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Abstract. We investigate rarely explored details of supercooled cosmological first-order phase
transitions at the electroweak scale, which may lead to strong gravitational wave signals or
explain the cosmic baryon asymmetry. The nucleation temperature is often used in phase
transition analyses, and is defined through the nucleation condition: on average one bubble
has nucleated per Hubble volume. We argue that the nucleation temperature is neither a
fundamental nor essential quantity in phase transition analysis. We illustrate scenarios where
a transition can complete without satisfying the nucleation condition, and conversely where
the nucleation condition is satisfied but the transition does not complete. We also find that
simple nucleation heuristics, which are defined to approximate the nucleation temperature,
break down for strong supercooling. Thus, studies that rely on the nucleation temperature —
approximated or otherwise — may misclassify the completion of a transition. Further, we
find that the nucleation temperature decouples from the progress of the transition for strong
supercooling. We advocate use of the percolation temperature as a reference temperature
for gravitational wave production, because the percolation temperature is directly connected
to transition progress and the collision of bubbles. Finally, we provide model-independent
bounds on the bubble wall velocity that allow one to predict whether a transition completes
based only on knowledge of the bounce action curve. We apply our methods to find empirical
bounds on the bubble wall velocity for which the physical volume of the false vacuum decreases
during the transition. We verify the accuracy of our predictions using benchmarks from a
high temperature expansion of the Standard Model and from the real scalar singlet model.
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1 Introduction

The Universe underwent several cosmological transitions in rapid succession shortly after
the Big Bang, according to standard predictions in particle physics and cosmology [1-7].
Cosmological transitions are particularly interesting if they are first-order phase transitions,
proceeding through the nucleation and coalescence of bubbles [8-11]. For instance, a first-order
electroweak phase transition could provide a candidate mechanism for baryogenesis [12-15],
a probe for dark matter [16], generation of topological defects [17-20], and could leave
detectable traces in the form of a stochastic gravitational wave background [21-24]. In the
Standard Model, the electroweak and QCD transitions are both crossovers rather than first-
order phase transitions [7, 25-27]. However, extensions to the Standard Model can predict



a first-order electroweak [28-36] or QCD phase transition [37-39], or they can introduce
new phase transitions that may be first order [40-45]. Gravitational wave observations or
non-observations can be used to constrain extensions of the Standard Model that predict
first-order phase transitions [46, 47].

Typically, strong supercooling aids the detectability of the generated gravitational waves
and can be constrained by near-future detectors, such as LISA [48], for transitions at the
electroweak scale [49, 50]. Supercooling is when the Universe remains in a metastable phase,
with strong supercooling suggesting this metastability persists for an extended duration. In
this work, we focus on a subset of strongly supercooled transitions, where the bubble nucleation
rate decreases below a certain temperature. The eventual decrease in bubble nucleation may
prevent a transition from completing. For the electroweak phase transition, the metastability
may persist across a temperature range of O(10 GeV), while conformal models can allow for
even greater supercooling [51-56]. To quantify the extent of supercooling, we introduce a
supercooling parameter in section 3.1. Strongly supercooled transitions require careful analysis
to accurately predict the gravitational wave signal, and have received growing attention [51-66]
since the first observation of gravitational waves by LIGO [67]. Key quantities such as the
temperature, energy density, average bubble radius and separation, and speed of sound in
the plasma, can all vary considerably throughout the duration of a strongly supercooled
transition. Unfortunately, hydrodynamic simulations from which gravitational wave fits are
extracted cannot yet probe strongly supercooled transitions [68]. However, a recent numerical
study [65] provides preliminary predictions for gravitational waves generated by very strongly
supercooled transitions in the thin-wall limit.

The prediction of gravitational waves from a first-order phase transition is a rapidly
evolving field of study, with many new developments in refining the accuracy each year [53,
54, 59-63, 65, 68—119]. Two of the requirements of these predictions, however, have remained
constant for decades: the determination of whether a transition occurs and completes, and
the use of a reference temperature at which the gravitational wave signal should be evaluated.
These two requirements are the focus of this paper.

We first demonstrate scenarios in which intuitive, simplified conditions for whether a
transition begins or completes break down and lead to incorrect classification of the transition
and phase history. For instance, it is often stated that a transition cannot complete unless
there is at least one bubble per Hubble volume: an event we call unit nucleation. We find
counterexamples to this claim and identify conditions for realising this contrary scenario.
In appendix E we show that bubbles can grow larger than the Hubble volume provided
there is sufficient supercooling. We suspect the proposed rule that completion implies unit
nucleation is based on the requirement that overlapping bubbles must be causally connected.
The underlying intuition breaks down upon the realisation that a Hubble volume does not
correspond to a causal volume, such as the particle horizon [120, 121]. Further, the condition
of having one bubble per Hubble volume is often approximated using heuristic fits which
perform poorly for strong supercooling. This compounds the issue of misclassifying the
completion of a phase transition, because successful supercooled transitions may not satisfy
the nucleation heuristics.

We next address the use of the nucleation temperature — the temperature at which there
is one bubble nucleated per Hubble volume — as a reference temperature for gravitational
wave predictions. If a transition can complete without a nucleation temperature, the latter
cannot be an appropriate choice of reference temperature. The nucleation temperature remains
a useful proxy for a gravitational wave reference temperature if it lies close to the percolation



temperature, which is often the case in phase transitions without strong supercooling. We
demonstrate that the nucleation temperature decouples from the transition progress when there
is strong supercooling. Consequently, we advocate the avoidance of the nucleation temperature,
particularly for supercooled transitions. Nonetheless, we recognise the convenience of using
the nucleation temperature along with nucleation heuristics. We aim to resolve the disparity in
computational complexity between determining the nucleation temperature and determining
the percolation temperature, with code currently in development and used in this work. In the
interim, we provide simple conditions for whether a transition percolates and completes for
studies that only use the nucleation temperature. We also empirically determine conditions for
whether the physical volume of the false vacuum decreases during a transition. Our analysis
is based on the electroweak phase transition, but it should be simple to extend our analysis
other phase transitions, such as phase transitions from the breakdown of a U(1) g1, symmetry
(see e.g. refs. [51, 122]) or some other extension of the Standard Model gauge group.

This paper is organised as follows. In section 2 we discuss the analysis of a cosmological
phase transition and how to measure its progress, making note of assumptions along the
way. In section 3 we separate and compare the events of unit nucleation (having one bubble
per Hubble volume) and percolation (having an infinite cluster of connected bubbles). The
comparison allows us to consider scenarios in which unit nucleation occurs but percolation
does not, and in which percolation occurs but unit nucleation does not. This is naturally
extended to comparing unit nucleation and completion, as well as other completion criteria
that will be discussed in section 3.6. We provide model-independent bounds on the bubble
wall velocity for which these scenarios are realised. These bounds are presented in sections 3.4
to 3.6. In section 4 we numerically confirm the analytic results from section 3 using benchmark
points from a toy model and the real scalar singlet model. We have ensured that section 4 is
self-contained so that the reader may skip the technical details of the analytic treatment in
section 3. The discussion in section 4 reveals many of the same insights provided in section 3.
In section 5 we discuss the difference between the nucleation and percolation temperatures,
both qualitatively and quantitatively, referring to results from a scan over a supercooling
parameter. Additionally, we assess the accuracy of various approximations for the nucleation
temperature. We present our conclusions in section 6.

2 Prerequisites of transition analysis

A first-order cosmological phase transition typically proceeds via the nucleation of bubbles of
a phase with lower free energy within the existing higher free energy phase. Nucleation is
suppressed by the potential energy barrier separating the phases. The transition may not
complete if this barrier persists at zero temperature. Consequently, it is necessary to analyse
the transition to determine its progress over time. A natural measure of this progress is
the false vacuum fraction, Py, which is the fraction of the Universe remaining in the old
phase (or false vacuum). In this section we introduce the relevant concepts and equations
for the determination of transition progress through the false vacuum fraction. We highlight
assumptions that we make and avoid; many of which are frequently implicit in cosmological
phase transition literature.

A transition first becomes possible at the critical temperature, T, where the phases have
equal free energy density and Py = 1. As the Universe cools, the free energy of the phases
separate, increasing the nucleation rate of bubbles of true vacuum. The nucleation rate, or



number of bubbles nucleated per unit volume per unit time, is given by [11]

3

N(T) =~ T* (*2@)2 exp(—S(T)) (2.1)
at finite temperature. The nucleation rate has a strong dependence on the bounce action
S(T) = S3(T)/T, where Ss is the three-dimensional Euclidean action of a critical bubble.
We will refer to S simply as the action from hereon. A critical bubble has minimal radius
while preventing collapse, with internal pressure matching the surface tension.! Critical
bubbles dominate the distribution of nucleated bubbles. Another transition mechanism is
zero-temperature quantum tunnelling [8, 9], which we do not consider in this work. Instead
we focus on transitions that occur due to thermal fluctuations over the potential barrier
or through finite-temperature quantum tunnelling. It is expected that zero-temperature
quantum tunnelling will not affect our results for the models we consider [59-61].

A first-order phase transition progresses through the nucleation and subsequent growth
of bubbles. The growth is driven by the pressure difference between the phases, and is reduced
by frictional forces from the plasma? surrounding the bubble walls. The physical radius of a
bubble that nucleated at time ¢’ and has grown until time ¢ is [11, 123]

t
R(t',t) = 2((;)) Ro(t) + [ dt"vu(¢.1") ;((;,)) , (2.2)
where a is the scale factor, accounting for expansion of the Friedmann-Lemaitre-Robertson-
Walker (FLRW) space, and Ry is the initial radius of the bubble.® We assume all bubbles
nucleated at the same time grow at the same rate. In general, the wall velocity of a bubble is
expected to start at zero and increases until saturating at a terminal velocity. This terminal
velocity is again assumed to be homogeneous throughout the Universe, and changes with
time due to evolution of the plasma and the free energy. That is, the friction and the driving
pressure change over time, thus giving a time-dependent terminal velocity.

It is often assumed that bubbles accelerate very quickly to their terminal velocity, that
this terminal velocity remains fixed throughout the transition, and that their initial radius is
negligible compared to their radius at any time of interest (e.g. when they collide with another
bubble). The time-dependent wall velocity is then replaced with the approximately constant

terminal velocity, for which we reuse the label v,,. This allows for a simple approximation for
the bubble radius:

R, 1) = vy t/t dt" ;((;)) (2.3)

The above can be further simplified if radiation domination is assumed. However, the
assumption of radiation domination can be broken during a supercooled transition. In this

!Typically, one assumes the thin-wall limit and solves the vanishing total energy condition in the bubble
E(R.) = 0 for the critical radius R.. This is the radius at which the liberated vacuum energy matches the
surface tension of the bubble.

2 At the relevant temperatures for transitions at the electroweak scale and above, the Universe is filled with
a thermal bath of plasma made up of fermions and gauge bosons.

3The initial bubble radius can be estimated by assuming it is larger but almost equal to the critical bubble
radius (see e.g. refs. [53, 124]). In the thin-wall limit, the critical bubble radius is given by R. = 251(t)/Ap(t),
where 51 is the one-dimensional action, or surface tension, and Ap = V(¢,(T),T) —V(¢,(T),T) is the pressure
difference between the phases. The initial bubble radius Ry &~ R. should be many orders of magnitude smaller
than the bubble radius when collisions occur, particularly in strongly supercooled transitions where bubbles
have significant time to grow.



work, we consider a constant bubble wall velocity throughout the transition, and we do not
model the acceleration of bubbles. We therefore use (2.3) for the bubble radius.

2.1 False vacuum fraction

With bubble nucleation and growth specified, we can determine the transition progress through
the false vacuum fraction, Pr. The volume occupied by bubbles is difficult to determine
without performing a stochastic field-fluid simulation (see e.g. ref. [125]) and measuring the
fraction of simulation volume encompassed by bubbles. Instead, we can proceed analytically
to model the false vacuum fraction as [92, 115, 126, 127]*

Py(t) = exp(-Ve (1)), (2.4)
where VP! is the (fractional) extended volume of true vacuum bubbles, given by

4 t
Ve = 5 [ ai'T(#)
0

ad(t)

o (t)

Here, ty is the time when the transition first becomes possible — taken to be when the
Universe cools to the critical temperature. As space expands, the number density of previously
nucleated bubbles is reduced by the cubed ratio of scale factors. Note that VX' double-
counts overlapping regions of bubbles and includes phantom bubbles which nucleate within
pre-existing bubbles. The extended volume is not equivalent to the true vacuum fraction
P; =1 — P except in the early stages of a transition where bubbles nucleate and grow in
isolation. To calculate the true vacuum fraction directly, the nucleation rate would need to be
multiplied by Py and the volume of individual bubbles would need to account for deformation
due to impingement. It is considerably more convenient to instead exponentiate the extended
volume. Various alternative derivations for the false vacuum fraction exist in the literature
(see e.g. ref. [136] for a review), which also lead to (2.4) and (2.5). For example, a recent
derivation in cosmological literature [92] avoids the explicit nucleation of phantom bubbles
but again leads to these results. One may interpret VX' as the fraction of the volume of all
real and phantom bubbles over the total volume in which the phase transition occurs (i.e. the
entire Universe).” We emphasise that one cannot simply replace V' in (2.4) with the true
vacuum fraction, or multiply I" by Py in (2.5).
The false vacuum fraction is then

Py(t) = exp (-4%3 tdt’l“(t’)( L @) )3) (2.6)

3 w to t/ a(t”)

R3(t,1). (2.5)

where we have used the assumptions in (2.3) for bubble growth. These assumptions are
readily justified in this work. We consider strongly supercooled transitions, in which case
the terminal wall velocity v,, — 1 is expected for the entire time window where nucleation is

4This model for phase transitions has in fact been known in the field of materials science since the 1930s,
where it is referred to as the JMAK equation [128-132]. Importantly, there is a wealth of literature detailing
the assumptions and caveats hidden within the derivation of refs. [126, 127]. We review this literature in an
upcoming paper [133]. For now, we refer the reader to refs. [134, 135] for a discussion of the correctness and
assumptions of the JMAK equation.

"Because the nucleation rate (2.1) is the number of bubbles nucleated per volume per time, the volume in T

can cancel with the total transition volume in V{**. We use this in arriving at (2.5).



significant.® The pressure difference between phases is given time to increase, permitting rapid
acceleration of the bubble walls. With a low nucleation rate, bubbles can grow considerably
before colliding, allowing ultra-relativistic velocities to be attained. In this case the initial
radius of a bubble becomes a negligible contribution to its evolution.

