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Abstract

As astounding as it may still seem to many, Bell’s theorems do not prove nonlocality. Non
separable multipartite objects exist classically, meaning with local physics, the statistical state
measurement of which violates the famous inequalities. Alleviating the almost century old
confusion, the correct laws of statistics and logic pinpoint the true oddity of quantum objects:
duality. As it is shown in the first part of this short essay, duality plus conservation laws allow
the violation of Bell’s inequalities for any spatio-temporal separation. To dig deeper into
particle dualism, in the second part, a class of models is proposed as a working frame-
work. It encompasses some chaotic excitable reaction-diffusion systems, whose generalized
susceptibilities make them compatible with quantized fields and excitations, of any desired
symmetry group including the renormalization semigroup. Particles are supposed topological
in nature. Bohr-Sommerfeld quantization takes place thanks to topological invariants stem-
ming from densely dispersed defects generated by a multifractal background. Entanglement
phenomenology arises because latent variables exist that are carried away, along with the
moving particles that have interacted, and by which correlations are preserved. Conservation
is assumed to be born in the phase, just as momentum is for instance. In other words, all known
phenomena in physics are deterministic, classical and real, in the sense that information does
propagate locally and experiments conducted statistically do hide latent variables.

Keywords Locality - Duality - Latent variable - Entanglement - Multifractal -
Characteristic classes
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1 Introduction

At the dawn of the quantum era, the early developments of de Broglie’s ideas were soon
hampered by the Copenhagen interpretation: this competing idea of “fundamental and unsur-
passable nondeterminism”. It refers to an abstract vacuum comprising logical properties to

B Guillaume Attuel
guillaume.attuel @bits2beat.com

Research, Bits2Beat Predictive Analytics, 37 cours Clémenceau, Bordeaux 33000, France

2 GeoStat, Inria, 200 rue de la Vieille Tour, Bordeaux 33000, France

Published online: 11 December 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10773-024-05851-0&domain=pdf

308 Page2of38 International Journal of Theoretical Physics (2024) 63:308

assigned objective entities, knowable to the physical world after the collapse of an abstract
wave function bookkeeping track of all possibilities. The formulation as cumbersome and
clumsy as it may be, is prone to magical thinking and it laid the ground to misled esoteric or
new age interpretations, in which for instance the observer’s mind influence is important.

Ever since, in the accepted dogma, fundamental particles are structureless point-like
objects but endowed with macroscopic properties such as size and angular momentum. The
bookkeeping wave function allows for the superposition of states because it is complex. It is
not said to be simply tracing back probabilistically to our lack of knowledge, but to be funda-
mental and unsurpassable. This irrational mindset was challenged by a handful of physicists
among whom de Broglie and Bohm are maybe the most well known.

Nonetheless, Madelung’s analogy with fluid mechanics led to the definition of the so-
called quantum potential [ 1-5] and, later, classes of media were sought for experimentally that
could let some quantum phenomena emerge. Such a discovery was made by Couder and Fort
recently with walking droplets [6-9]. From the ongoing efforts to describe them [10-16], we
know that in this class of “corpuscle-wave mechanics” many quantum phenomena, sometimes
very specific as superradiance, are exhibited apart from the indisputable demonstration of
entanglement, so far, for physically separated composite states [17]. Note that memory held
within the vibrating medium is an essential ingredient there, as the acceleration forcing
reaches Faraday’s critical threshold.

Complementarily, underlying randomness was soon recognized as an important trait,
which opened up the debate on completeness [18]. Randomness was later shown to enable the
recovery of some quantum mechanics postulates as the Schrodinger equation [19], or some
phenomenology as antiparticle [20]. Brownian entanglement was even defined for strongly
coupled springs in a thermal background, with the new insight that the definition could be
based on the uncertainty principle [21, 22]. Quantum chaos is yet another related field of
investigation where all phenomena occur in a semi-classical limit indistinctly, because it
deals with the chaotic dynamics of distributions or waves, hence is described by operators
and their spectra in a Hilbert space [23-25]. In fact, Anderson localization has been shown
to halt droplet walkers diffusion as in the original quantum case with electrons [26].

Other classes or subclasses of systems, depending on which criteria are chosen, do let
quantum-like phenomena emerge as well. It is well known for example that some chaotic or
stochastic reaction-diffusion processes can be described by ladder operators in Fock space
[27, 28, 31-36]. It was also remarked for instance by Anderson [37] that a plasma was
like a kind of toy model for the massive photon in a superconductor, and in fact most of
the phenomenology can be described with a Landau free energy. Also, Landau’s resonance
in plasmas [38] can be exactly accounted for using a direct mapping to scalar QED [39],
renormalization well describing a Lamb shift found experimentally’.

De Gennes realized in the seventies the deep connexion existing between long range
order phase transitions> occurring in cholesteric liquid crystals and superconductors [40—
42]. Spontaneous symmetry breaking in liquid crystals are a good example for the use of
topology groups in classical systems [43].

I The calculation can be done using chaos theory [72] and microcanonical thermodynamics [73]. The QED
result leads further to the practical conclusion (unpublished) that thermonuclear fusion is not achievable in
such plasma configurations, in which a strong magnetic field confines the plasma, because de Broglie’s and
Debye’s wavelengths become close and strong scattering prior to quantum tunnelling prevents thermodynamic
equilibrium, therefore rendering Lawson’s criterion for fusion invalid.

2 The nematic to smectic A transition, for instance, while the nematic to uniform phase transition is analogous
to the ferromagnetic phase transition.
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In Section 2, we recall Jaynes’s early observation [44] that the conclusion of nonlocal-
ity traditionally drawn from Bell’s theorems is (not even) wrong logically. Unquestionably,
the violation of Bell’s inequalities (as CHSH?) shows that the joint probability of two mea-
surements cannot be made independent [45]. However, this is readily achievable in classical
systems of statistically mixed states, for which the law of measurement outcomes is like
Malus’s law, where the outcome depends on the relative angle of both analysers (for a sin-
glet state). This result has been already rediscovered by Spreeuw [47] and demonstrated
experimentally since [48, 49].

Unfortunately, the former authors speak wrongly of entanglement for ”local degrees of
freedom” and agree that nonlocality is not achievable outside quantum experiments, showing
strong psychological bias. What should have been underlined, and still must be, is that
nonlocality is not a consequence of the inequality theorems since local experiments can
violate the inequalities.

In the Copenhagen interpretation and alike, nonlocality means that the wave function of
one single undetermined subsystem is “instantaneously” collapsed to a definite state by the
collapse of the other entangled subsystem. The obvious clash with relativity leads to ideas
such as “entanglement lies outside space-time”. But this is also not grounded on sound logic
because any statistical experiment about multiple events lies obviously “outside space-time”,
by checking if events are correlated or not, a posteriori, in a common future cone.

In Section 2, we firstly simply recall that combining duality along with a conservation
law is sufficient to correlate the information stored within each entangled entity and carried
away by well known local physics at finite speed.

In the following sections, reproducing all known quantum phenomena is derived step-by-
step within reaction-diffusion systems, in a context thus much more realistic and mundane
as even Bohmian pilot waves and closer to de Broglie’s original views.

Out of equilibrium media, stationarily driven damped, are good examples as it is shown,
those in which solitary excitations can emerge and a relaxation rate can be defined effectively
as a random variable. One can then work out straightforwardly how the linear susceptibility
acquires the status of a pre-Lagrangian operator (or equivalently a fluctuating effective pre-
Hamiltonian). The effective Lagrangian itself is retrieved at annealed coarse-grained scales,
guaranteeing conservation laws by Noether’s theorem, and including any of the required
global and local symmetries under scrutiny. The derivation of a free energy is straightforward
following critical dynamics, whether or not dissipative [50], but in which an oscillatory
behaviour is added.

Furthermore, Feynman paths integrals in space-time are constructed as projected Kac
integrals, that is over R without requiring the inconvenient analytical continuation from a
Wick rotation. This nicely comes in thanks to the definition of well regularized propagators,
defined at any desired resolution, thanks to the Hahn-Jordan decomposition of complex
measures.

Finally, the underlying necessary randomness can be made Lorentz invariant, for example,
depending on the model nonlinearities and symmetries (sine-Gordon like nonlinearities are
one well working example, confer Appendix A.1). In fact, if the background has to be scale
invariant, it follows from the previous constraints that it is multifractal. It generates a specific
dense set of topological defects, thanks to which phase singularities naturally lead to the
Bohr-Sommerfeld rule for quantization of momentum and energy, at any scale above cutoff.
In that respect, the hierarchy of Chern classes should be related to the multifractal cuamulants.

3 John Clauser, Michael Horne, Abner Shimony, and Richard Holt [46]
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The demonstration of entanglement in this field theoretic context comes about in Subsec-
tions 8.4 and 8.5.

2 Entanglement

So, as it happens, Malus’s law is all that’s needed to break Bell’s inequalities and the like,
as Spreeuw discovered in the late 90s. The conclusion that was drawn from this work is
however wrong and has unfortunately prevailed since: It appears that one distinguishes “local
(or classical)” entanglement from “nonlocal (or quantum)” entanglement. This is based on
belief and not on evidence or proof as it is shown in this section. Although he himself draws
the wrong conclusion, what Spreeuw’s finding [47] shows is that the theorem merely states
an almost tautological property, as Jaynes pointed out already in the 80s : The premise
that a set of hidden variables may predetermine mutually independent measurement events
already breaks the internal symmetries of the electromagnetic object and the analysers law
for outcomes.

Now, locality may be defined as the property that information propagates in time through
space. Properties derived from symmetries go conserved within objects, themselves being
propagated through space and time. Because entanglement can be shown to exist with local
physics, the fact that Bell’s inequalities are broken cannot prove nonlocality per se. Statistical
mutual dependence is a notion orthogonal to the notion of space and time. It only shows
that some latent variables (the proper term for statistical hidden variables) have propagated,
carrying information about a conserved property to where and when state measurements take
place.

2.1 Making Sense of Bell’s Theorems

Even with Bohmian interpretations, EPR tests are said to prove that the wave function collapse
is a nonlocal phenomenon because the violation of Bell’s inequalities for a multipartite state
seems not to depend on time and space. Actually, to demonstrate the contrary, let A and B
be the following propositions:

e A “For any measurement of a state superposition implying at least two physical entities,
Bell’s inequalities are found to be respected”
e B “The collapse of the wave function is local.”

We know they are not equivalent because of the existence of “classical entanglement”, i.e.
non separable state superposition of a purely statistical nature, violating Bell’s inequalities.
Whereas information propagates locally, in the original paper by Spreeuw, no spatio-temporal
splitting of the entangled beam pair cebits* could be setup, please refer to [47]. If now one
still insists on nonlocality, raising the hurdle height in proposition A by stating that (now in
contraposition):

e —B “The collapse of the wave function is nonlocal”
e —A “There exists a measurement implying a state superposition of at least two physical
entities that are separated spatio-temporally, such that Bell’s inequalities are violated.”

4 A beam of light comprised of two vertically or horizontally polarized rays may define a complex vector in
C2 for the photo-detection process. Mixed beams define entangled cebits.
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Asserting that “A ~ B” would be a logical mistake because of the logical equivalence “A
implies B” is “(B and A) or —A,” and because the augmented A does not provide any further
information over the previous one, as we are about to see now.

