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Abstract

In this thesis we study a large class of three-charge solutions of supergravity in vari-
ous dimensions and duality frames. The solutions have the same asymptotic structure,
supersymmetry and conserved charges as black holes and black rings with macroscopic
horizons and finite entropy. These supergravity solutions have neither horizons nor sin-
gularities and can be viewed as examples of the “geometric transition” mechanism of
string theory.

We also study the gravitational analog of spectral flow in conformal field theory and
use it as an efficient solution-generating technique in supergravity. This provides a use-
ful relation between two-charge and three-charge supergravity solutions which we study
in detail. By studying two-charge supertubes in the background of regular three-charge
solutions with dipole charges we uncover a novel mechanism for entropy enhancement
and discuss its implications for black-hole physics.

We generalize the well-known class of three-charge supersymmetric solutions in five
dimensions, based on Gibbons-Hawking spaces, by studying supergravity solutions with
less global symmetry. This is computationally challenging but we manage to present the
first examples of such solutions and discuss their relation to black holes and black rings.

We also study non-supersymmetric asymptotically flat supergravity solutions with a
four-dimensional Ricci-flat or Einstein-Maxwell base. These are solutions of string or
M-theory compactified to five dimensions and provide some of the very few examples

of regular non-supersymmetric gravity solutions.
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Introduction

The existence of black holes and cosmological singularities are some of the most dra-
matic consequences of General Relativity. They were first developed as theoretical pre-
dictions but recent astronomical observations provide strong evidence that the Big Bang
model of the Universe is correct and that black holes exist in Nature. Black holes and
Big Bang models have singularities - regions of space time with infinite curvature and
tidal forces. These singularities cannot be explained by General Relativity and point to
the existence of a more fundamental theory of gravity which should resolve them.

In the early 1970’s it was found that black holes have thermodynamic properties and
can emit thermal radiation [14, 18, 136]. Thus, in addition to the singularity behind the
horizon of a black hole, there are two more puzzles of black hole physics:

1) Understanding the origin of black hole thermodynamics from the point of view of
statistical mechanics and explaining why the entropy is proportional to the area of the
black hole.

2) Resolution of the information paradox - the fact that unitarity of quantum mechan-
ics seems to be violated by black holes, since a pure state can be absorbed by the black
hole and emitted as thermal radiation.

A fundamental theory of gravity should address and eventually resolve these puzzles.
String theory is a theory of quantum gravity and in the last fifteen years has led to a
better understanding of the physics of black holes and indeed, in some cases, provides
resolutions to some of the above problems.

The entropy of a black hole is proportional to the area of its horizon. This is puzzling
since entropy is an extensive quantity and one would expect it to scale with the volume.
Somehow the degrees of freedom of the black hole, and thus of gravity, are encoded in a

surface with one dimensions less than the dimension of the dynamical space-time. This



is the basis of the holographic principle [1, 200] - the degrees of freedom of a gravita-
tional theory can be described by a theory without gravity living in one less dimension.
This idea was made more precise by the AdS/CFT [163, 128, 208] correspondence and
its further generalizations [2]. AdS/CFT also suggests that there is no information loss
since the theory on the boundary is unitary, however there is no detailed and satisfactory
explanation how the information is restored within the gravitational (bulk) theory.

For a class of supersymmetric black holes in string theory Stominger and Vafa
showed that the entropy of the black hole can be accounted for by counting bound
states of D-branes at vanishing gravitational coupling using results from string theory
and conformal field theory [198, 52]. At strong gravitational coupling these D-branes
form a black hole with finite entropy in supergravity. Supersymmetry then protects the
number of states as one changes the coupling and it was shown that the weak coupling
counting matches with the Bekenstein-Hawking entropy of the black hole at strong cou-
pling. This result was later generalized for other black holes in various dimensions and
for some non-supersymmetric black holes. This shows that indeed gravitational entropy
has statistical origin, however it provides no clue what is the fate of each individual
microstate as one increases the gravitational coupling.

Another way to understand the Strominger-Vafa entropy counting is via the
AdS/CFT correspondence' [163, 128, 208]. One can make a black hole with macro-
scopic horizon in string theory by putting together N; DS branes and N; D1 branes and
turning on N, units of momentum along the direction of the D1’s. If one takes a near
horizon limit of this system, one finds a bulk that is asymptotic to AdS; x S x T,
The dual boundary theory is the two-dimensional conformal field theory that lives on

the intersection of the D1 branes and the D5 branes and is known as the D1-D5-P CFT

'Historically the AdS/CFT correspondence was found later.



[73]. If one counts the states with momentum /N, in this conformal field theory [199],

one obtains the entropy

SIQT\/NlNg;Np, (1)

which precisely matches the entropy of the dual black hole [69] in the bulk.

A very important question, with deep implications for the physics of black holes,
is: “What is the fate of these microscopic brane configurations as the effective coupling
becomes large?” Alternatively, the question can be rephrased in AdS/CFT language as:
“What is the gravity dual of individual microstates of the D1-D5-P CFT?” More phys-
ically, “What do the black-hole microstates look like in a background that a relativist
would recognize as a black hole?”

In the last few years there has been substantial progress in answering these questions
and this will be the main topic of this thesis. We will by no means provide comprehen-
sive answers but we hope that the results of the research presented here will provide
some clues to the structure of the black hole microstates at strong gravitational coupling
and details of the resolution of the information paradox.

Chapters 1 and 2 of this dissertation are devoted to reviews of black hole physics,
supergravity, D-branes and the construction of regular three-charge geometries. Chap-
ters 3, 4, 5 and 6 are based on research that I did in collaboration with Iosif Bena,
Clément Ruef and Nick Warner and which was published in [31, 33, 34, 35, 45].

The dissertation is organized as follows:

In Chapter 1 we give a short review of black holes and black hole thermodynamics
in General Relativity. We discuss in some detail the Reissner-Nordstrom black hole,
which will serve as a toy model for other black holes studied in the dissertation. We
also provide a brief overview of some aspects of supergravity, string theory and D-
branes which are of relevance for black holes. At the end of this Chapter we outline the

counting of black hole microstates in string theory.



Chapter 2 is devoted to a summary of three-charge solutions of eleven-dimensional
supergravity from intersecting M2 and M5 branes. We discuss how to construct black
hole and black ring solutions in eleven-dimensional supergravity, but the main emphasis
is on the construction on regular asymptotically flat solutions with non-trivial topology
and with no horizons. We also discuss the implications of the existence of these solutions
on the physics of black holes.

In Chapter 3, based on [33] and [35], we use string dualities to recast the eleven-
dimensional solutions of Chapter 2 in type IIA and IIB supergravity. We also discuss
“spectral flow” - a solution generating technique in supergravtiy, which we use to relate
two and three-charge supergravity solutions and study which of these solutions are true
bound states.

Using the results of Chapter 3 we continue in Chapter 4 with the study of probe
supertubes in the background of various three-charge supergravity solutions. We
uncover a novel mechanism for entropy enhancement due to the presence of non-trivial
dipole charges of the supergravity solutions [34, 35]. We discuss how this mechanism
may provide a better understanding of the black hole entropy and microstates in super-
gravity and string theory.

In Chapter 5 we relax the very special U(1) isometry of the well-known class of
explicit supergravity solutions discussed in Chapter 2 and present a new more general
class of three-charge supersymmetric solutions found in [31]. We present an explicit
example of such solution based on the Atiyah-Hitchin manifold. We also discuss some
interesting solutions based on the irregular Eguchi-Hanson manifold.

In the final Chapter we discuss two possible ways to break supersymmetry and study
a large class of non-supersymmetric supergravity solutions. We also present one of
the very few regular non-supersymmetric solutions based on the Euclidean Reissner-

Nordstrom manifold [45].



In the Conclusions we discuss some open problems and directions for possible future

work based on the results of this thesis.



Chapter 1

Black Holes, Supergravity and

D-branes

1.1 Black holes

Black holes are one of the most striking predictions of General Relativity [134, 203, 57].
In four-dimensional general relativity coupled to electro-magnetism there are unique-
ness theorems that state that the only axially symmetric asymptotically flat solution to
Einstein-Maxwell theory is the Kerr-Newman black hole [148, 172]. Thus, under some
reasonable assumptions, the black hole is uniquely specified by its mass, M, electric and
magnetic charges () and P and angular momentum J. This on the other hand implies
that if one is given the thermodynamic state functions of the black hole there is a unique
gravitational solution, i.e. there is only one corresponding state in General Relativity.
This uniqueness theorem is not valid in higher dimensional gravity and supergravity
and this fact will be discussed later in this dissertation. For the moment we will stick to
four space-time dimensions and illustrate the physics of black holes by studying the toy

example of the charged black hole in Einstein-Maxwell theory.

1.1.1 The Reissner-Nordstrom black hole

In this section we will present some details about the Reissner-Nordstrom solution of

Einstein-Maxwell theory [185, 173]. This solution will serve as an example of a black



hole and will capture the essential physics of the more complicated black holes that will
be discussed later in this thesis.

The equations of motion of general relativity coupled to matter are given by the
Einstein equations'

1
R, — §Rg,w = 81GyT) , (1.1)

where G/ is the four-dimensional Newton constant, R, is the Ricci tensor and R is the

Ricci scalar of the dynamical metric. These equations can be derived from the action

1
_87TG4

/d4x\/—_gR + S, (1.2)

where S, is the action of the matter fields. Note that we will use conventions in which
¢ = h = kg = 1 The energy-momentum tensor of the matter fields can be derived from
Sy and is given by

1 oSy

T, =——— , 1.3
N (4

Here we will be interested in gravity coupled to electro-magnetism so the matter action

is simply given by the Maxwell action

1
S = — / d'z\/—gF,, F" . (1.4)
(6%

The constant o depends on conventions, in this chapter we will use @ = 8. The energy-

momentum tensor for the Maxwell field is then

2

[ea 1 [
T = —— (FWFV = 9 Fpe " > . (L.5)

ISee [134, 203, 57] for some excellent reviews on General Relativity and black holes.



In addition to the Einstein equations one also has the Maxwell equations for the electro-
magnetic field

VHE,, =0, ViuFuo = 0. (1.6)

A solution to these field equations is given by the following line element

r r2 r r2

2OG M 2 2 2G M 2 2\\ —1
ds? = — (1— Gl | Galp” T4 )> dt* + (1— GM | Galp” +a >> dr?
+ r2(d6? + sin® 0d¢®) , (1.7)
and gauge field strength
F=—Lat ndr+psin6do ndg . (1.8)
r

This is the four-dimensional Reissner-Nordstrom solution, by setting p = ¢ = 0 one

gets the Schwarzschild solution [191]. The metric coefficient of dt? will vanish at

re = GulM % \/GIM? — Ga(p? + ¢?) (1.9)

and it looks like the metric is singular at these points. However the curvature invariants
of the metric are regular at r = r,, so these loci are just coordinate singularities. One
can explicitly compute the Riemann and Ricci tensors of the Reissner-Nordstrom metric
and find that

AG(p* + ¢%)*
r8 '

R=g"R,, =0, R, R™ = (1.10)

It is clear from these expressions that there is an essential singularity at » = 0 where
some curvature invariants blow up. A physical observer approaching » = 0 will expe-

rience infinite tidal forces. This is an example of the singularities that appear in black
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hole physics. Their existence indicate that Einstein’s theory of General Relativity is only
an effective low energy theory and should not be valid at very small distances or high
energies.

It is clear that there are three distinct regions of parameter space to consider in the

Reissner-Nordstrom solution:

o GIM? < G4(p* + %)
In this case g;; never vanishes (since the radial coordinate is real) and the solution
is completely regular up to the singularity at » = 0. The singularity is not shielded
by a horizon and is known as “naked singularity”. The cosmic censorship conjec-
ture states that such singularities should not be the product of gravitational col-
lapse and therefore these solutions are generally considered unphysical in General
Relativity.> One can intuitively understand the condition GM? < G4(p* + ¢°)
as stating that the total energy of the solution is less than the energy of the elec-
tromagnetic field. This would imply that the mass of the matter that carries the

charges is negative which is why such solutions are considered unphysical.

o G2M? > G4(p* + ¢%)
This is the more physical situation when the energy of the solution is bigger than
the energy of the electromagnetic field. The surfaces » = r are null and are the
two event horizons of the black hole. The singularity at » = 0 is time-like and is

shielded by the two horizons. This is the non-extremal Reissner-Nordstrom black

hole.

o G2M? = Gu(p? + ¢?)

2Naked singularities may be physically relevant in string theory or the gauge/gravity duality but this
will not concern us here.



This is the extremal Reissner-Nordstrom black hole. It has a single horizon at r =
r; = r_ and a time-like singularity at 7 = 0. The mass of the black hole is exactly
balanced by its charge and in fact one can construct an arbitrary number of such
black holes, at different points in the space-time, which are stationary and stable.
One can show that the extremal Reissner-Nordstrom black hole is supersymmetric
and the near horizon geometry is AdS, x S2. This will be discussed in more detail

below.

The extremal RN black hole can serve as a good warm-up example for the solutions
that will be the main topic of this thesis so it is worth studying it in more detail. The

metric is

G,M\? G,M\~°
ds? = — <1 - 4—) dt* + <1 — ) dr? + r2(d6? + sin® 0d¢?) . (1.11)
r r
At asymptotic infinity we have » — oo and the metric approaches flat Minkowski space,
RY3. The horizon is at 7 = G4M and it is instructive to study the solution near the
horizon. For this purpose define a new radial coordinate® p = r — G4M, in which the

metric is

2 M2
ds? = — P g2 4 Pt GaM)

dp?® + p?(dB? + sin® 0dd?)) . 1.12
(p + GaM)? 2 (dp” + p~(dO” + sin” 0d¢™)) ( )

Now consider the near horizon limit p — 0 and define yet another set of new coordinates

7= G;2M~%t, 1 = p~'. The background in this limit is

—dr? + dn?

M:ﬁW( :
n

+ d#* + sin® 0d¢2) , (1.13)

3These coordinates are called isotropic.
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F:%dT/\dnersinGdG/\dqﬁ. (1.14)

This is the metric on AdS, x S? with constant electro-magnetic flux on it, indeed it is

elementary to show that

/ F=A4np, / *F =4nq . (1.15)
S2 52

This is also known as the Robinson-Bertoti solution [186, 44]. The extremal Reissner-
Nordstrom solution can be thought of as a soliton interpolating between two maximam-
lly symmetric spaces - four-dimensional Minkowski space-time at asymptotic infinity
and AdSs x S? near the horizon.
There is a simple generalization of the extremal Reissner-Nordstrém solution. To
find it first set the magnetic charge to zero, p = 0, and note the g;; and g,,, components
Gy M

of the metric as well as the electric gauge potential are expressed in terms of 1 + ,
p

which is a harmonic function on R? . This observation leads to the following general

solution of Einstein-Maxwell theory in four dimensions

1 .
ds® = —md72+H2(dp2—|—p2(d92+sm29d¢2)), (1.16)
1
A = _ﬁdT' (1.17)

where H () is a solution to the Poisson equation on the R? spanned by

da? + das + dai = dp* + p?(df* + sin® 0dp?) . (1.18)

11



The function H for the extremal Reissner-Nordstrom solution satisfies the Poisson equa-

tion with a delta function source

& (1 + G‘;M) = —AxGM6(p) = —4m\/G1 q d(p) . (1.19)

In the general solution the function H (%) will satisfy the Poisson equation with some
general charge density o (%)

V2H(%) = o(7) . (1.20)

If the charge density is a continuos function one gets solutions of the Einstein-Maxwell
equations coupled to extremal dust*. These solutions will not have any singularities or
horizons and we will not discuss them further here. We will be interested in solutions

for which the charge density is a sum of delta functions:

N N

H(T) =1+ \/E;Wf—ffﬂ V2H(E) = —4ﬂ\/G_4;qj5(f— 7).

(1.21)

This background is a superposition of N extremal Reissner-Nordstrom black holes and

is known as the Majumdar-Papapetrou solution [160, 176]. In the isotropic coordinates

used here the black hole horizons are located at the poles, ¥ = Z;, of the harmonic
function H ().

Extremality is quite important for the simple form of this class of solutions. It is only

in the extremal limit that the repulsion induced by the electric charge can “cancel” the

gravitational attraction so that the solution can remain static. If one adds any additional

energy to the solution, the non-linearities of gravity become more directly manifest.

“Extremal dust has the property that when two grains of dust are at rest, their electrostatic repulsion is
exactly sufficient to balance their gravitational attraction and they remain at rest.

12



Note that the source in (1.19) lies at the origin of the coordinates (1.18); i.e., at the
horizon of the black hole (remember that we are in isotropic coordinates). However,
since the horizon of the black hole is in fact not just a single point in space, ¥ = T
is clearly a coordinate singularity. This means that although the support of the delta
function lies at ¥ = T, this should not be interpreted as the location of the black hole
charge. Rather, the role of this delta function is to enforce a boundary condition on the
electric flux emerging from the black hole so that the hole does indeed carry the proper
charge.

Of course, in four dimensions, we can also have magnetically charged black holes.
In fact, as for the single-center Reissner-Nordstrom black hole, we can have dyons,
carrying both electric and magnetic charge. The corresponding extremal solutions are
given directly by electro-magnetic duality rotations of the electric Majumdar-Papapetrou
solutions presented above.

As we have already noted, there is a coordinate singularity at the black hole horizon.
Thus, the isotropic coordinates does not allow us to see to what extent the black hole,
or even the horizon, is non-singular. However, if the black hole is to have a smooth
horizon, then the horizon should have non-zero (and finite) area. It is clear that this is
the case for the Majumdar-Papapetrou metrics since as p — p; we have a finite size S?
of radius v/G4q;. In fact as in the single center case we have an AdS; x S? throat near
each of the extremal black-hole horizons.

The Reissner-Nordstrom black hole, and its multi-center generalization, is a solution
to Einstein-Maxwell theory in any space-time dimension® D > 3. There are also very
similar solutions of supergravity theories in various dimensions. These solutions are not
point-like but are sourced by extended objects known as D-branes (or M-branes) and

may look significantly more complicated. We will discuss them in detail below but it

>0f course, the dyonic Reissner-Nordstrom solution exists only in D = 4.

13



will be useful to always keep in mind the intuition from the simple Reissner-Nordstrom

solution in four dimensions.

1.1.2 Black-hole thermodynamics

The is a well-known theorem for black holes which states that in any physically allowed
process, the total area of all black holes in the universe cannot decrease [134, 203].
This law strongly resembles the second law of thermodynamics, which states that in any
physically allowed process the total entropy in the universe cannot decrease. This rela-
tion is not accidental and one can show that there is a correspondence between the laws
of black hole mechanics and the laws of thermodynamics [14]. By studying quantum
fields near the horizon of a black hole Hawking made this analogy precise and showed
that black holes are thermal objects and posses entropy and temperature [136]. Here we
will review the laws of black hole thermodynamics and will briefly discuss their physical
implications.

The zeroth law of black hole mechanics states that the surface gravity, , on the
horizon of an arbitrary stationary black hole is constant. This resembles the zeroth
law of thermodynamics which states that a physical system in thermal equilibrium has
constant temperature. This suggest that the surface gravity of the black hole horizon
should be identified with the temperature of the black hole

The first law of black hole mechanics for a charged, rotating black hole is
AM = 8idA + Qud] + ®pdQ (1.22)
s

where M, () and J are the mass, charge and angular momentum of the black hole,

is the surface gravity of the horizon, A is the area of the horizon, 2y is the angular
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velocity of the horizon and @ is the electrostaic potential at the horizon. It is clear that

this relation bears a similarity with the first law of thermodynamics
dE = TdS + work terms . (1.23)

As already stated above the second law of black hole mechanics suggests that the

entropy of the black hole is proportional to its area

A
Spy = G, (1.24)

This is the Bekenstein-Hawking formula for black-hole entropy [18, 136].

It can be shown that it is impossible to make the surface gravity of a black hole to
vanish by any physical process. This is the the third law of black hole mechanics, which
again indicates that the surface gravity of the black hole horizon should be related to the
temperature of the black hole.

To summarize, the relations between thermodynamic and black-hole quantities are
[203]:

A

K
E— M T — —. 1.25
M, A SaTe (1.25)

As an illustration we will present here some of the thermodynamic quantities of the
Reissner-Nordstrom black hole. For more details on the calculation see [203, 57]. The

temperature of the Reissner-Nordstrom black hole is given by

_ 2M2 _ 2 2
Tan =+ 1= = VG Galg® +1°) . (1.26)

D
S 27 <G4M + /GIM? — Gy(q? +p2))
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The extremal black hole has ;. = r_ and therefore 7" = 0. The entropy of the Reissner-

Nordstrom black hole is (A is the area of the outer horizon)

2
A ﬂri m (G4M + \/GE:M2 — Gy(¢? —i—p2)>

Spn = = — ) 1.27
RN = 0 TG a (1.27)
It is clear that the extremal Reissner-Nordstrom black hole has finite entropy
Sern = 7(q° +p?) (1.28)

despite it being at zero temperature. For p = ¢ = 0 we have the Schwarzschild black

hole with temperature and entropy given by

1

Top = ——— Seen = ATG4M? . 1.29
Seh = S Sch TGy (1.29)

The underlying physical reason why the entropy of a black hole is proportional to its
area is unclear in general relativity. The entropy of a conventional physical system is
proportional to the logarithm of the number of microscopic states with a given set of
macroscopic parameters. Therefore a statistical interpretation of the black hole entropy
will imply that in a full quantum theory of gravity the number of microscopic states with

the same conserved charges as a given black hole should be order
Nricro ~ eABH . (130)

The black hole uniqueness theorems in general relativity are at odds with this relation,
which is one more clue that one needs a quantum theory of gravity to understand the
entropy of black holes. String theory is a theory of quantum gravity and as such should

contain a microscopic explanation of the entropy of black holes. In the last fifteen years
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we have gained some detailed understanding of what the microstates of a large class of
black holes in string theory are and how to reproduce the Bekenstein-Hawking entropy
by counting them. However there are still many unsolved problems and this thesis is

devoted to some of them.

1.2 Supergravity, String Theory and D-branes

String theory grew out of attempts to construct a fundamental theory of the strong
nuclear interactions. It turned out that non-Abelian gauge theories are better suited
for this task but nevertheless string theory has had a life of its own since then (and
recently via the gauge/gravity duality has taught us some important lessons about
nuclear physics). It was realized that there are massless spin two excitations in the
spectrum of the closed string which can be interpreted as gravitons. Thus string theory
is a theory of quantum gravity. There are also low energy excitations in string theory
which resemble the standard model of particle physics. This has lead to a great research
effort to construct a unified theory of all fundamental interaction based on string theory,
see [125, 126, 179, 180, 16] for comprehensive reviews on string theory. As a quan-
tum theory of gravity string theory has also one more challenging task - to explain and
resolve the puzzles of black hole physics.

By now it is well established that there are five consistent string theories in ten
dimensions, all of which involve supersymmetry - type I string theory with gauge group
SO(32) , two heterotic string theories with gauge groups Eg x Eg and SO(32) and type
ITA and type IIB string theories. These theories were first constructed perturbatively but
it was later revealed that there are various string dualities which relate the five consistent

string theories. There is also a conjectured non-perturbative theory in eleven-dimensions
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known as M-theory which is believed to be related to the five string theories by a web
of dualities [141, 206].

All five string theories have a low energy excitation spectrum which yields super-
gravity theories - i.e. supersymmetric extensions of general relativity in ten-dimensions.
There are two supergravity theories with maximal supersymmetry in ten dimensions
- type IIA and type IIB supergravity. As the names suggest they can be obtained by
restricting to the low energy modes of the type IIA and IIB superstring theory. There is
also a unique supergravity theory in eleven dimensions which is conjectured to be the
low energy limit of M-theory. We will use these supergravity theories and their com-
pactifications to lower dimensions throughout this thesis and we will review them briefly
in Sections 1.2.2 and 1.2.3.

In type IIA and IIB string theory as well as in M-theory there are massive objects
called branes which can form black holes in the supergravity limit. When supersym-
metry is preserved these black holes can be thought of as ground states of the theory
and can use different tools to study them. This has lead to a successful counting of
the microstates of a large class of black holes in string theory which we will review in

Section 1.2.4.

1.2.1 BPS states

Most of the supergravity solutions studied in this thesis are supersymmetric and saturate
a Bogomol’nyi-Prasad-Sommerfield (BPS) bound, so it is useful to briefly review this
here. The concept of a BPS bound and its saturation can be illustrated by massive
particles in four dimensions [182, 47, 207]. The N extended supersymmetry algebra

restricted to particles of mass M > 0 at rest in four dimensions is
{QL, QLY =2M5" 6,5+ 2210, . (1.31)
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Here Q! are the fermionic supercharges, I, J = 1, ...\ label the supersymmetries and
a,3 = 1,...,4 are Majorana spinor indices of the supercharges. The matrix Z// is
antisymmetric and is called the central charge matrix, clearly it is non-vanishing only
for NV > 2. The central charges are conserved quantities that commute with all other
generators of the algebra. They can be also thought of as electric and magnetic charges
that couple to the gauge fields in the supergravity multiplet. For simplicity we will

concentrate on the case N/ = 2. It is clear from (1.31) that the matrix

M Z
, (1.32)

Zt M

should be positive definite, which implies that
M =\Z|. (1.33)

States that have M = |Z| are said to saturate the BPS bound. The similarity with the
extremal Reissner-Nordstrom black hole is clear. There we had, after setting G4, = 1,
M = q. Indeed the similarity can be made precise and one can show that the Reissner-
Nordstrom black hole is a BPS state of ' = 2 minimal supergravity in four dimensions
[111].

In the case of maximal, N' = 8, supersymmetry in four dimensions there are four

eigenvalues of the matrix Z!7 and one has four different possible BPS states:
o M = |2 = 2| = |Zs] = | Z4|
This state is called half-BPS and preserves 16 of the 32 real supercharges.
o M =|Z| = |Zs| = |Zs] > | Z4]

This state is called quarter-BPS and preserves 8 of the 32 real supercharges.
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o M = |Zl| = |ZQ| > |Z3’ > |Z4|

This state is called eighth-BPS and preserves 4 of the 32 real supercharges.

o M = |Zy| > |Zs| > |Zs| > |Z4]

This state is called sixteenth-BPS and preserves 2 of the 32 real supercharges.

For a large portion of this thesis we will discuss eighth-BPS states in four, five, ten
and eleven-dimensional supergravity. There are black holes with macroscopic horizons
which are eighth-BPS and can be thought of as generalizations of the extremal Reissner-
Nordstrom black hole discussed in some detail in Section 1.1. Black holes with more
than four supercharges usually do not have macroscopic horizons and look like naked
singularities which should be resolved by higher order supergravity or string theory

effects.

1.2.2 Eleven-dimensional supergravity

Eleven-dimensional supergravity is the unique supergravity in eleven dimensions and
is therefore of fundamental nature [67]. The field content of eleven-dimensional super-
gravity is relatively simple. There is the graviton, which is a symmetric traceless tensor
of the little group in eleven dimensions - SO(9). It has 44 independent physical degrees
of freedom which are encoded in the metric g, (or the vielbein € There is also a
fermionic partner of the graviton - the gravitino. This is a 32-component Majorana
spinor which also transforms as a space-time vector, ¢y;. The gravitino transforms as
a vector of SO(9) and as a 16-component real spinor of Spin(9). Naively there are
9 x 16 = 144 physical degrees of freedom in the gravitino, however there is a local
gauge symmetry ¢y — ¢ + 0,x, where x“ is an arbitrary spinor. This reduces the
number of physical degrees of freedom in the gravitino to 144 — 16 = 128. In order for

the eleven-dimensional theory to be supersymmetric there should be an equal number of
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fermionic and bosonic degrees of freedom. The extra bosonic degrees of freedom come
from a 3-form field As). The theory has the usual gauge invariance A3y — As)+dA ()
for an arbitrary 2-form A (). The 3-form is a massless completely antisymmetric field
and thus has 84 degrees of freedom, which adds up to a total of 128 bosonic degrees of
freedom as required by supersymmetry.

The bosonic part of the action of eleven-dimensional supergravity is [16]

1 1 1
Sy =—- [ d'z (R——F12 4F“1“2“3“4)— /A3 AN Fuyy N Fly,
2,1%1 48 H1 2 3 [ 12,€%1 ( ) ( ) ( )
(1.34)
where
2rml,)?
22, = 167G, = 2;) Py = dAg (1.35)

and G, and [, are the eleven-dimensional Newton constant and Planck length. The
full action of eleven-dimensional supergravity is invariant under local supersymmetry
transformations. These transformations are parametrized by a 32-component Majorana

spinor, €, and the infinitesimal transformations of the fields are®

set = e,
6Alwp = —3EF[W,¢p], (1.36)
1 1 VpoA 1 pPOA

(Swu = VME—FE IF'MFV/)O-,\F —5 Mpo-)\r €.

Here Greek letters denote space-time (“curved”) indices and Latin letters denote tangent

space (“flat”) indices. We have also used the standard notation

I, =el,, [rakeetn — Pliapez - Pl (1.37)

®The spinor index of fermions will be suppressed from now on.
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and the covariant derivative on spinors is given by

1
Ve = 0,6+ wabrabe : (1.38)

Given a supersymmetric solution, there exist spinors, called Kiling spinors, that char-
acterize the supersymmetries of the solutions. These are similar to the Killing vectors
which characterize bosonic symmetries of a gravitational background. Killing spinors
are spinors that parametrize infinitesimal supersymmetry transformations under which
the fields are invariant for a specific field configuration. Since the supersymmetry vari-
ations of the bosonic fields always contain one or more fermionic fields, which vanish
classically, these variations are guaranteed to vanish. Thus in exploring supersymmetry
of bosonic solutions one has to look only at the variations of the fermionic fields. In
other words to have a supersymmetric bosonic background we need a solution to the

following equations

1 /1 1
0y = Vue + 15 (IF#FVPGAF”WA - §FMMAF”“> =0 (1.39)

Solutions to this equations, €(x), are the Killing spinors.

The presence of a three-form gauge potential, A in eleven-dimensional supergr-
vaity suggests the existence of a fundamental two-dimensional extended object present
in the theory. Indeed this turns out to be the case and this object is called M2 brane
[42]. The M2 brane has a magnetic dual M5 brane which sources the six-form gauge
potential Hodge dual to A3). Unlike the situation in string theory, the fundamental
theory living on the world-volume of these membranes is still somewhat mysterious’.

Nevertheless it is known that the M2 and M5 branes are massive and can backreact on

the eleven-dimensional space-time to produce solutions of supergravity. We will discuss

7See [8, 3] for some recent progress in this direction.
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extensively a large class of such solution in Chapter 2. For illustration here we will just
present the supergravity solution sourced by /N M2 branes.

The M2 brane solution is [81]

dsipy = H7P(r)(=dt® + daf + da3) + H'?(r)(dr® 4 r?d$33)

Ag = —H '(r)dt Aday Adasy, (1.40)

where dQ? is the unit radius S” and H (r) is a harmonic function on the R?® transverse to

the worldvolume of the M2 brane

(1.41)

The similarity between this solution and the extremal Reissner-Nordstrom solution in
four dimensions is obvious. One can easily study the near horizon limit of the M2 brane
and show that the resulting space is AdS; x S” with N units of flux. This is again similar
to the extremal Reissner-Nordstrom solution where the near horizon limit is Ad.S, x S2.

One can also similarly construct the solution for a stack of M5 branes [133]. It is
again determined by a single harmonic function on the space transverse to the branes.

Not surprisingly its near horizon limit is AdS7; x S*.

1.2.3 Type IIA and Type IIB supergravity

Eleven-dimensional supergravity is related to the various ten-dimensioal supergravities
which are the low-energy limits of superstring theories. The most direct connection
is between eleven-dimension supergravity and type IIA supergravity [108, 53]. Type
ITA supergravity can be constructed by a dimensional reduction of eleven-dimensional

supergravity on a circle. This is the low-energy version of the statement that M-theory
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compactified on a circle of radius 12 corresponds to type IIA superstring theory in ten
dimensions with string coupling g, = Ra/~'/?, where o/ = 27+T and 7' is the string
tension. The details of how this reduction is done (at least for the bosonic sector of the
theory) are discussed in Appendix A. Here we will only describe the field content of the
theory and will refrain from presenting its action and supersymmetry transformations.

By reducing along a circle to ten dimensions the eleven-dimensional metric decom-
poses into a ten-dimenisonal metric g,(ﬁ,o), a U(1) gauge field described by the 1-form
C(1y and a scalar @ called the dilaton. The three-form in eleven dimensions reduces to a
2-form, B(s), and a 3-form, C|3), in ten dimensions. There are again 128 bosonic degrees
of freedom - 35 in g,(ﬁ,o), 8in C(y), 1 in @, 28 in B(3) and 56 in C'(3. The first ten compo-
nents of the eleven-dimensional gravitino become two ten-dimensional Majorana-Weyl
gravitini of opposite chirality, %(}) and w,(f). Each of the two ten-dimensional gravitini
has 56 physical degrees of freedom. There are also two ten-dimensional Majorana-Weyl
spinors, the dialtini, which are the fermionic partners of the dilaton and each of them has
8 degrees of freedom. It is clear that by reducing on a circle we have kept the same num-
ber of degrees of freedom in the ten dimensional theory as we had in eleven dimensions.
This is a general feature of dimensional reduction on flat manifolds.

One can keep on doing the same exercise and reduce type IIA supergravity further
to lower dimensions by compactifying on circles or torii and keeping only the mass-
less degrees of freedom. This is a well established procedure which leads to maximally

supersymmetric supergravity theories in various dimensions. For example, if we reduce

eleven-dimensional supergravity on 7' and keep all massless degrees of freedom we
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will get the maximally supersymmetric, ' = 8 supergravity in four dimensions. In gen-
eral when one reduces eleven dimensional supergravity on 7'? there is a global Ep(p)
internal symmetry which is called the U-duality group®.

There is another supergravity theory in ten dimensions with maximal supersymmetry
- type 1IB supergravity [190, 140]. Its field content can be deduced from the massless
spectrum of type IIB string theory. It can also be constructed as a ten dimensional
supergravity theory using guidance from the supersymmetric representation theory, as
well as gauge and diffeomorphism invariance. Unlike type IIA supergravity it cannot
be obtained from a reduction of eleven-dimensional supergravity. There is however a
string theory duality, T-duality, which relates type IIA and Type IIB superstring theory
and thus ITA and IIB supergravity. Some details of how this duality works will be
discussed in Appendix A. The field content of the theory is - the metric g,,, the 2-
form By, the dilaton ®, the axion C(), a 2-form C(yy and a 4-form C(4). The field
strength of C(4) should be self-dual under Hodge duality. It is notoriously difficult to
construct a ten-dimensional supergravity action that incorporates this self-duality and it
is usually imposed by hand as an addition to the equations of motion [190, 140]. Type
IIB supergravity has an SL(2,R) global symmetry” under which C(4) and the metric
are invariant. The dilaton and axion (®,C() and the 2-forms (B(s), C(2)) transform
as doublets. The theory has two ten-dimensional Majorana-Weyl gravitini of the same
chirality as well as two dilatini. There are again 128 bosonic and 128 fermionic degrees
of freedom.

The bosonic fields (g,.,®, B(z)) are common to type IIA and IIB supergravity.

These are actually the massless bosonic excitations in the NS-NS sector of the closed

8Strictly speaking string/M- theory will break this symmetry to a discrete subgroup of E p(p) and thus
the U-duality group is discrete.

°This is broken down to SL(2, Z) in the full string theory.
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type IIA and IIB string theory. The R-R sector of the two theories is different which
explains the different dimensions of the forms, (), in the two ten-dimensional super-
gravities.

As shown in [71] type II open superstrings can have Dirichlet boundary conditions
and can end on extdended objects in the ten-dimensional space time. These objects are
called D-branes. It was later shown that in fact these D-branes are sources for the various
R-R gauge potentials, C,,, appearing in IIA and IIB string theory and the corresponding
supergravities [178]. See [145] for a review of the physics of D-branes.

In type 1IB theory we have D1, D3, DS, D7 and D9 branes. The D1 and D5 branes
couple to the C() and it dual C') gauge potentials and are related by electric-magnetic
duality. The D3 branes couple to C'y) and are self-dual. The D7 and the space-time
filling D9 branes are somewhat exotic and we will not discuss them here, see [179, 180,
145] for more details.

In type IIA theory we have DO, D2, D4, D6 and D8 branes. The DO and D6 branes
couple to the C(1) and it dual C(7) gauge potentials and are related by electric-magnetic
duality. The D2 and D4 branes couple to the C3) and its dual C(5) gauge potentials and
are also related by electric-magnetic duality. The D8 branes couple to Cg) which has
a ten-form field strength, dual to a non-dynamical scalar known as the Romans mass
[187, 178].

There are two more types of extended objects in string theory - the fundamental
string, F1, and the NS5 brane which is the magnetic dual object to the fundamental
string. The fundamental string couples electrically to the two-form potential B ;) and

the NS5 brane couple magnetically to B s).
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All D-branes and the NS5 brane are massive non-perturbative objects in string the-
ory'?. They source non-trivial supergravity solutions, akin to the Reissner-Nordstrom
black hole and the M2 brane solution of eleven-dimensional supergravity [100, 138].
Many of these D-brane supergravity solutions are related by a combination of duali-
ties and dimensional reduction to the M2 and M5 brane solutions in eleven-dimensional
supergravity. We will use these relations throughout this thesis and will explain them

along the way.

1.2.4 Black hole entropy from string theory

One of the great success of string theory, which came out of studying the physics of the
non-perturbative D-branes, is the microscopic counting of the entropy of a certain class
of black holes. Strominger and Vafa counted the ground state degeneracy of a certain
bound state of D1-D5 branes and momentum [198]. At strong gravitational coupling
this configuration is a five-dimensional BPS black hole. The calculation was done by
considering type IIB string theory on K3 x S, where the D5-branes wrap the whole
compact manifold!! and the D1 branes are wrapped along the S*. The original counting
of Strominger-Vafa uses some advanced technology involving a non-linear sigma model
and the cohomology of the target space manifold of this sigma model. We will not
review the calculation here but rather present a short overview of a more intuitive (and
less rigorous) approach followed by Callan and Maldacena [52], see also [161].

The configuration studied in [52] is a bound state of D5 and D1 branes in IIB string
theory. The D5 branes wrap a T°, the D1 branes are bound to the world-volume of

the D5 branes and wrap an S! in T°. The other five space-time dimensions are simply

10See Appendix D for our conventions about the tensions of the extended objects in string and M-
theory.

" K3 is the unique non-trivial compact Calabi-Yau manifold in two complex dimensions.
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five-dimensional Minkowski space. In addition to the D-branes there is also an ensem-
ble of open strings with one end attached to the D1 and the other attached to the D5
branes'?, these strings move along the S! and the solution carries a large momentum in
this internal direction.

The gravitational backreaction of this configuration leads to the following metric:

1
ds? p = W(—dzf2+d:c§+(Hp—1)(d1t—d:c5)2)+ H, Hs(dx}+dxs+das+dxy)
14145
H
+ Fl(dx§+dx$+dx§+dx3), (1.42)
5

where the 7% x S* is spanned by (x5, 2, 7, Ts, T9), the functions (H;, Hs, H,) are three

harmonic functions on the transverse space to the branes spanned by (z1, o, 3, Z4)

1 Qs

H1:1_|__2, H5:1_|_—2’ Hp:1_|_Qf”
T T

)
7’2

(1.43)

and 2 = 22 + 22 + 22 + x3. The solution has also a non-trivial dilaton and R-R
two-form field but we will not present them here'?. Upon dimensional reduction on the
T* x S* one obtains a BPS black hole with three charges and four supercharges (i.e. an

eighth-BPS state) which is very similar to the extremal Reissner-Nordstrom black hole:

ds? = — dt* + (H,Hs H,)'3(da? + da? + dx? + da?) . (1.44)

(H1HsH,)?/3

120pen strings stretching between a Dm and a Dn brane are called (m,n) strings.