The nucleation rate in (2.1) is expressed as a function of temperature. It will be
convenient to also express (2.6) in terms of temperature. We can use the time-temperature
relation:

dT

— =-TH(T 2.7

= (), (2.7
where H is the Hubble parameter defined below. This relation is an approximation based on
the MIT bag equation of state [137], but it holds well in the models we consider. Further
details are available in appendix B. Assuming flat space, with vanishing Gaussian curvature in
the FLRW metric, the Hubble parameter can be determined from Friedmann’s first equation
as

a(T) 887G
H(T) = = —pu(T), 2.8
where G' = 6.7088 x 1073% GeV~? is Newton’s gravitational constant [138].
With the relation (2.7) between temperature and time, we can now express (2.6) in

terms of temperature

1 a1)y
Pf(T) = exp( / dT T/H T/) (/ dr T//H(T//) CL(T”)) ) ’ (29)

where we take the initial temperature of the transition to be the critical temperature, T..
Adiabatic expansion ensures

uly) _ T (2.10)
a(Tl) T2 ’
as shown in appendix C, so we can simplify (2.9) as
/ r /! 1 ’
Py(T) = —— dT dT . 2.11
f( ) exp / T/4H T’) H(T”) ( )

It now remains to determine the energy density pp. For the purposes of cosmological
phase transitions, we can consider the Lagrangian density

L(g,T) = % L0 — V(. T) (2.12)

with scalar potential V' (¢, T).” All fields that do not gain a vacuum expectation during the
transition can be ignored, leaving a set of scalar fields ¢ on which the dynamics of the phase
transition depend. The minima of this potential correspond to vacua, or phases, while the
potential itself is the free energy density; F(¢,T) = V(¢,T). The energy density for an
arbitrary field configuration is

p(9.T) = T5% — ple.T) (213

5Some models may still permit v, < 1 despite strong supercooling. Our discussion in section 3 considers
arbitrary bubble wall velocities. We note that for bubbles that expand as deflagrations or hybrids, reheating
can affect the evolution of the transition. This effect is discussed in appendix D.

"We use the symbol V for the potential and V for the volume.




by the first law of thermodynamics, with pressure p = —F. In terms of the potential, the

energy density is
oV
p(6,T) = V($.T) = TS (2.14)
oT
During the phase transition we take the energy density pg in Friedmann’s equation (2.8)
to be the difference in energy density between the false vacuum and the zero-temperature

ground state of the potential

pH(T) = p(¢f(T)7 T) - p(d)gs(o)? 0), (2'15)
which expands to
pu(@) = V(g @), 1) - T HDD (g (0),0), 210

Here, ¢ and ¢, are the field configurations corresponding to the false vacuum and the
ground state, respectively. In general this ground state may not be the vacuum that describes
our current Universe, which would leave a non-zero cosmological constant p(¢.,.(0),0) —
p(bg5(0),0). Conservation of energy is an implicit assumption in this form of the energy
density of the Universe. As the transition progresses, regions of the Universe will no longer be
in the false vacuum, so using only p(¢y, T') instead of a combination of p(¢;,T) and p(¢p;, T')
(the subscript ¢ denoting the true vacuum) would appear erroneous. However, energy liberated
by expanding true vacuum bubbles reheats the surrounding plasma. Following ref. [58], we
thus assume energy conservation outside of adiabatic cooling.
It will be convenient to separate out the parts of the potential that scale as radiation
(i.e. oc T*), which yields the radiation energy density
2 4

pr(T) = G0 = (217)
Here g, is the number of relativistic degrees of freedom in the plasma, with a value of 106.75
at the electroweak scale in the Standard Model, and we introduced 53 as a shorthand notation
for 30/(m%g.). The remaining terms in the energy density can be considered to be the ‘vacuum
contribution’, given by

pv(T) = pu(T) — pr(T). (2.18)

Typically, py freezes to a constant value at low temperatures (see figure 1, or e.g. figure 33 in
ref. [63]) and is subdominant at high temperatures (e.g. towards the critical temperature).
Then, a reasonable approximation is

pr(T) =~ pr(T) + pv(0)
= pR(T) + V(¢f(0)’ 0) - V(d)gs(o)? O)' (2'19)

One can separate periods of the transition where the energy density was radiation- and
vacuum-dominated by defining Tt such that

pv (Teq) = pr(Teq)- (2:20)

Then we can roughly assume radiation domination when T > T¢q and vacuum domination
when T < Tty We will make use of this concept of distinct eras in our analytic discussion
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Figure 1. The energy density as a function of temperature for the benchmark point M2-BP1 defined
in table 2. The vertical dashed black line corresponds to T, (defined in (2.20)). The energy density is
dominated by py at low temperatures and by pg at high temperatures.

in section 3. Note that (2.19) further assumes ¢ still exists at 7' = 0, which is not always
true. One could instead use py (T%) instead of py (0), where T} is the temperature at which
the phase ¢, disappears.

We argue that a correct description of the expansion rate during a phase transition would
ideally reflect a difference in expansion rate inside bubbles, outside bubbles, and near bubble
walls. In a thin-wall approximation, one could neglect the latter region, leaving a difference
in expansion rate in the two phases. The applicability of such a treatment to the averaged,
analytic measure of nucleation and transition progress considered here is not immediately
obvious. We reserve an exploration of this marriage of approaches for future work. In line
with the averaged analysis for the transition progress, we use (2.16) with the assumption that,
due to reheating, it captures the average energy density of the Universe. We use (2.16) in our
numerical results and (2.19) in our analytic discussion.

2.2 Milestone temperatures

It is useful to define several temperatures corresponding to milestones in the phase transition.
The nucleation, percolation and completion temperatures, among others, are often introduced
to capture the moment of their respective milestones. Here we discuss these temperatures
and their corresponding events.

Significant nucleation does not occur immediately after the critical temperature, because
the action diverges at T,. The number of bubbles nucleated within a Hubble volume (of order
H~3) at temperature T is [100, 139)

— " 2.21
T, T'H4(T') ’ ( )

where (2.7) has been used to transform the time integral. A factor of 47/3 could be included
in (2.21) to consider a spherical Hubble volume, though such a change would usually have



little impact due to how rapidly N changes with temperature. We omit this factor to connect
with the broader literature. Still, (2.21) differs from the common description of the number
of nucleated bubbles [62],
T INVAS!
NNT) = | AT’ =57
(T) T Ty
in that (2.21) does not count phantom bubbles (i.e. those nucleated inside other bubbles).
Phantom bubbles are important for calculating the extended volume (2.5), but should not
be counted here because phantom bubbles cannot nucleate. We have labelled the number
of bubbles in (2.22) with the superscript “ext” to signify the counting of all bubbles in the
extended true vacuum volume.

(2.22)

The nucleation temperature, T, is defined as the temperature when on average one
bubble has nucleated in a Hubble volume,

N(T,) =1, (2.23)
an event we will refer to as “unit nucleation” for convenience.® The usual definition is
N™YT,) = 1. (2.24)

Although approximate, (2.24) will yield a virtually identical nucleation temperature to (2.23).
An exception is when the transition is strongly supercooled, with very few bubbles such that
Py differs from unity appreciably before the nucleation temperature is reached. In section 5.1
we will demonstrate cases where the extracted nucleation temperatures from (2.23) and (2.24)
differ noticeably.

The nucleation temperature is often used in studies of phase transitions as a characteristic
or reference temperature for important processes, such as gravitational wave production,
baryogenesis or topological defect formation. It is conveniently simple to determine provided
one has a method of computing the action. There are a few approximations used in the
literature for the nucleation temperature that further simplify its determination, as discussed
in section 5.1. The nucleation temperature is often thought to represent the start of a
transition. For a fast transition, the nucleation temperature may lie close to both the critical
and completion temperatures. An alternative initial temperature is when non-negligible false
vacuum conversion has occurred; for instance, ref. [59] use Pr(T7) = 0.99. For a strongly
supercooled transition, the nucleation temperature may be significantly higher than the
completion temperature (or not exist at all, as we will show), and is no longer a suitable
reference temperature. This brings us to the next milestone temperature of interest.

The percolation temperature, T, is defined by

Py(T},) ~ 0.71. (2.25)

This condition is based on results from percolation threshold studies (see e.g. refs. [140-142]).
Percolation is defined as having an infinite cluster of — in our case — connected bubbles [143,
144]. For a finite-sized transforming medium, percolation is similarly defined as having a cluster
of connected bubbles with size of the order of the medium (as depicted in figure 2).? Percolation

8This event is usually referred to as nucleation in the literature. Here we want to differentiate it from the
generic nucleation of a bubble.

9In other contexts such as a fluid filtering through a porous medium, the percolation threshold is the
maximum connectivity (of the solid regions) in the medium such that the fluid can pass from one side of the
medium to the other (i.e. there is a path through the entire medium for the fluid to flow). In the present
context, the percolation threshold is the minimum fraction of the Universe converted to the true vacuum such
that there is a connected cluster of bubbles that span the Universe.
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Figure 2. A 2D slice (with z = 0.422) of a simple 3D simulation of bubble nucleation in a unit
volume. At the moment of plotting, the false vacuum fraction was Py =~ 0.7 suggesting the onset of
percolation. Indeed, a path through connected bubbles spanning from y = 0 to y = 1 is evident (see
the green dashed curve), with the small gaps filled at slightly higher z values. In general, the path
spanning across the simulation volume may not be clear from a single 2D slice of the volume at the
onset of percolation. The colour of a bubble corresponds to its overall radius, which is not equal to
the radius of the bubble’s cross-section in the z = 0.422 plane depicted here.

coincides with a time when bubbles are colliding (by definition, and as evidenced by figure 2),
marking an important time for gravitational wave production. While the ability to determine
the ideal reference temperature for gravitational wave production is currently lacking, the
percolation temperature is recommended over the nucleation temperature [47, 63, 100].

The completion (or final) temperature, T%, is the temperature at which the transition
completes. Ideally, this would be when P(T}) = 0. However, (2.11) only predicts zero false
vacuum fraction asymptotically because (2.4) is a probabilistic treatment of bubble nucleation
and growth. Instead, we can define the completion temperature as

Py(Ty) =, (2.26)

where € < 1. We consider € = 0.01 in this work. Such a definition ensures that the transition
is highly likely to have completed by the time the Universe cools to Tr. We remark that T
varies very weakly with € < 0.01 except in very strongly supercooled transitions where Py
approaches a non-zero value as T' — 0. Remembering that we do not consider zero-temperature
quantum tunnelling in this work, if a transition has Pr(0) > ¢ due to thermal fluctuations
and finite-temperature quantum tunnelling, we label it as incomplete.

Another criterion that should be satisfied for a successful transition is that the average
physical volume of the false vacuum,

Vohys(t) = a®(t) Py (1), (2.27)

~10 -



eventually decreases with time [145].10 That is,

d
& (a*(t)Pr(1)) \m <0, (2.28)
where t, is the time at which the physical volume of the false vacuum stops increasing. This

leads to the condition
dpext

dt

for some ¢ > t,, where we have used the definition of the Hubble parameter given in (2.8). Or
in terms of temperature, using (2.7),

3H(t) <0 (2.29)

et

3+T
+ dT

<0 (2.30)

for some T' < T, where T, corresponds to t.. Ref. [62] notes that (2.30) may not be
satisfied when P¢(T") ~ 0.71, potentially spoiling percolation. For transitions where (2.30) is
only satisfied for temperatures below T}, it is suggested that percolation (and by extension
completion) is questionable. To understand this situation, consider two nearby but non-
overlapping bubbles. If the growth of the bubbles towards each other is slower than the
expansion of the false vacuum between the bubbles, then they will never meet. This situation
is possible even as the fraction of space in the false vacuum along the line connecting the
centres of the bubbles approaches zero.

To be confident in the success of a transition and accuracy of the percolation condi-
tion (2.25), ideally we would have (2.30) satisfied at both 7}, and Ty. A weaker constraint is
that there is a temperature for which Vs is decreasing, without regard for the magnitude or
duration of this decrease [62]. We demonstrate in figure 3 and more generally in section 3.6
that this constraint is insufficient for the strongly supercooled transitions we consider in this
study. Other simple constraints can be considered in lieu of integrating the change in Vppys
over time. One such constraint is that Vpnys(7f) < Vphys(Tp), which maps to the condition
Ty 2 0.24T),. Another possible constraint is that Vpnys is decreasing at Ty. The (perhaps
model-dependent) hierarchy of these constraints is presented in section 3.6.

Another relevant temperature for gravitational wave predictions is the reheating temper-
ature, Tien. As the energy liberated by vacuum conversion thermalises, the plasma reheats.
This can have important consequences on the progress of the phase transition if bubbles
expand as deflagrations or hybrids (see e.g. refs. [75, 146]), and still affects the gravitational
wave signal even for detonations. For instance, the frequency spectrum of gravitational waves
is red-shifted due to cooling from T}, to the present day vacuum temperature, rather than
cooling from Ty or T}, [58, 61]. One can estimate the temperature of the plasma after the
phase transition completes on the grounds of energy conservation [58], by solving

p(@(T), Tf) = p(P¢(Tren), Tren), (2.31)

where the solution lies in the range Ty < Tien < T.. The reheating temperature can also
be evaluated at the onset of percolation by replacing Ty with T}, in (2.31). The reheating
temperature is not directly relevant to this study but will be reported in numerical scans in
section 5.

10More precisely, (2.27) is the average proper volume of the false vacuum contained inside a unit comoving
volume, hence the conversion factor a®.
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Figure 3. (a) The rate of change in physical volume of the false vacuum Vppys, and (b) the physical
volume of the false vacuum relative to its value at the completion (or final) temperature Vpnys(T),
for benchmark M1-BP4 (defined in table 1) with v,, = 1. The physical volume of the false vacuum is
seen to decrease slightly in the small shaded temperature window, yet increases during the rest of the
transition, and continues to increase after the transition is complete. We expect finite regions of the
Universe to remain in the false vacuum for such a transition, even though (2.30) is satisfied for a range of
temperatures. The vertical dashed lines are, in order from left to right: the completion temperature T’
(black), the temperature T, for which V§**(T') =1 (blue), and the percolation temperature T}, (green).
The physical volume decreases in the red shaded temperature window and increases everywhere else.

With all temperatures of interest defined, the remainder of this paper is dedicated to
comparing these temperatures to each other and determining their relevance. We will argue
that the nucleation temperature based on its standard definition (2.24) is not a fundamental
quantity, and that its only use is as a proxy for the more appropriate and well-motivated
percolation temperature. A thorough analysis of a phase transition can determine the
percolation temperature, rendering the nucleation temperature obsolete, with the slight caveat
that the percolation temperature is currently more computationally expensive to determine.
In this work, we provide scenarios where the typical use of the nucleation temperature
is unsuitable and would lead to incorrect predictions of the dynamics and completion of
the transition.

3 Nucleation, percolation and completion: analytic treatment

3.1 Separating unit nucleation and percolation

One of the main purposes of this paper is to carefully examine the separation of two events in a
phase transition: unit nucleation (2.23) and percolation (2.25). To do so, we need to compare
the conditions for the occurrence of these events. In this subsection, we qualitatively discuss
the nucleation and percolation temperatures based on their definitions. In the next subsection,
we will show how to compare the events of unit nucleation and percolation quantitatively and
gain intuition for the occurrence of these events through an analytic treatment. To begin the
qualitative discussion, we consider the definition of these two events.

