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Abstract

In this work, we undertake a comprehensive study of the functional measure of gravita-
tional path integrals within a general framework involving non-trivial configuration spaces.
As in Riemannian geometry, the integration over non-trival configuration spaces requires
a metric. We examine the interplay between the functional measure and the dynamics
of spacetime for general configuration-space metrics. The functional measure gives an
exact contribution to the effective action at the one-loop level. We discuss the implications
and phenomenological consequences of this correction, shedding light on the role of the
functional measure in quantum gravity theories. In particular, we describe a mechanism
in which the graviton acquires a mass from the functional measure without violating the
diffeomorphism symmetry nor including Stiickelberg fields. Since gauge invariance is not
violated, the number of degrees of freedom goes as in general relativity. For the same reason,
Boulware-Deser ghosts and the vDVZ discontinuity do not show up. The graviton thus
becomes massive at the quantum level while avoiding the usual issues of massive gravity.

Keywords: functional measure; massive graviton; configuration-space geometry

1. Introduction

General relativity and the standard model have both been extremely successful in
describing fundamental phenomena. Nonetheless, many problems in the interface of
gravity and high-energy physics, such as the dark sector and singularities, cannot be
explained by either of these theories. This has led to a plethora of attempts to modify
these models.

One interesting modification of general relativity regards massive gravity. Attempts
to give the graviton a mass date back to the 30s [1], but it was only recently that consis-
tent theories of massive gravity have been found [2-6] (see also Ref. [7] for an in-depth
review). A massive graviton indeed introduces many issues, such as the violation of dif-
feomorphism (gauge) invariance, the van Dam—Veltman—Zakharov (vDVZ) discontinuity,
and the presence of Boulware-Deser ghosts [8]. Gauge invariance can be reinstated via
Sttickelberg fields, which is legitimate but does require new degrees of freedom. The
vDVZ discontinuity [9,10], namely the disagreement with general relativity in the mass-
less limit, is usually conjectured to be solved at the non-linear regime by the Vainshtein
screening mechanism [11,12]. Only a few models have successfully implemented the
Vainshtein mechanism [12-16], which can also bring along the possibility of superluminal
velocities [3,15,17-20].

In this paper, we propose a novel procedure to give the graviton a mass without
introducing any of the aforementioned issues and without modifying classical general
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relativity. Our finding is based on a non-trivial path-integral measure, which is required
for obtaining gauge-invariant correlation functions. The functional measure introduces
non-linear loop corrections, which act as a gravitational potential and result in a (quantum)
mass for the graviton in the linear regime. The most important point is the preservation of
the diffeomorphism invariance, which is responsible for keeping the theory free of ghosts
and of the vDVZ discontinuity. The so obtained mass is, however, pure imaginary, thus
precluding the existence of gravitons as asymptotic states.

This paper is organized as follows. In Section 2, we review some aspects of the
functional measure in quantum field theory. The one-loop correction induced by the
functional measure is then studied in Section 4, where the graviton mass is calculated.
Comparison with experimental data yields stringent bounds on the model. In Section 5, we
obtain Newton’s potential and discuss its consequences. Finally, we draw our conclusions
in Section 6.

We shall here adopt DeWitt’s notation, commonly used in the functional approach of
quantum field theory. In this notation, we use:

(i) capital Latin letters (e.g. I,],K,...) to denote general discrete indices, including
spacetime and/or internal indices. For example, a non-Abelian gauge vector would
read A}, = Alfor I = {a,u};

(if) lowercase mid-alphabet Latin indices (such as i, j, k, . ..) for both discrete and contin-
uum indices (spacetime points), e.g. i = (I, x). For example, a non-Abelian gauge
field would read Aj, = Alfori= ({a,u},x);

(iii) repeated lowercase indices account for sums and integrations:
AlB; = / dir /=g Y Al (x)By(x), (1)
: i

for arbitrary tensor fields A’ and B'.

2. Functional Measure in Quantum Field Theory

Functional methods play a major role in quantum field theory. At the perturbative
level, they are equivalent to canonical quantization, but otherwise they offer a breadth of
techniques well suited for non-perturbative calculations in gauge theories and quantum
gravity. Indeed, one could arguably define a quantum field theory by the path integral,
from which everything else would follow.

However, functional integrals still suffer from formal constructions and manipulations.
This is mainly due to the divergences that ought to be renormalized (which result in
an additional prescription) and to the elusive functional integration measure. At the
level of the rigour of physics, these are generally overlooked because regularization and
renormalization are seen as an essential part of the understanding of the quantum realm.
While, most of the time, this is a good practical way to make physical predictions, it may
miss important physics, hinged on a proper definition of the path integral.

