BBn
in its current state, then we have:

T(h) |Ψ(c,D)⟩ =
∑︂
x∈Bn

√︁
D(x) |x⟩ |h(x)⊕ c(x)⟩ (5.5)

=
∑︂

h(x)=c(x)

√︁
D(x) |x⟩ |0⟩+

∑︂
h(x)̸=c(x)

√︁
D(x) |x⟩ |1⟩ (5.6)

Definition 5.8:

Let θerr ∈
[︁
0, π

2

]︁
such that:

sin(θerr) =

√︄ ∑︂
h(x)̸=c(x)

D(x) (5.7)

Then we have:

T(h) |Ψ(c,D)⟩ = sin(θerr) |ϕerr⟩ |1⟩+ cos(θerr) |ϕ��err⟩ |0⟩ (5.8)

Where |ϕ��err⟩ and |ϕerr⟩ are the normalised states proportional to
∑︁

h(x)=c(x)

√︁
D(x) |x⟩ and∑︁

h(x) ̸=c(x)

√︁
D(x) |x⟩ respectively. Then by denoting P1 the probability of measuring the read-
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out qubit in state |1⟩, we have:

P1 = sin2(θerr) =
∑︂

h(x)̸=c(x)

D(x) = errD(c, h) (5.9)

To use tunable neural networks in the QPAC-learning framework we thus need a mean to

estimate sin2(θe) and compare it to 0 < ϵ < 1/2. If the error is smaller than ϵ, output the

current hypothesis. Otherwise, tune the network so that it expresses another hypothesis h′ and

repeat. The proposed algorithm does just that through the use of amplitude amplification.

5.4 Tuning Algorithm

5.4.1 Preliminary Results

At its core, the algorithm aims at amplifying the probability of measuring an erroneous input

in order to increase the chance of correcting it. By doing so, it turns out that it is also possible

to compare this probability to a given value ϵ.

Definition 5.9:

Let 0 < ϵ < 1
2
, then we denote θϵ ∈

]︁
0, π

4

[︁
such that:

sin2(θϵ) = ϵ (5.10)

Additionally, we define mmax ∈ N by:

mmax = argmin
m∈N

(2m+ 1)θϵ ≥
π

4
(5.11)

Because sin is increasing on
[︁
0, π

2

]︁
, comparing errD(c, h) to ϵ is equivalent to comparing θerr to

θϵ. To do so, we introduce the following:

Lemma 5.10:
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Let θϵ ∈
]︁
0, π

4

[︁
and mmax ∈ N as in Definition 5.9 and let θ ∈

[︁
0, π

2

]︁
.

If for all m ≤ mmax, we have sin2 ((2m+ 1)θ) < 1
2
then θ < θϵ

Proof :

We show this by contraposition.

Let θ ≥ θϵ.

Suppose θ ∈
[︁
π
4
, π
2

]︁
, then taking m = 0 ≤ mmax, we have sin2(θ) ≥ 1

2
.

Now suppose that θ ∈
[︁
0, π

4

[︁
. By definition, we have mmax =

⌈︂
1
2

(︂
π
4θϵ
− 1
)︂⌉︂

and we denote

m =
⌈︁
1
2

(︁
π
4θ
− 1
)︁⌉︁
, then m ≤ mmax. Let 0 ≤ α < 1 such that m = 1

2

(︁
π
4θ
− 1
)︁
+ α. Then we

have (2m+ 1)θ = π
4
+ 2αθ and π

4
≤ (2m+ 1)θ ≤ 3π

4
. This leads to sin2((2m+ 1)θ) ≥ 1

2
.

Hence Lemma 5.10. ■

This result is illustrated in Figures 5.1 and 5.2.

π
4

θ
θϵ

(a) Initial state.

(2m+1)θ

(2m+1)θϵ

(b) After m ≤ mmax steps of amplitude amplifica-
tion.

Figure 5.1: Case where θ ≥ θϵ.

π
4

θϵθ

(a) Initial state.

(2mmax+1)θϵ

(2mmax+1)θ

(b) After mmax steps of amplitude amplification.

Figure 5.2: Case where θ < θϵ.
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5.4.2 Description of the Algorithm

The tuning algorithm works as follows. After each update of the tunable network, the error is

compared to ϵ thanks to Lemma 5.10: after m0 < mmax steps of amplification, the resulting

state is measured N times and the number S of measurements for which the ancillary qubit is

in state |1⟩ is counted.

If S > N
2
, then the error is greater than ϵ and the network is updated using the measurements

on the first n qubits. If on the other hand S ≤ N
2
, the process is repeated with m0 + 1 ≤ mmax

steps of amplification.

The algorithm stops when the network reaches a state such that even after mmax steps of

amplification we have S ≤ N
2
. It is thus necessary to choose N such that when the algorithm

stops the error is most probably lower than ϵ.

To avoid the angle (2mmax+1)θϵ from overshooting π
4
by too much, we have chosen to limit ϵ to]︁

0, 1
10

[︁
. This limitation can be achieved without loss of generality by scaling the problem by a

factor of 1
5
. This can be done by introducing a second ancillary qubit and applying a controlled

rotation gate:

Definition 5.11:

We define CR the controlled rotation gate such that:

CR |10⟩ = 2√
5
|10⟩+ 1√

5
|11⟩ (5.12)

The states of interest are then the ones for which the two qubits ancillary register is in state

|11⟩. This procedure has two consequences: for ϵ ∈
]︁
0, 1

2

[︁
, we are effectively working with

ϵ′ = ϵ
5
∈
]︁
0, 1

10

[︁
as required. Additionally, the effective error is itself limited to

[︁
0, 1

5

]︁
meaning

that we have θerr ∈
[︂
0, arcsin

(︂
1√
5

)︂]︂
. This means that θerr ̸= π

4
which is a stationary point of

the amplitude amplification procedure thus ensuring that the error will always be amplified.

Using the notations for quantum amplitude amplification introduced in Section 2.3.4, we can

define the following operators:
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Definition 5.12:

Let n ∈ N, h ∈ BBn
and T(h) a tunable network that, in its current state, is expressing h, then:

U(h) = (I⊗n ⊗CR)(T(h)⊗ I) (5.13)

Now for c ∈ BBn
and D a distribution over Bn, we denote:

Xα0(c,D) = I− 2 |Ψ(c,D)⟩ ⟨Ψ(c,D)| (5.14)

And finally:

XG = I⊗n ⊗CZ (5.15)

Where CZ is the Z gate controlled by the first ancillary qubit and acting on the second ancillary

qubit.

From these components, the diffusion operator QD(c, h) can be build:

Definition 5.13:

Let n ∈ N, c, h ∈ BBn
and D a distribution over Bn, then the diffusion operator is defined by:

QD(c, h) = −U(h)Xα0(c,D)U(h)†XG (5.16)

The quantum circuits corresponding to U(h) and XG are depicted respectively in Figure 5.3a

and 5.3b while the circuit used to tune the network is shown in Figure 5.3c.

/n

T(h)
•

R

(a) U(h)

/n

. •

Z

(b) XG

/n

T(h)
Qm
D(c, h)•

|0⟩ R

⎧⎨⎩|Ψ(c,D)⟩

(c) Circuit used to tune the network

Figure 5.3: Quantum circuits of some components of the diffusion operator (Figures 5.3a and
5.3b) and overall circuit used to tune the network (Figure 5.3c).
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Finally, the tuning algorithm is shown in Algorithm 4. In Algorithm 4 the instruction “Update

TNN” is given without further specification as the update strategy depends on the concept

class being learnt. The update strategy used to learn the class of concepts introduced in Section

5.6 is specified in Algorithm 5. The requirement for the number of samples N will be justified

in Section 5.5.1.

Algorithm 4: Tuning Algorithm for QPAC-learning

Data: 0 < ϵ < 1
2
, 0 < δ < 1

2
, |Ψ(c,D)⟩

Result: TNN expressing h∗ such that P (errD(h
∗, c) < ϵ) > 1− δ

N ← 2
(︁⌊︁

1
πδ2

⌋︁
//2
)︁
+ 2;

mmax ← smallest integer such that (2mmax + 1) arcsin
(︁√︁

ϵ
5

)︁
≥ π

4
;

T← I;
m← −1;
s← 0;
errors← [];
corrects← [];

while m < mmax or s > N
2
do

m← m+ 1;
s← 0;

U←
(︁
I⊗n ⊗R

)︁(︁
(T⊗ I

)︁
;

|Φ⟩ ← U |Ψ(c,D)⟩;
Q← −UXα0U

−1XG;
for 1 ≤ k ≤ N do

Measure Qm |Φ⟩;
if 1 is measured on the first ancillary qubit then

append the string of the first n qubits to errors;
if 1 is measured on the second ancillary qubit then

s← s+ 1;
end

end
else

append the string of the first n qubits to corrects;
end

end

if s > N
2
then

Update T;
m← −1;
errors← [];
corrects← [];

end

end
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5.5 Proof and Analysis of the Algorithm

5.5.1 Proof for the Number of Samples

Let N be the number of measurements performed during a measurement round and S be the

number of these measurements that return a state of interest. As stated in Algorithm 4, the

tuning stops when even after mmax rounds of amplitude amplification we have:

S ≤ N

2
(5.17)

This event will only occur if for all m < mmax, we also have S ≤ N
2

following m rounds of

amplification.