Unit nucleation (with its corresponding nucleation temperature 7,,) (2.23) is when an
average of one bubble appears per Hubble volume. This may occur very soon after the
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transition first becomes possible in a fast (or weakly supercooled) transition. In a strongly
supercooled transition, this may occur when a significant fraction of the Universe has already
been converted to the true vacuum. The few bubbles have sufficient time to expand to sizes
that are not achievable in a fast transition. For a discussion of the use of the nucleation
temperature, see the text following (2.24).

The difference between the nucleation and critical temperatures is an indication of the
degree of supercooling, or how long the Universe remained in the metastable phase below the
critical temperature. A supercooling parameter can be defined as

T. — T,
Seem = ——— 1. 1
: T (3.1)

This measure of supercooling has two important limitations. Obviously, unit nucleation must
occur for this parameter to be defined. Additionally, given a value for d.y, one still has no
insight as to the progress of the transition.

Percolation (with its corresponding percolation temperature T},) (2.25) is when there
is a cluster of connected bubbles that spans across the transforming medium. For spherical
bubbles, this occurs when approximately 30% of the Universe has been converted to the
true vacuum. The event of percolation aligns with when a significant proportion of bubble
collisions occur, suggesting its relevance for gravitational wave generation [23, 24, 147, 148].
The percolation temperature can deviate significantly from the nucleation temperature in
strongly supercooled transitions, as we will show in section 5. Thus, another supercooling

parameter can be defined as
T.— T,
Ssep = CTC L, (3.2)

Similarly to dsc,n, this has the limitation that it is only defined if percolation occurs. However,
given a value ds.,, one can determine the approximate temperature window for which the
false vacuum fraction deviates significantly from unity.

In this paper we highlight that unit nucleation and percolation are independent events.
The occurrence of one does not guarantee the occurrence of the other. Satisfying (2.23) suggests
a significant number of bubbles have been nucleated, which naturally assists percolation.
However, we will show two interesting scenarios that defy expectation:

Scenario 1: Unit nucleation without percolation.
Scenario 2: Percolation without unit nucleation.

These scenarios may also be expressed in terms of completion rather than percolation. Scenario
1 is what one might expect when a transition is tuned to be more strongly supercooled. Bubbles
nucleate, but not enough for them to percolate before the Universe cools well below the scale
of the transition (e.g. the electroweak scale). Slow bubble growth also aids in realising this
scenario. Scenario 2 is less obvious. This requires very few bubbles to nucleate, and for those
bubbles to grow sufficiently fast to eventually coalesce and encompass the entire Universe.
This naturally requires bubbles to expand for a long time and at a significant fraction of the
speed of light. A high temperature phase transition aids in realising this scenario, as well as a
large and long-lasting potential barrier to suppress bubble nucleation.

The absence of unit nucleation is often used as a guarantee that the transition cannot
be successful. We argue that its definition is somewhat misleading. Nucleating less than
one bubble per Hubble volume does not preclude the possibility of those bubbles reaching a
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Hubble volume in which no bubble nucleated. Unit nucleation represents an obvious early
stage of a fast transition where the number of bubbles per Hubble volume can be many orders
of magnitude above unity. However, unit nucleation fails to represent a consistent milestone
for supercooled transitions. This is demonstrated in section 5.

3.2 Comparing unit nucleation and percolation

Eventually, we wish to demonstrate the existence of Scenarios 1 and 2 in a concrete model.

First we consider an analytic treatment that will provide insight into the conditions necessary

for these scenarios to be realised. Later, we will verify the accuracy of this analytic treatment

by cross-checking with a full numerical transition analysis in the models described in section 4.
Scenario 1 requires

N(0)>1 and Py(0) > 0.71, (3.3)

while Scenario 2 requires
N(0) <1 and Py(0) <0.71. (3.4)

Here N(0) is the average number of bubbles nucleated per Hubble volume, and Py is the
fraction of the Universe remaining in the false vacuum. Both of these quantities are evaluated
at zero temperature. However, our analysis could be generalised to a transition with a low
temperature cutoff.

Our aim is to find threshold values of some parameter for these scenarios. We will use
the bubble wall velocity, v, as this deciding parameter. Consider Scenario 1 (unit nucleation
without percolation), and assume unit nucleation occurs while varying the extended volume
of true vacuum bubbles. On one side of this threshold value for v,,, we have unit nucleation
without percolation, and on the other side we have unit nucleation with percolation. Whether
a transition has a bubble wall velocity above or below the threshold value is more important
than how far from the threshold value the transition is. This is because we merely want to
demonstrate the existence of the scenarios and understand how and when they arise.

Direct integration of (2.11) and (2.21) is not feasible analytically unless many approxima-
tions are made. This subsection is dedicated to stating and justifying our assumptions to assist
in the comparison of N (0) and Pf(0), and in the next subsection we detail the method of doing
so. In fact, we take N(0) as input and compare Pf(0) to this while avoiding direct integration
of (2.11). While the following assumptions are convenient for an analytic investigation, we
later demonstrate numerically through benchmarks — without these assumptions — that
Scenarios 1 and 2 can occur. The expected action curve, S(7T'), is shown in figure 4 with a
minimum at Tg,, , and informs the first two assumptions. This shape of the action curve is
typical of supercooled transitions, see e.g. refs. [59-61].

Assumption 1: The action is minimised at temperature T, , where S(Ts,; ) and Ts,
are both positive. The action is approximately quadratic close to its minimum. Because
the nucleation depends exponentially on the action, the nucleation rate is approximately
Gaussian, centred near Tg ;. We define Tt as the temperature that maximises the
nucleation rate, about which the Gaussian nucleation rate is centred. Although we

~ dr _ A (Tspyyy) 11
expect 1t ~ Ty, we note that 57 T # 0.
171 reheating occurs during the transition, then we should instead compute % to find the minimum of

I'(T'(t)), which would occur near the ¢ime that minimises S(T'(t)) (see e.g. ref. [75]).
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Figure 4. An example of an action curve. This example is from a benchmark, M1-BP5, that we
will define later in section 4.1. Of our benchmarks in the two models that we investigate in section 4,
this benchmark has the largest deviation from a quadratic action around 7T (the dashed red line).
The maximum nucleation rate occurs at Tt =~ 10.25 GeV, while the minimum of the action occurs at
Ts... =~ 10.12GeV. Not displayed are the vertical asymptotes at T'= 0 and T' = T, (the dashed black
line). This U-shaped action curve is typical of supercooled transitions (see e.g. refs. [59-61]).

Assumption 2: At zero temperature, the number of nucleated bubbles is not affected
significantly by whether or not phantom bubbles are counted; that is, N(0) ~ Nt(0).
If we consider Scenario 1, then percolation does not occur so Py ~ 1. If we consider
Scenario 2, then very few bubbles nucleate and yet percolation occurs. This suggests
that bubbles nucleate early and nucleation is later suppressed while prolonged bubble
growth continues. In this case, the bubbles nucleate when Py ~ 1. Thus, we generically
expect Assumption 2 to hold in these two scenarios for the models we consider.

Assumption 3: The energy density (2.16) can be decomposed as a radiation compo-
nent and a vacuum component. The vacuum component can be approximated as
pv(T) = V($£(0),0) — V(y(0),0), as in (2.19). This approximation is reasonable for
transitions where the vacuum component away from zero temperature is dominated by
the radiation component given by (2.17). As discussed below (2.19), this decomposi-
tion can be generalised to transitions where the false vacuum phase does not persist
at zero temperature. We use (2.16) rather than (2.19) for the energy density in our
numerical simulations.

In Assumption 1 we defined Tt as the temperature that maximises the nucleation rate.
For transitions that complete after cooling below Tt (i.e. Ty < 1t), we naturally find
Ir ~ Ts,,,, where Tg . is the temperature that minimises the action. The maximum
difference between T . and Tr in the benchmarks listed in section 4 is 0.7%. Hence, we may
use these temperatures interchangeably in the models we consider, which will be important

for section 5.

min
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3.3 When does a transition percolate?

As a reminder, we wish to simultaneously compare N(0) to 1 and Pf(0) to 0.71, which are the
number of nucleated bubbles and the false vacuum fraction at zero temperature, respectively.
In the following, we decompose Py in such a way that eventually permits direct comparison
of N(0) and P¢(0). Using Assumption 2, we can approximate (2.21) as

T, T,
MﬂzLJWTgQwZAdTMTL (3.5)
where we have defined I (T)
X(T) = W(T)' (3.6)

To assist in comparing the number of nucleated bubbles to the true vacuum volume, we also
want to similarly rewrite Py, so that both IV and Py involve integrals of X. Introducing

vw [T H(T')
Y(T',T) = = / d1” .
( ’ ) T |1 H(T//)’ (3 7)
we can decompose Py as
A (T / N3
Py(T) = exp 3 dT" X (TY>(T',T) |. (3.8)
T
One can recognise that
T(TF, T)
Y(Tr,T) = ————=, 3.9
(1. 1) =" (39
where
T TldT” 1 3.10
T = Uy :
M) = v | AT (3.10)
is the comoving radius of a bubble nucleated at Tt that has grown until 7', and
(1) = e (311)
T G H(T) |

is the comoving Hubble radius. Then Y can be interpreted as the ratio of radii of the most
common bubbles to the Hubble volume, in comoving coordinates.!? The remainder of this
subsection is dedicated to an analytic comparison of the number of bubbles nucleated and the
true vacuum volume, aided by the use of well-motivated assumptions and approximations.

The conditions for Scenario 1, unit nucleation without percolation, and Scenario 2,
percolation without unit nucleation, are given in (3.3) and (3.4), respectively. The exclusivity
between the conditions for these two scenarios means that once we have found conditions for
one scenario, it will be easy to find the conditions for the other. The conditions for Scenario 1
can be expressed as

0

Te 4
dT'X(T)>1 and exp (3
0

Car X(T)Y3(T, 0)) > 0.71. (3.12)

12WWe use comoving radius because the proper radius of bubbles is ill-defined at zero temperature, since
a(T) < T7L.
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It will be convenient to work with the extended volume of true vacuum bubbles, V** which
appears inside the exponent of Py (see (2.4)), rather than Py directly. Let f; = P¢(T;)
denote the false vacuum fraction for some milestone temperature 7;. We have f, = 0.71 for
percolation and fy = 0.01 for completion, according to our definitions in section 2.2. We can
express the condition P¢(0) > 0.71 as

T, 1
AT X (T)Y¥(T,0) < —218Up) _ &, (3.13)
0 47
where we have defined )
G = <—3h“f”>3. (3.14)
4

The factor of 3/(4m) would not be present if a spherical Hubble volume was used in N
(see (2.21)).
Multiplying the right-hand side of (3.13) by a factor of one and using Assumption 2, we
have
" X (1)YHT,0) < <2
0 T N(0)
We take N(0) as input in the following analysis. The number of bubbles nucleated throughout
the transition requires knowledge of the action as a function of temperature, which we cannot
hope to capture in a model-independent way. In fact, our analysis will be completely model-
independent, except that the model must admit a phase transition at roughly the electroweak
scale, and this transition must satisfy the assumptions detailed in section 3.2.
Now consider percolation more generally. The inequality (3.15) becomes an equation in
the general case, which may be written as

Te
Acﬁﬂﬂ. (3.15)

T
/(ﬁMﬂMﬂ:Z (3.16)
0
where Z is a real number that can take either sign or even vanish, and
3 %
A(T)=Y"(T,0) — . 3.17
1) = V10 - h (317)

The sign of Z indicates whether percolation occurs: Z < 0, Z =0 and Z > 0 are respectively
where percolation does not occur, the threshold of percolation (P¢(0) = 0.71), and where
percolation does occur. That is, sign(Z) = sign(0.71 — Pf(0)). To classify whether a transition
satisfies the conditions of Scenario 1, Scenario 2, or neither, requires only the determination of
sign(Z), along with N(0) which we take as input. However, the integral in (3.16) still cannot
be evaluated analytically. We can make one further simplification to avoid the integration
in (3.16) altogether.

The form of Y (7', 0) is shown in figure 5 for the benchmark M2-BP1 (defined in section 4.2).
This form holds in general and can be understood as follows. During vacuum domination
(T < Teq), a constant Hubble parameter in (3.7) yields a constant: Y (T,0) ~ v,. During
radiation domination (7" > T¢q), instead dY (7,0)/dT is approximately constant, which can
be seen by using H(T) ~ T? /¢, in (3.7). Importantly, Y (7,0) monotonically increases with
temperature from zero temperature to the critical temperature, and consequently so does
A(T). Because X (T) is strictly positive, we have sign(X (T)A(T)) = sign(A(T)). Assumption
1 implies that X (7") is an even function (specifically Gaussian) about 7. Then we have
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Figure 5. The function Y (T,0) for benchmark M2-BP1 with v,, = 0.220. The horizontal dashed
line marks the threshold ¢,/N 3(0), where N(0) ~ 1. The vertical dotted lines correspond to Teq
(green) and T (red). This benchmark has Y (T, 0) < ¢,/N3(0), and hence is predicted to not yield
percolation. Indeed, for M2-BP1 we numerically find v,, ~ 0.223 is required for percolation.

Z = 0if A(T) is odd about Tr. Further, we have sign(Z) = sign(c) if A(T) — ¢ is odd
about Tp. Because we only need the sign of Z (and not the magnitude) to determine
whether percolation occurs, we can reduce the problem of checking (3.15) to simply computing
sign(c) = sign(A(1r)), provided A(T') — ¢ is odd about Tp. This property of A(T) can be
seen by the fact that it scales as a constant for low temperatures 7' < Ty, and becomes
most strongly temperature-dependent at high temperatures T > T¢q, scaling as T3. Due to
the exponential suppression away from Tr by X(7'), any deviation from the odd function
we desire is washed out. This leaves an approximately odd function about 71T, provided the
Gaussian nucleation rate is not broadly peaked.

We numerically confirm that evaluating sign(A(7r)) is a reasonably accurate way to
predict whether percolation occurs (with comparison to numerical results shown later in
figures 6 and 7). We expect this to hold in general, unless the energy density of the Universe
scales differently with temperature than assumed for the models considered here. Another
caveat is that alternate nucleation scenarios can be conceived where there is a prolonged
window of significant nucleation, in which case suppression of the nucleation rate away from
the maximum is not strong. In either case, the same general principles for realising Scenarios
1 and 2 should still apply, however, the analytic treatment used here would need to be
significantly altered.