13See Chapter 3 and Appendix B for the full D1-D5-P type IIB supergravity solution. The solution
presented there is more general and is in slightly different notation.
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The three charges of the black hole correspond to the D1 and DS brane charges, (); and
()5, and the momentum charge (),. One can easily calculate the horizon area of this

black hole and find its Bekenstein-Hawking entropy

A
Spr = E = 27T\/ Q1Q5Qp . (1.45)

- =
Now, following [52], we will reproduce this entropy by counting the ground state degen-
eracy of the D1-D5-P system. We will assume that the string coupling (and therefore
the gravitational coupling) is small so that one can use perturbative string theory. One
can show that the massless supersymmetric excitations of the systems are described by
the (1,5) and (5,1) strings. One can describe these excitations effectively as a two-
dimensional conformal field theory (CFT) living on the cylinder (¢, z5). One can also
argue that for each string momentum mode one has 4(); ()5 bosons and 4(), ()5 fermions

in the CFT. The total central charge of this system is

1
c=1x41Q5 + B X 401Q5 = 6Q1Qs . (1.46)

The degeneracy for level (), >> 1 states in a CFT of central charge, c, is given by the

Cardy formula [55]
cQp

d(Qy) ~e¥™V 5 . (1.47)

Taking the logarithm of this and using (1.46) we find the entropy of the system to be

Sp1-ps—p = 10g(d(Qp)) = 2m\/Q1Q5Qp , (1.48)

which precisely matches the Bekenstein-Hawking entropy of the black hole (1.45). This
counting was also done for the near extremal D1-D5-P black hole [52] as well as for

more general black holes [199].
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It is remarkable that one can reproduce the Bekenstein-Hawking entropy of a black
hole by counting bound states of strings and branes. However one should remember that
this is just counting of the microstates for large charges of the black hole and it was done
at weak string (and gravitational) coupling. When one varies the string coupling one
will interpolate between a configuration of strings and branes described by field theory
and a black hole described by supergravity. There is a general argument that during
this process the number of microstates should stay the same [139] (up to coefficient
of order one), this argument applies to supersymmetric and non-supersymmetric black
holes in string theory and is one of the explanataions of the success of the calculations
in [198, 52, 144, 199]. Another reason for the correct entropy counting is probably the
universality of the Cardy formula and the presence of an AdS near horizon region in the
class of black hole constructed in string theory.

Despite the fact that we can count the microstates of the black hole in string theory
we still lack information about their structure at strong gravitational coupling, the details
of the resolution of black hole singularities and the information paradox. In the next
Chapters we will present some recent advances in our understanding of these issues in

black hole physics.
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Chapter 2

Three-charge solutions and microstate

geometries

The counting of black hole microstates which matches with the Bekenstein-Hawking
entropy is a remarkable success of string theory as a theory of quantum gravity. However
we still do not understand what is the structure of the black hole microstates at strong
gravitational coupling and how this relates to the possible resolution of black hole sin-
gularities and the formation of horizons. It is usually thought that quantum gravity will
become important at distance of the order of the Planck length away from the black hole
singularity. Recent studies, however, suggest that quantum gravity effects do not stay
confined to the region near the black hole singularity and can indeed extend to macro-
scopic distances all the way to the black hole horizon. This implies some important
consequences for the physics of black holes in string theory and this Chapter is devoted
to a review of some of the recent advances in the subject.

The core question is given a set of boundary conditions at asymptotic infinity for a
supergravity black hole what are the possible solutions of string or M-theory that will fit
these boundary conditions. We will call such solutions, with some abuse of terminology,
microstate geometries. One of the surprising advances in the last few years is that there
is a vast number of such solutions within supergravity which are completely regular
and without horizons. It still remains to be seen whether these solutions can provide a

semiclassical accounting of the entropy.
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Independent of the microscopic counting issue, the study of microstate geometries
is interesting for other reasons. It is important to understand the failure of black hole
uniqueness in string theory and to classify all possible solutions with the same asymp-
totics as a given black hole. Given that there are vast numbers of regular solutions
without horizons that are within the validity of supergravity and have the same struc-
ture at infinity as a black hole one should understand their implication for black-hole
physics. It seems that within string theory the black hole singularity is an artifact of the
symmetry and the microstate geometries discussed here will resolve the singularity.

It is important to emphasize that the program of constructing all microstate geome-
tries for a black hole with finite entropy and temperature is not completed. One can
separate the solution of the big problem in three smaller problems:

There should be solutions of supergravity (or string theory) which resolve the black
hole singularity and are completely smooth and regular. The solutions discussed in this
Chapter achieve precisely this for a large class of supersymmetric black holes and black
rings. A crucial ingredient in the singularity resolution is the geometric transition mech-
anism. This mechanism is common to many systems in string theory and is intuitively
simple to understand. There are certain branes wrapping a topologically trivial cycle,
there is also a dual, Gaussian, cycle that “measures” the charge of the branes. The branes
have tension and they collapse the cycle which they wrap and the geometry looks singu-
lar. The resolution that string theory provides is a new geometry with two topologically
non-trivial cycles - one corresponding to the cycle that the branes wrapp and the other
to the Gaussian cycle. We explain the geometric transition mechanism in more detail
in Section 2.2.9, but it is important to note that for the black-hole singularity resolution
the geometric transition happens on the non-compact space-time. This is crucial for our
construction and is a novel feature, different from all other brane systems which undergo

geometric transition [124, 202, 51].
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Another problem is to show that the set of microstate geometries which resolve the
black hole singularity account for a macroscopic part of the entropy of the black hole.
In other words one needs to show that the moduli space of regular supergravity solutions
is large enough and upon quantization it can store the vast entropy of a black hole. For
the one- and two-charge BPS systems in string theory this has been already done and
is reviewed in Section 2.1. However these black holes have Planck scale horizons and
do not have finite entropy in supergravity. The simplest system with macorscopic hori-
zon for which one can construct microstate geometries is the three-charge system, this
system is supersymmetric which somewhat simplifies the construction of supergravity
solutions. There are BPS black holes and black rings with three charges which have
finite entropy and one can construct vast numbers of regular solutions with the same
charges and supersymmetry which we review in Section 2.2. It is still unclear whether
these solutions are enough to account for the entropy of the black hole and black ring
but in Chapters 3 and 4 we present some strong arguments in favor of this proposal.

One should remember that BPS black holes have vanishing temperature and thus do
not emit Hawking radiation. Ideally one would like to construct many non-BPS regular
supergravity solutions with the same charges and asymptotics as a non-BPS black hole
(or black ring). Then it should be possible to study the details of the Hawking radia-
tion of the black hole (or black ring) using these microstate geometries. One possible
mechanism is that the regular microstate geometries are unstable and their decay rate
matches with the rate of Hawking emission from the corresponding black hole. Very
little is known about regular non-BPS solutions so it is still unclear whether this mecha-
nism will work, see [63, 64, 65, 6, 7] for some recent work on this problem. In Chapter
6 we will describe a way to overcome the technical difficulties associated with the con-
struction of non-BPS microstate geometries and will present one of the first examples of

such a regular non-BPS solution. Our results suggest that the large number of microstate
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geometries and geometric transition mechanism for singularity resolution established
for the BPS black holes and black rings may as well be features of their non-BPS black

counterparts.

2.1 Systems with microscopic horizons

To address some of the questions in black hole physics Mathur and collaborators con-
sidered a simple two-charge system in string theory - a bound state of D1 and D5 branes
[155, 156, 157]. Two-charge black holes in string theory appear singular and do not
have macroscopic horizons, thus their entropy vanishes in the classical (supergravity)
approximation. However one can consider higher derivative corrections to the Einstein-
Hilbert action and show that these systems in fact develop effective horizons with radius
of the order of the Planck scale (called also “stretched horizons”) [192]. The entropy of

the two-charge system is

S =21vV2/Q:1Qs — J (2.1)

where (); and (), are the two conserved charges and J is the angular momentum.
As shown by Mathur and collaborators (see [168] for a review) this entropy can be
accounted for by counting regular supergravity solutions specified by an arbitrary closed
curve in R*. These solutions can be thought of as U-duals to another well-known two
charge system in string theory - supertubes. Supertubes are tubular D2 branes with
worldvolume DO and F1 fluxes which are responsible for the two electric charges [166].
Although the two-charge result is quite appealing it applies only to black holes with
effective, Planck scale, horizons.

It is natural to conjecture that a similar picture will arise for the three-charge case,
namely that there are enough regular, classical supergravity solutions which will account

for (a significant part of) the black hole entropy. This is often referred to as the “fuzzball
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proposal.” If this conjecture is true one will have a resolution to the information paradox
- the horizon is just a coarse grained description of individual regular microstate geome-
tries and thus all scattering processes are unitary; and will have an explanation of the
entropy of black holes as statistical average over microstate geometries. To prove (or
disprove) this conjecture one has to find large classes of regular, three charge, BPS solu-
tions in five dimensions, which have the same supersymmetries, asymptotic structure
and macroscopic charges as BPS black obejcts'.

Another system for which all BPS supergravity solutions with the same asymptotic
charges as a given black hole are constructed is the BPS D3 brane in IIB supergrvaity
[153]. The Lin-Lunin-Maldacena solutions are half-BPS (i.e. preserving 16 of the 32
supercharges) have the same asymptotic structure as the D3 brane background and have
non-trivial topology in the bulk. The system does not have a macroscopic horizon due
the the large number of supersymmetry preserved by the solution. Nevertheless one
can map each regular geometry to a half-BPS state of the dual N' = 4 supersymmetric
Yang-Mills (SYM) and on has a complete description of the half-BPS states of N' = 4
SYM in terms of supergravity solutions. It is still unclear whether one can have a similar
description of all eighth-BPS states of the D1-D5-P CFT, dual to the three-charge black
hole, in terms of regular supergravity solutions but there is clear evidence that this is
the case for a large part of these states. An interesting technical point is that the Lin-
Lunin-Maldacena solutions are determined by solving a Laplace equation on a certain
subspace of the ten-dimensional space-time. We will see a similar structure emerging in
the three-charge, eighth-BPS solutions discussed below.

It is remarkable that one can construct all supergravity solutions with the same

charges and asymptotic structure as in the half-BPS and quarter-BPS systems discussed

'In five dimensions apart from black holes, with S horizon topology, there are black rings with
S1 x S? topology of the horizon [92, 93].
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above. The crucial difference between the half- and quarter-BPS systems and the eighth-
BPS system is that the latter generically has a macroscopic horizon, whereas the former
have no horizon or only have an effective horizon at the Planck or string scale. Indeed,
historically, the link between microstate counting and Bekenstein-Hawking entropy (at
vanishing string coupling) was first investigated by Sen [192] for the two-charge system.
While this work was extremely interesting and suggestive, the result became compelling
only when the problem was later solved for the three-charge system by Strominger and
Vafa [198]. Similarly, the work on the microstate geometries of the one- and two-charge
systems is extremely interesting and suggestive, but to be absolutely compelling, it must
be extended to the three-charge problem. This would amount to establishing that the
boundary D1-D5-P CFT microstates are dual to bulk microstates — configurations that
have no horizons or singularities, and which look like a black hole from a large dis-
tance, but start differing significantly from the black hole solution at the location of the
would-be horizon. String theory would then indicate that a black hole solution should
not be viewed as a fundamental object in quantum gravity, but rather as an effective
thermodynamic description of an ensemble of horizonless configurations with the same
macroscopic charges and asymptotic properties [168]. The black hole horizon would
be the place where these configurations start differing from each other, and the classi-
cal thermodynamic description of the physics via the black hole geometry stops making

Sense.

2.2 The three-charge system

Two-charge supertubes in the probe limit are described by the Dirac-Born-Infeld (DBI)

action. In a similar way one can study supertubes with three charges and one or two
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dipole charges using the DBI action [19]. This provides useful intuition about the three-
charge system and the exact supergravity solutions one can expect to find.
The radial size of a three-charge supertube with angular momentum .J and all three
charges of the same order, )1 ~ QY2 = (Y3 ~ () is
rér ~ Gs C‘;—z , (2.2)
where g, is the string coupling constant?>. One can also compute the proper length of the
circumference of the horizon of the three-charge spinning black hole (sometimes called
the BMPYV black hole[49] ) to be
T~ 9 % . 2.3)
The most important aspect of the equations (2.2) and (2.3) is that for comparable charges
and angular momenta, the black hole and the three-charge supertube have comparable
sizes. Moreover, these sizes grow with g, in the same way. This is a somewhat counter-
intuitive behavior, most massive physical objects one can think about tend to become
smaller when gravity is made stronger and this is consistent with the fact that gravity is
an attractive force. The only well-known object that becomes larger with stronger grav-
ity is a black hole. Nevertheless, three-charge supertubes also become larger as gravity
becomes stronger. The size of a tube is determined by a balance between the angular
momentum of the system and the tension of the tubular brane. As the string coupling is

increased, the D-brane tension decreases, and thus the size of the tube grows, at exactly

the same rate as the Schwarzschild radius of the black hole®. This is the distinguishing

2See Appendix D for more details, and [30] for a review of these calculations.

3Note that this is a feature only of three-charge supertubes; ordinary (two-charge) supertubes have a
growth that is duality-frame dependent.

37



feature that makes the three-charge supertubes, as well as the smooth geometries that
we will obtain from their geometric transitions, unlike any other configuration that one
counts in studying black hole entropy.

To be more precise, let us consider the Strominger-Vafa counting of states that leads
to the correct black hole entropy. One counts microscopic configurations of branes and
strings at weak coupling where the system’s size is of string scale, and its Schwarzschild
radius is even smaller. One then imagines increasing the gravitational coupling; the
Schwarzschild radius grows, becoming comparable to the size of the brane configuration
at the “correspondence point” [139], and larger thereafter. When the Schwarzschild
radius is much larger than the Planck scale, the system can be described as a black
hole. There are thus two very different descriptions of the system: as a microscopic
string theory configuration for small g;, and as a black hole for large g;. One then
compares the entropy in the two regimes and as we summarized in Section 1.2.4 one
finds agreement between the two calculations.

Three-charge supertubes behave differently. Their size grows at the same rate as the
Schwarzschild radius, and thus they have no “correspondence point.” Their supergravity
description is valid in the same regime as the description of the black hole. If by counting
such configurations one could reproduce the entropy of the black hole, then one should
think about the supertubes as the large g, continuation of the microstates counted at
small g, in the string/brane picture, and therefore as the microstates of the corresponding
black hole.

It is interesting to note that if the supertubes did not grow with exactly the same rate
with g, as the size of the black hole horizon, they would not be good candidates for
being black hole microstates, and Mathur’s conjecture would not seem very plausible.

The fact that there exists a huge number of configurations that do have the same growth
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with g, as the black hole is a non-trivial confirmation that these configurations may well
represent black-hole microstates for the three-charge system.

The existence of supersymmetric three-charge supertubes with arbitrary shape sug-
gests the existence of a large number of regular supergravity solutions build out of the
same branes that source the supertube. In addition to that, three-charge supertubes point
to the existence of supersymmetric black rings. As we will review in this Chapter there
are indeed supersymmetric black rings with three electric and threep dipole charges as
well as a large class of regular three-charge supergravity solutions.

In the following Sections we will summarize the construction of asymptotically flat
supersymmetric solutions of M-theory on 7 and the physics of these solutions. Most
of the material presented in this Chapter is well known, see [168, 193, 13, 66] for some

reviews . The presentation here is based on [30].

2.2.1 Supersymmetric configurations

We will consider brane configurations that preserve the same supersymmetries and have
the same asymptotic structure as the five-dimensional, asymptotically flat, three-charge
black hole. In M-theory, these solutions can be constructed by compactifying on a six-
torus, 7°, and wrapping three sets of M2 branes on three orthogonal two-tori. One can
also add three sets of M5 branes while preserving the same supersymmetries. Each set
of M5 branes can be thought of as magnetically dual to a set of M2 branes in that the M5
branes wrap the four-torus, T, orthogonal to the T2 wrapped by the M2 branes. The
remaining spatial direction of the M5 brane’s worldvolume wraps a non-intersecting
closed curve, y#(c), in the five-dimensional space-time. We will take this curve to be
the same for all three sets of M5 branes, but in principle one can choose three different
curves for the three sets of M5 branes and one can construct such supergravity solutions

by following similar procedure as the one outlined here. In [21] it was argued that this
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was the most general three-charge brane configuration consistent with the supersymme-
tries of the three-charge black-hole.

One can view these backgrounds as solutions to the STU model of five-dimensional
ungauged N = 2 supergravity. This is the minimal ungauged supergravity theory in
five-dimensions coupled to two vector multiplets. The bosonic degrees of freedom are
the metric, three vector fields (one from the gravity multiplet and two from the vector
multiplets) and two independent real scalars. The STU model is a consistent trunca-
tion to a subset of the fields of the maximal, N' = 8, ungauged supergravity in five
dimensions [129]. This five-dimensional description of supersymmetric black holes is
often used in the literature. Here we will emphasize the eleven-dimensional origin of
the solutions and their interpretation as intersecting branes. This will provide some intu-
ition about their physics and will allow for comparison to solutions of type IIA and IIB
supergravity.

The metric corresponding to this brane configuration can be written as

1 1
dsiy = ds: + (ZoZ3Z{%)® (dai + dag) + (Z125Z57)® (dah + dag)
1
+ (212:257)% (dag + da?y) (2.4)
where the five-dimensional space-time metric has the form:
ds? = — (Z,2523) 75 (dt + k)? + (2, 2:25)7 ds?, (2.5)

for some one-form, k, defined on the spatial section of this metric. Since we want the

metric to be asymptotic to flat R*! x T, we require

ds? = hdytdy” (2.6)
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to limit to the flat, Euclidean metric on R* at spatial infinity and we require the warp
factors, Z7, to limit to constants at infinity. To fix the normalization of the corresponding
Kaluza-Klein U(1) gauge fields, we will take Z; — 1 at infinity.
The supersymmetry, €, consistent with the brane configuration discussed above, must
satisfy:
(]l — %% e = (]l — T8 e = (]1 — T¥Me = 0, (2.7)

where ['* are eleven-dimensional, tangent space gamma matrices and we use the stan-

dard notation T = T'lax  Tanl Since we have
012345678910 _ | (2.8)

this implies

(1 — I'™e =0, (2.9)

which means that one of the four-dimensional helicity components of the supersymme-
try must vanish identically. The holonomy of the metric, (2.6), acting on the spinors is
determined by

(V.. V,]e = L RY

— 4 "Yuved

red e , (2.10)

where RL?C 4, 1s the Riemann tensor of (2.6). Observe that (2.10) vanishes identically as

a consequence of (2.9) if the Riemann tensor is self-dual:

Ripea = 5 Ry (2.11)
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Such four-metrics are called “half-flat” [86]. The holonomy of these four-dimensional
metrics is SU(2), which means that the base space has to be hyper-Kéhler*.

Thus we can preserve the supersymmetry if and only if we take the four-metric to
be hyper-Kéhler. However, there is a theorem, [110], that states that any metric that
is (1) Riemannian (signature +4) and regular, (ii) hyper-Kihler and (iii) asymptotic to
the flat metric on R*, must be globally the flat metric on R*. The obvious conclusion,
which we will follow for the moment, is that we simply take (2.6) to be the flat metric
on R*. However, there are very important exceptions. First, we require the four-metric
to be asymptotic to flat R* because we want to interpret the object in asymptotically
flat, five-dimensional space-time. If we want something that can be interpreted in terms
of asymptotically flat, four-dimensional space-time then we want the four-metric to be
asymptotic to the flat metric on R3 x S!. This allows for a lot more possibilities, and
includes the multi-Taub-NUT metrics [135]. Using such Taub-NUT metrics provides
a straightforward technique for reducing the five-dimensional solutions to four dimen-
sions [24, 96, 97, 90, 25].

The other exception will be discussed in the following Sections: The requirement
that the four-metric be globally Riemannian is too strong. The four-metric can be
allowed to change overall sign since this can be compensated by a sign change in the
warp factors of (2.5). For the moment, however, we will suppose that the four-metric is

simply that of flat R*.

“Hyper-Kihler manifolds are complex 4n-dimensional manifolds (n € N) with Sp(n) holonomy
and three integrable complex structures, which satisfy the quaternionic algebra. Note that in four (real)
dimensions Calabi-Yau manifolds have SU(2) = Sp(1) holonomy and are thus hyper-Kéhler.
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2.2.2 The BPS equations

For the class of solutions of interest here the Maxwell three-form potential in eleven

dimensions is given by
Czy = AW Adzs Ndae + AP Adzg Ades + AP A dag A dayg (2.12)

where the six coordinates, x;, parameterize the compactification torus, 7%, and AW,
I = 1,2, 3, are one-form Maxwell potentials in the five-dimensional space-time and
depend only upon the coordinates, y*, that parameterize the spatial directions. It is
convenient to introduce the Maxwell dipole field strengths, ©(7), obtained by removing

the contributions of the electrostatic potentials
O = dAW +d(Z; " (dt + k). (2.13)

With this Ansatz in hand one can try to solve the first order differential equations coming
from imposing the vanishing of the gravitino variation in eleven-dimensional supergrav-
ity (1.39). It turns out that these first order equations are not enough to determine all
functions in the solution and one should also use the equations of motion for the three-
form potential [101, 21]. We will not present the details of the calculation here but one
can show that the most general supersymmetric configuration is obtained by solving the

following BPS equations:

o) = %00, (2.14)
1
VQZ[ = ECIJK *q4 (@(J) VAN @(K)) s (215)
dk + x,dk = Z;0U, (2.16)
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where x4 is the Hodge dual and V? is the Laplacian on the four-dimensional base metric
hu,and Cryx = |eryi|. It is important to note that if these equations are solved in the
order presented above, then one is solving a linear system.

At each step in the solution-generating process one has the freedom to add homoge-
neous solutions of the equations. Since we are requiring that the fields fall off at infinity,
this means that these homogeneous solutions must have sources in the base space and
since there is no topology in the R* base, these sources must be singular. One begins
by choosing the profiles, in R?, of the three types of M5 branes that source the ().
These fluxes then give rise to the explicit sources on the right-hand side of (2.15), but
one also has the freedom to choose singular sources for (2.15) corresponding to the den-
sities, py(o), of the three types of M2 branes. The M2 branes can be distributed at the
same location as the M5 profile, and can also be distributed away from this profile. The
functions, Z;, then appear in the final solution as warp factors and as the electrostatic
potentials. There are thus two contributions to the total electric charge of the solution:
The localized M2 brane sources described by p;(c) and the induced charge from the
fields, ©), generated by the M5 branes. It is in this sense that the solution contains
electric charges that are dissolved in the fluxes generated by M5 branes. This is much
like in the well-known Klebanov-Strassler or Klebanov-Tseytlin solutions of type IIB
supergravity [149, 150].

The final step is to solve the last BPS equation, (2.16), which is sourced by a cross
term between the magnetic and electric fields. Again there are homogeneous solutions
that may need to be added, however they need to be adjusted so as to ensure that (2.5)
has no closed time-like curves (CTC’s). Roughly one must make sure that the angular
momentum at each point does not exceed what can be supported by local energy density.

These solutions can be generalized further by allowing the compact manifold to

be an arbitrary six-dimensional Calabi-Yau manifold, CY3. Since Calabi-Yau manifolds
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are Kéhler and Ricci-flat the solutions will preserve the same amount of supersymmetry.
The constants C; are then the triple intersection numbers of the CY3. The number of
Maxwell fields is h; 1, where hy ; is one of the Hodge numbers of the CY3. This leads
to hy ; conserved charges at inifity. Such solutions were discussed in [60].

It is worth making some comments about the asymptotic charges of the BPS solu-
tions. Even though the generic solution is build from six sets of branes, there are only
three conserved electric charges that can be measured at infinity. These are obtained
from the three vector potentials, A"), defined in (2.12), by integrating x5dA) over
the three-sphere at spatial infinity. Since the M5 branes wrap a closed curve, they do
not directly contribute to the electric charges. The electric charges are determined by

electric fields at infinity, and hence by the functions Z;
ZIN1+—2, p — 00 . 2.17)

Note that while the M5 branes do not directly contribute to the electric charges, they do
contribute indirectly via charges dissolved in fluxes, that is, through the source terms on
the right-hand side of (2.15).

There are two commuting angular momenta, ./; and .J,, corresponding to the com-
ponents of rotation in the two orthogonal planes in R* = R? x R2. One can read off
the angular momenta of the solution by making an expansion at infinity of the angular
momentum one-fomrm, &, in (2.5):

u?dyp, v23dip,
k ~ (Jlm—f—JQm)—f- cee u,v — 00, (218)

where the metric on R* is
ds3 = dp* + p*(dv? + sin® 9d? + cos® 9dp3) = du® + ude] + dv® +v’dp; . (2.19)
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The charges, ()7, and the angular momenta, .J;, J5, need to be correctly normalized in
order to express them in terms of the quantized charges. The normalization depends
upon the eleven-dimensional Planck length, 7, and the volume of the compactifying
torus, 7°. See Appendix D for more details on the units and conventions used in this

thesis.

2.2.3 BMPYV black hole

The simplest example of a three-charge supergravity solution in the class discussed
above is the BMPV black hole [49]. This is a three-charge, black hole with two equal
angular momenta, J; = J5 = J. When written in the Ansatz of Section 2.2.1 the BMPV

black hole is given by

o) =g, Zr=1+ % , k= p—JQ(sinQ Idp, + cos? Idys) (2.20)

where the base is R* with the metric (2.19). Another interesting supersymmetric solu-
tion with a horizon is the three-charge black ring with three dipole charges [87, 21]. The
Ansatz of Section 2.2.1 also easily incorporates an arbitrary superposition of BMPV
black holes as well as concentric black rings with a BMPV black hole in the center
[21, 103, 104]. One can also use the methods above to study processes in which black
holes and black rings are brought together and ultimately merge [27]. Such processes are
interesting in their own right, but they can also be very useful in the study of microstate
geometries [28, 29].

Our main interest in this thesis is the construction of regular supergravity solutions
with no horizons, therefore in the next Sections we will study a large class of such

solutions.
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2.2.4 Gibbons-Hawking Metrics

In Section 2.2.1 we noted that supersymmetry allows us to take the base-space metric to
be any hyper-Kéhler metric. There is a well-known class of interesting four-dimensional
hyper-Kihler metrics - the multi-centered Gibbons-Hawking metrics [109]. These pro-
vide examples of asymptotically locally Euclidean (ALE) and asymptotically locally
flat (ALF) spaces, which are asymptotic to R*/Z,, and R? x S! respectively [85]. Using
ALF metrics provides a smooth way to transition between a five-dimensional and a
four-dimensional interpretation of a certain configurations. Indeed, the size of the S*
is usually a modulus of a solution, and thus is freely adjustable. When this size is
large compared to the size of the source configuration, this configuration is essentially
five-dimensional; if the radius of the S' is small, then the configuration has a four-
dimensional description.

We noted earlier that a regular, Riemannian, hyper-Kahler metric that is asymptotic
to flat R* is necessarily flat R* globally. The non-trivial ALE metrics get around this
by having a discrete identification at infinity but, as a result, do not have an asymptotic
structure that lends itself to a space-time interpretation. However, there is an important
loophole in this line of reasoning. One should remember that only the five-dimensional
metric (2.5) should be regular and Lorentzian and this might be achievable if singu-
larities of the four-dimensional base space were canceled by the warp factors. More
specifically, we are going to consider base-space metrics (2.6) whose overall sign is
allowed to change in interior regions. That is, we are going to allow the signature to flip
from +4 to —4. Such metrics were dubbed ambipolar [26].

The potentially singular regions could actually be regular if the warp factors, Z;, all
flip sign whenever the four-metric signature flips. We will show below that this can be

done for ambipolar Gibbons-Hawking metrics. One of the results of this thesis presented
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in Chapter 5 is that one can use more general ambipolar hyper-Kéhler metrics and still
produce regular five-dimensional supergravity solutions.

Below we give a review of Gibbons-Hawking geometries [135, 109] and their
ambipolar generalization. Gibbons-Hawking metrics have the form of a U(1) fibration

over a flat R? base:
h d ,ud v V—l 1 A7 2 2 2 2
wdrtde” = (dw + A dy) + V(dyy + dy; + dy3) , (2.21)

where we write ¥ = (1,2, y3). The function, V, is harmonic on the flat R? while the

connection, A = A dy, is related to V' via
VxA=VV. (2.22)

This family of metrics is the unique set of hyper-Kéhler metrics with a tri-holomorphic
U(1) isometry’. Moreover, four-dimensional hyper-Kéhler manifolds with U (1) x U(1)
symmetry must, at least locally, be Gibbons-Hawking metrics with an extra U (1) sym-
metry around an axis in the R3 [113].

Before we continue the general discussion of Gibbons-Hawking spaces we will
present two simple examples of well known four-dimensional metrics in this class.

1
Euclidean R* is given by V = — and
r

1
dsza = r(dy + (1 + cos 0)do)? + ;(drz + 7r2d6? + r* sin? 0dp?) . (2.23)

3Tri-holomorphic means that the U (1) isometry preserves all three complex structures of the hyper-
Kéhler metric.
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To go from the Gibbons-Hawking coordinates to the more familiar forms of the metric

on R* (2.19), one has to perform the following change of coordinates

u? + v?
4

2
r= = pz , 0 =2arctan(u/v) =20, ¥ =201, ¢=—p1—p (2.24)

Another well-known example of a GH metric is the Taub-NUT metric [201, 171]. This
Q1N

is a solution of the Euclidean vacuum Einstein equations and is given by V' = ¢+ ——
-

and

-1
dsiy = (50 + @) (di + (14 Qr cos 0)de)®

+ (80 + @) (dr® 4 r2d6* + r?sin? 0d¢?®) . (2.25)
T

The metric is asymptotic to R?* x S! for » — oo and Qry is called the NUT charge
[110].

After this short digression let us contiune with the general Gibbons-Hawking met-
rics. In the standard form of the Gibbons-Hawking metrics one takes V' to have a finite
set of isolated sources. That is, let /) be the positions of the source points in the R?

and let 7; = |/ — 7). Then one takes:
N
V= E = 2.26
€o + fi=i Tj 9 ( )

where one usually takes g; > 0 to ensure that the metric is Riemannian (positive defi-
nite). We will relax this restriction later. There appear to be singularities in the metric
at r; = 0, however, if one changes to polar coordinates centered at r; = 0 with radial

coordinate p = 24/|7 — 79)|, then the metric is locally of the form:

dsj ~ dp* + p*dQ3, (2.27)
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where dQ% is the standard metric on S® / Z‘qj‘. In particular, this means that one must
have ¢; € Z and if |g;| = 1 then the space looks locally like R*. If |¢;| # 1 then there
is an orbifold singularity. Orbifold singularities are allowed in string theory so we will
view such backgrounds as regular.’

If eg # 0, then V' — g at infinity and so the metric (2.21) is asymptotic to flat
R3 x S, that is, the base is asymptotically locally flat (ALF). The five-dimensional
space-time is thus asymptotically compactified to a four-dimensional space-time. This
a standard Kaluza-Klein reduction and the vector field, /T, yields a non-trivial, four-
dimensional Maxwell field whose sources, from the point of view of type IIA super-
gravity, are simply D6 branes. Later on we will use the fact that introducing a constant
term into V' yields a further compactification and we can relate five-dimensional to four-
dimensional physics.

For the moment suppose that one has ey = 0. At infinity in R3 one has V' ~ ¢/,

where r = |y] and

N
o= . (2.28)
j=1

Hence spatial infinity in the Gibbons-Hawking metric also has the form (2.27), where
r = 1p® and dQ} is the standard metric on S%/Zj,,|. For the Gibbons-Hawking metric
to be asymptotic to the positive definite, flat metric on R* one must have ¢, = 1. Note
that for the Gibbons-Hawking metrics to be globally positive definite one would also
have to take g; > 0 and thus the only such metric would have to have V' = 71 The
metric (2.21) is then the flat metric on R* globally, as can be seen by using the change
of variables (2.24). The only way to get non-trivial metrics that are asymptotic to flat
R* is by taking some of the ¢; € Z to be negative. We will see how this works later in

this Chapter.

®We will see later that for the essential physical points it will be sufficient to take |g;| = 1 so one can
avoid the orbifold singularities.
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Figure 2.1: This figure depicts some non-trivial cycles of the Gibbons-Hawking geom-
etry. The behaviour of the U(1) fiber is shown along curves between the sources of the
potential, V. Here the fibers sweep out a pair of intersecting homology spheres.

It is instructive to discuss the topology, homology and cohomology of the Gibbons-
Hawking metrics. They contain $ N(N — 1) topologically non-trivial two-cycles, A;;,
that run between the GH centers. These two-cycles can be defined by taking any curve,
7ij, between ) and ') and considering the U(1) fiber of (2.21) along the curve. This
fiber collapses to zero size at the GH centers, and so the curve and the fiber sweep out
a 2-sphere (up to Z,; orbifolds), see Fig. 2.1. These spheres intersect one another at
the common points /7). There are (/N — 1) linearly independent homology two-spheres,
and the set A; ;1) represents a basis.

It is also convenient to introduce a set of frames

M

el = Vor(dy + A), et = Vady', a=1,23. (2.29)
and two sets of two-forms:

O = el ettt + Loy et aet a=1,2,3. (2.30)
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The two-forms, Q(_“), are anti-self-dual, harmonic and non-normalizable and they are
the three complex structures of the hyper-Kéhler base. They also close the quaternionic
algebra

(), Q) = =676, + €ape(QU), (2.31)

as required for any hyper-Kihler manifold.
The forms, QSf), are self-dual and can be used to construct harmonic fluxes that are

dual to the two-cycles. Consider the self-dual two-form:

0= —

3
a=

(0. (V"L H)) QW (2.32)
1
Then © is closed (and hence co-closed and harmonic) if and only if H is harmonic in R3,
i.e. V2H = (. We now have the choice of how to distribute sources of H throughout the
R3 base of the GH space; such a distribution may correspond to having multiple black
rings and black holes in this space. Nevertheless, if we want to obtain a geometry that

has no singularities and no horizons, © has to be regular, and this happens if and only if

H/V is regular, which in turn happens only if H has the form:

N h
H=nhy+ Y L (2.33)
j=1

T
Also note that the “gauge transformation:”

H — H + ¢V, (2.34)

for some constant, c, leaves © unchanged, and so there are only /N independent param-
eters in H. In addition, if ¢ = 0 then one must take Ay = 0 for © to remain finite at

infinity. The remaining (N — 1) parameters then describe harmonic forms that are dual
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to the non-trivial two-cycles. If € # 0 then the extra parameter is that of a Maxwell field
whose gauge potential gives the Wilson line around the S* at infinity.

It is straightforward to find a local potential such that © = dB:
B =V H(d + A) + £-dy, (2.35)

where

Vx{ = —VH. (2.36)

Hence, 5 is a vector potential for magnetic monopoles located at the singular points of
H.
To determine how these fluxes thread the two-cycles we need the explicit forms for

the vector potential, B, and to find this we first need the vector fields, v;, that satisfy:

- . /1
Vxv, =V (r_) . (2.37)
One then has:
N N
A= qu, =) hi. (2.38)
j=1 i=1

If we choose coordinates so that ) = (0,0, a) and let ¢ denote the polar angle in the
(1, y2)-plane, then:
T dij = (M n Ci> do | 2.39)

T
where ¢; are constants. The vector field, v;, is regular away from the y3-axis, but has
a Dirac string along the y3-axis. By choosing ¢; appropriately we can cancel the string
along the positive or negative y3-axis, and by moving the axis we can arrange these
strings to run in any direction we choose, but they must start or finish at some 4, or

run out to infinity.
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Now consider what happens to B in the neighborhood of /(). Since the circles swept

out by v and ¢ are shrinking to zero size, the string singularities near ) are of the form:

B ~ @<d¢+qi (M“Z’) d¢) . hi<(y3_a)+ci> dp ~ %dw. (2.40)

i i Ty

This shows that the vector, f: in (5.16) cancels the string singularities in the R3. The
singular components of B thus point along the U(1) fiber of the GH metric.

Choose any curve, ;;, between ) and 4/¥) and define the two-cycle, A;j, as in Fig.
2.1. If one has V' > 0 then the vector field, B, is regular over the whole of A;; except
at the end-points, 7 and 7). Let A;; be the cycle A;; with the poles excised. Since ©
is regular at the poles, then the expression for the flux, II;;, through A;; can be obtained

as follows:

1 1 1
o= Lfe-Lfoe-L[ s
47 Ja, 4m JR,, 47 JoR,,
I hj  h
- — dy (Bl,;y — Bl,w) = [ — = ]. 2.41
= ), ¥ (Bl ) ( ; Qi) (2.41)

We have normalized these periods for later convenience.

On an ambipolar GH space where the cycle runs between positive and negative GH
points, the flux, ©, and the potential B are both singular when V' = 0 and so this integral
is a rather formal object. However, we will see in Section 2.2.11 that when we extend to
the five-dimensional metric, the physical flux of the complete Maxwell field combines
© with another term so that the result is completely regular. Moreover, the physical
flux through the cycle is still given by (2.41). We will therefore refer to (2.41) as the
magnetic flux even in ambipolar metrics and we will see that such fluxes are directly

responsible for holding up the cycles
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2.2.5 Solving the BPS equations on a Gibbons-Hawking base

Our task now is to solve the BPS equations (2.14)—(2.16) but now with a Gibbons-
Hawking base metric. Such solutions have been derived before for positive-definite
Gibbons-Hawking metrics [101], and it is trivial to generalize them to the ambipolar
form. For the present we will not impose any conditions on the sources of the BPS
equations.

In the previous Section we saw that there was a simple way to obtain self-dual two-
forms, ©) | that satisfy (2.14). That is, we introduce three harmonic functions, K I on
IR? that satisfy V>K! = 0, and define ©7) as in (2.32) by replacing H with K'. We will
not, as yet, assume any specific form for K.

Using the two-forms ©7 one can show that the second BPS equation is solved by
(2.15):

Zr = YCuyx VI'K'KY + Lp, (2.42)

where L; are three more independent harmonic functions on R3.

We now write the one-form, k, as:
k= p(ldp+A) + w, (2.43)

with w = & - dyj, then (2.16) becomes:

3
Vx&d = (VVpy — pVV) =V iV —|. 2.44
x& = (VVp — pVv) ; I (V> (2.44)
Taking the divergence yields the following equation for p:
3 K]
Vi = vV (vY Z, V- 2.45
z ( ; I V), (2.45)
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which is solved by:

K!K/KK 1
+ —K'L; + M, (2.46)

— 1 -
= G Ty 2V

where M is yet another harmonic function on R3. The function M determines the anti-
self-dual part of dk that cancels out of (2.16). Substituting this result for p into (2.44)

we find that w satisfies:
Vx&d =VVM — MVV + Y(K'VL; - L;VK'). (2.47)

The integrability condition for this equation is simply the fact that the divergence of both

sides vanish, which is true because K!, L;, M and V are harmonic.

2.2.6 Properties of the solution
The solution is thus characterized by the harmonic functions K?, L;, V and M. The
gauge invariance, (2.34), extends in a straightforward manner to the complete solution:
K' - K'+JV,
L[ — L[ —C[JKCJKK — %C[JKCJCKV,

1
M - M—%CIL1+ECIJK(VCICJCK+3CICJKK)7 (2.48)

where the ¢! are three arbitrary constants’.

"Note that this gauge invariance exists for any C; ;5 coming from a compactifaction of M-theory on
a Calabi-Yau three-fold. Of course the number of constants ¢! is then A1,
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The eight functions that give the solution may also be identified with the eight inde-
pendent parameters in the 56 of the Er(;) duality group of four-dimensional ' = 8

ungauged supergravity [22]:

T12 = Ly, 34 = Lo, 56 = Lg, Ty = —V,

Y12 = Kl, Y3a = K27 Yse = K3> yrg = 2M . (2.49)

With these identifications, the right-hand side of (2.47) is the symplectic invariant of the

56 of E7(7) .

