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 Introduction 3.3.1

Invention of the crab waist collision scheme promises increase of luminosity by 
several orders of magnitude for specially designed collider with respect to conventional. 
Successful test of the scheme at existent Italian lepton collider DAΦNE increased 
luminosity three times from 1.5×1032 cm-2s-1 to 4.5×1032 cm-2s-1 and proved the 
principle of crab waist. The moderate luminosity gain is due to limited possibility to 
implement all the necessary modifications. Hence, the projects of the new circular 
colliders exploit the crab waist interaction scheme. This review describes designs of 
interaction regions for already existent collider DAΦNE and SuperKEKB, for new 
projects of SuperB in Italy, CTau in Novosibirsk and FCC-ee in CERN. Designers of 
the new projects (FCC-ee, CEPC in China) continuously improve them; therefore, we 
describe only known to us present situation. 

 Crab waist collision scheme 3.3.2

P. Raimondi proposed crab waist collision scheme in 2006 [1].  Three founding 
steps are at the heart of crab waist collision scheme [2]. In order to understand these 
steps, we need expressions for luminosity L , horizontal xx  and vertical yx  tune 

shifts [3, 4]: 
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where N is bunch population, *
yβ is vertical beta function at the interaction point (IP), 

*
xσ , *

yσ and zσ are horizontal, vertical and longitudinal beam sizes respectfully, using θ  
as a full crossing angle, Piwinski [5] angle is 
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The first step is large Piwinski angle, which requires long bunches, small 
horizontal emittance, and a large crossing angle. This step reduces vertical tune shift 
and the size of interaction area (yellow on Figure 1). Therefore, one desiring to keep 
vertical tune shift unchanged increases bunch population and gains in luminosity. The 



 
 

 

51 

second step is reduction of the vertical beta function to half-length of the interaction 
region but not the bunch length. This again makes vertical tune shift smaller and 
luminosity larger. The third is introduction of the crab sextupoles at the proper phase 
advances from IP: ,mx ⋅=∆ πm  ( )122/ +⋅=∆ ny πm . The sextupoles rotate position of 

the vertical beta function waist along the axis of the opposite beam (Figure 2), and 
suppress betatron and synchrobetatron resonances [6, 7, 8, 9]. 

 

Figure 1: Layout of the crossing angle collision. 

 

Figure 2: Crab waist collision scheme. 

The integrated strength of the crab sextupoles at the place with vertical yβ  and 

horizontal xβ  beta functions is 
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The crab sextupoles cancel each other’s second order geometrical aberrations 
because of proper phase advances and appropriate sign of the field gradient promising 
no dynamic aperture degradation. 

The requirements of the crab waist are 

1. crossing angle, 

2. bunch length, horizontal size and crossing angle should provide large Piwinski 
angle, 

3. vertical beta function comparable with the size of the interaction area, 

4. sextupoles with proper strength and phase advance from IP. 

The actual exploitation of the crab waist scheme in accelerator could produce some 
difficulties: 

1. small vertical beta function and desire to minimize beta functions in final 
quadrupoles, despite the crossing angle, might require double aperture 
quadrupoles with high gradient; 

2. strong final quadrupoles with large beta function are the source of large 
chromaticity, and need local chromaticity correction sections; 

3. chromaticity correction sections and final focus quadrupoles will produce large 
nonlinear chromaticity limiting energy acceptance of the ring; 

4. small horizontal emittance increases chromaticity of the whole ring, and raises 
the strength of the sextupoles correcting it, and as a result abates dynamic 
aperture; 

5. crab sextupoles require special phase advances from IP and beta functions to 
reduce the strength of sextupoles, which could be difficult or impossible in the 
upgrade of already operating collider; 

6. interference between crab sextupoles and, if present, chromaticity correction 
sections might limit dynamic aperture. 
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 Nonlinear detuning 3.3.3

For comparison of different interaction regions, we will introduce chromaticity 
produced by final defocusing quadrupoles (from both sides of IP, and final quadrupole 
could consist of several quadrupoles) 

 ∑ ⋅=′
i

yiiy LK ,1
2
1 βm , (4) 

where iLK1 is integrated strength of i-th quadrupole, yi ,β is vertical beta function in the 

centre of the i-th quadrupole. 

Detuning coefficient of the vertical plane (αyy) with respect to action Jy 

 xxxyyyy JJ ααν +=∆  (5) 

is the simplest characteristic describing nonlinear properties of the lattice [10, 11]. It is 
not the accurate attribute: even if detuning (5) is small higher orders might reduce 
dynamic aperture. We will consider third order nonlinearities; therefore, the first order 
detuning allows comparison of different lattices. Since nonlinear effects are much 
stronger in vertical plane, we will omit estimations of the horizontal detuning. 
Assuming that FF quadrupole changes sign of Twiss functions αy we derive the 
quadrupole integrated strength K1L [m-1] 
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where Lq is quadrupole length, L* is the distance from IP to the face of the quadrupole. 