The percolation condition resulting from the simplification sign(Z) = sign(A(7rt)) is
that percolation occurs if

Y (T, 0) > %08 (3.18)

Then, checking (3.18) and whether N(0) is larger or smaller than unity is sufficient to
determine whether Scenarios 1 and 2 occur.
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3.4 Scenario 1: unit nucleation without percolation

In section 3.3 we showed that the conditions for unit nucleation without percolation reduce

to simply finding when
p

N3(0)
with N(0) > 1 taken as input. Because Y is an integral of Hubble parameters, it remains

to evaluate the Hubble parameter. Using Assumption 3, we can approximate the Hubble
parameter by considering a constant vacuum energy density: py(7) ~ po. The Hubble

parameter is then
87G (T4
H(T) ~ | =2 (5 400 ) (3.20)
3 &

where pg = V(#£(0),0) — V(¢gs(0),0). We define Teq as the temperature for which the
radiation and vacuum energy densities are equal;

Y (T, 0) <

: (3.19)

PR(Teq) = pv (Teg)- (3.21)
Under the approximation of constant vacuum energy density, we have
T2, = /0. (3.22)

Then we can express (3.20) as

4
[8rG T
H(T) ~ WTpo (TF>+1. (3.23)
eq

This approximation for the Hubble parameter permits an analytic result for the integral
of the ratio of Hubble parameters in (3.7). The condition for Scenario 1 can be expressed as
a bound on the bubble wall velocity:

4 4 -1
Cp TF 115 TF
Uy < —B— +1o.F =, 25— , 3.24
Né(())[ (Teq> 2 1(4 2°4 \ Tog (3:24)

where o F} is a hypergeometric function. Interestingly, the bubble wall velocity required for
percolation depends only on two quantities: the number of bubbles nucleated during the
transition, N(0); and the temperature at which bubble nucleation is maximised, 1T, relative
to the temperature when the radiation and vacuum energy densities are equal, Te.

The result for the bubble wall velocity bound (3.24) is presented in figure 6. To have
unit nucleation without percolation (i.e. Scenario 1), we must have N(0) > 1 in addition to
satisfying the bound on the bubble wall velocity in (3.24). This scenario is realised in the
shaded region of figure 6, where N(0) = 1 was chosen. The choice of N(0) scales the vertical
axis; a value of N(0) above this threshold of unity would permit percolation for lower bubble
wall velocities. Intuitively, the results suggest that percolation does not occur if the bubbles
expand sufficiently slowly. In a phase transition with slow bubble walls, the transition will
complete via nucleation of many small bubbles. Or, if the nucleation rate is suppressed as
we consider here, the bubbles will not percolate and the transition will not complete. The
reciprocal factor in brackets in (3.24) has an upper bound of unity as 11 /Teq — 0. Then for
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N(0) < cg, even v, = 1 is not predicted to yield percolation for Tt < Teq. This corresponds
to the average number of nucleated bubbles (throughout the entire transition) per Hubble
volume being very low; specifically N (0) < 0.08, which is an order of magnitude below unit
nucleation. Nevertheless, percolation can still occur with even fewer bubbles if Tt > T,. For
N(0) > 1, we expect percolation to occur unless bubbles grow very slowly during adiabatic
expansion. Although we take v,, to be a free parameter, bubbles that expand as deflagrations
or hybrids cause reheating in the false vacuum whereas detonations cause reheating in the true
vacuum. This is an important distinction [59, 75, 146] that we do not capture in this study,
with our analysis being most suitable for detonations.'® Reheating from bubbles expanding as
deflagrations or hybrids could significantly delay percolation and may even prevent percolation
for strongly supercooled transitions.'*

We now discuss the implications of the obtained bubble wall velocity bounds. In figure 6
we see that percolation is hardest to achieve when bubbles are predominantly nucleated
during vacuum domination (1t < Ttq); in that a larger bubble wall velocity is required for
percolation compared to cases where bubbles nucleate when the radiation energy density
is still significant (It 2 Toq). This result is expected because the bubbles that nucleate
during radiation domination have both the radiation- and vacuum-dominated eras during
which to grow, whereas bubbles that nucleate during the vacuum-dominated era can only
grow during vacuum domination. Thus, the ratio Tt /T, indicates how long bubbles can
grow for. For Scenario 1, unit nucleation without percolation, we must have N(0) > 1,
otherwise unit nucleation does not occur. Then the largest bubble wall velocity for which
percolation does not occur is v, = ¢, ~ 0.43, according to the bound for v,, with Tt < Tiq
and N(0) = 1. Thus, percolation is guaranteed to occur if unit nucleation occurs, provided
the bubbles expand as detonations or hybrids, which have v,, > ¢; ~ 0.58 for a perfect fluid
in the MIT bag equation of state. Strictly speaking, Scenario 1 lies outside the regime of
validity of our analysis because we neglect reheating, and therefore only model detonations
correctly. However, in appendix D we discuss how reheating affects Scenarios 1 and 2 by
hindering percolation, and we reason that reheating should only strengthen the case for the
existence of Scenario 1 for deflagrations. Additionally, reheating may allow Scenario 1 to
be realised for bubbles growing as hybrids. Although we generically expect detonations for
strong supercooling, hybrids may be possible if friction from the plasma is sufficient. We
then predict that Scenario 1 is possible for strongly supercooled transitions (with N(0) ~ 1)
that proceed with bubbles growing as deflagrations or hybrids. Conversely, we predict that
unit nucleation implies percolation for transitions that are not strongly supercooled or where
bubbles grow as detonations.

Formulating the condition for Scenario 1 as a bound on the bubble wall velocity is quite
intuitive. Percolation occurs once a large enough fraction of the Universe is contained in true
vacuum bubbles. A low bubble wall velocity results in bubbles expanding slower, delaying
and perhaps precluding the onset of percolation. One can further connect this to the bubble
radius using (3.9) in (3.19) to give the condition

r(Tr,0) Cp
ri(Tr) ~ N (0)

(3.25)

13Modelling of the false vacuum fraction evolution in the presence of reheating from deflagrations, as well as
the effects of reheating on the gravitational wave signal, was recently performed in ref. [115].

“However, with sufficiently strong supercooling, deflagrations may not be a stable hydrodynamic solution [149,
150]. The instability is expected to accelerate the bubble walls, perhaps somewhat mitigating the hindrance to
percolation from reheating. The realisation and analysis of deflagrations in the presence of strong supercooling
may be an interesting avenue for future investigation.
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Figure 6. The bounds on the bubble wall velocity for which no percolation is expected, where
N(0) = 1. The shaded region corresponds to no percolation. For a given value of Tt /Teq, if vy, lies
above the curve, then percolation is expected. The red pluses are benchmark points for a toy model
(M1) (defined in table 1), and the blue dots are benchmark points for the Standard Model with a
scalar singlet (M2) (defined in table 2). The red cross also belongs to M1 (specifically M1-BP5), but
the true vacuum does not exist at Tcq. However, T¢q can be obtained analytically for this benchmark
as described in section 4.1.

for Scenario 1, again with N(0) > 1. The left-hand side is the bubble’s comoving radius
as a fraction of the comoving Hubble radius at the time of nucleation. For percolation to
occur, this fractional radius R(T") = r(Ir,T)/rg(Ir) must to be at least ¢,/N3(0) as T'— 0.
When considering a spherical Hubble volume (i.e. including the factor of 47/3 in (2.21))
and using f, = 0.71, we have the constraint R(0) 2 0.70/N%(0) for percolation to occur.
Replacing ¢, with ¢y in (3.25) and using f; = 0.01, we have the constraint R(0) 2 1.7/N%(0)
for completion to occur.

3.5 Scenario 2: percolation without unit nucleation

The analysis of Scenario 2 follows from that of Scenario 1. The condition for Scenario 2
equivalent to (3.19) is given in (3.18), and we must have N(0) < 1. Fortunately, we can
reuse all results from Scenario 1 simply by reversing the inequalities. Scenario 2 occurs in
the non-shaded region above the curve in figure 6. Even with a low number density of
nucleated bubbles, percolation and completion are still possible, provided the bubbles expand
quickly and have enough time to expand (that is, they nucleate at a high enough temperature
relative to Tyq). Percolation is more difficult to achieve if bubbles predominantly nucleate
during the vacuum-dominated era (1t < Teq) because the bubbles have less time to grow.
As long as N(0) > c% ~ 0.08, percolation without unit nucleation remains possible even if
Tr < Teq, provided the bubbles grow as detonations. Superluminal bubble wall velocities are

15This second usage of figure 6 is possible because we consider N(0) = 1; the threshold of unit nucleation.
Reducing N(0) infinitesimally in figure 6 will not affect the partitions in the plot, but will then be considering
the case of no unit nucleation.
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required for percolation if N(0) < c?, and bubbles nucleate during the vacuum-dominated
era. If N(0) ~ 1 and bubbles grow as deflagrations or hybrids, reheating in front of the
bubble walls may spoil percolation (as discussed in appendix D). For instance, the bubble
wall velocity bound when bubbles nucleate predominantly in the radiation-dominated era
(Tt Z Teq) suggests that bubble wall velocities even in the range v,, ~ 0.1-0.2 could yield
percolation. However, percolation is hindered by the suppression of bubble nucleation and
growth due to reheating in deflagrations and hybrids, so larger bubble wall velocities than
predicted are required for percolation. Thus, the obtained bubble wall velocity bounds are
necessary but not sufficient conditions for Scenario 2 outside of the detonation regime. Besides,
a constant bubble wall velocity throughout the transition is not a reasonable approximation
when reheating occurs [75, 146]. Quantitative predictions for Scenarios 1 and 2 in the case of
reheating are beyond the scope of this study.

The obtained bubble wall velocity bounds provide no insight of the time ordering of
unit nucleation and percolation events. A natural extension to Scenario 2 is percolation
before unit nucleation. A similar analytic treatment to that used for Scenarios 1 and 2 could
be applied for this scenario, with some difficulty and much tedium. We argue that such a
scenario is largely unimportant, with this assessment following from our findings in section 5
that the event of unit nucleation is an arbitrary milestone. We note that ref. [63] demonstrate
strongly supercooled cases where T, can become close to 7}, and also cases where T}, < Tiq.
Ref. [60] consider cases where T), < Teq < T,,'® and mention that scale-invariant models can
have T, < T}, < Toq. We find both cases in our benchmarks (stated in section 4), but, like
refs. [60, 63], we do not find any benchmarks where 0 < T}, < T),.

3.6 A note on completion

The bubble wall velocity bound obtained for Scenarios 1 and 2 in sections 3.4 and 3.5 can also
be applied to unit nucleation without completion and completion without unit nucleation,
respectively, simply by replacing ¢, with c; (see (3.14)). The results are shown in figure 7. We
see that completion is no longer possible for Tt < T,q/2 at the threshold of unit nucleation,
even with v,, = 1. Additionally, completion is not possible (even neglecting reheating) for
deflagrations at the threshold of unit nucleation, unless Tt 2 1.387;,. However, one may
naively expect that percolation can still occur in some of the cases where completion does
not. We will demonstrate that this is not necessarily true.

Even if the fraction of the Universe in the false vacuum decreases to some completion
threshold P¢(Tt) = € < 1 and beyond, finite pockets of the false vacuum can persist if the
rate of false vacuum conversion does not exceed the rate of expansion of the false vacuum. At
the end of section 2.2 we mentioned five completion criteria (CC):

CC1 The false vacuum fraction becomes sufficiently small.

CC2 The physical volume of the false vacuum, Vs, decreases for some temperature
T > Tf.

CC3  Vphys decreases on average from percolation to completion: Vonys(Tr) < Vphys(Tp)-
This constraint conveniently maps to the condition T 2 0.247T,.

6 Although ref. [60] stated the ordering of event times, we have neglected reheating, so the ordering of
temperatures is the reverse ordering of times.
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Figure 7. The same as figure 6 except for completion rather than percolation. The shaded region
now corresponds to where completion is not expected. Since v,, > 1 is invalid, completion without
unit nucleation is not possible for sufficiently small Tt /T, even if N(0) ~ 1.

%
CC4  Vppys is decreasing at T': —“phys 0.
dt T
dy,
CC5  Vphys is decreasing at Tj: % 0.
Tp

In this study we do not determine simple, model-independent analytic conditions for these
constraints equivalent to the conditions found in sections 3.4 and 3.5 for Scenarios 1 and 2.
Instead we numerically find the bubble wall velocity, v,,, for which each of these constraints
are satisfied. We do this for each of the benchmarks stated in section 4, which we use in
figures 6 and 7. We consistently find that the value of v, for which CC2, CC3, CC4 and
CC5 are satisfied in our benchmarks are respectively 10-15%, 18-21%, 21-23% and 70-123%
above the value of v, required for completion (CC1), where the ranges show the full variation
in results amongst our benchmarks. This holds for each benchmark, with the required bubble
wall velocity being progressively larger in the order of CC1-5. A significant variation between
benchmarks is only observed for CC5. We tentatively propose the more general bound
(analogous to (3.18)) for a successful transition,

3
acoiC
Y3(Ty,0) >

> N (3.26)

with acc1 = 1, acce = 1.15, accs = 1.21, accs = 1.23 and accs = 2.23. Recalling
the situation depicted in figure 3, we recommend the use of CC5, or at least CC4, for a
conservative estimate of transition completion. If one wishes to rule out the possibility of
transition completion, then failure to satisfy CC1 is sufficient. In general, one should be
cautious if any of the success criteria are not satisfied.

Although these results suggest that a transition completes (i.e. Ty > 0) if CC5 is satisfied,
it remains to be proven. We have provided analytic arguments that support the claim that a
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transition completes if and only if (3.26) is satisfied, using acci. No such analytic arguments
have been made for the physical volume of the false vacuum and we are not aware of any
existing proof that $£Vonys(Tp) <0 = Py(0) — 0.

To further investigate the ordering of acc; seen in our benchmarks, we consider a simple
transition model that allows for analytic investigation of Vynys and Pr. We refer to this as
the simultaneous nucleation model. We assume instantaneous nucleation of all bubbles at
some temperature T, such that I'(T) = npd(T — Ty), with np being the number density of
bubbles. We also assume vacuum domination throughout the transition, with the further
approximation H(T) = H,. Here, T, and H, are both constant. With these simplifications,
the extended volume in (2.11) is

47 T
XU < T, :3<1—) 2
VT < 1) =58 (1- 7). (:27)
where we have defined )
np \3 1
b= Vw <m> == UwN3 (O) (328)

The last equality in (3.28) is found using (2.21), with N(0) being the number of bubbles
per Hubble volume nucleated throughout the entire transition. The percolation and final
ext

temperatures are defined through P¢(T;) = f;, or equivalently Vi*'(T;) = —In(f;). In this
simple model, the percolation and final temperatures are given by

T, = T*<1 . Cb> , (3.29)

where ¢; is as defined in (3.14). Additionally, we can determine whether the physical volume
of the false vacuum, Vpyys, is decreasing with time. This condition can be checked by
finding dV'/dT, as in (2.30). This is simple in the simultaneous nucleation model under
consideration, because

dygxt 47b3 TV
= - 1——1. .
dr T < T*) (3.30)
Then (2.30) becomes
T T \2
—Arb’ - (1- : 31
3 dr T*< T*)<o (3.31)

We can use (3.29) in (3.31) to check whether Vs is decreasing at the percolation or
completion temperature. This yields the constraint

3

dmc;
It is possible to determine analytic bounds on b = v,, N 5 (0) for all completion criteria in

the simultaneous nucleation model, using (3.29)—(3.32). The bounds are

CC1 Tf >0: b> cr =~ 1.032.

