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Feynman Meets Turing: The Uncomputability of
Quantum Gate-Circuit Emulation and Concatenation

Holger Boche , Fellow, IEEE, Yannik N. Böck , Graduate Student Member, IEEE, Zoe Garcia del Toro ,
and Frank H. P. Fitzek , Senior Member, IEEE

Abstract—We investigate the feasibility of computing quan-
tum gate-circuit emulation (QGCE) and quantum gate-circuit
concatenation (QGCC) on digital hardware. QGCE serves the
purpose of rewriting gate circuits comprised of gates from a
varying input gate set to gate circuits formed of gates from a
fixed target gate set. Analogously, QGCC serves the purpose of
finding an approximation to the concatenation of two arbitrary
elements of a varying list of input gate circuits in terms of another
element from the same list. Problems of this kind occur regularly
in quantum computing and are often assumed an easy task for the
digital computers controlling the quantum hardware. Arguably,
this belief is due to analogical reasoning: The classical Boolean
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equivalents of QGCE and QGCC are natively computable on
digital hardware. In the present paper, we present two insights
in this regard: Upon applying a rigorous theory of computability,
QGCE and QGCC turn out to be uncomputable on digital
hardware. The results remain valid when we restrict the set
of feasible inputs for the relevant functions to one parameter
families of fixed gate sets. Our results underline the possibility
that several ideas from quantum-computing theory may require
a rethinking to become feasible for practical implementation.

Index Terms—Quantum circuits, quantum-circuit emula-
tion, quantum-circuit concatenation, turing machines, effective
analysis.

I. INTRODUCTION

QUANTUM computing is often considered one of the most
promising recent technological advances. According to

theoretical findings, quantum computers may be able to ac-
complish some computing tasks faster than traditional digital
information processing. Prominent potential instances of such
computing tasks include prime factorization of large integers
in cryptography, or the simulation of protein behavior in com-
putational chemistry. The scientific community anticipates that
quantum computing will dramatically boost global processing
capacity for a variety of fields and applications, such as eco-
nomics optimization and traffic routing.

Despite the fact that quantum computers fundamentally aim
to exploit non-classical physical phenomena, universal quan-
tum computers (as opposed to quantum annealers, for exam-
ple, which are largely application specific) conceptually share
most of their architectural principles with classical computers.
In the gate-model of classical computing, programs process
information by applying Boolean functions to bit-strings. In
turn, the hardware implements these functions through cir-
cuits of logic gates. Choosing a universal set of basic gates
ensures functional completeness, i.e., the existence of a cor-
responding circuit of logic gates for every possible boolean
function. Modern programming languages include commands
for modifying the computer’s memory down to the level of
individual bits. In engineering practice however, the larger part
programming happens on a higher level of abstraction, with
the relevant bit-level logic being created automatically by the
compiler. This form of automatization is possible due to the
discrete nature of Boolean functions, which makes it feasible
to algorithmically rewrite different circuit representations of
each function into each other. The compiler can optimize the
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concatenation – the formal analogon of successively applying
functions – of Boolean functions to require a smaller number
of basic gates, with the program’s input-output behavior being
retained. Particularly, the principle of functional completeness
ensures that different universal sets of logic gates are able to
emulate each other.

In gate-based quantum computing, information is processed
by successively applying quantum gates – which, in their
specific order of application, form a quantum gate-circuit –
to the computer’s quantum memory. The process of apply-
ing these gates is controlled by an algorithm that runs on a
digital computer, a principle mirrored in emerging quantum
programming languages [2]. Commonly, these languages in-
corporate the novel feature of manipulating qubits into tradi-
tional programming paradigms. Each available quantum gate
corresponds to a unitary operator on some finite-dimensional
Hilbert space, with the entirety of all such operators forming
the quantum equivalent of classical Boolean functions. Fol-
lowing the seminal publications on the efficient approxima-
bility of quantum algorithms in the gate-circuit model [3],
[4], contemporary research largely focuses on basic sets of
quantum gates with regards to different performance metrics,
refining theoretical models for representing quantum algorithms
through gate-circuits, and mitigating computational errors in-
troduced by inaccuracies in the quantum gates, especially with
regards to scalability. Optimized gate-circuit representations
for specific quantum algorithms were e.g. considered in [5],
[6], [7]. Simulating quantum-algorithms on classical hard-
ware constitutes a widespread method in the development of
quantum-computing platforms. Since the amount of required
computational resources is usually large, techniques for opti-
mizing such simulations have been an active field of study as
well [8], [9]. Advanced and interdisciplinary topics in gate-
based quantum computing concern, for example, distributed
information processing architectures [10], [11]. However, the
design of gate-circuit implementations of quantum algorithms
remains challenging, despite the comprehensive research efforts
[2].

In contrast to the set of Boolean functions, Hilbert spaces
contain a continuum. Accordingly, there exists an uncountable
variety of possibly universal gate sets, each of which may
exhibit vastly different properties regarding efficiency, error
tolerance, and overall practical feasibility. Further, as it is only
possible to represent a countable number of unitary operators
through finite gate circuits, it is necessary to implement general
quantum algorithms – that is, arbitrary unitary operators – in an
approximate manner. Since classical computing acts on discrete
mathematical objects, it cannot natively account for the analytic
principles of continuity and approximation. Accordingly, it is
not immediately evident whether digital hardware is able to
logically control the execution of operations such as quantum-
circuit emulation or quantum-circuit concatenation in a
mathematically correct manner. Despite this interdependence
of classical and quantum information processing being present
within all contemporary models of quantum computing, large
parts of the relevant theoretical literature approaches quantum
computing through abstract analytic mathematics. Classical

Fig. 1. Schematic comparison of classical gate-circut emulation and quan-
tum gate-circuit emulation. In the gate-circuit emulation problem, (in both
the classical and the quantum variant) the target gate set is fixed. The input
of a gate-circuit emulation algorithm consists of a description of an arbitrary
gate set, together with a circuit consisting only of gates within that set. The
corresponding output consist of an equivalent circuit that consists only of
gates within the target gate set. In contrast to the classical variant, there does
not exist a (digital) algorithm that satisfies these requirements for the quantum
variant of the problem.

computing, on the other hand, is entirely characterized by
Turing’s theory of computability, entailing the framework
of effective analysis. Although ideas such as quantum
Turing machines were discussed conceptually [12], rigorous
mathematical treatments of quantum computing on the basis of
effective analysis remain sparse. In [13], we have approached
this issue and established a suitable framework that considers
the task of compiling quantum algorithms to gate-circuits.
In the present work, we aim to extend this framework to
the problems of computing quantum gate-circuit emulation
functions and quantum gate-circuit concatenation functions,
which we formally introduce in the following section. We
prove that in contrast to their classical domain, quantum
gate-circuit emulation functions and quantum gate-circuit
concatenation functions cannot be implemented by means
of digital algorithms. For quantum gate-circuit emulation
functions, this fundamental difference is schematically
depicted in Fig. 1.

The remainder of this paper is structured as follows. In Sec-
tion II, we and motivate and formally introduce the problem
of computing quantum gate-circuit emulation functions and
quantum gate-circuit functions. Further, we precisely formalize
the corresponding research questions with regards to our theory.
In III and IV, we introduce the relevant theoretical background.
The main contribution of this paper is presented Sections V
and VI, where we state the Theorems answering the research
questions posed in Section II. Finally, we conclude the paper
by a brief subsumption of our results in Section VII.

A. General Remarks, Nomenclature, and Notation

Let A be an arbitrary set. By PA, we denote the power set
of A. That is, for an arbitrary set A′, we have A′ ∈ PA if and
only if we also have A′ ⊆A.

Let A and B be two arbitrary sets. We refer to a mapping
F : D(F )→B as partial (with regard to A) for D(F )⊆A, and
write F :A⊇→B. If D(F ) =A, we refer to F as a total and
write F :A→B. Since A⊆A trivially holds true, every total
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mapping is also partial (but not vice versa). Additionally, we
refer to D(F ) as the domain of definition – in short, domain –
of F .

A complex number z ∈ C satisfies z =Re(z) + j Im(z),
where Re(z) and Im(z) are the real and imaginary part of z,
respectively. Accordingly, j denotes the imaginary unit.