Now we estimate chromaticity as 
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From the Hamiltonian of the kinematic term 
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we decipher detuning coefficient for the drift between the FF quadrupoles  
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Hamiltonian of the fringe field of FF quadrupole is 
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and we obtain 
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The -I pair of sextupoles [11, 12] gives 
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where K2 is sextupole strength [m-3], Ls is sextupole length, βs,y is vertical beta 
functions at the sextupole position. 

 Present colliders: DAΦNE and Super KEKB 3.3.4

 DAΦNE  3.3.4.1

DAΦNE is an electron-positron collider with central mass energy of 1.02 GeV (Φ 
resonance) delivering luminosity since 2000 [2]. The staff upgraded the machine to 
implement crab waist scheme in 2007. The changes included two times larger crossing 
angle, 26% smaller horizontal emittance, almost two times smaller vertical and 
horizontal beta functions, 50% smaller bunch length. Reduction of the bunch length was 
not intentional and happened because of continuous work on impedance reduction. 
Constraints of already working machine did not allow achieving extreme parameters; 
nevertheless, they doubled Piwinski angle from 0.8mrad to 1.7mrad (Table1) and 
increased luminosity three times [2]. 
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Table 1: Parameters of DAΦNE and SuperKEKB 

 DAΦNE SuperKEKB 

 SIDDHARTA LER HER 

Energy, GeV 0.51 4 7.007 

Circumference, m 97.69 3016.315 

εx/εy, nm/pm 250/750 3.2/8.64 4.6/12.9 

β*
x/β*

y, mm 250/9.3 32/0.27 25/0.3 

Crossing angle, mrad 50 83 

σz, mm 17 6 5 

Piwinski’s angle ϕ 1.7 25 19 

Beam current e-/e+, A 2.45/1.4 3.6 2.6 

Beam beam tune shift xy 0.03 0.088 0.08 

m′y -61 -5400 -5400 

k
yyα  694 1.8×106 1.8×106 

f
yyα  218 9.8×106 9.8×106 

s
yyα   -7×105 -7×105 

Luminosity, cm-2s-1 Achieved 

4.5×1032  

Design 

8×1035  

 

Moderate IP beta functions and small beta functions in final quadrupoles do not 
require separate chromaticity correction sections, and sextupoles of the ring correct the 
whole chromaticity. Figure 3 shows optical functions of DAΦNE interaction region. 
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Figure 3: Optical functions of DAΦNE interaction region with crab waist sextupoles. 

 SuperKEKB 3.3.4.2

SuperKEKB [13, 14, 15] is an upgrade of KEKB B-factory [13] in the state of beam 
commissioning [16] with the goal to increase luminosity 40 times to 0.8×1036 cm-2s-1 
(Table 1). The upgrade followed the steps of crab collision scheme and, because of very 
small beam sizes at IP, received the name of nano-beam. Figures 5 and 6 show optical 
functions of the interaction region for low (LER) and high (HER) energy rings. 
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Figure 5: Optical functions of SuperKEKB LER interaction region with crab waist. 
sextupoles. 

 

Figure 6: Optical functions of SuperKEKB interaction region (a) LER, (b) HER. 

The crab sextupoles are installed before horizontal and vertical chromaticity 
sections, rather far from IP at πm 25.12 ×=x  and πm 225.13 ×=y . The interplay of crab 

sextupole, nonlinear fringe of final quadrupoles, and kinematic term in the IP drift 
reduces dynamic aperture drastically [17, 18] (Figure 7). The staff did not find a 
solution to regain dynamic aperture; therefore, they planned to work without crab 
sextupoles. 
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Figure 7: Dynamic aperture for LER SuperKEKB with different crab sextupole 
strength. 

 Future projects based on crab waist 3.3.5

 SuperB 3.3.5.1

SuperB [19, 20] is an Italian project of asymmetric b factory employing crab waist 
collision scheme to achieve luminosity of 1×1036 cm-2s-1. The optics of the interaction 
region includes separate vertical and horizontal chromaticity correction sections 
followed by crab sextupole (Figure 8). Again, dynamic aperture shrinks under influence 
of crab sextupoles (Figure 9), but it is satisfactory. 