1
81 \s
< 0 for some Ty < T(t) < Tu: b > (16>3 ~ 1.172.
T

coz Dby

1 1 -1
CC3 VPhyS(Tf> < Vphys(Tf): b > <fp> Cfr—Cp (fp) -1 ~ 1.223.
i fi
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dV,
CC4 —P <0 b>ep+ —y ~ 1.256.
dt T dmey
d 3
ces el b>cp+ —5 = 1701
dt g, dme,

In determining the bound for CC2, one can recognise that T; /7% = 1/3 minimises (3.31). The
condition for percolation is b > ¢,. Thus, the condition for unit nucleation without percolation
is vy < cp/N%(O) and N(0) > 1, just as in the vacuum-dominated limit (7t < Teq) of the
model-independent analysis in section 3.4.

We now compare these results for completion criteria for the simultaneous nucleation
model to the empirical bounds on the bubble wall velocity for the toy model, M1 (see
section 4.1), and the real scalar singlet model, M2 (see section 4.2). The latter empirical
bounds are encoded in the correction factors acc; listed below (3.26). Since acci = 1 by
definition (see (3.26)), we can view the remaining correction factors acce—4 as ratios to accr-
For a fixed value of N(0), a bubble wall velocity acc; times larger is required to satisfy
CCi compared to CC1. We can similarly determine correction factors for the simultaneous
nucleation model, and interpret these as ratios of v,, with fixed N(0) because b = v,, N %(0)
The correction factors are acci = 1, agce ~ 1.136, acos ~ 1.185, accys = 1.217 and
aoos ~ 1.648. These correction factors agree closely with those found empirically in M1 and
M2 (see (3.26)). The largest discrepancy is with the empirical accs value, which would be 1.70
if we instead took the lowest value in the observed range of 70-123% above acc1. Additionally,
the ordering of the correction factors is the same in all models. The agreement supports the
utility of the empirical bounds on the bubble wall velocity for the various completion criteria
considered in this study.

However, we note that the acc; values are model dependent, and our numerical explo-
ration of the benchmarks does not preclude more variation or different orderings amongst
the aco; values. Furthermore, the simultaneous nucleation model considered here may not
accurately capture the evolution of the fraction and physical volume of the false vacuum in
other models with strong supercooling. Thus a more general commentary is necessary. By
definition, acce < accs-5, because CC2 requires only that Vs is decreasing at some time,
whereas CC3-5 require Vppys to decrease at specific times. Consequently, CC2 imposes a
weaker constraint on the bubble wall velocity because it is a weaker condition. By definition,
acc1 < agcs g, because CCl is the condition that there is a completion temperature, and
CC3,4 rely on the completion temperature. However, we are not aware of any definitive
arguments for why the other hierarchies must hold in general.

We now briefly consider fast transitions: the extreme case of transitions opposite to
that of strong supercooling. In fast transitions, v,, is many orders of magnitude above what
is required for completion because N(0) is many orders of magnitude above unity. This
guarantees the transition completes sufficiently fast such that the expansion of space can be
neglected. Then V,,ys decreases throughout the entire duration of the transition, including
well before percolation (as discussed in ref. [145]). Clearly this reasoning does not apply to the
strongly supercooled transitions considered in this study, where the expansion of space plays
an important role in transition progress. Our observed ordering of acg; values in strongly
supercooled transitions suggests that Vpyys decreases somewhere between T}, and T, or not at
all. This is expected from (2.27) since P; changes most rapidly in this range of temperatures.
In contrast, we expect Vppys to decrease for all temperatures during a fast phase transition.
As the level of supercooling decreases, the temperature window for which V,,ys decreases
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expands out from a range somewhere between T}, and T;. Then for some sufficiently small
level of supercooling, Vpnys is decreasing at both 7}, and Ty such that all of the completion
criteria are satisfied.

From our results, we conclude that an analysis of unit nucleation alone does not indicate
the completion or non-completion of a transition. Many studies of cosmological first-order
phase transitions assume the lack of unit nucleation guarantees the transition cannot com-
plete, or that the occurrence of unit nucleation indicates a successful transition. We have
demonstrated the contrary in section 3.4. Additionally, in appendix E we show that the
volume of a bubble can exceed the Hubble volume, especially during vacuum domination,
intuitively allowing completion when N(0) < 1.

4 Nucleation, percolation and completion: numerical treatment

In this section we demonstrate realisations of the two main scenarios considered in section 3
using our full numerical treatment in two different models. These scenarios are unit nucleation
without percolation (Scenario 1), and percolation without unit nucleation (Scenario 2). We
present five benchmarks for each model. The first model (M1) is a simple model obtained
through a high-temperature expansion of the Standard Model with a zero-temperature
potential barrier, which we treat as a toy model in this study. The second model (M2) is
a minimal real scalar singlet extension of the Standard Model commonly used in studies
of gravitational waves from a first-order electroweak phase transition [32, 83, 100, 151-161].
Our perturbative treatment of M2 is known to suffer from gauge and renormalisation scale
dependence, and IR divergences [93, 162, 163]. Thus, the benchmarks we present for M2 yield
the desired scenarios subject to our choice of gauge parameter and renormalisation scale, as
well as our treatment of daisy resummation and the Goldstone catastrophe. Additionally, it
has recently been shown that two-loop effects may be large, particularly for strongly first-order
transitions [164].

4.1 Toy model (M1)

First we consider the toy model (M1) with the effective potentiall”

7[.2

V(¢,T) = D(T* - T)¢* — (ET + A)$° + iw = 591" (4.1)
where ¢ is a scalar field. Neglecting the A¢3 term, (4.1) comes from a high-temperature
expansion of the Standard Model [5, 165, 166], while the A¢> term can arise from multi-scalar
field potentials (see e.g. ref. [167]). However, we do not attempt to choose realistic values of
the parameters, instead treating (4.1) as a toy model. Following ref. [59] we parameterise
this potential by the ratio A = A/v, where v is the field value of the global minimum at
zero temperature. As long as T02 > 0, the first term in the potential is negative for T < Ty,
leading to a maximum at the origin and (electroweak) symmetry breaking through the Higgs
mechanism. At higher temperatures, this quadratic field coefficient is positive and symmetry
can be restored. However, there are also temperatures where the quadratic field term is
positive while the cubic field term is negative, resulting in a potential barrier separating

"The last field-independent term does not affect the phase structure of the potential, yet is important for
the analysis of phase transitions. It affects the pressure and its temperature derivative, thus it affects the
energy density and consequently cosmic expansion (see (2.13) and (2.8)). For gravitational wave studies, this
can also affect the speed of sound in the plasma [98].
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two phases. This can lead to a first-order phase transition, which proceeds through bubble
nucleation. The barrier dissolves at Tj, so a phase transition would no longer occur through
bubble nucleation below Tp. On the other hand, if T < 0 the cubic term allows for a potential
barrier that persists at T' = 0, which will be the scenario we consider here.

Fixing v = 250GeV (as done in ref. [59]), we can solve for T by using the usual
electroweak symmetry breaking condition for the potential at zero temperature. This is the
condition that v is a stationary point of the zero-temperature potential, and gives

,  A—3A

5 =g V2. (4.2)

The zero-temperature scalar mass mg is given by

0?V

e = (2\ — 3A?, (4.3)

(v,0)

2 _
m¢—

where we used (4.2). Following ref. [59], we choose to fix the scalar mass to be my = v/2,

leading to the constraint

1 3
= 4= 4.4
A 8+2A, (4.4)

and we set the number of effective degrees of freedom in the plasma to g, = 100.

The energy density in this model is conveniently simple because the false vacuum
remains fixed at the origin (i.e. ¢¢(T) = 0). This leaves p(¢f,T) = pr(T). Hence, we
find that py = —p(v,0) is independent of temperature, by using (2.15) and (2.18). Then,
using (4.2) and (4.4), we have

1/1 4
- -(Z_ . 4.
PV =3 ( 1 A>U (4.5)
This allows for the exact determination of T, through (2.20), giving
15 (1 i

We use M1 for probing cases where bubbles predominantly nucleate during the vacuum-
dominated era, and connecting to previous studies [59, 63] of strong supercooling.!'® We
present the benchmarks for this model in table 1. These benchmarks demonstrate that the
scenarios considered in section 3 (unit nucleation without percolation, and percolation without
unit nucleation) can be realised without the approximations used in the analytic treatment.
Each benchmark is designed to lie at the threshold of unit nucleation being possible, which
we ensure by tuning A such that N°*(0) = 1, for a fixed choice of the other input parameters.
Perturbing the input parameters slightly then considers transitions both with and without
unit nucleation. Whether percolation and completion occur then depends on the bubble
wall velocity, v, and a bound on v, for these scenarios can be obtained numerically. For
the purpose of matching to the bounds on v,, obtained in section 3.4, we treat v,, as a free
parameter and scan over it. As we discuss later and in appendix D, reheating occurs for
sufficiently small bubble wall velocities corresponding to deflagrations and hybrids. Our
model for the progress of the transition breaks down in such cases. However, reheating would

18The Standard Model with a dimension-six operator, as used in e.g. refs. [58, 61-63], would also serve the
latter purpose.
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A v D E AN | T. | Tr | Teq | Tn | 00 | vl
M1-BP1 || 0.129064 | 250 | 0.442484 | 0.0625 || 1 x 1073 | 67.90 | 32.30 | 36.60 | 27.09 | 0.361 | 0.859
M1-BP2 |/0.110220 {250 (1.76993 |0.125 ||1x10~%|35.83|15.08 |37.94|12.55|0.430 | 1.02

M1-BP3 || 0.144762 | 250 | 0.2 0.05 8x1074]102.8|50.96 | 35.35 | 42.45| 0.234 | 0.558
M1-BP4 || 0.134623 | 250 | 0.3 0.05 1x1073[80.35[39.00 | 36.17 | 32.69 | 0.314 | 0.747
M1-BP5 || 0.104005 | 250 | 3.5 0.2 1x1073|26.92|10.28 | 38.37 | 8.507 | 0.433 | 1.03

Table 1. Benchmark points for the toy model, M1. The first four columns are the input parameters
that define the potential (see section 4.1). The vacuum expectation value, v, and the temperatures
have units of GeV. We have defined AN = N°*(0) — 1 to indicate the deviation from the threshold
of unit nucleation. The velocities v2;/ denote the bubble wall velocity required for percolation and
completion, respectively, when N®**(0) = 1 exactly. These velocities were numerically determined
by varying v,, until percolation and completion ceased. The combination (11 /Teq, vP:f) defines the
coordinate for each benchmark in figures 6 and 7.

only affect the v, thresholds for each scenario, rather than preventing the scenarios from
being possible.

Note that we consider N®* rather than N here due to convenience for scanning. The
approximate form, N°**(0), does not depend on the bubble wall velocity if no reheating occurs
during the transition. On the other hand, N(0) depends on the false vacuum fraction (which
we calculate by numerically evaluating (2.11)), and by extension depends on the bubble wall
velocity. Additionally, we find that the difference between N(0) and N*t(0) is negligible in
our benchmarks. The use of N®**(0) allows the tuning of N**(0) = 1 to be independent of
the bubble wall velocity.

In fact, all quantities reported in table 1 are independent of the bubble wall velocity,
except for the bounds on the bubble wall velocity itself, vg;f . We do not report the percolation
or completion temperatures in table 1 because the false vacuum fraction depends on the
bubble wall velocity. We do report the temperature that maximises the nucleation rate, Tt,
the presence of which indicates a minimum in the action. A non-zero value for 1t is common
to all benchmarks, and is necessary for studying transitions with N(0) ~ 1. We also report
the temperature at which the radiation and vacuum energy densities are equal, Tiq. The
numerically determined values of T, precisely match the predicted values from (4.6). The
ratio Tt /Tt sets the horizontal position of the benchmarks in figures 6 and 7. Bubbles nucleate
during radiation domination for Tt > T¢q, or during vacuum domination for Tt < T¢q. For
Tt ~ Tq, bubbles nucleate during an era where the radiation and vacuum energy densities
are similar. The benchmark M1-BP5 does not have a numerical solution for T, because
the Universe is vacuum dominated when the true vacuum first appears (at 7'~ 29.88 GeV).
However we can still obtain Teq & 38.37 GeV analytically using (4.6).

The benchmarks were selected to span a wide range of Tt /Tcy. They were generated
by fixing values for D, F and v, then scanning over A to find where N°**(0) = 1. No
benchmarks for M1 were rejected from this study. The agreement between our model-
independent predictions for the threshold bubble wall velocity values for Scenarios 1 and 2
and the numerically determined thresholds, vﬁ’f , indicate the validity of our assumptions and
approximations used in section 3. The software pipeline we used for analysing each benchmark
consists of PhaseTracer (version 1.1.0) [168] to track the evolution of each phase and the
in-development code, TransitionSolver to analyse all relevant transitions and determine the
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phase history. We made use of a modified version of CosmoTransitions (version 2.0.6) [169]
to evaluate the action. See appendix F for details of the modifications.

Strong supercooling typically requires that the potential barrier separating the phases
must persist at low temperatures. A phase transition no longer occurs through bubble
nucleation when the potential barrier vanishes. Thus, we focus on cases where there is a
potential barrier at zero temperature, which corresponds to the condition T02 < 0in M1. This
condition can be expressed as a constraint on A, giving the lower bound A > 1—12 Additionally,
we can obtain the upper bound A < % by requiring Toq > 0 (or equivalently py > 0). Each of
the benchmarks listed in table 1 satisfy % <A< i.

Benchmarks M1-BP2 and M1-BP5 have bubbles nucleating in the strongly vacuum-
dominated era. Consider M1-BP2, which has the higher value for Tt /T¢, of the two benchmarks.
We found the maximal nucleation rate occurs at Tr ~ 0.407. Because the radiation energy
density scales as T*, we have pr(Tr) ~ 0.026pr(Teq). By definition, pr(Teq) = pv(Teq)-
Meanwhile, py should vary much slower between Tt and Tey; in fact, in this model py is
constant. Thus, vacuum domination at 1T is a good assumption for this benchmark, with py
comprising 98% of the total energy density at 7. Vacuum domination is even stronger at Tt
in M1-BP5.

In table 1 we state bubble wall velocities which we numerically found to define the
boundary of Scenarios 1 and 2 at the threshold of unit nucleation. For instance, v¥, corresponds
to the maximal bubble wall velocity for which percolation does not occur, when N(0) = 1. The
threshold for completion is similarly marked by v. Consider M1-BP2 again. This benchmark
— like all others in this study — lies at the threshold of unit nucleation. We numerically
find that percolation does not occur for v,, < 0.430, while a larger wall velocity would yield
percolation (if reheating can be ignored). Meanwhile, completion does not occur if v,, < 1.03,
indicating that completion is not possible at or below the threshold of unit nucleation. We
have argued that vacuum domination at Tt is a good approximation for M1-BP2. The
numerically determined v?/ agree closely with the prediction (3.24) in section 3.4 for the
vacuum-dominated limit 71/7Teq < 1, which corresponds to vk, a 0.434 and v, ~ 1.03. For
an analytic computation of v, we replace ¢, with ¢y in (3.24). The predicted bubble wall
velocity bounds are shown in figures 6 and 7.