Prior to the diffusion operator, the system is in the state |Φ⟩ such that:

|Φ⟩ = sin(θerr) |ϕerr⟩ |11⟩+ cos(θerr) |ϕ⊥⟩ (5.18)

Where |ϕerr⟩ is the superposition of the states that are misclassified by the network and

⟨ϕ⊥|ϕerr, 11⟩ = 0. After mmax rounds of amplitude amplification we have:

Qmmax |ψ⟩ = sin((2mmax + 1)θerr) |ϕerr⟩ |11⟩+ cos((2mmax + 1)θerr) |ϕ⊥⟩ (5.19)

Let us denote p = sin2((2mmax + 1)θerr), then p is the probability of measuring a state of

interest, marked with the ancillary qubits in state |11⟩, and we wish to compare p to 1
2
in order

to apply Lemma 5.10. This boils down to estimating P
(︁
p < 1

2
|S < N

2

)︁
. First, we need:

Lemma 5.14:

Let N, k ∈ N with k ≤ N and a ∈ [0, 1], then:

∫︁ a
0
θk(1− θ)N−kdθ = k!(N−k)!

(N+1)!
− (1− a)N−k+1

∑︁k
i=0

k!(N−k)!
(k−i)!(N−k+i+1)!

ak−i(1− a)i (5.20)

Proof :

Let N ∈ N and a ∈ [0, 1] we show the result by induction over 0 ≤ k ≤ N .
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For k = 0:

∫︂ a

0

(1− θ)Ndθ =
[︃
− 1

N + 1
(1− θ)N+1

]︃a
0

=
1

N + 1
− 1

N + 1
(1− a)N+1 (5.21)

Suppose the result verified for 0 ≤ k < N , by integration by parts:

∫︂ a

0

θk+1(1− θ)N−(k+1)dθ =

[︃
−θ

k+1(1− θ)N−k

N − k

]︃a
0

+
k + 1

N − k

∫︂ a

0

θk(1− θ)N−kdθ (5.22)

= −ak+1(1−a)N−k

N−k + k+1
N−k

[︂
k!(N−k)!
(N+1)!

− (1− a)N−k+1
∑︁k

i=0
k!(N−k)!

(k−i)!(N−k+i+1)!
ak−i(1− a)i

]︂
(5.23)

= (k+1)!(N−(k+1))!
(N+1)!

−
[︂
ak+1(1−a)N−k

N−k + (1− a)N−k+1
∑︁k

i=0
(k+1)!(N−k−1)!

(k−i)!(N−k+i+1)!
ak−i(1− a)i

]︂
(5.24)

But:

ak+1(1− a)N−k

N − k
+ (1− a)N−k+1

k∑︂
i=0

(k + 1)!(N − k − 1)!

(k − i)!(N − k + i+ 1)!
ak−i(1− a)i (5.25)

= (1− a)N−k

[︄
ak+1

N − k
+

k∑︂
i=0

(k + 1)!(N − k − 1)!

(k − i)!(N − k + i+ 1)!
ak−i(1− a)i+1

]︄
(5.26)

= (1− a)N−(k+1)+1
[︂
ak+1

N−k +
∑︁k+1

i=1
(k+1)!(N−(k+1))!

((k+1)−i)!(N−(k+1)+i+1)!
a(k+1)−i(1− a)i

]︂
(5.27)

= (1− a)N−(k+1)+1

k+1∑︂
i=0

(k + 1)!(N − (k + 1))!

((k + 1)− i)!(N − (k + 1) + i+ 1)!
a(k+1)−i(1− a)i (5.28)

Combining (5.24) with (5.28), we get the result for k + 1. ■

Lemma 5.14 will be used to show:

Proposition 5.15:

Let S be the number of states of interest that have been measured among the N measurements,

then S ∼ B(N, p). When placing a uniform marginal distribution on p and assuming that N

is even, we have:

P

(︃
p <

1

2
| S < N

2

)︃
=

1

2
+

(︃
1

2

)︃N+1
N + 1

N + 2

(︃
2N −

(︃
N

N/2

)︃)︃
(5.29)

Proof :
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From Bayes Theorem:

P

(︃
p <

1

2
| S < N

2

)︃
=
P (S ≤ N/2 | p < 1/2)P (p < 1/2)

P (S ≤ N/2)
(5.30)

Placing a uniform distribution on p yields:

P

(︃
p <

1

2
| S < N

2

)︃
=

∑︁N/2
k=0

(︁
N
k

)︁ ∫︁ 1
2

0
θk(1− θ)N−kdθ∑︁N/2

k=0

(︁
N
k

)︁ ∫︁ 1

0
θk(1− θ)N−kdθ

(5.31)

But according to Lemma 5.14:

∫︂ 1

0

θk(1− θ)N−kdθ =
k!(N − k)!
(N + 1)!

(5.32)

So:

N/2∑︂
k=0

(︃
N

k

)︃∫︂ 1

0

θk(1− θ)N−kdθ =

N/2∑︂
k=0

(︃
N

k

)︃
k!(N − k)!
(N + 1)!

(5.33)

=
N + 2

2(N + 1)
(5.34)

Similarly, according to Lemma 5.14, we have:

∫︂ 1
2

0

θk(1− θ)N−kdθ =
k!(N − k)!
(N + 1)!

−
(︃
1

2

)︃N+1 k∑︂
i=0

k!(N − k)!
(k − i)!(N − k + i+ 1)!

(5.35)

So:

N/2∑︂
k=0

(︃
N

k

)︃∫︂ 1
2

0

θk(1− θ)N−kdθ =
N + 2

2(N + 1)
−
(︃
1

2

)︃N+1 N/2∑︂
k=0

k∑︂
i=0

N !

(k − i)!(N − k + i+ 1)!
(5.36)
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Putting (5.30), (5.34) and (5.36) together yields:

P (p < 1/2 | S ≤ N/2) = 1−
(︃
1

2

)︃N
N + 1

N + 2

N/2∑︂
k=0

k∑︂
i=0

N !

(k − i)!(N − k + i+ 1)!
(5.37)

= 1−
(︃
1

2

)︃N
1

N + 2

N/2∑︂
k=0

k∑︂
i=0

(N + 1)!

(k − i)!(N − k + i+ 1)!
(5.38)

= 1−
(︃
1

2

)︃N
1

N + 2

N/2∑︂
k=0

k∑︂
i=0

(︃
N + 1

k − i

)︃
(5.39)

= 1−
(︃
1

2

)︃N
1

N + 2

N/2∑︂
k=0

k∑︂
i=0

(︃
N + 1

i

)︃
(5.40)

= 1−
(︃
1

2

)︃N
1

N + 2

N/2∑︂
k=0

(︃
N + 1

k

)︃(︃
N

2
+ 1− k

)︃
(5.41)

Now:
N/2∑︂
k=0

(︃
N + 1

k

)︃(︃
N

2
+ 1− k

)︃
=
N + 2

2

N/2∑︂
k=0

(︃
N + 1

k

)︃
−

N/2∑︂
k=0

(︃
N + 1

k

)︃
k (5.42)

As N is even:
N/2∑︂
k=0

(︃
N + 1

k

)︃
= 2N (5.43)

And for k > 0, we have: (︃
N + 1

k

)︃
k =

(︃
N

k − 1

)︃
(N + 1) (5.44)

Plugging (5.44) and (5.43) into (5.42) leads to:

N/2∑︂
k=0

(︃
N + 1

k

)︃(︃
N

2
+ 1− k

)︃
= 2N−1(N + 2)− (N + 1)

N
2
−1∑︂

k=0

(︃
N

k

)︃
(5.45)

Replacing (5.45) in (5.41), gives:

P (p < 1/2 | S ≤ N/2) = 1−
(︃
1

2

)︃N
1

N + 2

⎛⎝2N−1(N + 2)− (N + 1)

N
2
−1∑︂

k=0

(︃
N

k

)︃⎞⎠ (5.46)

=
1

2
+

(︃
1

2

)︃N
N + 1

N + 2

N
2
−1∑︂

k=0

(︃
N

k

)︃
(5.47)
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N being even:
N
2
−1∑︂

k=0

(︃
N

k

)︃
=

N
2
−1∑︂

k=0

(︃
N

k

)︃
=

1

2

(︃
2N −

(︃
N

N/2

)︃)︃
(5.48)

Finally, plugging (5.48) into (5.47), we have:

P

(︃
p <

1

2
| S < N

2

)︃
=

1

2
+

(︃
1

2

)︃N+1
N + 1

N + 2

(︃
2N −

(︃
N

N/2

)︃)︃

■

We can quickly check that this equality is sound by using Stirling’s approximation:

(︃
n

k

)︃
∼
√︃

n

2πk(n− k)
nn

kk(n− k)n−k
(5.49)

Hence: (︃
N

N/2

)︃
∼ 2N

√︃
2

πN
(5.50)

So:

lim
N→∞

P

(︃
p <

1

2
| S < N

2

)︃
= 1 (5.51)

Thanks to Property 5.15, we can finally determine the number of measurements needed to

ensure that the tuning algorithm successfully stops with high probability.

Theorem 5.16:

Let 0 < δ < 1
2
, by taking:

N = 2

(︃⌊︃
1

πδ2

⌋︃
//2

)︃
+ 2 (5.52)

We have P
(︁
p < 1

2
| S < N

2

)︁
> 1− δ.