8
Vxd =1 Y (yasVeap — 2a5Vyan). (2.50)
A,B=1

We also note that the quartic invariant of the 56 of E7(7) is determined by:

1
Jy = _1(9312?;12 + 234y>* + 256y°° + 278y™)? — T1223425627

_y12y34y56y78 4 I12£L’34y12y34 4 x12x56y12y56 +x34x56y34y56

+ 219778y Y™ + 230278y Y ™ + w678y Y™ (2.51)

and we will see that this plays a direct role in the expression for the scale of the U(1)
fibration. It also plays a central role in the expression for the horizon area of the four-
dimensional supersymmetric black hole [146] and the five-dimensional supersymmetric
black ring [22].

In principle we can choose the harmonic functions K7, L; and M to have sources
that are localized anywhere on the base. These solutions then have localized brane
sources, and include, for example, supertubes and black rings in Taub-NUT [24, 97, 90,
25]. Such solutions also include more general multi-center black hole configurations in

four dimensions, of the type considered by Denef and collaborators [77, 15, 78].
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Nevertheless, our focus for the moment is on obtaining smooth horizonless solu-
tions, which correspond to microstates of black holes and black rings and we choose
the harmonic functions so that there are no brane charges anywhere, and all the charges

come from the smooth cohomological fluxes that thread the non-trivial cycles.

2.2.7 Closed time-like curves

To make sure that we are dealing with physically reasonable space-times we have to
ensure that causality is preserved, i.e. there should be no closed time-like curves in
the solutions. To look for the presence of closed time-like curves in the metric one
considers the space-space components of the metric given by (2.4), (2.5) and (2.21).
That is, one goes to the space-like slices obtained by taking ¢ to be a constant. The 7
directions immediately yield the requirement that Z;7; > 0 while the metric on the

four-dimensional base reduces to:

dsi = —W* (u(dy + A) + w)2

+ W2V (dp + A) + W2V (dr? + 1r2d6% + r*sin? 0 d¢?) , (2.52)

where we have chosen to write the metric on R? in terms of a generic set of spherical

polar coordinates, (7,0, ¢) and where we have defined the warp-factor, W, by:
W = (2, Z, Z3)V/S. (2.53)

There is some potentially singular behavior arising from the fact that the Z;, and hence
W, diverge on the locus, V' = 0 (see (2.42)). However, one can show that if one expands
the metric (2.52) and uses the expression, (2.46), then all the dangerous divergent terms

cancel and the metric is regular. We will discuss this further below and in Section 2.2.8.
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Expanding (2.52) leads to:

pw >2 w2yt o,
2

2 _ —4 67,—1 2
dsd = WOV =) (o A ) e
+ W2V (dr? + r*df? + r* sin® 6 d¢?)
Q 2 2

_ W(derA— ’”Q/ w>2 + WQV(TQSin29d¢2—%>

+ W2V (dr* 4 r2d6?), (2.54)
where we have introduced the quantity:
Q =WV — 12V? = Z,2,2V — 1i2V?2. (2.55)

Upon evaluating Q as a function of the harmonic functions that determine the solution

one obtains the following result:

Q = -MV’-IMCyxK'K'KF~MVK'L — 1 (K'L)?

+iVCYELLyLg + 1 CY*Cryn Ly Lk KM KN (2.56)

with C'/X = (7. We can straightforwardly see that when we consider M-theory
compactified on T, then C'/% = |e//K|, and Q is nothing other than the E7() quartic
invariant (2.51) where the x’s and y’s are identified as in (2.49). This is expected from
the fact that the solutions on a GH base have an extra U (1) invariance, and hence can be
thought of as four-dimensional. The four-dimensional supergravity obtained by com-
pactifying M-theory on 77 is N = 8 supergravity, which has an FEr(7y symmetry group.
Of course, the analysis above and in particular equation (2.56) are valid for solutions of
arbitrary five-dimensional U(1)" ungauged supergravities on a GH base. More details

on the explicit relation for general theories can be found in [17].
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Note that Q is invariant under the gauge transformation (2.48). Observe that the
metric coefficients in (2.54) only involve V in the combinations W2V and Q and both
of these are regular as V' — (. Thus, at least the spatial metric is regular at V' = 0. In
Section 2.2.8 we will show that the complete solution is regular as one passes across the
surface V' = 0.

From (2.54) and (2.4) we see that to avoid CTC’s, the following inequalities must be

true everywhere:

Wl

Q >0, WV >0, (Z,Zx2;%)°* = W*Z;" >0, I1=1,2,3. (257
The last two conditions can be subsumed into:
V7 = %CUKKJKK + L;V >0, I1=1,2,3. (2.58)

The obvious danger arises when V' is negative. We will show in the next sub-section that
all these quantities remain finite and positive in a neighborhood of V' = 0, despite the
fact that W blows up. Nevertheless, these quantities could possibly be negative away
from the V' = 0 surface, we will comment about this further below. One should also
note that Q > 0 requires HI(VZI) > M2V4, and so, given (2.58), the constraint Q > 0
is still somewhat stronger.

Also note that there is a danger of CTC’s arising from Dirac-Misner strings in w.
That is, near # = 0, 7 the —w? term could be dominant unless w vanishes on the polar
axis. We will analyze this issue completely when we consider bubbled geometries in
Section 2.2.10.

Finally, one can also try to argue [41] that the complete metric is stably causal and

that the ¢ coordinate provides a global time function [134]. In particular, ¢ will then be
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monotonic increasing on future-directed non-space-like curves and hence there can be

no CTC’s. The coordinate ¢ is a time function if and only if
— g™t Ot = —g"" = (W?V) H(Q—w?) >0, (2.59)

where w is squared using the R? metric. This is obviously a slightly stronger condition

than Q > 0in (2.57).

2.2.8 Regularity of the solution and critical surfaces

As we have seen, the general solutions we will consider have functions, V', that change
sign on the R? base of the GH metric. Our purpose here is to show that such solutions are
completely regular, with positive definite metrics, in the regions where V' changes sign.
As we will see the “critical surfaces,” where 1 vanishes are simply a set of completely
harmless, regular hypersurfaces in the full five-dimensional geometry.

The most obvious issue is that if V' changes sign, then the overall sign of the metric
(2.21) changes and there might be whole regions of closed time-like curves when V' < 0.
However, we remarked above that the warp factors, in the form of IV, prevent this from
happening. Specifically, the expanded form of the complete, eleven-dimensional metric

when projected onto the GH base yields (2.54). Moreover
W2V = (22 Z5V?)5 ~ (K1 Ky Ky)*)s (2.60)

on the surface V' = 0. Hence W2V is regular and positive on this surface, and therefore
the space-space part (2.54) of the full eleven-dimensional metric is regular.

There is still the danger of singularities at V' = 0 for the other background fields.
We first note that there is no danger of such singularities being hidden implicitly in the

& terms. Even though (2.44) suggests that the source of & is singular at V' = 0, we see
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from (2.47) that the source is regular at V' = 0 and thus there is nothing hidden in . We
therefore need to focus on the explicit inverse powers of V' in the solution.

The factors of V cancel in the torus warp factors, which are of the form (Z;Z;7;?) 3,
The coefficient of (dt+ k)? is W4, which vanishes as V2. The singular part of the cross
term, dt k, is p dt (dip+ A), which, from (2.46), diverges as V2, and so the overall cross
term, W —4dt k, remains finite at V = 0.

So the metric is regular at critical surfaces. The inverse metric is also regular at
V' = 0 because the dt di part of the metric remains finite and so the determinant is
non-vanishing.

This surface is therefore not an event horizon even though the time-like Killing vec-
tor defined by translations in ¢ becomes null when V' = 0. Indeed, when a metric is
stationary but not static, the fact that g;; vanishes on a surface does not make it an event
horizon (the best known example of this is the boundary of the ergosphere of the Kerr
metric). The necessary condition for a surface to be a horizon is rather to have ¢g"" = 0,
where r is the coordinate transverse to this surface. This is clearly not the case here.

Hence, the surface given by V' = 0 is like a boundary of an ergosphere, except that
the solution has no ergosphere because this Killing vector is time-like on both sides and
does not change character across the critical surface. In the Kerr metric the time-like
Killing vector becomes space-like and this enables energy extraction by the Penrose
process. Here there is no ergosphere and so energy extraction is not possible, as is to be
expected from a BPS geometry.

At first sight, it does appear that the Maxwell fields are singular on the surface V' =
0. Certainly the “magnetic components,” ©)) (see (2.32)) are singular when V = 0.
However, one must remember that the complete Maxwell fields are the AU and these
are indeed non-singular at V' = (0. One finds that the singularities in the “magnetic

terms” of AY) are canceled by singularities in the “electric terms” of A), and this is
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possible at V' = 0 precisely because g goes to zero, and so the magnetic and electric

terms can communicate. Specifically, one has, from (2.13) and (2.35):

dAD) — d(B([) _ M) (2.61)
Zr
Near V' = 0 the singular parts of this behave as:
dAD o (dy + A)
Vv VA

Kt K'K?K3
~ d|l—=—= — dp+A) ~ 0. 2.62
<V %chJKKJKK>(¢ ) (2:62)

The cancellations of the V ~! terms here occur for much the same reason that they do in
the metric (2.54).

Therefore, even if V' vanishes and changes sign and the base metric becomes neg-
ative definite, the complete eleven-dimensional solution is regular and well-behaved
around the V' = 0 surfaces. It is this fact that gets us around the uniqueness theorems
for asymptotically Euclidean hyper-Kéhler metrics in four dimensions, and as we will

see, there are now a vast number of candidates for the base metric.

2.2.9 The geometric transition

It is natural to try to obtain microstates by starting with brane configurations that do
not develop a horizon at large effective coupling, or alternatively to consider a black
ring solution in the limit where its entropy decreases and becomes zero. However, the
geometry of a zero-entropy black ring (or three charge supertube) is singular [21]. This
singularity is not a curvature singularity, since the curvature is bounded above by the
inverse of the dipole charges. Rather, the singularity is caused by the fact that the size of

the S* of the horizon shrinks to zero size and the result is a “null orbifold.” One can also
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Figure 2.2: Geometric transitions: The branes wrap the large (blue) cycle; the flux
through the Gaussian (small, red) cycle measures the brane charge. In the open-string
picture the small (red) cycle has non-zero size, and the large (blue) cycle is contractible.
After the geometric transition the size of the large (blue) cycle becomes zero, while the
small (red) cycle becomes topologically non-trivial.

think about this singularity as caused by the gravitational back-reaction of the branes
that form the three-charge supertube, which causes the S wrapped by these branes to
shrink to zero size.

String theory is very good at resolving this kind of singularities, and the mechanism
by which it does is that of “geometric transition.” To understand what a geometric tran-
sition is, consider a collection of branes wrapped on a certain cycle. At weak effective
coupling one can describe these branes by studying the open strings that live on them.
One can also find the number of branes by integrating the corresponding flux over a
Gaussian cycle dual to that wrapped by the branes. However, when one increases the
coupling, the branes back-react on the geometry, and shrink the cycle they wrap to zero
size. At the same time, the Gaussian cycle becomes large and topologically non-trivial.
(See Fig. 2.2.) The resulting geometry has a different topology, and no brane sources.
The only information about the branes is now in the integral of the flux over the blown-
up dual Gaussian cycle. Hence, even if in the open-string (weakly coupled) description
we had a configuration of branes, in the closed-string (large effective coupling) descrip-
tion these branes have disappeared and have been replaced by a non-trivial topology
with flux.

Geometric transitions appear in many systems [124, 150, 202, 153]. A classic exam-

ple of such system are the brane models that break an N/ = 2 superconformal field

64



S

Figure 2.3: The geometric transition of the black ring: Before the transition the branes
wrap the large (blue) S'; the flux through the Gaussian S? (small, red) cycle measures
the brane charge. After the transition the Gaussian S? (small, red) cycle is topologically
non-trivial and of finite size and a new (green) S? appears, coming from the fact that the
blue S! shrinks to zero so that the disk spanning the S! becomes an S2. The resulting
geometry has two non-trivial S?’s and no brane sources.

theory down to an A/ = 1 supersymmetric field theory [150, 51]. Typically, the N = 2
superconformal field theory is realized on a stack of D3 branes on some Calabi-Yau
three-fold. One can then break the supersymmetry to N’ = 1 by introducing extra
D5 branes that wrap a two-cycle. When one investigates the closed-string picture, the
two-cycle collapses and the dual three-cycle blows up (this is also known as a conifold
transition). The D5 branes disappear and are replaced by non-trivial fluxes on the three-
cycle. The resulting geometry has no more brane sources, and has a different topology
than the one we started with.

Our purpose here is to argue that geometric transitions resolve the singularity of the
zero-entropy black ring. Here the ring wraps a curve y# (o), that is topologically an S*
inside R*. (In Fig. 2.3 this S* is depicted as a large, blue cycle.) The Gaussian cycle for
this S* is a two-sphere around the ring (illustrated by the red small cycle in Fig. 2.3). If
one integrates the field strengths ©!) on the red Gaussian two-cycle one obtains the M5
brane dipole charges of the ring, ¢’.

After the geometric transition the large (blue) S* becomes of zero length, and the red
S? becomes topologically non-trivial. Moreover, because the original topology is triv-

ial, the curve y* (o) was the boundary of a disk. When after the transition this boundary
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curve collapses, the disk becomes a (topologically non-trivial) two-sphere. Alterna-
tively, one can think about this two-sphere (shown in Fig. 2.3 in green) as coming from
having an S* that has zero size both at the origin of the space r = 0 and at the location
of the ring. Hence, before the transition we had a ring wrapping a curve of arbitrary
shape inside R%, and after the transition we have a manifold that is asymptotically R*,
and has two non-trivial two-spheres, and no brane sources.

We can now try to determine the geometry of this manifold. If the curve has an
arbitrary shape the only information about this manifold is that it is asymptotically R*
and that it is hyper-Kéhler, as required by supersymmetry. If the curve wrapped by the
supertube has arbitrary shape, this is not enough to determine the space that will come
out after the geometric transition. However, if one considers a circular supertube, the
solution before the transition has a U (1) x U(1) invariance, and so one naturally expects
the solution resulting from the transition should also have this invariance.

With such a high level of symmetry we do have enough information to determine
what the result of the geometric transition is. By a theorem of Gibbons and Ruback
[113], a hyper-Kéhler manifold that has a U(1) x U(1) invariance must have a transla-
tional U(1) invariance and hence, must be Gibbons-Hawking. We also know that this
manifold should have two non-trivial two-cycles, and hence, as we have discussed in
Section 2.2.4 it should have three centers. Each of these centers must have integer GH
charge. The sum of the three charges must be 1, in order for the manifold to be asymp-
totically R*. Moreover, we expect the geometric transition to be something that happens
locally near the ring, and so we expect the region near the center of the ring (which is
also the origin of our coordinate system) to remain the same. Hence, the GH center at
the origin of the space must have charge + 1.

The conclusion of this argument is that the space that results from the geometric tran-

sition of a U (1) x U(1) invariant three-charge supertube must be a GH space with three
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Naive Solution Resolved Solution

Figure 2.4: Geometric transition of supertube: The first diagram shows the geometry
before the transition. The second shows the resolved geometry, where a pair of GH
charges has nucleated at positions a and b.

centers, that have charges 1, + ), — (), where () is any integer. In the “transitioned”
solution, the singularity of the zero-entropy black ring is resolved by the nucleation, or
“pair creation,” of two equal and oppositely charged GH points.

This process is depicted in Fig. 2.4. The nucleation of a GH pair of oppositely-
charged centers blows up a pair of two-cycles. In the resolved geometry there are no
more brane sources, only fluxes through the two-cycles. The charge of the solution does
not come from any brane sources, but from having non-trivial fluxes over intersecting
two-cycles (or “bubbles”).

Similarly, if one considers the geometric transition of multiple concentric black
rings, one will nucleate one pair of GH points for each ring, resulting in a geometry with
no brane sources, and with a very large number of positive and negative GH centers. As
we will see, these centers are not restricted to be on a line, but can have arbitrary posi-
tions in the R? base of the GH space, as long as certain algebraic equations (discussed
in Section 2.2.11) are satisfied.

There is one further piece of physical intuition that is extremely useful in under-
standing these bubbled geometries. As we have already remarked, GH points can be
interpreted, from a ten-dimensional type IIA perspective, as D6 branes. Since these
branes are mutually BPS, there should be no force between them. On the other hand, D6
branes of opposite charge attract one another, both gravitationally and electromagneti-

cally. If one simply compactifies M-theory to an ambipolar GH space, one can only hold
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in equilibrium GH points of opposite charge at the cost of having large regions where
the metric has the wrong signature and CTC’s. To eliminate these singular regions, one
must hold the GH points apart by some other mechanism. In the geometries we seek,
this is done by having fluxes threading the bubbles: Collapsing a bubble concentrates
the energy density of the flux and increases the energy in the flux sector. Thus a flux
tends to blow up a cycle. The regular, ambipolar BPS configurations that we construct
come about when these two competing effects - the tendency of oppositely charged GH
points to attract each other and the tendency of the fluxes to make the bubbles large - are
in balance. We will see precisely how this happens in Section 2.2.11.

Hence, we have arrived at the following conclusion: The singularity of the zero-
entropy black ring is resolved by the nucleation of GH centers of opposite charge. The
solutions that result, as well as other three-charge microstate solutions, are topologi-
cally non-trivial, have no brane sources, and are smooth despite the fact that they are
constructed using an ambipolar GH metric with regions where the metric is negative-

definite.

2.2.10 The bubbling solutions

We now proceed to construct the general form of bubbling solutions constructed using an
ambipolar Gibbons-Hawking base [26, 41, 120]. Remember that the harmonic function

that determines the geometry of the GH base is

Veet+y 2. (2.63)

68



In Section 2.2.4 we saw that the two-forms, O, will be regular, self-dual, harmonic
two-forms, and thus representatives of the cohomology dual to the two-cycles, provided
that the K! have the form:

K'=kf+ > . (2.64)
j=1 7

Moreover, from (2.41), the flux of the two-form, O, through the two-cycle A;; is given

by

o KL k!

IT;; :(—J——’>, 1<7,j<N. (2.65)
4j i

The functions, L; and M, must similarly be chosen to ensure that the warp factors,

Z1, and the function, , are regular as r; — 0. This means that we must take:
L' =10 + <L M = my + -2 (2.66)
' ;;W %%W

with

k! kK
J
| kY K2 k3
m. = JLl(C i NN VA
j 12 YIJK q]2 q]2

. j=1,....,N. (268)

DO

Since we have now fixed the eight harmonic functions, all that remains is to solve

for w in equation (2.47). The right-hand side of (2.47) has two kinds of terms:

by:
1

69



To find a simple expression for j;; it is convenient to use the coordinates outlined
earlier with the z-axis running through #*) and /). Indeed, choose coordinates so that
7 = (0,0,a) and 479} = (0,0,b) and one may take @ > b. Then the explicit solutions
may be written very simply:

2 2 _ —b

(@—0b)r;r;

This is then easy to convert to a more general system of coordinates. One can then add
up all the contributions to w from all the pairs of points.
There is, however, a more convenient basis of vector fields that may be used instead

of the w;;. Define:

(yi+us+ (ys—a+r)(ys—b—ry))

wij = U}ij—F (aib) (Ui—Uj—i‘dgﬁ) = — (a—b) rirj dgb,
(2.72)
These vector fields then satisfy:
wau—V———V——i——(V——V—), (2.73)
r; T'j T'j T rij T Tj
where
riy = |79 — 59 (2.74)

is the distance between the i*" and j*" center in the Gibbons-Hawking metric.

We then see that the general solution for & may be written as:
N N
G= ) ayd; + Y b, (2.75)

,J %

for some constants a;;, b;.
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The important point about the w;; is that they have no string singularities whatsoever.
They can be used to solve (2.47) with the first set of source terms in (2.69), without
introducing Dirac-Misner strings, but at the cost of adding new source terms of the form
of the second term in (2.69). If there are /N source points, g(j), then using the w;;
suggests that there are %N (N — 1) possible string singularities associated with the axes
between every pair of points ") and ). However, using the w;; makes it far more
transparent that all the string singularities can be reduced to those associated with the
second set of terms in (2.69) and so there are at most /V possible string singularities and
these can be arranged to run in any direction from each of the points /).

Finally, we note that the constant terms in (2.26), (2.64) and (2.66) determine the
behavior of the solution at infinity. If the asymptotic geometry is Taub-NUT, all these
constants can be non-zero, and they correspond to combinations of the moduli. How-
ever, in order to obtain solutions that are asymptotic to five-dimensional Minkowski
space, R*!, one must take £y = 0 in (2.26), and k} = 0 in (2.64). Moreover, ; must
vanish at infinity, and this fixes m(. For simplicity we also fix the asymptotic values of
the moduli that give the size of the three T%’s, and take Z; — 1 as r — oo. Hence, the

solutions that are asymptotic to five-dimensional Minkowski space have:

3

N
%' YD k. (2.76)

j=1 I=1

=0, k=0, =1, my = —

N =

It is straightforward to generalize these results to solutions with different asymptotics,

and in particular to Taub-NUT. We will do this in Chapter 3.
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2.2.11 The bubble equations

In Section 2.2.7 we examined the conditions for the absence of CTC’s and in general

the following must be true globally:
Q >0, VZ = $Cyx K'K" + LV >0, I=1,2,3. (77

As yet, we do not know how to verify these conditions in general, but one can learn a
great deal by studying the limits in which one approaches a Gibbons-Hawking point,
i.e. 7; — 0. From this one can derive some simple, physical conditions (the bubble
equations) that in some examples ensure that (2.77) are satisfied globally.

To study the limit in which r; — 0, it is simpler to use (2.52) than (2.54). In
particular, as r; — 0, the functions, Z;,  and W limit to finite values while V-1
vanishes. This means that the circle defined by v will be a CTC unless we impose the
additional condition:

wiG=9") =0, j=1,...,N. (2.78)

There is also potentially another problem: The small circles in ¢ near 6 = O or ¢ = =7
will be CTC’s if w has a finite d¢ component near # = 0 or § = «. Such a finite d¢
component corresponds precisely to a Dirac-Misner string in the solution and so we
must make sure that w has no such string singularities.

It turns out that these two sets of constraints are exactly the same. One can check
this explicitly, but it is also rather easy to see from (2.44). The string singularities in &
potentially arise from the ﬁ(r;l) terms on the right-hand side of (2.44). We have already
arranged that the Z; and p go to finite limits at r; = 0, and the same is automatically
true of K7V =1, This means that the only term on the right hand side of (2.44) that could,
and indeed will, source a string is the ,uﬁV term. Thus removing the string singularities

is equivalent to (2.78).
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One should note that by arranging that ., w and Z; are regular one has also guar-
anteed that the physical Maxwell fields, dAD | in (2.61) are regular. Furthermore, by
removing the Dirac strings in w and by requiring x to vanish at GH points one has guar-
anteed that the physical flux of dA") through the cycle A,j is still given by (2.41) (and
(2.65)). This is because the extra terms, d(Z]lkr), in (2.61), while canceling the singu-
lar behaviour when V' = 0, as in (2.62), give no further contribution in (2.41). Thus
the fluxes, HZ(]), are well-defined and represent the true physical, magnetic flux in the
five-dimensional extension of the ambipolar GH metrics.

Performing the expansion of p using (2.46), (2.64), (2.66) and (2.68) around each

Gibbons-Hawking point one finds that (2.78) becomes the bubble equations:

N 3
1 J K) 4iq;
ECIJK | Z H( )H( )H( ) Tijj = 2(gomi — moq;) + Z (K —1kD  (2.79)
J=1,57#i I=1
fori = 1,..., N, and where r;; = | — ¢9)|. Summing both sides of this equation

and using the skew-symmetry of H ) leads to:

N —

-1
mo = Qg (gomi—

i >k Kb e)). (2.80)
j=1 I
This is the generalization of (2.76) for general values of ¢y and kJ, which is simply the
condition 1 — 0 as » — oo and means that there is no Dirac-Misner string running out
to infinity. Thus there are only (N — 1) independent bubble equations.

We refer to (2.79) as the bubble equations because they relate the flux through each
bubble to the physical size of the bubble, represented by r;;. Note that for a generic
configuration, a bubble size can only be non-zero if and only if all three of the fluxes
are non-zero. Thus the bubbling transition will only be generically possible for the

three-charge system. We should also note that from a four-dimensional perspective
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these equations describe a collection of BPS stacks of branes, and are thus particular
case of a collection of BPS black holes. Such configurations have been constructed in
[77, 15, 78], and the equations that must be satisfied by the positions of the black holes
are called “integrability equations” and reduce to the bubble equations when the charges
are such that the five-dimensional solution is smooth.

While the bubble equations are necessary to avoid CTC’s near the Gibbons-Hawking
points, they are not sufficient to guarantee the absence of CTC’s globally. It has been
shown numerically in some non-trivial examples that the bubble equations do indeed
ensure the global absence of CTC’s. It is an open question as to how and when a bubbled
configuration that satisfies (2.79) is globally free of CTC’s, see [30] for a more detailed

discussion on this issue.

2.2.12 Asymptotic charges

One can obtain the electric charges and angular momenta of bubbled geometries by
expanding Z; and k at infinity. It is, however, more convenient to translate the asymp-
totics into the standard coordinates of the Gibbons-Hawking spaces. Thus, remembering

that » = ;p?, one has

ZI~1+&+..., p— 00, (2.81)
4r
and from (2.42) one easily obtains
Qr = —2Cux Z q; " k] kL (2.82)
where
. 1 Y
j =k - Nk, and k=) k] (2.83)
j=1
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Note that l%JI is gauge invariant under (2.34).

One can read off the angular momenta using an expansion like that of (2.18). How-
ever, it is easiest to re-cast this in terms of the Gibbons-Hawking coordinates. The flat
GH metric (near infinity) has V' = % and using the change of variables (2.24) in (2.18)

one finds that

1
k ~ 12 ((Ji+ J2) + (J1 = o) cosO) dyp + ... . (2.84)
Thus, one can get the angular momenta from the asymptotic expansion of g;,;,, which is
given by the coefficient of di) in the expansion of %, which is proportional to p. There
are two types of such terms, the simple % terms and the dipole terms arising from the
expansion of V! K. Following [41], define the dipoles

N
Dy = Y kg, D= > D, (2.85)

I j=1
and then the expansion of £ takes the form (2.84) if one takes D to define the polar axis

from which 6 is measured. One then finds the “left” and “right” angular momenta of the

five-dimensional solutions

N

Jr= L+ D =3 Cux > ¢kl Kk, (2.86)
j=1

Jp = Ji—Jy = 8|D]. (2.87)
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One can use the bubble equations to obtain another, rather more intuitive expression
for .J; — J5. One should first note that the right-hand side of the bubble equation, (2.79),

may be written as — >, /. Multiplying this by 7*) and summing over i yields:

- _, 7
Jo = 8D = —4Cuxk Z nd ) o LB
i,7=1 le
J#i
N . ,
i) _ )
_ 2 o g e G —gY)
= —3Cuk Z ¢i g; 115" 115" 1135 |70 — g ]’ (2.88)
i,7=1
J#i
where we have used the skew symmetry 11I;; = —II;; to obtain the second identity. This

result suggests that one should define an angular momentum flux vector associated with
the 45" bubble:

7 D () 1K) -

Jrij = — %qi q; Crix ng) ng) 11ty )yija (2.89)

[

where ¥;; are unit vectors, o

1) _— 2 \J
= W . (2.90)
This means that the flux terms on the left-hand side of the bubble equation actually have
a natural spatial direction, and once this is incorporated, it yields the contribution of the

bubble to J;,.

2.3 Summary and open problems

In this Chapter we have reviewed the construction of a large class of regular asymptot-
ically flat supergravtiy solutions with four supercharges. The solutions are determined
by fixing a GH base with non-trivial two-cycles and distributing cohomological fluxes
on these two-cycles. The solution is then completely fixed by imposing regularity and

causality. It was shown in [28, 29] that a generic distribution of fluxes on the two-cycles
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will result in a regular solution with charges that are the same as those of a black hole or
black ring with vanishing entropy. To get microstate geometries corresponding to black
holes and rings with non-zero entropy one needs “scaling solutions” [29, 32]. These are
regular solutions with a GH base in which the fluxes are distributed in such a way that
a subset of the GH points can come arbitrarily close together on the four dimensional
base and still obey the bubble equations (2.79). In the five-dimensional solution the GH
points are still finite metric distance apart and the topological cycles are of finite size.
Such scaling solutions develop long AdS throats and look very much like a black hole
or black ring. One can also show that the lowest energy excitations in the sclaing solu-
tion have energy of the same order as the mass gap in the dual CFT [29]. This suggests
that scaling solutions correspond to the typical microstates of the three-charge super-
symmetric black hole (or black ring). In [79] it was also shown, following a completely
different approach, that the scaling solutions will play an important role in accounting
for the entropy of the three-charge black hole. The authors of [79] studied at weak (but
non-zero) coupling the quiver quantum field theory on the world-volume of the D-branes
that form the black hole and found that only quiver theories which corresponds to a scal-
ing solutions in supergravity have large enough ground state degeneracies to account for
the black hole entropy.

It is clear from the results presented in this Chapter that black-hole uniqueness is
violated in string theory and M-theory. Microstate geometries provide large families of
interesting smooth solutions with no horizons that have the same asymptotics at innity
as a supersymmetric black hole or black ring. While this is interesting in its own right,
it is also possible that there might be enough microstate geometries to account for the
classical black-hole entropy. It is clear that it will not be possible to use the supergravity
approximation to describe every black hole microstate but it is yet not clear whether

supergravity is able to sample enough of the states in the Hilbert space to account for
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a macroscopic of the black hole entropy. To establish this one needs a proper way to
quantize the moduli space of regular supergravity solutions which will in turn provide
an effective way to compute how much entropy they can account for. There were some
recent attempts to do this [74, 75, 13, 76] using techniques from geometric quantization
[68]. However the results of this counting are not conclusive because the authors studied
only a restrictive class of regular solutions.

The regular solutions with a GH base represent only a limited subset of all possi-
ble three-charge BPS solutions. The GH metrics are hyper-Kéhler metrics with a very
special U(1) isometry and a general black hole microstate geometry will not have this
isometry. In Chapter 5 we will dsicuss how to construct supergravity solutions with a
U(1) isometry that is less restrictive. More generally one would expect a large num-
ber of BPS solutions with no isometry, this expectation is based on the fact that there
are three-charge supertubes of arbitrary shape in the probe approximation, which after
backreacting on the geometry, should yield supergravity solutions with no isometry. To
construct these more general BPS solutions one has to use hyper-Kéhler metrics with
no isometries. To the best of our knowledge there are no such explicit metrics known
in the literature and this present a formidable technical difficulty. However one can use
a combination of string dualities and the physics of supertubes to make some progress
in constructing new microstate geometries and counting them, this will be discussed in
Chapters 3 and 4.

An important open problem in the study of microstate geometries is how to con-
struct large number of regular non-supersymmetric solutions with the same charges and
asymptotic structure as non-supersymmetric black holes and black rings. After all the
black holes that are observed in Nature are not supersymmetric and ultimately one would
like to understand their structure. After one breaks supersymmetry one loses a lot of

technical simplifications. This usually means that it is very hard to construct explicit

78



gravitational solutions due to the non-linearities of the gravitaional equations of motion.
Nevertheless, there has been some recent progress in the construction of regular non-

supersymmetric solutions and we will discuss this in Chapter 6.
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Chapter 3

Spectral flow from supergravity

In the quest to understand black hole entropy in terms of microstate geometries, two
problems appear to be most difficult to overcome. The first is to determine which of
the microstate solutions are more “typical” than others. The second is to construct very
large classes of microstate solutions whose counting can give the black hole entropy.

Spectral flow has proven to be a useful tool in addressing these kinds of questions.
In the dual conformal field theory the spectral flow operation is initiated by redefining
the R-charge current by mixing it with some other conserved U(1) current. This then
requires a modification of the Hamiltonian in order to preserve the supersymmetry. In
the bulk gravity theory, the U (1) R-current and the other conserved U (1) current are dual
to isometries of the background and spectral flow can be achieved simply by a change of
coordinates that mixes these two U(1) directions. One can then add an asymptotically
flat region to this new geometry to obtain a geometry that has different charges from the
original. This is an effective method of obtaining some five-dimensional three-charge
and four-dimensional four-charge microstate geometries from two-charge geometries
[159, 118, 119, 120, 24, 143]. In addition, spectral flow can be used to determine exactly
the CFT state dual to the black hole microstate one constructs, and hence is a useful tool
in determining how typical a certain microstate geometry is.

Despite its usefulness, spectral flow appears to be a rather cumbersome operation
on asymptotically flat five-dimensional geometries: One must first strip the geome-

try of its asymptotically-flat region, then perform the spectral flow, and then add back
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the aysmptotically-flat geometry. The last step can be quite non-trivial, especially for
geometries that do not have a large number of isometries (see, for example [95]).

In this Chapter, based on [33] , we explore a simpler way to use spectral flow to
generate asymptotically four-dimensional geometries starting from other asmptotically
four-dimensional geometries, without stripping away the asymptotically flat region.
This method has two immediate applications which we believe are quite useful in the
program of constructing microstate geometries and finding their CFT dual. First, it
allows us to use a known microstate solution to generate a huge number of other smooth
microstate solutions. Secondly, it gives us new insights into which microstate geome-
tries represent bound states in the CFT. Since a configuration that consists purely of con-
centric, two-charge supertubes is unbound, any spectral flow of this will give unbound
states. In particular, we expect such solutions will not correspond to CFT states in the
sector that is primarily responsible for the entropy. We will use this observation to
examine the status of some of the microstate geometries that have been studied in the
past.

The fact that one can relate bubbling solutions with a Gibbons-Hawking, multi-
centered base to solutions with a supertube in a bubbling background also indicates
that in the vicinity of the black hole microstates with a GH base there exists a very large
family of other, less symmetric microstate solutions with the same macroscopic charges.
Indeed, we know from the Dirac-Born-Infeld (DBI) action that two-charge supertubes
can have arbitrary shapes [166], and that these arbitrary shapes correspond (upon dual-
izing to the D1-D5-P duality frame) to smooth geometries [156, 158]. Hence, one can
use spectral flow to transform a GH center into a supertube, wiggle the supertube, and
undo the spectral flow, to obtain bubbling three-charge solutions that depend classically
on several arbitrary continuous functions. Hence the dimension of the moduli space of

smooth black hole microstate solutions is classically infinite. If, upon counting these
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solutions, one finds a black-hole-like entropy, this will be, in our opinion, compelling
evidence that the microstates of black holes are given by horizonless configurations. In
Chapter 4 we will indeed argue that for the deep, smooth microstate solutions of [29, 32]
one can obtain an entropy with the correct charge dependence using the methods out-
lined here.

To clarify the relationship of the solutions discussed here with some earlier results,
we note that it was shown in [101, 21] that general BPS configurations with the same
supersymmetries as a black hole or black ring require that the four-dimensional spatial
base of the solution be hyper-Kéhler. It should be remembered that in establishing this
result it was assumed that the solution was independent of the internal directions of the
compactification tori. The solutions that we discuss here, which come from the spectral
flow of supertubes of arbitrary shape, necessarily depend upon one of these internal
directions. Hence, they are more general than those considered in [21], corresponding
to solutions of ungauged supergravity in six dimensions [131], and their base space is

not hyper-Kéhler but almost hyper-Kihler.

3.1 A chain of dualities

Three-charge solutions with four supercharges are most simply written in the M-theory
duality frame in which the three charges are treated most symmetrically and correspond
to three types of M2 branes wrapping three T’s inside 7 [21]. These solutions were
presented in some detail in the previous Chapter. Here we will use string theory dualities
to transform the solutions to solutions of type IIA and IIB supergravity.

In order to study spectral flow as well as two-charge supertubes in three-charge back-

grounds, it is useful to dualize to a frame in which the two-charge supertube action is
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simple. One such frame is where the three electric charges of the background corre-
spond to DO branes, D4 branes and F1 strings and the supertube carries DO and F1
electric charges and D2 dipole charge [166]. On the other hand, in order to study the
supergravity solutions describing supertubes in black-ring or bubbling backgrounds, it
is useful to work in a duality frame in which the supergravity solution for the supertubes
is smooth. In this frame the electric charges of the background correspond to D1 branes,
D5 branes, and momentum P, and the supertube carries D1 and D5 charges, with KKM
dipole charge. We therefore dualize the foregoing M-theory solution to these frames and
give all the details of the solutions explicitly. More details about this procedure can be

found in Appendix A and B.

3.1.1 Three-charge solutions in the D0-D4-F1 duality frame

Here we will present the three-charge solutions in the duality frame in which they have
electric charges corresponding to DO branes, D4 branes, and F1 strings, and dipole
charges corresponding to D6, D2 and NS5 branes. We use the T-duality rules (given in
Appendix A) to transform field-strengths. It should be emphasized that our results are
correct for any three-charge solution (including those without a tri-holomorphic U(1)
[31]), however, finding the explicit form of the RR and NS-NS potentials (which is cru-
cial if we want to investigate this solution using probe supertubes) is straightforward
only when the solution can be written in Gibbons-Hawking form.

Label the coordinates by (z°, ..., 2% 2)!. The electric charges Ny, N, and N3 of the

solution then correspond to:

Ni: DO Ny: D4(5678)  Ns: F1(2) 3.1)

See Appendix A for more details about the brane configuration that we use.
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where the numbers in the parentheses refer to spatial directions wrapped by the branes

and z = z'°. The magnetic dipole moments of the solutions correspond to:

ny : D6 (y5678z2) ny : D2 (yz) n3 : NS5 (y5678), (3.2)
where y denotes the brane profile in the spatial base, (z',...,z*). The metric of the
solution is:

1 NIAVA: 7
dsty = —————=(dt+k)?*+\/ 2, Zods+ d2*+4 | — (dai+dag+dai+dzy) .
SI1A ng( ) 14205y Zs z Z2( r5+drg+drr+dry)
(3.3)
The dilaton and the Kalb-Ramond fields are:
q>zllog 4 B=—dt Ndz— A® A dz (3.4)
4 7373 ) ' '
The RR field strengths are
@ ) () Z\N" e
Y= -FY, F :_(Zf’Zg) *5 (FYYNdz, (3.5)

where we define F!) = dAY) and %5 is the Hodge dual with respect to the five dimen-

sional metric:

1
ds? = —————(dt + k) + \/ 2, Zrds> . 3.6
55 Zg\/m( + ) + 142 54 ( )

The foregoing results are valid for any three-charge solution with an arbitrary hyper-
Kihler base. As we show in Appendix B, when the base has a Gibbons-Hawking metric

one can easily find the RR 3-form potential:

C® = (¢ + VK M) QW Adz— (25 (dt+ k) ABY + dt A A®) Adz, (3.7)
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where 5&” and (, are defined by equations (2.35) and (B.29). Thus we have the full

three-charge supergravity solution in the DO-D4-F1 duality frame.