The issue of divergences can be partially sorted out by adopting Wilson's effective
field theory. In this case, the path integral is defined by a finite quantum theory with a
physical cutoff A [21-23] (see also [24,25] for introductory reviews):

ZalJ] = /Q(A) dp[g)e! (Lo IHie"). @)

The action
S[q)l} = Sclassical + SGF + Sghost (3)
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includes the classical gction Sclassical, auge-fixing terms Sgr and the ghost action Sgpst-
We use the notation ¢' = ¢!(x) for arbitrary fields, namely

¢' = (9(x), Au(x), g (x), Eu(x), ¢ (x), .., (€

which includes ghosts fields ¢, c¥. Integration over g, is defined operationally via the
background field method, where one writes ¢,y — gy + hyy in terms of a background g,
and the quantum field hy,. As usual, hy, is a gauge field', whose gauge transformation is
dehyy = V(,,8,), and its corresponding ghosts are assumed to be included in Equation (4).
Mimicking the mathematical theory of integration on manifolds, one could regard the
integration as taking place in some portion Q(A) C M of the infinite-dimensional manifold
of fields, hereby denoted M and called configuration space. The subset Q}(A) corresponds
to the integration domain of interest, only including field configurations with energies
below A that satisfy some required boundary conditions and represent the elements of the
equivalence class under gauge transformations. We stress that, in the Wilsonian effective
field theory, the cutoff A corresponds to a physical scale (e.g. atomic spacing, string scale,
etc.), which makes the theory manifestly finite. This precludes the need for the cancelation
of divergences. Because A corresponds to some physical scale, it is not supposed to
be sent to infinity. The continuum limit A — oo indeed only exists when the theory is
renormalizable, for which there must be a fixed point of the renormalization group flow.
Renormalization in the Wilsonian sense is just a statement about the separation of scales,
for which physics at energies E < A does not depend on A. Wilson’s renormalization

group, namely

dZ[]]
dA

then tells us how the theory gets modified as one changes the cutoff so that low-energy

A

physical observables remain A-independent.
In generalized field coordinates covering (2, one should expect the measure to take

the form [26-29]:
du[¢] = D¢’y /Det Gij, (6)

where D¢’ = [];d¢' and Det G;j denotes the functional determinant of some metric G;;
of the configuration space”. The factor D¢’ includes the measures of all fields, including
Faddeev-Popov ghosts. In uncondensed notation:

D' =T J] do(x)dAu(x)dgps deudet ... @)

X p,p<o

Very much like in Riemannian geometry, the factor , /Det G;; is required to guarantee the
invariance under change of coordinates in (). Note that, from this geometrical construction,
such changes of coordinates are field redefinitions commonly used in quantum field theory.
Since physics should not depend on the way we parameterize the fields, the measure (6) is
required even for a flat configuration space. Furthermore, being that gauge transformations
are a special kind of field redefinition, the presence of , /Det G;;, along with a connection in
configuration-space [30], is of utmost importance to make the quantum theory consistent.
On the other hand, we stress that, because the configuration space is just an abstract space
with no direct physical meaning, structures defined upon it, such as the configuration-
space metric G;;, bear no physical interpretation. However, such geometrical structures are
required to make sense of the path integral, ultimately affecting physical observables.

The functional measure forces upon us the introduction of the metric G;;. There is no
general physical prescription for choosing such a metric, hence one must view G;; as part
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of the definition of the theory. The quantum theory is fully determined by the ordered pair
(£, Gjj), formed by the classical Lagrangian and the configuration-space metric. We thus
see that different choices of G;; for the same classical Lagrangian lead to different quantum
theories. A typical widespread procedure is to identify G;; from the bilinear form appearing
in the classical Lagrangian [30-34]. This choice singles out a unique quantum theory but,
while legitimate, it lacks physical motivation.

One should not fear such indeterminacy of the configuration-space metric. The classical
Lagrangian shares the same freedom. In general, only two guiding principles are used
for determining £: (i) locality and (ii) symmetry. In the Wilsonian spirit, these allow
the Lagrangian to be written as an infinite expansion of operators invariant under the
underlying symmetry. We shall adopt the very same principles for G;;. Locality, or more
precisely ultralocality, requires:

Gij = G 0¥ (x,x'), (8)

where G = Gyj(¢) is the metric on the subspace N’ C M of homogeneous field config-
urations. Here the condensed indices are i = (I, x), j = (J,x’). The Dirac delta enforces
the same metric Gy across all spacetime points. Symmetry, on the other hand, is used to
write Gy as an expansion in inverse powers of cutoff A (see Appendix A). Note that, by
construction, G;; depends only on physical fields and not on ghost fields.

The additional term from the functional measure in Equation (6) can be written as a
correction to the classical action by using log Det = Trlog, thus:

Det G,] = eTr log Gif

_ efd‘lx\/—g trlog G;;

x=x/ s (9)

where the functional trace is defined by:

TrAp(x,x') = /d4x\/jgtrA1](x,x) (10)

and tr denotes the ordinary trace over the discrete indices I, J. Because discrete (e.g. I, ])
and continuous (e.g. x, x’) indices are independent, Gyj(¢) & ) (x, x') is the component of a
tensor product in configuration space. The Dirac delta is the coordinate representation of the
identity I in the position basis. Therefore, the configuration-space metric can be written as
G ® I, where G = Gj;d¢! ® dg/. For arbitrary matrices A and B, the well-known identity

log(A ® B) =log(A) ®Ip + 14 ®log(B) (11)

gives:
log(G®1I) =1og(G) ® L (12)

In coordinates, we thus obtain:
log[GU 5(4)(x,x’)} = log(Grj) 0¥ (x, ). (13)
Using Equation (13) in Equation (9) leads to:
Det G;; = ¢V (0) [ d'xy/=g trlog Gy (14)

with the abbreviated notation 6(*) (0) = 6(*) (x, x).



