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I keep warning you. Doors and corners, kid. That’s where they get you.
— Miller

1 Introduction

It is a fundamental property of general relativity that energy is not conserved, but dissipated
by gravitational radiation. A notion of conserved energy in phase space can be introduced
if one restricts attention to non-radiative spacetimes. An example of conserved energy
is the ADM charge [1] at spatial infinity, or its quasi-local version the Brown-York (BY)
charge [2] (see [3] for a review on quasi-local charges). This notion of energy is however not
universal, and depends on the way the system is made conservative, namely on the specific
choice of boundary conditions used to eliminate dissipation. The ADM and BY formulas for
instance, are based on Dirichlet boundary conditions. In this paper we study how the value
of the energy changes as we move from Dirichlet to York’s mixed boundary conditions, to
Neumann’s. This corresponds to fixing less components of the induced metric, and more
components of its momentum, namely the extrinsic curvature. We will see that the neat



effect of this process is to produce smaller values of the energy. For instance applying the
formula to the Kerr spacetime, we find respectively M, 2M /3 and M /2.

To obtain these results, we use two different methods. The first is the covariant phase
space. It is particularly powerful because it allows one to treat also the radiative/dissipative
case, and features prominently in the study of gravitational radiation (see e.g. [4-9]). In the
non-radiative/conservative case, the method can be used to obtain Hamiltonians studying
how imposing vanishing symplectic flux at the boundary selects a specific symplectic
potential leading to integrable charges (see e.g. discussion in [10, 11]). The idea of this
construction was explained in [12] (see also [13] for a related interpretation) and made more
explicit in [14, 15], where it was shown that for Dirichlet boundary conditions one obtains
precisely the BY charge. It was recently more systematically developed by Freidel, Geiller
and Pranzetti (FGP) [16], arriving at a general prescription for the charges that is valid

I The charge is defined in an unambiguous way, and

for arbitrary boundary conditions.
depends on both the bulk Lagrangian and the boundary term required by the variational
principle associated with the chosen boundary conditions, as anticipated in [17]. The FGP
prescription, given by equation (3.6) below, is thus a perfect tool to investigate the question
raised above.

The second method is the straightforward canonical analysis based on the ADM
decomposition, which has no problem in dealing with the non-radiative context. The
calculation we present is a simple extension of the analysis done in [18, 19] for Dirichlet
boundary conditions. A nice feature of this extension is to see explicitly how the boundary
term changes the kinetic part of the ADM Lagrangian to recast it in the form consistent
with the symplectic potential associated with the chosen boundary conditions. We find
that the canonical method reproduces exactly the same charges obtained with the FGP
prescription in the covariant method, for all cases considered. A consequence of our results
is thus to offer support to the prescription of [16].

These results are based on the simplest set-up with an orthogonal corner between
the time-like boundary and the space-like hypersurfaces, a situation where 3d boundary
Lagrangians are sufficient to make the variational principle well-defined. We also investigate
a more general context with non-orthogonal corners. In the presence of non-orthogonal
corners, the variational principle requires an additional 2d term [20, 21] (see also [22-24]
for recent work). Since the rationale for constructing the covariant surface charges is to use
an action with a well-posed variational principle, one may wonder if the corner Lagrangian
contributes to the formula for the charges as well.

To address this question, we repeat the calculations using the FGP prescription with
different boundary conditions, this time allowing for non-orthogonal corners, and compare the
results with the ones obtained with canonical methods. Using canonical methods [18, 19], it is
known that the presence of a non-orthogonal corner has both a physical and a mathematical
consequence. The physical consequence is that one can consider two different classes of
observers, those at rest with respect to the space-like foliation of spacetime, and those at rest
along the time-like boundary. At the corner, these are related by a boost transformation,

IThe analysis was further extended in [10, 11] to include anomalies, but these will not play a role here.



0 n - n = sinh 8

Figure 1. Left panel: a finite region of spacetime and the notation used for the boundaries. Right
panel: the four normals generically present at the corner, here the one in the future of 7. Unbarred
quantities refer to the space-like hypersurface, and barred quantities to the time-like one.

extrinsic  boundary
metric s normal curvature  normal
Spacetime M| guw
Space-like hypersurfaces | % q -1 n K U
Time-like hypersurfaces | T q 1 n K )
Corners S v (n,u) (n,u) k

Table 1. Notations for the different boundaries.

making the different notions of energy directly comparable. The mathematical consequence
is that the charges pick up ‘tilting terms’, namely they depend explicitly on the boost
between the normals. This dependence allows us a further, non-trivial test passed by the
FGP prescription: the covariant and canonical results match also for non-orthogonal corners,
without any amendment to the formula. This matching is however subtle, because in order
to obtain it, one needs to take into account that the boundary term contains a kinetic term
that has to be independently put in Hamiltonian form via a Legendre transform [15, 19].
The role of the corner Lagrangian is only to adjust the boundary kinetic term to match the
chosen boundary conditions.

Throughout the paper we use mostly-plus metric signature, and greek letter for space-
time indices. The notation for the different boundaries and their geometric objects are

summarized in figure 1 and table 1.

2 Mixed boundary conditions

We briefly review the different boundary conditions we will consider in this paper. We start
from the Einstein-Hilbert (EH) Lagrangian,

L™ = Re, (2.1)



where € := /—gd*z is the volume 4-form (See appendix A.1 for our conventions on
volume forms and orientations), and we fix units 167G = 1. The variation gives §L"" =
G 9" e + dO™", where

1
O™ = g@’qupg dz¥ A dzP A dx?, O+ = Qgp["éfg(], = Qg“[pg”]avl,égpo. (2.2)

Consider a hypersurface X, with n, its unit normal, and boundary 0% = S, with u,,
its unit normal within 7*3., so that u-n = 0. The corresponding volume forms are ex
and eg, related among each other and to € as in appendix A. We treat in this section both
cases of space-like or time-like ¥ at once, and accordingly we define s := n? = F1 = —u?.
From the next section, we will use a different notation for the different boundaries for the
sake of clarity. We denote g, := g, — sn,n, the projector, whose pull-back on X gives
the induced metric, with determinant ¢; and Ky, := ¢,V n, the extrinsic curvature, with
K := ¢g"K,, = V,nt. Taking the pull-back of the boundary variation on X one has (see

e.g. [19, 22, 24))

0" Z 5 (K 60" — 26K) €5, + d0™ = s g, 6T da: + 9™, (2.3)

P = —u,ontfes = utn"dges.
In the second equality of (2.3) we introduced the gravitational momentum
o .= VK" — ¢"K), I .= gm,f[‘“’ = —2qK, (2.5)

familiar from the ADM analysis, here written as a spacetime tensor. We will favour covariant
expressions throughout the paper, and avoid using hypersurface indices.?