Throughout this paper, we consider arbitrary but fixed
finite-dimensional Hilbert spaces over C, w.l.o.g. defined
through H= span{|1〉, . . . , |N〉}, N = dimH ∈ N. The vec-
tors |1〉, . . . , |N〉 constitute a distinguished orthonormal basis
of H. Additionally, the vectors |1〉, . . . , |N〉 provide an isomor-
phism between the set CN×N and the set of linear operators
acting on H. Thus, we shall implicitly consider any linear
operator acting on H an element of C

N×N , i.e., a complex-
valued matrix. If U † = U−1 is satisfied by a linear operator
U :H→H, it is referred to as a unitary operator. Here, U †

and U−1 denote the adjoint and inverse of U , respectively. We
denote the set of unitary operators acting on H by U . Unless
indicated otherwise, we consider the standard matrix norm

|| · || : CN×N → R, ||A|| := sup
|ψ〉∈H,|ψ〉�=0

√
〈ψ|A†A |ψ〉
√
〈ψ|ψ〉

.

II. PROBLEM FORMULATION

In the bit-string model of traditional computing, which is
the classical analogue to quantum gate circuits, information
processing is based on Boolean functions B ∈ B(N), where

B(N) :=
{
B : {0, 1}N →{0, 1}N

}
, N ∈ N.

A classical gate set Gcl := {G1, . . . , GM}, M ∈ N, is called
universal – which, as indicated in the introduction, is equiv-
alent to the functional completeness of Gcl [14], [15] – if, for
all B ∈ B(N), there exists a tuple

(
Gm(1), . . . , Gm(L)

)
with

y := (m(1), . . . ,m(L)), m ∈ N, such that for all x ∈ {0, 1}N ,
we have

B(x) =
[
Gcl(y)

]
(x) =

[
Gm(1) · · ·Gm(L)

]
(x),

where we write Gcl(y) :=Gm(1) · · ·Gm(L) for the composition
of Gm(1), . . . , Gm(L), m ∈ N. The bit-string model of digital
computing has a longstanding history in engineering and has
been extensively researched, following the seminal work by
Claude Shannon [16].

For all N , the extension of the singleton gate sets Gnand :=
{NAND} and Gnor := {NOR} obtained through arbitrary input-
output wiring – that is, gate sets consisting of all gates of the
form

x �→
(
x1, . . . xn−1, NAND(xm, xl), xn+1, . . . , xN

)
,

1≤ n,m, l ≤N , or sets consisting of all gates of the form

x �→
(
x1, . . . xn−1, NOR(xm, xl), xn+1, . . . , xN

)
,

1≤ n,m, l ≤N , – are each functional complete with respect to
B(N) (c.f. also Fig. 1). For simplicity, we will not distinguish
between Gnand and Gnor, respectively, and their extensions to N
variables.

In digital logics, either of Gnand and Gnor are commonly
used for practical implementations of integrated circuits. The

following problems arise naturally and are crucial to classical
computing:

1) From an arbitrary boolean function B, compute a corre-
sponding circuit y using the gate set Gnand, i.e., a circuit
y such that we have Gnand(y) =B.

2) From an arbitrary boolean function B, compute a corre-
sponding circuit y using the gate set Gnor, i.e., a circuit y
such that we have Gnor(y) =B.

3) From an arbitrary circuit y using the gate set Gnand, com-
pute a corresponding circuit y′ using the gate set Gnor

(i.e., a circuit y′ such that we have Gnand(y) = Gnor(y
′)),

or vice versa.
The same questions may equivalently be formulated for any
other pair (Gcl,G′

cl) of universal gate sets.
We can solve all of the three abovementioned problems al-

gorithmically. Particularly, since the set B(N) is finite for all
N ∈ N, we can do so in dependence of (Gcl,G′

cl). Denote the
set of (general) tuples on natural numbers by N

∗. That is, with
“()” denoting the empty tuple, we have

N
∗ :=

{
()
}
∪ N ∪ N

2 ∪ N
3 . . . =

⋃

n∈N
N

n.

Then, for M ∈ N and a fixed universal gate set Gcl, we can
find Turing-computable functions Φcl,M : NM × PB(N)⊇→
N

∗ such that for all pairs (y,G′
cl) that satisfy G′

cl ∈ PB(N) and
y ∈ {1, . . . , |G′

cl|}M , we have G′
cl(y) = Gcl(Φcl,M (y,G′

cl)), i.e.,
Φcl,M emulates gate-circuits of length M from arbitrary gate
sets G′

cl by means of gate-circuits from the gate set Gcl.
The use of specific functionally complete gate sets is not only

relevant from a practical point of view, where the employed gate
sets are chosen such that a specific technology is easy to imple-
ment, but also from a theoretical one. Especially in the context
of classical complexity theory, expressing boolean functions by
means of different basic gates is essential to answering funda-
mental mathematical questions. In turn, complexity theory is
highly relevant for fields such as modern cryptography. Often,
we require to represent boolean functions in a specific way,
such as the conjugate normal form (CNF). These are symbolic
equations of the type

x �→
M∧

m=1

(
bm,1(x1) ∨ . . . ∨ bm,N (xN )

)

︸ ︷︷ ︸
=:bm(x)

(1)

for some M ∈ N and a family (bm,n)
M,N
m,n=1 with values in the

alphabet {‘O’, ‘I’, ‘N’}, where we define

bm,n(x) :=

⎧
⎪⎨

⎪⎩

0, if bm,n = O,

x, if bm,n = I,

¬x, if bm,n = N.

(2)

The resulting boolean function is thus uniquely characterized
through the family (bm,n)

M,N
m,n=1.

The general SAT decision problems, which consist of deter-
mining whether for a given function B, there exists x ∈ {0, 1}N
such that we have B(x) = 1, are a fundamental example of
a class of complexity-theory problems with high relevance to
many fields of computer science and information technology.
According to a theorem by Cook and Levin, SAT is NP complete
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[17], [18]. If the boolean function is given in CNF – i.e., in
terms of a family (bm,n)

M,N
m,n=1 as above – even more can be

said. For example, we may consider families (bm,n)
M,N
m,n=1 such

that for all 1≤m≤M , no more than three of the symbols
bm,1, . . . , bm,N are different from ‘O’. Intuitively, this means
that each of the terms bm(x), 1≤m≤M , depends on no
more than three variables. If SAT is restricted to functions of
this form, the resulting decision problem 3SAT remains NP
complete. Likewise, we can further restrict the the SAT problem
by considering families (bm,n)

M,N
m,n=1 such that each of the terms

bm(x), 1≤m≤M , depends on no more than two variables.
Then, the resulting restricted SAT problem 2SAT is polynomial-
time decidable, i.e., lies within the complexity class P . Comput-
ing CNF representations of boolean functions is thus a relevant
problem in classical complexity theory.

The prove of SAT’s NP completeness provides a construc-
tive method to transform any non-deterministic polynomial-
time Turing machine into a corresponding boolean function.
The number of inputs the Turing machine accepts – that is,
the number of inputs for which the Turing machine eventually
halts – equals the number of values x ∈ {0, 1}N for which the
corresponding boolean function equals one. This way, we can
fully characterize the complexity class #P (Sharp-P ) through
the SAT problem. Further, #3SAT (Sharp-3SAT) and #2SAT
(Sharp-2SAT) are both #P complete, adding another relevant
facet to SAT. From a theoretical perspective, the correspondence
between SAT and #SAT (Sharp-SAT) allows for a deeper un-
derstanding of the structural properties of the underlying set of
accepted inputs.

For quantum computing, the problem of emulation is equally
relevant. There exist multiple potential approaches to imple-
ment gate based quantum computing, each resulting in different
universal sets of basic gates. Hardware manufacturers may use
these degrees of freedom, and they do so in practice. If one
manufacturer wants to benchmark their implementation versus
those of other manufacturers, they must solve an emulation
problem. Such comparisons are crucial for the assessment of
different forms of quantum computing hardware. Further, as
indicated in Section I, the programming of contemporary gate-
based quantum computers employs specialized programming
languages, which incorporate high-level operations – such as
the quantum Fourier transform, or a quantum phase estimation,
for example – that manipulate logical qubits. These operations
and qubits are visible to the programmer and entirely virtual.
Ultimately, a compiler must map the program written by the
programmer to a sequence of physical operations implemented
in the available hardware, resulting in the manipulation of phys-
ical qubits. In order to do so, it requires an interpretation of
the high-level operations in terms of their action with respect
to the chosen computational basis. Depending on the degree
of variability in this interpretation, the compiler must solve a
general or restricted gate-circuit emulation problem.