Ultimately, the spatio-temporal separation to be considered is space-like. Since, from a
local violation of Bell’s inequalities, any other time-like separation can be reached just by a
Lorentz boost. A classically prepared pair state (a statistical pair state) with one conserved
property, shared among the members of the pair, can be split and each member sent to
two different locations where the premeditated measurements at space-like separation are
performed. Only then does the experiment apparatus recollect the data in a common future
light-cone. Consider for that matter a measurement probability, the result of which would
follow the law: Py 6.+

2 (0, +
{ P (6. -) 0

where P, is the probability of finding a 41 value at analyser 2 and where 6 is some specific
variable carrying the shared property, while + or — are the results found at analyser 1 with
probability Pj. By construction, the joint probability is made non separable:

Py # P Py, )

so that Bell’s inequalities cannot be respected. We are told that only quantum systems may
accomplish non separability at space-like distances. This is wrong, since one can think of a
latent variable, call it € € [4+1; —1], the value of which does not predetermine rigidly the
definite results of any measurement but rather only its probability according to (1). Thus,
the two classical members with one carrying €] and the other carrying €,, with a conserved
property such that

€1+e =0, 3)

do transport away the law (1) such that the joint probability Pj » # P; P, is also carried away
anywhere, see figure Fig. 1. In fact, Bayes’s theorem yields the true equality implying the
conditional probabilities:

P> (91,92 ; Zfi = 0) = Pi(61; €1ll62; e)P2(62; €). 4)

1

There are ways to achieve these considerations. Maybe, the most naive one can imagine
is analogous to a “Wigner’s friend” type experiment: Concealing the results of “local entan-
glement” as Spreeuw’s, for instance in two black-boxes, sending them far away then activate
their opening via a secret key and recollect the data to check the correlations. Quantum
mechanics would speak of state superposition (a Schrodinger’s cat) as long as one box is
not opened. Obviously, this seems here trivially wrong: The statistical superposition of states
was imprinted and simply kept secret. The nuance, regarding hidden variables, lies within
the non separable joint probability that was measured at first.

On this occasion, returning to spin measurements, such a modification of Spreeuw’s exper-
imental set up can be sketched, in which the four photodetectors (placed in the laboratory
after the phase beam splitter and polarization rotator) would not reveal any outcome before
receiving a special trigger, thereby mimicking some hidden physics. The apparently trans-
parent measurement procedure is carefully followed by two famous imaginary physicists:
Alice and Bob. They send the two pairs of unscathed photodetectors at distant locations then
only trigger their openings with two laser beams hitting them at space-like distances. Some
proper time later, they open the magic boxes and count occurrences. As we just argued, the
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outputs thus obtained violate Bell’s inequalities by construction. Lack of knowledge is not
responsible for the correlations but the non separable joint probability Pj ».

To make it look less naive and closer yet to quantum experiments, although Spreeuw’s
upper and lower rays in each beam had to be measured simultaneously in the lab, in order for
the cebits to adequately represent artificially built gbits, it is still conceivable to send each one
of the two mixed up beams to two different places. For example, this can be done as some
very short pulses and calculating precisely when photodetection measurements must take
place to recount simultaneity, thereby revealing the carefully built-in complex vector state
correlations. Adding clocks to the detectors would do the right timing trick, see figure Fig. 1.
This other kind of refined set up is no different than a cutting-edge EPR test set-up, like a
“Wheeler’s delayed choice” or a “quantum eraser” type experiment, where resynchronized
detections are needed at each detector to sort out the outcomes eventually.

Whence, the mention separated spatio-temporally does not bring any new distinction to
proposition A. We have therefore proven that A and B are not equivalent.

I'A

011000100[1110101110

Ry

Fig.1 Rightly timing in advance the triggering of information retrieval at distant locations allows for the clas-
sical set-up (the square blue box) to be moved around and split (the blue wiggling lines) at any spatio-temporal
separation of the two classically entangled entities: Pj (91 Oy Y6 = 0) # P1(01; €1)P2(62 ; €).
Within their common future cone is set the statistical counting and discovery of latent correlations (repre-
sented by binary bits in the common future cone). The precise calculation to resynchronize measurements
is represented by a clock and the triggers are by red rays being radiated at different times, in the laboratory
reference frame
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Obviously and above all, the difficult part in the experimental set-up is the ability to send
the non separable statistically entangled state directly as distinct pulses of light toward two
different locations, before the first physical measurement takes place. This is precisely what
duality achieves without tricks. With the help of duality and angular momentum conservation,
Alice and Bob would send a statistical mixture, of one cebit to one place and the entangled
statistical mixture of another cebit to another, and perform the detection there directly. Duality
acts like wrapping up the tricked beam pair pulse set-up into a localized wave packet obeying
the rules of P; 2. This is what makes quantum systems so special, but certainly not unique
as it is shown in the next sections.

In summary, nonlocality is not physically proven nor is it even properly conceived: Bell’s
theorems don’t prove so called nonlocality. They are nonetheless compatible with wave-

particle duality and conservation laws>.

2.2 Explicit Entanglement Calculation

Let us now recall a step by step demonstration, basically Spreeuw’s. Here, for the sake of
illustration, the reasoning comes to the conclusion that conservation of angular momentum
and latent polarized fields constitute the two essential classical ingredients required to violate
Bell’s inequalities thanks to Malus’s law, in experiments in which measurements are realized
independently at any given time or place.

In order to circumvent the designed principle of Bell’s theorems, and according to the
previous Subsection 2.1, let us see how it is sufficient to take into account the indeterminate
initial conditions as latent information, for the measurement process to generate the appro-
priate probability distribution, as in (1). Again, this is given by Malus’s law in the case of
photons and beams. The probability that a linearly polarized photon, therefore the intensity
of a large number of photons in a beam, passes through a polariser shifted by an angle A®
is:

P(A®) = cos’ (AO®). 5)

Take a pair state of zero total polarization and the direction along which one spin is pointing
as ez. One such photon is sent to the left, and a measurement gives either (+, —) along this
axis. The second photon sent to the right, reaching the other analyser, will pass through it
along any axis following Malus’s law, for instance according to (5) if a + result was found
at the first one. This is also true for the pair of upper and lower rays devised by Spreeuw?®.

Let us show that (5) combined with the conservation of angular momentum suffices to
obtain CHSH’s version. The assumption is that preparing a Bell state amounts to sharing
information between two parties, which is then carried away by conservation, like angular
momentum is, or polarization, etc. A photon like any other fundamental particle possesses a
wavy nature and, in fact, a classical beam too as a statistical collection of such photons. In
Jones notation, a product state of photon or beam pairs reads:

v=r®l|, (6)

5 Quantum correlations are related to the non causal time ordered Feynman’s propagator in QED. However,
there is already no special reason why the Feynman propagator can’t be used in classical systems, since the
choice of propagators varies upon the question asked.

6 ForN spins, to account for the 2N dimensional space, for each added spin, classical beams must be doubled
in Spreeuw’s complex amplitude set up, which is certainly impractical but not unfeasible.
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where polarizations | 1) = (10) and | |) = (01) in terms of the electric field components
of the photons or of the upper and lower beam photodetections [47].

This notation would seem to make a strong case that the very difference between the
classical and quantum realms lies in the superposition of states. But this is false, as Spreeuw
already found out for this setup: if the upper and lower beams are polarized perpendicularly,
one cannot write (6) in full compatibility with Malus’s law, let us recall how.

In fact, if an experimental setting does not allow full retrieval of knowledge about the
initial data, for instance here if it is unknown whether the first photon has spin up or down
along ¢z, then we have a statistical mixture of both cases. Now, let us avoid the a priori of
deliberately using a separable product state for classical pairs, such as:

1
v=s+bhed+1n. (N

and, instead, directly calculate the joint probability of experiment outputs and their correla-
tion, as Alice and Bob can recount detections of the two polarisers A and B, with angles 0
and A®.

Recall that Malus’s law, in Jones notations, can be rephrased using Pauli matrices, so let
us write the analysers A and B polarizing light as operators o, and o}, acting on polarization:
cos(2A®) sin(2AB) )

®)

% = c0s(2A8)0; +sin2AB)o; = (sin(ZA@) —cos(2A0)

while o, = . Malus’s law (5), accordingly with Born rule, thus reads as the quadratic

1
0-—1
norm of the scalar product between an eigenstate of the analyser and an eigenstate of light,

for instance:
P(20©) = |<<§§f§§8))) P

—sin(A®)
cos(A®)

(C))

The other eigenvector, in this case, ( ) takes account of the complementary prob-

ability of light going through.

We are now capable of computing the product A - B from the joint probabilities
P (a%; bx). As Jaynes noted back in the 80s [44] this cannot be written down as Bell’s
theorem premises would force us to consider:

f P(A, ar)P(B, bx)p(.)dx (10)

for a set of some hidden variables A, not because of nonlocality but because Malus’s law
is applied to both ends, via the electromagnetic field, inside the photons or of the rays
macroscopically. Thereby probability theory does not allow the following factorization:

P(AB,ab)) # P(A,a))P(B, bl), (11)

simply because both P(A, aX) and P(B, bA) are related a minima by A4 = —Ap, since they
are latent variables accounting for the shared property:

> xi=0, (12)

here representing the initial total momentum state. In fact, Malus’s law yields directly:
P(a+;b+) = P(a—:b—) = P (AO) 13)
P(a—;b+)=P(a+;b—)=1- P (AO) (14)
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which is by construction all that is needed to obtain the quantum correlations. Obviously, the
mathematical apparatus was exactly point-by-point the same in the classical and quantum
cases. What quantum experiments probe is the correlation derived from (13), e.g.:

(A-B) =cos (QA®), (15)

where brackets mean statistical averaging.

To summarize what has been found here, a statistical averaging over a statistical collection
of state superpositions (a beam of photon pairs) does not break the pair correlations. There-
from, in the next sections, pursuing the thought experiment outlined in Subsection 2.1, we are
going to ask reversely how one can get from a classical setting of complex oscillating fields,
being classically entangled, down to the fundamental particle level. In other words, if spin
is an internal symmetry property of the electromagnetic field inside particles and if we can
safely assume that they are really wave packets carrying such local information unscathed
by conservation, will be the question asked. This is pretty much what de Broglie stood for
since the advent of quantum mechanics a long time ago [4] with rare discussions ever since,
e.g.in [51].

3 The Known Bricks of Quantum Mechanics and Quantum Fields

Henceforth, the remarkable feature, with which Bell’s theorems are nonetheless compatible, is
the dualism of fundamental particles. Keeping within themselves the wavy nature of vector
fields, along with their spin, they comply with the statistical laws for outputs of the field
itself at the analyser. Nonetheless, in the accepted terminology of statistics, latent variables
(again rather than hidden) may define subclasses within which the same results can be sorted
and manifest subvariables as truly independent. In most studied cases however, the latent
variable that determines independent classes has not been directly measurable. It is argued
in the following that the internal oscillating vector field phase bears this latent information,
from which conserved quantities are defined.

Despite this, fundamentally, quantum and classical mechanics seem to differ particularly
by the absence of linear oscillations around equilibria in the former and, all the more so,
the absence of thermodynamic relaxation despite the presence of intrinsic randomness. This
peculiarity is historically at the root of its success in describing energy quantization, which
solved the black body spectrum and also the stability of the hydrogen atom.

Nonetheless and paradoxically, quantum mechanics is a linear representation of the world,
which hints at it being closely related to linear thermodynamics. However, Dirac remarked
that hidden variable theories, whether local or nonlocal, are plagued with thermodynamic
linear responses [57]. Hidden variables with randomness (or hidden random variables) imply
in effect that a classically perturbed medium relaxes towards equilibrium, inescapably so
that the hydrogen atom could not be stable. In contrast, the energy levels of the hydrogen
atom in quantum mechanics arise from the discrete spectrum of the Hamiltonian for the
electron trapped in the potential well of the more massive proton. Fundamental randomness
manifests itself experimentally in the probabilistic nature of quantum state vectors, hence in
the probabilistic account of experiments via Born rule.