Proof :

As seen in Property 5.15, we have:

P

(︃
p <

1

2
| S < N

2

)︃
=

1

2
+

(︃
1

2

)︃N+1
N + 1

N + 2

(︃
2N −

(︃
N

N/2

)︃)︃
(5.53)

But [20]: (︃
N

N/2

)︃
≤
√
2

2N√
πN

(5.54)
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So:

P

(︃
p <

1

2
| S < N

2

)︃
≥ 1

2
+

N + 1

2(N + 2)

(︄
1−

√
2√
πN

)︄
(5.55)

Because N+1
N+2
∼ 1, we can look for a lower bound of the form 1− α√

N
. For example:

P

(︃
p <

1

2
| S < N

2

)︃
> 1− 1√

πN
(5.56)

Now take 0 < δ < 1
2
, we want N even such that:

1√
πN

< δ ⇒ N >
1

πδ2
(5.57)

In particular, we can set:

N = 2

(︃⌊︃
1

πδ2

⌋︃
//2

)︃
+ 2

■

We have shown that when the algorithm stops, we have:

P

(︃
sin2((2mmax + 1)θerr) <

1

2

)︃
> 1− δ (5.58)

This, with Lemma 5.10 leads to P (θerr < θϵ) > 1− δ, hence:

P (errD(c, h) < ϵ) > 1− δ (5.59)

5.5.2 Analysis of the Algorithm

Let n ∈ N, C ⊆ BBn
a concept class and c ∈ C the target concept. Moreover, let D be a

distribution over Bn and 0 < ϵ < 1
2
and 0 < δ < 1

2
. In Subsection 5.5.1 we have shown

that during a measurement phase, the algorithm will make Θ
(︁

1
δ2

)︁
calls to the example oracle

EX(c,D). Now during an update step, there will be at most mmax of these measurement phases

where mmax is, as in Definition 5.9, such that (2mmax + 1)θϵ ≈ π
4
with θϵ = arcsin

(︁√︁
ϵ
5

)︁
. As

0 < ϵ < 1
2
, we have θϵ ≈

√︁
ϵ
5
, hence mmax = Θ

(︂
1√
ϵ

)︂
. In total, an update step will thus
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make Θ
(︂

1√
ϵ
1
δ2

)︂
calls to EX(c,D). As we will see in Section 5.6, it is possible to reduce the

dependence in 1
ϵ
from square root to logarithm. The number of steps will then depend on

the concept class being learnt but whatever the concept class, the sample complexity of this

algorithm is polynomial in 1
ϵ
and 1

δ
, so the proposed algorithm is an efficient learner.

5.6 Learning Parity Functions

5.6.1 Description of the Concept Class

In this section, we will focus on learning the class of parity functions:

Definition 5.17:

Let n ∈ N and s ∈ Bn, we define the parity function ps ∈ BBn
by:

ps : x ↦→ s.x = s0.x0 ⊕ . . .⊕ sn−1.xn−1 (5.60)

And the class of the parity functions Cp is:

Cp = {ps | s ∈ Bn} (5.61)

An important quantity that characterises a concept class is the Vapnik-Chervonenkis dimension

(VC dimension) which is defined as follows:

Definition 5.18:

Let n ∈ N and C ⊆ BBn
be a concept class. Let d ∈ N and (b0, . . . , bd−1) where bi ∈ Bn, for

0 ≤ i ≤ d− 1. Then the set (b0, . . . , bd−1) is said to be shattered by C if:

{(c(b0), . . . , c(bd−1)) | c ∈ C} = Bd (5.62)

The VC dimension of C is then the maximum d such that there exists a set (b0, . . . , bd−1) that

is shattered by C.



5.6. Learning Parity Functions 87

The VC dimension of a concept class quantifies the expressivity of the class. We can then show

the following:

Proposition 5.19:

Let n ∈ N, the VC dimension of Cp = {ps | s ∈ Bn} is n.
Proof :

This is a rather known proof but out of completeness, we include it here.

Let n ∈ N. Then |Cp| = |Bn| = 2n.

Now let d ∈ N and b0, . . . , bd−1 ∈ Bn, then:

|{(c(b0), . . . , c(bd−1)) | c ∈ Cp}| ≤ |Cp| = 2n (5.63)

In particular, for 0 ≤ i ≤ n− 1, let us take bi such that 1bi = {i}. Then for s ∈ Bn, we have:

(ps(b0), . . . , ps(bn−1)) = s (5.64)

So:

Bn ⊆ {(c(b0), . . . , c(bn−1)) | c ∈ Cp} (5.65)

But |Bn| = 2n so together with (5.63), it follows that:

{(c(b0), . . . , c(bn−1)) | c ∈ Cp} = Bn (5.66)

Hence the VC dimension of Cp is n. ■

5.6.2 Implementation

Any concept from this class can easily be expressed by a tunable network: for each non-zero

bit of s it suffices to apply the X gate controlled by the corresponding qubit. In order to learn

a parity function, we are applying the update strategy shown in Algorithm 5.

Let s ∈ Bn and ps ∈ Cp be the target concept. The update strategy stems from the equivalence

between the two following facts:
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• There exist a misclassified input xe ∈ Bn and a correctly classified input xc ∈ Bn such

that |wH(xe)− wH(xc)| = 1 and either 1xe ⊂ 1xc or 1xc ⊂ 1xe .

• 1xe△1xc ⊆ 1s. Where 1xe△1xc is the symmetric difference between these two sets.

Given this observation, the update strategy consists in:

1. Group the measured misclassified inputs by increasing Hamming weight and do the same

with the measured correctly classified inputs.

2. For each of the misclassified inputs of Hamming weight i, xe, check if there is a correctly

classified input of weight i + 1, xc such that 1xe ⊂ 1xc . If this is the case, add the gate

controlled by the qubit 1xc \1xe . Do the same with the correctly classified inputs of weight

i and the misclassified inputs of weight i+ 1.

These steps alone would have sufficed to tune the network but in order to reduce the number

of update steps we added some additional steps. Indeed, because the gates to be updated are

each controlled by a single qubit that is in 1s, they will not be updated anymore and thus we

can predict the effect of the updated network on the current measurements:

3. For each of the single control qubit q of the list of gates to be updated, if there exist

a misclassified input of weight i, xc such that q ∈ 1xc , then remove xc from the list of

misclassified inputs and add x such that 1x = 1xc \ {q} to the list of correctly classified

inputs of weight i− 1. Do the same with the correctly classified inputs.

One final observation we can make is that the measured correctly classified inputs of weight 1

xc are such that 1xc = {q} with q /∈ 1s. And hence we can add the following step:

4. For each of the correctly classified inputs of weight 1, do the same as 3. but without

swapping from misclassified to correctly classified and vice-versa.

5. Restart from 5.6.2. until no more gates to be updated can be found.

Because the gates to be updated are all controlled by a single qubit, we are assured that the

final hypothesis will be a parity function, hence our algorithm is a proper learner.
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Algorithm 5: Update strategy for parity functions

Data: errors and corrects the lists of measured inputs that are respectively
misclassified and correctly classified

Result: gates the list of gates to be updated
Gather the measurements in errors by group of same Hamming weight so that
errors[i] is the list of misclassified inputs of Hamming weight i;
Do the same with corrects;
gates← errors[1];
while A gate can be added to gates do

for 1 ≤ i ≤ n− 1 do
for e in errors[i] do

for c in corrects[i+ 1] do
if e⊕ c has Hamming weight 1 then

Add e⊕ c to gates if it is not already in;
end

end

end
Do the same with corrects and errors switched;

end
for g ∈ gates do

for 1 ≤ j ≤ n do
for e ∈ errors[i] do

if 1g ⊆ 1e then
Remove e from errors[i];
Add e⊕ g to corrects[i− 1];

end

end
Do the same with corrects[i];

end

end
not significant← corrects[1];
for ns ∈ not significant do

Do the same as above but pass from corrects[i] to corrects[i− 1] and from
errors[i] to errors[i− 1]

end

end
Return gates;
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To completely specify the algorithm’s query complexity, it remains to determine the VC-

dimension dependant part of the complexity. It is clear that when δ is small enough, the

number of samples during an update phase will be large enough so that the variety of samples

allows for the network to be correctly tuned after one update. We are now interested in the

other side of the spectrum: when δ is large and hence the number of samples is small. The

number of necessary updates will then be a function of both n and ϵ, in which case we will use

the result from [4] to state:

Proposition 5.20:

Let n ∈ N and Cp ⊆ BBn
be the class of parity functions of n variables. Let 0 < ϵ < 1

4
, then the

VC-dimension dependant part of the query complexity is in:

Ω

(︃
n− 1

ϵ

)︃
(5.67)

This approach has been implemented1 for different values of n ≥ 4. For a given n, the probabil-

ity distributions over Bn have been created randomly by applying to each qubit a Ry rotation

gate with an angle randomly chosen in [0, π]. The controlled X gates corresponding to the

target concept are then added to the circuit. These two blocks taken together are constituting

the oracle EX(c,D). The construction of such oracles for n = 4 is illustrated in Figure 5.4.

The TNN has then been trained to learn the concepts of the class Cp according to the training

algorithm and the update strategy introduced in this chapter (Algorithm 4 and Algorithm 5).

|0⟩ Ry(θ0) •

|0⟩ Ry(θ1)

|0⟩ Ry(θ2) •

|0⟩ Ry(θ3)

|0⟩ X X

(a) Oracle for p1010.

|0⟩ Ry(θ0)

|0⟩ Ry(θ1) •

|0⟩ Ry(θ2) •

|0⟩ Ry(θ3) •
|0⟩ X X X

(b) Oracle for p0111.

Figure 5.4: Implementation of the oracle for n = 4 and different target concepts.

1The code can be found in the following repository: https://github.com/vietphamngoc/QPAC
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For the different n ≥ 4, the experiments have been performed for 16 randomly selected concepts

from this class. In all cases, different values of ϵ and δ have been used. Once the training has

been completed, the error is evaluated using the Qiskit statevector simulator by running the

circuit composed of the oracle and the tuned network and getting the amplitude of all the inputs

for which the network’s output is wrong and hence the final error probability. To account for

the overall randomness of the process, each training has been performed 50 times.

5.6.3 Experimental Results

In the first set of experiments, we wished to verify that when the algorithm stops, the training

target has indeed been reached. To do so, we trained the network for n = 4 and 8 and for

different values of ϵ and δ. The results of these experiments are depicted in Figure 5.5 using

violin plots. These types of plot represent the occurrence frequency of the values within the

(a) n = 4 and ϵ = 0.1 (b) n = 4 and ϵ = 0.05

(c) n = 8 and ϵ = 0.1 (d) n = 8 and ϵ = 0.05

Figure 5.5: Final error rates for different values of n, ϵ and δ. The red line represents ϵ.
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data through the width of the violins. From Figure 5.5, we can conclude that the training

algorithm works correctly. Indeed, for each of the n, ϵ configurations, the final error rate is for

the most part below ϵ with the occasional training ending with an error rate greater than ϵ

only occurring for δ = 0.2.