In gate-based quantum computing, a quantum algorithm
is always characterized by a unitary matrix U ∈ U on some
finite dimensional Hilbert space H. The execution of any
such algorithm is performed by sequentially applying a list
of atomic operations. These atomic operations U1, . . . , UN ∈

Fig. 2. Schematic depiction of (general) quantum gate-circut emulation as
considered in Problem 1.

U , N ∈ N, which are themselves unitary matrices, are re-
ferred to as quantum gates and form the quantum com-
puter’s gate set Gq := {U1, . . . , UN}. The resulting product
Un(1)Un(2) · · ·Un(M), M ∈ N, with Un(m) ∈ Gq for all 1≤
m≤M , is referred to as gate-circuit. Since the set of uni-
tary matrices on any Hilbert space is continuous, it cannot be
fully represented by means of discrete structures such as gate-
circuits. Thus, Gq is usually chosen universal, i.e., such that
the group generated by Gq is dense in U , see below. In this
case, any U ∈ U can, in principle, be approximated up to any
desired accuracy by applying a suitable sequence of quantum
gates. In formal terms, if Gq is universal, then, for all U ∈ U
and all δ ∈ R with δ > 0, there exists a suitable gate-circuit
Gq(y) := Un(1)Un(2) · · ·Un(M) with y := (n(1), . . . , n(M)),
M ∈ N, such that we have

∥∥U − Un(1)Un(2) · · ·Un(M)

∥∥=
∥∥U − Gq(y)

∥∥< δ,

Thus, in contrast to the case of classical gate circuits, the model
of gate-based quantum-computing is inherently approximate in
nature.

In the present work, we will extend the theory established
in [13] to the problem of computing quantum gate-circuit
emulation functions, which is the quantum-computational
equivalent of the classical emulation problem described in the
preceding paragraph. For tuples U = (U1, . . . , UN )⊂ U , we
define |U | :=N and {U} := {U1, . . . , UN}. With some abuse
of notation, we write U ∈U whenever we have U ∈ {U}.
Given a number M ∈ N, consider a fixed δ-net U ∈ Dδ (c.f.
Section V for the formal definition of Dδ), potentially gen-
erated by some gate set Gq. We consider partial functions
ΦM,U : NM × PU ⊇→ {U}, such that for all pairs (y,Gq) that
satisfy Gq ∈ PU and y ∈ {1, . . . , |Gq|}M , we have ‖Gq(y)−
ΦM,U (y,Gq)‖< δ. In particular, we ask if it is possible to
implement any such function, which we subsequently refer to
as (general) quantum gate-circuit emulation (QGCE) functions,
in terms of an algorithm on digital hardware. Within the formal
model of Turing computability, this translates to the following
problem.

Problem 1 [c.f. Fig. 2]. Given M ∈ N and a δ-net U ⊂ U ,
consider general QGCE functions ΦM,U . Is any of these functions
Turing computable?

As discussed above, the classical gate-circuit emulation prob-
lem is solvable on Turing machines. It is not immediately
evident whether this is the case for QGCE as well, since it is
not generally possible to implement quantum gates from one
(varying) universal gate set G′

q through finite gate-circuits from
another (fixed) universal gate set Gq.
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As a demonstrative example, consider a quantum program-
ming language L := {‘X’, ‘Y’, ‘Z’}∗, i.e., the individual pro-
grams consist of finite strings with letters from the alphabet
{‘X’, ‘Y’, ‘Z’}. For H= span{|1〉, |2〉} and θ ∈ R, denote the
rotation gates in the Bloch basis by RX(θ), RY(θ), and RZ(θ).
That is, we have

RX(θ) := exp(−j/2θX), RY(θ) := exp(−j/2θY),

RZ(θ) := exp(−j/2θZ),

where X, Y and Z are the non-idenitity Pauli matrices. Then,
an interpretation of the language L in the above sense may
consist of the correspondences ‘X’ �→RX(θ), ‘Y’ �→RY(θ),
and ‘Z’ �→RZ(θ) for some parameter θ ∈ R. On the hardware
level, we may be able to implement a finite list of finite se-
quences {y1, . . . ,yM} ⊆ {1, 2, 3}L, M,L ∈ N, of rotations in
the Bloch basis for a finite number of parameters {θ1, . . . , θK},
K ∈ N, such that the resulting list of physical operations forms
a δ-net. Defining GBl(θ) := {GBl(1|θ),GBl(2|θ),GBl(3|θ)} with

GBl(1|θ) :=RX(θ), GBl(2|θ) :=RY(θ),

GBl(3|θ) :=RZ(θ),

we have UBl :=
(
GBl(ym|θk)

)
1≤m≤M,1≤k≤K for said list. On

the programming level, however, the programmer might want to
be able to choose θ from the continuous range of computable
real numbers Rμ (see Section IV for their formal definition).
In this case, a compiler for the language L needs to be able to
compute a suitable mapping (L, θ) �→ U ∈UBl for L ∈ L and
θ ∈ Rμ, leading to a restricted version of Problem 1. We will
formalize and investigate this restricted QGCE problem in Sec-
tion V, proving its computational infeasibility. The relevant no-
go statement (c.f. Theorem 2) concerns general one-parameter
families of gate sets, thus applying to GBl(θ) : θ ∈ Rμ as defined
above. Accordingly, it is not possible to compute mappings of
the form (L, θ) �→ U ∈UBl as above on digital hardware.

In the above context, the δ-net U ⊂ U represents the aggre-
gate of operations that we can execute on the quantum hardware
we have available. This aggregate may consist of a list of gate-
circuits, each of which is formed by the atomic operations from
Gq. For example, U may simply contain all gate-circuits of
depth M ∈ N, i.e.,

{
U
}
=
{
Gq(y) : y ∈ {1, . . . , |Gq|}M

}
.

Since we may want to exclude specific gate-circuits from im-
plementation by our hardware – for example, for reasons of
efficiency – U may likewise consist of a specific subset of
the set of all gate-circuits of depth M . In both cases, U is
generally not closed under matrix multiplication, which mathe-
matically corresponds to physically concatenating the relevant
gate-circuits. Since the concatenation of gate-circuits is, just as
in the realm of traditional hardware, fundamental to quantum
computing, we require a solution to this obstacle.

For tuples U = (U1, . . . , UN )⊂ U and u ∈ {1, . . . , |U |}, we
denote U(u) := Uu (this is consistent with the notation Gq(y)
for gate sets Gq when considering u as a singleton tuple y =
(u), in which case we have U(y) = Uu). Given δ > 0, we
consider partial functions Ψδ : N× N×Dδ ⊇→U such that

Fig. 3. Schematic depiction of (general) quantum gate-circuit concatenation
as considered in Problem 2.

for all tuples (u, v,U) that satisfy U ∈ Dδ , u ∈ {1, . . . , |U |},
and v ∈ {1, . . . , |U |}, we have Ψδ(u, v,U) ∈ {U} as well as
‖U(u)U(v)−Ψδ(u, v,U)‖< δ. Subsequently, we will refer
to such functions as (general) quantum gate-circuit concate-
nation (QGCC) functions. As for QGCE functions, we ask if
it is possible to implement any QGCC function in terms of
an algorithm on digital hardware. Within the formal model of
Turing computability, this translates to the following problem.

Problem 2 [c.f. Fig. 3]. Given δ > 0, consider general QGCC
functions Ψδ . Is any of these functions Turing computable?

While – as is the case for QGCE – the classical equivalent to
QGCC is solvable on Turing machines, it is not evident whether
the same holds true for QGCC itself.

In Sections V and VI, we establish a theory that provides
a thorough characterization Problems 1 and 2 in the context
of computable analysis, answering both problems to the nega-
tive. As indicated above, we will also consider restricted-input
QGCE and QGCC functions, which, in contrast to their gen-
eral counterparts, are defined in the context of one-parameter
families of gate sets. The demonstrative example of the lan-
guage L indicates the special relevance of such families. As a
consequence of Schrödinger’s equation, the majority of prac-
tically relevant quantum gates belong to such families, with θ
corresponding to the evolution time of the associated physical
system.