The geometric decomposition (2.3) of the boundary variation allows us to study the
variational principle in a finite region of spacetime like the one in figure 1. The variational
principle is well-defined only if the total boundary contribution vanish, so that the action
is correctly extremized on-shell.® Let us see when this happens. Gluing (2.3) along the

boundary, one obtains the corner variation [21]*
19EH|8Z + 19EH|37—i = F20feg, (26)

where sinh 3 is the scalar product between the time-like and space-like outgoing normals,
see figure 1 and appendix A for further relations. We consider first the case of orthogonal
corners, 5 = 0. The corner variation vanishes, and we are left with the 3d bulk terms
only. These vanish if §II* oM 0, as can be seen from the second equality of (2.3): the

20n the other hand, one should keep in mind that the actual induced metric is the pull-back of the
projector g, so that variations which keep the induced metric fixed satisfy g} q;9q.. onr 0quy onr 0, but
not necessarily g, = 0.

3The time-like and space-like parts of the boundary variation have different conceptual status. To define
the phase space, it is enough to ensure that the time-like variation vanishes. Vanishing of the space-like
variation will then correspond to picking a specific solution in the phase space.

4See also [22] for a more recent derivation, and [23, 24] to see how the derivation is simplified if one uses
tetrad instead of metric variables.



Einstein-Hilbert action has thus a well-defined variational principle if we fix the momentum
on the boundary, namely if we use Neumann boundary conditions.®

If instead we want to use Dirichlet boundary conditions, namely fix the induced metric
so that 6g,, oM 0, we see from the first equality of (2.3) that there is a left-over term. To

cancel it, we need to add the Gibbons-Hawking-York boundary Lagrangian
MY = 25Key,. (2.7)
The Lagrangian with a well-defined Dirichlet variational principle is thus
L™ = [P 4 qeem. (2.8)

These two options are probably the ones most commonly considered.® However as
pointed out in [27, 28], a better choice of boundary conditions is York’s mixed boundary
conditions [29, 30], which hold fixed the conformal metric §,, := gV 3¢, and K, because
they lead to a better posed initial boundary value problem (See also [31-34]). With this
choice, one needs to add a boundary Lagrangian given by [30]

2
EY = gSKGE. (29)

This can be easily proved observing that

- - 2
s (Kuwog" —20K) \/q = —sP" 64, — sPrdK — sgé(K\/a), (2.10)
where 1 4
e (fw - 3qwﬁ)  Pi=3a (2.11)

are the five plus one momenta conjugated respectively to the conformal metric and extrinsic
curvature trace.” York’s “mostly-Dirichlet” mixed boundary conditions include the confor-
mally flat initial data often used in numerical relativity [36]. A peculiarity of this choice

5This is true only in 4 dimensions, which is the only case in which the second equality of (2.3) holds. See
e.g. [25] for the Neumann boundary term in other dimensions.

6 Alternatively, one may wish to work with a field space in which variations are left arbitrary, and deduce
the appropriate variational principle for each pair of bulk-boundary Lagrangian interpreting the boundary

L™ induces the homogeneous Neumann boundary

variation as an equation of motion. For example,
condition IT*” = 0, whereas the EH Lagrangian would lead to the inadmissible degenerate condition quv = 0.
This approach, emphasized and studied in [26], will not be pursued here.

"The general n-dimensional version of this formula is

v A (= = R n—2 2
(Kudg"” = 20K) /g = —q7"T (H“ - ——q" H) 8Guw = 2 —3 VA K — ——=0(K/q).

n—1

For n = 3, the required boundary term is thus K,/g, namely one-half the GHY term. This is the numerical
coefficient deduced in [35] using asymptotic fall-off conditions for AdS and flat spacetimes. The nature of such
asymptotic conditions was left as an open question there. The equation above suggests that they were of York’s
type. However, since the Neumann boundary term in n dimensions [25] is given by (4 —n)K, for n = 3 it also
gives one half of the GHY term. We think that in this case York’s boundary conditions can be disregarded as
ill-defined since, according to the uniformization theorem, the 2d conformal metric does not contain enough
information about the boundary. Hence, the one-half GHY term should be considered of Neumann type.



however is that the momenta don’t commute, since next to the canonical pair (PK, K), the
remaining five pairs satisfy (omitting 6(®)(z, 2’) to shorten the expressions)

A A ~ 7 o 1 DUV T 1 APO DUV AUV T
{q,LLIMQpU} = 07 {q“l/’PpU} = 561,/) - gq'qupo" {PN 7Pp0} = g (qu—PM - qﬂ Ppa) .
(2.12)

The non-commutativity also implies that the flipped option of taking “mostly-Neumann”

mixed boundary conditions with fixed traceless momentum and the induced metric determi-
nant is not admissible.®
The three options considered above can be simultaneously treated taking as boundary
Lagrangian
¢ = bsKey, (2.13)

with b = 2,2/3,0 respectively for Dirichlet, mixed and Neumann boundary conditions.

In the following, it will be convenient to use different notations for the space-like and
time-like boundaries. In doing so, we keep the notation (n,u) for the space-like quantities,
and introduce bars to distinguish the time-like or null boundaries, (7, ). These notations
are the ones summarized in figure 1 and table 1. Accordingly, the action principle with
orthogonal corners reads

P _
S:/ LEH+d£b:/ Re—b/ Kez—i—b/ Ker. (2.14)
M M Yo T

2.1 Non-orthogonal corners

If one allows for non-orthogonal corners, additional 2d boundary terms are potentially
needed in the action principle, to compensate for variations like (2.6). The precise form
of these variations depends on the type of corner considered, see [22] for a comprehensive
analysis. We restrict attention here to the corner between a space-like and a time-like
boundary, as in figure 1. To cancel the corner variation (2.6) we have two options: either
we fix 8 so that §3 = 0, or we fix the induced metric so that deg = 0. In the first case, no
boundary term is needed. In the second case, we need to add the Hayward boundary term

0" = 2Beg. (2.15)

The second option is consistent with Dirichlet boundary conditions, since fixing the
induced metric ¢ also fixes €g. This is indeed how Dirichlet boundary conditions with
non-orthogonal corners are usually treated, see e.g. [21]. Fixing f instead has the flavour of
a Neumann-type condition, since it is easy to see that [ captures a metric component that
is not part of the induced metric. But in fact, it is also not part of the momentum, but
a combination of lapse and shift instead, see (A.13). Hence, it is an additional condition
to be provided. This additional condition is a priori not needed for the well-posedness of

8Which is good, because
"8G = —Gu 0 P"™ + %ﬁéln\/&

shows that the EH Lagrangian would lead to a well-defined variational principle in this case as well, breaking
the expected injective relation between choice of boundary Lagrangian and choice of boundary conditions.



quantity fixed quantity fixed
boundary conditions | on boundary | value of b at corner value of ¢
Dirichlet Qv 2 ~y 2
York (Guv, K) 2/3 B 0
Neumann 1§ 0 I3 0

Table 2. Different boundary conditions and their boundary and corner Lagrangians.

the initial value boundary problem. In fact, the corner contribution can always be thought
of as part of the space-like hypersurface, and then its variation corresponds simply to a
change in the state, and not of the boundary conditions [15]. Furthermore, it is a change of
state associated to a different choice of lapse and shift, and which can thus be considered
irrelevant to characterize different physical solutions.? On the other hand, if the finite
boundary is considered as a part of the characterization of the observer, then a solution with
different 8 would be on the same status as, say, a Kerr solution with different values of the
asymptotic lapse and shift, namely corresponding to boosted or rotated black holes. Hence,
within the context of thinking of the gauge degrees of freedom broken by the boundary as
physical, it is of interest to consider 8 as part of the phase space. Indeed, this choice will
be justified by the canonical analysis of the boundary terms done in section 6.