Universe 2025, 11,219

50f18

One should note that Equation (14) is divergence-free due to the presence of the
Wilsonian cutoff A. However, it requires the use of some representation of the Dirac delta
to make sense of () (0). We shall adopt the Gaussian representation:

At 2w
5@ (x) = (271)26 7, (15)
for which 6®)(0) = A—42 Using (14), (15), and the ordinary identity trlog = log det , we
2n) & y y & g
find [35]:

/Dq) Seitlp'+]i") (16)

with the Wilsonian effective action

A4

Seff = /d4x\/ ( TeTap log det GU) (17)

for some bare Lagrangian £ (which includes gauge-fixing and ghost terms). Equation (17)
is the most general expression regardless of the fields present in the theory. As we shall
see below, for most typical choices of Gj\] involving the spacetime metric g, one is able to
reproduce a mass-like term in the effective action.

Obtaining a more manageable action requires specifying the fields and symmetries
present in the Lagrangian so that one can determine det Gf\]. As a first approximation, we
shall restrict ourselves to the lowest order in A1, which for all kinds of fields in curved
spacetime leads to (see Appendix A and Ref. [36]):

det Gy = A(—detg,)”, (18)

where A, B are dimensionless constants that take different values for different fields
present in the configuration-space metric Gf\]. Hence, from Equation (18), the most general
configuration-space metric for arbitrary fields yields [36-38]:

4

Seff = /d4x\/7< A) log(— detg,y) _iZé\n)Z logA>. (19)

After variation, the second term in Equation (19) produces a cosmological-constant like
term (see Equation (45) below), which can absorb the last term in (19) by a redefinition
of B. Therefore, in the rest of the paper, we shall simply set A = 1 without any loss of
generality. We see that B plays the role of a coupling constant. As we shall see later, the
renormalization group (5) will induce a A-dependence B = B(A) so as to keep the graviton
mass A-independent. We also note that, unlike the continuum formalism (A — o), where
power divergences are cancelled and only logarithmic ones correspond to physical effects,
powers of A are not cancelled out in the Wilsonian renormalization group. Indeed, they
play a crucial role in the correct understanding of the running of coupling constants with A.
One can see that the corrections from the functional measure in Equation (19) are imag-
inary. We stress that this is not a problem. Indeed, imaginary terms in the effective action
only signal vacuum instabilities. These instabilities can be understood via Schwinger’s pair
production mechanism, in which the vacuum decays into a particle-antiparticle pair with

probability [39-43]:
P =1— ¢ 2m(Se8sall) (20)

with g¢,1 some solution to the equations of motions. The details of the by-products of such
decay depends on the fields present in the fundamental Lagrangian £. For example, if
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there are no fields other than the metric, the vacuum decays into a couple of gravitons since
the graviton is its own antiparticle.

In spite of the form of the correction, we stress that Equation (19) does not violate
diffeomorphism invariance. The apparent violation results from the fact that | /Det G;;
transforms as a (functional) scalar density, thus so does the last term in Equation (19).
However, the D¢’ also transforms as a scalar density in such a way that the full measure
D¢’ /Det G;j is invariant. Therefore, variations of the apparent symmetry-breaking term
under spacetime diffeomorphisms are canceled by the functional Jacobian that shows
up from D¢, keeping the quantum theory and all observables invariant’. Because the
functional measure and the classical action are invariant under diffeomorphisms, the
background-field effective action I'[¢] naturally reflects such symmetry. In fact, at the
one-loop level it reads

T[¢'] = S[¢'] — %logDet Gij + %log Det H,; (21)
g .
= S[¢'] + 5 log Det H';, (22)

where the configuration-space metric G;; enters the usual correction log Det H;;, trans-
forming the bilinear map H;; = S ;;, whose determinant is basis-dependent, into a linear
operator H' i whose determinant is invariant [28,45]. Therefore, diffeomorphism invariance
is respected, but not manifested in the action (19) before computing the path integral. It is
only after the path integral is calculated and the standard one-loop correction log Det
included that the result becomes manifested invariantly. As we stressed before, this should
not be surprising, since one must take the path integral Jacobian into account and not
just transform the action (with the measure correction) alone. The Jacobian cancels out
the apparent non-covariant term from the correction in (2.10), leaving the whole theory
gauge invariant as it should. As shown in Equation (22), a manifested gauge invariance
result is possible, but comes at the cost of specifying the classical Lagrangian £ j,ssical
so that the path integral can be performed. We shall see an example of this in Section 3
(see Equation (31)). It is precisely this fact that allows for a mass for the graviton while
respecting gauge invariance, be it manifested or not.