III. PRELIMINARIES ON TURING’S THEORY OF

COMPUTABILITY

As discussed in Section I, computable analysis is founded
on Turing’s theory of computability [19], [20]. The Turing
machine is a model of an idealized digital computer. A computa-
tional operation cannot be practically implemented on a digital
computer if it cannot be theoretically implemented on a Turing
machine. Gate-based quantum computing architectures employ
digital hardware to control the application of quantum gates. In
contrast to unitary operators, which are elements of continuous
mathematical spaces, digital hardware is intrinsically discrete.
Accordingly, Turing machines do not natively understand the
idea of a quantum algorithms. Instead, we require a precise
formalism to encode a suitable subset of unitary operators into
tuples of natural numbers.

The set of all partial mappings g : Nn ⊇→ N, n ∈ N, that a
Turing machine can implement comprises the set of μ-recursive
functions (c.f. [21, Definition 2.1, p. 8, Definition 2.2, p. 10]
for the more common alternative definition, as well as [22] for
their equivalence). In short, the set of μ-recursive functions is
the smallest set of functions g : Nn ⊇→ N, n ∈ N, that contains
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the successor function, all constant functions, and all projection
functions and is closed with respect to composition, primitive
recursion, and unbounded search.

Turing machines are state-based automata, i.e., they carry out
computations in sequential steps. In this context, the domain
D(g) of the μ-recursive function g : Nn ⊇→ N, n ∈ N, com-
puted by some Turing machine has a distinguished interpreta-
tion. Precisely, it equals the set of those inputs for which the
Turing machine halts its computation after a finite number of
computing steps. As a result of the well-known halting problem,
the indicator function

1D(g) : N
n →{0, 1}, y �→ 1D(g)(y) :=

{
1 if y ∈D(g),

0 otherwise,

of D(g) is not necessarily a μ-recursive function itself.
Define the bijective mapping K : N× N→ N\{0} according

to K(n,m) := 2n(2m+ 1). Then, K is a (total) μ-recursive
function, and the there exists a unique pair (κ1, κ2) of (to-
tal) μ-recursive functions such that n= κ1(K(n,m)) and m=
κ2(K(n,m)) hold true for all n,m ∈ N. Further, define �·� :
N

∗ → N according to �()� := 0 and

�x� := K
(
m1, · · · ,K

(
mn−1,K

(
mn, 0

))
· · ·

)

for all x := (m1, . . . ,mn) ∈ N
∗, n ∈ N. Then, �·� : N∗ → N

is bijective (and total). A family (Γm)m∈N of functions Γm :
N

∗ → N
∗, m ∈ N is called effective enumeration of μ-recursive

functions if there exists a μ-recursive function h : N⊇→ N

such that for every tuple (g1, . . . , gL) of μ-recursive func-
tions g1, . . . , gl : N

n ⊇→ N, n, L ∈ N, there exists m0 ∈ N

such that

D
(
Γm0

)
∩ N

l =

m⋂

l=1

D(gl) =
{
x ∈ N

n : �m0,x� ∈D(h)
}

(where we write �m0,x� for �m0,m1, . . . ,mn� with some
abuse of notation) is satisfied and, for all x ∈D(Γm0) ∩ N

l,
we have Γm0(x) = �h(�m0,x�)�−1 = (gn(x), . . . , gl(x)). We
call m0 a program for (g1, . . . , gL). Up to a μ-recursive per-
mutation of N, the effective enumeration (Γm)m∈N is unique.
Thus, we fix (Γm)m∈N for the remainder of the article.

IV. PRELIMINARIES ON EFFECTIVE ANALYSIS AND

COMPUTABLE UNITARY OPERATORS

Applying Turing’s theory to the domain of real and complex
numbers, we arrive at the discipline of computable analysis. For
a comprehensive introduction, we refer to [23], [24].

A sequence (rn)n∈N ⊂Q is called a computable sequence
of rational numbers if there exist (total) μ-recursive functions
g, h1, h2 : N→ N such that

rn =
(−1)g(n) · h1(n)

h2(n) + 1

is satisfied for all n ∈ N. For m ∈ N, an m-fold computable
sequence of rational numbers is defined through (total)
μ-recursive functions g, h1, h2 : N

m → N in m arguments.

A complex number z is called computable if there exists
a pair ((rre

n )n∈N, (r
im
n )n∈N) of computable sequences of ratio-

nal numbers and a (total) μ-recursive function ξ : N→ N such
that |z − (rre

n + jrim
n )|< 2−N holds true for all n,N ∈ N that

satisfy n≥ ξ(N). We denote the set of such numbers by Cμ.
A number z ∈ Cμ with Im(z) = 0 is called a computable real
number, the set of which we denote by Rμ. Finally, a se-
quence (z)n∈N ⊂ C is called computable sequence of complex
numbers if there exists a pair ((rre

n,m)n,m∈N, (r
im
n,m)n,m∈N) of

computable double sequences of rational numbers and a (to-
tal) μ-recursive function ξ : N× N→ N such that |z − (rre

n,m +
jrim

n,m)|< 2−M holds true for all n,m,M ∈ N that satisfy
m≥ ξ(M).

As indicated in the beginning of this section, Turing machines
do not have native access to mathematical objects that belong
to continuous spaces in a nontrivial manner, such as complex
numbers with irrational real and imaginary part. In order to
establish a notion of computability for such spaces, we need to
specify a natural-number based encoding of a suitable subset of
their elements. Given some analytically well-defined set A as
well as some subset Aμ ⊆A, we refer to a partial surjective
mapping [·]Aμ : N⊇→Aμ as numbering for the set Aμ. Re-
calling the above definitions, observe that any computable real
or complex numbers is ultimately characterized by a tuple of
μ-recursive functions. The effective enumeration (Γm)m∈N

(c.f. Section III) thus provides numberings [·]Cμ : N⊇→ Cμ and
[·]Rμ : N⊇→ Rμ.

More generally, Machine-readable languages and canonical
numberings [25], which are strongly related to the principles
of computability structures [23, Chapter 2.1, p. 80ff], (tradi-
tional) numberings [24, Chapter 1.4, p. 12], and naming systems
[24, Definition 2.3.1, p. 33], provide a thorough formalization
of numberings for arbitrary analytically well-defined sets. In
modern type theory, a pair consisting of an arbitrary set and an
associated numbering is referred to as modest set, see e.g. [26].
Given a list Aμ,1, . . . ,Aμ,N ,Aμ,N+1, N ∈ N, of arbitrary sets
with associated numberings, a partial function

F :Aμ,1 × . . .×Aμ,N ⊇→Aμ,N+1

is called Turing computable if there exists a μ-recursive func-
tion g : NN ⊇→ N such that we have

F
(
[m1]

A
μ,1, . . . , [mN ]Aμ,N

)
= [g(x)]Aμ,N+1 (3)

for all x= (m1, . . . ,mN ) ∈ N
N , provided the left-hand side of

(3) is well-defined.
It remains to provide a numbering for suitable subset of U . In

[13], we established a numbering of a set Uμ ⊂ U , the elements
of which we referred to as computable unitary operators. This
numbering is natural in the sense that it adheres to the analytic
structure of U and, of any such numberings, numbers the largest
possible set Uμ ⊂ U . The method is analogous to M. B. Pour-
El and J. I. Richards’ approach of computability structures [23,
Chapter 2.1, p. 80ff] for Banach-spaces (c.f. Section III), which
can be considered a cornerstone of computable analysis.

Definition 1: Let (Un)n∈N ⊂ U be a sequence of unitary
operators that is dense in U . If, for all m, l ∈ {1, . . . ,dimH},
the sequence (zm,l,n)n∈N , defined through zm,l,n := 〈m|Un|l〉
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for all n ∈ N, is a computable sequence of complex numbers,
we say that (Un)n∈N induces a computability structure on U :

1) An operator U ∈ U is called computable if there exist
(total) μ-recursive functions g, ξ : N→ N such that
we have ‖U − Ug(n)‖< 2−N for all n,N ∈ N with
n ≥ ξ(N), and we denote the set of such operators
by Uμ;

2) For Γ (c.f. Section III) fixed, we define the numbering
[·]Uμ : N⊇→Uμ, m �→ [m]Uμ such that [m]UμU := U iff we
have Γm= (g, ξ) for a pair (g, ξ) that determines U in
the sense of Point 1.