A similar logic can be applied to the case of York’s mixed boundary conditions. Since
they leave the determinant of the induced metric free, it seems reasonable to us to take
08 = 0 also in this case, even though it is not required by the well-posedness of the initial
value problem [27, 34]. Again, this will be justified by the canonical analysis reported below.
These choices are summarized in table 2.

As before, we can treat all cases with a generic corner Lagrangian

¢ = cfeg, (2.16)

with ¢ needing to be 2,0 and 0 respectively for Dirichlet, mixed and Neumann boundary
conditions. The action principle with non-orthogonal corners thus reads

21 _ Sl
S:/Re—b/ Kez+b/ KeT—i-c/ Bes. (2.17)
>o T So

For Dirichlet boundary conditions, (2.14) and (2.17) are referred to as trace-K actions in
the literature. Accordingly, we will refer to them as b-generalized trace-K actions.

3 Surface charges from covariant phase space

The first method we are going to use to compute the charges associated with the different
boundary conditions is the covariant phase space, in particular with the prescription of [16],
which we briefly review here. We use the notation of [11, 15], where ¢ and I are respectively
the exterior derivative and internal product in field space. We denote 6" the (integrand of

9We thank Michael Anderson and Zhongshan An for clarifying discussions on this issue.



the) symplectic potential associated to a bulk Lagrangian L, which satisfies 6L ~ d§".*°
The quantities

ohi= [ or= [t = oo, (3.1)
by by

define respectively a (pre-)symplectic potential and (pre-)symplectic 2-form in the space
of fields associated with the hypersurface ¥ and the Lagrangian L. The formalism can be
used to compute canonical generators of the infinitesimal symmetries ¢ of L, by seeking
functionals Hy that would satisfy dHg = —I:Q" ! For field-independent diffeomorphisms
and in the absence of anomalies, one has [5, 12]

Q= / 5qk — e, (3.2)
S
where qg is the Noether charge associated with the conserved Noether current
Jg = Ie0" —ig L = dg, dj¢ ~ 0. (3.3)

For diffeos that are tangent to the corner, £ € T'S, the second term in (3.2) vanishes, and
the canonical generator can be identified with the Noether charge, as customary from the
application of Noether’s theorem on flat spacetime. For ¢ ¢ T'S, this is no longer the case.
One way to understand this is that these diffeomorphisms move the corner, and by doing so,
one is sensitive to degrees of freedom that could be entering or escaping the causal domain
of 3. One is thus effectively dealing with an open system, and the construction of canonical
generators is more subtle. This is an active field of research (see e.g. [7, 8, 10, 11, 39, 40]
and references therein), particularly relevant to the study of gravitational radiation and
with applications to entanglement and quantum gravity [41-43].

One situation with a simple solution to this problem is in the presence of conservative
boundary conditions, that freeze the number of degrees of freedom available. This effectively
closes the system and makes a Hamiltonian available, as we review next.

3.1 Hamiltonians from conservative boundary conditions

As explained in [5] and more explicitly developed in [15] and especially [16], Hamiltonians
can be constructed if we restrict the variations to preserve some given boundary conditions
along 7. Consider the boundary Lagrangian ¢ required by a well-defined variational principle
with given boundary conditions at 7. By construction, restricting the variations to those
preserving the boundary conditions, the boundary variation of L must be equal and opposite
to the variation of ¢, up at most to a corner term: 6" T 50+ d9. As a consequence, it is
possible to redefine the symplectic potential and 2-form as

0:=0"+50—dd,  w=030=00"— dov. (3.4)

10Tf the latter equality is taken as the definition of the symplectic potential, it makes it ambiguous by
the freedom to add any exact 3-form. We fix this ambiguity by taking always the ‘bare’ choice, which
can be justified defining the symplectic potential by using the Anderson homotopy operator prescription,
see [16, 37, 38].

e use throughout I as short-hand notation for L;E.



In this way, one automatically has vanishing symplectic flux across the boundary, when the
boundary conditions are imposed:

Obe. 20 & 0o = —00+d0 =  wlpe Z0. (3.5)
This condition guarantees that the system is closed, and the defining equation (3.2) integrable
to yield a Hamiltonian generator.!? The new quantities in (3.4) depend on the pair (L, )
of bulk-boundary Lagrangians, dependence which we don’t make explicit in order to keep

the notation light. The resulting Hamiltonian charge is'3

— IgQ = 5H£, He = /5(15 + igf — 1579, (3.6)

up to a constant of integration in field space that we will come back to below in section 3.4.
We also notice that this expression always coincides with the Noether charge, since

jg = Ig@ — ’L'f(L + dﬁ) = I§9L + 555 — Igdﬁ — ’L'fL — igdf = d(qé“ + igf — 1519). (37)

Thanks to the conservative boundary conditions, all allowed diffeomorphisms acquire the
status of the tangential diffeomorphisms of the original construction: they are integrable
transformations, with Hamiltonian generator given by the Noether charge. The key novelty
is that the Noether charge is associated not only to L as in the original prescription of [12],
but with the pair (L, ¢) through the formula (3.6). It appeared in this form in the work [16]
by Freidel, Geiller and Pranzetti, and accordingly we will refer to it as FGP prescription.

In this formula, the allowed diffeomorphisms are those that preserve the boundary
conditions whose imposition makes the charges integrable. This means that (i) they cannot
move the boundary 7, namely

CETT & &-n=0, (3.8)

which equals £ - u = 0 in the case of orthogonal corners, and (i), d¢F (gu,) = 0, where F
are the boundary conditions chosen.

12The last equation in (3.5) is Wald’s sufficient condition for integrability. It can also be derived requiring
the condition that an Hamiltonian vector field (in field space) preserves the symplectic form, dew = §(Iew) = 0,
which implies Iew = dhe, and if there are no anomalies, we also have dew = £Lew & d(icw).

13This can be seen evaluating

—Igw = —1559 = —15(59]“ + d1§(5’19 ~ d(5Q§ — igeL —qs¢ + ’Lgd’ﬁ — (5]519 + 15519),
where we used
15519 = 55’(9 — 5[519 = LV + Ised — 5[519 = d(igﬂ) + iedd — 5[519 + Ise.

For field-independent diffeomorphisms and on-shell of (3.5) we obtain (3.6). Further details can be found in
e.g. [11, 15]. Here we assumed that no anomalies are present, but the resulting formula (3.6) is valid also
in the anomalous case. This was proved in [11], and one has to use the fact that boundary conditions are

consistent, namely Ag0|y.c. Zo.