3.1.2 Three-charge solutions in the D1-D5-P duality frame

One can T-dualize the solution above along z to obtain a solution with D1, D5 and

momentum charges:
Ny : D1(z) Ny . D5 (5678z) N3 : P(z) (3.8)

and dipole moments corresponding to wrapped D1 branes, D5 branes and Kaluza Klein

Monopoles (kkm) [194]:
ny : D5 (yb678) ny : D1 (y) ns : kkm (y5678z) . (3.9

The metric is

Zs3

1
ds? n=—————(dt+ k)* + V/Z1Z,ds? + dz + A®)?
IIB ZS\/m ( ) 142 4 m ( )
7
+ 71 (dx? + daf + da2 + dxd) (3.10)
2
and the dilaton and the Kalb-Ramond field are:
1 7
©=§1og(71), B=0. (3.11)
2
The only non-zero RR three-form field strength is:
75 1/4
F® = _ (23222> x5 (F@) — FO A (dz — A®)). (3.12)
143
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If we specialize our general result to the supersymmetric black ring solution in the D1-
D5-P frame then it agrees (up to conventions) with [88]. It is also elementary to find
the RR two-form potential for a general BPS solution with GH base in D1-D5-P frame.
This can be done by T-dualizing the IIA D0O-D4-F1 result (3.7), to obtain:

C® = (¢ + VIIKPEW) QW — (Z7N(dt + k) A BY 4 di n A®)

+ AV A (A® —dz —dt) + dt A (A3 —dz), (3.13)

where again @(11) and (, are defined in equations (2.35) and (B.29). This is the full
three-charge supergravity solution in the D1-D5-P duality frame. As shown in [158],
two-charge supertubes in flat space are regular only in this duality frame, so our general
result can be used to analyze the regularity of two charge supertubes in a general three-

charge solution. This will be the subject of the next section.

3.2 Spectral flow

In this Section we discuss the three-charge BPS solutions in IIB duality frame, their
relation to solutions of six-dimensional supergravity, and the way in which the spectral
flow transformation acts on solutions with a U(1) isometry on the base. In Section
3.2.3 we specialize this to a translational U (1) isometry where the solution has a multi-
centered Gibbons-Hawking base. We show that spectral flow acts by interchanging
the harmonic functions underlying these solutions, while keeping the solutions smooth.
The explicit transformation is given in equations (3.26) and (3.27). We also show that
spectral flow is part of a larger SL(2,7Z)? subgroup of the four-dimensional E;) U-
duality group, and this particular subgroup of Er(7) is distinguished because, for generic

parameters, it generates orbits of smooth solutions.
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In Section 3.2.6 we show that spectral flow can transform a configuration contain-
ing one or several supertubes in Taub-NUT into a multi-center bubbling solution; con-
versely, it can transform such a solution into a solution where at least one of the centers is
replaced by a two-charge supertube. This demonstrates that the black hole microstates
with a GH base constructed so far in the literature are part of an infinite-dimensional
moduli space of smooth supersymmetric solutions. In Section 3.2.7 we explore the
action of generalized spectral flow on multi-center D6-D4-D2-DO0 configurations and
use the physics of supertubes to argue that some multi-center configurations that appear
bound from a four-dimensional perspective are in fact not bound when seen as full ten-

dimensional solutions.

3.2.1 From six to five dimensions

As shown in Section 3.1.2 one can dualize the three-charge BPS solutions in a IIB frame
in which the three fundamental charges are those of the D1-D5-P system. In this form,
the D5-brane wraps a four-torus, 7, while the D1-brane, the remaining spatial part
of the D5-brane and the momentum follow a common S!. The metric thus naturally
decomposes into a six-dimensional part and the 7%-part (3.10). To facilitate comparison
with some previous result in the literature [131] it is useful to rewrite the six-dimensional

part of the metric as

2 1
dsg = —E(dv + ) (du +k+ 5F(dv + 5)) + H hy, dz"dz"” (3.14)
where
H = \/Z,7,, F = —Z, dg =00, (3.15)
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In this formulation there is obviously no longer a symmetry between the three funda-
mental charges and, with the foregoing choices, Z; corresponds to the D1-charge, Z; to
the D5-charge and Z3 to the KK-momentum charge.

We have cast the six-dimensional metric in the form (3.14) because it affords the
easiest comparison with previous work on the classification of all supersymmetric solu-
tions of six-dimensional minimal supergravity, obtained in [131]. In the minimal theory,

two of the U (1) Maxwell fields, ©), are set equal and they appear in a three-form field

strength:
G® = d(H Y (dv+ B) A (du+k)) + (dv + B) AGT + xdH (3.16)
with
Gt =00 =e® gg=060, (3.17)
One also has Z; = Z,. We will, however, not make this restriction here’ but this

earlier work is of relevance here because it allowed more general backgrounds that could
depend upon the extra background coordinate, v. The spectral flow operations that we
wish to consider could generate such v-dependent solutions. See, for example, [95].
The important point in this type I1IB or six-dimensional form of the three-charge
solutions is that one of the U(1) gauge fields has been converted to a six-dimensional
Kaluza-Klein field, 5. This then puts it on the same footing as a U(1) isometry on
the four-dimensional base. In particular, one can then mix these two directions with a
coordinate transformation and, as we will see, this generates a spectral flow transforma-
tion. One should also note that one has the freedom to choose which of the three U(1)

Maxwell fields in five dimensions will become the six-dimensional Kaluza-Klein field

2This corresponds to solutions of six-dimensional, ungauged supergravity with one tensor multiplet,
and was studied in [56].
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and so there are three independent ways of generating the spectral flow. We now discuss

this in detail.

3.2.2 Spectral flow

From the six-dimensional perspective the operation of spectral flow is simply a coor-
dinate change that mixes periodic coordinates on the base with the extra Kaluza-Klein
coordinate, v (see, for example [11, 164]). When the base is asymptotic to R?, the size
of the circles that are mixed with the Kaluza-Klein circle becomes infinite, and the spec-
tral flow operation changes the asymptotics of the solution. We will bypass this problem
by focusing on solutions that are asymptotically R? x S?.

If the base metric has an isometry then one can adapt the coordinate system to that
isometry and take the metric to be invariant under translations of a coordinate, 7. In

particular, the base metric can be written in the form:

dsj = hydatde” = V7 Hdr + A)? + Voyda'da? (3.18)

where 7,7 = 1,2, 3 and every component of the metric is independent of 7. The one-
form, A, and the three-metric, v;; are, a priori, arbitrary’.

We will also assume that the complete six-dimensional solution is invariant under
T-translations and for simplicity we will also assume that the six-dimensional solution
is independent of v but neither of these assumptions is essential to the spectral flow

transformations. It is convenient to decompose the one-forms, £ and 3, according to:

k= pldr+A) + w, B =vdr+A) + o, (3.19)

3However, the condition that the base metric be hyper-Kihler means that this metric can be completely
determined by solving the SU (o0) Toda equation [48, 72, 10, 31], see also Chapter 5. This fact will not
be needed here.
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where w and o are one-forms in the three-dimensional space.

A spectral flow is then generated by the change of coordinate:

T — T+ yv, (3.20)

for some real parameter, . For this to be a well-defined coordinate transformation on the
two circles, v must be properly quantized*. More generally we could consider any global
diffeomorphism in the SL(2,Z) that acts on the two-torus defined by these U(1)’s.
We will return to this later. The important point is that because these mappings are
diffeomorphisms, they map regular solutions without closed time-like curves (CTC’s)
onto regular solutions without closed time-like curves.

Inserting (3.20) into (3.14), one can collect terms and restore the entire metric back

to its canonical form, (3.14). One finds that this coordinate transformation is equivalent

to:

ds? — d32 = —2H ' (dv+fB) (du+k+LF(dv+5)) + Hdsy, (321)
where

Vo= (I+~yv)V, A=A—~o, H = (1+~v)'H,

(I+yv)8, F = (14+y0)F+2yu+ (1 +yv) 'V 12H3.22)

27172 2

Y v H vH
k — + — dr + A).
(1+w)ﬂ V(1+w)2ﬁ v<1+w)“ )

o0
I

=
|

For a general hyper-Kéhler metric with a rotational U(1) isometry, two of the three

complex structures depend explicitly upon 7 [10, 31] and so, after the shift (3.20), these

“For a Gibbons-Hawking base 7 has a period of 47 and v has a period of 27 so 7 has to be an even
integer.
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two complex structures depend upon v. As a result, the metric, ds? is almost-hyper-
Kihler [131] but not hyper-Kéhler. On the other hand, if the U(1) isometry is transla-
tional then the hyper-Kdhler metric may be put into Gibbons-Hawking form [109] and
all three complex structures are independent of 7 and so ds? will also be hyper-Kihler
with a translational U(1) isometry and hence must have Gibbons-Hawking form [113].

We now investigate this in more detail.

3.2.3 Spectral flow in Gibbons-Hawking metrics

We will now present the explicit spectral flow transformation on the three-charge solu-
tions with a GH base discussed in Chapter 2. It is useful to rewrite the six-dimensional

supergravity solution with a GH base (3.14) as [131]:

F 1 S
ds(%:—ﬁ dv+ﬁ+F(du+k)} —I—ﬁ(du—i-k)2

1
+ H |:V(d7' + A2+ V(da* + dy® +dz?) |, (3.23)
where one should recall that H = /2175 and F' = —Z5. As before we define:
k=pldr+A)+w, B=v(dr+A)+o. (3.24)

Starting from M-theory on T, one can choose to dualize to six dimensions so that
any one of the K I becomes the Kaluza-Klein potential, and if we take this to be K then
one has:

v = VK3, VK? = -V xa. (3.25)
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The spectral flow transformation (3.22) then corresponds to:

Z3 = Lg — 2’7M, ZQ = LQ, zl = Ll,
K' = K'—~L,, K®=K?>—-~L, K =K>, (3.26)
V = V+4~K*, M=M, &=34.

We can also consider a more general process in which each of the K’s is successively
chosen to be the special one, and a spectral flow, with parameter ~y;, is made. The result

is:

Z] = L[—Q’}/[M, M:M, (j:(j,
K' = K'— CYE~ Lk + CY5 vy v M, (3.27)
V = VayK =10y, L+ 1075y y, 9k M,

where C17K = Cp;x = l|erjx|. We will refer to the transformations (3.27) as

“generalized spectral flow.” Unlike the transformation (3.26), which transforms smooth
six-dimensional solutions into other smooth six-dimensional solutions, the generalized
spectral flow may, in some instances, transform a smooth solution to a duality frame
in which it is no longer smooth. We will discuss this further later, in the remainder of
this section we examine the SL(2,7Z) actions in more detail and explicitly verify how

SL(2,7Z) transformations preserve regularity.

3.24 SL(2,7Z) transformations of bubbling solutions

The spatial part of the metric (3.23) may be thought of as a T fibration over R?, where T
and v define the T” fiber. As we have seen, spectral flows are generated by the coordinate

transformation (3.20). Similarly, it follows directly from (3.23) and (3.25) that the gauge
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transformations (2.48) with ¢! = ¢ = 0,¢® = ¢ can be obtained from the coordinate

transformation:

v — v+ cT. (3.28)

More generally, one can make any SL(2, Z) transformation in the global diffeomor-
phisms of the T? defined by (7,v):
T T m n T
- M — , (3.29)
20 2v P q 20
Here M € SL(2,Z) and the factors of 2 insure the correct periodicities for the 7 and
v coordinates. Since it is a diffeomorphism, any such transformation will take smooth
(CTC-free) solutions to smooth (CTC-free) solutions.
If one uses this transformation in (3.23) one can easily recast the metric back into

the same form:

ds? = _F dv + 3 + l(du—i—];‘):r + L(alzhL k)?
o F HF

~ 1 ~ ~
+ H [i(d% + A2+ V(do? + dy® +dz*) |, (3.30)

where
k= pdi+A)+o, B=iodi+A)+5, 3.31)
and
~ ~ H
V pu— —_ pu—
(m —2nv)V, H ——
H2
F=(m-2n)F —4ny — 4n* ———— |
p_ 2
b2 po= [+ 2n
m—2ny’ m — 2nv (m —2nv)V
A =mA+ 2no, o=qo+5A, O =uw
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The effect of this SL(2,Z) transformation on the functions determining the under-

lying five-dimensional solutions is:

~ .V Z1Z2)
V=(m-2nv)V, == 4+ 2n—= ,
( ) == (u =

(3.33)
_ - -V .7
Zy = Zzb Zy = ZZQ; Z3 = ZZ3 + dnp + 4n? —

1% 1% V 1%

Note that because the functions Z; are gauge invariant, their transformations only
depend upon the spectral flow parameter, v = —2n.
Upon identifying the harmonic functions V, K’, L’ and M that give the solution

with the eight E7(;) parameters = and y (2.49), the S L(2,7Z) transformation becomes

simply
Y12 M Y12 Y34 — M Y34
2%34 21334 2;%12 21’12
(3.34)
Ts6 Ts56 T7g 78
e M s — M
AT 2y78 2956 2ys6

From the point of view of the five-dimensional solution, the transformation (3.34)
is simply a subgroup of the E77)(Z) duality group that takes solutions into solutions.
Nevertheless, the important feature of this transformation is that it takes smooth solu-
tions into smooth solutions. As we will discuss below, for generic parameters, (3.34)
transforms bubbling solutions into bubbling solutions, while for specific parameters it
can transform them into bubbling solutions that contain one or several two-charge super-
tubes, with charges corresponding to x1» and x34. As we will see, these solutions are

smooth in the six-dimensional duality frame (3.14), but not in five-dimensions.
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In order to arrive at the foregoing transformation we chose to dualize using the func-
tion K3 to get the six-dimensional background. One can obviously use the other two
functions, K and K and obtain two other SL(2,Z) subgroups of E7(7)(Z). Indeed,
these three SL(2,7Z)’s commute with one another and thus form an SL(2,Z)? subgroup
of E77y(Z). As could be expected this general SL(2,Z)* transformation leaves the

quartic invariant J; unchanged. This is discussed further in [33].

3.2.5 Regularity and the bubble equations

Suppose that the harmonic functions take their usual form for an ambi-polar Gibbons-

Hawking base
V = Y K = kL -
€o + Z Tj ) 0 + Z Tj )
Jj=1 j=1
(3.35)
L' = zg+zr—{, M:mo+zr—?, (3.36)
j=1"7 j=1 "/
where r; = |7 — §| and &, q;, kI, I, m, (@ = 0,1,..., N) are, as yet, arbitrary

constants. As usual define:

al 7 al I kI k‘l
w= Y aq k=k-gegy k, T = (—”_ - —’_> . (337
Jj=1 j=1 qj qi

Recall that for the functions Z; and y to be regular as r; — 0, one must take:

1 k! kK 1 klkI kK ,
lj — —§CIJK J "] , m] = ECIJK jqj2 J s ]:1,7N (338)
J J

The constant terms, &, ké , lé and my, determine the asymptotic behaviour of the solu-

tion. The original M-theory geometry is generically asymptotic to R'3 x ST x (T?)3
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and the constant terms determine the scales of the S* and T2 factors and fix the U(1)
Wilson lines around the S! [25]. If one tunes the constants appropriately (e.g. if one
sets g = 0) then various circles in the five-dimensional or six-dimensional metrics will
decompactify.

To remove closed time-like curves in the neighborhood of the points where r; — 0

one must impose that ;o — 0 as 7; — 0. Explicitly this yields the bubble equations:

3
_OIJK Z H J)H K59 _ 2(ggm; — moq;) —i—z (K — kKD (3.39)
I=1

.
J=1,j#i Kl

fori = 1,..., N, and where r;; = — #Y)|. Summing both sides of this equation

A
)

/\

and using the skew-symmetry of II;;" leads to:

N | —

-1
mo = Qg (8077%'—

N
DAL AN (3.40)
1

j=1

where ¢ is given by (3.37).

We expect that both the regularity of the six-dimensional solution and the bubble
equations are preserved under the simple spectral flow (3.26) and, more generally, under
the global diffeomorphisms (3.29) precisely because they are diffeomorphisms of the
torus. Moreover, these diffeomorphisms only involve the space-like sections of the met-
ric and hence they should not introduce new CTC’s. One can see this explicitly from
(3.33). Suppose that n is generic so that V and V have exactly the same singular points.
Then V!V is regular and so if one starts with regular Z; and p then one will end up
with regular Z; and it. Moreover, if the bubble equations are satisfied then © — 0 as
r; — 0 and hence i — 0 as r; — 0. Thus the bubble equations are satisfied in the new

solution.
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This argument obviously generalizes to any combination of transformations in
SL(2,7)? that do not change the singular structure of V. Therefore such transforma-
tions clearly map smooth bubbling solutions into smooth bubbling solutions and pre-
serve the bubble equations.

If the spectral flow parameter, n is not generic, then V' and V can have different
sets of singular points, but the solution generated by the simple spectral flow will still
be smooth in six dimensions, and its physics is the subject of the next section. It turns
out that this feature does not generalize to non-generic many-parameter spectral flow
transformations (3.27). These flows will take multi-center black hole solutions into other
multi-center solutions, by preserving the bubble equations and not introducing closed
timelike curves. However, they may transform microstate solutions that are smooth in
supergravity into solutions that do not appear smooth in supergravity. This will be the

subject of Section 3.2.7.

3.2.6 Supertubes, bubbling geometries and spectral flow

Perhaps the most physically interesting spectral flow transformation occurs when V' and
V have different sets of singular points. Suppose that we start with a regular, bubbled
solution and that we use the simple spectral flow (3.26) so that V has (at least) one less
singularity than V. It follows that 7y, Zs and it now develop singularities, but these
singularities have a very special form. As we will show, these singularities correspond
exactly to having a two-charge supertube at the location of the old pole (or poles) of V.
Going in the opposite direction, one can start from a geometry containing one or sev-
eral two-charge supertubes and obtain a bubbling solution by doing the inverse spectral

flow.

>This is exactly the way in which the first three-charge microstates were obtained by Lunin, [159] and
independently by Giusto, Mathur, and Saxena [118, 119].
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It is well known that two-charge supertubes give smooth supergravity solutions when
in the duality frame in which they have D1 and D5 charges and KKM dipole charge, both
in flat space [156, 158] and in Taub-NUT [24]. Since the standard regularity conditions
only involve the local geometry around the supertube, one would expect two-charge
supertubes to be regular in more generic three-charge backgrounds [35]. Hence, the fact
that the spectral flow transformation (3.27) takes smooth solutions into smooth solutions
is not surprising; after all, from a six-dimensional perspective, the flow (3.27) is nothing
but a coordinate transformation.

The effect of the spectral flow transformation may, at first, appear surprising from
the geometric perspective of the four-dimensional base: GH-based solutions are bub-
bling geometries with fluxes threading topologically non-trivial cycles while supertubes
are thought of as rotating supersymmetric ensembles of branes that do not involve topol-
ogy. The spectral flow maps one picture into the other and, once again, from the six-
dimensional perspective it is easy to see how this happens. Consider the (spatial) U(1)
fiber parametrized by v in (3.14) over any disk that spans the closed loop of the super-
tube. At the supertube the function A in (3.14) becomes singular and pinches-off the
U(1) fiber. The result is a topologically non-trivial 3-sphere and the three-form, (3.16),
has a non-zero flux through this 3-cycle. In the metric with a GH base, this 3-cycle sim-
ply appears as a non-trivial U (1) fibration (parametrized by v) over a non-trivial 2-cycle
in the base. The spectral flow merely “undoes” the topology in the base at the cost of
introducing an apparent singularity but both perspectives are equivalent, and describe
the same, completely regular, six-dimensional solution.

It is useful to begin by illustrating the spectral-flow procedure on the solution cor-

responding to one supertube in Taub-NUT [24]. The smooth six-dimensional solution
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describing two-charge supertubes can be written as a solution with a GH base using the

following harmonic functions [25]:

1
V = 60+—, L1:1+L, L2:1+&H, L3:1,
r 4|7 — R| 47 — R|
q3 Jr (1 1
K =0, Ky=0, Kg=——2_ M="L|=—- _ | .(3.41)
' ’ T 9 R 16 (R |F—R|)

where F defines the position of a round supertube that is wrapping the fiber of the Taub-
NUT metric. Not all the constant parts in the harmonic functions are independent. The

absence of closed timelike curves requires that

1
JT <60 + E) = 4Q3 (342)

Moreover, in six dimensions the metric constructed using (3.41) is smooth (up to

harmless Z,, orbifold singularities) if [24]:

qzJr = Q1Q2 . (3.43)

This condition comes from the requirement that w in (5.26) has no Dirac-Misner strings.
Before performing the spectral flow, we should observe that the harmonic functions
above can be shifted using a subset of the gauge transformation (2.48) that preserves

K, = K5 = 0 and that sets the sum of the coefficients of the poles in /5 to be zero:

1
V o= e+-, LFHL, Lo=1+ @ . Ly=1, K, =0,
r A7 — R 4|7 — R|
q3€0 |, 43 q3 Jr (1 1 03
Ky = 0, Ky=20942_ M=2L(=— | -2 (3.44
2 2 T g R 16<R |7T‘_R’> g 344
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Under a spectral flow with parameter 3 one obtains a new solution with the harmonic

functions:
B V343 1 V343 373 B Y302
V = € 1—|—— —|-— 1+— - o = Kl__ﬁ)/?)_ﬁ)
2 r 2 2|7 — R 4|7 — R|
Ky = —73—13;@»7 K3:@ @—%7
4|7 — R| 2 2r 2|7 — R
L, = 1+L, LFHL, (3.45)
4|7 — R| 4|7 — R|

Ly = 1408wt L N o el L) 6
2 8 R |F—R)| 16 \ R |7~ R 4

It is not hard to check that the harmonic functions above satisfy the condition (3.38),
and hence they give a smooth three-charge two-centered bubbling solution. Moreover,
the equation that gives the radius of the supertube in Taub-NUT (3.42) becomes exactly
the “bubble equation” (3.39) governing the two-center bubbling solution. Hence, a spec-
tral flow transformation can be used to change a smooth two-charge supertube in six
dimensions into a smooth three-charge bubbling solution. This solution has the same
singular parts as the four-dimensional microstate solution obtained in [189], but has
different constant parts in the harmonic functions.

Of course, to obtain asymptotically five-dimensional solutions from other asymp-
totically flat solutions using spectral flow is a little more complicated. These solutions
must not have any constant term in the K; [26, 41]. Nevertheless, the solution before
the spectral flow necessarily has all the Z; (and hence L;) limiting to constant values.
Hence, a spectral flow will necessarily introduce a constant term in at least one of the
K. The way this problem is usually remedied [159, 118, 119, 24, 95] is to strip off the
asymptotically-flat region of the solution to obtain an asymptotically AdS; geometry,
spectral flow this geometry, and then add back by hand the asymptotically-flat part of

the solution.
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On the other hand, by looking at the solutions that have four-dimensional asymp-
totics, there is no need to eliminate the constant terms in the K; harmonic function.
A spectral flow will simply match two solutions with different values of the moduli at
infinity.

We can generalize the foregoing example by starting with a solution describing N
two-charge supertubes in Taub-NUT. The solution is specified by eight harmonic func-

tions which have the form

N .

1 1 2 qs

V=a+-, K =K =0, ZQ_

N 0
L, = Ly, = 2 =2 Ly =3 3.46
1 Z 47} 2 0 + ; 47}‘ ’ 3 0 ( )
N
Ji
M = —
o Zz_: 167;

where r; = |r'— ;| and 7; are the locations of the supertubes in the base space. We will

also define R; = |r}].

If we choose all 7; to lie on the negative z axis (in GH coordinates) this will cor-
respond to a configuration of N concentric supertubes of “radius®,” R;. It is clear that
the straightforward generalization of the analysis in [24] will imply that, in the duality
frame where the two charges of the supertubes are D1 and D5 charges, the type 1IB

supergravity solution will be smooth if (3.43) is satisfied for each center:

QiQy = ¢J;. (3.47)

®This is the distance from the Taub-NUT center to the supertube as measured in the three-dimensional
base, and not the physical radius of the supertube.
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These N conditions guarantee that the full metric is completely regular (again up to Z;
orbifold singularities). The solution should be free of CTC’s and imposing this condition
at the locations of the supertubes and at the origin of the four-dimensional base yields
N + 1 equations: NN expressions that give the radius of each supertube and generalize

(3.42), as well as a relation that fixes the parameter m,:

N

1 . 1 J;
(60 + E) Ji = 413 g%, mo = I Z 7 (3.48)

=1

N+1
We can use the gauge freedom (2.48) to fix a gauge in which Z ¢ =0:

i=1

V — V K'— K', K? — K?, K= K3+ ¢V,
Ll — L1—0K2 = Lla L2—>L2—CK1 = LQ, L3—>L3,(349)
M - M-SL
2 )
where
N g
3
= = 3.50
c 5 (3.50)

i=1
This will ensure that the sum of the GH charges of the solution will remain the same
after the spectral flow. After the gauge transformation, the harmonic functions take the

following form:

1
V= e+-, K =K =0, K =-+ce+--3 B,
r r P 2r;
N i N Qz
Ly = I} + 24—7} Ly = I2 + Zﬁ Ly = I3 (3.51)
= v i=1 v
N
cl J,
M = - :
o T ;wi
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To transform the solution corresponding to many supertubes to a bubbling solution with

an ambipolar Gibbons-Hawking base, we perform a spectral flow transformation (3.26)

with parameter ~y to obtain.

}—?1 = Kl - 7L27

Ll - L17

Z3:L3—2")/M,

K? = K? — ~L,,

M = M.

K = K°

(3.52)

The GH base space of the transformed solution has N + 1 centers. The new harmonic

functions:
N NA+1 i N1 LT
V = ¢ £l K' = k! 2 3.53
O+er, O+er, (3.53)

7j=1 7=1

N 3 N+1 T - N+1 oo

L' =1+ L. M =m+ —
- T - T;
j=1"J j=1 7

can be found straightforwardly from (3.51) and (3.52). It is also straightforward to check
that (3.47), which insures the regularity of the supertubes, implies that the constants
in these harmonic functions satisfy (3.38) for any value of . Moreover, the bubble
equations (3.39) are equivalent to the /N + 1 equations (3.48) that give the radii of the
N supertubes and the value of the m( parameter. This establishes explicitly that for any
even integer - the spectral flow transformation (3.52) maps smooth solutions containing
supertubes to smooth multi-center GH bubbling solutions.

Having shown that a solution corresponding to many concentric supertubes can be
transformed into a GH bubbling solutions, it is interesting to investigate the opposite
transformation - that of a bubbling solution into a solution containing supertubes.

It is not hard to see that given a generic smooth bubbling solution, whose parameters

respect (3.38) and (3.39), one can perform a spectral flow (3.26) with parameter v =

qi
K3

to obtain a solution in which there is no GH charge at the i*® point. Equations
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(3.38) then insure that the functions K, K? and L3 will also not have a pole at the

position of the i*! point. The poles of the other harmonic functions are

k3 —k2k3 — k23 klE213
Kg ~ ’ Ll ~ 7'V ’ LQ ~ 7'V ’ M o~ M
r; T T 27”1'

(3.54)

This solution corresponds to an object with two charges, one dipole charge, and angular
momentum, and it is simply a circular’ two-charge supertube at position ;.

It is clear that this solution will be smooth from a six-dimensional perspective, sim-
ply because spectral flow takes smooth solutions into smooth solutions. Moreover, the
coefficients of the singular parts of L, Ly, K3 and M satisfy the same relation, (3.43), as
do the coefficients in the smooth two-charge supertube solutions in R* or Taub-NUT. In
[35] we showed that the smoothness conditions coming from the supergravity analysis
coincide with the equations of motion for a two-charge supertube in a GH background
that one obtains using the Dirac-Born-Infeld action of the supertube. Hence, a spec-
tral flow transformation with a well-chosen parameter can transform any multi-center
Gibbons-Hawking solution to a solution where one (or several) of the centers has been

replaced by a two-charge supertube.

3.2.7 Generalized spectral flow

It is also interesting to consider generalized spectral flow transformations that can take
a GH center into an even simpler configuration. We begin by exploring the orbit of gen-
eralized spectral flow. We then use the physics of supertubes to argue that many multi-
center configurations that appear to be bound states from a four-dimensional perspective

do so only because of the limited supergravity Ansatz used to study their stability. When

"The circle is along the U(1) fiber of the ambi-polar Taub-NUT base.
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one explores them using a more complete supergravity Ansatz, based on the underlying
holographic dual, they are in fact unbound.

In order to describe generalized spectral flow on multi-center solutions it is conve-
nient to work in the five-dimensional duality frame in which the electric charges of the
solution are those of three sets of M2 branes (2.4). When the base space of these solu-
tions is ambi-polar, multi-center Taub-NUT, they can be reduced to four-dimensional
multi-center solutions. The M2 charges correspond to D2 charges, the M5 dipole
charges correspond to D4 charges, the Kaluza-Klein momentum along the Taub-NUT
fiber becomes the DO charge and the geometric GH charges correspond to D6 branes.
The sources that appear in the eight harmonic functions that determine the solutions thus
correspond exactly to the four-dimensional D6, D4, D2 and DO charges.

A smooth multi-center, five-dimensional solution corresponds, in four dimensions,
to a multi-center solution where each center is a “primitive” D6 brane, that is, a D6
brane that has non-trivial world-volume flux and locally preserves sixteen supercharges®.
From the perspective of the D-brane world-volume, primitivity places non-trivial con-
straints upon the fluxes. In the supergravity background these constraints amount to
imposing smoothness, which fixes the flux parameters as in (3.38) [26, 41]. In the same
manner, a two-charge supertube, which is also smooth in the D1-D5-P duality frame,
has D4, D2 and DO charges that satisfy (3.43). Thus it corresponds to a “primitive”
D4 brane - a D4 brane with non-trivial world-volume flux that locally preserves sixteen
supercharges.

In Section 3.2.5 we have established that spectral flow generically takes multi-center,
primitive D6 configurations into other such configurations. Moreover, in Section 3.2.6

we have seen that for some specially-chosen parameters it can transform a primitive

80nly four of those supercharges are common to all the D6 branes, and thus common to the complete
multi-center solution.
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D6 center into a primitive D4 center. One can take this further, and consider two- and

three-parameter generalized spectral flow. A two-parameter spectral flow, with

q q
M= T Y2 = s (3.55)

can take a GH center with GH charge ¢ into a center with only two singular harmonic
functions, K3 and M. This corresponds to a set of primitive D2 branes that have a non-
trivial DO brane charge. Furthermore, one can perform another spectral flow to take this
center into a center that only has a non-zero M, and hence corresponds to a collection

of DO branes. The parameters of this flow are:

q q q
’71:—57 VQZ_E’ ’73:_5- (3.56)

Since this last configuration consists of only a single species of D-brane, primitivity (the
local preservation of sixteen supercharges) is now manifest. One should note that each
successive spectral flow decreases the number of types of D-brane charge possessed by
the brane and that this reduction critically depends upon the selection of parameters,
(3.38), that made the original fluxed D6-brane smooth. By reversing these multiple
spectral flows one thus obtains another way to understand the primitivity of the original
D6-brane configuration.

Unlike the primitive D6 branes, which give smooth five-dimensional solutions in all
duality frames, or the primitive D4 branes, which are smooth in the D1-D5-P frame, the
primitive D2 and DO branes are not smooth in supergravity in any duality frame. This is
not unexpected, because the U-duality group in four dimensions can take smooth solu-
tions into singular ones, and generalized spectral flow is nothing but a three-parameter
family of this group. This is also not in conflict with the fact that each spectral flow

can be realized by a six-dimensional coordinate change and therefore will preserve the
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regularity of six-dimensional solutions. The point is that one cannot realize all three
independent spectral flows as coordinate changes of a single regular metric and so con-
catenating spectral flows can generate singular solutions.

One can also extend spectral flow to U(1)" five-dimensional ungauged supergrav-
ities compactified on a GH space (or, after dimensional reduction, N' = 2 supergrav-
ities in four dimensions), that come from M-theory compactified on a CY manifold.
The equation that gives generalized spectral flow (3.27) is written in a way that triv-
ially expands to such supergravities”. For such solutions a six-dimensional lift of the
solution, and the smooth supertube interpretation of the primitive D4 centers are not
straightforward (unless the CY is K2 x T?). Nevertheless, for generic parameters the
generalized spectral flow still takes smooth solutions into smooth solutions, while for
special choices of parameters it can interpolate between solutions with primitive D6,
D4, D2 and DO centers.

To recapitulate, from a five-dimensional perspective a spectral flow with one param-
eter can take a smooth GH solution into a smooth solution that contains a two-charge
supertube in a GH background. Furthermore, two-parameter and three-parameter gener-
alized spectral flows can transform a GH center into a singular configuration, that from
a four-dimensional perspective has D2-D0 and pure DO charges respectively.

In studying the microstates of a black-hole one obviously wants to ensure that one
is studying a single black hole and not merely an ensemble, or gas, of unbound BPS
black holes and black rings. That is, one should only consider a system as being a
single black hole if there are no “separation moduli” that can be used to physically
deform the system into widely separated components without changing the energy or

other asymptotic charges.

For a general CY compactification C7 sk are the triple intersection numbers of the CY three-fold.
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Establishing whether a solution is bound or unbound can be rather subtle. Consider
for example an asymptotically-flat five-dimensional solution containing two two-charge
supertubes. These do not interact with each other, and one can move them arbitrary far
apart at no energy cost (without affecting the asymptotic charges and angular momenta).
Hence, this configuration has flat directions, and is unbound. However, when considered
as a four-dimensional multi-center solution, this solution has three centers that have a
nontrivial four-dimensional £ x 5 interaction, and appears bound. Of course, the answer
to this puzzle is that the separation moduli of the five-dimensional solution break its tri-
holomorphic U(1) isometry, and hence are not visible in four dimensions.

If one’s purpose is to describe microstates of five-dimensional three-charge black
holes or black rings, the ultimate arbiter of whether a multi-center solution is bound
is to dualize it to the D1-D5-P duality frame, and take the limit in which it becomes
asymptotic to AdS; x S®, see Appendix C and [35, 22]. If the six-dimensional solution
has separation moduli, the solution is not bound. As we will see below, these separation
modes are often not visible if one constructs and analyzes the solution using a more
limited four- or five-dimensional Ansatz.

It is also possible that a certain multi-center solution, which is unbound when embed-
ded in an asymptotically AdS; x S spacetime, can become bound when embedded in
an asymptotically R®! x S* x S1 spacetime. The simplest example is again that of two
concentric two-charge supertubes in Taub-NUT. These supertubes have no zero-modes
[195] because of the constraining nature of the Taub-NUT geometry. However, when
taking the limit in which their solution becomes asymptotically AdSs; x S®, the base
of the solution becomes R*, and the two supertubes become indistinguishable from two
supertubes in an asymptotically-flat five-dimensional space, which are unbound. The

same analysis extends trivially to more concentric supertubes in Taub-NUT.

108



Hence, two or more supertubes in Taub-NUT do not form a true bound state. Rather
they are geometrically bound: their lack of separation moduli is a result of the compact-
ification geometry rather than of binding interactions. Intuitively, one should think of
such geometrically-bound configurations as being the analogue of an ideal gas in a box:
there is no binding energy between the atoms, but the system cannot be deformed into
widely separated components because of the walls of the box.

As we have seen in Section 3.2.6, using spectral flow one can transform a solution
that contains concentric two-charge supertubes to a bubbling multi-center solution. The
analysis above implies that such a bubbling multi-center solution is not a bound state.
Indeed, upon spectral flow, a solution where the supertubes are not concentric anymore
becomes a v-dependent six-dimensional solution (3.14) of the type described in Section
3.2.2, [131, 56]. Hence, as explained above, multi-center bubbling solutions that can be
obtained by spectral flow from a concentric-supertube configuration only appear bound
from a four- and five-dimensional perspective because of the limited supergravity Ansatz
used to describe them. Upon embedding it in the correct holographic background this
configuration has at least one zero-mode and this involves making the six-dimensional
lift of the solution (3.14) v-dependent.

It is also important to realize that starting from concentric supertubes, a spectral
flow transformation only generates a very specific type of bubbling geometries. Indeed,
spectral flow leaves the bubble equations invariant, and hence the bubble equations gov-
erning the unbound bubbling solutions do not contain any terms that depend on the
distance between any two of the GH centers that come from the supertubes. Hence,
from a four-dimensional perspective these GH points are free to move on two-spheres
of radius, I?; (given by (3.48)) around a central GH point. In the quiver language, used to

describe multi-center four-dimensional solutions [77, 15, 78], these bubbling solutions
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Figure 3.1: The “hedgehog” quiver corresponding to the unbound multi-center solution
generated from the spectral flow of many concentric supertubes.

can be depicted as “hedgehog” quivers, with all the arrows originating from one of the
nodes, and joining it to all the other nodes.

It is also possible to argue that, at least for a large enough number of centers, spectral
flow can be used to generate all the hedgehog multi-center GH solutions in Figure (3.1)
from two-charge round supertubes in flat space. Indeed, by simple parameter counting,
a solution with N + 1 GH centers has 4N + 1 parameters (three k/’s and one GH
charge ¢; for each point minus three gauge transformations). Requiring the vanishing
of HE;)HE?)HE?) between any two of N centers naively imposes N(N — 1) constraints,
which, in general, cannot be satisfied. Nevertheless, since HEJI») are given by (3.37), it is
not hard to see that one can also have all of them zero if for one of the I, the value of

k?/q; is the same for all the N points. Choosing, for example, I = 2, this implies
ki = (ki qin® K7) | (3.57)

and imposes N — 1 conditions, leaving 3V + 2 independent parameters. This is exactly

the number of parameters that describe all possible spectral flows of N round supertubes
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of arbitrary charge in a Taub-NUT space: three independent parameters ()1, ()2, d3) for
each supertube, one for the Taub-NUT center and one spectral flow parameter, . It is
not hard to see that a spectral flow with parameter v, = —1/x? transforms the foregoing
set of NV GH centers into concentric two-charge supertubes.

There exists another way to make all the fluxes between the N GH points vanish:

one can divide them in three sets, A, B, C, that have fluxes

ki = (kzl7 qi’%Z? q’iK/S) ) fori e A
ki = (qr', K} qnr®), forie B (3.58)

7

ki = (qk' qr’ k), forieC

2 .3

where k', k2, k3 are constants, and k}, k? and k? can be arbitrary for the GH centers

in the A, B and C' set respectively. A two-parameter spectral flow with parameters
v = —1/k! and v, = —1/k? transforms the GH centers in the A and B sets into
two-charge supertubes of different type, and transforms the GH centers in the C' set into
singular D2-D0 centers. Normally, different kinds of two-charge supertubes have an
E x E—type electric-magnetic interaction, and cannot go arbitrarily far away from each
other without changing the asymptotic charges of the solution. Therefore such a solution
is generically a bound state. However, for the particular supertubes that are created from
the spectral flow of (3.58) the Ex E-type interaction vanishes, and hence they can move
freely away from each other. Hence this type of configuration also corresponds to an
unbound state. It is quite clear that for N sufficiently large all hedgehog quivers can be

only of the type (3.57) or (3.58), and hence they are all unbound from the point of view

of six-dimensional supergravity.
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Another intuitive way to think of our formulation of bound state classification is as
follows. Bound states generically emerge through E x B interactions. In four dimen-
sions there are four independent U (1) Maxwell fields and thus many ways in which to
generate the interaction. In five dimensions there are only three U (1) Maxwell fields and
thus some of the four-dimensional E x B interactions become trivial upon oxidation to
five dimensions. Indeed, this is precisely what happens with the hedgehog quiver: One
can map the sources of the four-dimensional E x B interaction to a single D6 at the
center of the quiver and DO charges on the nodes. Upon lifting to five dimensions, the
D6 brane disappears (becoming the “center of space”) and all the nodes become free.

One should note that our analysis here indicates that the hedgehog quiver describes
unbound states only when the center of the quiver is primitive. Indeed, one can con-
sider quivers in which the exterior nodes have charges corresponding to black rings,
and the center is a primitive (fluxed) D6 brane. This solution can be lifted to one or
many concentric black rings on an R* base. As with supertubes, the absence of arrows
between the exterior nodes of the quiver is equivalent to the absence of E x B-like inter-
actions between the black rings. Hence, in the asymptotically five-dimensional solution,
these rings can slide away from each other, and the configuration has zero modes and is
unbound. However, if the center node is not a fluxed D6 brane, but a BMPYV black hole,
the sliding away of the rings becomes impossible. Indeed, as shown in [27], one cannot
take a BMPV black hole away from the center of a black ring without modifying the
asymptotic angular momenta of the solution. In that case, the black ring and the black
hole interact via E x E-type interactions, that render the sliding-away mode massive.