For U ∈ U , a function λ �→ Uλ ∈ U , λ ∈ R is exponen-
tial if it satisfies U0 = Id, U1 = U , and UsU t = Us+t for all
s, t ∈ R. Note that all such functions are of the form λ �→
exp(−j/�2πλH), where H is a hermitian operator on H. Given
U ∈ U , corresponding operators H are not unique. For each U ∈
U , there exist multiple exponential functions, each of which is
characterized by a hermitian operator H.

Lemma 1: Let (Un)n∈N ⊂ U and (Vn)n∈N ⊂ U be any two
sequences that induce computability structures on U . Further,
denote the corresponding sets of computable unitary oper-
ators by Uμ ⊂ U and Vμ ⊂ U , and the corresponding num-
berings by [·]Uμ and [·]Vμ , respectively. The following holds
true.

1) We have Uμ = Vμ, i.e., the set Uμ does not depend on the
specific choice of (Un)n∈N.

2) There exists a recursive function g : N⊇→ N such that
whenever [m]Uμ is well-defined for some m ∈ N, we
have [m]Uμ = [g(m)]Vμ . Since (Un)n∈N and (Vn)n∈N

were chosen arbitrarily, [·]Uμ and [·]Vμ are effectively
equivalent.

3) For all n,m ∈ {1, . . . ,dimH}, the corresponding ba-
sis projection U �→ 〈n|U |m〉 ∈ Cμ is Turing computable
with domain Uμ. The group operation (U, V ) �→ UV ∈
Uμ is Turing computable with domain Uμ × Uμ. For all
U ∈ Uμ, each exponential function λ �→ Uλ ∈ Uμ is
Turing computable with domain Rμ.

As a consequence of Lemma 1, any statement about Turing
computability with respect to a specific computability structure
on Uμ is equally valid for all computability structures on U .
Thus, we can ignore the specific choice of (Un)n∈N in our
analysis. Furthermore, Uμ includes virtually all quantum gates
that are relevant in practice. For details on Definition 1 and
Lemma 1, we refer the reader to [13].

We conclude the preliminaries on computability theory and
computable analysis by stating two technical lemmas we will
subsequently require. A function F : [0, 1] ∩ Rμ ⊇→ {0, 1} is
called Turing computable if there exists a μ-recursive function
gF : N⊇→ {0, 1} such that for all n ∈ N within the relevant
domain, we have F ([n]Rμ) = g(n).

The following lemma can be found in an analogous form
in [27, Lemma 1, p. 2260]. It comprises the key ingredient
in proving the uncomputability of weak quantum gate-circuit
functions (not to be confused with QGCE and QGCC func-
tions as introduced in the present article) as considered in [13,
Lemma 1], we will require it subsequently to prove Theorems 1,
2, 3, and 4.

Lemma 2: Let F : [0, 1] ∩ Rμ →{0, 1} be a (total) function
such that F (0) �= F (1) holds true. Then, F is not Turing com-
putable function.

As an indirect consequence of Lemma 2, any discontinuous
Turing-computable function F : [0, 1] ∩ Rμ ⊇→ Rμ must be
undefined at any point of discontinuity. The following lemma
is readily obtained from [23, Proposition 0, p. 14].

Lemma 3: Let x be any computable real number. Then, the
partial function

1<x : Rμ ⊇→ {0, 1}, λ �→ 1<x(λ) :=

{
1, if λ < x,

0, if λ > x,

with domain D(1<x) = Rμ \ {x} is a Turing-computable
function. �

V. THE UNCOMPUTABILITY OF QUANTUM GATE-CIRCUIT

EMULATION FUNCTIONS

By U∗
μ, we denote the set of tuples of computable unitary

operators. With “()” denoting the empty tuple, we have

U∗
μ :=

{
()
}
∪ Uμ ∪ U2

μ ∪ U3
μ . . . =

⋃

n∈N
Un
μ .

Next, define [·]U� : N⊇→U∗
μ, m �→ [m]U� such that for m ∈ N,

[m]U� is well-defined with [m]U� := (U1, . . . , UN ) iff we
have (U1, . . . , UN ) = ([m1]

U
μ , . . . , [mN ]Uμ ) for (m1, . . . ,

mN ) = �m�−1. For δ > 0, we have U ∈ Dδ iff we have
δ >min{‖U −U(n)‖ : n ∈ {1, . . . , |U |}} for all U ∈ U .

In the following, we consider general QGCE functions as ad-
dressed in Problem 1. That is, given M ∈ N and U ∈ Dδ ∩ U∗

μ,
partial functions ΦM,U : NM × PUμ ⊇→ {U}, such that for all
pairs (y,Gq) that satisfy Gq ∈ PUμ and y ∈ {1, . . . , |Gq|}M , we
have ‖Gq(y)− ΦM,U (y,Gq)‖< δ. Observe that ΦM,U is de-
fined for arbitrary arguments Gq ⊂ PUμ. Hence, we can reduce
the problem of quantum compiling (c.f. [13]) to the function
ΦM,U . Accordingly, we obtain the following.

Theorem 1 (General QGCE Functions): Given M ∈ N and
U ∈ Dδ ∩ U∗

μ, let ΦM,U : NM × PUμ ⊇→ {U} be a general
QGCE function. Then, ΦM,U is not Turing computable.

As indicated in Section II, the classical equivalent to QGCE
is solvable algorithmically. In fact, this remains true even if the
circuits feasible for input are not upper bounded in depth. Given
a universal classical gate set Gcl, we can always find a Turing-
computable function

Φcl,∗ : N
∗ × PB(N)⊇→ N

∗

such that for all pairs (y,G′
cl) that satisfy G′

cl ∈ PB(N) and y ∈
{1, . . . , |G′

cl|}M(y) for any M(y) ∈ N, we have

G′
cl(y) = Gcl(Φcl,∗(y,G′

cl)).

The circuit specified through Φcl,∗(y,G′
cl) emulates the circuit

G′
cl(y) by means of gates from the set Gcl.
Since the set of bit-strings of length N ∈ N is finite, an

algorithm that implements Φcl,∗ is conceptually simple. In prin-
ciple, – that is, leaving considerations regarding computational
complexity aside – it is sufficient to generate a truth-table for
G′

cl(y) by computing [G′
cl(y)](x) for all x ∈ {0, 1}{N}. Be-

cause G′
cl is part of the algorithms input, we have knowledge of
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Fig. 4. Schematic depiction of restricted-input quantum gate-circut emula-
tion functions with Δ= (Gq, V,M,U), as considered in Theorem 2.

the behavior of each of the gates that form the circuit G′
cl(y).

Thus, evaluating [G′
cl(y)](x) for arbitrary x ∈ {0, 1}{N} is in-

deed feasible. As indicated in Section II the set of Boolean
functions in N variables is is finite as well. Hence, provided
Gcl is universal, there exists L ∈ N such that

B(N) =
{
Gcl(y

′) : y′ ∈ {1, . . . , |Gcl|}L
}

i.e., using gates from B(N), we can synthesize every Boolean
function in N variables through a circuit of depth less
than or equal to m. Thus, successively computing the truth-
tables of Gcl(y

′) for all y′ ∈ {1, . . . , |Gcl|}L, we will eventu-
ally find a circuit whose truth-table coincides with the one
of G′

cl(y).
In practice, enumerating truth-tables is infeasible for Boolean

functions of large depth and width due to the required compu-
tational resources. Nevertheless, enumeration argument proves
the classical emulation problem’s algorithmic solvability in
principle. Returning to the realm of quantum computing, we
find that by Theorem 1, the (general) QGCE problem is algo-
rithmically intractable even for circuits of fixed width N = 2.
Notably, this is not for reasons that concern complexity, but
due to fundamental uncomputability. Particularly, as follows
from the proof of Lemma 2 (which, in turn, will be crucial in
deriving Theorem 1), implementing a (general) QGCE function
is at least as hard as solving the halting problem (c.f. [13]
for details). Note that it is possible to compute a sequence
Gq(·|2),Gq(·|3), . . . ,Gq(·|N), . . . consisting of universal gate
sets Gq(·|N) ∈ PB(N) for quantum gate circuits of arbitrary
width N ∈ N. The uncomputability of general QGCE functions
is a consequence of the continuous nature of the set U , which
makes the construction of computable unitary operators neces-
sary in the first place. In contrast, Boolean functions are natively
accessible to digital hardware.