3.2 Corner symplectic potential

The only aspect of the prescription (3.6) that requires some care is the determination of the
corner symplectic potential. It can be in principle computed using Anderson’s homotopy
operator as argued in [16], but in practise it is simpler to derive it taking the variation of
the boundary Lagrangian, and arranging it in such a way that the boundary field equations
are consistent with the boundary conditions one is imposing. Let us see explicitly this
strategy at play with ¢°. To compute its variation, we use the standard result

1 1 v
SK = _§KW5QW + gp[cfnﬂ]vu(Sng + iqgvp (ghon”). (3.9)

The second term is proportional the symplectic potential 6% see (2.2), and the third
term can be written in terms of the induced covariant derivative on the hypersurface D,,.1
Applying this formula to (2.13), we find

b
(%b — 58 ((Kq,uu _ K’“’) 69/“/ + 29@[5n>\}v)\59&5 -+ D,u (qﬁ(SnV)) (&3

= g (_QEH + S(K/M/ - unK)éqMVEE + d’lgEH) . (3.10)

To determine the corner symplectic potential of ¢°, the bulk term must be consistent

with the boundary conditions we want to impose, as to reproduce (the first of) (3.5).

EH

Rearranging the terms in (3.10), we find [typo: " missing]

oF! + 6%1) = <1 — (2)) 0+ gS(KMV - QMVK)&]#VGE + gdﬁEH
b
=3 ((KMV_ Qq#yK) (5q’“’—|—(b—2)6K> ex + dv®H. (3.11)

We can explicitly check that the term in bracket in the second equality vanishes accordingly
to the boundary conditions chosen: dg,,, Zoforb= 2, STIM Zoforb=0 (see (2.3)), and
m L0ZLZ 5K for b=2 /3 (see (2.10)). Therefore, we conclude that the corner symplectic
potential of £° is precisely ¥*¥, irrespectively of these values of b.

The fact that this construction yields a consistent non-vanishing 9 for b = 0 is quite
remarkable. It leads to the suggestion of taking a non-vanishing corner symplectic potential
also for Neumann boundary conditions, even if the boundary Lagrangian is zero in this
case. One may discard this possibility, but as we will see below, keeping it allows one to
introduce an integrable charge for the Einstein-Hilbert action valid also for non-tangential
diffeos, and which reduces to the Komar expression in the case of isometries.

3.3 Charges for Dirichlet, mixed and Neumann boundary conditions

We now apply the prescription (3.6) to the Lagrangian L := LF" + d¢®. This requires
evaluating the three terms in (3.6) and their pull-backs on the corner S intersection of

MHere we used

/ D, (qhon”)dx =/ qron”ds, = —s/ u,ont'dS dS, = —su,dS.
) o%

[2h>

~10 -



and T. We consider the corner in the future of 7, so that the outgoing time-like normal
is future-pointing. Our conventions for the volume forms, orientations and pull-backs are
reported in appendix A. The symplectic potential of L*" is given in (2.3), and its Noether
charge is the Komar 2-form [12]

1
G =~ Cupa VP E P N da” Z 9n,u, VI €. (3.12)
Next, the pull-back of % on the time-like boundary 7 gives
et L bRicer — CRUME epprda? A de” S bECE 3.13
e’ = bKicer = 5 ut € €y poda 2 = bKE -neg (3.13)

The last ingredient is the corner symplectic potential just evaluated. Its pull-back on the

future boundary of T gives
9 = o OL° —u,dnt(—eg) = nyu, 69" es, Iy = —2nﬂuyv(“£”)es. (3.14)

Adding up the three terms, the Hamiltonian charge is found to be
HY = /S gE" +igl® — I’ = /S 20,0, <v[ﬂg”1 + gl_(ﬁ“u” + v<ﬂg”>> €s
= 2/ Ny (V“{” + gKf‘%”) €g
— -2 [ e (K - quK) s, (3.15)

where in the last step we used that for orthogonal corners we can take u = 7, therefore
§-u=0,n"=¢g"n, and n*V u, = n“K'W.

From this general formula we can read the three special cases we have been discussing
so far. For Dirichlet boundary conditions, b = 2, we have

Hgy =2 /5 nugy(f{;w - (j#,,l_()és =2 /5 nu&yﬁwfs' (3.16)

This is the result of [15] (see also [5, 16]): the Hamiltonian generating the boundary
symmetries in the covariant phase space is the Brown-York surface charge. For York’s
mixed boundary conditions, we find

= —2/ nte? ( - qWK> €5 = —2/ n* €Il €5, (3.17)

namely the surface charge is the traceless part of the ADM momentum on the time-like
boundary. This result appeared recently in [34]. Finally for Neumann boundary conditions,

the trace part of the extrinsic curvature drops out and we are left with

_ _ 1 -
Hg = —Q/Snﬂgl’KW €g = —Q/Sn“‘f” (HW - 2qm,H) €. (3.18)

The last expression can be taken as definition of integrable charge for the Einstein-
Hilbert action valid also for diffeomorphisms non-tangential to the corner S, for which the

- 11 -



usual prescription fails, as remarked below (3.3). It is quite a non-trivial step, since with the
usual prescription one obtains integrable charges only for tangential diffeomorphisms, and
follows from taking seriously the FGP prescription and the construction (3.11) of the corner
symplectic potential. The new Einstein-Hilbert charge reduces to the Komar expression
for (arbitrary) tangential diffecomorphisms. This can be seen starting from the second line
of (3.15) with b =0, and using n-u=n-£ = u-£ = 0 to prove that the symmetrization in
n and u vanishes. We also notice that for non-tangential diffeomorphisms, (3.18) reduces to
the Komar expression in the case of isometries. This can be immediately seen again from
the second line of (3.15) with b = 0 and using the Killing equation. Hence, (3.18) does
provide an extension of the Komar formula to non-isometric diffeomorphisms endowed with
an interpretation of Hamiltonian generator for Neumann boundary conditions.

The charges (3.15) can be split into energy and angular momentum, introducing a
decomposition of the diffeomorphism as

¢h=Nn*+NH,  N-n=0. (3.19)

Notice that since we are already restricting the diffeos to satisfy (3.8), N* only has
components tangent to the corner. Then,

n'NYK,, = n"N'@N yu,, = —u"N"GEV yny = —ut N"yEV oy = —u* NYK,,.  (3.20)

As for the piece proportional to lapse, it can be expressed in terms of the 2d extrinsic
curvature k = K + n*n*V,u, (see (A.11) in the appendix, here adapted to orthogonal
corners). Adding up, and using & -n = —N, (3.15) gives

= —2/ < (k: + K) — N“UVKW> €S- (3.21)

In section 6, we will reproduce this expression using canonical methods.

The term proportional to N is the energy, whereas the term proportional to N* is the
corner diffeomorphism charge and contains the angular momentum. We see that changing
the boundary conditions leaves the angular momentum invariant but changes the notion of
energy of the system. The fact that integrable charges obtained through the imposition of
boundary conditions depend on the latter was expected [14], and we are seeing here the
results of a quantitative analysis. This dependence is after all understandable: in the open
case there is no general notion of energy, so it makes sense that when we close it, the notion
of energy depends on how we close the system. See also [44] for earlier discussions on the
relation between energy and boundary conditions in general relativity.