In order to speed up the training process, we investigated the possibility of incrementing m,

the number of amplification rounds, not by 1 but with powers of 2. To test this possibility, we

trained the network for n = 6, ϵ = 0.01 and δ = 0.2, 0.1 and 0.05 with, on one side, an increment

by 1 and, on the other side, an increment with powers of 2. The outcomes of these experiments

are gathered in Figure 5.6. Given that the final error rate are comparable, we chose to keep

(a) m incremented by 1 (b) m incremented with powers of 2

Figure 5.6: Final error rates for n = 6, ϵ = 0.01

this increment schedule. This means that the number of samples during an update phase is in:

Θ

(︃
log

(︃
1

ϵ

)︃
1

δ2

)︃
(5.68)

We continued the verification of the performances of the algorithm by confirming that the

training target can be reached independently of the probability distribution. To do so, we

trained the network for n = 6, ϵ = 0.1 and δ = 0.1 (with m incremented with powers of 2).

Figure 5.7 depicts the error rate resulting from the training of the network with these given

parameters and 3 randomly generated probability distributions over B6. Figure 5.7 shows that

regardless of the distribution, the training will result in a network tuned such that the final

error rate is most probably less than ϵ.
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Figure 5.7: Final error rate for n = 6, ϵ = 0.1 and δ = 0.1 obtained with 3 different probability
distributions

Through the experiments that we have conducted, we have established that our training algo-

rithm works as intended with, for δ small enough, a query complexity in Θ
(︁
log
(︁
1
ϵ

)︁
1
δ2

)︁
. Taken

together with Property 5.20, it follows that the query complexity of our algorithm to learn

parity functions is:

Ω

(︃
n− 1

ϵ
+ log

(︃
1

ϵ

)︃
1

δ2

)︃
(5.69)

To verify this, we conducted a final set of experiments wherein we trained the network for

n ∈ {6, 7}, ϵ ∈ {0.1, 0.05} and different values for δ. The results are shown in Figure 5.8. The

number of updates is plotted against the number of samples during an update phase, calculated

from the values of ϵ and δ. The data comes from the aggregation of the training for 16 different

functions for each dimension, trained 50 times each, with the repetitions being evenly split

between two different probability distributions over B6 and B7. The results are depicted using

boxes where the red line represents the median and the lower and upper limits of the box

represent the first and third quartiles respectively. The whiskers point to the maximum and

minimum values while the rounds identify outliers. Figure 5.8 shows that when the number

of samples during an update phase is larger than n−1
ϵ
, the training only requires one update,

which validates the sample complexity given in Equation 5.69.

In [7] the authors proposed the following complexity:

Ω

(︃
n− 1

ϵ
+

1

ϵ
log

(︃
1

δ

)︃)︃
(5.70)
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(a) n = 6 and ϵ = 0.1 (b) n = 6 and ϵ = 0.05

(c) n = 7 and ϵ = 0.1 (d) n = 7 and ϵ = 0.05

Figure 5.8: Number of updates necessary to train the network for n ∈ {6, 7}, ϵ ∈ {0.1, 0.05}
and different numbers of samples, calculated from ϵ and δ

Were the VC-dimension independent part has been obtained by considering two distinct con-

cepts and placing a distribution depending on ϵ. The complexity then stems from the number

of samples needed to distinguish two states. While our complexity in δ is exponentially worst,

we have an exponential gain in terms of ϵ. So for applications where a small ϵ is required, our

algorithm will require fewer samples.

5.7 Conclusion

In this chapter, we have designed an algorithm to train a tunable quantum neural network in

the QPAC-learning framework. We have shown that when the algorithm stops, the network

expresses a hypothesis that is ϵ-close to the target concept with high probability, i.e. the

network has learnt the target concept. We have implemented this algorithm and tested it on

the class of parity functions. The results of the experiments show that our algorithm works

correctly and is efficient with a complexity of Ω
(︁
n−1
ϵ

+ log
(︁
1
ϵ

)︁
1
δ2

)︁
. When comparing to the

literature, we found that our algorithm will perform better for applications where ϵ needs to
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be small.



Chapter 6

Exact Learning with a Quantum

Example Oracle

6.1 Introduction

Introduced in [2], the model of exact learning is, together with PAC learning, one of the

main frameworks of learning theory. Initially, the learner was given access to two different

oracles: the membership oracle and the equivalence oracle. Suppose that c is the target concept.

Given x, a call to the membership oracle will return c(x) and given the learner’s current

hypothesis h, the equivalence oracle will output a randomly chosen x ∈ Bn such that h(x) ̸= c(x)

should such x exists The goal is then to produce a hypothesis h∗ that is pointwise equal to

c. Given the impracticality of the equivalence oracle it has become common practice to only

work with the membership oracle [16, 25] or forgo these two oracles altogether and use another

kind, generally a random example oracle. In this case, the preferred flavour is the uniformly

distributed examples [70, 54, 38]. These last two research directions naturally gave rise to

quantum generalisations of these oracles [4, 8].

In this chapter, we will study the performances of the tunable quantum neural network as

introduced in Chapter 3 in the quantum exact learning framework when the learner is given

access to the quantum version of the uniform example oracle. To do so, we devised a training

96
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algorithm that leverages amplitude amplification and fine-tuned it on the task of learning

generic Boolean functions. We show that in this case, it performs better than a naive algorithm

that does not use amplitude amplification. Finally, we adapted this algorithm to learn the class

of k-juntas and found that it requires O(n22k) examples. This query complexity is, in some

cases, lower than what can be found in the literature.

6.2 Quantum Exact Learning

As said previously, quantum exact learning is the extension of the exact learning framework

to quantum oracles. We define the quantum membership oracle [4, 3, 71] and the uniform

quantum example oracle [8] and formalise the training target in the quantum exact learning

framework. The definitions for concept class, concept and sample complexity remain the same

as in Section 5.2.

Definition 6.1:

Let n ∈ N and suppose that the target concept is c ∈ BBn
. Then the quantum membership

oracle MO(c) will have the following action:

∀x ∈ Bn,∀b ∈ B, MO(c) |x, b⟩ = |x, b⊕ c(x)⟩ (6.1)

On the other hand, the uniform quantum example oracle is defined as:

Definition 6.2:

Let n ∈ N and c ∈ BBn
be the target concept, then a query to the quantum example oracle

EX(c) will return the superposition |ψ(c)⟩ such that:

|ψ(c)⟩ = 1√
2n

∑︂
x∈Bn

|x, c(x)⟩ (6.2)

By using either one of these oracles, the goal of the learner in the exact learning framework is:
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Definition 6.3:

Let n ∈ N and C ⊆ BBn
be a concept class. An algorithm is said to be an exact learner for C if

for every c ∈ C, it outputs a hypothesis h ∈ BBn
such that, with high probability:

∀x ∈ BBn

, h(x) = c(x) (6.3)

This notion of high probability is to be defined. While some authors use a threshold of 2/3 [4],

we chose to use 0.95.

In this chapter, we aim at performing exact learning with a learner having access to the uniform

quantum example oracle.

6.3 Learning Algorithm

6.3.1 Preliminary Analysis

Let n ∈ N and c ∈ BBn
. As stated previously, we have access to the oracle EX(c), a query to

which will produce the superposition |ψ(c)⟩ given in Equation 6.2.

Now suppose that, in its current state (denoted T(h)), the network is expressing h ∈ BBn
then:

T(h) |ψ(c)⟩ = 1√
2n

∑︂
h(x)=c(x)

|x⟩ |0⟩+ 1√
2n

∑︂
h(x)̸=c(x)

|x⟩ |1⟩ (6.4)

So from Equation 6.4, it follows that the number of misclassified inputs and the probability of

measuring the read-out qubit in state |1⟩ are directly proportional:

Proposition 6.4:

Let E(h) = {x ∈ Bn | h(x) ̸= c(x)} be the set of misclassified inputs and P1, the probability of

measuring the read-out qubit in state |1⟩, then:

P1 =
|E(h)|
2n

(6.5)
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In particular, we have:

min
P1>0

P1 =
1

2n
(6.6)

The idea is thus to use amplitude amplification (AA) to boost this probability and hence

measure as many misclassified inputs as possible before updating the network. Recall that

amplitude amplification is performed thanks to the diffusion operator. This operator itself

is composed of unitaries that were introduced in Section 2.3.4. In this setup, the diffusion

operator is as follows:

Definition 6.5:

Let n ∈ N and c ∈ BBn
be the target concept. Suppose that the network is expressing the

function h ∈ BBn
in its current state, denoted T(h), we set:

Xα0(c) = I− 2 |ψ(c)⟩ ⟨ψ(c)| (6.7)

U(h) = T(h) (6.8)

And

XG = I⊗n ⊗ Z (6.9)

This allows us to define the diffusion operator:

Q(c, h) = −U(h)Xα0(c)U
†(h)XG (6.10)

Because the minimum non-zero probability of measuring a misclassified input is known, we

can also determine the maximum number of iterations of the diffusion operator needed to

appropriately amplify the amplitudes of the inputs of interest:

Definition 6.6:

Let n ∈ N, we define:

θmin = arcsin

(︃
1√
2n

)︃
(6.11)
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And:

mmax = argmin
k∈N

⃓⃓⃓
(2k + 1)θmin −

π

2

⃓⃓⃓
(6.12)

We now show the following property:

Proposition 6.7:

Let P1 be a non-zero probability of measuring the read-out qubit in state |1⟩ in this setup.