The proof of Theorem 1 will mirror the continuous nature
of unitary operators as follows. Given the input (y,Gq) of
a (general) QGCE function, the actual circuit description y
remains constant, while the Gq varies along a continuous curve.
Accordingly, the relevant method allows for extracting a stricter
version of Theorem 1 that fixes the input up to one parameter
λ ∈ Rμ. Given a possibly empty gate set Gq = {U1, . . . , UN},
N ∈ N, and any non-identity V ∈ Uμ, we consider parameter-
ized gate sets Gq,λ := {U1, . . . , UN , V λ}, λ ∈ Rμ. For M ∈ N

and any U ∈ Dδ ∩ U∗
μ with δ > 0, denote Δ := (Gq, V,M,U )

for brevity. We call ΦΔ : NM × Rμ ⊇→ {U} a restricted-input
QGCE function if, all pairs (y, λ) that satisfy λ ∈ Rμ and y ∈
{1, . . . , |Gq,λ|}M , we have ‖Gq,λ(y)− ΦΔ(y, λ)‖< δ. Fig. 4
shows a schematics of such functions. We obtain the following.

Theorem 2 (Restricted-Input QGCE Functions): Given a
possibly empty gate set Gq = {U1, . . . , UN}, N ∈ N, any non-
identity V ∈ Uμ, M ∈ N, and any U ∈ Dδ ∩ U∗

μ with δ > 0,
consider Δ := (Gq, V,M,U ) and let ΦΔ : NM × Rμ ⊇→ {U}
be a restricted-input QGCE function. Then, ΦΔ is not Turing
computable.

For the proof of Theorems 1 and 2, we employ several results
and techniques established in [13]. In the following, define

‖A‖tr :=
√

tr
(
AHA

)
=

⎛

⎝
dimH∑

m,k=1

∣∣〈m|A|k〉
∣∣2
⎞

⎠

1
2

(4)

for all A ∈ C
N×N . Then, for all A ∈ C

N×N , we have 0≤
‖A‖ ≤ ‖A‖tr. Further, for all A ∈ C

N×N , we have 0 = ‖A‖=
‖A‖tr if and only if we also have A= 0. Finally, observe that
A �→ ‖A‖tr is ‖·‖-continuous and the mapping (U, V ) �→ ‖U −
V ‖tr ∈ Rμ is computable with domain Uμ × Uμ.

Proof of Theorem 1: The Theorem follows from Lemmas 2
and 3 by contradiction. Thus, in the following, assume that
ΦM,U : NM × PUμ ⊇→ {U} is total and Turing computable.

Choose U ∈U and V ∈U such that ‖U − V ‖> δ. For
any (possibly empty) gate set Gq, define the function f : Rμ ∩
[0, 1] �→ Rμ, λ �→ f(λ) according to

f(λ) :=
∥
∥∥ΦM,U

(
u,Gq ∪

{
U
})

. . .

. . . − ΦM,U

(
u,Gq ∪

{
U1−λV λ

})∥∥∥
tr
,

where we choose u ∈ N such that we have

[
Gq ∪

{
U1−λV λ

}]
(u) = U1−λV λ

for all λ ∈ Rμ ∩ [0, 1]. We observe the following.
1) Since ΦM,U is defined for arbitrary arguments Gq, Gq ∪{

U1−λV λ
}

is, for all λ ∈ Rμ ∩ [0, 1], a valid argument
for ΦM,U as well.

2) By choice of U and V , we have f(0) = 0 and f(1)> 0.
3) Since U is finite, the set F := {f(λ) : λ ∈ Rμ ∩ [0, 1]},

i.e., the set of values attained by f for λ ∈ Rμ ∩ [0, 1] is
finite.

4) By the theorem’s assumption, (4) including the subse-
quent consideration, and Lemma 1, it follows that f is
a (total) Turing computable function.

Finally, choose x ∈ Rμ such that 0< x < f(1) and x /∈ F
hold true and define the function F : Rμ ∩ [0, 1]→{0, 1}, λ �→
F (λ) according to

F (λ) := 1<x(f(λ)).

Then, employing Lemma 3, F is a composition of Turing-
computable functions, and therefore a Turing-computable func-
tion itself. Further, observe that D(1<x) = Rμ \ {x} and thus,
by choice of x, F ∈D(1<x). Thus, F is total. Finally, observe
that F (0) = 0 and F (1) = 1. Thus, F satisfies all requirements
of Lemma 2. At the same time, we have shown F to be Turing
computable, contradicting Lemma 2.
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Proof of Theorem 2: The proof follows much along the
same lines as the proof of Theorem 1. In the following, assume
that ΦΔ : NM × Rμ ⊇→ {U} is total and Turing computable.

Choose u ∈ N such that Gq,λ(u) = V λ for all λ ∈ Rμ. Since
U is a δ-net, we have ‖IdH − ΦΔ(u, 0)‖< δ. Further, observe
that we can choose η ∈ Rμ such that V η has eigenvalue −1, in
which case we have ‖IdH − ΦΔ(u, η)‖= 2. Define the function
f : Rμ ∩ [0, 1] �→ Rμ, λ �→ f(λ) according to

f(λ) :=
∥∥
∥ΦΔ(u, 0)− ΦΔ(u, λη)

∥∥
∥

tr
,

for all λ ∈ Rμ ∩ [0, 1]. We observe the following.
1) By choice of η ∈ Rμ, we have f(0) = 0 and f(1)> 0.
2) Since U is finite, the set F := {f(λ) : λ ∈ Rμ ∩ [0, 1]},

i.e., the set of values attained by f for λ ∈ Rμ ∩ [0, 1] is
finite.

3) By the theorem’s assumption, (4) including the subse-
quent consideration, and the effective closedness of Rμ

with respect to its field operations, it follows that f is a
(total) Turing computable function.

Finally, choose x ∈ Rμ such that 0< x < f(1) and x /∈ F
hold true and define the function F : Rμ ∩ [0, 1]→{0, 1}, λ �→
F (λ) according to

F (λ) := 1<x(f(λ)).

Then, employing Lemma 3, F is a composition of Turing-
computable functions, and therefore a Turing-computable func-
tion itself. Further, observe that D(1<x) = Rμ \ {x} and thus,
by choice of x, F ∈D(1<x). Thus, F is total. Finally, observe
that F (0) = 0 and F (1) = 1. Thus, F satisfies all requirements
of Lemma 2. At the same time, we have shown F to be Turing
computable, contradicting Lemma 2.

VI. THE UNCOMPUTABILITY OF QUANTUM GATE-CIRCUIT

CONCATENATION FUNCTIONS

Subsequently, we consider general QGCC functions as ad-
dressed in Problem 2. That is, given δ > 0, we consider partial
functions Ψδ : N× N× (Dδ ∩ U∗

μ)⊇→Uμ such that for all
tuples (u, v,U) that satisfy U ∈ Dδ ∩ U∗

μ, u ∈ {1, . . . , |U |},
and v ∈ {1, . . . , |U |}, we have Ψδ(u, v,U) ∈ {U} as well as
‖U(u)U(v)−Ψδ(u, v,U)‖< δ. We obtain the following.

Theorem 3 (General QGCC Functions): Given δ > 0, let
Ψδ : N× N× (Dδ ∩ U∗

μ)⊇→Uμ be a general QGCC function.
Then, Ψδ is not Turing computable.