Table 2: Parameters of SuperB 

 SuperB 

 LER HER 

Energy, GeV 4.18 6.7 

Circumference, m 1258.4 

εx/εy, nm/pm 2.46/6.15 2/5 

β*
x/β*

y, mm 32/0.205 26/0.253 

Crossing angle, mrad 66 

σz, mm 5 5 
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Piwinski’s angle ϕ 19 23 

Beam current, A 2.4 1.9 

Beam beam tune shift xy 0.097 0.097 

m′y -1068 -1056 

k
yyα  1×106 1×106 

f
yyα  2.8×105 2.8×105 

s
yyα  -5.4×106 -5.4×106 

Luminosity, cm-2s-1 1×1036  

 

 

Figure 8: Optical functions of SuperB HER interaction region with crab waist 
sextupoles. 
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Figure 9: On momentum dynamic aperture of SuperB LER and HER: black line — 
crab sextupoles are off, red and blue — crab sextupoles strength of 50% and 100% of 
nominal respectfully. 

 CTau 3.3.5.2

Super Charm–Tau Factory is a project of electron-positron collider in the Budker 
Institute of Nuclear Physics (Novosibirsk, Russia) [21]. Designed center mass energy 
range of operation is from 2 to 5 GeV with luminosity reaching 1×1035 cm-2s-1(Table 3). 
It also relies on the crab waist collision scheme. China proposed similar project 
HIEPA [22]. 

Table 3: Parameters of CTau in Novosibirsk 

 CTau 

Energy, GeV 1 1.5 2.0 2.5 

Circumference, m 813.4 

εx/εy, nm/pm 8/40 

β*
x/β*

y, mm 40/0.8 

Crossing angle, mrad 60 

σz, mm 16.5 11 10 10 

Piwinski’s angle ϕ 27 19 17 17 

Beam current, A 1.65 

Beam beam tune shift xy 0.15 0.15 0.12 0.1 

m′y -697 

k
yyα  1.3×105 

f
yyα  7.7×105 

s
yyα  -7.2×105 

Luminosity, cm-2s-1 0.61×1035 0.91×1035 1×1035 1×1035 
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Interaction region optics, similar to SuperB, consists of separate chromaticity 
correction sections (sextupoles Y1 and Y3, X1 and X3) and crab sextupole (Figure 10). 
The optics also includes additional sextupoles Y2 and Y4, X2 and X4 to correct 
reduction of dynamic aperture due to finite length of main sextupoles [12], and 
sextupoles X5, X6, X7 help to correct nonlinear chromaticity [23,24]. 

Figure 10: Optical functions of CTau interaction region. 

 FCC-ee 3.3.5.3

Future circular collider is a project in CERN of the next accelerator after LHC [25, 
26]. The ultimate goal is 100 km proton-proton machine with 100TeV central mass 
energy. The first possible step is e+e- machine — FCC-ee with central mass energy 
range from 80 GeV to 350 GeV and two IPs (Table 4). 
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Table 4: Parameters of FCC-ee 

 FCC-ee 

Experiment Z W H tt 

Energy, GeV 45 80 120 175 

Circumference, m 100×103 

εx/εy, nm/pm 0.14/1 0.44/2 1/2 2.1/4.3 

β*
x/β*

y, mm 500/1 

Crossing angle, mrad 30 

σz, mm 5.9 9.1 8.2 6.6 

Piwinski’s angle ϕ 11 9 6 3 

Beam current, A 1.4 1.4 0.3 0.06 

Beam beam tune shift xy per IP 0.175 0.187 0.16 0.08 

m′y -2805 

k
yyα  4.5×105 

f
yyα  1.9×105 

s
yyα  -1.2×107 

Luminosity, cm-2s-1 per IP 211×1034 36×1034 9×1034 1.3×1034 

 

Minimization of synchrotron radiation background towards the detector and the 
length of IR tunnel are important requirements; therefore, IR is asymmetric, i.e. with 
lower bending for the incoming beam and stronger bending for outgoing beam. Two 
teams developed different IR optics [27, 28]. 

The first variant (Figure 11) does not have horizontal chromaticity section because 
of geometrical constraints. The second sextupole of –I pair performs two functions: it 
cancels geometric aberrations of the first sextupole and, because dispersion is zero, it 
plays a role of crab sextupole. Individual –I pairs of arc sextupoles correct nonlinear 
chromaticity and dynamic aperture (Figure 12).  
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The second variant (Figure13) employs separate horizontal chromaticity 
corrections section and additional sextupoles as in CTau project. The arc sextupoles 
constitute two families. Dynamic aperture is comparable with the variant one (Figure14). 

 

 

Figure 11: Optical functions of FCC-ee interaction region variant 1. 

CRAB 

-I -I 
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Figure 12: Dynamic aperture for FCC-ee interaction region variant 1. 

 

Figure 13: Optical functions of FCC-ee interaction region variant 2. 
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Figure 14: Dynamic aperture for FCC-ee interaction region variant 2 (50 turns, without 
damping, crab sextupole is off, RF is on). 