Benchmarks M1-BP1 and M1-BP4 both have bubbles predominantly nucleating when
the radiation and vacuum energy densities are similar (7Tt ~ T¢q). In this situation, we
match vP;/ to our analytic predictions for bubbles nucleating in an era where neither energy
density contribution dominates, and the bubbles continue to grow during vacuum domination.
Meanwhile, M1-BP3 has bubbles predominantly nucleating during radiation domination and
continuing to grow during vacuum domination. In figures 6 and 7 we see that the analytic
predictions for the bubble wall velocity at the threshold of percolation and completion agree
very closely with the numerical results, even away from the vacuum-dominated limit. The
agreement supports the validity of the assumptions made in section 3.2 and the simplification
made in section 3.3 (discussed below (3.16)), at least for this model.

We numerically confirm that bubbles grow as detonations in each of our benchmarks,'”
which suggests that reheating can be ignored. In section 3.4 we predicted that percolation
is guaranteed if unit nucleation occurs, provided bubbles grow as detonations. Thus, none

9We follow the methods described in refs. [53, 54] to estimate the terminal bubble wall velocity. We
consistently find that v,, is larger than the Chapman-Jouguet velocity, which marks the lower bound on v,, for
detonations. This holds for all benchmarks (in both M1 and M2) using friction models with v* and +? scaling,
where v = (1 — vﬁ,)_l/2 is the Lorentz factor of the bubble wall in the plasma frame.
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of our benchmarks demonstrate unit nucleation without percolation (Scenario 1) given the
assumed particle content and current friction models. Other extensions to the Standard
Model may allow for Scenario 1 to be realised more readily, with non-detonations occurring
even with strong supercooling. However, we can realise percolation without unit nucleation
(Scenario 2) by reducing N(0) below unity. This is easily achieved by slightly increasing A
for any benchmark listed in table 1, because N(0) decreases as A increases. Increasing A
strengthens the potential barrier, and hence suppresses bubble nucleation further. Completion
without unit nucleation is not possible for M1-BP2 and M1-BP5 because v/ > 1, but is
possible for the remaining benchmarks, where the estimated bubble wall velocity is always
larger than v. Our numerical results for benchmarks M1-BP2 and M1-BP5 agree with our
analytic predictions that completion without unit nucleation is not possible if bubbles are
predominantly nucleated during vacuum domination — specifically if Tt < Teq/2. Additionally,
benchmarks M1-BP1,3,4 support our analytic prediction that completion is guaranteed even
at the threshold of unit nucleation, provided the bubbles grow as detonations and nucleate
before vacuum domination.

4.2 Real scalar singlet model (M2)

We now consider a realistic and very popular extension of the Standard Model of particle
physics: the (non-Zs-symmetric) real scalar singlet model (M2), which extends the Standard
Model with an additional real scalar singlet [33, 154, 164, 167, 170-187]. We will demonstrate
in this model that the scenarios we have considered through analytic approximations and in
the toy model may also exist in realistic models for new physics.

The tree-level potential in this model is [167]

1 1 1 1 1
Vo(H,S) = ,u%(HTH)+)\h(HTH)2+5u§82+ZASS4+§AhS(HTH)SQ+imhhs(HTH)S—kgmsssSg,
(4.7)

G+
H = . 4.8
1 (h+iG) (4.8)
is the Higgs doublet and S is a real scalar singlet. Choosing the vacuum expectation value
(VEV) of H to lie along the real axis, and being interested in the vacuum structure, we can

set h — ¢p,, GT0 — 0, and S — ¢,, giving

where

Vo(d) = gihdh + Pk + 3260+ A+ bR+ Jrnsdhos + ghendh (19)
where ¢ = (¢p, ¢s). At zero temperature, the singlet has a non-zero VEV vg # 0, and the
Higgs field has a VEV at vy, ~ 246 GeV.

The one-loop perturbative corrections to the tree-level potential at zero temperature are
given by the Coleman-Weinberg potential [188]. In the MS scheme and Landau gauge, the
corrections are [189]

1 2s; 4 mz2(¢vT) )
Vew (¢, T) = 647r2i€{b2}:{f(}—1) nim; (¢, T) (ln (M% ) — cl> . (4.10)

Here i runs over the mass spectrum with {b} and {f} being the set of bosons and fermions; m;,
n;, and s; are the mass, number of degrees of freedom and spin, respectively, of each particle;
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g = my is the renormalisation scale; and ¢; = 5/6 for gauge bosons and ¢; = 3/2 for fermions
and scalars. The thermal corrections to the masses are included in the Coleman-Weinberg
potential according to the Parwani method of thermal resummation [190]. See appendix A
for details of the mass spectrum.

The finite-temperature corrections to the potential include terms of the form [1]

Vr (o, [Zn“}b< 7 >+Z J( j‘f;T)ﬂ, (4.11)

ie{b} ie{f}

where

Ty p(2%) = :l:/ooodxac2 In (1 Fexp (—\/xQ + z2)) . (4.12)

The full effective potential is the sum of these contributions, as well as thermal corrections
from light particles we ignore in the mass spectrum,;

2
V(p,T) = Vo(p) + Vew (o, T) + Vr(e,T) — %9*T4 (4.13)

Low mass particles are omitted from the one-loop corrections because they have a negligible
effect on the potential and corresponding phase structure. However, they still contribute
significant 7% terms in V7, which have an important effect on the energy density (2.16). We
account for these 7% terms by including the last term of (4.13). The real scalar singlet model
has g, = 107.75 effective degrees of freedom, and we neglect 27.5 of them due to omitting
particles in the one-loop corrections. Thus, we set g. = 80.25 so that no T* terms are omitted
from the potential.

Our benchmarks for this model are listed in table 2. The generation process for these
benchmarks was similar to that used for M1. However, due to the dimensionality of the
parameter space and complicated phase structure of M2, we performed a parameter space
scan to identify benchmark candidates that yield a first-order phase transition. From that
subset of points in the parameter space scan, we selected five points with sufficiently distinct
parameter values. For each of these five points, we selected a parameter to scan over to find
where N®*(0) = 1. Benchmarks for M2 were rejected from this study only if the potential was
non-perturbative, had no first-order phase transition, or a nearby point satisfying N°**(0) = 1
could not be found.

Each benchmark in this model has dominant bubble nucleation occurring during radiation
domination. The numerically determined bubble wall velocity bounds for which percolation
and completion occur agree closely with our predictions in section 3, as seen in figures 6
and 7. While none of the benchmarks in this model have bubbles nucleating after radiation
domination (1Tt < Teq), it may be possible for significant bubble nucleation to be delayed
until the vacuum-dominated era in some regions of the parameter space. Our benchmarks are
in no way representative of the entire viable parameter space of the real scalar singlet model,
nor the subset of the parameter space that permits strong supercooling.

Mixing between the scalar singlet and the Higgs boson modifies the electroweak symmetry
breaking, making it possible to have a first-order phase transition rather than a crossover like
in the Standard Model. Therefore, each benchmark has a significant mixing angle. We do not
apply constraints from Higgs couplings®® or other phenomenological constraints, such as those

2°0ur benchmarks satisfy the 95% confidence limit set by collider experiments [192, 193], though these
values may now be in tension with the latest data [194, 195]. A high mixing angle is not required to achieve
supercooling, so it should be possible to find similar scenarios with a lower mixing angle.
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Khhs Ksss ¢ UR ms AN T. | Tr | Teq | Tn | o5 | o)

M2-BP1 || —1450.76 | —342.609 | 0.298703 [699.930|425.628 || —2 x 1073|99.84|53.33|34.85| — |0.223|0.531
M2-BP2 || —1259.83|—272.907|0.261558 | 663.745|351.183| 7 x 1073|106.1{59.95|35.98|52.63|0.200|0.478
M2-BP3 || —2002.02|—1971.27|0.273396|700.189|896.659| 1 x 10~3|87.53|40.73|33.33(33.80|0.291|0.694
M2-BP4 || —1389.99| —1122.98|0.289510|521.645|723.960(| 3 x 107%|91.52{45.08|33.87|36.47|0.264 |0.630
M2-BP5 || —1263.96 | —656.768|0.281675 |440.431|645.128 || —6 x 104|92.26{46.47|33.95| — [0.2550.608

Table 2. Benchmark points for the real scalar singlet model, M2. The first five columns are the
input parameters that define the potential (see appendix A). The remaining columns and strategy
for benchmark selection are as in table 1, and all dimensionful quantities have units of GeV. The
benchmarks with no reported T}, have N®%(0) just below unity. We ensure that all benchmarks have
An < %ﬂ', As < %w and Aps < 47, thus satisfying perturbativity constraints [191]. We do not check
whether these benchmarks violate constraints from colliders or other experiments. The percolation
and completion threshold velocities v?;/ are defined in table 1.

from electroweak fits. Our main aim is to demonstrate that Scenarios 1 and 2 can occur in
popular and viable models, not to perform a detailed phenomenological analysis of the model.

We require a minimum in the action to suppress bubble nucleation for these scenarios to
occur. Such a minimum implies the existence of a potential barrier between the phases at
zero temperature, as was argued in section 4.1. A zero-temperature potential barrier can be
generated by a large and negative cubic term in the potential, so it is not surprising that all
benchmarks have a large negative kpps, and most have a large negative k455 as well.

The phase history for each benchmark apart from M2-BP2 consists of a single first-order
phase transition from the high temperature phase ¢; with ¢, = 0, ¢5 # 0, to the electroweak
symmetry-broken phase ¢, with ¢p # 0, ¢s # 0. The phase structure for these benchmarks
consists only of these two phases. M2-BP2 had an additional phase ¢5 along the ¢, = 0 axis,
and the same transition ¢; — ¢,. However, this time the transition competed with another
transition: ¢; — ¢3. The potential barrier separating the phases ¢, and ¢ prevented the
corresponding transition from occurring. Both transitions had similar critical temperatures:
T!72? = 106.1 GeV and T}73 = 101.8 GeV. If the transition ¢, — ¢4 had occurred, the
subsequent transition ¢3 — ¢, may have been possible because ¢3 had higher free energy
density than ¢, leading to a multi-step transition or potentially simultaneous transitions.
Transitions occurring simultaneously [196-198] or in multiple steps [199, 200] have already
been considered in this model and similar models. A careful determination of the transition
progress is necessary in such studies. The task of correctly identifying the phase history in
models with richer phase structures is currently an open problem with interesting ramifications.

The real scalar singlet model is often used in studies of gravitational waves from first-order
phase transitions [32, 83, 100, 151-160]. The detectability of gravitational waves increases
with their amplitude, which in turn increases with supercooling. Strong supercooling can
increase the energy available for gravitational wave production, although it may also shift the
peak frequency of the signal away from a given detector’s sensitivity window. The appropriate
choice of reference temperature where gravitational waves are produced is important for
accurate predictions. As we will show in the next section, the nucleation temperature is not
an appropriate choice in strongly supercooled transitions. While performing parameter tuning
scans for strong supercooling in this model, we observed that the percolation and nucleation
temperatures can differ by more than 10 GeV for v,, = 1, before unit nucleation ceases
altogether. The difference would increase for smaller bubble wall velocities, and could become
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50 GeV or more. We find (for v,, = 1) that the characteristic length scale of the transition —
as measured by the average bubble radius, mean bubble separation or volume-weighted bubble
radius — can change by an order of magnitude between the nucleation and completion temper-
atures. A larger characteristic length scale could enhance the gravitational wave signal [115].
Additionally, the fluid kinetic efficiency coefficient (determined using the pseudo-trace [86])
was found to double from unit nucleation to percolation. We reserve further investigation
of the implications of strong supercooling on gravitational wave predictions for future work.

5 Applicability of the nucleation temperature

In this section we investigate unit nucleation in cases of strong supercooling, particularly
when the transition completes after the peak of bubble nucleation is reached (7 < Tt). First,
in section 5.1, we assess the accuracy of various approximations to the condition N(T,,) =1
and the necessity of nucleation heuristics. Then, we discuss the importance of unit nucleation
in transition analyses in section 5.2. Prior to those discussions, we briefly describe the data
presented in figure 8(a), which is used to generate the results in the remainder of figure 8.
While M1-BP4 was used to generate the results displayed in figure 8, all other benchmarks
give the same qualitative features.

In figure 8(a), various milestone temperatures are shown to rapidly vanish as A= A/v
approaches some critical value, with all other potential inputs fixed to their values in M1-BP4.
Well above this critical value of A, the temperatures are seen to vary more slowly. This
behaviour is well known as shown in e.g. refs. [59, 61, 62], and can be explained as follows. The
false vacuum fraction and number of bubbles nucleated depend exponentially on the action.
The action itself varies approximately exponentially with temperature away from its minimum
(if one exists). This leads to the milestone temperatures (and transition dynamics more
generally) depending logarithmically on the action. Hence the dependence of the milestone
temperatures on the Lagrangian parameters affecting the action is washed out. However, if the
transition dynamics depend on the action at or near its minimum, a small change in the action
curve results in an exponential change in the milestone temperatures and transition dynamics;
notably the nucleation of bubbles. For large enough A, the transition does not complete before
reaching the temperature that minimises the action. Increasing A further, the exponential
sensitivity suppresses the transition to the point where none of the milestone temperatures
are reached before zero temperature. Although the milestone temperatures rapidly decrease
as A approaches various critical values, the same is not true for the reheating temperature,
Tren, as seen in figures 8(a) and 8(d). The reheating temperature is comparatively insensitive
to A because ppy is approximately constant for low temperatures, leading to only a small
variation in the solution of (2.31).

A numerical determination of transition dynamics (including the milestone temperatures
defined in section 2.2) is consequently sensitive to numerical errors in the determination of
the action for strongly supercooled transitions. Indeed, the fluctuations in results presented in
figure 8 are due to numerical uncertainties from CosmoTransitions [169]; the bounce solver
used in this study. We discuss these numerical errors and our attempts to minimise them in
appendix F.

5.1 Accuracy of nucleation heuristics

Studies of gravitational waves from first-order phase transitions typically use gravitational
wave fits from hydrodynamic simulations or models (for reviews, see refs. [46, 47, 201]).
These fits require a reference temperature at which to evaluate the gravitational wave signal.
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Figure 8. Results of a scan over A = A/v with v,, = 1, taking all other inputs of the toy model
as in M1-BP4 (see table 1). This scan yields a range of levels of supercooling, parameterised by
dse.n (see (3.1)). We have not plotted results for smaller values of A, where supercooling is weaker
and the milestone temperatures have less separation and less dependence on A. (a) Key transition
temperatures as a function of A, where T, is defined as P;(T.) = 1/e and T, is calculated using (2.24).
These temperatures drop sharply near a critical value of A. (b) The nucleation temperature obtained
both numerically and through nucleation heuristics, as a function of supercooling. Here, N and N¢*
respectively refer to the nucleation temperatures numerically extracted from (2.23) and (2.24). (c)
The action at the nucleation temperature (obtained with different approximations) as a function of
supercooling. (d) Key transition temperatures as a function of supercooling, where T, is extracted
from (2.23) (i.e. phantom bubbles are not counted). The temperatures related to the false vacuum
fraction are seen to plateau for 4., 2 0.55. The supercooling parameter is calculated using 75, rather
than T,/ to avoid dependence on the bubble wall velocity. The higher and lower dotted black curves
in (a) and (d) correspond to the reheating temperature, Ticn, evaluated at T}, and T, respectively.
The qualitative features of these plots hold for all benchmarks considered in this study.