Let us denote P
(m)
1 this same probability but after m rounds of amplitude amplification. Then

there exists m1/2 ≤ mmax such that:

P
(m1/2)

1 ≥ 1

2
(6.13)

Proof :

Let θ = arcsin
(︁√

P1

)︁
, then because P1 is non-zero, we have:

1

2n
≤ P1 ≤ 1 (6.14)

Thus:

θmin ≤ θ ≤ π

2
(6.15)

If π
4
≤ θ ≤ π

2
, then we can take m1/2 = 0. Otherwise, there exist m > 0 such that:

π

4(2m+ 1)
≤ θ <

π

4(2m− 1)
(6.16)

So:

π

4
≤ (2m+ 1)θ <

π

4
+

π

2(2m− 1)
≤ 3π

4
(6.17)

Hence after m rounds of amplitude amplification, we have:

1

2
≤ sin2((2m+ 1)θ) = P

(m)
1 (6.18)

Let us denote this m, m1/2, then because P1 ≥ 1
2n
, we also have m1/2 ≤ mmax ■

The general idea for the algorithm is the following:

1. E is the set of misclassified inputs, initialised with the empty set
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2. For m ∈ [0,mmax], perform m rounds of AA:

• Perform s measurements

– If 1 is measured on the read-out qubit, add the measurement of the n first qubits

to E the set of misclassified inputs

3. Update the TNN according to E and restart from 1.

4. The algorithm stops if E remains empty when 3. is reached

In order to ensure that the algorithm correctly terminates 95% of the time, we give a condition

on the number of measurements s.

Definition 6.8:

Let m ∈ [0,mmax] and s ∈ N, we define Nm the number of times the read-out qubit is measured

in state |1⟩ after m rounds of amplification and over s measurements. Then:

Nm ∼ B
(︂
s, P

(m)
1

)︂
(6.19)

Using Definition 6.8, we can now estimate the probability for the algorithm to terminate incor-

rectly:

Proposition 6.9:

The probability that the algorithm stops when there are still misclassified inputs is given by:

P (N0 = 0, . . . , Nmmax = 0 | P1 > 0) (6.20)

If s ≥ 5, then

P (N0 = 0, . . . , Nmmax = 0 | P1 > 0) ≤ 0.05 (6.21)

Proof :

We have:

P (N0 = 0, . . . , Nmmax = 0 | P1 > 0) ≤ P (Nm1/2
= 0 | P1 > 0) (6.22)
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But

P (Nm1/2
= 0 | P1 > 0) = (1− P (m1/2)

1 )s ≤ 1

2s
(6.23)

So by taking s ≥ 5, we do have:

P (N0 = 0, . . . , Nmmax = 0 | P1 > 0) ≤ 0.05 (6.24)

■

Given this condition on s, we will now specify further the learning algorithm through the task

of learning a generic Boolean function.

6.3.2 Learning a Generic Boolean Function

Let n ∈ N, in this section, we aim at learning c ∈ BBn
without assuming any property or

structure on c, that is we take the concept class C to be BBn
. This task allows us to specify

the learning algorithm to train a TNN in the exact learning framework. To do so we compare

it to a naive approach. Without assuming anything about the target concept c, the naive way

to correctly learn it, is to evaluate c(x) for all x ∈ BBn
. Given that we only have access to a

uniform quantum example oracle and not a quantum membership oracle the expected number

of queries to measure all the inputs is given by:

Theorem 6.10:

Let K be a set with |K| = N and {ki} be uniformly sampled elements from K. Now let s ∈ N

such that:

{ki}1≤i≤s = K (6.25)

This problem is known as the coupon collector’s problem [28] and it can be shown that E(s),

the expected value of s, is:

E(s) = N ln(N) (6.26)
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Naive algorithm

Using Theorem 6.10 we propose the naive learning algorithm described in Algorithm 6. With

this algorithm, during each update phase, Θ(n2n) queries to the oracle are done. Because

after each update, we should have measured all of the misclassified inputs, Theorem 4.8 can

be applied and the total number of updates is in Θ(n). The total number of queries to the

example oracle can thus be evaluated to be in Θ(n22n).

Algorithm 6: Naive algorithm

Data: |ψ(c)⟩ and T the network with all gates initialised to I
Result: Tuned network T expressing c
E ← [0];
s← ⌊2n ln(2n)⌋;
while E ̸= ∅ do

E ← [];
for 1 ≤ i ≤ s do

Measure T |ψ(c)⟩;
if 1 is measured on the ancillary qubit then

Add the first n qubits to E;
end

end
for u ∈ E do

Update Gu in T;
end

end

One property of this algorithm is that it puts an emphasis on the misclassified inputs. However

within these 2n ln(2n) measurements, a mix of misclassified and correctly classified inputs will

be measured. By using amplitude amplification, the results of the measurements can then be

focused on the inputs of interest. The idea is thus to adapt the number of samples to the

number of amplification rounds in order to measure just what is necessary.

A first improvement

Let Nerr ∈ [1, 2n] be the number of misclassified inputs and θerr ∈
]︁
0, π

2

]︁
defined by:

θerr = arcsin

(︄√︃
Nerr

2n

)︄
= arcsin

(︂√︁
P1

)︂
(6.27)
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Then there exists merr ∈ N such that:

θerr ∈
]︃

π

2(2merr + 3)
,

π

2(2merr + 1)

]︃
(6.28)

This yields:

Nerr ∈
]︃
sin2

(︃
π

2(2merr + 3)

)︃
2n, sin2

(︃
π

2(2merr + 1)

)︃
2n
]︃

(6.29)

And after merr rounds of amplification, the probability P
(merr)
1 of measuring the readout qubit

in state |1⟩ is now:

P
(merr)
1 ∈

]︃
sin2

(︃
π

2
− π

2merr + 3

)︃
, 1

]︃
(6.30)

For m sufficiently large enough, if Nerr ∈
]︂
sin2

(︂
π

2(2merr+3)

)︂
2n, sin2

(︂
π

2(2merr+1)

)︂
2n
]︂
, then after

m rounds of amplification, the results of the measurements will mostly be misclassified inputs.

Applying Theorem 6.10 and taking into account the condition on the number of samples from

Property 6.9 we define the following:

Definition 6.11:

Let n ∈ N and mmax as in Definition 6.6. Then for m ∈ [0 . . .mmax], we denote:

Nm = sin2

(︃
π

2(2m+ 3)

)︃
2n (6.31)

And

sm = max(5, Nm ln(Nm)) (6.32)

The total number of samples during an update phase is thus:
∑︁mmax

m=0 sm which is to be compared

to 2n ln(2n)

Proposition 6.12:

Let n ∈ N, mmax as in Definition 6.6 and sm defined as in Definition 6.11. Then for n large

enough:
mmax∑︂
k=0

sm < 2n ln(2n) (6.33)

Proof :
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For the sake of clarity, for m ∈ [0 . . .mmax], we define:

um = sin2

(︃
π

2(2m+ 3)

)︃
(6.34)

So that Nm = um2
n. Instead of directly showing

∑︁mmax

m=0 sm < 2n ln(2n), we will instead show:

mmax∑︂
m=0

(Nm ln(Nm) + 5) < 2n ln(2n) (6.35)

For the first sum:

mmax∑︂
m=0

Nm ln(Nm) =
mmax∑︂
m=0

ln
(︁
NNm
m

)︁
= ln

(︄
mmax∏︂
m=0

NNm
m

)︄
(6.36)

And

mmax∏︂
m=0

NNm
m =

mmax∏︂
m=0

(um2
n)Nm =

mmax∏︂
m=0

uNm
m

mmax∏︂
m=0

(2n)Nm =
mmax∏︂
m=0

uNm
m

mmax∏︂
m=0

(2n)um2n (6.37)

=
mmax∏︂
m=0

uNm
m

mmax∏︂
m=0

((2n)2
n

)um (6.38)

Because um ≤ 1, we have
∏︁mmax

m=0 u
Nm
m ≤ 1, hence:

mmax∏︂
m=0

NNm
m ≤

mmax∏︂
m=0

((2n)2
n

)um (6.39)

But:
mmax∏︂
m=0

((2n)2
n

)um = ((2n)2
n

)
∑︁mmax

m=0 um (6.40)
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And:

mmax∑︂
m=0

um =
mmax∑︂
m=0

sin2

(︃
π

2(2m+ 3)

)︃
(6.41)

≤
mmax∑︂
m=0

(︃
π

2(2m+ 3)

)︃2

(6.42)

≤ π2

4

mmax+1∑︂
m=1

1

(2m+ 1)2
(6.43)

≤ π2

4

(︄
+∞∑︂
m=1

1

m2
−

+∞∑︂
m=1

1

(2m)2
− 1

)︄
(6.44)

≤ π2

4

(︃
π2

6
− π2

24
− 1

)︃
(6.45)

≤ 0.58 (6.46)

This means:
mmax∏︂
m=0

NNm
m ≤ ((2n)2

n

)0.58 (6.47)

Hence:
mmax∑︂
m=0

Nm ln(Nm) ≤ 0.58× 2n ln(2n) (6.48)

Now for the second sum:
mmax∑︂
m=0

5 = 5(mmax + 1) (6.49)

But mmax ≈
√
2n so for n large enough:

mmax∑︂
m=0

5 ≈ 5
√
2n ≪ 2n ln(2n) (6.50)

Its contribution is thus negligible in the overall sum and we have:

mmax∑︂
m=0

sm <

mmax∑︂
m=0

(Nm ln(Nm) + 5) < 2n ln(2n) (6.51)

■

In order to have a better idea of the reduction in oracle queries introduced by this algorithm,

we have plotted in Figure 6.1 the ratio, as a function of n for n ≥ 4, between the total number
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of samples and 2n ln(2n). As shown in Figure 6.1a, for n large enough, the total number of

(a) k incremented by 1 (b) k incremented with powers of 2

Figure 6.1: Ratio
∑︁mmax

m=0 sm/2
n ln(2n) as a function of n for n ≥ 4. In Figure 6.1a m has been

incremented by 1 while in Figure 6.1b, m has been incremented with powers of 2

samples is approximately halved when compared to the naive algorithm. To reduce further

this number and speed up the training algorithm, we decided to increment m, the number of

amplification rounds, not by 1 but with powers of 2. The ratio of the total number of queries

using this scheme, compared to the naive algorithm is given in Figure 6.1b. In this case, we

can see that it has been divided by more than 2. For these reasons, the increment schedule for

m will now be:

[0, 1, 2, 4, . . . ,mmax] (6.52)

The refined procedure is detailed in Algorithm 7. If m is the number of amplification rounds,

the circuit used in Algorithm 7 is depicted in Figure 6.2.