That being said, a classically chaotic system receives a statistical description that may
be generically indistinguishable from thermodynamics. Technically, this depends upon the
spectrum of its Ruelle-Policott resonances, but for clarity we will assume finite time pre-
dictability. This is tied to the characteristic Lyapunov finite time scale, when it exists, for the
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loss of predictability of trajectories. A statistical description at much larger scales can then
reveal an optimal situation on average, stationary or at equilibrium, the microscopic degrees
of freedom being gathered macroscopically with a Taylor’s series expansion in the manner of
a Landau free energy, valid in the weak sense of distributions. In this context, it is well known
that any such variational description of real scalar fields over a random background can be
mapped over to a quantum description by a Wick rotation, going from Kac to Feynman paths
integrals with analytical continuation.

Two profound differences still remain, for a complete equivalence, in the quantum state
superposition and the quantum phase. As we saw in Section 2, quantum state superposition
and statistical state superposition are in reality two indistinguishable notions. But, although
it is unobservable directly by direct measurement of probabilities, the quantum phase is
nonetheless at the root of the quantum realm weirdnesses, such as the Aharanov-Bohm
effect.

Yet, a wave function is conceptually close to a partition function but computed with a
complex weight. It is like a “square root” of the classical positive definite Gibbs probability
measure or, better still, it is the generating function of moments of any observable. The
emerging or forced-in complex phase is suited to track similarity transformations in the form
of unitary exponential maps of differential operators, which correspond to volume preserving
symmetries. This complex weight takes its roots in the wave-particle duality.

3.1 A Wish List of Quantum Oddities

In essence, let us go back to listing what seems different between the classical and quantum
worlds, as we are used to, in these typical aspects:

e Quantum mechanics is a non-commutative “matrix mechanics” with the consequence of
Ritz’s composition law in spectroscopy.

e Conjugate variables like position and momentum are Fourier duals that follow Heisen-
berg’s uncertainty principle.

e Particles are basically locally finite excitations of the fields. Antiparticles enable particle
interactions to take place in any reference frame non ambiguously.

e Quantum particles follow non-differentiable paths, in other words random walks, the
density measure of which does not exist unambiguously. They are described statisti-
cally by transition probability amplitudes by means of Feynman paths integrals, or wave
functions, similar to generating functions.

e Annihilation and creation operators describe the discreteness of quanta of energies of the
fields in Fock space.

e The non-commutative algebra of differential operators over a bounded physical space gets
mapped over to the algebra of unitary compact operators. Inverse differential operators
are propagators which appear in the phase of the complex weight as effective interaction
potentials.

e Quantum fields are nonlocal, they possess a phase, which has been unobservable directly
but leads to the superposition of states at the heart of quantum “weirdness,” like the
Aharanov-Bohm effect, superconductivity (phase stiffness).

e Forces are mediated between particles because perturbations generated by them are prop-
agated. Propagation is related to force carrying excitations. Static forces between sources
of perturbation are thus statistical in nature.

e Lie groups represent all the symmetries preserved in the Hamiltonian that the particles
carry. Lie algebra of operators allow calculations.
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e Quantum anomalies are found when the measure over paths breaks symmetries locally
as the propagators are renormalized through scales.
e ... what else?

So, as it would seem indeed, classical and quantum mechanics should be irreconcilable.

In the sequel, it is argued the exact contrary, namely that this no-go listing merely becomes
a class definition, as one considers the classical mechanics of oscillating excitable media that
generate non-differentiable trajectories of topological excitations, via critical and chaotic
coupling. The list is completed with one item as such:

e The phase is also responsible for the “nonlocal weirdness.”

3.2 Proposed Framework

In effect, for the proposed class of media, thermodynamic quantities of a dissipative excitable
media, driven such as there exists a bath of finite size topological excitations spanning the
whole medium, fluctuate as if the medium were locally randomly quenched in cycles. Those
parametric fluctuations are deterministic, and their randomness inherently emanates from
autonomous chaotic oscillations. At coarse-grained scales nonetheless, the non-equilibrium
intrinsic randomness leads to the definition of a stochastic evolution operator.

The phase must help build an appropriate tool to distinguish between disordered cycles
of local samples, that the one-point probability measure is not. We will define here the one-
particle wave function through a wavelet convolution over the medium and further averaging
over randomness, while the many particle wave functions are defined in a similar fashion
via a tensor product of wavelets and averaging. In doing so, volume preserving symmetries
are violated locally but restored weakly, and define linear differential operators that can
be gathered within the linear generalized susceptibility, the average real part of which is
identified with a Hamiltonian operator.

The spectrum of the Hamiltonian corresponds indeed to parametrically optimal (or anneal
averaged) energy levels, once momentum is defined as usual: Kinetic energy derived from a
Laplacian operator and combined to Parseval theorem, since the gradient gives the direction
of motion just as for optical rays, canonical momentum %]L is (h is defined in (17) in the
next Subsection 3.3):

-

- ad
=—ho. (16)

It is straightforward to derive this formula from wave packets for which p = aa—ka)(k), where
w (k) is the peak frequency in Fourier density, refer to [52] for example.

The imaginary part of the susceptibility is where hidden damping lies, being balanced
by the assumed out-of-equilibrium drive of the medium cycles. Energy levels describe an
averaged situation, but overall conservation can be guaranteed in a Hamiltonian closed sys-
tem. One further assumption would require that the intrinsic randomness be a “1/f” noise.
In particular, the instantaneous probability measure is singular and multifractal. Trajecto-
ries are non-differentiable as required for the non-commutativity of position and momentum
operators. Complex multifractal processes over C2 or H are defined for the occasion.

By anneal averaging, linear propagators can hence be rescaled invariantly whence renor-
malized and, in general, their associated algebra is non commutative. Weak complex solutions
are thus built as paths integrals that solve the annealed thermodynamic linear response to
perturbations of the driven-damped (or only effectively driven-damped) autonomously dis-
ordered excitable medium.
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The “wave function” is no longer ambiguous, as opposed to its status in standard quantum
mechanics: There is no room for interpretation, since its definition is here both ontologic, as
it is real, and epistemic, as it computes our lack of knowledge about the system’s microscopic
degrees of freedom.

In this framework, entanglement arises naturally because two excitations, prepared simul-
taneously, carry shared information in their phase about the initial conditions without loss,
and bare the same symmetries as the macroscopic field (e.g. spin), before any subsequent
measurement process occurs. Lossless transport is guaranteed by topological robustness,
despite the maybe worse case of a chaotically oscillating background. Because from its ini-
tial condition the phase evolves chaotically, the outcome of a measurement (e.g. transmission
through a polariser) is unpredictable, however because of conservation laws and transmission
laws, quantum correlations do emerge.

Mathematically speaking, the idea which is being developed has connexions with the
finding of large scale approximations to multiscale solutions of systems of coupled real
PDEs, whose short scale dynamics is chaotic and are considered as an effective stochastic
background at larger scales, in the sense of a partition refinement of trajectories through
Kolmogorov-Sinai metric entropy. Such solutions become statistically exact in the lower
range of the Fourier spectrum, thus exact in the weak sense, by means of linear propagators
originating in all weakly conserved symmetries in the system. So this connects with and
extends the treatment of stochastic Langevin equations in terms of paths integrals [53-55].

The system of coupled real PDEs can be viewed as an evolution matrix acting on real
vectors, some components of which naturally oscillate in phase quadrature, which can thus
be paired into complex components. Thus, such systems of coupled PDEs of real fields
may already describe Lie groups over the complex field such as the relativistic spin group
SL (2, C). Subclasses are compatible with relativity depending solely on the dispersion rela-
tion, in which cases the real and static description of scalar statistical fields (and elliptic
operators) in Euclidian space is swapped with the vaster causal realm of Minkowski space
of complex vector fields (and hyperbolic operators).

3.3 Chaotic Susceptibility

Narrowing the scope on excitable media for clarity, it is now supposed that a linear response to
small enough perturbations exists at a definite temperature 7" giving rise to natural pulsation
responses at wo, hence an adiabatic invariant action characterizes any motion:

kT
wo

h = a7

Equation (17) stems from the Poincaré invariant for the microscopic Hamiltonian dynamics:
f p dg, where p and g are the generalized coordinates. Consider for illustration a proton
orbiting a magnetic field line B, its angular momentum L is adiabatically conserved and
1/2 mv*/B = gL/m, while kT = mv?/2 and w = gB/m.

Moreover, the medium is supposed to generate nonlinear finite energy excitations, thought
of as a bath of trains of “solitons”, which can bear oscillating coherence. Because of their finite
scale and magnitude, they locally alter finitely the medium parameters. A typical example
would be as the natural pulsation depends on a thermodynamic quantity like the finite density
of matter in the medium: @ (p). The description is deliberately chosen so that the adiabatic

invariant action is still by definition 4 = %, despite the finite excitations of null average that

@ Springer



International Journal of Theoretical Physics (2024) 63:308 Page 130f38 308

locally modulate the frequency around the value wg. We may call wg an equilibrium value,
o = wo(p) + sw(8p), (18)

where p is the average density, ép the fluctuations due to the passage of finite magnitude and
finite scale excitations.

Here, we might rush to conclude by analogy with e.g. the Klein-Gordon dispersion relation
(leaving for later to return to it with a clean and auto-consistent derivation), following de
Broglie’s thermodynamic primary insight, that (17) bridges with the Compton wavelength,
defining mass through temperature as an intrinsic rest oscillation (a mass gap in the spectrum):

m002 =T = hwy. (19)

Besides, fluctuations are assumed to be stochastic at scales above the unpredictability scale,
with regard to the particular path of any other locally defined topological excitations. So,
at such scales, the granularity of the medium becomes parametric, looks random and non-
differentiable. In that respect, any probabilistic transition path between two points is also non
differentiable.

More generally, parametric fluctuations mean that the thermodynamic limit does not con-
verge to stationary thermodynamic quantities, and instead to a distribution of values, dispersed
spatio-temporally. In other words, there is a stochastic landscape of local equilibrium expec-
tation values, as though there were local cycles of quenched equilibria.

The scenario may be coined “chaotic” in the sense that there exists deterministic dynam-
ical oscillations with a fundamental cutoff scale T > 1, at least a few period cycles,
above which the deterministic dynamics are completely unpredictable. But when a medium
is perturbed close to local equilibrium, the typical kinetic linear response yields a frequency
shift from the natural one and a damping rate because of the scattering of the initial pertur-
bation, both are functions of the natural frequency and obey the Kramers-Kronig relation.
The essential remark here is that, since the chaotic parametric fluctuations in the bath are not
infinitesimal, the locally defined generalized linear complex susceptibility also varies finitely
and stochastically.

Thus, an externally added driving source, a perturbing field ¢, does not yield a simple
relaxation equation, but an evolution equation according to a locally multiplicative stochastic
process, above the cutoff scale, generically of the form:

9
5P = iXp. (0, 9) . (20)

Onsager relations allow us to reshape it into the more self-consistent and simpler form:

a

5P =ixp 2
With regard to paths, this equation is thus understood as infinitely many local stochastic ODEs,
where the generalized susceptibility x is a complex random variable and infinitesimal time
increments are d¢ > t. The density p may be replaced by any other thermodynamic real
scalar or vector field, in which case x becomes a random matrix.