 CEPC 3.3.5.4

CEPC is Circular Electron Positron Collider in China [29, 30] with central mass energy 
range from 80 GeV to 240 GeV. The base line design is a single beam pipe collider with 
pretzel orbit scheme. In the base line design, it is not a high luminosity Z factory; 
therefore, the staff proposed partial double ring design [29] with crab waist collision 
scheme. The interaction region layout in the new proposal is similar to the second 
variant of FCC-ee. 

 Discussion 3.3.6

DAΦNE is the only collider among the reviewed projects, which does not report 
significant dynamic aperture loss from the crab sextupole. Observing detuning 
coefficients, we notice that SuperKEKB has the highest coefficients for kinematic term 
and for quadrupole fringe. The source of dynamic aperture reduction is then interference 
of crab sextupole with nonlinearities of kinematic terms and quadrupole fringes. To 
understand the nature of the dynamic aperture loss, we calculated the transfer map for a 
simple symmetrical case of thin crab sextupoles with strength ±K2L [m-2], thin final 
quadrupoles with fringes K1L [m-1] and K1 [m-1], two drifts of the length L* (from 
quadrupole to IP) with kinematic terms (Figure 15). 
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Figure 15: Layout of the simple interaction region.  

Coordinates after the second crab sextupole depend on initial x0, y0 as 

 

( )

( )[ ]
xxyy

yyxx

x

x

yyx

x

yy

LLKKLLKKL
yx

LLKKxLLKKLyxx

βββθβ

ββββ

β
β

βθββ
β

βθβ

*22*

***3**
2
0

2
0

*

*

2*
4
0*22*

3**
4
00

2

1161121

11
2

1121

⋅⋅⋅+⋅⋅⋅+

−
⋅⋅

−
⋅⋅⋅+

+=

, (13) 

 
xyy

x

x

x
x

LLKKyxLKKxp
βββ

β
β
β

*

*2*
2
002

2*
3
0

11211
3
2 ⋅⋅⋅

−⋅−= , (14) 

 
¸
¸
¸

¹

·

¨
¨
¨

©

§

¸̧
¹

·
¨̈
©

§
+

⋅⋅
−−=

2
3

**

*

2*

0
3
00

112

x

x

x

x

yy

LLKKyxyy
β
β

β
β

ββθ
, (15) 

 ( )
xyy

x

yy
y

LLKKyxLLKKLyp
βββ

β
ββ *

*2*

0
2
022*

3**
3
0

112
3

1123 ⋅⋅⋅
+

⋅⋅⋅+
= , (16) 

where we preserved the same notation for beta functions, and we chose px0=0, py0=0 
for simplicity, and substituted crab sextupole strength (3). Introducing map notation 
Vijklm for vector z={x,px,y,py} (zi=Vijklmzjzkzlzm), we compare the largest coefficients for 
different projects (Table 5). Again, we notice that SuperKEKB has the largest 
coefficient from the interference of crab sextupole and quadrupole fringe. 

 

 

 

 

 



 
 

 

67 

Table 5: Comparison of the map coefficients for different projects 

 V11133 V13333 

DAΦNE LKK 11713268 ⋅⋅−−  LKK 11553268 ⋅⋅+  

SuperKEKB LKK 115150131481 ⋅⋅−−  LKK 115146531481 ⋅⋅+  

SuperB LKK 11209131849 ⋅⋅−−  LKK 11208731849 ⋅⋅+  

CTau LKK 112789464492 ⋅⋅−−  LKK 112786064492 ⋅⋅+  

FCC LKK 117063438 ⋅⋅−−  LKK 117011438 ⋅⋅+  

 

Careful inspection of expressions (13, 14, 15, 16) shows that increasing vertical 
beta function βy in crab sextupole decreases majority of the terms, thus providing a way 
to enhance dynamic aperture. Introduction of an octupole in the final quadrupole will 
provide the same monomials in the map; therefore, it is another way to optimize 
dynamic aperture. 
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 Introduction 3.4.1

After the discovery of Higgs-like boson at CERN[1,2,3], many proposals have 
been raised to build a Higgs factory to explicitly study the properties of the particle. 
One of the most attractive proposals is the Circular Electron and Positron Collider 
(CEPC) project in China[4,5]. 

CEPC is a ring with a circumference of 50-70 km, which will be used as electron 
and positron collider at phase-I and will be upgraded to a Super proton-proton Collider 
(SppC) at phase-II. The designed beam energy for CEPC is 120 GeV, the main 
constraints in the design is the synchrotron radiation power, which should be limited to 
50 MW, the target luminosity is on the order of ~1034 cm-2s-1. 

As beam energy is high, CEPC favors a lattice with more arcs which will enable 
RF cavities to compensate the energy loss in the straight section, thus can reduce energy 
variation from synchrotron radiation. SppC needs long straight sections for collimators 
etc. To compromise between CEPC and SppC, the ring is decided to have 8 arcs and 8 