The nucleation temperature, T, is often used for simplicity. One requires only the action
S(T) = S3(T")/T and Hubble parameter H(T) as functions of temperature to determine
T,, as seen in (2.1) and (2.22). Tools [169, 202-205] exist to determine the action at a
given temperature, and the Hubble parameter is typically expected to receive a dominant
contribution from the radiation energy density, pg (2.17). Yet, it is common to simplify the
problem further by employing the use of a nucleation heuristic; that is, an approximation for
finding 7T, without evaluating the integral in (2.22).
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The simplest and most commonly used heuristic for the nucleation temperature is

S3 (Tn)
Ty

~ 140, (5.1)

which is used implicitly in studies that use the default implementation of CosmoTransitions
[169] for transition analysis. If one can sample the action as a function of temperature, which
is made easy through the use of tools, a root-finding method can be employed to find T,
from (5.1). We also consider two other heuristics for the nucleation temperature, noting that
many exist. The second heuristic (see appendix B of ref. [206]) is

S?) (T) A¢(T) 5sc,n

where A¢(T) = ‘¢f(T) — ¢t(T)’ is the distance between minima, and dgy, is defined in (3.1).

Radiation domination up to the time of unit nucleation is assumed in the derivation of (5.2).
The third heuristic (featured in the recent review, ref. [47]) is [207]

S3(Tn) ( Ty ) (B(Tn)>
T ~ 141.4 — 4log 100 Gav log 00 ) (5.3)

where ( is the characteristic inverse duration of the transition, given by

B(T) = i(i?) _ TH(T)% (‘if’) . (5.4)

We will refer to (5.1), (5.2) and (5.3) as nucleation heuristics H1, H2 and H3, respectively.
All mentioned heuristics perform a low-order Taylor expansion of the action around the
nucleation temperature. This expansion breaks down if the nucleation temperature lies near
or below the minimum of the action, Tg, . . Heuristic H1 suggests unit nucleation cannot
occur if S(Tg,,,) > 140; yet we see in figures 8(b) and 8(c) that unit nucleation can still occur
in this case. We find that H2 predicts an action at unit nucleation smaller than S(Tg,,,)
for T,, < T, for the benchmark considered in figure 8. Heuristic H2 cannot predict unit
nucleation in such cases (see figure 8(c)). However, for about half of the benchmarks in both
models, the form of the predicted nucleation temperature and action from H2 follow that of
H3. The form of predictions from H3 was found to be consistent in both models. The inverse
duration f is identically zero at Ts_. and becomes negative below Tg_. ., so log(/3) diverges
at Tg,,,- Consequently, H3 predicts an action at unit nucleation that is very sensitive to
temperature near Tyg_. . Additionally, H3 cannot predict T;, < T, because log(/3) becomes
complex-valued. In general, these heuristics suffer from missing solutions where 7;, < Ts, ..,
and instead either finding an incorrect solution with a higher temperature above Tg . or
finding no unit nucleation at all.

In figure 8(b), the nucleation heuristics H2 and H3 are seen to hold well for moderate
supercooling (e.g. for ds., S 0.4). For many other benchmarks we found the agreement to
only hold up to ds., S 0.2, where even H1 is a reasonable approximation. The roughest
approximation, H1, breaks down much sooner than H2 and H3. These instead break down
where T;, approaches T, ;. , which corresponds to ds,, 2 0.5 for M1-BP4. This is also the point
where the nucleation temperature decouples from the transition progress (i.e. the percolation
and completion temperatures), as seen in figure 8(d). We will return to this feature in the
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next subsection. In figure 8(c), we see that the action at the nucleation temperature can be
arbitrarily high for strong supercooling. However, it is very difficult to precisely resolve the
point at which N(T") = 1 for strong supercooling. This is because nucleation becomes strongly
suppressed if the nucleation temperature is not reached before or near Ts_; . Then reaching
the unit nucleation threshold for low temperatures becomes a highly fine-tuned problem.
In fact, numerical errors in the bounce solver used (i.e. CosmoTransitions) prevent precise
determination of N(7T') = 1, which limits our ability to probe dsc,, 2 0.7 in M1, and ds., 2 0.5
in M2. These numerical issues are discussed further in appendix F. Finally, we remark that, as
expected, the nucleation heuristics yield a reasonable estimation of the nucleation temperature
for weakly supercooled (or fast) transitions where radiation domination holds. However,
for sufficiently fast transitions, any finite value of S would yield a reasonable estimation
of the nucleation temperature, because the action decreases extremely quickly below the
critical temperature. We also see an O(10%) difference between the nucleation temperatures
extracted from (2.23) and (2.24) for strong supercooling. Although our scans did not target
this feature, it is evident that this difference would reach O(100%) for a very small range of
A. In other models, the difference in nucleation temperatures from (2.23) and (2.24) may
become significant with less fine-tuning.

Now that we have evaluated the accuracy of these nucleation heuristics, we pause to
comment on their necessity. Admittedly, H1 is invitingly convenient. One requires only a
bounce solver and a root-finding algorithm, the latter of which is trivial given the shape
of S(T'). Heuristics H2 and H3 require little extra effort to use. We note that one must
determine the Hubble parameter to use H3. However, if one has the action and the Hubble
parameter, then the integration in (2.22) can be performed numerically. That is, one could
avoid the use of a heuristic to find 7,, altogether. Using (2.22) has the added benefit of
being valid even with strong supercooling. The difference in method of computation is that
the root-finding algorithm should be replaced with an integration scheme with an adaptive
temperature sampler. The sampling should be such that the action is densely sampled around
T, (or Ts,,, if T), < Ts,,,) with higher temperatures being less important.

5.2 Relevance of unit nucleation

It is often argued that the percolation temperature, and the corresponding reheating tem-
perature, are more appropriate reference temperatures for gravitational wave predictions
than the nucleation temperature (see e.g. ref. [62]). The nucleation temperature can be
used provided it is close to the percolation temperature, which holds for fast transitions.
Regardless, the nucleation temperature typically heralds the beginning of the transition, with
significant nucleation occurring from then on. The usual expectation is that the transition
cannot complete if unit nucleation does not occur. However, we have shown that it is possible
for a transition to complete without the occurrence of unit nucleation. In figure 8(a), a small
range of the parameter A perturbed about M1-BP4 yields a phase transition with percolation
but no unit nucleation. Our benchmarks listed in tables 1 and 2 demonstrate that percolation
and completion are still possible when 7, < Ts_. ~ Tt (where Tt maximises the nucleation
rate), as shown in figure 8. Our results support the finding of ref. [63] that the occurrence of a
temperature window where V¢ is decreasing disappears roughly when T, < Ty, , although
we find a small window of the parameter space that contradicts the heuristic that the success
of a transition is questionable when 7,, < Tg_. . We have also shown that the nucleation

temperature (if it exists) may correspond to an arbitrary point during the phase transition.
This is evident in figure 8(d), where the nucleation temperature is seen to decouple from the
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transition progress (e.g. the percolation temperature) for strong supercooling (dsc., 2 0.5). In
a fast transition, the nucleation temperature corresponds to a time when there is no significant
progress in the transition. In a strongly supercooled transition, the nucleation temperature
may correspond to a time when an arbitrarily large fraction of the Universe has already been
converted to the true vacuum — or it may not be defined at all.

One may then wonder what the significance of the nucleation temperature is. We
argue that unit nucleation does not necessarily correspond to a significant milestone in a
cosmological phase transition. It is related to only the number of bubbles nucleated and not
their volume, and so cannot be used to estimate the temperature at which (for example)
bubble surface area or collisions are maximised for a general phase transition. Thus, the
nucleation temperature will not provide accurate predictions for phenomenology from phase
transitions such as gravitational waves.

However, we note that the nucleation temperature is typically more convenient to use.
Its determination only requires knowledge of the action and the Hubble parameter. Often
radiation domination can be assumed, and tools exist to calculate the action for a given
model. This leaves little additional work to obtain a rough estimate of the gravitational
wave signal. To use the percolation temperature, the false vacuum fraction and consequently
the bubble growth must be tracked. Owing to the double exponentiation of the action in
the false vacuum fraction (see (2.1) and (2.11)), the temperature integral in (2.11) must be
discretised very finely. Let n be the number of samples of the integrand used in the numerical
integration. The evaluation of the nested integral in (2.4) naively has a time complexity of
O(n?). If one was to track the false vacuum as the Universe cools (i.e. take n samples of Py),
then the time complexity would become O(n3). We typically use O(10% — 10%) temperature
samples in our results for high precision, so a brute-force evaluation of P(T) from T to T
would be expected to require at least O(10'%) operations. This approach is then too slow for
large-scale parameter space scans without sacrificing precision. One could approximate the
bubble growth to avoid the nested integration, leaving O(n) time for a single evaluation of
P;. However, we have developed an optimisation (without approximation) in the form of a
recurrence relation: Py(T;) = Py(Tj—1) + A4, with A; requiring O(1) time to evaluate. Thus,
the false vacuum fraction can be tracked from 7T, to T in O(n) time without approximation
beyond that of the integration scheme and the approximations introduced in (2.11).

We conclude this section by noting that while we argue that the nucleation temperature
is not a relevant quantity, it is a convenient and often reasonable proxy for a more appropriate
reference temperature for gravitational wave predictions. Presently, a thorough transition
analysis and accurate prediction of gravitational waves requires significant effort for any given
model. This limits the feasibility of this approach for many studies, particularly large-scale
parameter space scans where additional running time is problematic. We aim to address this
issue with the upcoming release of our code, TransitionSolver.

6 Conclusions

We have demonstrated that unit nucleation is not an important event in a cosmological phase
transition and that its use as a characteristic temperature for gravitational wave production
is not appropriate for strongly supercooled transitions. For studies where tracking the false
vacuum fraction is not feasible, we provide simple conditions to determine whether a transition
percolates and completes, but not when. Specifically, the conditions are presented in section 3.4.
The main condition (3.19) is expressed as a bound on the bubble wall velocity in (3.24) or as
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a bound on the comoving radius of bubbles in (3.25). If a reference temperature is required
for baryogenesis or gravitational wave production, a full analysis of the transition is essential
for strongly supercooled phase transitions, particularly if bubble nucleation is suppressed at
low temperature. We have attempted to treat the transition analysis as rigorously as our
analytic methods allow. Although reheating from non-detonations could affect the accuracy
of these conditions for percolation and completion (as discussed in appendix D), it does not
invalidate the analysis.

We have investigated two scenarios: unit nucleation without percolation, and percolation
without unit nucleation. We showed that both scenarios are possible by using the analytic
treatment in section 3 and a full numerical transition analysis in a toy model and the
real scalar singlet model in section 4. Next-to-leading-order corrections in the nucleation
rate would change the number of bubbles nucleated throughout the transition, and gauge
and renormalisation scale dependence of M2 could also significantly affect the transition.
Nonetheless, the benchmarks along with the analytic treatment in section 3 provide an
important proof of principle that the scenarios of unit nucleation without percolation, and
percolation without unit nucleation, can occur in realistic models.

An interesting feature we did not capture in our analysis is how concrete particle
physics models can realise deflagrations or hybrids during strongly supercooled transitions.
Additionally, our analysis applies to transitions that remain possible at arbitrarily low
temperatures. Even within M2 there are possible phase histories involving transitions between
phases that do not persist at zero temperature. However, our analytic treatment in section 3
can easily be adapted to transitions that are halted at some finite temperature, which may
arise for example when there is no tree-level barrier in M2.

We also performed a detailed examination of the conditions for a phase transition to
complete. The condition that the false vacuum fraction becomes negligible is necessary but
not sufficient for a phase transition to successfully convert the entire Universe to the true
vacuum. Even if the false vacuum fraction vanishes asymptotically, the physical volume of the
false vacuum, Vphys, may not decrease. To address this issue, we provide correction factors
acci (see (3.26) and surrounding text) to the bubble wall velocity bounds for completion.
These correction factors guarantee that Vs decreases for all benchmarks considered. Yet
even a successful transition with N(0) < 1 may be at odds with the observed isotropy and
homogeneity of the cosmic microwave background [145, 208, 209]. If only a few large bubbles
were responsible for converting the observable Universe into the electroweak symmetry-broken
vacuum, it is not clear that the latent heat would be guaranteed to thermalise. This issue is
left for future work.

Despite this caveat, our completion criteria provide an important test of extensions to the
Standard Model of particle physics. For example, when a first-order phase transition to our
current vacuum is essential (e.g. for baryogenesis or gravitational waves),?! the phase transition
must complete for that new physics scenario to be realised in nature. The most promising
parameter points in terms of gravitational wave detectability typically involve strongly
supercooled transitions. Therefore, any regions of parameter space that are constrained using
less stringent completion criteria (such as merely requiring unit nucleation) may be excluded
when using our completion criteria. Plus, particularly promising parameter points potentially

2l However, gravitational wave production merely requires that bubbles and their sound shells collide, not
that the transition completes. Thus, there may be scenarios where a phase transition does not complete but
leaves a detectable gravitational wave signal. To our knowledge, such a possibility has not been considered
before in the literature.
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providing phase transitions that are strongly supercooled might be too hastily discarded,
due to the assumption that completion requires unit nucleation. This may lead to incorrect
bounds being placed on models, and potentially missing a scenario that is actually realised in
nature. This necessitates an increase in the rigour in which transition analyses are performed.
We hope this paper helps advance that rigour.
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A Treatment of the real scalar singlet model

A.1 Symmetry breaking conditions at one-loop

We impose two constraints on the zero-temperature, one-loop potential: there is a stationary
point at v, and the eigenvalues of the (squared) mass matrix are the (squared) pole masses
m3 and m?2. The first constraint reads

ov

% Y == 0, (Al)
ov
50| =0 (A.2)

which respectively allow for the elimination of ,u% and p? from the list of free parameters.
For the latter constraint we introduce a mixing angle, 6, to diagonalise the mass matrix,
and we have

o’V 2 2 2 o2
997 = mj, cos”(6) + m; sin“(0), (A.3)
h oy
2
g(;; = m3 sin?(#) + m? cos?(0), (A.4)
9*V 1 .
30r00 = i(m% - mz) sin(20). (A.5)

This allows the elimination of A\, A\s and Ay, leaving kpps, Ksss, 0, Vs and my as free parameters,
with my, and vy, fixed by experimental observations as described in appendix A.2. We employ
an iterative method to numerically extract the u7 and \; Lagrangian parameters from the
system of implicit equations described by (A.1)—(A.5).

-39 —



A.2 Mass spectrum, couplings and renormalisation scale

We use tree-level masses within the Coleman-Weinberg potential. We start with o = 1/137.036,
myy = 80.379GeV, myz = 91.1876 GeV and m; = 162.5 GeV, where the W and Z pole masses
and the top running mass have been used [210]. From this we calculate the Weinberg angle
to be Oy = 0.4918, and g = 0.6412, ¢’ = 0.3435 and y; = 0.9167. We take the Higgs mass
to be my, = 125.1 GeV and set the renormalisation scale to ur = my (i.e. the scale at which
the couplings have been extracted). These couplings and the renormalisation scale are held
fixed, even though the masses are field- and temperature-dependent. The Higgs VEV is then
v, ~ 250.7 GeV.