To summarize, our arguments indicate that all asymptotically five-dimensional solu-
tions given by hedgehog quivers are unbound when their centers are primitive branes.

Although a more detailed analysis is needed, this also seems to be true for hedgehog
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quivers whose central node is primitive and the outside nodes are not. However, the
system may well be a bound state when the central node is not primitive.

A few examples of quivers describing unbound states include, for example the “Hall
halo” configurations with a primitive center discussed in [77, 15, 78], the three-center
configuration discussed in Section 6 of [41], and possibly also the “foaming quiver”
(with charges equal to those of a maximally-spinning BMPYV black hole) considered in
[28]. As we stressed earlier, the unbound status of such geometrically bound systems
can only be seen when considering asymptotically-flat five-dimensional solutions, or
asymptotically AdS5 x S* solutions in six dimensions.

This analysis of bound and unbound systems is also in agreement with the recent
findings that only quivers with closed loops can give solutions that have the charges
of black holes and black rings with classically large horizon radius [29, 32], and that
at weak coupling only these quivers give a macroscopic (black-hole-like) entropy [79].
Based on this, one expects that the closed, deep or scaling quivers describe bound states,
which they indeed do [29]. Intuitively, one can think about the microstates that come
from hedgehog quivers (and are necessarily “shallow”), and possibly about other “shal-
low” microstates as unbound or very weakly bound; conversely, the deep AdS throat,
which is the hallmark of the scaling solution, is a direct manifestation of the binding of

the geometric components of the microstate geometry.

3.3 Conclusions

We have investigated spectral flow - a transformation that takes multi-center solutions
into other multi-center solutions, by shifting the underlying harmonic functions. For
generic parameters, this transformation takes bubbling solutions that have multiple GH

centers into other bubbling solutions with GH centers. However, for specially-chosen
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parameters, a spectral flow transformation can take a bubbling solution into a smooth
solution that contains one or several supertubes in a GH multi-center background.

The fact that spectral flow can be used to interchange solutions containing two-
charge supertubes and bubbling solutions is a very powerful fact, which we have studied
in this Chapter, and will continue to use in Chapter 4.

The first problem we have addressed using this tool is to understand which of the
three-charge bubbling solutions constructed in the literature are bound states, and which
are not. We have found that the solutions that correspond to quivers without loops or
bifurcations can be transformed into solutions that in the five-dimensional lift can be
taken apart. Therefore they should not correspond to bound states in the dual CFT.

The second use of spectral flow has been to point to the existence of three-charge
smooth BPS solutions that depend on arbitrary functions in the vicinity of any multi-
center GH solution. Indeed, any GH center can be related to a round supertube via
spectral flow. Furthermore, supertubes can have arbitrary shape while still remaining
regular and supersymmetric. Hence the inverse spectral flow of a wiggly supertube
gives a new smooth black-hole microstate solution, that does not have a GH base, and
that can depend on arbitrary functions.

Even without knowing the explicit form of these BPS solutions, it is still possible to
investigate their physics (at least in the vicinity of GH solutions), analyze their moduli
space, and count their entropy by using supertube counting techniques [175, 9, 188].
The fact that GH solutions can be deformed to BPS solutions that depend on arbitrary
functions establishes the existence of families of black hole microstates that depend
on an infinite number of continuous parameters. In Chapter 4 we will explore these
microstates, and argue that they can have a macroscopically large (black-hole-like)

entropy.
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We have also explored a larger class of spectral flow transformations (called general-
ized spectral flow) that for generic parameters transform multi-center bubbling solutions
into other multi-center bubbling solutions, but for special parameters can transform one
or several of the centers of a bubbling solution into a two-charge supertube, D2-D0 or
DO center.

By taking the limit of parameters in which the D2-D0, or the DO branes do not
back-react on the geometry, one can study them using their (non-abelian) Born-Infeld
action, and count their entropy. In fact, such a counting has been performed in several
circumstances. For example, in [80, 115] it was found that the entropy coming from
DO branes in a D6-D6 background (which lifts to a multi-center GH solution in five
dimensions) is of the same order as the would-be black hole entropy. One could then
use generalized spectral flow to transform the D0O-D6-D6 system considered there into
a multi-center D6-D6 configuration, which (unlike the system with DO branes) is well-
described by supergravity in the regime of parameters where the classical black hole
exists. It would be very interesting to follow the spectral flow, and find the description of
the DO configurations that give the black-hole-like entropy [80, 115] in the multi-center

D6 frame, and to find whether these configurations are still smooth in supergravity.
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Chapter 4

Entropy enhancement

Supertubes [166] can have arbitrary shapes and give smooth supergravity solutions in
the duality frame in which they have D1 and D5 charges [156, 158]. This has been very
useful in matching the entropy of two-charge smooth supergravity solutions to that of
the dual CFT and served as one of the motivations of the formulation of the fuzzball
proposal. However, even if supertubes can have arbitrary shapes, and hence a lot of
entropy, their naive quantization cannot account for the entropy of a black hole with a

non-trivial, macroscopic horizon

Spr ~ VQ1Q2Qs - 4.1)

Indeed, as found in [175, 9, 188], since supertubes only carry two charges, their entropy

scales like:

Sst ~ V@1 Q2. (4.2)

The new insight here, based on [34], comes from considering supertubes in the back-
ground of a scaling bubbling solution with large magnetic fluxes. We generalize the
analysis of [175], and use the supertube DBI-WZ action to count states of quantized
supertubes in non-trivial background geometries. We find that, for the purposes of
entropy counting, the supertube charges (); that appear in (4.2) are replaced by the
local effective charges of the supertube, Q;f I , which are a combination of the supertube
charges and terms coming from the interaction between the supertube magnetic dipole

moment and the background magnetic dipole fields.
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If there are strong magnetic fluxes in the background, as there are in deep, bubbled
microstate geometries, these effective charges can be much larger than the asymptotic
charges of the configuration, and can thus lead to a very large entropy enhancement!
Indeed, one finds that if the supertube is put in certain deep scaling solutions, the effec-
tive charges can diverge if the supertube is suitably localized or if the length of the throat
goes to infinity. Of course, this divergence is merely the result of not considering the
back-reaction of the wiggly supertube on its background. Once this back-reaction is
taken into account, the supertube will delocalize and the fine balance needed to create
extremely deep scaling solutions might be destroyed if the tube wiggles too much.

Hence, we expect a huge range of possibilities in the semi-classical configuration
space, from very shallow solutions to very deep solutions. In very shallow solutions, the
supertubes can oscillate a lot, but they will not have their entropy enhanced and for very
deep solutions the supertube will have vastly enhanced charges but, if the solution is to
remain deep, the supertube will be very limited in its oscillations. One can thus imagine
that the solutions with most of the entropy will be intermediate, neither too shallow
(so as to obtain effective charge enhancement), nor too deep (to alow the supertube to
fluctuate significantly). To fully support this intuition one will need to construct the
full back-reacted supergravity solution for wiggly supertubes in bubbling three-charge
backgrounds. Even though we do not yet have such solutions, it is possible to use
the AdS/CFT correspondence to estimate the depth of the bulk microstate solutions
dual to states in the typical sector of the dual CFT [29]. We will use this result to
determine the depth of the typical throat and then argue that the effective supertube
charges corresponding to this throat depth yields an enhanced supertube entropy that is

macroscopic (4.1).

117



It is interesting to note that entropy enhancement is not just a red-shift effect. There
is no entropy enhancement unless there are strong background magnetic fluxes. A three-
charge BPS black hole will not enhance the entropy of supertubes: it is only solutions
that have dipole charges, like bubbled black holes or black rings that can generate super-
tube entropy enhancement.

The last ingredient that we use is the generalized spectral flow transformation of
Chapter 3, [33], that enables us to start from a simple, bubbled black hole microstate
geometry [26, 41] and generate a bubbled geometry in which one or several of the
Gibbons-Hawking (GH) centers are transformed into smooth two-charge supertubes.
One can then study the particular class of fluctuating microstate geometries that result
from allowing the supertube component to oscillate in the deep bubbled geometries. The
naive expectation is that one would recover an entropy of the form (4.2) but, as we indi-
cated, the (); are replaced by the enhanced Q?f !, and the entropy of these supertubes
can become “macroscopic” in that it corresponds to the entropy of a black hole with a
macroscopic horizon. One can then “undo” the spectral flow to argue that this entropy is
present in the BPS fluctuations of three-charge bubbling solutions in any duality frame.
In fact, spectrally flowing configurations with oscillating supertubes into other duality
frames is not strictly speaking necessary for the purpose of illustrating entropy enhance-
ment and arguing that smooth solutions can give macroscopically large entropy. After
all, one could do the full analysis in the D1-D5-P duality frame and consider smooth
black hole microstates containing both GH centers and supertubes. Nevertheless, since
such solutions have not been studied in the past in great detail, it is easiest to construct
them by spectrally flowing multi-center GH solutions, which have been studied much

more and are better understood.
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We start this Chapter by studying probe supertubes in various backgrounds, then we
move on to calculate the entropy stored in the oscillations of the supertubes and uncover

the entropy enhancement mechanism.

4.1 Supertube probes in BPS solutions

We begin with a review of supertubes in the background of a three-charge rotating BPS

(BMPV) black hole and then extend this to more general three-charge backgrounds.

4.1.1 Supertubes in a three-charge black hole background

As a warm up exercise, we first consider a probe supertube with two charges and one
dipole charge in the background of a three-charge (BMPV) black hole. This example
was considered in [19, 165] and was generalized to a probe supertube with three charges
and two dipole charges in [94]. The full supergravity solution describing a BMPV black
hole on the symmetry axis of a black ring with three charges and three dipole charges
was found in [21, 104], and a more general solution in which the black hole is not at the
center of the ring was found in [27].

First, we need the BMPV black hole solution in the DO-D4-F1 duality frame. The

metric (in the string frame) is:

1 .
ds?, = VA (dt +k)* + /Z1Zy(dp* + p*(d¥? + sin® 9dp? + cos® dp3))
NIAYA Z
+ "2 02 4+ (2L dst. (4.3)
Zg Z2

and the dilaton and the Kalb-Ramond field are given by:

1 VA
<I>:—1og( 1), B=(Z;' —1)dt Ndz+ Z; 'k Ndz. (4.4)
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The non-trivial RR potentials are:

CW = (Z =D dt+Z7 'k,  C® = —(Zy—1)p* cos® dpy Ndpy Adz+Z5 dtAkAdz .
4.5)
The one-form £ and the functions Z; are given by

Q1

k = kidpy + kodps = iQ(sin2 Idp; — cos> ¥dps) | Zr=1+=, (46)
P p

where J is the angular momentum of the black hole. The charges, ()1, ()2 and Q)3
correspond to the respective DO brane, D4 brane and F1 string charges of the black hole.

This solution is indeed a BPS, five-dimensional, rotating black hole [49] with an
event horizon at r = 0, whose area is proportional to /Q1Q2Q3 — J2. For J? >
(21Q2Q5 the solution has closed time-like curves and is unphysical.

We will denote the world-volume coordinates on the supertube by £°, £ and €2 = 6.
To make the supertube wrap =z we take £' = » and we will fix a gauge in which £° = ¢.
Note that z € (0,27L,). The profile of the tube, parameterized by 0, lies in the four-
dimensional non-compact R* parameterized by (p, 9, ¢1, 2) and for a generic profile
all four of these coordinates will depend on 6. It is convenient to use polar coordinate
(u, 1) and (v, @o) in R* = R? x R?, where the R* metric takes the form (2.19).

There is also a gauge field, F, on the world-volume of the supertube. Supersym-
metry requires that F essentially has constant components and we can then boost the
frames so that F,¢ = 0.

In this frame supersymmetry also requires F;, = 1 [166]. For the present we take

2rad'F = F = Fdt Ndz + Foedz A dO, 4.7
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where the components are constant. Keeping JF;, as a variable will enable us to extract
the charges below.

The supertube action is a sum of the DBI and Wess-Zumino (WZ)actions:

S = —Thy / Pee? \/—det (@ab + Ba + J-‘ab) + o / PP¢[CP +CY N (F+B)],

(4.8)
where, as usual, éab and Eab are the induced metric and Kalb-Ramond field on the
world-volume of the supertube. We have also chosen the orientation such that ¢,,9 = 1.

It is also convenient to define the following induced quantities on the world-volume:
A, = @Lu&,u%—uzaugol&,gol—l—@w&,v%—v%ug@&,m o Vo = k10up1+k20,02, (4.9)
8

where 0, = e

After some algebra, the DBI part of the action simplifies to:

Sppr = —Tpg/dtdzd9{212 (Fop — vo(Fie — 1))

+ 277 No[2(1 — Fr) — Zs(Fre — 1?32, (4.10)
while the WZ piece of the action takes the form
Swz = Tpa / dtdzd0 [(1 — Fp)veZy '+ Feo (27— 1)] . 4.11)
For a supersymmetric configuration (F;, = 1) we have

S]—"tzzl = Sppr +Swz = —sz/dtdzde F.o 4.12)
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The foregoing supertube carries DO and F1 “electric” charges, given by

T 1 oL
NST = 222 [ q2d0 Fo, NST = _— [ ap 4.13
LT T ’ ST Te OF -\, @13
The Hamiltonian density is:
oL oL
= |=F.—L = TpoF. 4.14
Hlr.=1 [a}_tzf"—t L__tzl paFo + 0F (4.14)

One can easily integrate this to get the total Hamiltonian of the supertube' (we assume

constant charge density F.y)
/ dzdf H|z,,—1 = N°T + N7 (4.15)

Thus the energy of the supertube is the sum of its conserved charges which shows that
the supertube is indeed a BPS object.

Now choose a static round supertube profile v’ = v' = ¢}, = 0, p; = 0. One then

has:
u? 9
’}/gzklsz, AQQIU/ (416)
and the supertube “electric” charges are:
7 2
N§T = nsT Fy | N5 =i 4.17)
z0

where n57 is the number of times the supertube wraps the angular variable #, which in
our conventions is also the supertube dipole charge given by the number of “tubular” D2
branes. So we find

NPTNST = (nST)2u? Z, . (4.18)

!'See Appendix D for details about our units and conventions.
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This is an important relation in that it fixes the location of the supertube in terms of its
intrinsic charges.

This computation was used in [19] to study the merger of a supertube and a black
hole. In particular, a supertube can merge with a black hole if and only if NY7 N7 <
(n5T)2N,, where N, is the number of D4 branes in the black hole. Moreover, the

supertube will “crown” the horizon of the black hole at “latitude”, v/ = a, given by:

| [NFTNST
Sl o = W . (419)

One can also show that one cannot violate chronology protection by throwing a super-
tube into the black hole, that is, one cannot over-spin the black hole and that the bound
J? < NN, N3 is preserved after the merger.

In [35] we also studied various two- and three-charge supertubes in the background
of supersymetric black rings. We have also studied mergers of black rings and super-
tubes and showed that chronology is protected in such mergers. We will not present the
details of the calculation here but it is worth noting that there are new features due to
the dipole charges of the black ring which interact non-trivially with the dipole charge

of the supertube.

4.1.2 Supertubes in solutions with a Gibbons-Hawking base

We now consider two-charge supertubes probing a general three-charge BPS solution
with a Gibbons-Hawking base and we will again work in the DO-D4-F1 duality frame.
The general BPS solution with three charges and three dipole charges and a GH base

is given in Section 3.1.1 and we proceed as we did for the black-hole background in
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the previous Section. We denote the supertube coordinates as £%, ! and €2 = 6 and

consider the simplified case of a circular supertube along the U (1) fiber of the GH base:
=t =z bH=v. (4.20)
The supertube action takes the explicit form

1 K3 p  K!
ool [(h e e ()]

1/2
- {V%Z%[(K‘”’—V(u(l—ft,z)—fze>>2+vzlza<1—@)(2—23(1—fmm} }

4.21)

For F;, = 1 the tube is supersymmetric and, as before, the Hamiltonian density is
the sum of the charge densities (4.14). Due to the supersymmetry there is a constraint

similar to (4.19), which determines the location of the supertube in terms of its charges

[NfT + ngTKVT {N??T + KVI} = (@T)?% : (4.22)
where the charges are still defined by (4.13). There is an important new feature here in
that there is a contribution from the interactions of the dipole charges of the supertube
and the background. This appears through the pull-back of the magnetic gauge poten-
tials, BY) (given by the harmonic functions K7), to the world-volume of the supertube
and it gives an added contribution to the basic supertube charges to yield what we will
refer to as the local effective charges of the supertube. As we will see later in this Chap-
ter this will be essential when one computes the entropy of a fluctuating supertube in
backgrounds with non-trivial dipole charges.

Here we presented a brief review of probe supertubes in a general GH bubbling

solution. We have studied this configuration in greater detail in [35] and have shown
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that 2-charge supertubes are regular in any 3-charge bubbling solution. This was done

by studying both the exact supergravity solution and the probe action of the supertube.

4.2 Fluctuating supertubes and entropy enhancement

Our goal is to quantize the small oscillations about round two-charge supertubes in flat
space, black hole and generic three-charge backgrounds, and to examine the entropy
coming from these fluctuations. We find it convenient to work in the D0-D4-F1 duality
frame, and our approach follows that of [175, 34] (see also [9]).

As first reported in [34], in a generic three-charge background we find a non-trivial
enhancement of the entropy of a supertube when the dipole magnetic fields are large.
This enhancement arises because the entropy that can be stored in a supertube is gov-
erned not by the electric charges of the supertube (as in flat space or in a black hole
background) but by its locally-defined effective charges, that can get large contributions
from the interactions of the dipole moment of the supertube with the magnetic fluxes of
the background.

As discussed in [35] it is expected that supertube fluctuations will give rise to smooth
horizonless solutions. Hence, our analysis strongly supports the existence of smooth
horizonless three-charge solutions that depend on arbitrary continuous functions, and
whose entropy is much larger than their typical charge, and might even be as large as

the square root of the cube of their charge. That is, it might be black-hole-like.
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4.2.1 Flat space

In the absence of background fluxes, the WZ action of the supertube is zero, and the

DBI action (4.8) reduces to

S = —TD2 / dtdZd@\/RQ(l - EQZ) + JTZZQ, (423)
where R is the radius of the supertube and its embedding is
t=¢",  z=¢, g =96. (4.24)

The charges of the tube are given by (4.13):

2

STR
2 9

Fz@

NT = 5T Fy, N7 = (4.25)

where the factors of n57 come from multiple windings in @. Similarly the radius relation
(4.22) reduces to:
NSTNST = (n§T)?R?. (4.26)

The angular momentum of the supertube is’:

NSTNST
J = % = ny"R%. (4.27)
2

The foregoing results apply to round (maximally spinning) supertubes. Supertubes of
arbitrary shape will have more complicated expressions for their conserved quantities

and will generically have smaller angular momentum.

2See [35] for more details on how to compute this angular momentum.
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Now we will perform a simplified version of the analysis in [175], which will be
enough to give us the correct dependence of the entropy on the supertube charges. We
consider small fluctuations of the supertube in the six directions transverse to its world-
volume:

where four of these fluctuations take place on the compact 7 and the other two are radial
coordinates in the non-compact space. In general there are eight independent fluctuation
modes for the supertube, consisting of seven transverse coordinate motions and a charge
density fluctuation (which also affects the shape). To keep the computations simple here,
we have restricted to a representative sample of oscillations in both the compactification
space and in the space-time. Since we are only interested in BPS fluctuations we will
also restrict 7; to depend only upon ¢ and 0 [175]°.

The effective Lagrangian for the fluctuations is obtained by expanding the DBI

Lagrangian of the supertube

.. . .. . 1/2
Ly = —Tps [(1 = F2 = 0ui) (B® + i) — 2F . Fugnn, + F25(1 — i) + (an)?] 2,

(4.29)

where the repeated index 7 is summed over. The canonical momenta conjugate to 7); are:

2w L
z oL 1
m:/ 4z - (4.30)
0 Oi ljm0, 7o 27
and the canonical commutation relations are:
[nj(t, 0), 11, (¢, 6’)} = iéjké(ﬁ — 6’) . 4.31)

3The time dependent modes will break supersymmetry. Hence, we will retain the time dependence of
7; to compute momenta and quantize the system but then we will set 9;n; = 7; = 0.
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The BPS modes 7); then can be expanded as:

1 A O)f
m:_{zeme/n?@ v ohel (4.32)

valiz V1K

where (a}) and a! are creation and annihilation operators for the £ harmonic. The

normalization has been chosen such that*:
[(af)", af] = 6"y (4.33)

It is not hard to see that the fluctuations do not change N7 and the angular momentum

J5T. The charge N5T becomes:

1 27Tn23T ac T 27rn§T R2 /ol
NST = — / df _ lp dp L)y
TFl 0 a-}ttz Fir=1 TFl 0 fz@
from which one finds
6 ] ) 27rnQST 27'm§T 6
S k) = LTn [ as [ a S i (4.35)
i=1 k>0 0 0 i=1

= NYINGT — (n5")’R? = NYTNGT —ng" T (4.36)

The left hand side of this expression can be thought of as the energy of a system
of six massless bosons in (14 1) dimensions (we have effectively (1+ 1) dimensional

dynamics in (¢,6) space). Due to supersymmetry there will also be six corresponding

“4Technically, to get this normalization correct we need to include the mode expansion of the non-BPS
modes in (4.32). Ignoring the non-BPS modes gives an incorrect factor of 1/2 in the normalization of the
7n;. Here we have given the correctly normalized expressions that one would obtain if one included the
non-BPS modes.
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fermionic degrees of freedom. The total central charge of the system is thus ¢ = 9, and

so the entropy of this system is given by the Cardy formula® [55]:

5= 27r\/§ VNSTNST —ngTJsT = QW\/g VNSTNST —nSTJST. (437)

If we had included all eight bosonic fluctuation modes then we would have had eight

bosons and eight fermions and hence a theory with ¢ = 12 and with the entropy:

Ssr = 2m/§\/ NSTNST — psTJ . (4.38)

This is the correct central charge and it yields the correct supertube entropy [175]. By
restricting our analysis to six of the shape modes and ignoring the other supersym-
metric modes we have obtained a finite, but well understood, fraction of the supertube
entropy. Since our purpose here is to analyze when entropy enhancement happens, and
when it does not, we will only be interested on the dependence of the supertube entropy
on the macroscopic charges, and not pay particular attention to numerical coefficients.
Restricting our analysis in more general backgrounds to transverse BPS fluctuations and
counting the entropy coming from these modes will therefore be enough to illustrate the

physics of entropy enhancement.

4.2.2 The three-charge black hole

A two-charge round supertube in the background of a three-charge BPS rotating
(BMPYV) black hole was discussed in section 4.1.1. Here we will use the metric and

background fields presented in section 4.1.1 and consider small shape fluctuations in the

SWe are assuming that the electric and dipole charges of the supertube are large enough so that the use
of the Cardy formula is justified.
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directions transverse to the world-volume of the supertube. We are again interested only

in BPS excitations, which have the following form

$1_>xl+nz(t79)v 1= 17273a47 U—>U+775(t,(9), U_>U+776(t79)7 (439)

where we have defined the metric on the four-torus to be

dsty = da? + dal + do? + da? . (4.40)

and the supertube embedding is the same as (4.24). One can use the sum of the DBI
and WZ actions, find an effective action for the supertube fluctuations and compute the

momenta conjugate to 7, 17 and 7;:

II,, = /dz(g—ﬁ) = %né,
5/ |BPS T
oL 7y
]___[ g dZ - = — ! 5 4.41
oL 1,
i/ |BpPs &

where the subscript “BPS” means that we have evaluated everything “on shell,” which

means we have imposed the BPS conditions of no time dependence and F;, = 1.
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The BPS modes 7, 15 and 7 then can be expanded as

1 [ ik0/nST (%)T
N = —= E e + hece. |,
\/§ >0 \/‘k"
LT k0 /nST (G}Z)T ]
=— e + he |, 4.42
LG DI - ¢4

ns = En 3 ko (ap)f +ohe |
V21 vald ]

At first glance, the physics of the n; fluctuations along the torus appears very different

from that of the fluctuations in the spacetime direction, 75 and 7); indeed the latter have
a factor of 7, in the denominator, and this factor becomes arbitrarily large when the
supertube is near the horizon of a black hole.

The charge NP7 is the same as that of the round supertube in flat space, but the

charge N5'T is modified to:

4

T'ps 2 1\2 1\2 "2
do | Z. 7 E /
TerFop / ( 2U” + 2[(775) + (776) ] + - (771)

(4.43)

1 oL
NST -
s TFl de aftz

BPS

Using similar arguments to those given for the flat space background one finds the

entropy of the BPS shape modes to be:

3
S = 2#\@ \/ NPTNGT = (n31)? Zou?. (4.44)

Hence, despite the presence of the warp factor Z in the radius relation and in the mode
expansions (4.42), the entropy of the supertube depends on its electric charges in exactly

the same way as in flat space, and hence there is no entropy enhancement.
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4.2.3 General GH background

Now we consider the general situation of a probe supertube with DO and F1 charges and
D2 dipole charge in the three-charge BPS solution with a Gibbons-Hawking base. We
choose the supertube world-volume coordinates ¢ to be (¢,60 = 1, z = z°), where 1 is
the U(1) fiber of the GH base.

The DBI-WZ action of the supertube is:

3 1
o o [(5 -7 v ()

1/2
- {V%Z%[<K3—V<u(1—ftz>—fz9>>2+v2122<1—ftz>(2—zg<1—ftz>>}} }

(4.45)

where 27a'F = F = F..dt N\ dz + F.9dz N df is the world-volume gauge field of
the D2 brane. Our goal is to semi-classically quantize BPS fluctuations around certain
supertube configurations, and compute their entropy. Supersymmetry requires that these
fluctuations be independent of ¢ and z, and that F;, = 1.

All the fluctuations of the supertube lead to similar values for the entropy, but for the
purpose of illustrating entropy enhancement it is best to focus on the fluctuations in the
four torus directions:

z— xm(t,0) =14 (4.46)

Since the BPS modes are independent of z, it is convenient to work with a Lagrangian
density that has already been integrated over the z direction, which gives the conjugate

momenta for the excitations 7;:

a 27l
II; = ( - / dz[Lwz + EDB[]) = 2L, Tpa 1., (4.47)
anl 0 771':07 Fiz=1
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oni

. To semi-classically quantize the BPS oscillations we

impose the canonical commutation relations:

[Uj(t7 9), Hk(ta ‘9,)] = Zéjké(e — (9,) . (448)

To work with proper normalization one should remember that s supertube with dipole
charge n57 can be thought of as wrapped n5” times around the 6 circle and that both
the BPS and non-BPS modes contribute to the delta-function in (4.48) and the inclusion
of both contributions is essential to the proper normalization of the modes. The result is
simply an extra factor of v/2 in the coefficient of the BPS mode expansion compared to

the naive expansion that neglects non-BPS modes:

1 - (ai)f
BPS nonBPS _ ik0/na \"'k nonBPS
i = T1; + n; e E e —— +hec.| + n; . (449)
T] vV 87(2TDQLZ >0 [ \/ |l€|

The creation and annihilation operators, (a};)T and a};, for the modes in the k™ harmonic

satisfy canonical commutation relations:

[ag,, (al,)T] = 664 . (4.50)

The DO and F1 quantized charges of the supertube are:

ST TD2 27rLz 27mng ) TDQ -
N =T dO F.,g = 4w T —L.nST Fue 4.51)
Thy [2™2 K1 1 Ty
NST — d9 _ N - 12 452
5T T o { v T v \v T (52)
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Substituting (4.49) into (4.52) and rearranging using (4.51) leads to:

4 ) ) 2mne 27no 4
ZZk(a@Ta%C = LZTDQ/ d9/ do’ Z nin;
0 0 i=1

i=1 k>0
K3 27TTD2 Kl Z2
= [NfT —|—27rTF1LG§T7] [Ng,sT Lo ”fTV} AR T LTS
(4.53)

where the integrals over ¢ and 0 are precisely those appearing in each of (4.51) and
(4.52). This is the result we have been seeking. The left hand side of (4.53) can be
thought of as the total energy L of a set of four harmonic oscillators in 141 dimensions.
For large L, the entropy coming from the different ways of distributing this energy to

various modes of these oscillators is given by the Cardy formula:

S—om/ C(ﬁﬂ (4.54)

Since we count BPS excitations, there will be also 4 fermionic degrees of freedom, and
the central charge associated to the torus oscillations will be ¢ = 4 4 2 = 6, giving the

entropy:

K3 K! Lo
5= zﬂ\/ [NfT T ngTﬂ [NgT T ngTﬂ (T2

e e Z
= o \/Qlff QL — (@T)?VQ, (4.55)

where we have used the conventions presented in Appendix D and

1

eff _ arST STKS eff — arST STK
1= Nl + Noy 7 s QS = N3 + No 7 (456)
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Equation (4.53) has two important consequences. First, for a supertube with a given
set of BPS modes, this equation is nothing but a “radius formula” that determines its
size by fixing, in the spatial base, the location of the U (1) fiber that it wraps. When the
supertube is maximally spinning, and has no BPS modes, this equation simply becomes
the radius formula of the maximally spinning supertube [35]. The second result is that
this formula also determines the capacity of the supertube to store entropy: In flat space,
this capacity is determined by the asymptotic charges, Q77 = N7 and Q37 = NJ7T,
whereas, in a more general background, the capacity to store entropy is determined by

ff 7 and ng 7 In certain backgrounds, the latter can be made much larger than the
former and so a supertube of given asymptotic charges can have a lot more modes and
thus store a lot more entropy by the simple expedient of migrating to a location where
the effective charges are very large. We will discuss this further below.

Clearly, for bubbling backgrounds, and even for black ring backgrounds, the right
hand side of (4.53) can diverge, and one naively gets an infinite value for the entropy.
Nevertheless, as we mentioned in the introduction, this calculation is done in the approx-
imation that the supertube does not back-react on the background, and taking this back-
reaction into account will modify this naive conclusion.

We have also explicitly calculated the supertube entropy in a general three-charge
black-ring background, where the supertube oscillates both in the 7', and in two of the
transverse R* directions [35]. The result is identical to (4.55), except that now there
are six possible bosonic modes (and thus after we include the corresponding fermions
the central charge of the system is ¢ = 9). Based on this result, we expect that upon
including the four bosonic shape modes in the transverse space, as well as the fermionic
counterparts of all the eight bosonic modes, the central charge ¢ should jump from 6 to
12, and equation (4.55) to be modified accordingly. We have also explicitly computed

the entropy coming from arbitrary shape modes, and the formulas do display entropy
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enhancement. Our calculation agrees with the entropy of supertubes in flat space-time,
computed using similar methods in [175, 9], and using different methods in [188].

It is also possible to compute the angular momentum of the supertube along the GH

fiber
JST _ NISTN'L;?T o Qiff ngf STé 4.57
s TV (*:37)
From this identity we may simply re-write (4.55) as
A
S = 2r \/ QY Qs — (ngT)QVQ = 2r \/ NPTNST — 3T JsT. (4.58)

Hence, in a certain sense, (4.55) is the same as the entropy formula for a supertube in
empty space and it naively appears that entropy enhancement has gone away. It has
not. The important point is that (4.57) implies that it is possible for J°7 to become
extremely large and negative as the number of BPS modes on the tube increases’®. In
flat space, |J5T| is limited by | N7 N5T| but in a general background our Born-Infeld
analysis (equations (4.53) and (4.57)) imply that the upper bound is the same but there
is no lower bound.

From the supergravity perspective, the limits on .J°7 usually emerge from requir-
ing that there are no CTC’s near the supertube. This is a local condition set by the
local behavior of the metric, and particularly by the Z;, near the supertube. Although
we do not have the explicit solution, our analysis suggests that the lower limit of the
angular momentum of the supertube is controlled by Q‘ff ! and ng ! as opposed to NPT
and N{T. Thus entropy enhancement can occur if the supertube moves to a region
where Qi’f 7 and ng ! are extremely large and then a vast number of modes can be sup-

ported on a supertube (of fixed N7 and N5T) by making J°7 large and negative. We

®This is not unexpected: As in flat space, every BPS mode on the supertube takes away one quantum
of angular momentum of the tube.
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therefore expect the corresponding supergravity solution to be CTC-free provided that
|n§TJST| < QifoS,ff.

One should thus think of a supertube of given n57, NPT and N7 as being able
to store a certain number of modes before it over-spins. The “storage capacity” of the
supertube is determined by the local conditions around the supertube and, specifically,
by n57, if 7 and ng /. Magnetic dipole interactions, like those evident in bubbling

backgrounds, can thus greatly modify the capacity of a given supertube to store entropy.

4.2.4 Entropy Enhancement - the Proposal

As we have seen, the entropy of a supertube, and hence the entropy of a fluctuating
geometry, depends upon the local effective charges and not upon the asymptotic charges
measured at infinity. In the derivation of (4.53) we started with a maximally spinning,
round supertube with zero entropy and perturbed around it. For the maximally spin-
ning tube, the equilibrium position is determined by the vanishing of the right-hand
side. Upon adding wiggles to the tube, the right hand side no longer vanishes and the
imperfect cancelation is responsible for the entropy.

It is interesting to ask how much entropy can equation (4.53) accommodate. The
answer is not so simple. At first glance one might say that the both terms in the right
hand side of (4.53) can be divergent, and hence the entropy of the fluctuating tube is
infinite. Nevertheless, one can see that the leading order divergent terms in fo f ng !
and in (n37)2Z,/V come entirely from bulk supergravity fields, and exactly cancel for
the supertube in a GH background.

It is likely that this partial cancelation is an artefact of the extremely symmetric form

of the solution, and that in a more general solution such cancellation may not take place.
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In particular, both fo ! and ng ! are integrals of “effective charge” densities on the

supertube world-volume, and the right hand side of equation (4.53) should be written as
Z
@ o it = [oan [ pan— [0 ptan as9)

If this generalized formula is correct, certain density and shape modes will disturb the
balance between the product of integrals and the integral of the product, and the leading

behavior of the entropy will still be of the order

S~/ QT (4.60)

Regardless of this, the next-to-leading divergent terms in (4.55) are a combination
of supertube world-volume terms and bulk supergravity fields. In a scaling solution, or
when the tube is close to a black ring, these terms can diverge, giving naively an infinite
entropy. We expect the back-reaction of the supertubes to render this entropy finite.

The idea of entropy enhancement is that one can find backgrounds in which the
effective charges of a two-charge supertube can be made far larger than the asymptotic
charges of the solution, and that, in the right circumstances, the oscillations of this
humble supertube could give rise to an entropy that grows with the asymptotic charges
much faster than \/@ (as typical for supertubes), and might even grow as fast as \/@,
as typical for black holes in five dimensions.

To achieve such a vast enhancement requires a very strong magnetic dipole-dipole
interaction and this means that multiple magnetic fluxes must be present in the solu-
tion. It is not sufficient to have a large red-shift: BMPV black holes have infinitely long
throats and arbitrarily large red-shifts but have no magnetic dipole moments to enhance
the effective charges and thus increase the entropy that may be stored on a given super-

tube.
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Hence, the obvious places to obtain entropy enhancement are solutions with large
dipole magnetic fields, such as black ring or bubbling microstate solutions. Since we are
focussing on trying to obtain the entropy of black holes from horizonless configurations,
we will focus on the latter. These bubbling solutions are constructed using an ambi-
polar base GH metric, and near the “critical surfaces,” where V' vanishes, the term va in
the effective charge diverges. It is therefore natural to expect entropy enhancement for
supertubes that localize near the critical (V' = 0) surfaces.

We also believe that placing supertubes in deep scaling solutions [29, 32, 79] will
prove to be an equally crucial ingredient. Indeed, as we will see in the next section, in
a deep microstate geometry the K/ at the location of the tube can also become large,
and hence there will be a double enhancement of the effective charge, both because of
the vanishing V' in the denominator and because of the very large K in the numerator.
There is another obvious reason for this: It is only the scaling microstate geometries that
have the same quantum numbers as black holes with macroscopic horizons [29] .

This must mean that the simple entropy enhancement one gets from the presence of
critical surfaces is not sufficient for matching the black hole entropy. The fundamental
reason for this may well be the following: Even if the round supertube can be brought
very close to the V' = 0 surface, once the supertube starts oscillating it will necessarily
sample the region around this surface, and the charge enhancement will correspond to
the average Qif 7 in that region. For this to be very large the entire region where the
supertube oscillates must have a very significant charge enhancement. The only such
region in a horizonless solution is the bottom of a deep or scaling throat, where the
average of the K7 is indeed very large.

All the issues we have raised here have to do with the details of the entropy enhance-
ment mechanism, and involve some very long and complex calculations that we intend

to pursue in future work. We believe their clarification is very important, as it will
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shed light on how the entropy of black holes can be realized at the level of horizonless
configurations.

Our goals here are rather more modest. We have shown via a Dirac-Born-Infeld
probe calculation that the entropy of supertubes is given by their effective charges, and
not by their brane charges, and that these effective charges can be very large. However,
because the supertube has been treated as a probe in our calculations, it is logically
possible that, once we take into account its back-reaction, the bubble equations may
forbid the supertube to get suitably close to the V' = 0 surfaces, and to have a suitable
entropy enhancement.

In principle this is rather unlikely, as we know that in all the examples studied to
date, the solutions of the Born-Infeld action of supertubes always correspond to config-
urations that are smooth and regular in supergravity [35]. However, settling the issue
completely is not possible before constructing the full supergravity solutions corre-
sponding to wiggly supertubes. We recently made some progress in this direction [40].
In the remainder of this chapter we will show that at least for the maximally-spinning
supertubes, their effective charges in deep scaling solutions can lead to a black-hole-like

enhanced entropy.

4.2.5 Supertubes in scaling microstate geometries

As explained in Chapter 3 and [33], one can perform a spectral flow transformation on a
GH background with N GH points and obtaina bacground with N —1 GH points and one
two-charge supertube. The dipole charge and “bare” electric charges of the supertube are

given by the coefficients of the divergent terms in K2, L, and 237. One can furthermore

"The harmonic functions after the spectral flow transformation are denoted with tilde. See Chapter 3
for more detials on the spectral flow transformation for GH bubbling solutions
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show that “effective” charges of the supertube are given by the divergence of the electric
potentials, Z;, near the supertube:

QT =4 Jim 7y Zy = dqn (V71 2)) o = 405 + AR (VKm0 (461)
and similarly for Q5//.

To find bubbling solutions that contain supertubes with enhanced charges one could
look for solutions of the bubble equations (2.79) that describe scaling solutions where
some of the centers are GH points, and the other centers are supertubes. However, it
is more convenient to construct such solutions by spectrally flowing multi-center GH
solutions, which have been studied much more. The parameters of the equations are the
same as in Section 2.2.10. One obtains a scaling solution when a subset, S, of the GH
points approach one another arbitrarily closely, that is, r;; — 0 for 4, j € S. In terms of
the physical geometry, these points are remaining at a fixed distance from each other, but
are descending a long AdS throat that, in the intermediate region, looks almost identical

to the throat of a black hole or black ring (depending upon the total GH charge in S). In

particular, in the intermediate regime, one has Z; ~ %, where we have taken S to be

centered at r = 0 and the (; are the electric charges associated with S. Similarly, if &

has a non-zero total GH charge of ¢y, then one has V' ~ %0. More precisely:

ZiV = 1V 4 e (L —€h) — YCr Ym0 £ (4.62)
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Suppose that we perform a spectral flow so that some point, p € S, becomes a supertube.
Let 171, be the value of V at p. Then, from (4.61), the effective charges of this supertube

are dominated by terms from interactions with the magnetic fluxes in the throat:

Q' ~ =24V O Y TG L (4.63)

Jjp r.
JES ,j#p P

However, observe that ¢; = (kg)*lqquﬂﬁ) and so

- N
g,V ~ (k)7 Y - (4.64)
jes. j#p P

Therefore the numerator and denominator of (4.63) have the same naive scaling behavior
as 7, — 0 and so, in general, Qif T will attain a finite limit that only depends upon the
4, /{:][ for j € S. Indeed, the finite limit of Q;f I scales as the square of the £’s for large
k:]I parameters. This is no different from the typical values of asymptotic electric charges
in bubbled geometries.