We should also comment about other existing approaches in the literature. In
Refs. [46,47], the authors take the measure as fixed, not considering Jacobians in the path
integral. They assess the diferences in diferent choices of field parameterizations, in which
case would generally result in different quantum theories. We instead follow the more
general approach by DeWitt [27] (see also [45,48]), where the measure is not kept fixed,
instead it transforms as any integration measure would under a change of variables. Hence,

in our case, the factor , /Det G;; is required to account for such changes as one normally

encounters in the theory of integration on manifolds. The Jacobian from D¢’ gets canceled
out by the transformation of | /Det G;;.

Finally, the above findings were obtained in the Lorentzian path integral. The imag-
inary factor in Equation (17) (hence in Equation (19)) shows up when the i = y/—1 in
the argument of the exponential in the Lorentzian path integral is pulled out to write the
measure as a correction to the classical action. Defining the functional measure in the
Euclidean formalism

ZelJ] = [ dulgle™ (Sile'} o) 23)
yields a real one-loop correction:

BA*
Sk = /d4x\/jg<£ ~20n log(— detg;“,)>. (24)
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One thus faces the problem of whether the path-integral measure should be defined in the
Euclidean space (and rotated back to real time) or straight in the Lorentzian space. The
former is required for a better mathematical construction of the path integral, albeit still
largely formal. On the other hand, as far as our current experiments are concerned, nature
is fundamentally Lorentzian. For this reason, we shall perform our calculations by defining
the measure on the latter. Naturally, predictions shall be different in different schemes. At
this level of formality, only time will tell which one, if any, is correct.

3. Pure Gravity as an Example: The DeWitt Metric

As a concrete example, let us consider the Einstein—Hilbert action:

MZ
S— /d4x\/—ngR, (25)

where M), is the reduced Planck mass and R the Ricci scalar. In this case, the Hessian of the
classical action Sj,ssical reads:

Hyvpa = KyvaD + u]u/pm (26)
where 1
Kyvor = 7 (8uo8ve + 8uogup — guv8po) (27)

and Uy,ypc is a tensor that depends on the spacetime curvature. The precise form of Uy is
unimportant to us and can be found, for example, in Ref. [49]. The simplest configuration-
space metric for pure gravity is given by the so-called DeWitt metric:

Guvpo = @(gﬂpgw + 8uogvp — A guv&pc), (28)

which depends on a dimensionless parameter 4. Considering Equations (26) and (28), the
combination (21) results in:

4

r[]:/d‘lx\/j %R_Q_i/\ilo det 1((5 p50+(ﬂ_1) pa)
q 8y 3] g 5 0w %) Suv§

+ élog det {5 (ay dgy 0+ (K—l)WP"upmﬁ} +ghost contributions}, (29)

where we used the lowercase det to denote the ordinary (finite-dimensional) determinant.
Note that the indices turn out to be at the correct position, having the same number of
covariant and contravariant indices. Under diffeomorphisms, the determinant will always
produce equal factors of the Jacobian and its inverse, canceling them out and leaving the
effective action invariant (as one expects from the correct transformation of the functional
measure (60)). This is, in fact, the reason one can generate a mass for the graviton without
violating the gauge symmetry.

The last term in Equation (29), along with the ghost contributions, can be computed by
employing asymptotic expansions either in the curvature or spacetime derivatives [27,50,51].
As such, at low energies, they are subdominant in comparison with the second term, which
contains no factor of curvature or derivative and corresponds to the functional measure
contribution. We can thus focus on the first line of Equation (29). The matrix determinant
lemma can be used to write:

det[51]+(a—1)g,g1} —1+4(a—1), (30)
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thus, Equation (29) can be massaged into:

M2
Tlg] = /d4x./—gl2pR+iAC , (31)
where we define . ( )
A 1+4(a—1
A= 3Gy IOg[ 256 } (52)

For the DeWitt metric, we conclude that the functional measure gives a complex contri-
bution to the cosmological constant. As we mentioned before, a complex term is not an
issue. In this case, it only means that the cosmological constant (32) drives the vacuum to
be unstable, promoting the particle-antiparticle production [39-43].

Performing a metric perturbation around the Minkowski

2
Sy = Nuv + 7Mp hyv (33)
in Equation (31) leads to

A 1 1
= / d*x {zM(;h — Ea,\hwaAhW + EaAhaAh — 9 h" 9yl + 0,1y 70V HH

+ ;]/\\/é(hz — )|, (34)
One should note the appearance of a non-vanishing linear term in the graviton field, which
corresponds to a tadpole. This term results from the expansion around a background that
is not a solution to the effective field equations. The presence of a cosmological constant
indeed prevents the Minkowski background from being the vacuum solution. Nonetheless,
since the cosmological constant only showed up as a quantum correction, we stress that
Equation (33) is perfectly legitimate as the leading contribution in perturbation theory. At
the one-loop level, evaluating correlation functions at 77, indeed only produces errors at
O(1?). Therefore, as is customary in quantum field theory, one-loop correlation functions
can be evaluated at tree-level solutions.