In Section V, we have discussed the algorithmic solvability of
the classical gate-circuit emulation problem using an enumera-
tion argument. From an analogous line of reasoning, it follows
that the classical equivalents of (general) QGCC functions are
equally Turing computable

Analogous to Theorem 1 for (general) QGCE functions, The-
orem 3 concerns QGCC functions functions defined for arbi-
trary arguments U ∈ Dδ ∩ U∗

μ as shown in Fig. 3. Again, we
provide a stricter version of Theorem 3 that fixes the input up to
one parameter λ ∈ Rμ. Given a gate set Gq = {U1, . . . , UN} ⊂
Uμ, N ∈ N, denote by Gq

∼ the group generated by Gq. In the
following, we require that −IdH is an element of the closure of

Fig. 5. Schematic depiction of restricted-input quantum gate-circut emula-
tion functions with Δ := (δ,Gq, V ) and U ∈ Dδ(Gq, V ), as considered in
Theorem 4.

Gq
∼. For any non-identity V ∈ Uμ, we again consider parame-

terized gate sets Gq,λ := {U1, . . . , UN , V λ}, λ ∈ Rμ, denoting
by G∼

q,λ the group generated by Gq,λ. Further, we define

Dδ(Gq, V ) :=
⋃

λ∈Rμ

{
U ∈ (Dδ ∩ U∗

μ) : {U} ⊂ G∼
q,λ

}

Then, given δ > 0 and denoting Δ := (δ,Gq, V ) for brevity,
we call ΨΔ : N× N×Dδ(Gq, V )⊇→Uμ a restricted-input
QGCC function if, for all tuples (u, v,U) that satisfy U ∈
Dδ(Gq, V ), u ∈ {1, . . . , |U |}, and v ∈ {1, . . . , |U |}, we have
ΨΔ(u, v,U) ∈ {U} as well as ‖U(u)U(v)−Ψδ(u, v,U)‖<δ.
Fig. 5 shows a schematics of such functions. We obtain the
following.

Theorem 4 (Restricted-Input QGCC Functions): For δ > 0,
Gq ⊂ Uμ, and V ∈ Uμ as above, denote Δ := (δ,Gq, V ) and let
ΨΔ : N× N×Dδ(Gq, V )⊇→Uμ be a restricted-input QGCC
function. Then, ΨΔ is not Turing computable.

In the following, we will establish the proof of Theorems 3
and 4. For U ∈ Uμ, we define UU := (UU1, . . . , UUN ). Ob-
serve that if U is a δ-net, then, UU is a δ-net for all U ∈ U ,
as well, which is due to the group structure of U and the
invariance of ‖·‖ with respect to matrix multiplication by an
element of U . Precisely, let V ∈ Uμ be arbitrary. Since U is
a δ-net by assumption, there exists n ∈ {1, . . . , |U |} such that
‖U−1V −U(n)‖< δ is satisfied. Thus,

∥∥U−1V −U(n)
∥∥ . . .

. . . =
∥∥U

(
U−1V −U(n)

)∥∥=
∥∥V − U(U(n))

∥∥

with U(U(n)) = [UU ](n) ∈ UU . Since V is assumed arbi-
trary, UU must be a δ-net as well.

In order to prove Theorem 3, we will introduce the following
preliminary Lemma. For δ > 0, let

Ψδ : N× N× (Dδ ∩ U∗
μ)⊇→Uμ

be a general QGCC function. For U = (U1, . . . , UN ) ∈ (Dδ ∩
U∗

μ), and u, v ∈ {1, . . . , |U |}, we define the function

Ψδ(·|U , u, v) : Uμ ⊇→Uμ, U �→Ψδ(U |U , u, v)

according to

Ψδ(U |U , u, v) := Ψδ

(
u, v, UU

)
.

Lemma 4: For δ > 0, let Ψδ : N× N× (Dδ ∩ U∗
μ)⊇→Uμ

be a general QGCC function, and let (U1, . . . , UN ) =U be a
δ-net. For all u, v ∈ {1, . . . , |U |} with U(u) �=U(v), there ex-
ists U ∈ Uμ such that we have

Ψδ(U |U , u, v) �= UΨδ(u, v,U). (5)

In other words, for every triple (u, v,U) such that we have
U ∈ (Dδ ∩ U∗

μ), u, v ∈ {1, . . . , |U |}, there exists U ∈ Uμ such
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that applying the function Ψδ to (u, v,U) does not commute
with multiplying (u, v,U) by U from the left.

Proof of Lemma 4: We prove the statement by contradic-
tion. To this end, assume Ψδ(U |U , u, v) = UΨδ(u, v,U) holds
true for all U ∈ Uμ. If this is the case, we have

δ >
∥∥UU(u)UU(v)− UΨδ(u, v,U)

∥∥

=
∥∥U(u)UU(v)−Ψδ(u, v,U)

∥∥

which again is due to the invariance of ‖·‖ with respect to
matrix multiplication by an element of U . Next, choose m ∈
{1, . . . , N} arbitrary and set U :=U(m)(U(v))−1. Then, we
obtain δ >

∥
∥U(u)U(m)−Ψδ(u, v,U)

∥
∥, and, employing the

triangle inequality subsequently,
∥
∥U(u)U(m)−U(u)U [−b](v)

∥
∥ . . .

. . . ≤
∥∥U(u)U(m)−Ψδ(u, v,U)

∥∥ . . .

. . . +
∥
∥U(u)U(v)−Ψδ(u, v,U)

∥
∥≤ 2δ

for all m ∈ {1, . . . , |U |}. Employing the invariance of ‖·‖ with
respect to matrix multiplication by an element of U once more,
we have

∥∥U(m)−U(v)
∥∥≤

∥∥U(u)U(m)−U(u)U(v)
∥∥≤ 2δ

for all 1≤m≤N . Finally, choose V ∈ Uμ and m ∈
{1,≤, |U |} such that ‖V −U(v)‖= 2 and ‖V −U(m)

∥∥< δ
are satisfied. By further application of the triangle inequality,
we obtain

2 = ‖V −U(v)‖ ≤ ‖U(m)−U(v)
∥∥+ δ < 3δ,

which is a contradiction. Since u, v ∈ {1, . . . , |U |} were chosen
arbitrarily, the claim follows.

Proof of Theorem 3: We prove the theorem by contradic-
tion. To this end, consider δ ∈ R with δ ≥ 0 and assume Ψδ to
be a Turing-computable general QGCC function. For the sake
of a clear structure, we divide the proof into paragraphs.

§1. According to Lemma 4, we can choose
u, v ∈ {1, . . . , |U |} andU ∈ Uμ such that (5) is satisfied. Define
the function ψ : Rμ ∩ [0, 1]→Uμ, λ �→ ψ(λ), according to

ψ(λ) := Ψδ(U
λ|U , u, v)

for all λ ∈ Rμ ∩ [0, 1]. Combined with Lemma 1, the assump-
tion of Ψδ being Turing computable implies that ψ is Turing
computable as well.

§2. Observe that we have ψ(0) = Ψδ(u, v,U). Thus, for all
λ ∈ Rμ ∩ [0, 1], we have Uλψ(0) = UλΨδ(u, v,U). We de-
fine the total function F : Rμ ∩ [0, 1]→ Rμ, λ �→ F (λ) accord-
ing to

F (λ) : =
∥
∥Ψδ

(
Uλ|U , u, v

)
− UλΨδ(u, v,U)

∥
∥

tr

=
∥∥ψ(λ)− Uλψ(0)

∥∥
tr

for all λ ∈ Rμ ∩ [0, 1]. Further, we observe the following for F ,
ψ(λ), Uλψ(0), and all λ ∈ Rμ ∩ [0, 1].

1) Employing (4) in combination with Lemma 1, it follows
that F is a Turing-computable function.

2) For all λ ∈ Rμ ∩ [0, 1], we have ψ(λ) ∈ UλU as well as
Uλψ(0) ∈ UλU .

3) We have ψ(λ) = Uλψ(0) for λ= 0, while we have
ψ(λ) �= Uλψ(0) for λ= 1.

§3. Recall that (U1, . . . , UN ) =U ∈ (Dδ ∩ U∗
μ) is finite per

definition. Hence, defining

ε(U) := min
{
‖U(u)−U [−b](v)‖tr : u, v ∈{1, . . . , |U |} . . .

. . . with U(u) �=U(v)
}
,

we have ε(U)> 0 for all U ∈ (Dδ ∩ U∗
μ) with more than one

distinct component. From (4), it follows that – just as ‖·‖, – ‖·‖tr

is invariant with respect to matrix multiplication by an element
of U . Accordingly, for all U ∈ (Dδ ∩ U∗

μ) with more than one
distinct component, all U ∈ Uμ, and all u, v ∈ {1, . . . , |U |}, we
have

‖UU(u)− UU(v)‖tr = ‖UU(u)− UU(v)‖tr.