However, since we are in a bubbled microstate geometry, V' and 1% change sign
throughout the bubbled region. In particular, there are surfaces at the bottom of the
throat where V' vanishes and there are regions around them where V remains finite and
bounded as 7;; — 0. Suppose that we can arrange for the supertube point p to be in such
a region of a scaling throat and at the same time we can arrange that Z; still diverges
as 71 Then, in principle, the effective charges, of the supertube Q?f 7. could become
arbitrarily large.

As mentioned above, we expect the entropy of the system to come from wiggly
supertubes in throats that are neither very deep (to allow the tubes to wiggle), nor very

shallow (to give enhancement). We do not, as yet, know how to take the back-reaction of

the wiggly supertubes into account, and hence we do not have any supergravity argument
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about the length of these throats. However, we can use the AdS/CFT correspondence
and the fact that we know what the typical CFT microstates are, to argue [29] that the
typical bulk microstates are scaling solutions that have GH size r given by

— 12

re ~ Q ~ (4.65)

1

P

where Q) is the charge and £ is the typical flux parameter.
If one takes this AdS/CFT result as given, and moreover assumes that the wiggling

supertube remains in a region of finite V in the vicinity of the V = 0 surface, one then

has:

— 3/2

S~ (k) ~Q (4.66)

(K

because ij) ~ k, and hence the entropy of the fluctuating supertube (4.60) would

depend upon the asymptotic charges as:

S ~ QI ~ Q. (4.67)

which is precisely the correct behavior for the entropy of a classical black hole!

These simple arguments indicate that fluctuating supertubes at the bottom of deep
scaling microstate geometries can give rise to a black-hole-like macroscopic entropy,
provided that they oscillate in a region of bounded V.

Obviously there is a great deal to be checked in this argument, particularly about the
effect of the back-reaction of the supertube on its localization near the V = 0 surface.
We conclude this section by demonstrating that at least maximally spinning tubes, for
which we can construct the supergravity solution, have no problem localizing in a region
of finite V. As the solution scales, the effective charges diverge, as is needed for entropy

enhancement.
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4.2.6 An example

One can construct a very simple deep scaling solution using three GH centers with

OBy, -
ij Hij Hz’j l,i,j =

charges ¢, ¢ and g3, and fluxes arranged so that |I';;| = |¢; ¢;11
1,2, 3, satisfy the triangle inequalities. The GH points then arrange themselves asymp-
totically as a scaled version of this triangle:

rii — Myl A—0. (4.68)

One can then take a spectral-flow of this solution so that the second GH point becomes
a two-charge supertube. For simplicity, we will choose ¢; H%) = @3 H%) so that after

the flow the GH charges of the remaining two GH points will be equal and opposite:
Gt = — G- (4.69)

For XN/p to remain finite in the scaling limit, the supertube must approach the plane
equidistant from the remaining GH points.

We have performed a detailed analysis of such solutions and used the absence of
CTC’s close to the GH points, in the intermediate throat and in the asymptotic region to
constrain the possible fluxes. We have found a number of such solutions that have the
desired scaling properties for Q?f 7 and we have performed extensive numerical analysis
to check that there are no regions with CTC’s. In particular, we checked numerically
that the inverse metric component, g%, is globally negative and thus the metric is stably
causal. We will simply present one example here.

Consider the asymptotically Taub-NUT solution with:

@ =16, g =96, g3 = —40, e =1, Qo = qi+q+qg = 72, (4.70)
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and

ki = (8,-88,8), kL = (0,96,0), ki = (20,64,20), 4.71)

where () is the KK monopole charge of the solution. With these parameters one has

the following fluxes:

my = (-3,2,-4),  my = (-4-2-), 0 = (1,3,
“4.72)
and
'y = I'yg = I'y; = 2496. 4.73)

In this scaling solution the GH points form an equilateral triangle and thus, after the
spectral flow, the supertube will tend to be equidistant from the two GH points of equal
and opposite charges (4.69), and therefore will approach the surface where vV =0.

The solution to the bubble equations yields

11232 T13 11232 T13

_ 474
11232 + 35973 "3 11932 + 73115 74

T2 =

. . . . .o, . 11232 ~
which satisfies the triangle inequalities for ;3 < NG 21.9. After spectral flow the

value of V at the location of the supertube (point 2) is

~ 104 104 22
Vo=14 — — — = — —, (4.75)
712 723 9
independent of r3. In particular, it remains finite and bounded as the three points scale
and the distances between them go to zero. The effective charges of the supertube are
given by

o2 52) , (4.76)

O =@ =l (14 =4 =
712 723
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and scale as A~ as A\ — 0 in (4.68). We thus have effective charges that naively scale
to arbitrarily large values. As described earlier, we expect this scaling to stop as the
supertubes become more and more wiggly, and we expect the entropy to come from

configurations of intermediate throat depth.

4.3 Conclusions

The most important result presented in this Chapter is that the entropy of a supertube in a
given background is not determined by its charges, but rather by its “effective charges,”
which receive a contribution from the interaction of the magnetic dipole moment of the
tube with the magnetic fluxes in the background. As a result, one can get very dramatic
entropy enhancement if a supertube is placed in a suitable background. We have argued
that this enhancement can give rise to a macroscopic (black-hole-like) entropy, coming
entirely from smooth horizonless configurations.

Three ingredients are needed for this dramatic entropy enhancement:
e Deep or scaling solutions
e Ambi-polar base metrics

e BPS fluctuations that localize near the critical (V' = 0) surfaces of the ambi-polar

metrics

These are also precisely the ingredients that have emerged from recent developments in
the study of finite-sized black-hole microstates in the regime of parameters where the
gravitational back-reaction of some of the branes is negligible. Indeed, deep scaling
ambi-polar configurations are needed both to get a macroscopic entropy in the quiver
quantum field theory regime’ [79], and to get smooth microstates of black holes with

macroscopic horizons [29]. Furthermore, the DO branes that can give a black-hole-like
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entropy in a D6-D6 background [80] must localize near the critical surface of the ambi-
polar base, much like the supertubes in our analysis. It would be fascinating to find a
link between the microscopic configurations constructed in these papers, and those we
consider here.

We have referred to the entropy enhancement mechanism as a “proposal” because
a number of the details need to be checked by careful computation. Most importantly,
we have performed a classical calculation using a brane probe near a critical surface.
It is important to study the fluctuating supertubes in the full supergravity theory and
determine how the back-reaction of the fluctuations modifies the picture presented here.
One important issue is whether fluctuating supertubes can still remain in the region close
to the critical surface with V' finite and bounded. Another is to understand the interplay
between how much a supertube wiggles and how long its throat can get or how much
the supergravity solution it sources can scale.

In [40] we found exact supergravity solutions corresponding to wiggling supertubes.
We were able to find the exact solution that corresponds to the backreaction of the charge
density mode along the supertube profile. The solution that we find is valid for a circular
supertube in a general GH background . Taking into account the backreaction of the
shape modes of the supertube seems to be technically challenging since one breaks
a lot of the symmetries of the background. The results of [40] however support the
general results of the entropy enhancement mechanism described in this Chapter for
probe supertubes. In particular we have shown in [40] that (4.59) is valid for the charge
density modes.

While some of the details need to be explored very carefully, we believe that the
mechanism and the approach of this Chapter may well provide the key to understanding
how fluctuating microstate geometries can provide a semi-classical description of black-

hole entropy in the regime of parameters where the black hole exists.
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Chapter 5

Going beyond triholomorphy

Despite the remarkable results that have been obtained using Gibbons-Hawking geome-
tries, such metrics represent a major restriction. In particular, they all have a translational
(tri-holomorphic) U(1) isometry [113], which is a combination of the two U(1)’s in the
R? planes that make up the R* in the asymptotic region'. Thus, bubbling solutions with a
GH base cannot capture quite a host of interesting physical processes that do not respect
this symmetry, like the merger of two BMPV black holes, or the geometric transition
of a three-charge supertube of arbitrary shape. In [26] it was argued that this geomet-
ric transition results in bubbling solutions that have an ambi-polar hyper-Kéhler base,
and that depend on a very large number of arbitrary continuous functions. It is of great
interest to construct and understand such solutions since they will provide important
information about the structure of the microstates of supersymmetric black holes.

In this Chapter, based on [31], we will make a step in this direction by considering
metrics that have a general U (1) isometry which are much less restrictive than the GH
metrics. Moreover, they could also arise from the geometric transition of supertubes that
preserve a rotational U(1), and hence could also depend on an arbitrarily large number
of continuous functions. Even if the entropy in these symmetric configurations will be
smaller than the entropy of the black hole, it might give some insight into the structure

and charge dependence of the most general, non-symmetric configuration.

! Alternatively, one can see that the tri-holomorphic U (1) necessarily lies in one of the SU (2) factors
of SO(4) = (SU(2) x SU(2))/Zs.
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An important feature of all bubbled solutions is that the ambi-polar base space and
the fluxes dual to the homology are singular on the critical surfaces where the metric
changes sign. As we discussed in Chapter 2, for ambi-polar GH spaces it was possible to
use the explicit solutions to show that all these singularities were canceled and the final
result was a regular, five-dimensional compactification of M-theory. Our analysis here
will illustrate how this happens for the general U (1)-invariant BPS bubbled background,
and this work suggests that the most general bubbling geometries will have also this
property.

Before beginning, we would like to stress that constructing solutions that only have
a rotational U(1) is a rather tedious and challenging task. For classical black holes
and black rings, only two such solutions exist: one describing a black ring with an
arbitrary charge density [23], and one describing a black ring with a black hole away
from the center of the ring [27]. In [31] we were able to construct the first explicit
bubbling solution in this class, using a base that is a generalization of the Atiyah-Hitchin
metric’>. Nevertheless, the most general bubbling solutions that only have a rotational
U (1) invariance will be much more complicated, and perhaps even impossible to write
down explicitly.

In this Chapter we will follow [31] and present a general analysis of supergrav-
ity solutions on hyper-Kéhler manifolds with no tri-holomorphic U(1) symmetry. The
solutions cannot be constructed as explicitly as for case of GH metrics but nevertheless
we are able to show that the general structure for the construction of bubbling solutions
is still present. We also present the explicit five-dimensional supergravity solution with

a four-dimensional Atiyah-Hitchin base and show how one can construct a bubbling

2Qur solutions can also be used to construct black holes or black rings in the Atiyah-Hitchin space.
See [197, 105, 106, 107] for recent work in this direction.
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solution on it. We present also a curious construction of a five-dimensional supergr-

vaity solution based on the irregular Eguchi-Hanson metric, the result is the well-known

AdS, x S3 solution in global coordinates with constant electro-magnetic flux.

5.1 Hyper-Kihler base with a general U(1)

5.1.1 Prelude

It has been known for a long time that hyper-Kihler metrics with a generic (rotational)

U(1) isometry can be obtained by solving the SU(co) Toda equation [48, 72, 10]. The

coordinates can be chosen so that the metric takes the form:
dsj = V71 (dr + Aida")? + Vo da'da?
with 7;; = 0 for ¢ # j and
Y11 = Y2 = €, 733 = 1,
for some function, v. The function, V/, and the vector field, A, are given by
V = 0., Ay = Oy, Ay = — 0., A3 = 0,
and the function v must satisfy:

Bv+ v+ 92(e") = 0.

S.D

(5.2)

(5.3)

(5.4)

This equation is called the SU(co) Toda equation, and may be viewed as a continuum

limit of the SU (V') Toda equation. Even though the SU (c0) Toda equation is integrable,

150



surprisingly little is know about its solutions, and there appears to be no known analog of
the known soliton solutions of the SU(/N') Toda equation. On the other hand, the metric
is determined in terms of a single function and (5.1) is a relatively mild generalization
of the Gibbons-Hawking metrics.

Our purpose here is to construct three-charge solutions based upon ambi-polar
hyper-Kihler metrics with generic (non-tri-holomorphic) U (1) isometries. We will do
this in two different ways, first by building such solutions using a general metric of the
form (5.1) on the base space. We will then consider the Atiyah-Hitchin metric: This
metric has an SO(3) isometry, but none of the U(1) subgroups is tri-holomorphic. Just
as with the GH metric, the metric (5.1), is ambi-polar if we allow V' = 0.v to change
sign. Thus the primary issue of regularity in the five-dimensional metric arises on the
critical surfaces where V' = 0. While we will not be able to construct general solutions
as explicitly as can be done for GH metrics, we will show that the five-dimensional
metric is regular and Lorentzian in the neighborhood of these critical surfaces.

The standard Atiyah-Hitchin metric [5] arises as the solution of a first order, non-
linear Darboux-Halphen system for the three metric coefficient functions. This system is
analytically solvable in terms of the solution of a single, second order linear differential
equation. Indeed, the solutions of the latter equation are expressible in terms of elliptic
functions. The standard practice is to choose the solution of this linear equation so
that the metric functions are regular, and the result is a smooth geometry that closes
off at a non-trivial “bolt,” or two-cycle in the center. We will show that if one selects
the most general solution of the linear differential equation, then one obtains an ambi-
polar generalization of the Atiyah-Hitchin metric. Moreover, one can set up regular,
cohomological fluxes on the two-cycle and the resulting warp factors render the five-

dimensional metric perfectly smooth and regular across the critical surface.
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The ambi-polar Atiyah-Hitchin metric actually continues through the bolt and ini-
tially appears to have two regions, one on each side of the bolt, that are asymptotic to
R3 x S!. It thus looks like a wormhole. Unfortunately, the solution cannot be made
regular on both its asymptotic regions. Indeed, upon imposing asymtotic flatness on one
side of the wormhole, one finds that the warp factors change sign twice, once on the
critical surface and again as one enters one of the asymptotic regions. Thus the critical
surface is regular, but there is another potentially singular region elsewhere. However,
we find that if we tune the flux through the bubble to exactly the proper value, one can
pinch off the metric just as the warp factors change sign for the second time. The result
is a Lorentzian metric, that extends smoothly through the critical surface (V' = 0). The
pinching off of the metric does however result in a curvature singularity that is very sim-
ilar to the one encountered in the Klebanov-Tseytlin solution [149]. We will argue that
the singularity of our new, non-trivial BPS solution is also a consequence of the very
high level of symmetry, and that it should be resolved via a mechanism similar to that in
[150].

We also consider solutions based upon an ambi-polar generalization of the Eguchi-
Hanson metric, obtained by making an analytic continuation of the standard Eguchi-
Hanson metric, and extending the range of one of the coordinates®. The singular struc-
ture of this metric is precisely what is needed to render it ambi-polar. Hence, upon
adding fluxes and warp factors this metric gives us regular five-dimensional solutions
that have similar features to the bubling Atiyah-Hitchin solution. There is also one
surprise: One of the Eguchi-Hanson “wormhole” solutions is completely regular every-

where and is nothing other than the global AdS, x S* Robinson-Bertotti solution [44].

3The unextended version of this metric was also discussed in the original Eguchi-Hanson paper [83],
but was discarded because it is singular.
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We will start by discussing the general construction of supergravity solutions on
hyper-Kéhler bases with a general U (1) symmetry and their ambipolar generalizations.
In the next Section we will present two explicit solutions on the Atiyah-Hitchin and the

singular Eguchi-Hanson spaces.

5.1.2 The BPS equations

We will use the same Ansatz for the metric and the 3-form gauge potential of eleven-
dimensional supergravity as in Chapter 2 and will study the system of BPS equations
(2.14), (2.15), (2.16) on a general hyper-Kéhler manifold with a U (1) isometry.

The first step in solving the system of BPS equations is to identify the self-dual,
harmonic two-forms, ©Y), In a Kihler manifold this is, at least theoretically, straight-
forward because such two-forms are related to the moduli of the metric. For a hyper-
Kéhler metric there are three complex structures, J;), ¢ = 1,2, 3, and given a harmonic

two-form, w, one can define three symmetric tensors via:
h/(jlZ = Jayu" W = Ji) Wpp- (5.5)

These tensors may be viewed as metric perturbations and as such they represent pertur-
bations that preserve the hyper-Kihler structure. In particular, they are zero modes of
the Lichnerowicz operator.

For the metric (5.1) it is convenient to introduce vierbeins:

él _ V_l/Q(dT—FAid.ﬁi), é2 — Vl/Qe”/zdx, é3 _ V1/2€V/2dy, é4 _ V1/2d27
(5.6)
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and introduce a basis for the self-dual and anti-self dual two forms:

OF = (dr+ Asdy) Adz £ Vdy Adz = e 2@ N2+ A, (5.7)
Qf) = (dr + Aydx) Ndy £ Vdz Ndx = e_y/z(él Aéd et ne), (5.8)

O = (dr+ Ajde + Asdy) Adz £ e Vde Ady = (& Né* £ A EP). (5.9)

The three Kdhler forms are then given by [10]:

Jay = e/? cos (%) Q(_l) + ¢"?sin (%) Q(_z)’ (5.10)
Jo = ePsin(5) Q0 — e eos (D)0, (5.11)
Jg = 09 (5.12)

and one can check that they satisfy the proper quaternionic algebra:
Jayu” Iy o = 050, — i Sy’ (5.13)
Following [26], we make an Ansatz for the harmonic, self-dual field strengths, (SIF

3
o = > 0,0 K" QY (5.14)

a=1

where the dot represents derivative with respect to 2. We then find that the K must sat-

isfy the linearized Toda equation (it follows from (5.4) that » also solves this equation):

LrK' = 2K + 0.K" + 92(e"K") = 0. (5.15)
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For later convenience, we note that there are relatively simple vector potentials such that
o) = 4.
BY = p K (dr 4+ A) + €D . dz, (5.16)

where

(VxEDY = —9,(y7e"KT). (5.17)

Hence, { (1) is a vector potential for magnetic monopoles located at the singular points
of KI.

Since the K satisfy the linearized Toda equation, we see the direct relationship
between the harmonic forms and linearized fluctuations of the metric. In practice, (5.5)
and (5.14) do not yield exactly the same result as the direct substitution of fluctuations
in v into (5.1) but they are equivalent up to infinitesimal diffeomorphisms. For example,
the metric fluctuation obtained from using (5.14) and J(3) in (5.5) is identical with the
metric fluctuation, v — v + eK!, combined with the infinitesimal diffeomorphism,
2 —z— e 'K

The second BPS equation (2.15) reduces to:

KJ

. KK
LZ; = ve' Cryk ’Y”az'(—.> aj(f) ) (5.18)
v v
where +;; is the three-metric in (5.2) and L is given by:

LF = ve’'ViF = 07F + 02F + 0.(e"0.F). (5.19)

The operator, V2, denotes the Laplacian in the metric 7;;.

The natural guess for the solution is to follow, once again, [26] and try:

Zy = YOk v ' KYKR + 70 (5.20)
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One then finds that ZI(O) is not a solution of the homogeneous equation, but
£z = —0.(Le" O K'KX). (5.21)

Intriguingly, one can also check that:

Lo(ECri v KYKX) = 0e¥ Cryxc 790, (KTJ) ) (K—> . (52
where L7 is the linearized Toda operator (5.15) and so one has the explicit solution but
to the wrong equation.

The important point, however, is that the source on the right-hand side of (5.21) is
regular as 7 — 0, and so Z}O) is regular on any critical surface where one has 7 = 0.

To solve the last BPS equation (2.16) for the angular momentum vector, k, we make
the Ansatz:

k=pldr+A) + w, (5.23)

where w is a one form in the three-dimensional space defined by (z, vy, z). Define yet

another linear operator:
LF = "10,0;F = O°F + OF + ¢ 9*F, (5.24)

and then one finds that ;2 and w must satisfy:

~ g K!
— 197 eY AU S —
Lpu =71 @(Ve v ;Z18j<1))>, (5.25)
and
. . 3 3 KT
(VX @) = ve" 0 — pd;(e"ip) — e’ Zy~" @-(7). (5.26)
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Note that the integrability of the equation for w is precisely the equation (5.25) for p,
provided that one also uses the fact that v satisfies (5.4). The structure of these equations
also closely parallels those encountered for a GH base metric [26, 41].

Once again one can try a form of the solution based upon the results for GH spaces.
Define i by:

n = %1)_1 Z[ KI - 1—12 1)_2 CIJK KIKJKK + Mo

Lot ZO K 4 1072 Oy KTKT K 4 g, (5.27)
and one then finds that 1,y must satisfy:

Luy = —te"K10.2° + L Cryx KTK7KX (5.28)

Again note that the source is regular as v — 0 and so p will be similarly regular as
v — 0.

Finally, if one substitutes these expressions for Z; and p into (5.26), one obtains:

(VX&) = ve"y90,u0 — pod;(e’y7v) + %Klaj(e”fyij2§o)) - %e”’yijZfo)ﬁjKI

— Loye" Cryx KTK'K™, (5.29)

where the §% means that the last term only appears for 7 = 3. Note that & has sources
that are regular as 7 — 0 and so & will be regular on critical surfaces.

Therefore, in this more general class of metrics, we cannot find the solutions to the
BPS equations as explicitly as one can for GH base metrics. However, one can com-
pletely and explicitly characterize the singular parts of the solutions as one approaches

critical surfaces where v — 0.
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5.1.3 Regularity on the critical surfaces

Consider the behavior of the metric (2.5) as 7 — 0. The warp factors, Z; diverge as
v~ 1, u diverges as 2 and so the only potentially divergent part of the metric is:
—(212523) P P (dr+ A+ (Z12:25) 2 v (dr+A)? = (Z12:250°) % Q (dT+A)?,

(5.30)
where

Q = 717,750 — u*i?. (5.31)

Every other part of the metric has a finite limit as v — 0. Since (Z; ZoZ3 ©/) is finite as

v — 0, we need to show that Q is finite. Using (5.20) and (5.27) one has

Q = i [(KK* + v 2")(K'K® + 0 Z0) (K'K* + i 2}
— (KKK + Lo 20K + i)’
— (22 K'K* + 22 KK+ 20 7)) K2 K°)

(v 2O KN — 2(K'K2K®) o, (5.32)

-4
as ¥ — 0. Thus the metric is finite on the critical surfaces. To avoid CTC’s, Q must
also be positive everywhere and, as with solutions on GH base metrics, this will depend
upon the details of particular solutions.

The Maxwell fields are also regular on the critical surfaces. From (5.14) we see that
the ©) are, in fact, singular on the critical surfaces, however from (2.13) and (5.16) we

see that the complete Maxwell fields are given by:

AD = — 7 (dt + p(dr + A) +w) + K (dr+ A) + €D dz. (5.33)
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As we remarked earlier, w is regular on the critical surfaces and the vectors, 5 (), defined

by (5.17) are similarly regular. The only possible singular terms are thus

AD o~ (0T KT = Z7 ) (dr 4+ A)

~ YK = (L0 KT KF) KK K?) (dr + A) = 0.(5.34)
Thus the AY) are regular on the critical surfaces.

5.1.4 Asymptotia

We would like the four dimensional base metric to be asymptotic to R* and there are
several ways to arrange this, depending upon how the U(1) defined by 7-translations

acts in R*. The simplest is to take v ~ log(z) and then:
dsi ~ zdr* + z7'd2? + d2® + dy* = dr® + r*d¢® + d2® + dy*, (5.35)

where z = 17 and 7 = 2¢. This metric is that of R? x R? provided that 7 has period 47
so that ¢ has period 2. The U(1) acts in one of the R? planes and so this is the natural
boundary condition appropriate to a system with this symmetry.

Another possible boundary condition at infinity is is to require:

2

z
~ 1 , 5.36
) Og((1+§(x2+y2))2) (530

and then

dz? + dy?
(1+ 3@+ 3;2))2 7

dsi ~ 227'dz" + Lz (dr+ Ao)® + 2 (5.37)
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where
A 1 (zdy — ydx)
0 = = .
2 (141 +¢)

(5.38)

Now set x = tan g cos ¢ and y = tan g sin ¢ and one arrives at the metric:

dsi ~ 227'd2® + fz(dr+2(1 —cosf)dg)® + 2z (d6* + sin®6fd¢?)

~ dr’ + 1r* (o] + 0F + 03), (5.39)
where z = £r?, the o, are the SU(2) left invariant one-forms:

oy = cosydf + siny sinfdo,
0y = sinydf — cosy sinfdo, (5.40)

o3 = diy + cosfdo,

and 7 = —2(1) + ¢). Once again, the U(1) generated by 7 acts in one of the R? planes
in R? x R? = R*.

With either of these asymptotic behaviors, the integral:

/ \/?fy"j aiy(?jydgx. (5.41)

converges at infinity. The integrand is manifestly non-negative and if v is regular every-
where then we may integrate by parts. This generates the Toda equation, (5.4), and so
the integral vanishes. We therefore conclude that the only solution that is regular on R3
is a constant. Hence, v must have singularities on R?.

While general Toda metrics may have complicated singularities, we are interested in
metrics that, upon adding fluxes, give rise to smooth bubbling solutions. For Gibbons-

Hawking base metrics, one has positive and negative sources (GH points) for the metric
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function, V/, and pairs of these GH points then define the homology cycles. If one moves
sufficiently close to one of these singular points of V' in a GH metric, then the metric is,
in fact, regular and caps off into a piece of R* (perhaps divided out by a discrete group)
with SO(4) rotation symmetry. Guided by this, it is natural to consider singularities in v
that lead to local geometry that looks like R*/Z, for some integer, ¢, and which locally
has an SO(4) invariance about the singular point.

Equivalently, near the singularities of v, the Toda metric hasa U (1) xU(1) C SO(4)
symmetry and so can be mapped into a Gibbons-Hawking form. Thus the interesting
class of metrics for bubbling should be those that can be put into Gibbons-Hawking
form in the immediate vicinity of each singular point of v. The non-trivial part of the
Toda solution then relates to the transitions between these special regions. One can thus
think of the Toda function as quilting together a collection of GH pieces.

It is elementary to see from the foregoing that, in the neighborhood of a singular

point of charge +1, one must have:

v ~ loglz —af, +(z—a)>0. (5.42)

With these choices the metric becomes precisely that of R* and is positive or negative
definite depending on the sign of the charge. By taking the z — 0 limit in (5.36) one
can also see that for a point of charge +2 one has v ~ 2 log |z — «|. One can continue
to higher charges via a series expansion in z but the geometry gets more complicated.
This is because a charge ¢ leads to a local geometry that is R*/Z,. In GH spaces this
discrete identification was factored out of the U (1) fiber, but in a general Toda geometry
it will be factored out of the base and so the geometry near the singular points of v will

involve orbifold points in R3. It is therefore simpler to restrict to geometric charges of
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+1 and take the view that other geometric charges can be obtained via mergers of the
more fundamental unit charges.

While we do not yet know how to progress beyond these simple observations, we
believe that similar considerations will apply to bubbled geometries constructed from
completely general ambi-polar, hyper-Kihler metrics. In the neighborhood of singular
points of the Kihler potential they will locally be of GH form and so one might at least
construct an approximate description as a quilt of GH patches with transition functions.
Indeed, with such an approximating metric one might be able to establish existence
theorems and perhaps even count moduli in the same manner that Yau established the

existence of Calabi-Yau metrics [209].

5.2 Some examples

5.2.1 The Atiyah-Hitchin metric

The Atiyah-Hitchin metric has the form [5, 10]:

ds* = ja’b*dn® + ja*oi + (Vo) + (o, (5.43)

where the o; are defined in (5.40) and satisfy do; = %eijkaj A oy. For (5.43) to be

hyper-Kihler, the functions a(n), b(n) and c¢(n) must satisfy:

g = 1((b-0? - @ (5.44)
L= t(c—of - ¥) (549
(R} (5.46)

where the dot denotes %.
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5.2.2 The standard solution

This system of equations may be mapped onto a Darboux-Halphen system by introduc-

ing w; = bc, wy = ac and wy = ab. One then finds

d
d—n(wl—l—wQ) = —2wws, d—n(w2+w3) = —22U2’LU3, d—n(wl—l—wg) = —2wjws.
(5.47)

To solve this system one first defines a new coordinate, 6, via

dn = , (5.48)

where u is defined to be the solution of

d*u u
do? 4sin? 0 (>49)
One then finds that the solutions are given by [5]:
wy = —uwu — $u’ cscd,
wy = —wu + Fu’coth,
wy = —uu + $u®csch (5.50)
where the prime denotes derivative with respect to 6.
One can find the explicit solution for u in terms of elliptic functions:
u(®) = Vs K (sin® ) + 2 Vein6 K (cos® 2), (5.51)
T 7
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where ¢; and ¢y are constants and
w/2
K(z%) = / (1 —22sin® ) V2dy. (5.52)
0

A first order system for three functions like (5.47) should involve three constants of
integration. These are represented by ci, ¢y and the trivial freedom to shift n by a
constant. However, in order to get a regular, positive definite metric one must choose

only one of the non-trivial solutions, which is then canonically normalized to:
1
u(f) = — Vsinf K (sin® %) . (5.53)
T

With this choice, the function «(f) is non-vanishing on (0, 7) and so the change of
variables (5.48) is well-defined. Moreover one has w; < 0, ws < 0 and ws > 0 on

(0, 7) and so the metric coefficients:

W2 W3 wy Wy
o = —2, = =2, A = , (5.54)
w1 Wao ws

are all positive.

5.2.3 The geometry of the Atiyah-Hitchin metric

The standard Atiyah-Hitchin geometry is asymptotic to R x S* and has a non-trivial
two-cycle, or “bolt” in the center. To see this we first look at the structure at infinity,

which corresponds to § — 7. In this limit one has:

2do
0) ~ —1,/2c0s?1 5, dy ~ - ,
u(f) w /2008 3 log(cos 3) " 2 cos & (log(cos £))?
wi(0) ~ % log(cos), ws(0) ~ 2 log(cos ), (5.55)
ws(0) ~ 5 (log(cos 5)),
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which implies

a(f) ~ 1 log(cos?), b(0) ~ 1 log(cos?), o) ~ +. (5.56)
Define r = — log(cos g) and then the asymptotic form of the metric becomes:
ds® ~ g (dr® + 1%t + 0}) + a3), (5.57)

which indeed has the structure of a U(1) fibration over R?.

At the other end of the interval, & — 0, one finds:

0z — LoF + 03

96

wi(f) ~ —+— 0t 4 O°),  w(0) ~ — L0 — 6t + O,

2048 3072

), dn ~ 407df

=

"
2

D=

wy(0) ~ 6% + =600 + O, a(f) ~ 6% + 0" + O0(0°),

384

bO) ~ 3+ 56 + 00", c0) ~ 5 — 50 + 00" (558

N[

Define p = &;6* and the metric near 6 = 0 has the form:
ds> ~ dp® + 4p°0} + L (03 + o3) (5.59)

Thus we see the “bolt” at the origin. Note that the scale of the metric has been fixed
and the radius of the bolt has been set to i. The fact that the coefficient of o, vanishes
as ~ 4p? also has important implications for the global geometry. There is a very nice
discussion of this in the appendices of [70].

For future reference, we will chose the constant of integration (5.48) so that n — 0

= -5 (5.60)
0

u2

at infinity (f = 7) and take:
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With this choice, 1 has the following asymptotic behavior:

7T2

n ~ 4log(f) as 8 — 0; n~ ——asf—m, (5.61)
r

where r = — log(cos £).

Since there is a non-trivial two-cycle, there must be a non-trivial, dual element of
cohomology. That is, there must be precisely one square-integrable, harmonic two-form.
In particular, this means the two-form must be a singlet under SO(3). To determine this

two form, it is convenient to introduce the vierbeins:

1 1 2 1 3 1 4 1
el = _iadenv e’ = 5ao0q, e’ = 5[)0'27 e = ;5C03, (562)

and define some manifestly SO(3)-invariant, self-dual two-forms via:

Q = h1(&2d77/\01 —02/\03)7
Q = hy(BPdyhos + oy Aos),

Qs = hy(Cdnphoy — o1 Aos), (5.63)

for some functions, /; (n). The condition that (2, be closed, and hence harmonic is:

d 9 d a?
an log(h;) = —af <& pTi log(hj) = — ek (5.64)
where
(a1, as,a3) = (a,b,c). (5.65)

These equations imply that there are obvious local potentials, 5;, for €);:

Y = dB;, where B; = —hjoj. (5.66)
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Remarkably enough, the equations for the /; are integrable in terms of «(¢) and we find:

2 2 ’LL2
1
hQ = 7 09—, hg =1 Q3

y (567
wy sin(%) Wa w3 cos(§) oD

where the «; are constants of integration. One should note that these solutions follow
from (5.49) and (5.50) and do not depend upon the specific choice in (5.53). However
here we focus on the solutions that arise from (5.53). To determine which, if any, of the
h; gives the desired harmonic form, we look at the regularity of these two-forms and
examine their behavior as # — 0 and § — 7.

As 0 — 0 we have:

hl ~ _%051 +O<94>7 h2 ~ _2&2971 +O<9)7 h3 ~ 2&3971 +O<6)’

(5.68)
and as # — 7 we have:
hl ~ Z—llOél’f‘G_r—FO(e_r), hz ~ iazrre_r_{_o(e—?“)’ h3 ~ %a3+0(7’_1)7
(5.69)
where r = — log(cos g) It follows that A, is regular at @ = 0 and falls off very fast at

infinity. The corresponding two-form, €2y, is globally regular and square-integrable and
is thus the harmonic form we seek. Indeed, at = 0 one has ; = %0610'2 A o3 and
09 A\ 03 is the volume form on the bolt of unit radius, which means the period integral is

given by:
/ O = %al/ oy Noy = 2Tay . (5.70)
Bolt Bolt

5.2.4 Ambi-polar Atiyah-Hitchin metrics

The most general SO(3) invariant metric governed by (5.47) requires one to use the

most general function, u(f), in (5.51). As we will see, this possibility is usually ignored
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because it leads to ambi-polar metrics, and we will show, in the next section, how such
solutions can be used to make new Lorentzian BPS solutions in five dimensions.

To understand how the inclusion of the extra function changes the Atiyah-Hitchin
metric, define @(6) = u(m — 0) and let w;(¢) be defined by (5.50) with u replaced by
@. Tt is evident that @ () also solves (5.49), indeed, it simply interchanges ¢; and c¢; in
(5.51). Therefore the functions w; also solve the system (5.47). On the other hand, from

(5.50) one can easily see that:
wl(’ﬂ'—0> = —U~}3(9), w2(7r—0) = —12}2(6)), U}3(7T—9) = —12)1(9> (571)

Thus allowing a non-zero value for ¢; and ¢, means that asymptotic behavior of the w;
at @ = 0 is related to the asymptotic behavior at § = 7. In particular, because we now

have

u(@) ~ —<4/2cos? log(cos?), 0—m,

u(@) ~ —24/2sin? log(sin¥), 6 —0, (5.72)

we therefore have, as 6 — 7

|5

wy(0) ~ fr—i log(cos2), wa(0) ~ 5 log(cosl), ws(0) ~ < (log(cos?))?,

2 ™ 2
(5.73)

>l|<':
LS

and, as 6 — O:
02 . C2 . 82 .
wi(f) ~ =5 (log(sin2))*, wa(f) ~ —=Z log(sinf), ws(f) ~ —2 log(sinf).
(5.74)
This means that the metric now has two regions that are asymptotic to R*x S! witha ~ r

and b ~ ras @ — mand with ¢ ~ rand b ~ r as § — 0. It therefore, naively looks like a
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“wormhole” geometry. The asymptotics also imply that if the metric is positive definite
in one asymptotic region then it is negative definite in the other: a?, b*> and c? all change
sign as one goes from § = 0 to # = 7. One also sees from the asymptotics of ws that wy
must have at least one zero in (0, 7) and so the metric is singular at such a point. It is for
all these reasons that the generalization of the Atiyah-Hitchin metric is usually ignored.
However, this metric is ambi-polar and, as we will show, all the pathologies itemized
here are not present in the five-dimensional solution that can be constructed from this
metric.

For simplicity, we will restrict our attention to ambi-polar metrics based upon:

u(f) = % Vsin 6 (K(Sin2 g) + K(C082 g)) , (5.75)
then one has
U)1<7T—6) = —w3(9), w2(7r—9) = —’wg(e), UJ3(7T—6) = —wl(e),
a2(7r —-0) = —02(9) , b2(7r —0) = — 62(9) , cz(w —0) = — a2(9}[5.76)

With this choice one has v > 0, w; < 0 and wy > 0 for § € [0, 7] and w, has a
simple zero at = 7/2. See Fig. 5.1. This means that the metric coefficients, a?,
simultaneously change sign at # = 7/2 and this is the only point at which this happens.
Moreover, a? and ¢? have simple zeroes while b* has a simple pole at § = 7/2. This
behavior of the metric coefficients precisely mimics that of the ambi-polar GH metrics.

We note that the forms given by (5.63) and (5.67) are still “harmonic” in that they are
self-dual and closed. Moreover, €); and (23 are non-singular in the wormhole geometry,
except that {2; remains finite as # — 0 while (23 remains finite as # — m. This means
that neither is square-integrable on the complete geometry. On the other hand, €2, falls

off exponentially at both # = 0 and § = 7 but is singular at § = 7 /2, where the metric
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0.2 0.4 0. s 1
_l,

Figure 5.1: The three functions, wj, as a function of v = sin2§ when u is given by

(5.75). One has w; < 0, wz > 0 and wo has a simple zero at § = 7/2. All three
functions diverge at both ends of the interval.

changes sign. Once again this last flux has a behavior precisely analogous to the two-
form fields that were essential building blocks for the regular five-dimensional solutions
that can be built from ambi-polar GH metrics.

Finally, we should comment that more general choices of «(6), such as taking ¢; =
—cy = 11n (5.51), can result in solutions with zeroes for w;, wy and ws. We have not

studied these in detail.

5.2.5 The BPS solutions

Solving the BPS equations

Since there is only one independent harmonic form in the Atiyah-Hitchin metric, this
means that the two-forms, ©), in (2.14) must all be proportional to one another for
= 1,2,3. For simplicity, we will, in fact, take them all to be equal. We will also

take the three warp factor functions to be equal, Z; = Z, I = 1,2, 3. Ignoring, for the
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present, issues of regularity, the SO(3) invariant solutions of (2.14) are given by the (2;

of (5.63) and so we will take
O =0 =0 + Q9 + Q. (5.77)

The functions, h;, in (5.67) contain integration constants, «;, that make this an arbitrary
linear combination. Note: One should not confuse the index, I = 1,2, 3 on ) with
the index, 7« = 1,2, 3 on €2;. The former indexes the U(1) gauge groups of three-charge
system while the latter labels the three distinct type of two-form in (5.63) that satisfy
(2.14).

With this choice, the second BPS equation becomes:
—= =8) hd. (5.78)

Given the form of O, there is a unique Ansatz for the angular momentum vector, k:
3
k=Y uoj, (5.79)
j=1

which means that the third BPS equation yields three equations:

diss
dinj —a?uj :3hjaj2~Z7 7=123. (5.80)

The factor of three comes from the sum over the U (1) label, I, in (2.16) and the choices:

o) =0, 7, =27.
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These equations can, once again, be integrated explicitly in terms of the the elliptic

function, u. First, from (5.64) we have:

3
R — 4 h? 5.81
=0 ;J, (5.81)

for some constant, vy. Using (5.49) and (5.50) one can easily show that

d O‘JZ o d O‘JQ' 2 P12
N A T 52 4(=1) h~ 5.82
e R R (5.82)
and hence:
3 02
- _ —1)y =2 5.83
+ 7 ;( ) w;’ (5.83)

where v = vy + Z?Zl(—l)jo@.