It is shown in the sequel that the annealing limit of (21) requires at least the mathematics

of quantum field theory to be described adequately.
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3.4 Singular Background

One noteworthy assumption is made on x, namely that it be a rough noise, or in other words
a strictly “1/f” noise. This may be written as x= AdB, with = meaning equality in law,
A a complex scalar (or matrix, see below), and with the random walk B having a Hurst
exponent equal to zero: H = (. A possible justification for this assumption traces back
to the present scenario in which the chaotic autonomous system spontaneously generates
parametric fluctuations, which are dynamically coupled to the field fluctuations. Noisy “1/f”
signals are not infrequently observed in critical dynamical systems in nature. Furthermore,
by integrating (21), the exponentiation of a “1/f”” noise becomes a multifractal measure, and,
provided the assumptions made in (21), this may be required for the medium to bear scale
invariance and consequently propagators to be renormalizable.

Growth or damping rates may be only local and not global, and if so they imply transport,
so that generalizing y for it to incorporate linear differential propagators extending local
relaxation rates to transport relaxation, such as translation or rotation at finite velocity, yields
an effective stochastic evolution operator amending (21) into a stochastic PDE. Moreover,
the case where p is a complex vector is envisioned and multifractal projections are made
compatible with a compact group structure. The infinitesimal generators are incorporated in
X-

Just as in quantum or statistical field theory, ensemble averaging leads accordingly to the
definition of an average evolution operator which describes weak conservation of symmetries
(possibly violated locally but not on average) and correlations between excitations as effective
forces between perturbation sources. Stated differently, the variational description of the
average medium with this stochastic background bath exhibits static forces derivable from
an average potential energy directly related to the inverse propagators. It comes in naturally
that the average evolution operator bears a spectrum of eigenvalues indeed corresponding to
the parametrically optimal energy levels so that it is identified with the Hamiltonian.

The situation bears strong similarities with geometric quantization and the correspondence
between lattice disordered Ising spins and lattice QCD, where asymptotically the Lie group
is compact and the homotopy class of the gauge connection is densely nowhere trivial, paving
the way to the confinement transition. Here, the multifractal singular measure sets the “lattice”
of local symmetry breaking since, as any singular measure, it is densely non differentiable.
Consequently a dense set of phase singularities exists, compatible with quantization. It can be
explicitly shown using geometrization how to relate the classical Hamiltonian with Poissonian
dynamics to the Hamiltonian operator. Starting from pre-quantization (see e.g. [52, 56]), as
we shall see in the remainder of this essay, the last quantization step is allowed without
departing from this classical mechanics framework because of the reality of the phase, and
the existence of topological invariants.

The program to avoid Dirac’s comments [57] is to take literally the “complex square root”
of a regular probabilistic description, of one or several interacting self-generated compact
objects (particles), and in fact to consider it as a moment generating function, from the
classical mechanics of a system with non-stationary local thermodynamics. In contrast to
the extra dimension needed in Parisi-Wu’s stochastic quantization scheme [58], here the
hidden drive and damping with sustained chaotic oscillations yield quantum mechanics, as a
slightly more subtle description than with a scalar statistical field of a disorderly coherently
cyclic excitable medium. If no natural cutoff is introduced again, it is at the cost of no
longer “giving an absolute meaning to size” related to “fundamental particles” [57]. Closer
in principles are stochastic electrodynamics [59] or the Zitterbewegung theory of quantum
mechanics [60], because both hold key the internal vibration of corpuscles at their Compton
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frequencies. Drawing conclusions from a different track of arguments, the present account
probably combines some of those assumptions, such as the background fundamental (“zero
pointenergy”) vibration [59] and as the geometry of spin is directly encoded in the corpuscle’s
wave function phase factor [60].

4 Chaotic Excitable Systems as Described by Coupled PDEs

To illustrate the phenomenology sought, let us consider a disordered medium driven by peri-
odic external perturbations, which make the medium go through cycles of phase transitions
from a high temperature phase into a quenched phase. We assume that the system relaxes
towards one randomly picked metastable minimum of the free energy landscape.

Quenching cycles update the random couplings, therefore the landscape is renewed and all
local thermodynamics quantities are updated after each cycle. Averaging over many cycles
in general yields unambiguous stationary quantities, if we can assume that the physical
medium is self-averaging as it is coarse-grained. If the quenching drive is not achieved by
external means, such parametric perturbations are dynamically coupled to the fields in a fully
autonomous system.

Take as a typical example the relaxation process of density waves in a quenched state,
which is describable by partial differential equations plus noise. By extension, if the noise
is autonomously generated with feedback, what we are looking for may be modelled by a
larger system of PDEs, the dynamics of which is chaotic.

In that respect, we consider the following system of partial differential equations:

sw=M(v Lv) +e Dy, (22)
with & € R" areal vector of n physical components, and M is a n x n real matrix € GL (n, R)
nonlinearly coupling components.

Without the diffusion term, (22) is Hamilton-Jacobi equation. In that case, ¥ should be
replaced by an action S along a path, so that rather replace ¥ — In V. ¥ ~ expiS would
represent the distribution generating function of paths. Also, M may stand for the Hamiltonian
operator of its symplectic flow.

More generally, the coefficient « tells us that this system describes a physical medium
already at a certain level of coarse graining, and the vector W will represent generically
macroscopic observable quantities. Together with the gradient term, they describe transport
of information, either locally preserved or globally mixed and lost in the microscopic degrees
of freedom.

Invoking linear kinetic theory, natural oscillations are likely to take place. If this is the
case, one may replace M with a block diagonal matrix, each coupling two components in

/
v
phase quadrature. In an appropriate basis of ( 3 v ) , this looks like

ax
/ 0 -« l
0
M(;j)m [ﬂ 0] (;’) (23)
Ly o ) \&v

for any of the complex natural frequencies w” = a8 € R.
The parameters « and 8 may depend on the components of W and on their gradient

components %\IJ. The approximate equality designates the neglecting of nonlinear terms
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from direct linearization of matrix M, terms which become dominant above a characteristic
Lyapunov time scale. The matrix components are obtained typically by a linear analysis with
kinetic theory for the system lying close to equilibrium.

For concreteness, let us name such components a and b, and assume we can completely
split ¥ into vectors of those components A and B. By assumption n = 2p, so that A and B
have dimension p, while generalizing to n = 2p + 1 is obvious. The matrix M is explicitly
broken up into:

9 94 0 92
FA=F@ B) + H(EA £B)+ k4254,

o 24
9 94 8 92 24
FB= G B) + K(&A £B)+ ks 5B,

in which the functions F, G, H, K nonlinearly couple the components a and b and their gradi-
ents. Systems described as (24) are reaction-diffusion media. Boundary conditions (Dirichlet,
Neumann) often involve source terms, damping layer or free gradients. It is natural to group
oscillating pair components into a complex vector C = A 4 i B of components ¢ = a + ib.
The evolution equation through time is now like (22) except for the hermitian unitary matrix
of dimension p x p. For instance, C is a (Weyl) spinor for p = 2.

In this regard and going back to Spreeuw’s original idea, we just realized that four clas-
sically oscillating objects are required to mimic one quantum corpuscle with non zero spin.
In order to connect with droplet walkers, it seems natural that two of the bonded objects in
question are the droplet and its Faraday wave. Because the droplet effectively bounces off
the fluid only vertically, while locally the wave amplitude defines an isophase contour line,
the description resides in R2, not in C2. As such, to gain two extra dimensions, one requires
either to bond two such wave-corpuscle objects together, or manage to create a secondary
horizontal oscillation for the droplet, reminiscent of zitterbewegung [19, 20, 61-63], going
along with a secondary oscillation of the isophase contour. And precisely, this seems to be
what is happening at Faraday’s forcing threshold [13].

4.1 Excitability

Reaction-diffusion systems are excitable when there exists finite size nonlinear robust solu-
tions, with a specific topological signature, which generically grow exponentially fast (linear
regime) from an intrinsic instability and saturate nonlinearly. Such solutions are called exci-
tations, they are local and they transport information in a loss-less fashion at a finite velocity,

typically in the order of
v ~ Jwok, (25)

if there exits one non zero lower pulsation wg.

One enlightening example is given by Berstein-Greene-Kruskal modes in one dimensional
plasmas [64]. They are to be distinguished from normal modes since they solve nonlinear
steady states of the Vlasov-Poisson problem (here, p=1). The plasma undergoes an instability
because it is being self-trapped in self-generated electrostatic potential wells. At first infinites-
imal, they grow exponentially fast as the process goes on before saturating nonlinearly. This
connects them more or less to the droplet-walkers.

Now, many modes may mix chaotically, and in turn, that would manifest itself as a relax-
ation process, where modes decay exponentially fast towards a steady-state. It occurs despite
the plasma being collisionless, and it is called Landau damping [38, 65]. The chaotic mixing
of those modes can be thought of as giving way to a disordered (agitated) background, into
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which the injected energy from the drive has dissipated. Newly generated excitations, of
maybe other types will live on top.
This scenario constitutes a thought paradigm upon which we rely in the sequel.

4.2 Hyperbolicity

In general, the system of (24) can be coined “hyperbolic” in the sense that its evolution
through time can be made an ODE as one follows the trajectory of one excitation as long as it
exists unambiguously. Such trajectories are similar to the characteristic curves of hyperbolic
PDEs. This corresponds physically to moving to proper reference frames.

Solutions are sensitive to boundary conditions which determine the domain of definition
of system (24), namely, the subset of allowed, weakly differentiable, functions.

We can think of the simplest case, a paradigmatic example for deterministic low dimen-
sional chaos, as it happens, a fluid in an open tank heated from below and developing only
one or two unstable modes into dissipative structures (Rayleigh-Bénard “rolls”) [66—68].
Letting such boundary conditions go to infinity, even if boundary conditions are homoge-
neous at infinity, opens up a whole realm of possibilities since the effective local dynamics
become infinite dimensional. This is the case too for the Vlasov-Poisson problem mentioned
above, or for the origin of the hierarchical structures, the so-called Kolmogorov-Obukhov
“cascade”, observed in fully developed turbulence [69]. The framework to probabilistically
describe such dynamics of local solutions at coarse grained scales with precise boundary
conditions is a Hilbert space with norm L.

Yet, the other notion of hyperbolicity in chaotic systems indeed allows us to define the
important Lyapunov characteristic time scale t for the temporal divergence of solutions along
characteristics (since the system is also hyperbolic in the sense of PDEs). This characteristic
scale is typically associated with phase mixing, when a phase can be defined, and sets a
cutoff scale. Above this scale, we therefore assume that the dynamics is effectively generated
on top of a stochastic background, in the sense of the partition refinement of any trajectory
measured by the Kolmogorov-Sinai metric entropy.

5 Nonlinear Excitation on Multifractal Background

As discussed briefly, the system of (24) simulates for instance a perturbed medium, the
relaxation of which is assumed to be describable by kinetic theory with a linear response, a
complex susceptibility, typically, as a natural pulsation and a damping rate.

For illustration and clarity purposes, let us consider the example of a polarized medium, a
dielectric, so that here p = 1, at rest charge density A = p, that has a natural finite pulsation
wo which is the limit towards long wavelengths Vk — 0 of a quadratic dispersion relation.
The dispersion relation is found by linearizing (24) in Fourier space, mode wise, in which the

electric field is B = E = —%@ with ¢ the electric potential. Note that a more direct way

C
to obtain dispersion relations is from near equilibrium thermodynamics, using equipartition
and Gibbs relation [39], for example the Bohm and Gross relation in plasmas [70].
One shows that the microscopic evolution operator in the appropriate basisisM (V) = LW
a2
0 -Lo| | : , . .
7 3 i|, with electric charge unity ¢ and mass unity m. Here, this natural

m

andL=|:
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plasma frequency, also called e.g. a mass gap in superconductivity, depends explicitly on the
fluctuating field density p from the Poisson relation —%22 D =p.