/n

T(h) Qm(c, h)

⎧⎨⎩|ψ(c)⟩

Figure 6.2: Quantum circuit for the refined algorithm

A further refinement

One issue with this algorithm resides in the fact that for n ∈ N and 0 ≤ m ≤ mmax, the range

of misclassified inputs to be covered is:

]︃
sin2

(︃
π

2(2m+ 3)

)︃
2n, sin2

(︃
π

2(2m+ 1)

)︃
2n
]︃

(6.53)
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Algorithm 7: Refined algorithm

Data: |ψ(c)⟩ and T the network with all gates initialised to I
Result: Tuned network T expressing c
E ← [0];
schedule← [0, 1, 2, 4, . . . ,mmax];
while E ̸= ∅ do

E ← [];
for m ∈ schedule do

N ← sin2
(︂

π
2(2m+3)

)︂
2n;

S ← max(5, N ln(N));
Perform m rounds of amplification;
for 1 ≤ i ≤ S do

Measure ;
if 1 is measured on the ancillary qubit then

Add the first n qubits to E;
end

end

end
for u ∈ E do

Update Gu in T;
end

end

So as m increases, the range will decrease. This means that approximating the number of

misclassified inputs with the lower bound becomes more accurate as m increases. However, for

small m, this approximation is not as accurate. For example, for m = 0, the range given in

Equation 6.53 becomes: ]︃
2n

4
, 2n
]︃

(6.54)

This range can be refined by adding a second ancillary qubit, initialised in state |0⟩ and a

rotation gate acting on this qubit and controlled by the first ancillary qubit. We give a more

accurate definition of this gate:

Definition 6.13:

Let m0 ∈ N, we define:

θm0 =
π

2(2m0 + 1)
(6.55)
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And we denote CRm0 the controlled rotation (around the y-axis) gate such that:

CRm0 |10⟩ = cos (θm0) |10⟩+ sin (θm0) |11⟩ (6.56)

Then if c ∈ BBn
is the target concept and the network is expressing h ∈ BBn

in its current state

T(h), we have:

CRm0T(h) |ψ(c)⟩ |0⟩ = sin (θm0)
1√
2n

∑︂
h(x)̸=c(x)

|x⟩ |11⟩+ |⊥⟩ (6.57)

So the inputs of interest are now marked with the two ancillary qubits being in |11⟩ and the

probability P11 of measuring such inputs is now such that:

P11 ∈
[︁
0, sin2 (θm0)

]︁
(6.58)

And in this case:

min
P11>0

= sin2 (θm0)
1

2n
(6.59)

We adapt Definitions 6.5 and 6.6 to take into account this modification:

Definition 6.14:

Let n ∈ N, c ∈ BBn
be the target concept and m0 ∈ N. Suppose that the network is expressing

the function h ∈ BBn
in its current state T(h). We denote:

Xα0(c) = (I− 2 |ψ(c)⟩ ⟨ψ(c)|)⊗ I (6.60)

Um0(h) = CRm0T(h) (6.61)

And

XG = I⊗n+1 ⊗ Z (6.62)

The diffusion operator Qm0(c, h) is then defined as:

Qm0(c, h) = −Um0(h)Xα0(c)U
†
m0

(h)XG (6.63)
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We now define the quantities that are related to this modified process.

Definition 6.15:

Let n ∈ N and m0 ∈ N, we denote:

θmin,m0 = arcsin

(︃
sin (θm0)

1√
2n

)︃
(6.64)

And:

mmax,m0 = argmin
m∈N

⃓⃓⃓
(2m+ 1)θmin,m0 −

π

2

⃓⃓⃓
(6.65)

Let m0 ∈ N. Now let θerr ∈
]︁
0, π

2

]︁
such that:

θerr = arcsin
(︂√︁

P11

)︂
(6.66)

Then there exists m ∈ N such that:

θerr ∈
]︃

π

2(2m+ 3)
,

π

2(2m+ 1)

]︃
(6.67)

But according to Equation 6.58, we have P11 ≤ sin2 (θm0) so it follows that:

m ≥ m0 (6.68)

Now if Nerr is the number of misclassified inputs, then Equation 6.57 yields:

Nerr = sin2(θerr)
2n

sin2(θm0)
(6.69)

Hence:

Nerr ∈
]︃
sin2

(︃
π

2(2m+ 3)

)︃
2n

sin2(θm0)
, sin2

(︃
π

2(2m+ 1)

)︃
2n

sin2(θm0)

]︃
(6.70)

So for m ≥ m0, the ratio between the two bounds of this interval is:

1 ≤
sin2

(︂
π

2(2m+1)

)︂
sin2

(︂
π

2(2m+3)

)︂ ≤ sin2
(︂

π
2(2m0+1)

)︂
sin2

(︂
π

2(2m0+3)

)︂ ≈ (︃m0 + 3

m0 + 1

)︃2

=

(︃
1 +

2

m0 + 1

)︃2

(6.71)
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Where the approximation is valid for m0 > 0. So as m0 grows, it is possible for the bounds

of the interval given in Equation 6.70 to become quite close. Moreover, after m rounds of

amplitude amplification, we have:

P
(m)
11 ∈

]︃
sin2

(︃
2m+ 1

2m+ 3

π

2

)︃
, 1

]︃
(6.72)

With:

sin2

(︃
2m+ 1

2m+ 3

π

2

)︃
= sin2

(︃
π

2
− π

2m+ 3

)︃
= cos2

(︃
π

2m+ 3

)︃
= 1− sin2

(︃
π

2m+ 3

)︃
(6.73)

As m ≥ m0, we have:

sin2

(︃
2m+ 1

2m+ 3

π

2

)︃
≥ 1− sin2

(︃
π

2m0 + 3

)︃
(6.74)

Here again, for m0 large enough, it is possible for the lower bound to be very close to 1. This

means that for m0 large enough, whatever the number of misclassified inputs (or equivalently

the probability P11), as long as it is non-zero, it is possible to find a 0 ≤ m ≤ mmax,m0 such that

after m rounds of amplitude amplification, the measurement process will be a random process

where the probability of measuring a misclassified input is close to 1. In addition, the number

of such inputs can more accurately be approximated by the lower bound of the interval given in

Equation 6.70. However, it does not suffice to take m0 very large. Indeed, as mmax,m0 increases

with m0, so does the total number of samples. A good choice for this parameter is thus one

that allows for the behaviour previously described while ensuring that the number of samples

remains small enough.

Definition 6.16:

Let n ∈ N, m0 ∈ N and mmax,m0 as in Definition 6.15. For m0 ≤ m ≤ mmax,k0 we define:

Nm,m0 = sin2

(︃
π

2(2m+ 3)

)︃
2n

sin2(θm0)
(6.75)

And

sm,m0 = max (Nm,m0 ln(Nm,m0), 5) (6.76)
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The total number of samples during an update phase is thus
∑︁mmax

m=m0
sm,m0 but in order to speed

up the algorithm we chose to keep the schedule introduced in the first improvement hence:

Definition 6.17:

Let n ∈ N, m0 ∈ N, mmax,m0 as in Definition 6.15 and sm,m0 as in Definition 6.16, then the

total number of samples Sm0during an update phase is given by:

Sm0 = sm0,m0 +
∑︂

m0<2p<mmax,m0

sm,m0 + smmax,m0 ,m0 (6.77)

To guide the choice for a suitable m0, the ratio Sm0/2
n ln(2n) has been plotted for different

values of n ∈ N and m0 ∈ N in Figure 6.3. From this figure, it is apparent that the values

Figure 6.3: Ratio Sm0/2
n ln(2n) as a function of n for different values of m0

0 ≤ m0 ≤ 4 are suitable with m0 = 0 corresponding to the first improvement introduced earlier.

Algorithm 8 describes the training algorithm that will be used to train the network. Notice

that when measuring, we still look at the first ancillary qubit. Indeed, because of the controlled

rotation gate CRm0 , a misclassified input will result in the ancillary qubits being measured

either in state |10⟩ or |11⟩. While the latter is used in the amplification process to refine it, the

former still corresponds to a state of interest and it would be a waste to ignore it during the

measurements.