The quasi-local charges (3.15) are defined on the surface corner S of a finite region of
spacetime. To study what happens for asymptotic charges, we need to first consider the
required subtraction terms. We will do so in the next subsection, and in the next section
we will use the Kerr spacetime to explore the explicit quasi-local and asymptotic values of
the charges and see how they are affected by the choice of boundary conditions.

3.4 Subtraction terms and symplectic renormalization

The quasi-local expressions (3.15) or equivalently (3.21) are fine as quasi-local charges at
finite distance, but they diverge when the corner is pushed to spatial infinity. This is a
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familiar result from the Brown-York analysis, and the standard procedure is to remove the
divergence with a subtraction term depending on a background solution, typically Minkowski.
From the covariant phase space perspective, this is a natural procedure that amounts to
the simple fact that when integrating (3.6) one can take into account a non-vanishing
constant of integration in field space [5]. This reference or background solution can be
taken to be Minkowski, and produces the subtraction term of the Brown-York analysis
leading to finite expressions as pointed out in [45].1° We now show that this procedure can
be generalized to b # 2, and that it can also be understood in the framework of symplectic
renormalization, which plays an important role for subtracting analoguous divergences at
null infinity [8, 9, 46]. Namely instead of removing the divergence via a background solution,
we can renormalize the charge using the prescription (3.6) and subtracting the contribution
that would come from a boundary Lagrangian £;, that captures the divergences of L, namely

HE = He — /S ielary — IeW s (3.22)

In the present context, we restrict attention to asymptotically flat metrics at spatial
infinity, and the leading divergence of H g comes from the Minkowskian behaviour of the

charge. Therefore,
O, =bKyes, el 20K, & neg, 9, =0. (3.23)

Then the renormalized charge is

H = H) — / iglh,, (3.24)
= —2/ nhgy < 7“1, — qm,(R' Kn)) €g
—2

:—2/< ( k} _}_7 +N‘LL7IVKMV> €9,

where in the last step we used (3.19) and the fact that in Minkowski,
2

Ky=ky="-. (3.25)
T
Restoring the 167G factors, we define the b-generalized energy and angular momentum
as follows,
1 b b—2
E=HF=-——. Sko+——K -2
N E (k ot ) (3.26)
1
_ b _ "
J=H;, = “5c /" Ks€s, (3.27)

which correspond respectively to the generator of unit-lapse hypersurface-orthogonal diffeo-
morphisms, and rotations around a fiducial vertical axis fixed say by asymptotic flatness.

5 There the finiteness was attributed to the use of tetrads in the first order formalism, but we believe the
result applies to any formulation, and follows from the fact that by plugging in the fall-off condition on the
variables in the variational formula (3.2), the leading order Minkowski contribution is eliminated directly
being a fixed background.
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We see that the boundary conditions do not affect the angular momentum, as expected
since this charge does not see the symplectic flux, and furthermore is independent of
renormalization since it coincides with its quasi-local value. The energy on the other hand
depends explicitly on both the boundary conditions and the renormalization.

3.5 Residual diffeomorphisms

Let us give a few more details about the allowed diffeomorphisms. As discussed above, they
must preserve the boundary as well as the boundary conditions. Preserving the boundary
means £ - n = 0, so that £ € T'T.

The set of diffeomorphisms that respect Dirichlet boundary conditions satisfy

Qa0 0egpolT =0 & D&, =0. (3.28)

These are boundary Killing vectors. These are not required to be isometries of the whole
spacetime, so this condition does not restrict the bulk metric.

In the case of York’s mixed boundary conditions, fixing the conformal metric is preserved
by conformal Killing vectors of the boundary,

~p =0 1 — —pO T — 1 _ — T
(QZQV - ngqu > 5§gpa =0 < D(;ng/) - nguD £ =0. (3'29)

While the condition on the trace of the extrinsic curvature constrains the projection of £
along the acceleration. To see this, we start from the variation (3.9). Specializing to a
diffeomorphism, it can be written in the following form,

0K = -2 (K’“’ — ;Kn“n”) V& — (90 + Ryu)E” + sntn"nfV, V€, (3.30)

which makes it conveniently manifest that it would vanish exactly for a Killing vector.
Using the orthogonality and conformal boundary Killing properties of £, it reduces to

2

Imposing this to be zero (and restoring the bars and s = 1 appropriate to the time-like
boundary we are interested in), we obtain

SKD-¢=—-Ka-§&— Ry,n"e. (3.32)

This scalar equation between components of { completes the restriction given by (3.29).
Unless the right-hand side vanishes, the residual diffeomorphisms are not the same as in
the Dirichlet case.

One can proceed similarly to establish the residual diffeomorphisms in the case of

Neumann boundary conditions.
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4 Kerr example

In this section we restore the 167G factors. To get some further intuition about the meaning
of these different charges, we consider their explicit values in the case of the Kerr solution.
Integrating the Komar form (3.12) on a 2-sphere at constant (¢, r) for the two Killing vectors

0 and 0, one gets
M Ma

EH __ EH __
~EH

This result is independent of r since the Noether current Jg

(4.1)

vanishes in vacuum for a
Killing vector. This is the standard Noether charge for the Einstein-Hilbert Lagrangian. We
now compute the Hamiltonian charge (3.6) associated with different boundary conditions.
First of all, we observe that I¢1 is proportional to the Killing equation and thus vanishes
for both 0; and Og. Since Jy is tangential to the corner, i ¢€b = 0, and the Hamiltonian
charge coincides with the Komar expression, Hy, = —M a/G. However, this is not the case

~1/2

for the charge generated by 0;. Using n; :=n - 9, = —(—g') , we evaluate

b . b A a
- b
/52 i9, ¢ 1600 /52 Kneg i (r M + , arctan r> , (4.2)

where A := r2—2Mr+a?. Adding this up to the Komar expression according to (3.6), we find

b+2 b A a
Hat = W — @ (7’ + E arctanh ’r) (43)
b 3b+2 b a? .
S g .
TeHNTe oG O

This expression diverges linearly, as discussed above. We also notice that for b = 0 the
expression coincides with the value of the Komar charge alone (4.1), as to be expected from
the equivalence in the case of isometries of the Neumann charge discussed below (3.18).
Adding the subtraction term, we arrive at the renormalized charge

b b+2 b 2a* _
H& = HBt - ﬁrnt = WM — E <M2 + 3> O(T 2)7 (44)

where we used )
M M _3

We see that the asymptotic value of the renormalized energy still depends on the choice
of boundary conditions. For b = 2 we recover the usual energy of the Kerr spacetime,
namely M. For mixed boundary conditions the asymptotic energy reduces to 2/3M, and
for Neumann boundary conditions to M /2.