Let us repeat that the feedback dependency makes the medium prone to develop nonlinear
oscillations with finite amplitude density variations. Such a situation is found for instance
here in plasmas, where BGK solitons grow nonlinearly stable [64].

The popular, albeit not quite exact, picture of a surfer, representing a small density per-
turbation riding the wave, who is henceforth accelerated or slowed down in the trough,
illustrates nicely enough the typical phenomenon of trapping. Trapping further acts on the
density variations within the wave and chaotic dynamics result in general, refer for example
to the simplified Hamiltonian mean field model [71-73].

As aconsequence, the UV cutoff scale for our scenario is of order T ~ 8p~!. In this context,
Landau damping is closely connected to the divergence of trajectories, that is, closely related
to phase mixing 7 ~ dw~! (e.g. van Kampen modes [74, 75]).

Let us recover this result, we can write that the natural pulsation depends on the relaxing
field:

9
5P = iw(p)p, (26)

withw € R. There are local frequency shifts within any region of size a wavelength Vs ~ k~!:
w = wo(po) + 3w (8p) , 27)

where dw € R is an implicit function of position at coarse grained scale s.

A deterministic scenario, on the one hand, with only one mode present for the ODE (26)
and (27), could correspond to regimes in which low dimensional chaotic dynamics or routes
toward chaos can occur, as for instance when the perturbation is external and resonant in
which case the dynamics develop Arnold tongues [76].

On the other hand, (26) is understood as an autonomous ODE for the time evolution,
indifferently along (moving with the flow %) or “on” (fixed position with respect to the

flow %) characteristics. It becomes a stochastic ODE as one considers the ensemble of all
possible chaotic evolutions along any of the chaotic trajectories within the extended system,
with boundaries at infinity, at scales s > k’ Vandr > N I

A broad spectrum of Fourier modes with an algebraic slope of their power density Vk > ko
is then observed, often named “cascades” by analogy with 3D incompressible fluid turbulence
[69] and slight abuse of language. For example, k, ! may be as small as the inter-particle
distance or as a characteristic length like the screening length, the Debye length, etc.

In the weak coupling scenario, perturbation theory shows self-consistently how, with those
assumptions, the Green function

1
Go = lim ——— 28
0 al—>0a)—wo+ia 28)
is renormalized according to Dyson’s self-energy equation [77] G = Gy + GodwGo +
GodwGodwG, giving rise to a damping term and frequency Lamb shift where w = wp +
wr +iyr:

1
wr +iyr, = lim 7,|50)07f|2, (29)
a—0 7 W) —wfF+io

where |Swo, f|2 is the power spectrum of the fluctuations centred at wy [78, 79]. When
explicitly writing down the power spectrum, one retrieves Landau’s damping formula [39].
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In effect, it is assumed here non-perturbatively that w bears the properties of a noise, at
-1

scales larger than the Lyapunov or Landau (or resonant) damping scale y; LN ([6w])™", so
that it will be formally written as the differential of a random walk:

I (Bw) = AdB, (30)
with B characterized by a specific Hurst exponent H:

(18:81%) ~ <21, (31)

and A is a real scalar.

Furthermore, if we impose that the modulus of §p should scale, at large scales, according
to a fractional exponent smaller than one n < 1, to make it Holder continuous and non
differentiable [81] as it is needed for consistency:

8o (an)|| = a"llsp ()|, (32)

putting together the integration (in the sense of distributions) of the stochastic version of (26)
with the requirements (30)) and (32) yields:

at
nloga = X/ dB(s), (33)
'

implying that H must equal zero:
H=0, (34)

by definition of the random walk B in order for the integration to effectively yield the log
in the r.h.s. of (33). This condition is not granted a priori and restricts the class of eligible
systems of PDEs (24) for quantum phenomenology. The heuristic is that it’s pretty ubiquitous
in nature to find “1/f” noises, and one which would feed the relaxation inducer §w would not
be surprising. However, making this compatible with the dynamical formulation (24) may
demand some tuning, the analysis of which is left for another work”.

At this stage, 1 is not single valued based on generic conditions. On the contrary, it is
assumed to be distributed according to some law which is determined based on context,
typically Gaussian or Poissonian to give instances [80]. In other words, it makes the modulus
of the variations of p a multifractal scale invariant density measure.

6 One-sample Solution

Owing to its multiplicative nature, the formal statistical resolution of (26) can be further
casted into a Feynman-Kac paths integral formulation, stressing the fact that paths are not
differentiable but absolutely continuous.

The system of equations for the previous example is of vector space dimension two (in
spatial 1D), and the interesting field to be quantized is thus a complex scalar, namely the
fluctuating quantity ¢ = p+i E -¢;. The information content which remains in the correlation
between both field components is contained in the phase term. For instance, basic oscillations
enshrined in the phase quadrature between the two fields. In the sequel, we keep the more
familiar notation p to denote any real or complex component as ¢ (p not to be confused with
a density matrix).

7 The reader may refer to personal notes entitled “Building multifractal processes with and without long range
covariance kernel” in which a peculiar example is worked out. To be filed on HAL
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But, before we dig a bit further into some basic principles of paths integrals, let us take
one more step into the formal integration of the stochastic version of (26) in which w is a
complex random scalar:

St
p(t) = o p(0), (35)
and the exponentiation is understood as a limit of a multiplication series
t=Nét
ol Joas o) = 1—[ PRION (36)
0

for N — oo, §t - © — 0, which is a separation of scales or multiscale approach. The
stochastic pulsation w can be further understood as being the “Hamiltonian”, or in other
words the evolution operator.

In the positive real domain considering only J (w), the one-sample multifractal density
field generically reads:

p(t) o /.t e}L(SBO(tfs)f)LZE((SBO(l*j‘)z)dBH (S), (37)
—00

in which additive noise was included, with variance o and Hurst exponent H, within (26), in
the sense of a generalized Ornstein-Uhlenbeck process. This form is what is known as Gaus-
sian multiplicative chaos and was first described by Kahane [82]. More general multifractal
processes can be defined, that loose nonlinear correlations but do keep the main one-point
statistical ingredient (32)8.

Signed and complex multifractal measures can be defined based on this solution (37),
simply by using the Hahn-Jordan decomposition and projecting along the real axes. Physi-
cally, a signed or complex scalar is conveyed at some velocity along its characteristics where
the scenario holds, that is to say, the evolution in time is multifractal, and consequently the
spatial measure too. Therefore, what precedes remains also true for @ € C and for vectors
C of dimension p > 2, conveyed as well along characteristics. We can think of Levy stable
vectors as operators, the average evolution of which is decomposed into the infinitesimal
generators of a Lie group, on top of the multifractal background enforcing a vectorial sum
of its multifractal components, as we demonstrate in Section 8.3.

7 Paths Integral

7.1 Analysers and Probability

A statistical description can be given in two steps. The first one is by using local projection
analysers, like wavelets. The second one is by averaging over many realizations. In standard
quantum mechanics, unfortunately, the first is confused with the second.

Take a wavelet” ®; defined at projection scale / and centred at point x, so that the projection
is a convolution, introducing the bra-ket Dirac notation constructively:

L
V(x, 1) = /0 dx’ & (x = xXNp" (', 1) = (x|p(®)) (3%)

8 Ibid.

9 A mother wavelet of the required dimension, in general either scalar or complex, but quaternionic wavelets
exist.
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for a one dimensional system of size L, where the vector |p) = p* is the function conjugate
to be acted on by convolution. The dual form is defined as the convolution (x| = ®; , *:

L
(x] - = / dx’ &;(x —x') - 39)
0

while the vector is the analyzing wavelet conjugate, centred on the point of analysis |x) =
&7 . sothatitnormalizesto (x|x) = 1 and we define the projection operator as the convolution

with this kernel |x) (x| = || D} x | %, so that for instance:

Ix) (x] p(0)) = /dX’ 111> (x = x")p(x', 1), (40)

giving the “energy” of p at position x over a scale /. The wavelet quadratic norm tends
towards a Dirac as I — 0. For consistency (p| = p, hence (p|x)(x|p) = (x|p)(p|x). This is
how Born rule is recovered:

W (x, )| = /dx’ D12 (x — Xlpl* (', 1). 1)

Indeed, by definition of wavelets, the convolution (38) is non negligible if and only if the
increment around x of the signal || % fxx+l Sp|| is also non-negligible at this scale. A localized
excitation, such as a soliton with finite extension of size /, satisfies this condition if its phase
oscillations are not of much higher frequency. In other words, the functional is a local focus on
the activity of the whole medium at finite energy on position space x and at local frequency
scale /. Note that it is also conceivable, though not used in common practice, to project
with quaternionic wavelets in order to assess more structure within the excitations in higher
dimensions.

A probability can thus be defined in the frequentist manner as a weight of the uncer-
tain outcomes for the projection (38) evaluated against the whole system. By construction,
E (||‘~IJ||2 (x, t)) is an empirical probability density function, counting the relative presence
frequency of a localized excitation. By Parseval’s theorem, the same is true in the Fourier
domain (centred on momentum (16)).

7.2 Propagators

From the stochastic (35) and its evolution operator, a linear propagator G is constructed
that works for W. Put differently, we look for a linear hyperbolic PDE associated with G
according to which W evolves at longer time and length scales with respect to the Lyapunov
scale.

From (35), inserted into (38), one has for a given time ¢’ in the past:

(wlo) = (xle' 2 @p()). “2)

Therefrom, since the wavelet basis is normalized, we can project on x” and integrate over the
whole domain:

elp) = [ v’ (xle #0116, 43)

Here, it is implicitly assumed that there is one excitation being tracked by the wavelet projec-
tion from position x’(z") to x(r). Those steps define a propagator for any given path leading
to x at time ¢ such that: .

G (x,1;x, t’) = <x|e' f,/w(5)|x/>. (44)
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But in fact, this operator is contingent, because each path built from (40) is still randomly
chosen at each realization of (35) from an arbitrary time and point in the past. In order to
give an essential character to G, averaging over all those realizations of paths is required for
a sound definition of transition probabilities, i.e. annealing. Quenched averaging would be
considering only all possible paths for fixed randomness during the elapsed time. For very
long time intervals, because randomness updates at each relaxation cycle, we may assume that
the system self averages. Hence, we will no longer be distinguishing between both averaging
in the subsequent arguments. Therefore, the definition (44) is replaced with the proper kernel:

G(x.1:x. () =E (<x|e" fpo® |x’>) . (45)

In so doing, the propagator G acts on the expectation of W, and is suited for a statistical
description over all possible realizations. In other words, the expectation of W changes in
space and time according to (45), which is monitoring its weak evolution (in the sense of
distributions). Note that symmetries may be restored in this weak sense, whereas they are
broken locally. For instance,  may incorporate a translation operator e~ 7 of size X,ora

. . . _ilog: .
rotation operator with angle 6 around axis e;, e i269) By assumed independence of G and
W, all this means precisely:

EW(x, 1) = / dx' G (x,1;x" ) E (W (X', 1)), (46)

Despite appearances, (45) is not yet a positive definite probabilistic relation, it may be
signed, complex, quaternionic... etc. It has the quantum analogue meaning of a transition
probability amplitude.

Quantum mechanics definition of the wave function does not give enough precision about
the intrinsic randomness and definition of E (V). This loophole leads to the whole problem
of interpretation. Interpretations lie within two classes, either ontic or epistemic. Here, both
are true by construction.