The tadpole is what usually tells apart the cosmological constant from the graviton
mass. Interpreting the cosmological constant as a mass would require the removal of the
tadpole. In scalar field theories, tadpoles are easily removed by shifting the scalar field by a
constant. However, such a field redefinition in the gravitational context, namely

M
hyv — hyv - TPU]W/ (35)

would cancel out the background metric in Equation (33). Instead, the tadpole can be
removed by
Iy = s + ), (36)

where h;,?,) (x) is a non-dynamical spacetime-dependent field chosen to cancel the tadpole.

Alternatively, the gravitational tadpole can be canceled by a cosmological counter-term,
chosen so that the linear term in Equation (34) is exactly zero [52,53]. Either way, the result
would amount to a finite renormalization of Ac; thus, one can simply drop the tadpole. We

can, therefore, identify:

.

me =i (37)

lo 4a —3
2027)2MZ 8| 256
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as the graviton mass. The renormalization group (5) leads to:

dm?
which implies
Aﬂ = (39)
dA Par
where the beta function reads
4q — 3
Ba—(4a3)log< 5 ) (40)

The solution to Equation (39) can be obtained by direct integration:

a(A) = i+64<

4ay — 3) (1\%)74

258 , (41)

where a9 = a(/Ay) is an integration constant fixed by the boundary condition at some
arbitrary scale Ag. From Equations (37) and (41), we find

A4 4ap — 3
2 _ - 0 0
" T RenMe IOg{ 256 } 42)

which does not depend on the cutoff A.

At last, one might worry that a ghost is present due to the non-Fierz-Pauli combination
of the mass terms in Equation (34) . We stress, however, that these terms only showed
up at the quantum level. The particle spectra, on the other hand, is obtained from the
classical action of Equation (25), which is pure general relativity, thus containing only
two degrees of freedom. These are the only degrees of freedom that become massive.
Therefore, we stress that there is no mismatch between the degrees of freedom found
at the classical and quantum regime. Albeit irreducible representations of the Poincaré
group contain two degrees of freedom for massless particles and five for massive ones,
only the two degrees of freedom already present in the classical theory become massive
after quantization because gauge invariance is not violated. Hence, there are no additional
degrees of freedom at the quantum level. This clearly means that such an acquired mass is
an effective mass, which does affect observations, but does not otherwise correspond to the
massive representation of Poincaré’s group (a similar approach for an effective mass can be
found in Ref. [2-4]).

4, Massive Graviton

In the last section, we used a particular choice for the configuration-space metric.
Although DeWitt’s metric is quite simple and already capable of generating a mass, it is far
from unique. When other types of fields are present in addition to the spacetime metric, the
configuration-space metric can get very difficult to handle [36]. To find the leading order in
the fields, however, we obtained Equation (19) as the general functional measure correction
for arbitrary fields in curved spacetime. In light of such correction, we now generalize the
results of Section 3.

When the bare Lagrangian L is the Einstein-Hilbert term, the functional measure
changes the dynamics of space-time as follows®:

M?2
Seff = /d4x1 /—g(sz —iylog(—detgu) + £m>, (43)
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where we have defined: .
BA

= 44

7= 202n)2 (44)

and L,, is the Lagrangian for matter fields. The corresponding equations of motion read’:

.2 1 1
G;u/ + lﬁ% l:l + E log(—g)]gw = @Tyv/ (45)

where Tj, is the energy-momentum tensor for £,,. One should note that general relativity is
smoothly recovered in the limit y — 0. The parameter -y is proportional to the graviton mass
(see Equation (47)); thus, there is no tension with the experimental tests of general relativity.
As we shall see in the next section, gauge invariance prevents the vDVZ discontinuity
from appearing.

Using Equation (33) in Equation (43) gives:

%ﬂz/d%[—;mmWMMW+;ath—@mwmh+¢mmy%m

i -
= omg (= Iy + My Uy T (46)

where we have already dropped the tadpole by the arguments outlined in the end of the
last section®. The graviton mass is thus given by

2 _ . o 4y

m° =img = 2 (47)
p
From Equation (38), one obtains the renormalization group for B(A):
dB
AZZ = Bs, (48)
with
Bp = —4B. (49)
Equation (48) can be readily solved, to wit:
AN 4
B(A) = Bg| —
W =55 ) 50
for some By = B(/Ao) from which one obtains the renormalized graviton mass:
B AL
2 ZB()AO
= . 1
TV G

We stress that Equation (51) does not depend on the cutoff A.
One should note that Equation (51) does not correspond to a tachyon, in which case

the mass squared is real and satisfies m? < 0. Because m?

is real for a tachyon, its action
is also real and Equation (20) would give P = 0 for the probability of pair production.
Therefore, while tachyons also lead to decays to the true vacuum, such tachyonic instability
is of a different nature than the one observed in Schwinger’s effect, which is the mechanism
observed in this paper. In our case, m? itself is imaginary, thus the mass m has both real
and imaginary parts. The real part is usually interpreted as the physical mass, whereas
the imaginary part corresponds to the particle’s decay width. In any case, it has long been

known that imaginary masses do not allow for superluminal velocities [54]. Imaginary
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masses are indeed quite fundamental in many parts of physics, being central in the Higgs
mechanism. Moreover, complex masses do not violate unitarity. Quite the contrary, it
is unitarity (via the optical theorem) that relates complex masses to unstable particles,
ultimately resulting in the Breit-Wigner distribution [25,55].