We also remark that for all values of b, the quasi-local charge for the time-diffeomor-
phisms is r-dependent, a result familiar from the Brown-York papers. In this derivation based
on (3.6), the r-dependence is introduced by the contribution of the boundary Lagrangian,
and captures the fact that the full quasi-local charge does not descend from an on-shell
vanishing current as the Komar term alone.
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In this Kerr example we found it natural to evaluate the energy using the (not hypersur-
face-orthogonal) Killing vector d;, but a more general choice for the energy is to take the
hypersurface orthogonal time-like vector Nn, which can always be introduced. For Kerr,
these two choices asymptotically align and require the same subtraction term. The resulting
value of the energy is also very similar: the difference turns out to appear only at order
O(r3). To eliminate all reference to the choice of diffeomorphism, we can also use the
definition (3.26) of generalized BY energy, which correspond to the generator of unit-lapse
hypersurface-orthogonal diffeomorphisms. The resulting expression is slightly more involved
than (4.4),1° and with the help of Mathematica we find

2 2 _ /a2 2
E:_uifAgégfb—2—2mﬁl+r-+ww M) va +Tammmy—il—7(4m
4G\ a? + 12 A A a Va2 112

V2 (rA — M(r? — a?)) arctanh\/ 2Ma?
) a(

alA\/M (rA +2M(2r? + a2 oM + 1) + 13

b=2 T A 2r(r — M) Va2 + r? tanh a
= —— arctanh ————
4G\ a? + r? A a VaZ + 12

V2 (rA — M(r? — a?)) 2Ma? |a? + 1?2
+ arctanh — 4y ——
alA\/M (rA +2M(2r? + a?)) a?(2M +r) +r? A

2
25 () =% g vor

The expression with b = 2 and a = 0 can be recognized as the familiar BY result for
Schwarzschild. Expanding the general expression (4.6) at spatial infinity, we find
b+2 1

_ - 2 2 -2
E—Z§WT6@(%4+M)+OW) (4.7)

The different choice of diffeomorphism is reflected by the different subleading terms, but
the asymptotic value is the same as (4.4), in particular the dependence on the boundary
conditions is the one already discussed.

5 Covariant surface charges with non-orthogonal corners

In this section we look at covariant phase space charge in the case of non-orthogonal corners,
B # 0. We can distinguish two classes of observers, those at rest with respect to the space-
like foliation X, and those at rest along the time-like boundary. We may refer to them as
respectively unbarred and barred observers, as in [19]. At the corner, these are related by the
boost transformation with rapidity 3, see figure 1 and (A.5). Canonical methods, who fail to
take into account the presence of leakage at the time-like boundary, can be used to compute
charges for either class of observes [19]. However this may not be the case for covariant phase

15This can be understood because the choice of a Killing vector sets to zero the I¢® contribution to the
charge, whereas (3.26) sees this contribution as well.
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Figure 2. If the time-like hypersurface at which the boundary conditions are imposed is tilted with
respect to the time-like evolution of the corner of X, symplectic flux can a priori leak through it, as
in the top (and darker) arrow. In that case, the procedure to get integrable charges applies only to
the ‘barred observers’, namely those at rest with respect to a foliation of 7.

space methods. As reviewed earlier, the condition for the integrability of the covariant phase
space charges requires a vanishing symplectic flux through the time-like boundary. Imposing
boundary conditions at a non-orthogonal time-like boundary means that symplectic flux
can a priori leak though the time-like evolution of an unbarred observer at the corner (for
instance through late time null trajectories or time-like trajectories), see figure 2. Therefore,
we will only construct covariant phase space charges for the barred observers.

Apart from this conceptual difference, there is also a technical mathematical question
raised by non-orthogonal corners. The formula (3.6) can be applied straightforwardly, how-
ever which boundary Lagrangian and corner symplectic potential should we use? As shown
by (2.17), the presence of non-orthogonal corners requires additional boundary terms in the
action principle. How should these be taken into account in the prescription for the charges?

To address this question, we compute the charges using (3.6) with the same 3d boundary
Lagrangian and corner symplectic potential as in the orthogonal case, simply ignoring any
possible additional terms. We will then compare the result with the one obtained with
canonical methods. The discrepancy will provide the answer to our question. Notice that
even using the same 3d boundary Lagrangian, a non-vanishing 5 shows up in the normals
that appear in the formula. In particular, we can pull-back at the corner using the barred
basis (u, n) instead of the unbarred basis (n,u). The three ingredients for the charge are then

g" 2 2n,u, Ve es = 27,1, Ve es, &)
_ b - z

iel’ = bKicer = §Kﬁ“§”euupgdw” Adz? 2 DKE - ues, (5.2)

Ic9° g —2n,u, VW eg = —20,11, Ve es. (5.3)

Adding up using the barred expressions, we find

Hb:/ EH+i€b—Iﬁb:/
¢~ [ % 3 3 <

_ b
_ / gn (KW - 2@“,[() 5. (5.4)
S

b

—27,,1, <V[#§V] _ §Kﬁ#£l’ _ V(“§”)> €g
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It is very similar to the orthogonal result, with the same dependence on the extrinsic cur-
vature, but this time taken along « = cosh n — sinh Su: the normal to ¥ in the orthogonal
case is replaced by its projection along the non-orthogonal boundary 7.

To manipulate further this expression, we use the decomposition (3.19) of the diffeomor-
phism, in terms of unbarred lapse and shift to facilitate the comparison with the canonical
result below. The restriction (3.8) to tangential diffeomorphisms implies a relation between

the unbarred shift and lapse:
§-n=0 = NFn,=—-Nsinhp. (5.5)
The other scalar products give
E-u=—-N), &-n=—N, &-u=—NAsinh . (5.6)
It is also convenient to decompose the shift vector as
Nt = N -uu” + NY, N-u=¢-u=—NM\sinh 3, (5.7)

and N[ are the components tangent to the corner. From the first of (5.6) it follows that
the second integrand in (5.4) gives

— 95 cukK = éNM‘(. (5.8)
2 2
For the first integrand, we use
'V, =n"Vyu, + 0,0, (5.9)

which follows from the boost transformations (A.5), to rewrite in terms of (3.19)

PV Ky = EharuV oy = MV, + 0,0)
= N(k — V,ut) — NP K, + B, (5.10)

where we used £ - 7 = 0 in the second equality, and (A.11) as well as £ = 9; in the second
= A(gn)*, see (A.6), we have that

line. From u*
V,ut = MK + AVzB + Asinh BK. (5.11)
Replacing this expression in (5.10), and using
NAV; = V; — NEV, (5.12)
which follows from (5.7), we arrive at
0" Ky = N (k = AK — Asinh B(K — w'u"K,,) ) = N& (! Ky — 0,8) (5.13)

= N(k: K — )\sinhﬁj%) + NE (s + 0,8),
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where

= —u'ull,, = K —u'v"K,, =y" K, (5.14)
7 = =AU, = —y*PuV Ky, (5.15)

are respectively the radial (or normal) and tangential momentum [19]. Adding up with (5.8),
we find

b—2, - .
Hg = —2/5 (N <k: + TAK - )xs,lnhﬁ]._) + N& (g5 + 3uﬁ)) €s. (5.16)