Moreover, from (46), it will be clear that the averaged Hamiltonian can bear symmetry
invariance despite them being broken locally.

7.3 Lagrangian

Let us start with the classic low energy scenario, which in terms of linear dispersion relations
amounts to:
w(k) = Dk* + wp. (47)

Let us show that one recovers the Hamiltonian H = T + V. Everything follows as in
textbooks.
By construction, the Chapman-Kolmogorov relation is:

G(x,t;x",1") = /dx/dt/ Gx,t;x,0)G(x,1';x",1").

Let us set units to D = 1 and shrink the time step down to zero t” — ¢ = 6t — 0
(see (56)). By (36), splitting the rapid oscillation component at the characteristic mass gap
frequency wo from the slower oscillations characteristic of the evolving envelop, we bring the
evolution (45) and (46) to that of an excitation possibly at x evolving in an average potential
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Vi = E (w(p) — E (wo)), as described by the Feynman-Kac paths integral:
i as LA ()2
G (x.1: X0, 1) = /Dx(s) ¢ -flo das 5| gsx(s)l V(x(s))‘ (48)

This separation of scales could be taken into account in an effective Hamiltonian anyway,
but 87 > w !in (48). The kinetic energy term stems from the k2 dispersive term (Laplacian
differential operator) in (47). The measure over the space of paths is loosely defined by

integration at the regularization limit, as in textbooks with the same limitations, where now
N-1
_ . N .
ot = %: Dx(s) = th 8t~ 2 [] dx;. Consequently the propagator in (45) can now be
— 00 i=1
decomposed using the set of eigenfunctions and eigenvalues of the Hamiltonian. For instance,
if countable within a compact symmetry group, they are ¢, and E,, so that G (x, rx', ) =

> Or(x (x)e " En (=1, Thereof, the Green function and resolvent calculations follow,
which can be regarded as a justification of the use made of perturbation theory to derive (28)
and (29).

All the quantities in (48) are defined at the scale / of the particular excitation under

scrutiny, but for most practical cases the notation can be safely dropped, because we set the

position x(#) to be centred on the excitation of size scale [ ~ v w, I = /wio. In particular,

the Lagrangian is:

L= %|j—sx(s)|2 — V(x(s)). (49)

This Lagrangian would describe the optimal equilibrium of a pinned elastic line living in
an average potential landscape, and being randomly pulled an infinite number of times, if it
were not for the effective Wick rotation t — it.

From Section 5, we constrain the random pulls §w to have logarithmic autocorrelation,
similarly to a Gaussian free field in two dimensions. In one spatial dimension and one time
direction, logarithmic correlations are still present within light cones (i.e. with Minkowski
metric signature r> = x? — r2), when Feynman propagator is used in replacement of the
causal (advanced or retarded) propagators. This optimal equilibrium being averaged over
many discontinuous realizations, recovers classical continuity weakly. It also describes for
instance the optimal path of random pinning of density waves when x (¢) is replaced with the
field of a Goldstone Boson gapless mode.

7.4 Density Matrix

Usually, paths integrals like (48) are justified by analytical continuation from Euclidian space
into Minkowski’s after Wick rotation, because there is no simple way to define regularized
Lebesgue measures (the density of “paths”) of complex functions in the Hilbert space. With
regard to the Lebesgue-Radon-Nikodym decomposition, p is here understood as a random
field, whose measure is given by the unique sum decomposition of an absolutely continuous
density and a singular measure (with respect to the Lebesgue measure on the real axis R).

From the definition (40) and (41), one may recognize the density matrix of a mixed state in
E (|| W2 (x, t)). As many realisations accumulate, an empirical probability density emerges
for the various possible positions of the excitation, as taking the trace over the particular
eigenstate centred on x:

E (111 (x, 1)) = p(x) (p(0)] x) (x| p(1)). (50)
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A single excitation thus defines a pure state over the basis of positions:
L) (x], (1)
in agreement with intuition, and indeed a mixed state defines probabilities:
p(x)|x){x]. (52)

For such a single localized excitation, a mixed state telling that half of the time the excitation
is found at x and the other half at y is well described by the density matrix:

1
5 (X + D (53)

It is not yet manifest as to how a quantum superposition of states can be achievable
statistically without focusing further on the physics. We have dug into that aspect though in
Section 2, but one may forge some intuition thanks to the discovery of walkers by Couder and
Fort. Those entities are localized but extend sufficiently so that they can interact with the two
slits in that experiment, forming a law of transmission with interference fringes. Interference
fringes mean that the probability of being at x is not independent of the probability of being
at y, and the correct description requires non separable joint probabilities. Thus, one needs
to generalize the description (50) to nondiagonal cases

Px.ylx)(yl, (54)
in which the cross correlation term (or non diagonal term) from the joint probability:
Px.y — PxPy #0 (55)

is not zero. Despite all, the hidden physics may remain unknown to the experimenter.

Let us return to the medium fluctuations, for any Holder exponent smaller than one, n < 1,
the density measure of a multifractal process is singular, and scales at any given coarse-grained
scale [ like: p ~ I"~!. This means that the density matrix and trace over eigenstates scale
similarly as one modifies the wavelet width. Because this choice is constrained from a cutoff
scale below, one may probe how averaging over all expectations in (50) blurs or not this scale
invariance. One already knows that at the localization transition, the multifractal signature is
apparent in (50) [83, 84].

Multifractal measures can be defined on positive measures, signed measures, and complex
measures, through Hahn-Jordan decomposition. The philosophy adopted here is therefore to
not go through analytical continuation, but instead to understand paths integrals as a notation
trick for the propagator (45), based on such decomposition. Consequently, (48) is also a
unique decomposition into a sum of well defined paths integrals, as each one is now naturally
regularized over R. The dimension and symmetry group of w are extended in Section 8.3.

Let us recall that the above derivation steps from (47) yields the Schrodinger equation.
They suffice to guarantee the generalization to any dispersion relation, as one compatible
with relativity, and they can be generalized obviously in standard ways to fields. For instance,
to obtain Klein-Gordon’s equation, the dispersion relation is w? = 2k + a)(z), where hwg/ 2
is the rest mass. Let us also mention that quantum anomalies still naturally come forth as the
propagators are renormalized .

10 For instance in the historically first case discovered by Fujikawa, the chiral anomaly arises because of
triangle Feynman diagrams. Interpretation with the Atiyah-Singer index theorem holds true, whatever the
explicit construction of (48).
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7.5 Non-differentiability Induced Non Commutativity

Let us recall a well known fact of the algebraic formulation of quantum mechanics: Non
differentiable paths generate non commuting operators, as defined via paths integrals.
Because paths thus G are not differentiable, one needs to be cautious when acting with

the displacement operator e Evaluating the sequence of operators % and x from (48)
shows that they are not commutable. This is because with (45) and non-differentiable paths
where x;4Ar — Xy # X — Xr—ar as At — 0 1in (46), we have the necessary non zero transition
kernel:

Gy = lirr})iG(x,JrA,,t—l—At;x,,t) > 0, (56)

At—

only compatible with a non zero commutator between x and %, where:

/ Dx(s) ¢S [x, i] = Gy (57)
Jx

and S(x) is the action over a path x derived from (45) and (49).

In the classical setting of Brownian bodies [21], one can compute the velocity changes of
their non differential paths at coarse grained time scales 8¢, as a regularized spatial derivative
of the body position probability logarithm times the equilibrium temperature!!. Let us recall
on this occasion that Dirac’s remarks obviously hold in this equilibrium situation. In the
functional space of quantum systems and their analogues, the correspondence goes with
the already known definition of momentum (16) that involves a spatial derivative ot the
wave function (46) (or more precisely in this situation, of the Wigner distribution because it
accounts for the instantaneous autocorrelations) times the quantum of action, defined in (17)
as a Poincaré invariant in which the thermal temperature is combined with the frequency gap.

But (57) cannot be obtained per se in such a microscopic setting of Brownian bod-

ies. Indeed, the displacement operator ¥ probes translational symmetry, and it is not
meaningful within a statistical ensemble of translationally invariant microscopic states. The
definition through uncertainty relations in [21] gives the interesting precision that fluctuations
of microscopic sub-ensembles must show correlations, and this is not surprisingly achieved
for strongly interacting subsystems. As the authors in [21] rightly point out, the uncertainty
relations differ in this statistical equilibrium situation and in the quantum cases as, in the
former, fluctuations involve a large number of bodies agitated by thermal noise, while in the
latter a single body abides by the uncertainty relation without need of any external agitation.

Here, the displacement operator acts on wave packets, so that position and momenta
are already conjugate variables via Fourier space and follow the same rules as in quantum
systems. The displacement operator would still be meaningful, all the same, in the limit where
interferences are blurred, by rescaling away the quantum of action 4 — 0 as more energy is
injected. The Wigner pseudo-distribution then converges towards a positive distribution of
the position (e.g. known as Husini’s) in this semi-classical limit. As it was mentioned in the
introduction, dealing with the evolution of such localized distributions is the field of quantum
chaos.

11" Section 2, (26), written here with unit mass: 8v(x, 81) = —8tT 2= In (P (x, 1)).
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We have thus obtained, up to this point, the paths integral quantum mechanical formula-
tion, as a coarse-grained statistical description of a class of chaotically fluctuating classical
excitable system, which self-generates a singular background.

8 Densely Dispersed Phase Defects

What precedes shows how w acquires the status of a “pre-Lagrangian” operator (or equiva-
lently there a fluctuating effective Hamiltonian), the Lagrangian itself, including any required
symmetry groups within the process under scrutiny, emerging at annealed coarse-grained
scales. We saw that excitations are typically endowed with a typical finite velocity, making
it possible to define rest frames for appropriate dispersion relations. The main point, not
surprising, is that the pre-Lagrangian remaining stochastic within its parameters (or random
potential, a situation akin to optimal control), the final Lagrangian solves the optimal dynam-
ical option. In other words, the classical path is the parametrically optimal path, according
to the least action principle.

8.1 Bohr-Sommerfeld Quantization

As a result, let us jump to the optimal Lagrangian exposition of system (24). As in quantum
field theory, there are sources, excitations, fields, and the random background. Gaussian
integration over the stochastic fields reveals the residual interactions between excitations.
These are all describable by symmetry (Lie groups) with a gauge connexion.

Generally speaking, all possible ground states (or vacua) are described by a manifold G/ H
of the cosets of the subgroup H to which the symmetry group G has spontaneously broken
down to [52]. A topological defect is generated as one ground state binds to another, often
via boundary conditions. Take the simplest pure gauge vector field for illustration purposes

A= %(f), derived from ¢ the unknown phase, G = U (1) and H = 1 the trivial group, for
an ordered phase. The first homotopy group is 71 (U (1)) = Z, each integer evaluating the
charge of a vortex.