For m0 ∈ N and m ∈ N, the circuit being measured is depicted in Figure 6.4.
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Algorithm 8: Refined algorithm

Data: m0, |ψ(c)⟩ and T the network with all gates initialised to I
Result: Tuned network T expressing c
E ← [0];

schedule← [m0, 2
⌊log2m0⌋+1, 2⌊log2m0⌋+2, . . . ,mmax,m0 ];

while E ̸= ∅ do
E ← [];
for m ∈ schedule do

N ←
sin2( π

2(2k+3))
sin2

(︂
π

2(2k0+1)

)︂2n;
S ← max(5, N ln(N));
Perform m rounds of amplification;
for 1 ≤ i ≤ S do

Measure;
if 1 is measured on the first ancillary qubit then

Add the first n qubits to E;
end

end

end
for u ∈ E do

Update Gu in T;
end

end

/n

T(h)
Qm
m0

(c, h)•

|0⟩ Rm0

⎧⎨⎩|ψ(c)⟩

Figure 6.4: Quantum circuit for the improved algorithm
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6.3.3 Implementation

Let n ∈ N. In order to specify the choice ofm0 we have implemented Algorithm 8 for 0 ≤ m0 ≤ 4

with the target being a generic Boolean function c ∈ BBn
. In detail, for 4 ≤ n ≤ 8, 16

target functions have been chosen randomly and for each target function, the network has been

trained 50 times. Each time, the number of samples needed until the algorithm stops has

been recorded as well as the final error rate. As a comparison, the naive algorithm has also

been implemented and studied under the same regime. Concerning the error rate, when using

amplitude amplification, whatever the values for n and m0, the final error rate was consistently

equal to 0, as shown in Figure 6.5a, indicating that the target function has indeed been exactly

learnt. On the other hand, when training with the naive algorithm, some of the experiments

for n = 4 to 6 failed to exactly learn the target function as depicted in Figures 6.5b to 6.5d.

(a) Algorithm using amplitude amplification for
4 ≤ n ≤ 8 and 0 ≤ m0 ≤ 4

(b) Naive algorithm for n = 4

(c) Naive algorithm for n = 5 (d) Naive algorithm for n = 6

Figure 6.5: Final error rate for different experiments
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Hence, when only looking at the goal of exactly learning, the algorithm using amplitude ampli-

fication performs better than the naive algorithm and thus for the different values of m0 that

have been selected. To further confirm the advantage of the refined algorithm over the naive

one, we put our focus on the number of samples required to learn the target functions. For each

chosen m0, the mean number of samples taken over all the experiments, i.e. all the 16 functions

and the 50 runs by function, has been plotted against the dimension of the input space n for

4 ≤ n ≤ 8 in Figure 6.6. As a point of comparison, the same metric has been plotted for the

naive algorithm.

Figure 6.6: Mean number of samples taken over all the experiments (functions and runs) against
the dimension n for different values of m0 (0 ≤ m0 ≤ 4) and the naive algorithm

What transpires from this comparison is that for the selected m0, the number of necessary

samples is considerably lower than for the naive algorithm, with the gap increasing as the

input dimension increases. Two values for m0 particularly stand out: m0 = 2 and m0 = 4 as

they lead to the lowest number of samples with the plot for m0 = 4 being below the one for

m0 = 2. While this trend seems to be contradictory with Figure 6.3, this can be explained by

the fact that the number of updates when m0 = 4 is lower than when m0 = 2. Seeing that the

difference in terms of sample number between these two choices is relatively small, it seems that

m0 = 2 offers the best compromise between minimising the number of samples and minimising
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the running time of the training algorithm. In Section 6.4, a modified version of Algorithm

8 will be used with m0 = 2 to learn k-juntas. The modifications will concern the number of

queries during an update stage as well as the update strategy with regard to the measurement

outcomes.

6.4 Learning Positive k-Juntas

6.4.1 Description of the Concept Class and the Update Algorithm

Definition 6.18:

Let n ∈ N∗ and k < n. A Boolean function c ∈ BBn
is said to be a k-junta if its output

only depends on at most k of its input variables, these variables are then called the relevant

variables. Let ρc ⊂ [0 . . . n− 1] be the set of the relevant variables of c, then:

|ρc| ≤ k (6.78)

Additionally, we define a positive k-junta, c ∈ BBn
, as being a k-junta such that:

c(0) = 0 (6.79)

And we denote J +
k the class of the positive k-juntas.

The fact that a function is a positive k-junta will impose a restriction on its algebraic normal

form:

Proposition 6.19:

Let n ∈ N∗ and c ∈ BBn
a positive k-junta. Then there exist u

(c)
1 , . . . , u

(c)
p ∈ Bn \ {0} with

p < 2k such that:

∀i ∈ [1, p], 1uci ⊆ ρc (6.80)
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And:

c =

p⨁︂
i=1

muci
(6.81)

We will call u
(c)
1 , . . . , u

(c)
p the principals of c.

Proof :

Let n ∈ N∗, k < n and c ∈ J +
k . For x ∈ Bn, we denote x|ρc the restriction of x to the relevant

variables of c. As c is a k-junta, there exist c′ ∈ BB|ρc|
such that:

∀x ∈ Bn, c(x) = c′(x|ρc) (6.82)

As c′ ∈ BB|ρc|
, it has an ANF, i.e. there exist u

(c′)
1 , . . . , u

(c′)
p ∈ B|ρc| such that:

c′ =

p⨁︂
i=1

muc
′

i
(6.83)

Because c(0) = c′(0) = 0, we also have:

u
(c′)
1 , . . . , u(c

′)
p ∈ B|ρc| \ {0} (6.84)

Now to extend c′ to c, for i ∈ [1 . . . p] we simply extend uc
′
i ∈ B|ρc| to uci ∈ Bn by padding with

zeros where necessary. This ensures that 1uci ⊆ ρc, u
(c)
1 , . . . , u

(c)
p ∈ Bn \ {0} and:

c =

p⨁︂
i=1

muci
(6.85)

■

To understand the effect of the principals of a k-junta, we will introduce the notion of filter,

derived from set theory:

Definition 6.20:

Let n ∈ N and u ∈ Bn. We denote by ↑u the filter generated by u defined by:

↑u = {v ∈ Bn | 1u ⊆ 1v} (6.86)
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By using the filters generated by the principals of a positive k-junta c, a characterisation of the

inputs v ∈ Bn such that c(v) = 1 can be done.

Proposition 6.21:

Let n ∈ N∗, and c ∈ J +
k . Let u

(c)
1 , . . . , u

(c)
p be the principals of c, then for v ∈ Bn:

c(v) = 1 if and only if there exists an odd number of principals, u
(c)
i , such that v is an element

of ↑u
(c)
i .

Proof :

This result stems from the ANF of the function. ■

In order to show the effects of updating the network, we introduce the following:

Proposition 6.22:

Let n ∈ N∗ and c ∈ J +
k . Let v ∈ BBn

such that c(v) = 1, then:

∀w ∈ ↑v, c(w)⊕mv(w) = 1⊕ c(w) (6.87)

And:

∀w /∈ ↑v, c(w)⊕mv(w) = c(w) (6.88)

Proof :

This is a consequence of Property 6.21. ■

Let v ∈ Bn such that c(v) = 1. Then according to Property 6.21:

v ∈
p⋃︂
i=1

↑u
(c)
i (6.89)

And because ↑v ⊂
⋃︁p
i=1 ↑u

(c)
i , it follows that any misclassified input is an element of the filter

generated by at least one principal of the target function. By updating the network with gates

controlled by misclassified inputs we thus ensure that at any time during the training process,

the network will express a hypothesis h ∈ BBn
such that:

h =
⨁︂
u∈G

mu where G ⊆
p⋃︂
i=1

↑u
(c)
i (6.90)
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So the goal of the tuning algorithm is to gradually descend to the principals of the target

function by adding to the network gates controlled by inputs of progressively lower Hamming

weight. Once a gate controlled by v is added, all the gates controlled by inputs in ↑v can be

trimmed from the network.

To facilitate this process, it would be advantageous to measure misclassified inputs that are

close, in terms of Hamming weight, to the principals of the target function. Indeed, by doing so,

the network could be updated with gates that are closer to the principals, thus cutting down the

number of update steps. This can be achieved by using, once more, amplitude amplification.

The target function being a k-junta, we know that its principals have a Hamming weight of at

most k. So by using AA to focus on the inputs with that property, this descent process can be

facilitated. Formally, let us define the following:

Definition 6.23:

Let n ∈ N∗ and k < n. We define X≤k ∈ U(2n) such that:

∀x ∈ Bn,X≤k |x⟩ =

⎧⎪⎪⎨⎪⎪⎩
− |x⟩ if wH(x) ≤ k

|x⟩ else

(6.91)

Additionally, we define Xψ ∈ U(2n+1) by:

Xψ = 2 |ψ(c)⟩⟨ψ(c)| − I (6.92)

The diffusion operator for the inputs with Hamming weight of at most k is then given by:

Xψ(X≤k ⊗ I) (6.93)

Because we know exactly how many of these inputs are in the superposition, we can determine

the number of iterations of this diffusion operator are needed to appropriately amplify these

inputs:
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Definition 6.24:

Let n ∈ N∗ and k < n. Let N≤k be the number of inputs with Hamming weight of at most k,

then:

N≤k =
k∑︂
j=0

(︃
n

j

)︃
(6.94)

This allows us to define p≤k, the number of iterations for the diffusion operator defined in

Definition 6.23:

p≤k = argmin
p∈N

⃓⃓⃓⃓
⃓(2p+ 1) arcsin

(︄√︃
N≤k

2n

)︄
− π

2

⃓⃓⃓⃓
⃓ (6.95)

We can now abstract the amplification process into a unitary:

Definition 6.25:

Let n ∈ N∗ and k < n. Let X≤k and Xψ be the gates defined in Definition 6.23 and p≤k as in

Definition 6.24, then the operator A≤k ∈ U(2n+1) defined by:

A≤k = [Xψ(X≤k ⊗ I)]p≤k (6.96)

Will appropriately amplify the amplitudes of the inputs with Hamming weight of at most k.

Before continuing, we must briefly redefine the diffusion operator introduced in Definition 6.14

for it to be compatible with this additional procedure.

Definition 6.26:

Let n ∈ N∗ and k < n and A≤k as defined in Definition 6.25. We denote:

|ψ≤k(c)⟩ = A≤k |ψ(c)⟩ (6.97)

From this, we redefine Xα0 as introduced in Definition 6.14 by:

Xα0 = (I− 2 |ψ≤k(c)⟩⟨ψ≤k(c)|)⊗ I (6.98)



6.4. Learning Positive k-Juntas 121

The other components remaining the same (with m0 = 2) we then have:

Q = −U(h)Xα0(c)U(h)†XG (6.99)

Where U(h) = CR2T(h).