We also note that the mass term in Equation (46) comes with the correct relative
coefficient between h? and h,, h*" for a ghost-free theory. We stress that such a coefficient
is not finely tuned by hand, it follows directly from the quantum correction due to the
functional measure. Comparing the modulus of Equation (47) to the bound found by
LIGO [56]:

mg < 1.2 x 102 eV, (52)

which is obtained at about 10 — 100 Hz (or 101> — 10~ V) and translates into a bound
on By:
By < 10 — 1072, (53)

A few comments are in order. Because of (44), the graviton mass (47) runs with the
cutoff. In particular, in the classical limit i — 0, the functional measure correction vanishes
and so does the graviton mass m. We stress that the massless limit m — 0 (or, equivalently,
v — 0) is smooth, as can be seen from the non-linear theory of Equation (45). Therefore, all
tests of general relativity are automatically satisfied. Secondly, since the gauge symmetry
is not broken, the counting of degrees of freedom goes as usual for general relativity.
Namely, a symmetric second-rank tensor contains 10 degrees of freedom, 8 of which can
be eliminated by gauge transformations, yielding only 2 propagating modes rather than 5.
This follows because one has not started with massive gravity ab initio. Indeed, since the
functional measure does not contain derivatives, no new degrees of freedom show up and
the spectrum continues to be determined from the classical Einstein-Hilbert action. The
mass is generated only after quantization for the propagating modes that had already been
present in the classical theory. As a result, Boulware-Deser ghosts do not appear in the
theory as the action Equation (43) does not contain higher derivatives. Finally, we stress
that our proposal has also the advantage of being a top-down approach. We indeed know
the non-linear theory of massive gravity from the onset.

The resulting mass squared (47) is, however, pure imaginary. The imaginary part
of the mass is a measure of its lifetime. Indeed, the position-space propagator gains a
decreasing time exponential:

. - 37 eiP(E-Y) o o
7ZDHVPO—N./ﬁT|:9(t*t/)e icw(t t)+9(t/ft)e icw(t t)} (54)
with B (|ﬁ|4+ 4)1/4 0 .. 0 5)
w=||p me cos 5 1s1n2

and 6 = arctan (m§ /1P \2) Notice that the imaginary part of the frequency (55) approaches
zero as mg — 0, in which case w — ||. Such imaginary part yields a damping behaviour,
killing off the graviton’s perturbations at large times. The recent detection of gravitational
waves thus put stringent bounds on m,.

5. Newtonian Potential

Gravitons with complex mass also affect the mediation of the gravitational force.
An immediate consequence of such a massive graviton regards the modification on the
Newtonian potential. As a result of the presence of mass, one usually expects a Yukawa
potential. However, because the graviton mass is complex, the resulting potential shall
develop an oscillating behavior modulated by the Yukawa decay, as we shall now see.
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From Equation (46), we obtain the effective equations of motion for the graviton:

Ohyy — Ol + 0,0vh + 000gh* Py — 00 0uhpy — 09y, = =My, Ty — m® (hyy — hiy) (56)

The divergence and the trace of Equation (56) read

M hyy = 3y (57)
M,!

Using Equations (57)—(58) in Equation (56) gives

1 1
(O+m*)hyy = =M, (T,ﬂ, - 2T17W) + (ayayh - qumzh). (59)

The first term on the RHS of Equation (59) is the usual general relativistic result (apart from
the mass term on the LHS), which is then modified by the second term on the RHS, leading
to the vDVZ discontinuity. In our case, because gauge invariance is not broken, the second
term can be eliminated by a choice of gauge. In fact, under a diffeomorphism such a term
transforms as

1 1
9,0yh — Em,vmzh — 0,0y — Eanh + 203,006 8" — MM (60)

Thus, choosing 0,¢* = —h/2 results in:

~ 1
(O+m)hyy = =M, (Ty,, — ZTWV>. (61)

One should notice the apperance of the factor of 1/2 instead of the infamous 1/3 of gauge-
violating massive theories. Equation (61) shows that the mass produced by the functional
measure is perfectly consistent with all general relativistic tests as no vDVZ discontinuity
takes place.

One can easily solve Equation (61) in momentum space:

dép er [ 1 -
— pM-1 p
hyw = M, / 2t = [Tw - 2’1wT]- (62)

For a static point source of mass M at the origin:

Ty = M6,050,6(F), (63)
find
one 1nnds . lﬂieimr (64)
0T oM, 4t

Despite Equation (64) having a Yukawa-like functional form, the complex exponential leads
to novel predictions. Indeed, its real part provides the Newtonian potential”

ng
M e V2 My
V()= ———" " cos[ —£r]), 65
(r) oM, 1 cos(\ﬁr) (65)

whereas, by the optical theorem, its imaginary part relates to the total cross section®. At
small distances r <« \@ / mg, our result recovers Newton's potential:

3

M g 8§ .3

Vir) = ———(1— —2r+ —27r" | +.... 66
") 167TMp7< V2 612 > (66)
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The leading correction is constant, thus does not affect the dynamics, so the first measurable
new effect shows up only at next-to-leading order. We see that Newton’s potential is
modified at large distances r~+/2/ M.