The masses included in Vow and Vp are my, my+, mz, m, magp, mp and ms. The
scalar masses mp, ms and mgp are extracted at tree-level, hence using M}ZL o and ,ug,o obtained
through (A.1) and (A.2) with the replacement V' — Vj. The degrees of freedom are n; = 12,
ny+ = 6, nz = n, = ngg = 3 and n, = ng = 1. The thermal mass corrections as well as
the explicit forms for these masses (in a Zg-symmetric variant of this model) can be found in
appendix C of ref. [163].

Lastly, we note that an infrared divergence appears in V" due to terms in the Coleman-

Weinberg potential of the form
2
In (m (v)> . (A.6)
v

PVew 5 3ml2 3m12
0pj0¢y|, — 09;| Oy 1%,

A vanishing mass in the logarithm causes a divergence if the derivative of the mass at the
VEV is non-zero. There are two particles in our mass spectrum that vanish at the VEV at
zero temperature; the photon and the Goldstone boson. The photon term in (A.6) vanishes
because the photon is field-independent at zero temperature. However, the Goldstone boson
is field-dependent, so the Goldstone term in (A.6) diverges.

We adopt the following prescription to avoid this IR divergence [211, 212]. We shift
the Goldstone mass by its one-loop self-energy evaluated at p? = 0; that is, m2,5(¢, T) —
mz (¢, T) + kllgp(¢p) where k = 1/(167%). This self-energy is calculated as

kllgp(d) = +

where the prime denotes the removal of the Goldstone boson contribution to the Coleman-
Weinberg potential. Thus,

Hgp(o) : (—1)25"7%67’7%?(@5) [bg (:ﬁ) — ¢+ L

(A.7)

2h 52 oh 2 2

This mass shift prevents the IR divergence in the second derivative of the Coleman-Weinberg
potential, because the Goldstone mass no longer vanishes in the VEV.

B Time-temperature relation

Under the assumption that the Universe expands adiabatically during the phase transition,??

we have

%(s(t)a?’(t)) =0, (B.1)

22Reheating does not occur in the false vacuum if bubbles grow as detonations, so reheating does not affect
the dynamics of the phase transition. However, temperature-dependent relics such as gravitational waves are
affected by this reheating.
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where s is the entropy density of the plasma and a is the scale factor of the Universe. This

can be expressed as
ds

2 — _3H ) B.2
5 = “3H(®)s(t) (B.2)
The entropy density is given by
dp oV

Writing (B.2) in terms of temperature and using (B.3), we have

dT 0*v I ov

— = _3H(T)— B4
dt 912 ( )8T’ (B-4)
from which we can extract a7 PR
T
— =-3 ) B.5
7 (T) DoV (B.5)
Here we have used the notation oV = g—‘:,{ and OppV = %. Because we assume the

energy density is approximately homogeneous even in the presence of bubbles due to energy
conservation, we evaluate the derivatives of the potential at the false vacuum. That is,

orV(es(T),T)
orrV(es(T),T)

aT
— = —3H(T
% (T)

(B.6)

The typical next step is to assume an equation of state to simplify (B.6) and the transition
analysis in general. A common choice is the MIT bag equation of state [137], where the
potential in the false vacuum is modelled as

V(T) = aT* +b, (B.7)

with @ and b constant in temperature. Under this approximation, (B.6) reduces to the familiar
form of

aT
< = ~TH(T). (B.8)

This simple form is essential for analytic comparison of unit nucleation and percolation in
section 3. We have numerically compared (B.6) and (B.8) and found very good agreement
in each of our benchmarks. The most significant deviation occurs for T < 10 GeV, where
sub-quartic thermal terms in the potential become significant. That is, where the terms
proportional to T, T? and T are no longer dominated by the terms proportional to 7%. The
former are neglected in the high-temperature approximation used in the bag equation of state.

C Ratio of scale factors

The ratio of scale factors at different times and at different temperatures respectively appear
in the false vacuum fraction in (2.6) and (2.9). Here we show how to evaluate these ratios. A
particularly simple form arises when using temperature.

The definition of the Hubble parameter,
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is a separable ordinary differential equation. Integrating, we have

t a(t) 1
dt' H(t') = / da ——, (C.2)
to a(to)  a(t)

where tg < t is some reference time. We will see that the reference time is not important here

since it cancels when taking the ratio of scale factors. Solving the integral equation for a(t),
we find

a(t) = a(to) exp< tdt’H(t’)). (C.3)

to

The ratio of scale factors at times ¢; and ¢ is then

ZEZ? - exp< :dt’H(t’)), (C.4)

where all dependence on the reference time ty has disappeared.
Now consider the ratio of scale factors at temperatures 77 and T5. Using the adiabatic
time-temperature relation (B.8) derived in appendix B, the ratio in (C.4) can be expressed in

terms of temperature as
CL(Tl) T3 ’ 1 T5
=ex dl" — | = =. C.5
a(Ty) p( n T T (©5)

This simple form is exact if the Universe expands adiabatically and the MIT bag equation of
state holds.

D The effects of reheating

Reheating occurs when the energy density accumulated in and near bubble walls is redistributed
to the surrounding plasma [75, 146]. This has the effect of increasing the temperature of
the surrounding plasma. For bubbles expanding as detonations, this reheating occurs inside
the bubble, while for deflagrations it occurs outside the bubble. For a hybrid expansion
mode, reheating occurs on both sides of the bubble wall. See ref. [213] for a description of
the three bubble expansion modes. If a bubble propagates as a deflagration or hybrid, then
the reheating slows the expansion of the bubble and suppresses the bubble nucleation rate
nearby.?? Then it would appear that our treatment of the true vacuum volume is an upper
bound on the correct result that incorporates reheating. We now explain that this does not
invalidate our demonstration of the existence of Scenarios 1 and 2 (see section 3) when the
bubbles expand as deflagrations or hybrids. Reheating for bubbles expanding as detonations
is not expected to affect bubble expansion or the nucleation rate.

First, consider Scenario 1: unit nucleation without percolation. We potentially slightly
overestimate bubble nucleation, encoded in X (7T) (see (3.6)). However, X (T') should be
largely unaffected because the fraction of the Universe in the reheated shell surrounding true
vacuum bubbles must be small. This is because Py(T") > 0.71 for all temperatures in Scenario
1. Regardless, X(T') equally affects the number of bubbles and the true vacuum volume
and thus cannot affect their comparison. This realisation follows from the simplification
made below (3.16). The bubble wall velocity will be reduced to an unknown extent. A lower

23The suppression of bubble nucleation due to reheating assumes that the nucleation rate is lower at higher
temperatures. However, if T' < Tr, where Tr maximises the nucleation rate, then reheating towards 7t may
bring about another era of significant bubble nucleation.
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bubble wall velocity would reduce the true vacuum volume, hence further delaying — perhaps
inhibiting — the onset of percolation. Hence, Scenario 1 only becomes easier to realise with
the incorporation of reheating effects. The upper bound on bubble wall velocity for which
Scenario 1 is possible then becomes an overly strong constraint. It is possible for Scenario 1
to be realised for bubble wall velocities higher than the predicted upper bound.

Next, consider Scenario 2: percolation without unit nucleation. Again, we overestimate
X(T), but perhaps substantially this time as a significant fraction of the Universe may be
contained in the reheated shells surrounding bubbles. The case of no unit nucleation is then
easier to realise. However, for this scenario we still need percolation to occur. With a slowing
of the bubble propagation and less bubbles nucleated, percolation is delayed just as discussed
for Scenario 1. The lower bound on bubble wall velocity for which Scenario 2 is possible then
becomes an insufficient constraint. It is possible for Scenario 2 to not be realised for bubble
wall velocities higher than the predicted lower bound. However, by our arguments, at the
very least detonations still allow for the possibility of Scenario 2.

From these general principles, we then expect Scenario 1 to be easier to realise than
predicted, and Scenario 2 to still be possible because reheating from detonations occurs only
inside the bubbles and should not affect the transition progress.

E Comparing bubble and Hubble volumes

Here we prove that bubbles can be larger than the Hubble volume provided sufficient super-
cooling occurs. We need to show that

r(T',T) > ryg(T), (E.1)

where (7", T) is the comoving radius of a bubble that nucleated at temperature 7" and has
grown until temperature 7', and rx(7T) is the Hubble volume at temperature 7', given by

1

™) = ST

(E.2)

The largest bubble possible at any given temperature is one that nucleated very close to
the critical temperature. The initial comoving bubble radius, rg, at the critical temperature
is not well-defined. Instead we consider the bubble to have nucleated slightly below this
temperature and ignore ro, with the expectation that r(7.,T) > r9. Further assuming a
constant wall velocity, as justified in section 2, the comoving bubble radius (in terms of time)
is

/ . ¢ no 1
r(tht) =v, [ dt

[t (E.3)

Using the time-temperature relation derived in appendix B, (E.3) can be expressed in terms

of temperature as
T 1
T'.T) = a7’ ———— . E.4
r( ’ ) Vw T T”H(T”)a(T”) ( )
Multiplying by the scale factor at an arbitrary temperature T, > 0 and using the ratio of
scale factors derived in appendix C, (E.4) simplifies to

! Vw r 1/ 1
a(T)r(T",T) = — ar

=7 . T (E.5)

43 —



0.8

0.6

(el

0.4

0.2

0.0

1./ T

Figure 9. The bubble wall velocity bound for which the volume of bubbles nucleated at the critical
temperature can exceed the Hubble volume. The dashed black line corresponds to the contour where
a bubble wall velocity of v,, = 1 is required. The bubble volume can only exceed the Hubble volume
below this contour (in the coloured region). The dashed blue line corresponds to the vacuum-dominated
limit: T < T,/2. The horizontal dotted green line corresponds to T' = T,q, marking the boundary
between the radiation- and vacuum-dominated eras.

Thus, we have

vy [Te
L) (T T) = (1) = 72 [ s — (E6)

which we require to be positive to satisfy (E.1).

We proceed by using the model-independent approximation for the Hubble parameter
defined in (3.20). Pulling out a positive factor 1/(TxH(T)), we can obtain a bound on the
bubble wall velocity for which (E.1) is satisfied,

~1
4 4 4
T T, 115 (T, 115 T
S IVEE T L O I N P E.
Vw > <T>+ T* N1y (T) 2P iy <T> > (B.7)

eq eq eq

independent of the choice of 7. In the vacuum-dominated limit 7. < T¢q, the hypergeometric
functions o F approach unity, leaving the bound

T < TC<1 + 1>_1 . (E.8)

Vw

This bound reduces to T' < T/2 when v,, = 1. One can also obtain (E.8) by using a constant
Hubble parameter in (E.6).
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When the right-hand side of (E.7) is larger than unity, even the largest bubbles possible
are smaller than the Hubble volume. The result (E.7) is shown in figure 9, along with the
(T, T¢) contour for which the right-hand side of (E.7) is equal to unity. We plot the bound
T < T./2 obtained in the vacuum-dominated limit, where subluminal solutions exist. In
figure 9, we see that the largest bubble volume is smaller than the Hubble volume at high
temperature but may exceed the Hubble volume if permitted to grow for sufficiently long. One
could replace T, with 7t in (E.7) and figure 9 to compare the volume of the most common
bubbles to the Hubble volume. One could replace 1" with Tt to determine whether bubbles
can outgrow the Hubble volume before the phase transition ends. For sufficiently large T,/ Teq
(specifically T, 2 4.55T¢,), we find that bubbles can be larger than the Hubble volume even
during the radiation-dominated era. However, the ratio T'/T. for which (E.7) is satisfied
decreases with T,.. This suggests that a phase transition that first becomes possible at a high
energy scale compared to Tiq requires more supercooling before bubbles can outgrow the
Hubble volume.

This investigation demonstrates that it is possible for the volume of a single bubble to
exceed that of the Hubble volume if the phase transition is sufficiently supercooled. Then the
expectation of having one bubble per Hubble volume is overly restrictive. However, even with
bubbles smaller than the Hubble volume, it is possible for these bubbles to percolate without
having one in every Hubble volume (assuming some form of Hubble sphere packing). In our
simulations with N(0) <1 (e.g. the benchmarks listed in tables 1 and 2) we found that the
average bubble radius was below Ry at the percolation temperature and above Ry at the
completion temperature, where Ry (T) = 1/H(T) is the proper Hubble radius. Ref. [56] also
recently demonstrated the possibility of bubbles exceeding the Hubble volume in figure 9.

F Numerical uncertainty of the bounce action

Although tools exist to determine the action, the underlying problem remains computationally
difficult and expensive. There is naturally a trade-off between running time and accuracy
which becomes particularly relevant for studies that require some combination of parameter
space scanning, precise predictions, and strong supercooling. We used CosmoTransitions
(version 2.0.6) [169] to compute the action. We found it necessary to make a few key changes
to improve the accuracy and precision of our results. The following is a list of changes
we made:

o We tightened the tolerances xtol and phitol input to tunnelinglD.findProfile,
from 10™% to 1076, Further tightening was not found to consistently improve precision,
yet incurred substantial penalties to running time.

o We resolved many underflow and overflow errors that commonly appear in thin-walled
cases and sometimes elsewhere.

o We introduced a ThinWallError exception class to differentiate general failure of the
path deformation algorithm from failures that occur specifically for thin-walled cases.

o Phases were traced using PhaseTracer (version 1.1.0) [168] rather than with Cosmo-
Transitions.

e Transitions were analysed using TransitionSolver rather than with CosmoTrans-
itioms.
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Together these changes prevent the otherwise frequent occurrence of crashes and exceptions
(outside of expected ThinWallErrors), and suppress sawtooth patterns in the action curve
arising from loose tolerances. ThinWallErrors are raised typically for T =~ T, where nucleation
is negligible, and importantly provide a distinction between this expected case of failure
and more general failure due to unhandled exceptions. We find the ThinWallError to be
consistently raised above a threshold temperature near 7., with all action evaluations successful
below this threshold temperature. Due to fixing underflow and overflow errors, the more
general failure of the action evaluation no longer occurs.

Despite these improvements, we find an 0(0.1%) discontinuity at the minimum of the
action (i.e. at T, ), particularly in M2. Additionally, the numerically determined action curve
oscillates slightly near T, due to negligible perturbations of the Lagrangian parameters.
The discontinuity and oscillations lead to noticeable uncertainty in quantities directly related
to Smin, as seen in figure 8, and ultimately limits our ability to resolve ds., — 1. This
uncertainty is slightly amplified by the discrete sampling of the action. Nevertheless, our
changes alleviate issues presented in the appendix of ref. [214] (and possibly the issues that
motivated appendix A of ref. [215]) which we also experienced. We suspect issues associated
with evaluating the action are more prevalent than the lack of such reports would suggest.
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