The last BPS equation, (5.80), can be integrated to yield:

Mﬁzgfgfzw ._/ _nqﬂzm, j=123.  (584)
J

It is easy to integrate this explicitly. First, by integrating by parts one can show:

2 2 —35h, — 2 n — (—1) — (— — ']
/h (6 +ymdn = =300 ﬂ[flm (=17 j(wj 77)] T,
(5.85)

where the (3; are constants of integration. The other parts of the integrals for ;; can be

obtained from:

i / hJQ CL? n = (_1)j CY? 2 w; wy, _ w; + Wy

hj wj 8 hj ’LU;5 UJ]2 ’

3 h?a? . 3a? (w~—wk,)

3 _ oy 29 W 5.86
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where i, j, k € {1,2, 3} are all distinct.
Thus, rather surprisingly, we can obtain the complete solution analytically in terms

of elliptic functions.

The bubbled solution on the standard Atiyah-Hitchin base

The physical intuition underlying BPS solutions is that all charges have to be of the same
sign so that the electromagnetic repulsion balances the gravitational attraction. Bubbled
geometries generically have geometric charges of all signs and then the attractive forces
are balanced by threading cycles with fluxes that then resist the collapse of the bubbles.
The result is then a stable configuration where the sizes of some of the bubbles are fixed
in terms of the fluxes that thread them. Such relationships are typically embodied in a
system of “Bubble Equations” [26, 41]. If one insists that a solution is a BPS config-
uration but one does not have the forces properly balanced the result is the appearance
of CTC’s. Thus, when investigating BPS geometries one typically encounters the con-
straints of bubble equations through the process of eliminating CTC’s.

The standard Atiyah-Hitchin base metric is, in its own right, a well-behaved BPS
solution with no additional fluxes. Indeed, the addition of a flux through the non-trivial
two-cycle should drive the configuration out of equilibrium and expand the bubble. We
should therefore find irremovable CTC’s if we attempt to include a non-trivial flux. We
now show that this is precisely what happens.

As we remarked earlier, the only non-trivial, harmonic flux on the standard Atiyah-
Hitchin base is given by {2, and so we set a, = a3 = 0 in the results of the previous
sub-section*. We then find:

af
Z =6+ yn + — (5.87)
w1

“If one is interested in solutions that are asymptotically Ad.S x S2, one could also investigate solutions
that contain the {23 component of the 2-form field strength ©, which corresponds to constant flux on the
S?. Nevertheless, in our investigations this did not give any sensible solutions.
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and k = poq, where

- bl 2L (2]
4
o [ngwg _wg—l—wg} é 5.88

It is interesting to note that the part of Z corresponding to the flux sources in (5.87) (i.e.
the w; ' term) is always negative, and therefore at infinity this warp factor looks like it
is coming from an object of negative mass and charge. This is however not surprising,
considering that the Atiyah-Hitchin space also looks asymptotically as a negative-mass
Taub-NUT space.

The value of (3; is fixed by requiring that 1 does not diverge, and indeed falls off at

infinity. We find that if we set:

B = , (5.89)

then this removes all the terms that diverge at infinity and leaves only terms that fall off.
Indeed, there are two types of such terms: Those proportional to ~, which fall off as %,
and the remainder that fall off as re™".

Near 6 = 0 the function 7 is logarithmically divergent and so Z is logarithmically
divergent unless v = 0. Physically, a non-zero value of + corresponds to a uniform
distribution of M2 branes smeared over the bolt at § = 0, with negative values of ~

corresponding to positive charge densities. If ¥ = 0 then Z = 6 — 4a? at § = 0.

For constant time slices, the five-dimensional metric (2.5) becomes

ds* = (3a®Z — W*Z7?) o} + 120 Fdy® + LZ0%0 + 1 Z P03, (5.90)
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and so to avoid CTC’s, one must have Z > 0 and the quantity:
Q=17 - (5.91)

must be non-negative. The function a(f) ~ 1—1692 as 0 — 0 and Z diverges, at worst,
logarithmically. Thus we must have ;4 — 0 as § — 0 in order to avoid CTC’s on the

bolt>. This means that we must take
7:%5—?0{2&:1 — Lx?a?. (5.92)

For pure-flux solutions, which have no singular sources, one must take v = 0 and
the CTC condition (5.92) reduces to § = 72 «3. Then one finds

Lo Z — itz ~

! 12—-7%)afd* <0, (5.93)

1
— 5573 (

and so one necessarily has CTC’s in the immediate neighborhood of the bolt. This is
a signal that there is no physical BPS solution based upon the standard Atiyah-Hitchin
metric with pure flux: The flux will blow up the cycle and there is no gravitational
attraction holding the bubble back.

One might hope that one could stabilize the solution with a distribution of M2 branes
on the bolt. While this might be possible in general, it does not seem to be possible with
a uniform, SO(3) invariant distribution. For this, one must have v < 0 for Z to remain
positive near § = 0 and then (5.92) means that o > %5 . In addition, we must have

0 > 0 for Z > 0 at infinity. From (5.81) one has

dz
d—n:fy—i-a%—élh%:i5+(1—%772)04§—4h%, (5.94)

>This is how the bubble equations arise on GH spaces.
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Figure 5.2: Plots of Z as a function of x = sin? g We have taken 6 = 1, fixed 7 in
terms of a; using (5.92) and then we have chosen three values of o, that ensure that vy is
negative: o; = 0.6, a; = 1.0 and oy = 2.0. The steeper graphs at x = 0.5 correspond
to larger values of a;. Note that Z7 — 1 as x — 1, but that Z is generically negative for
x> 0.6.

_1

az
5 1S

and since h; = p

ar; at @ = 0 and h; — O at infinity (¢ = 7) we see that
negative at # = 0 and positive at @ = 7. Therefore, Z has a minimum for 6 € (0, 7).
While we have not done an exhaustive analysis, we generally find that Z is negative at
this minimum value. Some examples are shown in Fig. 5.2. Obviously, the complete
five-dimensional metric is singular when Z < 0.

Adding the singular M2 brane sources does render Q positive in a region around
the bolt but, as one can see from (5.91), Q also goes negative shortly before Z goes

negative. Thus adding M2 branes sources moves CTC’s away from the bolt but at the

cost of more extensive singular behavior elsewhere in the solution.

Bubbling the ambi-polar Atiyah-Hitchin base

We now consider adding flux to one of the ambi-polar Atiyah-Hitchin metrics discussed
in Section 5.2.4. That is, we will start with the ambi-polar “wormhole” geometry that

arises from the choice (5.75), which therefore has the reflection symmetry given by
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(5.76). The solutions to the BPS equations have exactly the same functional form as
those given in Section 5.2.5 for the standard Atiyah-Hitchin background. However, the
underlying functions now have very different asymptotic behavior and this affects all of
the choices based upon regularity and square integrability.

Letr = —log(m — 6) and 7 = — log(0), then as # — 0 one has

u®) ~ Lie g~ 4
7
wy(0) ~ —#722, wy(0) ~ #72, ws(0) ~ %f’, (5.95)
which implies
a*(0) ~ — &, V() ~ — L7, ) ~ — L. (5.96)
The constant, 7, is defined by6:
/7r ! 2 (5.97)
= = 2. .
L ARTOE
As 6 — 7 one has:
2
) ~ fre g~ -2
r
wi(f) ~ —Lr, w(l) ~ —Sr, wy(d) ~ 07, (5.98)
which implies
a*(0) ~ L, v (0) ~ L7, ) ~ L. (5.99)

®While we haven’t proven that 79 = 27 analytically, we have checked numerically to over 100 signif-
icant figures.
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The metric in each of these asymptotic regions becomes:

ds® ~ —ﬁ (de + fQ(ag + 0'?2)) + J%), 0—0,

ds’ ~ = (dr® + *(0} + 03) + 03),  O—m. (5.100)

We thus have an ambi-polar metric with two regions that are asymptotic to different

Uy

U(1) fibrations over different R bases. The metric changes sign precisely at § = 5

at which point the metric function b*(#) has a simple pole, while a*(f) and ¢*(6) have
simple zeroes.

This time the appropriate “harmonic” form is 2, because we have :

and so €2, is the only solution that falls off in both asymptotic regions. It is, however,
not really harmonic in that it is singular precisely on the critical surface where wy = 0.
This is, however, the standard behavior for the flux that goes into making the complete,
five-dimensional solution and, as was noted in (5.34), the complete flux, C' () is smooth
on the critical surface.

One now has

Z =6 +yp -2 (5.102)
wWa
and k = pos, where
a2 /1
Ho= —%C”lz - %7[@77 - 4_;2(10_2_77)]
4
fo%s [2w1w3 B U}1+’IU3:| @ 5103
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Recall that the vector potential for 25 is given in (5.66) and so the potential for the

complete Maxwell field is:
A = Z_l (dt—l—,uag) — hQUQ. (5104)

and so the only potentially singular term is:

27— by~ ——2— (dwywy + u), (5.105)
4 u? woy
as wy — 0. However, from (5.50) one has
wy W3 + %U4 = W2 (’LUl + lU3) — wg, (5106)

and so the complete Maxwell field is regular.

The spatial sections of the complete five-dimensional metric are:
ds> = (30*°Z — W Z7%) o + 12’V Fdp® + 1 Zd%0] + 1 ZP05. (5.107)
First note that:

W w
Za* = (6 +ymws —a3),  Z = —((0 + yn)ws — a3),
w1 w3

Za’b*c = wiws((0 + yn)wy — a3). (5.108)

Since one has w; < 0 and w3 > 0 everywhere (see Fig.5.1) it follows that these three

metric coefficients are regular and positive near ws = 0.
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More generally, observe that 6 + yn — d and wy — —oco as § — 7 and 6 + yn —
0 — 27y and wy — +00 as  — 0. This means that for the metric coefficients in (5.108)

to remain positive at infinity one must have:

v > > 0. (5.109)

)
2
Indeed observe that the function, 1 + %770, is odd under # — 7 — € and so, for v > 0, the

function

Y+ L) we = y(n+m) ws (5.110)

is globally negative with a double zero at = 7. Thus the metric coefficients (5.108)
are globally positive when 0 is the middle of the range specified by (5.109).

Now consider the remaining coefficient, Z~2Q, where
Q=102 — 7. (5.111)

Near wy, = 0 one has Z~2? ~ o *w? and

6
—QZZ};Z}?’ (wa (w1 +ws) — (wyws +1uh)) + O(wy?). (5.112)
2

QN

However, it follows from (5.106) that, in fact, @ ~ O(wy 2) and so the metric coefficient
Z~2Q is regular around w, = 0.

The regularity of the solution near the critical surface was, of course, guaranteed by
our general analysis of the Toda metrics in Section 5.1.3, but it is still useful to see how

it comes about here.
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Finally there is the angular momentum vector and the issue of global positivity of

Q. For this it is most convenient to consider the combination hy u:

hop ~ Bymad + G+ bnad + O, 00, G113)

haop ~ Bo — i7%ay + O((m—0)*), 60—r. (5.114)

Since hs vanishes exponentially fast in  and 7 in the two asymptotic regions (see

(5.101)), this means that ;. will diverge exponentially in r and 7 unless

Be = %WQO/QL, v= —2rnta; = —imaj. (5.115)
If these two conditions are met then p also vanishes exponentially in 7 and 7 in both of
the asymptotic regions.

Unfortunately this value of y is inconsistent with (5.109). If one allows x to diverge
exponentially in one of the asymptotic regions then Q will become negative in the
asymptotic regions. This is because Z limits to a finite value and b* diverges as a power
of r or 7. Therefore there is no way to arrange the metric to be positive definite in the
asymptotic regions on both sides of the wormhole: Either one has (5.109) and arranges
that three coefficients in (5.108) to be globally positive, or one arranges that Q > 0 only
to have the three coefficients in (5.108) to change sign in one of the asymptotic regions.

Thus we have a beautifully regular metric across the critical surface, but it fails to
be globally well-behaved as a “wormhole” metric. We suspect that the problem is due
to the high level of symmetry. With more bubbles and thus more parameters we believe
that one could simultaneously control behavior in both asymptotic regions. Even with

the very high level of symmetry, there is another way to remove the regions of CTC’s.
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Pinching off the wormhole

One way to remove the region of CTC’s is to pinch off the wormhole before one
encounters the region where CTC’s occur. Here we will consider the ambi-polar metric
described exactly as above with the asymptotic regions as § — 7 arranged to be regular
and asymptotic to the U (1) fibration over R? as in (5.100). This requires one to take:

B = gm0y, 6 > 0. (5.116)

The metric coefficients, a?, are non-vanishing away from the critical surface, and
so to pinch off the complete metric away from the critical surface we must arrange that
the function Z vanish at some point. To avoid CTC’s one must also ensure that Q is
non-negative near the pinch-off and so one must arrange that ;. vanishes simultaneously

with Z. Thus we are looking for a point, 6, such that
Z = 0, ,u|9:90 = 0. (5117)

Given these conditions, the equation of motion, (5.80), for x then implies that d% (4 must

also vanish at 6. Therefore, near the pinching-off point we have:

Z ~ z(0—16y), po~ o (6 —0)%, (}LbQZ—,uQZ’Q) N}lbgzo(H—Go).

(5.118)
This means that the spatial part of the complete metric (5.107) is indeed pinching off
in every direction with surfaces of constant § being a set of collapsing, squashed three-
spheres. The metric is not smooth at #: There is a curvature singularity in the spatial
part of the metric and the coefficient of dt? is diverging as (0 — 6y) 2. This reflects a

similar divergence in the electric component of the Maxwell fields, AD  (see (2.13)) at
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Figure 5.3: Plots of Z (on the left) and 1 (on the right) as functions of 2 = sin? g for
v =0,6 =1and ay ~ 0.4890. Both functions are singular at z = 0.5 and both vanish,
4 with a double root, at = ~ 0.1837.

Z = 0. One should also note that the flux, ©, is also singular at Z = 0 in that it remains
constant while the cycle that supports it is collapsing.
Define

¥ =oayy, 6= a;%, (5.119)

then the conditions (5.117) relate 4 and § to 0. Thus we can, in principle, choose
the pinching-off point and then (5.117) yields the corresponding values of 4 and 5. In
practice, there is the constraint that 6 > 0. We know from the analysis above that we
cannot arrange for Z and y to vanish simultaneously at = (. Numerical analysis shows
that one cannot have Z and p vanish simultaneously unless 6y = 0.6158. Since we are
interested in solutions that contain the critical surface (wy = 0), we have found a number
of solutions that pinch off for 0.6158 < 6 < 7. We also checked numerically that it
does not appear to be possible to have all three of y, Z and % vanish simultaneously
for & € (0, 7). Thus (5.118) appears to be the general behavior at a pinch-off: Z does
not appear to be able to have a double root.

We have verified in several numerical examples that the spatial metric is indeed

globally positive definite in the region at and to the right of the pinch. These solutions
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-0.5"

Figure 5.4: This graph shows the three metric coefficients in the angular directions, Za?,
Z~2Q and Zc? (in this order from top to bottom on the right-hand side of the graph), as
functions of z = sin? g fory=0,6 = 1 and ay ~ 0.4890. All of these functions vanish
at the pinching-off point, x ~ 0.1837, and are positive-definite to the right of it.

still contain the critical surface where the a? and Z simultaneously change sign and
these solutions are perfectly regular across the critical surface. The cost of ensuring the
global absence of CTC'’s is to include a non-standard, singular point-source at the center
of the solution.

To present an example, we considered the solution with v = 0, § = 1. Solving
(5.117) leads to ap ~ 0.4890 and the pinch-off at z = sin*() ~ 0.1837. In Fig. 5.3
we show plots of the functions Z and p for these parameter values. Note that both are
singular at x = 0.5 and that both vanish, p with a double root, at z ~ 0.1837. In Fig.
5.4 we have shown the three metric coefficients in the angular directions, Za?, Zc? and
Z~2Q. All of them are positive and vanish exactly at the pinching-off point.

Before ending this section we should make a few more comments about the metric
that is pinching off. The singularity at the pinch-off point is caused by the fact that the
warp factors Z; go to zero. This causes the size of the two-cycles wrapped by fluxes
to shrink to zero size, and hence the energy density coming from these fluxes to be

infinite. A well-known solution with a similar type of singularity is the one obtained
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by Klebanov and Tseytlin [149]. However, for this solution it is well understood that
the singularity comes about because of the high level of symmetry in the Ansatz, and
that upon considering a less-symmetric base space the singularity is resolved [150].
Since the base space considered here also has a high level of symmetry, it is tempting
to conjecture that, in analogy to the Klebanov-Strassler solution [150], the pinching
off will be resolved by the blowing up of a two-cycle on the base, which will only be
possible in a less-symmetric, non-singular background.

We should also remark that in our discussion we have taken all three warp factors
to be equal, but generically we can also imagine pinching off the metric using only
one of the warp factors, and keeping the others finite. This will change the structure
of the metric near the singularity (some of the two-tori will blow up and some others
will shrink), but the singularity will also come from shrinking cycles on the base, and
will probably be resolved also by considering a less-symmetric base with a blown-up

two-cycle

5.2.6 Variations on the Eguchi-Hanson metric

Given the foregoing results, particularly those involving wormbholes, it is interesting to
look at the corresponding story for the Eguchi-Hanson metric [84]. This metric has an
SO(3) x U(1) invariance and the diagonal U(1) action is triholomorphic. The metric
is equivalent to a GH metric with two GH points of equal charge [183]. The manifestly
SO(3) x U(1) invariant form of this metric is:

ds® = (1—‘;—1) ldp2 + %2(1—‘;—1)03, + %2(U§+a§). (5.120)

The space contains an S? (bolt) at p = a and so the range of the radial coordinate is

a < p < oo. At infinity this space is asymptotic to R*/Z.
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To avoid closing off of the space at the bolt, we analytically continue by taking

a? = ib, with b real, and introduce a new radial coordinate 1 = p®. One thereby obtains:

b2 _ldT]2 n n bQ
ds® = (14—?) E—i— Z(U%—FO%)-F 1(14—?)032,- (5.121)

This metric was also considered by Eguchi and Hanson in [83], where it was called

“type I,” and was given in the form:

AN —1/2\ ? ;9 2 4\ 1/2 2
2 a dr® 1 a 9 o T,
dS—(l‘i‘(l—ﬁ) > T+§<1+<1—T—4) >(0'1+0'2)+Z0'3.

This may be mapped to (5.121) via the coordinate change

2 a*
n=nr(1+ 1—7’—4 . (5.123)

In terms of the Toda frame, (5.1)—(5.4), this metric was found in [72] and is given by

4 2 2
v = log (22 n ?—6) ~log(2) — 2log (1 L ;y ) . (5.124)

The reason why this metric was never studied in the past is that it is not geodesically
complete, and there is a singularity at » = 0. Nevertheless, we can extend the coor-
dinate 7 = p? to negative values, and the resulting space (5.121) has two regions, one
where the signature is (+, +, +, +) and one where the signature is (—, —, —, —) . This
makes (5.121) into precisely an ambi-polar metric of the type that can give a good five-
dimensional BPS solution: The overall sign of the metric changes as one passes through

n = 0, with the coefficient of a U(1) fiber becoming singular at this critical surface.
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The BPS solutions

In order to solve the BPS equations, (2.14)—(2.16), it is convenient to introduce the basis

of frames given by:

. 2\ dn V] Y] ) 7 p2\ /2
612—(14—?) ﬁ’ 622701, 6327027 €4=7<1+?) 03
(5.125)
One can then show that:
O = (1 N és+éy A\ ég) (5.126)
Ul

defines a harmonic, self-dual, “normalizable” two form for constant ««. One also has
© = dB with B = 4203. As before, we take all three flux forms ©) to be equal to ©
n

and set Z; = Z. Then the equation for Z(n) becomes

d ([ , dz a?
— V)— | =— 5.127
dn ((n " )dn> 2n° ( )
which is solved by
Oé2 &2 ﬁ n
20 =7+ oo+ (4_1)3 + 3) arctan <Z> : (5.128)

where 3 and +y are integration constants. The angular momentum vector, k, has a solu-

tion of the form k£ = 1(n)o3 where the function p(n) satisfies

du 3y  3a (a* f T]) 3
3 _m2 —_— | — — t — — =0. 5.129
ndn Wt S+ <4b3+b arcan(b + Ton ( )
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The solution to this equation is

3a [ o? 3avy 1 o 1 3a n
pn) = on+ g5 (@ +B) TR T e <4b2 +5> narctan (3) *
3a n
7 (462 +ﬁ> — arctan <b> . (5.130)

To complete the solution we have to impose boundary condition on the functions Z and

L.

A regular “wormhole”

If the solution is to have two asymptotic regions corresponding to  — oo then we
must require that the angular momentum vector falls off in these regions or there will

generically be CTC’s. This implies:

0=0 = — 5.131
, =1 (5.131)
and then the functions Z and y simplify to:
a? 3ary 1 o’ 1
Z(n) = =t ———. 5.132
If v # 0, Z will have a zero at ) = —% and thus we will inevitably have CTC’s unless
we pinch off the solution before, or at, this point.
We consider v = 0 first, for which we have:
a?1 a® 1
/A S 5.133
a2y H= T602 2 (5.133)

Note that the angular momentum function p is always positive and is diverging on the

critical surface n = 0. The Z also diverges and changes sign on the critical surface.
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This behavior ensures that the five-dimensional metric is regular and Lorentzian. The
explicit form of the space-time metric is:
_16p* 2b? a?  dn? a?

ds? = ndt? — —dt
I %t T (o +57) T 1602

ol +o3+03). (5.134)

This metric can be cast into a more familiar form by first diagonalizing the metric by

16b*
shifting the i)-coordinate in (5.40) so that o3 — 03 + —dt
Oé

16b4 o dn? o?
ds? = b)dt? +
% o 1"+ ) 1602 7 + 52 1602

(0 + 03 +03). (5.135)

4

Change variables via n = bsinh y, f = —~t and then the metric becomes
a

o

2 _
T

(—cosh? y di* + dx* + o3 + 0% + 03), (5.136)
which is the well known metric for global AdS, x S3. The complete Maxwell field on
this space is given by

dA = dO —d(Z *(dt + k)), (5.137)

and, using © = dB with B = 4303, we find
Ui

4b* 4b*
A= ——ndt, F = —dt/\dn (5.138)
o
The Maxwell field is thus proportional to the volume form on AdS; and we have
obtained the global form of a Robinson-Bertotti solution [44]. The wormhole thus
reduces to the usual global AdS solution.
It is interesting to try to understand the reason for which we could find an Eguchi-

Hanson “wormhole” but not an Atiyah-Hitchin one. At an algebraic level, the problem
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comes from the form of y, which in the Eguchi-Hanson background goes to zero on both
asymptotic regions (5.132), while in the Atiyah-Hitchin background p, (5.88), diverges
in one region or in the other. If one relaxes the requirement that the Atiyah-Hitchin
solutions be asymptotically flat, one can choose a more generic ©, containing all three
;. However, this still does not give a u that decays properly at the two asymptotic

regions.

A “pinch-off” solution

The other way to remove CTC’s is to allow v # 0 in (5.128) and pinch-off the asymp-
totic region with 7 — —oo at the point, 7y, where Z vanishes. This means that we only

have to require that ;. vanishes as 17 — oo and this implies

3ra o?
o= -2 (B+@) (5.139)

in (5.130).
As with the Atiyah-Hitchin solution, the solution will have CTC’s near the pinching

off point unless we also require that ;o vanishes at the same point. Specifically, the

b2
(1 + ?> a§> (5.140)

constant time slices of the metric have the form:

>3

2 b2 *1d2
d52=—%03+z<(1+?) %+g(0%+a§)+

and to avoid CTC’s we must have

2 2
9523(’7:b>—uzzo. (5.141)
77

If Z vanishes then ;o must vanish and this imposes a relationship, akin to the bubble

equations, on 3, a and b. Unlike the corresponding solution in the Atiyah-Hitchin
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background, there is still a free parameter in the final result, and if one choses these
parameters in the proper ranges one can arrange that the pinch-off occurs at 9 < 0
and that there are no CTC’s in the region 1 > 7. There is still, however, a curvature
singularity in the metric at 7 = 1), similar to the one in the pinched-off Atiyah-Hitchin
solution, and probably caused also by the fact that the ansatz used is very symmetric.
It is quite likely that this singularity will also be resolved in the same manner as the
Klebanov-Tseylin/Klebanov-Strassler solutions [149, 150]

It is easy to find numerical examples that exhibit a “pinch off.” For example, one

can take the following values of the parameters:

3ra a?
a =~ 4.2619 0~ —4.5358 y=b=1 and 6= T (ﬁ + 4_1)2) ,
(5.142)

and the pinch off point is 779 ~ —4.5721. Since 7) is negative this represents a solution

based upon a non-trivial ambi-polar base metric.

5.3 Concluding Remarks

We have investigated the construction of three-charge solutions that do not have a tri-
holomorphic U(1) isometry. We have found that the most general form of these solu-
tions, can be expressed in terms of several scalar functions. One of these functions
satisfies the (non-linear) SU (00) Toda equation, while the other functions satisfy linear
equations that can be thought of as various linearizations of the SU(oo) Toda equation.

We have also shown generically that in the region where the signature of the four-
dimensional base space changes from (+,+,+,+) to (—, —, —, —, ), the fluxes, warp
factors, and the rotation vector diverge as well, but the overall five-dimensional (or
eleven-dimensional) solution is smooth. This is similar to what happens when the base-

space is Gibbons-Hawking, and strongly suggests that this phenomenon is generic: Any
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ambi-polar, four-dimensional, hyper-Kihler metric with at least one non-trivial two-
cycle can be used to construct a regular supersymmetric five-dimensional three-charge
solution upon adding fluxes, warp factors and rotation according to the BPS equations
(2.14), (2.15) and (2.16).

Since the most general form of hyper-Kihler, four-dimensional spaces with a rota-
tional U(1) isometry is not known explicitly, one cannot explicitly construct the most
general three-charge bubbling solution with this isometry. Nevertheless, we have been
able to construct the first explicit bubbling solution with a rotational U(1) starting from
an ambi-polar generalization of the Atiyah-Hitchin metric. For both the standard Atiyah-
Hitchin and Eguchi-Hanson metrics, it is not possible to construct regular three-charge
bubbling solutions. This reflects the fact that fluxes tend to stabilize cycles that would
shrink by themselves, and hence only “pathological” generalizations to ambi-polar met-
rics can be used as base-spaces to create bubbling solutions. We have obtained the
ambi-polar generalizations of both the Atiyah-Hitchin and the Eguchi-Hanson spaces,
and have constructed the full three-charge solutions based on these spaces.

As expected from our general analysis, the full solutions are completely regular at
the critical surface where the metric on the base space changes sign. Moreover, for the
ambi-polar Eguchi-Hanson space, one can construct the full solution, which, interest-
ingly enough, turns out to be global AdS; x S®. We could also obtain solutions that
pinch off, and have a curvature singularity. We argued that this singularity has the same
structure as the one in the Klebanov-Tseytlin solution [149] and we believe the presence
of this singularity is a consequence of the high level of symmetry of the base space,
and that the singularity will similarly be resolved by considering a less-symmetric base
space.

This work opens several interesting directions of research. First, having shown that

singular, U (1)-invariant, ambi-polar, four-dimensional, hyper-Kéhler metrics can give
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smooth five-dimensional solutions upon adding fluxes, it is important to go back to the
SU (o) Toda equation and to construct more general solutions. A first step in this
investigation would be to find the solutions of the Toda equations that give the U(1) x
U(1) invariant ambi-polar Gibbons-Hawking metrics, following perhaps the techniques
of [10]. One could then find other solutions in the vicinity of the latter, and count them
using the techniques of [175, 188].

Finally, we have seen that the ambi-polar generalization of the Eguchi-Hanson space
yields a geometry that is AdSy x S3. Moreover, unlike in the case of usual bubbling
BPS solutions, the AdS;, solution is not the Poincaré patch, but the full global AdS
solution. While the distinction between global and Poincaré AdS; is relatively trivial,
the appearance of something like a regular wormhole suggests that bubbling geometries

might be even richer and more interesting than was originally anticipated.
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Chapter 6

Leaving supersymmetry behind

Finding and understanding supersymmetric solutions of supergravity theories is a very
important task, and significant advances have been achieved in this direction. To find
and classify supersymmetric solutions one is typically utilizing the supersymmetry vari-
ations of the fermionic fields, which lead to first order differential equations that are
more tractable than the second order equations of motion. Undoubtedly, supersymmetric
gravity solutions have very interesting physics, some intriguing mathematical structure
and provide a good laboratory for testing new ideas on tractable examples. However,
one would ultimately like to construct and understand non-supersymmetric and non-
extremal solutions and it is important to have as much exact solutions as possible to
gain intuition about their structure and properties.

Of separate, albeit related, interest are asymptotically flat supergravity solutions with
no horizons and singularities. As we discussed in Chapter 2, such regular solutions may
represent possible microstates for black holes (or black rings) having the same charges
and asymptotic structure. In the supersymmetric case, large classes of two and three
charge BPS solutions with the same asymptotic structure as five-dimensional black holes
and black rings have been found. The solutions are typically constructed by first choos-
ing a four-dimensional hyper-Kihler base space with non-trivial topology. One then
constructs a five-dimensional supergravity solution by turning on magnetic fluxes on the
non-trivial cycles of the base. These fluxes stabilize the two-cycles and are ultimately
responsible for the non-trivial asymptotic charges. The homological two-cycles on the

base ensure that there are no singular sources and the solutions can be made regular and
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causal. To argue in favor of the validity of Mathur’s conjecture for non-supersymmetric,
and non-extremal, black holes, one needs to construct a large number of similar smooth,
horizonless gravity solutions which break supersymmetry and have the same charges
and asymptotics as the black holes. There are very few solutions of this kind found
so far, notable examples are the solutions of [143, 38]. Certainly it is of great interest
to find more examples of such solutions and understand the possible implications for
the resolution of black hole singularities and the information paradox. In this Chapter
we discuss how to construct certain classes of non-BPS solutions of eleven-dimensional

supergravity compactified on C'Y3.

6.1 Breaking supersymmetry

6.1.1 Almost BPS solutions

Implicit in the construction of the supersymmetric solutions of Chapter 2 is the choice of
an orientation for the hyper-Kihler four-dimensional base: The curvature tensor can be
arranged to be either self-dual or anti-self dual. For supersymmetry it is crucial that the
Riemann curvature of this base has the same duality as the three magnetic two-forms:
They must all be self-dual or anti-self-dual. The difference in choice merely amounts
to an overall reversal of orientation and is usually neglected. However, there has been
a very nice recent observation [123] that one can obtain extremal non-supersymmetric
solutions of the supergravity equations of motion by flipping the relative dualities of the

hyper-Kihler base and the magnetic two-forms'. This means that supersymmetries are

"We will consistently fix our hyper-Kihler base to be self-dual (i.e. with self-dual curvature) and so
this new prescription amounts to starting with anti-self-dual magnetic two-forms and solving the super-
symmetric BPS equations with flipped dualities.
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“locally preserved” by the sources but globally broken by the incompatible holonomy
of the background metric on the base.

The basic technique is also easily understood in terms of the underlying brane con-
struction. For example, an asymptotically five-dimensional black ring solution (with a
flat R* base) preserves the four supersymmetries respected by its three constituent elec-
tric M2 branes. When one replaces the R* base by a Taub-NUT space and considers
the solution from the IIA perspective, the M2 branes descend to D2 branes while the tip
of Taub-NUT descends to a D6 brane. In the BPS embedding, the four Killing spinors
preserved by the three sets of D2 branes are the same as those of the D6 brane, and thus
the solution is supersymmetric. In the non-BPS embedding the D6 brane has opposite
orientation, and hence it does not preserve any of the four Killing spinors of the D2
branes.

Note that if there are only two sets of D2 branes present, the D6 brane will be
mutually BPS with them irrespective of its orientation. Hence, a two-charge supertube
embedded in Taub-NUT in the “duality-matched” embedding [24] or in the “duality-
flipped” embedding [123] will still be supersymmetric.

Let us discuss in some detail how one can go about and construct these simple almost
BPS solutions. BPS solutions of eleven-dimensional supergravity with M2 and M5
branes wrapped on two- and four-cycles of a C'Y; take the form discussed in Chapter 22.

It is useful to remember that the dipole field strengths are

o) = ¢BD I1=1,23, (6.1)

and the equations following from the supersymmetry variations for a self-dual hyper-

Kihler base metric are given in (2.14)-(2.16)

2For simplicity we will assume in this Chapter that C'Y3 = T'%, most of the result are trivially extended
for arbitrary compact Calabi-Yau three-fold as long as one knows its triple interesection numbers Cf j .
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It was observed in [123] that a class of extremal solutions of the equations of motion
can be obtained by reversing the duality of the ©; and of k relative to the duality of the
curvature of the four-dimensional base. That is, one preserves the metric, ds?l, and the

duality of its Riemann tensor but flips x4 — —*,4 in (2.14)-(2.16):

o) = _ *4 o) ’
vz, = @ x4 (O A OE)Y (6.2)

dk — x,dk = 2,00

When the base metric ds? is flat R?, the flip of orientation can be re-written as a change
of coordinates, and solutions to equations(6.2) are still BPS. When ds?1 18 not flat, as in
Taub-NUT space, equations (6.2) determine, in general, non-BPS solutions, which were
named “almost BPS” in [123].

It is intuitively clear why this simple flip of orientation leads to new supergravity
solutions that break supersymmetry. The equations of motion are second order and
the flip of orientation does not affect them, the only thing affected are some of the
supersymmetry variations. There are now a number of examples of such solutions in the
literature - almost BPS black rings, black holes as well as multi-center configurations
of such objects [36, 37, 99, 116, 117, 59]. They are however always a superposition
of black holes, black rings and supertubes, i.e. they have singularities and/or horizons.
There are no analogs of the regular BPS bubbling geometries. To find such solutions one
has to completely relax the condition that the four-dimensional base is hyper-Kéhler.

This will be the subject of the next Section.
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6.1.2 Non-BPS solutions and the floating brane Ansatz

Recently, there has been important progress in overcoming the difficulties of construct-
ing exact non-BPS solutions of N/ = 2 five-dimensional supergravity (or M-theory
compactified on C'Y3) [38, 123, 36, 39]. The underlying idea is to find a linear sys-
tem of differential equations yielding non-supersymmetic solutions. Motivated by these
advances the authors of [39] revisited the Ansatz and assumptions in the construction
of BPS solutions to five-dimensional A/ = 2 supergravity coupled to vector multiplets
[101, 21]. In this paper, the authors rederived the equations of motion, imposing a simple
relation between the warp factor in the metric and the gauge fields, dubbed the “floating
brane” Ansatz. This Ansatz greatly simplifies the equations of motion and allows one
not only to recover almost all known, BPS and non-BPS, classes of solutions, but also
to find a new linear system of equations. Using this result, new regular, horizonless and
non-supersymmetric solutions were found in [38]. These solutions were constructed by
solving the same linear system of equations as for BPS solutions, but on a Ricci-flat
(instead of hyper-Kihler) four-dimensional base. The particular examples discussed in
[38] were based on the Euclidean Schwarzschild and Kerr-Taub-Bolt black holes.

In [45] we found a five-parameter family of smooth, horizonless solutions with a
dyonic Euclidean Reissner-Nordstrom base. The solutions have general fluxes with no
definite self-duality and are asymptotic to R™® x S!. We then generalized these solu-
tions by including rotation and a NUT charge on the four-dimensional base, i.e. we
use the Kerr-Newman-NUT background as a base. This more general family of solu-
tions, still regular and horizonless, has six independent parameters, however their range
is constrained by imposing regularity and causality of the five-dimensional background.
Our solutions are not supersymmetric and have the same asymptotic structure as non-
extremal black holes. They are therefore of interest, not only by themselves as new

non-supersymmetric solutions, but also as candidates for microstates of non-extremal
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black holes. These solutions can be viewed as a generalization of the ones discussed in
[38] since we consider four-dimensional base spaces which are electrovac and are not
not Ricci-flat. A general feature of the solutions is that the mass is linearly dependent on
the electric charges. This property is due to the “floating brane” Ansatz of [39], which
relates the warp factors in the five-dimensional metric to the electric gauge potentials.
We also showed that some of the solutions based on the Euclidean four-dimensional
Kerr-Newman-NUT background exhibit ambipolar behavior: the four-dimensional base
is allowed to have regions of positive and negative signature while the five-dimensional
solution is everywhere completely regular and of definite Lorentzian signature. This
provides some evidence that non-supersymmetric ambipolar solutions may also be ubiqg-
uitous like their BPS cousins [26, 41].

It should be emphasized that our solutions will have no singular M2 and M5 brane
sources. Because of the non-trivial topology of the four dimensional base the asymptotic
charges of the solution are due to “charges dissolved in fluxes”. This is essentially the
same geometric transition mechanism as the one discussed in Chapter 2 and in [26] for
BPS solutions. By using the results of Chapter 3 one can recast our solutions as six-
dimensional solutions of IIB supergravity compactified on 7** [35]. This duality frame
may be useful for understanding the holographic dual field theory description of the

solutions.

The five-dimensional Ansatz

We will work with A/ =2, five-dimensional ungauged supergravity with two U (1) vector

multiplets and we use the conventions of [39]. This supergrvaity theory (known also as
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the STU model) comes from compactifying the M-theory configuration of Chapter 2 on

TS, The bosonic action is
= o / V=g d5 — 3QuFELF" —Qr0,X'0" X7 — LC1kFl FiL AN WW)
with I, J = 1,2, 3. The scalars X satisfy the constraint
X'X?X3 =1, (6.3)

and there are therefore only two independent scalars. This is explained by the fact
that one of the vectors is in the gravity multiplet, and thus there are only two vector
multiplets. For convenience, we introduce three other scalar fields, Z;

Z Z 1/3 Z Z 1/3 Z Z 1/3
Xlz( 2223) , X2:( 1223) , X3:( 1222) . (6.4)
1 2 3

This automatically solves the constraint (6.3). The scalar kinetic term can be written as
Qi = % diag (X)) 7%, (X?) 72, (X*)7?). (6.5)

It is useful to introduce the scalar
7 = (% 72 Z5)"° (6.6)

If one reduces the theory to four dimensions this will be a third independent scalar field.

Having defined this new scalar, we will work with the following metric Ansatz

dst = — Z72(dt+k)* + Zds], (6.7)
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We will denote the frames for (6.7) by e, A =0,...,4andleté%, a = 1,...,4 denote

frames for ds3. Explicitly,
= Z7Ndt+ k), et = Z1%e (6.8)

We will assume also the “floating brane” Ansatz of [39], which means that we take the

metric coefficients to be related to the electrostatic potentials. The Maxwell field is thus
AD = — z7V(dt + k) + BD, (6.9)

where B) is a one-form on the base ds2. Upon uplifting this solutions to eleven-
dimensional supergravity, this Ansatz implies that M2 brane probes that have the same
charges as the M2 branes sourcing the solution will have equal and opposite Wess-
Zumino and Dirac-Born-Infeld terms and hence will not feel any force. Such brane

probes may be placed anywhere in the base and may thus be viewed as “floating.”