Now, the action of the random generator on this symmetry is to create many of those
topological defects, as densely dispersed and compatible with a multifractal singular measure
as can be. This non-perturbative case is akin to a BKT transition in two spatial dimensions,
where the XY model has U(1) symmetry becoming compact, or in the more general non

commuting case illustrated by the confinement transition where A = —ig % g~ !, with g

defining the symmetry group of the Lagrangian. The topology of this simple vacuum manifold
is characterized by (58), which is the first Chern-number, and can be generalized to any Chern
number for non Abelian symmetries. Phrased another way, the gauge connexion is nowhere
trivial, so that:

e For any contour around any point, circulating the gauge is quantized, there is a winding
number:

1 3
— @D —¢-d Z.
7 f 3X¢ X € (58)

e For any continuous deformation of the contour, the integration (58) of ﬁd(ﬁ generates
random sampling from Z, with a distribution centred on 0 and dominated by {—1 0 1},
since the medium has zero net topological charge.
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By the action phase integral in Hamiltonian action-angle variables, hence Bohr-Sommerfeld’s
quantization follows for any closed orbit. It is unnecessary at this stage to assess whether an
excitation be localized or delocalized over its orbit, such as one defined in spherical harmonics.
Nonetheless, because the underlying gauge should be disordered, one might expect Anderson
localization to occur. In any case, energy quantization follows too by the change of variable

a%q& = %, true for any localized excitation (of unit mass), in which the phase isochrone
moves at group velocity. The kinetic energy is derived after annealing as in (49). Strictly
speaking, we are dealing with a charged particle momentum, with respect to A.

8.2 Multifractal Branch Cut

The above assertions are justified mathematically because the contribution of the random
phase generated by fluctuations contributes an integer. Intuitively, not only is the manifold
not simply connected, the zeroth homotopy group is now also non-trivial, but even more the
induced geometry is not smooth and non compact: In d+1 dimensions, there is certainly an
uncountable number of homologously differing 1-cycles and disconnected parts due to the
densely dispersed phase defects, so that, dually, de Rahm cohomology spaces generated by
the closed form d¢ are also infinite dimensional. It is not exact because the phase ¢ is not a
function, although its derivative is well defined and unique.
Take any path from time ¢ = 0 to time 7, the phase is:

t
56 = 6 (1) — $(0) = /0 o(s)ds, (59)

where s is the time defined in the rest reference frame, following the maximum of the local
excitation, the wavelet projection of which is (38), so that ¢ is defined along the path x (¢)(or
characteristic) taken by any local excitation. Equation (30) was J (w) = 2dBY € R, but let
us extend the definition to the complex domain to include real angle arguments % (w) # 0
and put A = 1 for the simplicity of notation.
Thereby, globally at any given time, it is possible to contemplate the complex random
phase field contribution as a holomorphic integration of a complex rough noise:
x(t)
8¢ (x0,x(1)) = i/ dB%(s) e C, (60)

X0

where s denotes now any virtual path of curvilinear coordinate traced within space. Now,
when this path forms a closed loop in space x — xg, besides (33), an analytic continuation
to the complex logarithm!? has a branch cut

log(xy) — log(xo) = +2im,

(£ meaning clockwise or counter-clockwise) which forces an integer contribution into the
r.h.s. of (60), multiple of 27, setting the real phase angle:

R (8¢ (x,x0)) € 27 Z. (61)

This gives the quantum consistence to the statistical quantization of p derived in Section 7.

12 There is here a transfer of property of the real logarithm to the complex logarithm because we assume
that the complex rough noise behaves in scaling like the function % at any coarse grained scale, where

z=rexp(id) € C.
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The branch cut exists in any spatial dimension since the integration (60) follows a one
dimensional closed curve, which can be made small enough to stick to a tangential Euclidian
surface, taking the background space to be smooth. This can be stated otherwise as, since p
is not smooth, but only Holder continuous, singularities fill up densely within any loop so
that the topology imposes quantification of the phase (61). We have a situation equivalent in
principle to Wilson or t’'Hooft loops and Toulouse geometric frustration in spin glasses.

To summarize our finding, because momentum is defined as the directional derivative of
the phase, the roughness of the noise (30), which is imposed onto the phase, yields Bohr-
Sommerfeld’s quantization (58). Note that any generalization follows naturally, like the
classically chaotic paths that lead to the Gurtzwiller trace formulae of quantum chaos. The
paths integral formulation (46) is generalizable to other dispersion relations and the argument
follows also to other observables and fields. The annealed Lagrangian restores symmetries by
Noether’s theorem. Typically, the annealed Hamiltonian spectrum corresponds to the energy
levels. Note that ladder operators populating Fock space already form the most natural algebra
for stochastic reaction-diffusion processes (as already mentioned in the introduction and in
Appendix A.2).

8.3 Vectors and Spin

Beyond quantization of momentum and energy, there so remains those two intricacies, the
origin of which we should like to clarify once more: spin one half and entanglement.

Because we used a generic solution (37) on the real positive line, we need to further
guarantee that the scenario still holds in higher internal dimensions. To our knowledge, it
was unfortunately not investigated previously how to compute “multifractal” multiplicative
processes such as (36) living in spaces with dimension greater than R2. When p is a complex
vector at least living in C?, it seems nonetheless intuitive that basically the whole artillery
of non-commutative Lie algebra and Lie groups known in quantum field theory are required.
The previous subsections (8.1) and (8.2) dealt with some of its aspects.

Let us recall that multifractal statistical laws are fully characterized by the log-cumulant
generating function, identified here with the logarithm of the mean expectation of the random
part of the evolution operator in (35):

¢(g: 1) = logE (/i 20 )) (©2)

namely, log-variance and log-correlations, considering only the low frequency chaotic vari-

ations. It can be expanded in powers of iz = i f(; ds Sw(s)ast(q:t) =Y oo Cn (i‘ilzl)n . The
relationship to the moments M, of z are:

Ci = M
Cy, = MQ—MIZ

C3 = M3 —3MaM, +2M13 (63)

with the general relation C,, = M, —ZI;Z’I’_I (n -1 - 1) CiM,_;. The log-normal approx-

imation for example consists in neglecting all cumulants for n > 3. Multifractal scaling is
the condition that [80]
Ca(1) = (=1)" e, log(0). (64)

Now, if M (W) in (23) is linearized as LW, with L a two by two complex unitary matrix,
we could try to extend Hahn-Jordan decomposition (35) into the quaternions, as an extension
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from complex numbers, but the Clifford algebra is preferred as usual. Recall that 2 x 2
special unitary matrices are decomposable into Pauli matrices o;, the generator basis of the
Lie algebra su(2), sothat . = Z?:] ajo; + agl, with coefficients a; € R constrained by
the unitarity of L, }"; a? = 1.

Because both Lie algebra are locally isomorphic su(2) ~ s0(3), an infinitesimal rotation
in spatial dimension three can be associated to L. with an angle §6; being defined around
some arbitrary axis 7 of norm unity: Lss = 1 —i86/2 1 - &. This sets the formal integration
in (35) to be a rotation written in exponential form:

p(t) = e o %020 (). (65)

To find a track towards (64) one needs to recover (32), which implies that the diffusion
of moments of p “freezes” logarithmically in time. Equation (65) reveals that the phase of
any component of p may be influenced greatly by the multifractal background, an average
evolution of which nonetheless being constrained by (61). In the rather intuitive signed and
complex cases, it was argued in Section 6 that along characteristics x(¢), the evolution in
time is multifractal for any projection on R*, R~ and iR. Similarly, we can argue that it
is true along projections on the three axes of the pseudo-quaternions in the case of a two
dimensional complex vector.

This is achieved provided the evolution operator also belongs to the non-compact group
of dilatations, or more generally of “boosts”, with an imaginary angle in, L, =I—n/2 17 -0.
The operator L, is purposed to generate the multifractal measure (37) if 1 is rough, that is if

t t
/n(s)/23-ﬁds=/ dB’(s), (66)
0 0

with various rescaled “contracting/dilating” directions. The branch cut, for closed loops,
forcing the phase singularities (61) must be recovered for the full evolution composition
operator:

L = LsL,. (67)

The global structure of real rotations SO (3) ~ SU(2) is exactly preserved at any given
time because the non-commuting generators of real and imaginary rotations are part of the
wider group SO(3,C) ~ SO(3, 1), the Lie algebra of which is isomorphic to the direct
sum: 50(3, 1) ~ su(2) @ su(2). Just as in the Abelian complex case, if the evolution is
unpredictable, at least, the algebra su(2) averaged over the noise is therefore preserved. In
other words, an averaged Hamiltonian evolution acts only on the real angle, as rough random
real and imaginary angle fluctuations are hidden.

This development reveals incidentally a possible connexion between Chern numbers and
the multifractal cumulants in the expansion (62). The gauge connexion 2-form curvature
defined as Q2 = dw + %w A  is indeed here non trivial because of singularities densely

dispersed. Yet, Chern characters Ch(n) = %tr{(é Q)n} are the nth terms in the expansion
of the generating function

tr{exp (i S2>} (68)

and their integration over a compact region of space, which are the Chern numbers, can be
understood as “moments”, whereas Chern classes would correspond to cumulants (please
compare the definitions in (63) and (68), both can be found e.g in [56] and in [80]). In that
respect, the multifractal parameter ¢, should be related in such theories to the second Chern
class.
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8.4 Dealing with Internal Symmetries

Given the joint probabilistic machinery described in Section 2, the measurement process will
live in a given algebra, e.g. su(2). This is opposed to the over simplistic approach from Bell’s
theorems, in which only randomly picked a priori projection states along some predefined
axis are supposed to be independently predetermined by a set of hidden variables, loosing
contextuality.

The Lie algebra has been found to be bonded to the noisy evolution of excitations of p
(67), in the previous Subsection 8.3. At the same time, it allows Noether’s theorem to give rise
on average to conservation laws, in the mathematical weak sense, via an optimal Lagrangian.
So that, an initially shared property between two bodies can be conserved throughout time
and space, before a substantial perturbation occurs.

This is directly related to the autonomous dynamics of an excitation within its reference
frame, conserving the action phase integral, as long as the piece of medium crossed is adia-
batically homogeneous and no external perturbation occurs. If we go back to our reasoning,
because photon measurements (or electrons in Stern-Gerlach type of experiment) involve
the electromagnetic field, we are entitled to postulate that initial conditions are hidden in the
polarization vector’s phase. The phase affects those experiments involving the vector and
scalar potentials (A, <I>).

Let us draw carefully the parallel with Section 2 for concreteness. Two isolated excitations
generated on the medium are imagined, prepared simultaneously at the same location, such
that the total angular momentum is null, for instance, something like the nonlinear scenario
in which a soliton and an anti-soliton emerge simultaneously and counter-propagating, see
Appendix A.1. As we saw previously, projections of angular momentum on any axis, for any
of the two excitations, vary maybe randomly, but there is quantization of the action phase
integral.

Determinism is here important for measurement outcomes, since measurements are phys-
ical processes between a macroscopic field (the apparatus) and the excitation internal fields.
Typical experimental examples are:

e A polarizer, which acts as a layer of atoms dephasing the excitation phase plane as it
crosses the layer.

e A spin (Stern-Gerlach) analyzer, basically a magnetic field, with the phase and the gauge
connexion intertwined from Aharanov-Bohm effect.

Since the global action phase integral is conserved on average, there is a quantity embarked
within each excitation with conserved null sum. So, can assume that the phase, if known, sets
reproducibly the outcome of a measurement. Sampling this outcome at various realizations
with time #; generates a random series, because the phase is not known to the experimenter.
It’s already true in a Poissonian description of symplectic dynamics that one cannot simply
project on fixed directions a specific outcome, if not knowing the initial phase, because of
the Poisson brackets commutation relations, as is exemplified with the Larmor precession of
a magnet around an applied magnetic field [56].

Thus, when one excitation goes through its “polarizer” or “magnetic field” and gets out
with a given projection on some axis, the other one goes through its own “polarizer” or “mag-
netic field” and gets out deterministically, albeit unpredictably, with a projection statistically
compatible with their shared property, on the one hand, and compatible with the probability
law describing the interaction dynamics with the apparatus vector potentials. The sharing
holds at any given time of a stationary environment until the measurement is done.
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Again, this preservation necessitates that chaos arises only along individual particle paths
but that nonlocal coherence is preserved in the background, here by topological constraints
and hyperbolic (or ballistic) transport. Otherwise, it would be arguable that a Lyapunov time
scale would erase memory, lost in microscopic degrees of freedom with elliptic (or diffusive)
transport. That’s one main difference with the setting of Brownian entanglement [21].