The circuit used in the learning process is depicted in Figure 6.7.

/n

A≤k T(h)
Qk(c, h)•

|0⟩ R

⎧⎨⎩|ψ(c)⟩

Figure 6.7: Quantum circuit to learn k-juntas

An update phase will thus unfold as follows (to facilitate the explanation, a gate and its

controlling input will be conflated). To take advantage of the filter structure, the measurements

are separated into correctly classified and misclassified inputs. For each group, the inputs are

sorted by increasing Hamming weight and treated in this order. For each of the misclassified

inputs, the number of gates to be added, of which the misclassified input is an element of the

filter, is counted. If this number is even, this input is added to the list of gates to be updated

and all the gates that are in the current network and are also in this input’s filter are to be

removed. This update process is also performed with the correctly classified inputs but in this

case, the number has to be odd in order to add the input to the list of gates to be updated.

The update process described above is detailed in Algorithm 9.

One quantity that remains to be determined is the number of queries to the quantum example

oracle during such an update phase. While it would have been possible to train the network

using the sampling schedule introduced in Section 6.3.2, this approach is best used when no

characteristic is known of the target concept. In the case of k-juntas, it seems natural for the

query complexity to be a function of k. As a result, when learning k-juntas, we chose to perform

2k measurements after each amplification phase leading to:
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Algorithm 9: Update algorithm for k-juntas

Data: measurements, the results of the measurements and actives, the list of the
network’s active gates

Result: to update the list of the network’s gates to be updated
to update← [];
errors← a list of the measured misclassified inputs where errors[l] is itself the list of
the inputs with Hamming weight l;
corrects← the same as errors but with the correctly classified inputs;
for 0 ≤ l ≤ n do

for error ∈ errors[l] do
count← 0;
for upd ∈ to update do

if error ∈ ↑upd then
count← count+ 1;

end

end
if count is even then

Add error to to update;
Add the gates in actives that are also in ↑error;

end

end
for correct ∈ corrects[l] do

count← 0;
for upd ∈ to update do

if correct ∈ ↑upd then
count← count+ 1;

end

end
if count is odd then

Add correct to to update;
Add the gates in actives that are also in ↑correct;

end

end

end
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Proposition 6.27:

Let n ∈ N∗ and k < n. Suppose that the concept class is J +
k . If the number of queries after

each amplification phase is 2k, then during an update phase, the number of queries to the

quantum example oracle is in:

Θ(n2k) (6.100)

This leads to the sample complexity of the whole algorithm. Thanks to Property 6.27 we have

already established that one update phase will perform Θ(n2k) calls to the example oracle. To

determine the number of updates, we make the following observation. Let u
(c)
i be one of the

principals of the target function c ∈ J +
k . Suppose further that we update the network with a

gate controlled by v ∈ ↑u
(c)
i . We are assured that during a further update step, we will correct

an input w ∈ ↑u
(c)
i such that v ∈ ↑w. Either because w was measured randomly or because all

of the elements of ↑v have been corrected beforehand, thus ensuring that w will be measured.

However, thanks to the pre-amplification that focuses on the inputs with Hamming weight of

at most k, the first event is most likely to happen. Once the gate controlled by w has been

updated, the same process will repeat until we reach u
(c)
i . All in all, we have that the number

of updates is in O(n), and hence the query complexity is in:

O(n22k) (6.101)

6.4.2 Experimental Results

We have implemented1 this learning algorithm for n ∈ [5 . . . 8] and k ∈ [2 . . . n − 1]. For each

pair of n and k, the network has been trained to learn 16 randomly created k-junta. Each

training has been repeated 25 times. The final error rates for these experiments were all similar

to what is reported in Figure 6.8. This figure has been plotted using violin plots, hence it shows

that all of the training successfully stopped with a correctly tuned network. We now focus on

the number of update steps required to reach these results.

1The code can be found here: https://github.com/vietphamngoc/exact AA
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Figure 6.8: Final error rate for all the experiments for each pair (n, k)

To have an overview of this metric, for a given n and a given k, we have aggregated all of the

training runs for all of the functions. For a given n, this set of data has then been plotted

against k using box plots. This way we can visualise the median, first and third quartiles, as

depicted by the red line, the lower bound, and the upper bound of the box respectively. The

maximum and minimum are indicated by the whiskers and the circles represent outliers. All of

these are shown in Figure 6.9. From these results, we can see that for a given n, the number of

(a) Number of updates to learn k-juntas for n = 5
and k ∈ [2 . . . 4]

(b) Number of updates to learn k-juntas for n = 6
and k ∈ [2 . . . 5]

(c) Number of updates to learn k-juntas for n = 7
and k ∈ [2 . . . 6]

(d) Number of updates to learn k-juntas for n = 8
and k ∈ [2 . . . 7]

Figure 6.9: Number of updates for different pairs (n, k)
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updates is indeed in the order of n. But more interestingly, it slightly decreases as k increases.

This can be explained by the fact that during an update phase, the update algorithm has access

to more samples, hence the descent to the principals of the target function is quicker. Another

reason comes from the fact that for the algorithm to find a principal when k is small, it will

potentially have to go ”deeper” as the Hamming weight of a principal is at most k.

However, our upper bound of n still holds. From these experiments, we have verified that

the total sample complexity is in O(n22k). In [8], the task was also to learn k-juntas while

given access to a uniform quantum example oracle albeit in the QPAC-learning framework.

The complexity of their algorithm was then O
(︁
k
ϵ
log(k)

)︁
. Assuming that this algorithm can

be applied in the exact learning framework by taking ϵ = 1
2n
, we end up with a complexity of

O(2nk log(k)). So in the case where k ≪ n, our algorithm will perform better.

6.5 Conclusion

In this chapter, we have devised an algorithm to train a tunable quantum neural network in

the exact learning framework with access to a uniform quantum example oracle. We refined it

by employing it to learn generic Boolean functions and by comparing it to a naive algorithm.

We then adapted this algorithm to learn the class of k-juntas. Following the implementation

of this approach, we found that the query complexity is in O(n22k). This complexity is lower

than what can be found in the literature in the case where k ≪ n.
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Conclusion

7.1 Summary of Thesis Achievements

As this PhD comes to an end, this section represents an opportunity to reflect on what has

been accomplished during this time.

In Chapter 3, we have introduced a learning architecture that is simple in the sense that it is

exclusively made of X gates that are controlled by subsets of the input qubits and acting on the

ancillary qubit. This architecture presents the particularity that the entanglement only occurs

between the set of input qubits and the ancillary qubit. We then provided a formal proof that

this architecture can express any Boolean function. We called it a tunable quantum neural

network as, if tuned correctly, this architecture can learn any Boolean functions.

In that optic, in Chapter 4, we devised an algorithm that channels the correspondence between

quantum amplitude and measurement probability to identify misclassified inputs. This scheme

allows for the network to be correctly tuned in at most n+1 updates when learning a function

of n variables but at the cost of 22
n
samples per update. We implemented this approach and

while it worked as intended, the high number of samples became quickly limiting.

To tackle this limitation, in Chapter 5, we designed an algorithm that leverages the quantum

amplitude amplification procedure to boost the probability of measuring misclassified inputs.

126
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This algorithm was designed to train the TNN in the QPAC-learning framework. We tested the

algorithm by implementing it and trained the network to learn the class of parity functions. The

experiments confirmed that the query complexity was in Ω
(︁
n−1
ϵ

+ log
(︁
1
ϵ

)︁
1
δ2

)︁
. This represents

an exponential slowdown in terms of 1
δ
but an exponential speedup in terms of 1

ϵ
when compared

to the literature. These results indicate that this algorithm performs better for applications

where a small ϵ is required.

Finally, in Chapter 6, we conducted further investigations regarding the network’s capacity

by studying it in the exact learning framework with access to a uniform quantum example

oracle. Here again, the amplitude amplification procedure was used. In order to completely

parameterise the algorithm, we compared it against a naive algorithm on the task of learning

a generic Boolean function. We then adapted it to learn the class of k-juntas and implemented

this approach. From the experiments, we concluded that the sampling complexity was in

O
(︁
n22k

)︁
. This means that compared to the literature, this algorithm performs better in the

case where k ≪ n.

7.2 Limitations and Future Work

While this research can be of interest, we note that our approach does suffer from some limita-

tions, which we describe in the following paragraphs.

The first one concerns the tunable quantum neural network itself. Indeed, while it was inter-

esting to study and surprising that such a simple architecture could span the richness of the

Boolean functions, it may be restricted to theoretical studies, with limited practical use.

The second limitation relates to the 1
δ
dependent part of the complexity of the algorithm in

the QPAC-learning framework. From the experimental results, it seems that a reduction in the

dependence in 1
δ
is possible. Moreover, in our study, we only trained the network to learn a

single concepts class and it would have been interesting to verify the network’s performance on

other classes.
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Similarly, this last limitation also applies to our work on the network in the Exact learning

framework. Finally, the justification for the number of updates lacks a formal proof.

Considering these limitations, we propose the following as possible future work:

1. Find a tighter bound in terms of 1
δ
for the QPAC-learning algorithm and test it on other

concept classes.

2. Give a more formal proof for the number of updates for the Exact learning algorithm

and also test it on other concept classes. Indeed, the argument invoking the filters of

the target function’s principals together with the use of a prior amplitude amplification

motivated our conjecture that the number of updates would be in O(n). While we verified

this conjecture with experiments, we did not manage to provide a formal proof for the

number of updates.

3. Study this architecture in the presence of classification noise.
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