This formula provides the energy-momentum decomposition of the b-generalized Brown-
York quasi-local charge with boundaries at non-orthogonal corners, in terms of (3.19) and
using (5.5). We remark that it depends on the boundary Lagrangian via b, but not on ¢ and
thus not on the corner Lagrangian. For b = 2, it reproduces correctly (4.6) of [19].}7 Notice
that the contribution of the radial momentum becomes mixed with the energy because the
radial shift component N - u is proportional to lapse, as a consequence of (5.5). To keep
track of the momentum components separately from the energy, we can also rewrite (5.16)as

b—2 -
=2 [ (N (b 252AK) + N g + NGyt 08 ) s (517)

6 Surface charges from canonical methods

In this section we review the canonical construction of [2, 18, 19], and show that it extends
to the mixed and Neumann boundary conditions. We consider directly the general case
of non-orthogonal corners. In particular, we will show that (7) the boundary terms recast
the kinetic terms in the form appropriate to the chosen boundary conditions, and (i)
one reproduces the same expressions obtained with covariant phase space methods for
orthogonal corners.

We start from the b-generalized trace-K action (2.14), and replace

Re = LA"™™ 42V, (n* K — aM)e. (6.1)
From Stokes theorem,
P
/ V('K —a')e = / Key —i—/ (sithfK —n-a)er. (6.2)
M 3o T

Therefore, (2.14) can be rewritten as follows,

¥ _ S1
S:/LADM+(2—b)/ Keg—l—/(bK—i—QsinhﬁK—Qﬁ-a)eT—i—c Pes.  (6.3)
o T So

"To see the equivalence, we first observe that the notational translation from our paper to theirs is
(B, \, tanh B, v, K, k) — (—0,1/5, —v,n*, =K., —k), and then recall their definitions N = N/vy,& =
vk = yvge, J6 = 5 — " 0.0
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The first two integrals above give the bulk terms on the space-like slices. The ADM
Lagrangian density is

LA™ = Ng(R+ K}, — K?) = 11", — NH — N“H,, — 20, (IT""N,)), (6.4)
where 1

H = (H2 - H2> R, H,, = —2G,, D,I1"° 6.5

7 Va " Dy (6.5)

are the Hamiltonian and spatial diffeo constraints, and the boundary term is the one giving
rise to the ADM momentum

P(N) := 2/SHWuHN,, €s. (6.6)

The second integral can be rewritten as the spacetime integral of (2 — b)0;(K,/q) =
%(b — 2)9,I1. This combines with the kinetic term of the ADM Lagrangian, giving

"G, bh=2

b—2: R
T Gy 51 = 3 =g L1 b=0 (6.7)

Wi+ L IK b =2/3

The resulting polarization is in agreement with the discussion in section 2. In other words,
different choices of b correspond to different boundary conditions, and the role of the second
integral in (6.3) is to adjust the kinetic term to the chosen coordinate-momentum pair.
As we will see shortly, the Hayward term plays the same role for the boundary kinetic
term.
The last two integrals in (6.3) will reveal the value of the sourface term corresponding
to the energy. To make this explicit, we use first Stokes theorem to rewrite

:ﬂ%—ADAM%w—/ﬁéfmumm, (6.8)

where in the last step we decomposed 7 into its ¢ foliation with space-like leaves S. Then,
using the relation (A.11) between extrinsic curvatures, the last two integrals in (6.3) give

L/KT__/‘Qcthk+wb— 2)K + (¢~ 2)Vaf + cBD" ) er. (6.9)

However, this surface term is not yet the contribution to the energy, because it is not in
Hamiltonian form: both Vi and the Hayward term contain time derivatives, and a Legendre
transform is needed to read the correct Hamiltonian. This procedure was explained in [19]
for ¢ = 2, and in [15] for ¢ = 0.!® To make time derivatives explicit, we use (5.12) and the
second equality in (6.8). Then (6.9) gives

L/T:/m/d2 (=278 + By +vA(N(2k+(b-2AK) +2NED,8)] . (6.10)

8This point was overlooked in the first preprint version of this paper, and led us to the erroneous

conclusion that there was a discrepancy between the covariant and canonical charges for non-orthogonal
corners.
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where we used the relation (A.14) between determinants to replace ey with N,/7. The
first two terms give a polarization of the phase space according to the chosen boundary
conditions:

27 c=0 (6.11)
28\/7 c=2

For ¢ = 2, {7 contains the boundary kinetic term 230;,/7, which is in Dirichlet form

(c=2)vAB +cBy7 = {

pdq. The boundary momentum is then p, = 2f3, and the Legendre transform gives

lr = pyvy = Hr, (6.12)
T=—27 [N (k + I’;QAK) + Ng‘auﬁ} . (6.13)

For ¢ = 0, the boundary kinetic term is instead —2,/70;3, which is of Neumann/York
form —qdp, according to table 2. The momentum is now pg = —2,/7, and the Legendre
transform gives

tr = psf — M, (6.14)

with precisely the same Hamiltonian (6.13) again. This is the correct surface contribution
to the Hamiltonian, and it is independent of ¢, as in the covariant phase space result. The
only effect of the Hayward term is to adjust the boundary kinetic term from Dirichlet to
Neumann/mixed form. The total action is thus

S:/dt U a3 (ﬁﬂ”qWer;Qﬁ—Nﬁ—N“ﬁM) (6.15)
+ [ (e~ 2)vAB+ 87 - VA(EW.B) + P(E.9))]

where

E(N,B) = —2/ (k:+ AK) es, (6.16)

P(N,8) = 2/5 ("™, N, — NE8,B) es = _2/5 (N g + NEGsp+ 0uB) Jes. (6.17)

The charges coincide perfectly with (5.17), for all values of b and 5. The canonical and
covariant results thus match for all boundary conditions considered.

As a final remark, let us say that a discrepancy for non-orthogonal corners could have
been expected, since a corner Lagrangian is needed for the variational principle and it was
not included in the application of (3.6). The reason why it does not happen is that the
corner term can always be considered as part of the space-like boundary instead of the
time-like boundary, as thus it enters the specification of the state, and not of the phase
space [15]. We confirm this, and what we have seen is that by keeping track of the space-like
boundary terms, one can read the form of the boundary kinetic terms associated with the
chosen boundary conditions.
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7 Conclusions

We have applied the procedure outlined in [5, 15, 16], and more precisely the formula given
in [16], to obtain Hamiltonians from conservative boundary conditions from covariant phase
space methods, extending the Dirichlet analysis of [14-16] to the case of mixed and Neumann
boundary conditions. We have provided explicit formulas for the charges, showing how the
charges and in particular the energy depend on the choice of boundary conditions. We
have then compared these formulas with the analogue calculations that can be done using
canonical methods. We found a perfect matching for both orthogonal and non-orthogonal
corners, confirming the dependence of the energy on the boundary conditions, and discussed
the role of the Hayward corner Lagrangian in settling the boundary kinetic term to the
form associated with the boundary conditions chosen.