The subsequent evolution of the phase through the singular medium is chaotic but remains
deterministic. As we argued, weak solutions preserve Lie groups symmetries, because their
generators are part of the wider indefinite orthogonal group when including multifractal
scaling generators in L. Thus, as quantization is a topological invariant, the locally pre-
served memory of initial conditions in the real part of the phase is not affected by the noise,
because the noise does not affect averages. Consequently, initial conditions are well preserved
throughout the two paths followed by the pair, until an event such as a measurement resets
the phase in at least one of them. Hence, along the paths to the experimental apparatus we
have:

f(i(x, 1)) = f (¢i(10, x0)) (69)

for some function f.

In a yet more explicit form, consider a pair excitation, at time #y and position xg, both cor-
puscles have opposite projections along a direction 7 of their angular momenta, for example
define f as:

I (@1(to, x0)|n) = 60/2 6 -1 = — f (¢2(to, x0)|n) , (70)

where the projection along 7 is made explicit as in Subsection (8.3). Therefrom, one can
directly recover formally any case as, for instance, (15) in the case of photons with the three
dimensional representation of SU (2). This is possible if one can make sure that for such a
medium, the excitations are really conveying those oscillations internally.

Wrapping up this mathematically, wavelet transforms express the locally deterministic
and globally statistical state of the pair excitations as a tensor product of (46):

Vi =V QY. (71

By construction, each local excitation experiences the self background noise along their
characteristics, e.g. LsgLy. So, statistical summation into non separable states is clearly
preparable, just as it is the case for the specific SU (2) group, exemplified using Jones vectors
in Section 2.

8.5 Entangled field excitations

By virtue of (46), we can now calculate the transition due to the unpredictable measurement
at time 7, of one eigenstate, with spin aligned along an axis denoted a, of one excitation
passing through the analyser o,. It is expressed as:

L. L. oL i (s . 257
v, (a-oa,ta)zw-aam(ra))=<a-oa|e g @O +n(s)/ “"|p(ro)>, (72)

and similarly along axis b for the other excitation, where d - 6|0 (t,)) is employed to take
eigenstates that are parallel or antiparallel to a, as it was used in (6). A tensorial product
la, b) denotes eigenstates along a and b.

The square modulus of (72) converges to the probability density distribution of Born rule
as it is sampled empirically. This probability density takes as argument the angle, as in (9).
Now, the density matrix, derived from projections over those eigenstates, can also account
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for a mixture, such as a pair of outcomes along axis a:

%(a +4a). (73)

Product states a ® b, with a tensorial product of solutions written above in (72), do account for
both eigenvectors being distributed at random among the two excitations. But, as previously,
a singlet superposition of the pair states:

1
V2
emerges when it is statistically impossible to determine the result of an operation a - o, with
certainty, but only with respect to some specific law incorporating latent information shared

with the other member of the pair acted on by 03, as in (9). Therefore, we have again that the
joint probabilities is not separable:

(ab' + bd') (74)

Pa.b # PaPb- (75)

This results from the interactions with both analysers o, and o}, exactly in the same way as
in (11), but now easily generalizable to any symmetry algebra and apparatus law. It forces
the density matrix to be non diagonalizable, see (55), which is the signature of a statistically
entangled pair state like in (13), leading to cross correlations as in (15):

> (Pab — papy) la. b){a, b| # 0. (76)

a,b

9 Short Discussion and Conclusion

Two main results have been derived, the first one discards any nonlocal non-realistic inter-
pretation of quantum mechanics, the second one investigates possible origins of the unique
property of quantum systems that is duality, close in spirit to de Broglie’s first insights.
Because quantum systems are here shown to abide by the tenets of classical physics, the
realm and overarching scope of the latter are broaden. The EPR paradox has lived as such,
it is now upgraded to the founding remark which engulfs quantum physics within statistical
physics.

Regarding the demonstration of realism, it was reminded that the only important assump-
tion in Bell’s theorem is the independence of measurements, as Jaynes was first to criticise
in the late 80s and Khrennikov more recently. This constitutes altogether its major loophole,
because obviously quantum mechanics breaks that assumption, but no one had ever proved
that classical mechanics could evade such independence until Spreeuw’s thought experiment
in the late 90s. Consequently, in this essay, entanglement is presented as a natural statistical
outcome when a non separable joint probability of some property is evaluated by joint mea-
surements. The latent information is encoded in the phase of localized ”dual objects.” Just
as in the Bohmian interpretation but without the need of a macroscopic nonlocal pilot-wave,
because the phase interferes with the measuring apparatus, outputs are not independent. It
constitutes an initial condition for the deterministic interaction dynamics at play within the
apparatus, between the internal field state and the analyser’s macroscopic field. For instance,
conservation of angular momentum allows unaltered spin state information to be carried
along any inertial particle track. In the case of a pair of elementary excitations in a singlet
state, the latent statistical variable is encoded in the phase of the oscillating internal elec-
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tromagnetic vector fields. That is the insight that connects the findings derived in this short
essay to walking droplets, for example.

In that respect, the major added information, compared to a statistical description involv-
ing a partition function, of a quantum description, that builds on what was called naively at
first the “square root” of a partition function, in fact simply a generating function for any
observable moments, so resides in the phase, not surprisingly. Put again differently, phases
of entangled entities interfere if we bring them back together. They do not confer to quan-
tum phenomenology a more “ontic” attribute than to the “epistemic” phenomenology of any
other system in the class of exact analogues about which knowledge is lacking. Quantum
field theory was constructively introduced as an effective theory starting from the general-
ized kinetic susceptibility and averaging over high frequencies of chaotic oscillations, in an
excitable medium. Showing that it is possible to probe beyond the quantum of action, it was
defined as a Poincaré invariant, in a way measuring the amount of thermal energy within a
period of spontaneous oscillations. The class of quantum analogues comprises those gener-
ating interacting self-focusing objects: Particles are localized topological waves emerging
from the medium relaxation oscillations. Such entities are typically complex vector solitons
keeping within themselves all properties based upon the symmetries of the background, all
concealed within their phases. For instance, special relativity, that would govern the dynam-
ics of their envelop, can be forced in via the appropriate dispersion relation. This has radical
consequences for the interpretation of relativity: Because dispersion relations emerge at the
thermodynamic level of coarse graining, for example via Gibbs relation and equipartition, the
inferred internal structure of fundamental particles can be superluminal without any trouble,
as Ohanian discussed in the 80s. The peculiar reconciliation between relativity and quantum
fields can gain a description: Since internal symmetries are now understood, less abstractly
than in the standard model, but as being imprinted topologically, it becomes calculable quite
easily to show that a particle may be morphed into its antiparticle in a boosted reference
frame, as emission and absorption are swapped.

The demonstration was given in an operational way, explicitly defining Dirac’s bra and
ket bilinear space acting on wave functions. Entanglement being the non diagonalizability
property of density matrices, they must be derived also explicitly from first principles, which
is given too. The operation goes quite straightforwardly by means of projections with wavelet
transforms and annealing over the effective randomness of the background. Onsager rela-
tions and scale invariance let us write the effect of randomness as multiplicative chaos. The
background is thus dominated by a singular measure which allows non-differential paths to
induce non-abelian algebra of operators. The rationale for that assumption is heuristically that
critical dynamics self-generate parametric fluctuations of the “1/f” type. Note that criticality
is compatible for instance with the two important phenomena of long range static forces and
confinement. It is also an important parameter for walking droplets. Quantization of momen-
tum and energy emerges from the logarithmic branch cut as one integrates over the “1/f”
fluctuations. Such topological invariants ensure also the necessary memory compatibility of
the background. It is straightforward to infer that energy levels for the annealed dynamics
are described by the spectrum of the annealed evolution operator, identified with a Hamilto-
nian in standard ways. Conservation laws are guaranteed, in the mathematically weak sense,
by Noether’s theorem. The multifractal background is essential at high enough energies,
when second quantization is required and ladder operators become necessary descriptors.
In any event, the multifractal background is also well consistent with the requirement of
renormalization.

Madelung’s “reduced” picture of phase and quantum potential is thus reversed and
broaden. Dirac, Klein-Gordon, Schrédinger’s equations, or any other relevant one, are seen
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as the normal forms, hiding nonlinearities, of more complicated coupled partial differential
equations describing some underlying reaction-diffusion medium and lying maybe in one
vaster universality class. As it seems, the approach could be coined a‘“stochastic zitterbe-
webung dynamics” but with more constraints, as we just listed. The compelling arguments
were funnelled to achieve the appropriate algebraic structure of quantum phenomenology.
For example, droplet walkers are localized Faraday waves with unpredictable paths in impor-
tant instances, and quantization there arguably follows also by the topology of wave packets
described in a Hilbert space.

A deep connection between topological invariants like Chern classes and the non-smooth
geometry generated by the multifractal background is worth exploring in more detail. It seems
to indicate, for instance, the emergence of spatial curvature via covariant derivatives changing
with defect (matter) content, in large volumes and at annealing scales. A clue can be intuited
thanks to the powerful theorems of algebraic and geometric topology, such as those relating
characteristic classes of Chern and Euler, thus a step away from general relativity coming
out as another effective field theory. Hopefully, newly gained insights about the microscopic
underlying “dual” physics that can handle the dimensionality of Newton’s constant could
help solving the quantization of gravity conundrum.

Another related connection between the multifractal spectrum, understood as the entropy
of local scaling exponents within a range of scales, and entanglement entropy, or mutual infor-
mation, also lays the ground for further work, since both derive from transition probabilities
(46). Note that some quantum computing concepts may need a change of perspective since
state superposition is only statistical, as now proven, however with an identical computing
power, dimensionally speaking.

In short, the description of quantum physics was done in terms of emergence at coarse
grained levels of nonlinear localized oscillatory excitations of finite energy living over some
dynamical scale invariant “foam.” The preservation of information is encoded in the phase
as symmetry operators and guaranteed topologically.

Appendix
A.1 Sine-Gordon Pair Excitation

Sine-Gordon equation can be derived as the normal form of some coupled PDEs. This equa-
tion preserves Lorentz invariance. Typically, pairs of kinks or soliton anti-soliton are excited,
see e.g. Figure (2) from [39], please refer to it and the references contained therein for details.

A.2 Ladder Operators

Creation and annihilation operators are legitimate operators for a Fock space description of
classical excitable systems. This works when differentiability of trajectories is lost, or when
the involved chemicals (at the discrete level) react into products that diffuse [35, 36].
Textbook second quantization shows that (26) is obeyed by the ladder operators
ﬂ12w) (wx 4 ip) O for a harmonic oscillator %a = —iw a, which means that the field
named “p” throughout the text is in fact, in the chosen terminology, the “pre-ladder” operator,
as intuition would well tell us. More formally, ladder operators are a consequence of the non
commutativity implied by non-differentiability of wave packets trajectories [52].

a =
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Al 1B] [

X

Fig. 2 Snapshot example of a nonlinear relaxation pair mode akin to a pair of kin-antikink in 1D simulation
of an infinite dimensional (like Navier Stokes turbulence) instability. Both reactant |A| and | B| amplitudes are
displayed spatially (X) at a given time in normalized units. The mode was generated spontaneously far from
the driving source in a system like (24). Taken from [39]
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