We recall that the quantum corrections in Equation (65) come from the functional
measure in the path integral. While one-loop corrections to Newton’s potential have been
extensively explored using effective field theory [57-62], the functional measure correction
had so far been ignored. In the former approach, one finds a potential in inverse powers
of the radius, where the quantum correction shows up at 7~ [57-62]. On the other hand,
the functional measure yields non-linear corrections in r that are not expandable around
r — oo, signaling a non-perturbative effect. Therefore, effect field theory cannot reproduce
Equation (65) in any finite order in the energy expansion and its corrections must be seen
as complementary to the functional measure ones.

The cosine function in Equation (65) can turn the potential’s derivative positive, thus
creating islands of bounded motion of decreasing depth. At each of these islands, gravity
becomes repulsive. But because of the utterly small graviton mass, such an effect is only
felt at very large distances:

r> nszgl (67)

At the first and highest barrier ro~3.1m, !, the potential height is given by (see Figure 1a)

m
V(rg) ~ 4.2 x 1073 —=£, (68)
P
x10-3
1.04
0.5
—
=
ﬁ 0.0
=
-0.5
_10 -
3 a 5 6 5 6 7 8 9 10 1 12
mgr/\/i TI?,QT/\/E
(a) First and highest barrier. (b) First and deepest potential well.

Figure 1. Plot of the Newtonian potential corrected by the functional measure, as given by
Equation (65).

If there is enough energy to overcome this barrier, the system alternates between
regions of attractive and repulsive gravity as the distance increases. The system could
get trapped between two consecutive barriers, thus forming a gravitational bound state
should its energy be smaller than the potential well (see Figure 1b). This effect, however, is
rapidly weakened by the exponential suppression in Equation (65). Even at the deepest well
depicted in Figure 1b, the existing energy from surrounding astrophysical events is likely
enough to keep such bound states from forming. On the other hand, should the energy
be smaller than Equation (68), the system would not collapse as the distance decreases,
thus resolving the singularity at » = 0. Note that the ratio my/ M), is utterly negligible in
Equation (68); thus, only very massive objects, such as black holes, could prevent such a
collapse from happening.
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6. Conclusions

Understanding the quantum nature of gravity requires, among other things, grasping
the graviton kinematics and dynamics. Quantum corrections trigger new graviton self-
interactions, which affect the graviton dynamics. As in any gauge theory, it is generally
believed that the diffeomorphism invariance precludes the appearance of mass terms in the
effective action of general relativity. However, this follows by side-stepping the non-trivial
Jacobian that shows up in the path integral when diffeomorphisms (or, more generally,
field redefinitions) are performed. A proper regularization of the Jacobian shows that it
cannot be simply ignored.

A diffeomorphism-invariant functional measure thus requires the factor , /Det G;;
to cancel out the functional Jacobian, in very much the same way that ,/—g is needed
for integrations in curved spacetimes. This additional factor contributes as a quantum
effective potential for the graviton, giving it a mass in the linear regime. Therefore, general
covariance is actually the reason for the existence, rather than for the absence, as commonly
thought, of a mass for the graviton.

We stress that such a mass is not obtained by modifying general relativity. One is
simply quantizing general relativity by properly considering the geometry of configura-
tion space, which is reflected in the definition of the functional measure. One can view
different configuration-space metrics as different quantization approaches to the same
classical theory. The naive approach, where the functional Jacobian is disregarded, corre-
sponds to a flat configuration space. Unfortunately, there is no known physical principle
other than symmetry to help us determine the configuration-space metric. On symme-
try grounds, the lowest-order configuration-space metric is curved and depends on the
spacetime metric. This situation is dramatically different for Yang-Mills fields, where the
lowest-order configuration-space metric is trivial and no gauge-invariant higher-order term
exists. Therefore, gauge invariance manifests itself quite differently in gravity than in the
other interactions, being solely responsible for keeping Yang-Mills fields massless (in the
unbroken vacuum) and the graviton massive.
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Appendix A. Metrics in Configuration Space

Consider the infinitesimal distance in configuration space:
052 = Gijdfpid(pj
- / d*x Gy 69! (x)5¢) (), (A1)

where we have used G;; = Gyjé 4)(x,x"). The above local expression can be used as a
stepping stone for determining the configuration-space metric by adopting the principles of
effective field theory. For that, we impose that Equation (A1) is invariant under field redefi-
nitions, which clearly cover symmetry transformations. Equivalently, one must require Gy;
to transform covariantly, which means it must be written in terms of field-space tensors.
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In curved spacetime, the integration in Equation (A1) requires ,/—g for diffeomor-
phism invariance. Hence, for some general field (pi, we must have:

G = V=8 2Ol (0), (A2)

where ¢, are dimensionless constants and (’)?I((p) are operators that transform covariantly
under general field redefinitions and whose dimensions are [energy|”. We also make
the reasonable assumption that O’fj(go) should not contain derivatives since derivatives
generate new dynamics in the path integral. For the purposes of this paper, we shall only
be interested in the lowest-order (n = 0) term of (A2).