We would like to highlight three implications of our results. First, they provide
additional support for the prescription of [16], by showing that it reproduces the canonical
results for different boundary Lagrangian, and how to amend it in the extension to non-
orthogonal corners. Second, they bring more attention to the charges associated with
York’s mixed boundary conditions [34], which have been argued to give a better posed
initial-boundary value problem [27, 28]. Third, they will hopefully encourage discussions
about the dependence of the energy on the boundary conditions.

This dependence was anticipated in [14], and we have provided a quantitative analysis
thereof, given by (3.15) or (3.21) and (5.16). The values obtained for the energy with
different boundary conditions are summarized in table 3 below. For shortness of notation,
we restrict to orthogonal corners. The quasi-local value of the energy is given prior to
renormalization, whereas the value given for the Kerr spacetime is the asymptotic energy
at spatial infinity, after renormalization, as in (4.4).

It is important to stress that this dependence is a special feature of the role of boundary
terms in field theory and general relativity in particular: in a finite-dimensional system, the
energy does not depend on the choice of boundary conditions.'® Whether the construction
of gravitational surface charges should be amended to achieve the same independence, so
that for instance one always finds the Newtonian mass M in the case of Kerr, or whether
there is a deeper physical meaning in a notion of canonical energy whose value depends
on the boundary conditions chosen, is something that we believe needs further discussions
in future work. If consolidated, this feature would stress the non-trivial role that the
boundary representation plays in general relativity, something already observed when
changing variables and formulations (see e.g. discussions in [16, 42, 48-52]), and here found

¥ Think for example of the Dirichlet and Neumann Lagrangians for a point particle, LP = i? /2 and
LY = —x3/2 = L + d¢, with £ = —x3/2. To compute the energy in the latter case, one can use the method

of Ostrogradsky (see e.g. [47] for a modern description) and define two momenta
_oL™ d oLY 1.

_ - . oLt _ 1
PU=58 T dt o 20 PrT e T T

The energy is then given by

1
EN = p1& + poi — LN = 5532 = E",

matching the standard expression obtained with L.
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quantity fixed quantity fixed
boundary conditions | on boundary | value of b at corner value of ¢
Dirichlet Qv 2 ~y 2
York (Guv, K) 2/3 B 0
Neumann 1§ 0 I3 0

Table 3. Different values of the energy computed as the generator of time-diffeomorphisms
at conservative boundaries. A feature that inevitably catches the eye is that choosing boundary
conditions with fewer components of the induced metric fixed, and more components of the momentum
fixed, produces a smaller value of the energy for time-like boundaries with positive extrinsic curvature,
as in the Kerr example. One may speculate an interpretation for this by saying that holding the
momenta fixed at the boundary instead of the configuration variables, energy is being stored there
and removed from the system.

when changing boundary conditions. It can only be expected that such a dependence at
the classical level would be even more relevant in the quantum theory.
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A Notations and kinematics

With reference to the notation spelled out in figure 1 and table 1, we have

P n? = —1, Quv = Guv + NNy, u-n =0, u? =1 (A.1)
T : n?=1, Qv = G — Ny, w-n=0, w? =1 (A.2)
S : Vv = Quv — Uplhy = Guu + NpNy — Uply = Guu — NNy + Uyl (A.3)
Boost relations between normals:
n -n = sinh 3, u-n = coshf3, u-n = —cosh f, X := (cosh §)! (A.4)
n\ [ coshpj sinhf3 U w) [ coshf —sinhf n (A5)
w /) \ sinh B coshp n)’ n) \ —sinhpB coshp U ’
ut = Aghn” = A(n* + sinh pnt), ut = Aghn” = A(n* — sinh pn*) (A.6)
Induced derivatives:
Du(‘]upfp) = QZVU(Qfop)a Du((jl/pfp) = QZVJ(Qfop) <A7)

~93 -



Extrinsic curvatures:2°

K= qzvun,,, K=V,n", a* =n"V, nt (A.8)
Ky =@V,  K=V,n*  a'=n"V,n" (A.9)
k= 'yﬁDpu,, = vqu‘poua, ff/u/ = 75]__),0@,, (A.10)
k=g""ku, ="V, u, =V, ut' +n'n"V u, = A(K +sinh K +V3—ii-a) (A.11)
k=g"ku ="'V yu, =V, —ntn"V i, = N(K —sinh BK+V, f+n-a)  (A.12)

Foliations: for the section on the canonical analysis, we take the boundaries ¥ and
T to be part of foliations defined by the level sets of two scalar fields ¢°(z) and ! (z)
respectively. Without loss of generality we can adapt our coordinates such that ¢° =t and
! = r in spherical coordinates, so that the corners defined by the intersections of the two
foliations are spheres parametrized by 6 and ¢. In these adapted coordinates, the presence
of a non-orthogonal corner is directly parametrized by one of the metric components,

1 1 gt'r

n = —Wdt, n = Wdr, Sinhﬂ = —W

This identification can be used to provide a bulk extension of the function 8. We further have
v—9=N\/q, V—q=N\/7, (A.14)
in terms of the ADM variables N = —1//—g¢, and

A _ —N? + qapNN® qapN°
qab = Yab = <Q7”7“ o ) ) ab — < fab b . (A15)
YAB YAB

(A.13)

In this set-up, the orthogonal corner case corresponds to a partial gauge-fixing in which one
component of the shift vector vanishes, N™ = 0. It is also possible to consider a more general
set-up, in which the time-like boundary is not a level set of one of the coordinates. In this
case one can describe both orthogonal and non-orthogonal cases without gauge fixing.

A.1 Volume forms and pull-backs

We denote the volume 4-form by

1
ST dz? A dx” A dxP A dx?, €0123 = /=g (A.16)

The induced volume 3-form on ¥ with normal n, such that n? =s:=4+1,is
ex = d¥ = ine = snt'dX,, € = sn A ex, In€x (A.17)
where d¥,, := sn,d% = \/—sq d®y is the oriented volume element in the conventions of [22].

Accordingly, the pull-back of a 3-form on ¥ reads

1
2 ggwpewmnadg - _%ewggﬂdz = Si0pe A, =: 0", (A.18)

20For the reader familiar with the Brown-York papers, it is useful to recall that they use opposite signs in

0

the definition of the extrinsic curvatures.
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The induced volume 2-form on 9% with normal u, such that u-n = 0 and u? = —s, is
es = dS := —si,d¥ = —nfu’dS ., €x = U A €g, €=snAuAeg, (A.19)

where dS,, = 2n,uy,dS is the oriented surface element with both outgoing normals.
Accordingly, the pull-back of a 2-form « on 9% is

aZ —gawe“”pgnﬂugdS = —%(*a)’“’dSW. (A.20)

To give some explicit intuition about these conventions, for X and 7 defined in
Minkowski space respectively by ¢t = const. and r = const., we would have

ex =dr ANdf Ado, e = —dt ANdf A do,
with pull-backs on their boundaries
19, €x = d0 AN do = eg, i+, = —dt ANdO Ndp = FdO N dp = Feg.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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