Consequently, we have ε(UλU) = ε(U) for all λ ∈ Rμ ∩ [0, 1].
§4. For all λ ∈ Rμ ∩ [0, 1], it follows from §1 and §2 that we

have

F (λ) ∈ (Rμ ∩ [ε(U), δ]) ∪ {0},
with F (0) = 0 and F (1)≥ ε(U)> 0. Choose any x ∈ Rμ that
satisfies 0< x < ε(U) and recall that F is a Turing-computable
function. Then, as follows from Lemma 3,

1<x ◦ F : Rμ ∩ [0, 1]→{0, 1},
λ �→ [1<x ◦ F ](λ) := 1<x(F (λ))

is a composition of Turing-computable functions that satis-
fies D(1<x ◦ F ) = Rμ ∩ [0, 1], [1<x ◦ F ](0) = 0, and [1<x ◦
F ](1) = 1. Accordingly, 1<x ◦ F is a Turing-computable func-
tion that violates Lemma 2, which concludes the proof.

Let ΨΔ : N× N×Dδ(Gq, V )⊇→Uμ be a restricted-input
QGCC function. For U = (U1, . . . , UN ) ∈ Dδ(Gq, V ) and
u, v ∈ {1, . . . , |U |}, we define the function

ΨΔ(·|U , u, v) : Uμ ⊇→Uμ, U �→Ψδ(U |U , u, v)

according to

ΨΔ(U |U , u, v) := ΨΔ

(
u, v, UU

)
,

where ΨΔ(U |U , u, v) is well-defined whenever UU is a fea-
sible input for ΨΔ.

Proof of Theorem 4: The proof follows much along the
same lines as the proof of Theorem 3, with the exception that
Lemma 4 is not applicable directly. Subsequently, assume ΨΔ

Turing computable. In the proof of Theorem 3, substitute ΨΔ

for Ψδ and replace §1 as follows.
§1. By assumption, there exists U ∈ Dδ(Gq, V ) with u, v ∈

{U} such that ‖IdH +U(u)‖< δ and ‖IdH +U(v)‖< δ are
satisfied, in which case we have ‖IdH −U(u)U(v)‖< 2δ. Ac-
cordingly, we have

‖U2 −ΨΔ(U |U , u, v)‖< η1, ‖U − UΨΔ(u, v,U)‖< η2

for some small η1, η2 > 0. Choose γ such that V γ has eigen-
value −1 and set U := V γ . Then, we have ‖U − U2‖= 2, and
thus

‖ΨΔ(U |U , u, v)− UΨΔ(u, v,U)‖> 2− (η1 + η2).
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Accordingly, we have ΨΔ(U |U , u, v) �= UΨΔ(u, v,U), and
(u, v, UλU) is a feasible input for ΨΔ for all λ ∈ Rμ ∩ [0, 1].
Next, we define the function ψ : Rμ ∩ [0, 1]→Uμ, λ �→ ψ(λ),
according to ψ(λ) := ΨΔ(U

λ|U , u, v) for all λ ∈ Rμ ∩ [0, 1].
Combined with Lemma 1, the assumption of ΨΔ being Turing
computable implies that ψ is Turing computable as well.

The further derivation of the statement equals §2, §3 and §4
of the proof of Theorem 3.

VII. CONCLUSION

In the present work, we have discussed the computability of
QGCE and QGCC functions, with Problems 1 and 2 formal-
izing the relevant research questions. Following Theorems 1,
2, 3 and 4, we answer both questions to the negative: Neither
QGCE nor QGCC functions are Turing computable. This is
in direct contrast to gate-circuit emulation and concatenation
in the bit-string model of classical computing. Since the set
of Boolean functions is enumerable and the relevant equal-
ity predicate is recursive, classical gate-circuit emulation and
concatenation is computable even for varying circuit depth
and width.

Observe that for any general QGCE function ΦM,U , any
general QGCC function Ψδ , and Gq ⊂ U and U ⊂ U arbi-
trary but fixed, the functions y �→ ΦM,U (y,Gq) and (u, v) �→
Ψδ(u, v,U) essentially implement finite lookup tables, and are
thus always Turing computable. In contrast, ΦM,U and Ψδ are
defined for (varying) arguments Gq ⊂ U and U ⊂ U . In other
words, any algorithmic implementation of ΦM,U or Ψδ would
have to compute the relevant lookup table automatically, which
is impossible according to Theorems 1 and 3. Again, this is
in contrast to the classical analogons of QGCE and QGCC,
where it is always possible to compute the relevant lookup-
tables algorithmically. As indicated in Section I, there exist
multiple potential approaches to implement gate based quantum
computing, which, in the practical context, require assessment
with regarding their performance. If one manufacturer wants
to benchmark their implementation versus those of other man-
ufacturers, they must solve an emulation problem. as follows
from our results, the manufacturer has to implement a suitable
lookup table “by hand”, which is an engineering rather than
a computer science problem. As put forward in [28], “The
fundamental question underlying all computing is ‘What can
be (efficiently) automated’?”. In our case, this would imply
the use of an algorithm that implements a quantum gate-circuit
emulation function. Our results show that this is an unsolvable
task. The non-automated design of lookup tables “by hand” –
that is, in the tradition of engineering – is the only feasible
solution.

Generally, one may ask for which subsets of PUμ and
Dδ ∩ U∗

μ the resulting restricted-input QGCE and QGCC prob-
lems are computable. The list of relevant subsets includes,
for example

1) the set of unitary matrices whose entries have rational-
valued real and imaginary parts;

2) the set of unitary matrices characterized by a Hamiltonian
whose entries have real-valued real and imaginary parts;

3) the set of unitary matrices whose entries are elementary
numbers [29], [30].

To the best of the authors’ knowledge, the question of whether
the restricted-input QGCE and QGCC problems for these sets
are computable is open. However, the results presented in this
article have implications for the structural properties that sub-
sets of PUμ and Dδ ∩ U∗

μ for which the resulting restricted-
input QGCE and QGCC problems are computable have to
satisfy. According to Theorems 2, and 4, they may not contain
non-trivial smooth one-dimensional manifolds. Further, they
will generally not satisfy asymptotic closedness in the sense of
computable analysis.

As indicated before, [13], [31] recently showed the non-
existence of Turing-computable gate-circuit compiler func-
tions. For a fixed universal gate set, functions of this type map
arbitrary quantum algorithms to an approximating gate circuit
such that the resulting approximation error is smaller than a
prescribed margin. Together with [13], [31], the present paper
forms a coherent picture of the fundamental limits of gate-based
quantum computing.

In a broader context, the present paper relates to recent results
on how the non-existence of Turing-computable solutions to
mathematical problems affects the satisfiability of legal require-
ments in algorithm design [32]. Among others, algorithmic
transparency and the right-to-explainability may be compro-
mised when attempting to implement a solution to such prob-
lems on digital hardware. In the scope of quantum information
processing, adherence to legal requirements is relevant for, e.g.,
future machine-learning technologies or the trustworthiness of
communication and computing systems. For comprehensive
discussions, we refer the reader to [33] (trustworthiness re-
quirements for near-future communication technologies) and
[34] (quantum computing in the context of networked systems).
Whether the results of the present paper in conjunction with
[13], [31] entail legal consequences for gate-based quantum
computing similar to those discussed in [32] remains a pressing
open research question.

On a similar note, one may ask whether the methods em-
ployed in the present paper and [13], [31] remain valid for the
restricted case of quantum variational algorithms (QVAs). If, in
addition, the results on Turing computability that [35], [36] es-
tablished transfer to QVAs, gate-based quantum computers are
not generally able to implement QVAs under strict performance
and error-tolerance requirements. It is still to be determined if,
in this case, legal implications such as those discussed in [32]
analogously apply to QVAs.

Finally, the authors want to highlight that for many prac-
tically relevant applications, particularly in the field of in-
formation and communication technology (ICT), analog
quantum computing may provide feasible hardware accel-
eration techniques. For an extensive discussion, we refer
to [37].
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