Let us consider the example of a scalar field ¢/ = ¢(x) in curved spacetime. If one
regards the background metric as non-dynamical, the configuration-space metric would
have only one component Gj; = Gggp:

Y 1, 2 2
Gpp =/ g(co+A¢+A2¢ +..). (A3)
Considering only the lowest-order contribution, we find trivially:

det Gj; = \/—g o (A4)

We recall that the lowercase determinant det denotes the determinant over discrete indices,
which is trivial in the case of a scalar field.

The configuration-space metric for other kinds of fields can be similarly obtained. In
the following, we shall focus on bosonic fields for simplicity. For gauge fields ¢' = Al (x)
with gauge group SU(Ny) over non-dynamical spacetimes, one finds at lowest order:

G}{]M = GAg,Ag =/ —8c08" dap, (A5)

whose determinant reads: ,
4(N2-1
det GYM = ¢, ¢ Vi1, (A6)

Notice that there are two set of indices. Mathematically, this means the determinant runs
over the direct product of g and 4,5, whose dimension is 4(N§ —1). Also, since at lowest
order the objects in Gj; must be dimensionless, we foresee that, for all non-gravitational
fields, one would find a similiar structure to Equations (A4) and (A6). On the other hand,
the gravitational field ¢' = g, is dimensionless. Therefore, even at lowest order, one
obtains a non-trivial structure (the so-called DeWitt metric):
vV—8
G]I:;W = Gg;n/gpv = T (g}lpgl/(f + g"w'gvp —4a gHVgPU'), (A7)
for which [63]:
det GV =24 —1. (A8)

Note that the tensorial structure in Equation (A7) is the most general that respects the
symmetries of the indices in Gy, ¢,,, namely the invariance under the exchanges y <> v,
p < o,and puv < po. We also stress that, although Equation (A8) is constant, the functional
determinant is not:

Det GRW = [](2a — 1) = ef d"rv/=8log(20-1), (A9)

X

since the spacetime integration depends on the metric field. Therefore, , /Det GII-]?W cannot

be pulled out of the path integral to be canceled by the path integral normalization factor
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unless gy, is being regarded as non-dynamical and not being integrated out. In this latter
case, we rather see that, at lowest order, the configurations-space metrics for matter fields
are field-independent (see (A3) and (A5)); thus, the functional measure correction  /Det G;;
is canceled by the normalization of the path integral. This indeed justifies the success of
the standard approach to quantum fields in curved spacetime (and in Minkowski space in

particular), where , /Det G;; is dismissed. However, once one intends to quantize gravity,

such factors must be taken into account even at zeroth order in A1

In the above, we have only considered theories with a single field. When more than
one field is present, the field-space metric would generally involve cross terms, such as
Gq, Ag- As a first approximation, one could, however, assume a diagonal metric:

Ns Nym

! e
— di YM YM DW
GI] - dlag (G;lp, ceey G(SP¢, GA?lAe, ceey GAI‘;AIb/, Gg,lll/gpﬂ)’ (A].O)

for a theory with Ns scalars, Nyy gauge fields, and the metric field. The corresponding
determinant in this case is given by:

det Gy = (—1)%(1 —2a)(—g)P, (A11)
where
_ 1 2
oc—ENs+2(Ng—1)NYM+3 (A12)
1 2
=5 Ns+ (Ng - 1) Nywmr. (A13)

We see that Equation (A11) is of the general form considered in Equation (18).

Notes

1

We refer to diffeomorphism invariance in the sense of local gauge redundancy, as treated in the standard covariant quantization of
gravity, where the configuration space includes all metrics” modulo diffeomorphisms. This symmetry is typically gauge-fixed in
the path integral via a Faddeev—Popov procedure, introducing associated ghost fields. We distinguish this from global isometries
(e.g., Killing symmetries of a fixed background), which define residual symmetries not captured by local gauge fixing and may
require separate treatment, particularly in the construction of conserved charges or the definition of observables.

We shall denote functional operations, such as Tr and Det, with capital letters and ordinary matrix operations, such as tr and det,
with small letters. The former include the latter but also operate on the continous indices.

Strictly speaking, the invariance of off-shell quantities, such as the effective action, requires a connection in configuration
space [30,44]. Because we are mainly interested in the phenomenology of the functional measure, we shall not dwell on this topic.

* We adopt the metric signature (— + ++).

5 One should note that T, is covariantly conserved in the sense of the Slavnov-Taylor identities, i.e. (VH TW> = 0. In particular,
such conservation holds at every loop order.

6 Because the relative coefficient in the mass terms in Equation (46) is different from Equation (34), in this case the tadpole can also
be removed by the constant shift 11, — hyy — =21, without canceling out the background metric.

7 We recall that hgg = —2V.

8 Note that the imaginary part of Equation (64) remains finite at » = 0 because sin(x)/x — 1.
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