Equations of motion

The general equations of motion following from the above Ansatz were derived in [39]
and we will use their results and conventions. We introduce the magnetic two-from field

strengths

o) =q¢BW | (6.10)
and it will also be convenient to introduce the two-forms w'” defined by
1
5 (@(I) — *4@(I)> = C[JKZJCU(_K) y (611)
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where the *, is the Hodge dual with respect to the four-dimensional metric ds? in (6.7).
Note that in contrast to the discussion in Chapters 2-5 the magnetic fluxes do not have a
definite self-duality. Following [39] we will simplify the equations of motion by assum-

ing
1
dktxadk =53 71 (00 +00) . and WP =0 =0, (612)
I
The four-dimensional base space has to be a solution of Euclidean Einstein-Maxwell

theory® with (symbols with a hat live on the four-dimensional base)

1

- 1
R, = 3 (Fuszf — Zg“”FP"Fm> , (6.13)

and

F=0® _,8 (6.14)

The rest of the equations of motion reduce to*

V2Z, = #,(0@ A 0B)) (O — 4,0) =27, ¥ | (6.15)
V2Zy = #(01 A 0B, ©W — 4,00) =27, | (6.16)
V2Z5 = %40 A 0@ — P A (dk — x4dk)] (6.17)

3The normalization of the flux in this equation is different from the one used in Chapter 1 and most
standard sources on general relativity, this choice is made so that the conventions in this Chapter agree
with the four-dimensional conventions in [39].

Tt is important to note that we have fixed the constant € used in [39] to be € = 1, which amounts to a
particular self-duality convention for the fluxes. This choice is not restrictive and it is straightforward to
repeat all our calculations for e = —1.
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3
1
dk + *adk = - PIRACIEEADE (6.18)

I=1

An important point about this system of equations is that it can be solved in a linear
fashion. In order to do that, one has to solve the equations in the right order. The
starting point is to choose a four-dimensional metric and its associated two-form field
strength that solve (6.13). Then using (6.14) one can read off ©®) and w(,g) from the field
strength. Knowing these fields, (6.15) and (6.16) become systems of two linear coupled
equations for Z; and © and Z, and O respectively. Finally, k and Z; are solutions to
the system of linear equations (6.17) and (6.18). We will show in the next section how to

solve these equations starting from the Euclidean Reisner-Nordstrom backgrounds [45].

6.2 Examples of non-BPS solutions

Here we will discuss non-supersymmetric solutions of five-dimensional supergravity

with an Euclidean Reissner-Nordstrom base.

6.2.1 The four-dimensional background

Our starting point in this section will be the Euclidean dyonic Reissner-Nordstrom back-

ground [185, 173]

2 2m PP =’ 2m PP =@\ s a9
dsj=|1——+—; dri+ {1 ——+=— dr*+r°(df*+sin” 0do*) ,
r r r r

(6.19)
2
F:T—ngAdr+2psin9d9Adgb. (6.20)
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Where m corresponds to the mass, ¢ to the electric charge and p to the magnetic
monopole charge of the solution. This background solves the four-dimensional Einstein

equations (6.13). It is useful to rewrite the metric as

2
dr* + ( ;( )d'r2 + 72(d6* + sin® d¢?) . (6.21)
r—ry)(r—r_

(r—r)(r =)

2 _
ds; =

The constants r. are the Euclidean analogs of the inner and outer horizon of the

Reissner-Nordstrom black hole

ry =m=+/m2—p2+q%. (6.22)

To render r real we restrict to the range of parameters® m? > p*> — ¢*. Near the outer

horizon one can set

Ty —T_ 2 ry —Tr_
_ - =T "~ 7, 6.23
r Ty + 47’_2,'_ P, X 27’3_ T ( )
and rewrite the metric as
dsiy = dp® + p*dx* + r(d6® + sin® 0d¢?) , (6.24)

which means that for a regular solution we should restrict to » > . and the coordinate

7 should be made periodic
477&

(6.25)

T~NT + —m8.
ry —Tr—

With this identification the metric is asymptotic to R? x S? for r — r, (i.e. we have

a bolt of radius 7, [110]) and to R3 x S* for r — oo. The angles 6 and ¢ are the

>The case m? = p? — ¢? corresponds to the extremal Euclidean Reissner-Nordstrom black hole. We
discuss this case in Appendix E.

204



coordinates on S2. In the next section we will solve the equations of motion of N = 2

five-dimensional supergravity with this Euclidean metric as a base space.

6.2.2 The five-dimensional supergravity solution

A convenient set of frames on the four-dimensional base is given by

9 2 2\ 1/2 9 2 2\ —1/2
el = (1__m+p (1) dr. ézz(l__m+p q) ar

r 72 r 72

e = radb, et =rsind do, (6.26)

and the usual self-dual and anti-self-dual two-forms are

Qr=e' N2+ nét. (6.27)

With this in hand it is easy to show that

B P t T, WO =P 9q (6.28)
r

It will be useful to have the explicit expression for the potential B®) satisfying ©©) =

dB®)
o = D 1 costdg (6.29)
T

The solution to equations (6.15) and (6.16) is

2 1 2 1
7 =1 2RO L Zy=1- 20D L (6:30)
oW = fi(NQ +g(rQ-, O = fo(r)Qy + g2(r)2-, (6.31)
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where

2 2q(p* — ¢%) 2 20(p" — %)

= - 6.32

h 2 mrd f2 r? mr3 (6.32)
_ 2 2 _ 2 _ 2 2 _ 2

glz(%ﬁL_m%ﬁqx ngﬂf%-@@3qu%)

Note that with these functions f;(r) and g;(r) one can show that dO) = 0, which
means that locally one can express ©(Y) and ©®) in terms of potential one-forms, O) =

dB) . Explicitly, these one-forms are
BY = K;dr +b;dé, (6.34)

with

20 +p—9q 20" —¢%)

K= 2 ’ by = (—2q1 +p—q)cosB, (6.35)
r mr
20 +p—q 20:(p* — ¢
KQ = g2 T™p—4(q B q2(p . q ) ’ b2 = (_2q2 +p— q) cos B . (636)
r mr

To solve (6.17) and (6.18), we will use the Ansatz

k= p(r)dr +v(0)do. (6.37)

One can then show that

v(0) = vy + Ecosb (6.38)
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with 1y and £ constants. Then the problem reduces to a system of two coupled linear

ordinary differential equatons for y(r) and Z3(r)

d +
d—u = - (% + T fi+ Zofr+ 5 qZ3) : (6.39)
r r r
. — — d
Viz, = 2 (f1f2 g+ S - ) _ QQ) —“) . (6.40)
T T dr

A solution to these equations is given by

- Apge(m* —p* +¢*) 20— q@)lg+a+q)) 1
Zg = 1- 3 —+ —
m m r
4 ) 1
X Q1Q2(T];2 q°) =1 (6.41)
1 1
po= Pra+2@+a)|-——
r T
_ (e toGm-p+¢) 0" -)at2q+2)) (11
m3 m 2 2
4 2—®)p+ 1 1
L Ange(p 4 )(p+q) (_3 3 _3) | (6.42)
m r T
To arrive at this particular solution we have chosen
vp=£6=0, — v=20, (6.43)

which ensures that there are no closed time-like curves (CTCs) coming from the d¢?

term in the five-dimensional metric, at § = 0, 7. We have also chosen the additive
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constant in the solution for x such that (7} ) = 0, which ensures the absence of CTCs

near the bolt. This implies that x has a non vanishing value v at infinity,

! (p+q+2(q+q))

lim pu=~= -
r—00 +
L (200p+a)Bm — P+ @) | (P° = ¢)a+ 20 +2)
r? m3 m
1 4gi05(p? — 2
= Q1q2(p g )P +4q) ’ (6.44)
r3 m

this will be important in the calculation of the asymptotic charges of the five-dimensional
solution. Note also that we have set the constants terms in Z; to 1 by which we fix the
asymptotic values of the scalar fields®.

An important difference between this solution and the magnetized Euclidean
Schwarzschild solution in [38] is that the fluxes here are not self-dual. It is clear that if

we set

q=pP= 7=, q1 = =, 92 = -, (645)

we will recover the five-dimensional solution based on the Euclidean Schwarzschild
black hole found in [38]. Note that all ¢; in [38] should be identified with gy, this is due
to the different conventions in the normalization of the fluxes.

An important step in the analysis of the five-dimensional solution constructed above
is to ensure the global absence of CTCs. This means that for constant time slices
one should make sure that the coefficient of d7? in the five-dimensional metric is non-
negative and all Z; are positive definite. To analyze this condition in an explicit example
we will take

(6.46)

Q
=g =0p=00>0, p=5-

®In an eleven-dimensional uplift of our solution this choice will fix the asymptotic volumes of the
two-cycles of 7.
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Figure 6.1: M as a function of p = r/r for four different values of () /m. The curves
correspond to @) /m = (0.1,0.2,0.3,0.4) from top to bottom.

3 2
ry=m=+ \/m2+%, (6.47)

and the condition that Z; and Z, are positive for » > r, imposes

Then we have

0< Q < § ~ 0.8660 . (6.48)

Requiring that Z3 is positive for r > r, leads to

< @ <03, (6.49)
m

which is clearly a stronger constraint. Finally we have to make sure that the coefficient

of dr? is non-negative

1

M= r2(212223)2/3[

20 ZoZ3(r —ry ) (r —r_) — p*r?] > 0. (6.50)
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Expanding this expression for 7 — oo we find a sextic algebraic inequality in @) /m,
which can be solved numerically. The allowed range of parameters coming from this

constraint is

0< =< <04118, 0.8811 < = < 1.2587. (6.51)
m

3O

The bottom line is that for the choice of parameters (6.46) the five-dimensional solution

is completely regular and there are no CTCs (globally) if

0< Q< 0.4118. (6.52)

E ~
Some plots of M for different values of ()/m are presented in Fig. 6.1. We have
performed a detailed numerical analysis for a number of other choices for the parameters
(p, ¢, ¢1, q2) and the conclusions are qualitatively the same. Namely, there is a region in
parameter space in which the five-dimensional solution is regular and has no global

CTCs.

6.2.3 The asymptotic charges

Having found a regular five-dimensional solution of A" = 2 ungauged supergravity (or
alternatively M-theory on 1), asymptotic to RY3 x S, it is instructive to compute its
asymptotic charges. The dipole charges , d;, of the solution are directly encoded in the

magnetic part of the gauge field, B, We thus have from (6.29), (6.35) and (6.36)

d = 2 —p+gq,
dy = 2¢2—p+q, (6.53)

d3 = p+gq.
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If the solution is viewed as a compactification of eleven-dimensional supergravity on 7
these will correspond to the M5 brane charges. The electric charges of the solution are
given by
Qi = /S . [(XI)—2 w5 dAT — 1150 AT A dAK] , (6.54)
1yg2

where the integral is computed over the S! x S? at spatial infinity, parameterized by
(1,6,¢). The Chern-Simons term gives a non-vanishing contribution to the charge,
due to the fact that the one-form %k goes to a constant non-zero value at infinity. A

straightforward calculation yields

1672r2 /2 P+ q)q
Ql:_r ;( ( m)2+7(Q+Q2)>,
+ - —
16722 [ 2(p +
Qp=——" < (p mQ)ql +v(q+q1)> : (6.55)
+ - —
16m2r2 (4 2(p — g+
Qs = — +( Q1Q2+7<q1+q2+p_q)+ (r—q)(qg+q + q2)
ry —T- m m
A2 (P = ¢%)
_ g _

To compute the mass and the Kaluza-Klein (KK) electric charge of the solution one
has to analyze the asymptotic form of the metric. The fact that the one-form, k, does
not vanish at infinity implies that the coordinates (7,t¢) define a frame which is not
asymptotically at rest. One can go to an asymptotically static frame by casting the large

r limit of the metric in the form

2 1
ds? ~ (1 —~2) (dT — dt) - dt* + dr? + r2(d6> + sin® 0d¢?) , (6.56)
1—~2 1—~2
and redefining the coordinates as
P (1= 212 <r - i 2t> , f= (1), (6.57)
-7
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To compute the mass and KK charge, one needs to reduce our solution along the the 7

coordinate. The metric takes the form

2 R 2 Z
g A H - 2
@%:—JLh+(y— A)ﬁ]+—7—m , (6.58)
5 72 4 9214 g[i/2 E
where we have defined,
2m p2 - q2 2 1 173 2 2
—q- I = Z .
g e s 1_72(9 97 (6.59)
and
dsyy = —I;2di? + 1} |dr® + gr®(a6° + sin® 0dg?)| (6.60)

is the four-dimensional Einstein metric. From the asymptotic behavior of the di? coeffi-

cient in the Einstein frame metric one can read off the mass of the solution

1 + pay + pgy + L=
M= —— D1 -22) - 9192 + pq1 + pge 5
Gy(1—v?)L2 m
+ 2 _ 2
—y(@1 + @+ ) + qlqz(]:ng d )] . (6.61)

Here G, is the four-dimensional Newton’s constant, whose relation to the five-

dimensional Newton’s constant G5 is

G5 G5 (7’+ — 7',>
p— pr— . 2
C1= i) T A= dm? (662)
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and vol(7) is the length of the S parametrized by 7. The KK electric charge, Q., is
encoded in the KK gauge field’

Apx = (’y— ;ﬁ)d{, (6.63)
914
and is given by
1 m qiga + pq + pgo + 122
Qe = _—2[ _+7 :
]__'_ 2 + 2 2
T A e e ) Py

Finally it is instructive to compute the rest-mass, M, of the solution, i.e. the mass with

respect to the (¢, 7) frame

1 32m?rim
Mo = (1= M =7Q) = 1o ( o @t Qat Qg) - (6.65)

It is clear from this expression that if we set the mass of the four-dimensional
Reissner-Nordstrom black hole to zero we will recover the usual relation between the
mass and the charges of a BPS black hole solution. Note also that despite the fact that
we start our construction from a four-dimensionnal black hole with a magnetic charge
p, Ak has a component only along dt, which implies that the final solution does not

carry any global magnetic charge.

6.3 Outlook

Starting from a four-dimensional Euclidean background that solves Einstein-Maxwell

equations, we found a five-parameter family of solutions to five-dimensional N' = 2

"We use the conventions of [90].
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ungauged supergravity coupled to two vector multiplets. Our solutions are regular, hori-
zonless, do not preserve any supersymmetries and have the same charges at infinity as
a non-extremal black hole. They generalize substantially the solutions found in [38]
which were based on a Ricci-flat four-dimensional base and had only self-dual (or anti-
self-dual) fluxes. The key point of the construction, in both [38] and our work, is the
existence of a bolt (a topological S?) in the four-dimensional base [110], on which one
can put magnetic fluxes. These fluxes provide non-singular sources for the warp fac-
tors of the solution, ensure its regularity and are ultimately responsible for the charges
at spatial infinity. It would be interesting to construct other non-supersymmetric five-
dimensional supergravity solutions with a four-dimensional electrovac base. If this base
space has interesting topology one should be able to find regular solutions by putting
fluxes on it. In [45] we found a more general six-parametr family of solutions based on
the Kerr-Newman-NUT gravitational instanton. This is a generalization of the Euclidean
Reissner-Nordstrom solution which includes rotation and NUT charge. An important
aspect of this regular non-supersymmetric solution is that there is a range of parame-
ters for which it can be made ambipolar in much the same way as the BPS solutions
of Chapter 2 and the non-supersymmetric solution with a Kerr-Taub-bolt base found in
[38]. There are some other well-known backgrounds that could be used for constructing
non-supersymmetric supergrvity solutions. The ten-parameter family of solutions con-
structed by Carter [58] is a notable example, which includes the Kerr-Newman solution.
Another interesting example is the Euclidean Melvin solution [169]. This solution is
not asymptotically flat and may lead to non-supersymmetric solutions with interesting
asymptotic structure. Trying to build five-dimensional solutions on these spaces may be
challenging, but the presence of two commuting Killing vectors on the four-dimensional

base should render the problem tractable.
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In the supergravity action (6.3), the three gauge fields have symmetric roles. This
symmetry is explicitly broken by our assumptions (6.12), which leads to a linear system
of differential equations. A very natural question is whether one can put all three U(1)
gauge fields on the same footing, and find solutions which are symmetric under the
interchange of the three gauge fields. While the “floating brane” Ansatz presumably
allows for such solution, it seems to be a rather difficult task to find completely general

(_1) and w(_Q)

solutions in this Ansatz. Indeed, turning on w modifies the equations of
motion and they can no longer be solved in a linear way.

As we discussed above the solutions presented in this Chapter can be obtained by
compactifying eleven-dimensional supergravity on 7° with three sets of M2 and M5
branes wrapping two- and four-cycles on the torus. It should be in principle straightfor-
ward to construct analogous compactifications replacing the 7° by an arbitrary Calabi-
Yau threefold. These would correspond to solutions of five-dimensional N = 2
ungauged supergravity coupled to h;; — 1 vector multiplets, where h, ; is one of the
Hodge numbers of the Calabi-Yau. In the BPS case such solutions were discussed in
[60].

Rather than finding new solutions by solving the equations of motion, a very fruitful
approach is the use of solution generating techniques. In this context, it is useful to
note that the solutions discussed in this Chapter have at least two commuting space-like
Killing vectors. This symmetry can be utilized to generate an even more general class of
non-extremal solutions by using spectral flow [33]. This may proceed in the following
way - first one has to use the results of Chapter 3 to dualize the eleven-dimensional
solution to 1IB supergravity and then perform the spectral flow transformation of [33].
The action of spectral flow on non-BPS supergravity solutions has already shown its

efficiency [39], [4], and it is natural to expect that it will be useful for generating new

interesting solutions.

215



The construction of our solutions relies on the “floating brane” Ansatz of [39], which
states that the metric warp factors and the electric potentials are related. All the solu-
tions found so far within this Ansatz have a mass that is linear in the sum of the electric
charges. It should be expected that for a generic non-supersymmetric supergravity solu-
tion this linear dependence should not be present. Very few such more general non-BPS
solutions are known [143, 89, 184, 151] and it would be quite interesting to find more
of them. It is also worth exploring the limitations on the types of solutions that can be
constructed via the “floating brane” Ansatz and to find new more general techniques for
constructing non-BPS solutions.

An interesting open question is whether the solutions presented in this Chapter are
stable. Since the solutions have the same asymptotics as a non-exrtremal black hole,
one can expect that they will be unstable, it will be very interesting to understand the
details of this putative instability. We have not performed the stability analysis of our
solutions and we expect this to be a non-trivial task, see [127] for a discussion of the
instability of the Schwarzschild instanton. It is known that the regular non-BPS solutions
found in [143] are unstable [54]. It was later shown that this instability has a natural
interpretation in terms of Hawking radiation [63, 64, 65, 6, 7]. It is tempting to speculate
that if the non-BPS solutions presented here are unstable their instability should also be
interpreted as Hawking radiation for the corresponding non-extremal black hole with

the same asymptotic charges.
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Conclusion

In this thesis we have studied in detail supersymmetric and non-supersymetric solutions
of supergravity. The solutions are regular, horizonless and with the same charges and
asymptotic structure as supersymmetric and non-supersymmetric black holes and black
rings. The existence of a large number of such solutions provides insights into the
structure of black hole microstates, the information paradox and the resolution of black
hole singularities in string theory.

We used spectral flow as a solution generating technique which also provides an effi-
cient way to related two and three charge solutions with a GH base. Using the physics of
supertubes and spectral flow we have also discussed which of the two and three charge
solutions with GH base are bound states. We also studied in detail probe supertubes
in the background of various supersymmetric three-charge solutions. Using the DBI
action we analyzed the fluctuations of the supertubes in a general three-charge solu-
tion with large magnetic dipole fluxes and uncovered a novel mechanism of entropy
enhancement. We also argued how via this mechanism one may account for a large
portion of the entropy of the three-charge black hole. In Chapter 5 we studied super-
gravity solutions with a four-dimensional base with a generic U(1) isometry. We pre-
sented the first explicit example of such more general solution and showed that the
use of ambipolar four-dimensional bases may be a general feature of the black hole
microstate geometries. Finally we studied a large class of non-supersymmetric and non-
extremal supergravity solutions by using a four-dimensional base which is a solution to
the Euclidean Einstein-Maxwell theory. We presented an explicit five-parameter family
of regular non-BPS solutions. Our construction suggests that there may be a large num-

ber of regular non-supersymmetric solutions with the same charges and asymptotics as
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non-supersymmetric black holes. These solutions will play an important role in under-
standing the microstates and singularity resolution of non-supersymmetric black holes.

Without trying to be comprehensive we will outline some interesting directions for
future work:

In addition to spectral flow there are more sophisticated solution-generating tech-
niques based on the U-duality groups of supergravities in four and five dimensions.
One can generalize spectral flow to the full U-duality group, for the STU model this is
SO(4,4) [98, 130]. The general form of the BPS solutions with GH base is known and
it is unlikley that these more general solution generating techniques will teach us any-
thing new about the supersymmetric solutions. It is also not guaranteed that the orbit of
the SO(4,4) U-duality group will preserve the regularity of the microstate geometries.,
which was one of the features of spectral flow. Nevertheless it will be very interesting
to apply the SO(4, 4) U-duality group to generate new non-BPS solutions starting from
the examples discussed in Chapter 6. Since the construction of new non-supersymmetric
solutions is technically challenging it will be beneficial to construct as many new solu-
tions as possible no matter if they are regular or not.

As pointed out in Chapter 4 it will be very interesting to find exact supergravity
solutions that take into account the back-reaction of the wiggling supertubes which we
studied only in the probe limit. Such a solution is hard to find for all oscillatory modes
since we break a lot of the symmetry. However one can find the full backreacted solution
for a supertube with fluctuating charge density. There is already some work in this
direction with encouraging results and support for the entropy enhancement proposal
[40].

One can also try to construct more general non-BPS solutions. One can use the

Euclidean Melvin universe as a four-dimensional Einstein-Maxwell base. It has the
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same number of commuting Killing vectors as the Reissner-Nordstrom solution so find-
ing the five-dimensional background should not be harder. It is interesting also to
see whether there are more general linear equations of motion in the non-BPS float-
ing brane Ansatz. Can one use four-dimensional Einstein-Maxwell-Dilaton solutions or
four-dimensional solutions with cosmological constant as a base for construction five-
dimensional non-supersymmetric solutions? There is a large class of metrics found by
LeBrun [152] which can be turned into four-dimensional Euclidean Einstein-Maxwell
solutions. These solutions are Kihler but not hyper-Kihler and have non-trivial two-
cycles akin to the GH solutions. It will be quite interesting if one can construct a large
number of non-BPS regular five-dimensional solutions with non-trivial topology based
on the LeBrun metrics. There is some recent work in progress which suggests that this
may indeed be possible [46].

It is well known that higher derivative corrections to the gravitational action intro-
duce corrections to the Bekenstein-Hawking entropy of a black hole [204]. It will be
very interesting to study supergravity actions with higher derivative terms and analyze
the effect of these corrections on the regular microstate geometries. Of course it will be
also desirable to find a way to count such geometries and reproduce the Wald formula
which incorporates all corrections to the Bekenstein-Hawking entropy.

It will be very interesting to clarify the implications for the OSV conjecture [174]
posed by the existence of the regular microstate geometries. It is established by now
that there should be some modifications to the original conjecture due to the presence of
the scaling solutions discussed in Chapter 2, see [79].

It may be fruitful to apply techniques from the theory of crystal melting, toric geom-
etry and Young diagrams [142] to count the solutions with a U(1) x U(1) invariant
hyper-Kéhler base. It will be then be possible to compare the results of this approach to

the counting performed by geometric quantization in [74, 75, 13, 76].
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It will be interesting to apply the ideas that lead to the construction of the regular
microstates geometries to gauged supergravity in five dimensions and look for regular
asymptotically AdS solutions. These will be of interest for black holes in AdS and for
AdS/CFT. The BPS solutions of five-dimensional gauged supergravity were classified in
[102] where it was shown that they have a four-dimensional Kihler base. There is also
a known BPS black hole with finite entropy in gauged supergravity [132], which has a
simple Kiler base. It remains to be seen whether one can construct ambipolar solutions
with a Kéhler base with non-trivial topology which can be interpreted as microstates
of this black hole. Of course it will also be interesting to study non-BPS solutions of
gauged supergravity along the lines of Chapter 6.

It is clear that studying the puzzles of black hole physics has lead to a lot of advances
in theoretical physics and in our understanding of the nature of space-time and quantum
gravity. There is no doubt that pondering about black holes will uncover new surprises
and exciting physics. We hope that the results summarized in this thesis will be an

important step along the way.
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Appendix A: T-duality transformations

In this Appendix we summarize the T-duality transformation rules for type II theories
with non-zero R-R fields. These rules are derived in [43] and can be considered a gen-
eralization of the Buscher rules [50]. In the expressions below we will adopt the con-
ventions and notation of [170], the different R-R forms are denoted with C'™ and the
fields obtained after the T-duality transformations are denoted with a tilde, w = xg is
the M-theory compactification direction and z is the T-duality direction.

The set of bosonic fields in the low energy limit of M-theory, i.e. eleven-dimensional
supergravity, are:

(A.1)

After the compactification along w = xg we are left with type IIA supergravity with the
fields
Gy  CP) B ch, @, (A.2)

pvp s H

which are related to the eleven-dimensional fields as follows (note that we are working

in string frame):

G ’LUGV’IU G w
Juv = V wa Gm/ + —— ) Ol(tl) =t )
GU}’LU G’LU’LU
(A.3)
3
C,L(L?I)/)p = A/JJ//J) Bp,u - Ap,uw ) ¢ = Z IOg(wa) :
The type 1IB fields are:
G Bu, ® CO. R, Ch,. (A4)
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The T-duality rules for the metric and the NS-NS fields are:

~ 1 ~ B,uz ~ g,umgzzx - B;m:BVa:
Gz = — Guz = — Juw = Guv — )
zT . Gxz : : 9zx
(A.5)
> g,u:r o B,u:pgux - g,uxBu:v T 1
Bx:_7 B = B — ) q):q)__loggxx
s Jzx g g Gz 2
The R-R forms transform under T-duality as:
C;([L.?Vaa: = /Sn;zz) - (77/ - 1)M )
Jza
(A.6)
¢ B
('n, n+1 (n 1) [u l/|.7} ‘O‘|xg|6}x
C .vaf T C l/Otﬁw C'LL VaB Bz (n - 1) G

Alternatively one can transform the RR field strengths as follows (for a detailed deriva-

tion of these rules see Appendix A of [147])

(n—1)

i E g e
) o = FO 4+ (0= 1) (—1)n 2 et o
(A7)
~(n n . Bafun G \$|F( )I
E = Fit e — ”(_1)"Bw[mF,52...,i)n] —n(n — 1) '; ps-pimlz

In the next Appendix we give the explicit transformations that take us from the M-

theory duality frame used in Chapter 2, to solutions in other useful duality frames.
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Appendix B: Three charge solutions in

different duality frames

Here we will present the three-charge BPS solutions, discussed throughout this thesis,
in different string theory duality frames. This is needed for the calculations presented in

Chapter 3 and 4. The results in this Appendix were presented in [35].
Compactification along g

The first step is to compactify the eleven-dimensional solution, presented in Section

2, along g, in this way we obtain the following combination of “electric®
Ny : D2 (56) Ny : D2(78) N;3: F1(2) (B.1)
and “dipole” branes
ny : D4 (y78z2) ny : D4 (y562) n3 : NS5 (y5678) (B.2)

in Type IIA. The numbers in the parentheses refer to spatial directions wrapped by the

branes, /V; and n; denote the electric charges and dipole charges, respectively. The label

8We are choosing zg to be the M-theory circle in order to match the conventions in the literature for the
global signs of the B-field and the RR potentials for the BMPV black hole [49] and the supersymmetric
black ring solutions [88].
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y refers to the brane profile on the spatial base and from now on we will denote z1y = z.

The ten-dimensional string frame metric is

1 o V7,7, | Z,
dS%O = —m(dt + k?)2 + ZlZQdSi + Z?) dZ2 + Z(dl’% —+ dmé)
Z
+ 4/ 2t (dz? + da?) (B.3)
Zs

The dilaton and the Kalb-Ramond field are

1. (%7
o =—log | =5 |, B=-A®ndz. (B.4)

The RR (“electric’) forms are
cH=o, C® = AW Adxg Adeg + AP Nde; Adzg,  (B.S)
and the four-form field strength is’

FO = dc® £ dBACY = AW Ades Adeg + dAP Adas Adzs  (B.6)

= dFY Ndxs A dwg + F A dag Adas, (B.7)

where we have used the notation F) = dAY), Now we will perform a chain of T-

dualities in order to arrive at the desired frame.
T-duality along z;

A T-duality along the x5 direction brings us to Type IIB with the following sets of
“electric”

Ni: D1(6)  Ny: D3(578)  Ns: F1(z) (B.8)

Note that we are using the notation of [180] F® =dc® 4 dB A CO.
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and “dipole” branes

ny : D5 (y578z) ny : D3 (y62) ns : NS5 (y5678).

The metric is

1 AVA Zy
ds?y = —————(dt + k)? + /71 Zods> + d2* + | =dx
S10 ng( ) 14205y 23 z Zl L
A
+ i(dwé + dz? + dx})
The other NS-NS fields are
1 (7 :

The RR field strengths are

FG = —FO A dug

FO) = FO A dag A dar A das + %10(F@ A das A der A das)

(B.9)

(B.10)

(B.11)

(B.12)

where in the expression for F®) we have added the Hodge dual piece by hand to ensure

self-duality [190]. Note that if one is working in the “democratic formalism” (i.e. with

both electric and magnetic field strengths) F©®) will be automatically self-dual, however

since we have chosen to T-dualize explicitly only the electric field strengths we have to

add the self-dual piece by hand whenever we encounter a five-form field strength after

T-dualizing a four-form field strength.
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Using the form of the ten-dimensional metric (B.10) one can show that

Z3
273

1/4
10 (dAP A das A day A dag) = — ( ) x5 (AAP A dz A dag)

where x5 is the Hodge dual on the five-dimensional subspace given by the metric

1
ds? = ——————(dt + k)? + \/ Z1 Zods> .
RV, v A S

T-duality along x4

Now perform T-duality along z¢ to get
Ny : DO Ny : D4 (5678) N;: F1(z)
“electric”
ny : D6 (y5678z) ny : D2 (yz) n3 : NS5 (y5678)

and “dipole” branes in Type IIA. The metric is

1 NIAVA:

ds?y = ——————(dt + k)? + /71 Zods> + dz?
S0 =g Tz TR VA DdsiE T
VA
+ i(dxg + dxg + d? + dx3) .

The dilaton and the Kalb-Ramond fields are

1 73

d=-1 L B=-A® Adz.
os (747 :

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)
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The RR field strengths are

" 75 1/4
F® = ) FW = _ <Z3222> *5 (.7-"(2)) ANdz . (B.19)
143

Since we are interested in studying probe two charge supertubes in this background,
we will also need the RR potentials since they enter the Wess-Zumino action of the

supertube.
Finding the RR and NS-NS potentials in the D0-D4-F1 frame

If everything is consistent, then the Bianchi identities for the field strengths should

be satisfied. For the solution given by (3.3)—(3.5), the non-trivial Bianchi identity is:'°
dF® = —F? A dB. (B.20)

Indeed we can use the BPS equations to show that

dF0 — g (2 1/4* (FPY) Adz
7372 i
B 1 (dt + k) )
= [d(ZIZ3>AdkA(dt+k) d( 7 )/\@ (B.21)

—d(%ﬂ) /\@1—1-@3/\@1} Adz.

3

On the other hand

FOANdB = dADW AdA® A dz
1 (dt + k) 5
= |d dk A (dt + k) —d B.22
l <21Z3)/\ A i+ ) ( Z )/\@ (522

dt + k
—d(%) /\@1+@3/\@1} Adz.
3

10See [180] p. 86.
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So the Bianchi identity is obeyed and it can be checked in a similar manner that the
equations of motion of type IIA supergravity are obeyed. This confirms the consistency
of our calculations.

We will now find the RR three-form potential C'®) in the same duality frame. It

satisfies the following differential equation
dC® = F® + WA H®. (B.23)

Note that this depends upon a gauge choice for C(Y), we choose a gauge in which C'")

is vanishing at asymptotic infinity, namely'
cH = — AW _ gt (B.24)
Computing explicitly one finds
dC® = [(—x4dZy + BONOD)) — d(Z; ' (dt+k)ABY + dtAA®) | Adas, (B.25)
and hence
C® = —(y + Z7'(dt+ k) ABY + dt A AP) Adws, (B.26)

where

dy = (%4dZ, — BYAOW) . (B.27)

So the calculation boils down to integrating for the 2-form ~. Up to this stage we have

not assumed any particular form of the four-dimensional base space. If this space is

"'We have fixed Z; ~ 1+ O(r~1).
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Gibbons-Hawking then the equation for v can be integrated explicitly. Using the BPS

supergravity solutions presented in Chapter 2 it is not hard to show that

1
x4dZy — BYANOY) = (-9,2, + K'0,(VT'K?)) 5 Cabe(dih + A) A dy® A dy°

— £V (O (VTE®)) (dep + A) A dy® A dy®

+ V(EW VLK) dy' Ady? A dy?

(B.28)
Recall that Zo = L, + V-1 K'K3 and define ( by:
Vx({ = —VL,, (B.29)
then using
QW =l p et & %eabcéb“ A et (B.30)

one can show that:

w4dZy — BOAO® = d[(—¢, — VTIKEM)Q™)]

— (VV-C + K3V W) dy' Ady? Ady®. (B.31)

The last term is a multiple of the volume form on R? and so is necessarily exact, how-

ever, it can be simplified if we chose a gauge for 5(1) and 5
V-(=vV-&H = . (B.32)

Then one has:

v = =[G+ VIR Q] (B.33)
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Finally, let 7; = (y1 — a;,y2 — b;,y3 — ¢;) and let F' = Ti and then define w by V x

—

w = — ﬁF, then the standard solution for 0 is:

PG (y1 — a;) dya — (y2 — by) Ciyl (B.34)

ri (g —ai)® + (g2 — b)?

It is elementary to verify that V - = 0 and so this is the requisite gauge. Finally the
explicit form of the RR three-form potential for a solution with GH base in the DO-D4-

F1 frame is

CO = (¢ + VIKPEM) QW Ndz — (Z5  (dt+ k) ABY + dtAA®) Adz . (B.35)

T-duality along 2

Another T-duality along z transforms the system into D1-D5-P frame with
Ny : D1(z) Ny = D5 (5678z) N3 : P(z) (B.36)

“electric”

ny : D5 (yb678) ny : D1 (y) ns : kkm (y5678z) (B.37)

and “dipole” branes. The metric is

(dt + k)? +\/Z1Z,ds? (dz + A3
Z\/le2 10 Z1Z2 2 AY

Z
+ ,/Zl (da? + da? + da? + da?) . (B.38)
2

2 _
dsirp =

The dilaton and the Kalb-Ramond field are:

Z
<I>:—log (;) B=0. (B.39)
2
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The RR three-form field strength (it is the only non-zero field strength) is:

®3) Z3 v (2) (1) (3)
FO = —{ =% % (FP) = FYA(dz - AD). (B.40)
143

We can also easily find the RR 2-form potential by T-dualizing (B.35)

C® = (¢ + VIIKEW) Q9 — (Z7Ydt + k) A BY + dt A AD)

+ ADA(AB) —dz —dt) + dt A (A® —dz). (B.41)
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Appendix C: Solutions in D1-DS-P

frame and a decoupling limit

In this Appendix we consider the decoupling limit of the three-charge metric in the
D1-D5-P duality frame (B.38). As shown in [22, 88], for a supersymmetric black ring,
such a limit takes an asymptotically-flat solution into a solution that is asymptotically
AdS5 x S3 x T*, and is thus dual to a state or an ensemble of states in the D1-D5 CFT.

Like for three-charge black holes and black rings, one can take a similar limit for
any of the regular three-charge solutions with GH base discussed in this thesis. This
is achieved by sending o’ — 0 and scaling the coordinates and the parameters of the
solution in such a way that the type IIB metric scales as «’. At this point it is useful to
give the form of the “electric” charges () in terms of the parameters of the harmonic

functions specifying the solution:

ke
J

N
. where lzrj = k:]I —qj Z kL. (C.1)
=1

N

Qr=—-2Crk Z

j=1

The angular momenta are obtained by expanding the one-form £ at infinity and one

finds:

N RIRRE AN

JREJ1+J2=CIJKZ%, JL=J1—J2=8‘ZZ ]I‘g(])
j=1 J =1

J=1

)

(C.2)
where the ¢) are the positions of the GH centers. The scaling with o/ of the coordinates

is the same as for the black hole solution

i~y ~ys~ (@), za~ (@) a=5,6,78, t~z~g~ (), (C3)
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where we have written the four-dimensional base as a GH space (2.21).

The electric charges have also the same scaling as for the black hole:

Q1 ~ Q2 ~ O/a Q3 ~ (0/)2- (C4)

Hence, to preserve the fact that the charges of bubbling solutions come entirely from

magnetic fluxes, the latter need to scale as

1 g2 3 0
kj ~ k5~ ki~ (a') (C.5)

J

In particular, we have r? = y? + y2 + y2, so r ~ (o/)?. At infinity in the M-theory

solution the functions Z; behave like

ZI~1—|—@—|—... (C.6)
4r
and so
1 1
Zy~— Loy ~ = Z3 ~ const. (C.7)
«

So in the limit o’ — 0 we can ignore the constant in Z; and Z5 but we should keep it in

Z3. It can be shown that k ~ A3 ~ (o/)° which finally leads to the desired scaling

dst g ~a. (C.8)
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2
After we have taken the o/ — 0 limit we can take the large r = /)Z limit and switch to

four-dimensional spherical polar coordinates (2.19), with radial coordinate p, in which

we have:

2 d 2
dsiip ~ S (—dt* +dz?) + Q1Q2,0_p2

V1@

+ VQ1Qo(d¥? + sin® ¥dp? + cos® Vdyp3) + %dﬁw (C.9)

2

where we have used the freedom to change A® by pure gauge transformations. This
metric is indeed that of the product space AdSs; x S3 x T, where the radii of the AdSs
and the S° are the same and are equal to (Q;Q3)"/*. Therefore, the bubbling solutions
in the decoupling limit are asymptotic to AdS3 x S3 x T* and thus should be described
by the D1-D5 CFT as expected'.

Note that the asymptotic metric in the decoupling limit of any of the BPS solutions of
Chapter 2 is the same as the metric of the three-charge BPS black hole in the decoupling
limit. This implies that the ge=ometries we are analyzing have a field theory description
in the same D1-D5 CFT as the three-charge black hole with identical electric charge.
The same result was found for supersymmetric black rings [22, 88].

We should also emphasize that in the decoupling limit only the three-charge black
holes and the two-charge supertubes have metrics that are everywhere locally AdS;3 x
S3 x T*. A general BPS solution like a black ring or a horizonless bubbling solution

will have non-trivial geometry and topology.

12See [74] for a discussion of a different decoupling limit in which some of these bubbling solutions
become dual to microstates of the MSW CFT [162]
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Appendix D: Units and conventions

Here we summarize some of the conventions used in the thesis (see [180, 177] for more
details).

The tensions of the extended objects in string and M-theory are:

1 1
N ¢ A R e T TR LA
T L Ty = —+ (D.2)
M2 = omR () Mo (2m)5 (1,8 '

where o/ = [2, [, is the string length, g, is the string coupling constant (in the particular
duality frame in which one works) and [p is the D-dimensional Planck length. The

Newton’s constant in different dimensions is

167Gy = (2m)%(11)?, 16mG1o = (2m)7(g4)2(1s)®, 167Gp = (2m)P3(1p)P 2.

(D.3)
One can show that
L = g3, = gt (/)2 (D.4)
T-duality along a circle of radius R changes the coupling constants to:
~ o l .
R=— Gs = —7s ls = 1. D.5
R 9= pY (D.5)

where R is the radius after T-duality.
When one compactifies M-theory on a circle of radius Ly, the coupling constants of

the resulting type IIA string theory satisfy:
Ly = gsls . (D.6)
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If one compactifies M-theory on a T (along the directions 5, 6,7, 8,9, 10) and the
radius of each circle is L; (i = {5,6,7,8,9,10}), the five-dimensional Newton’s con-

stant is

Gy B G (lll)g

™
T UOZ(T6) n (27T)6L5L6L7L8L9L10 B ZL5L6L7L8L9L10 ’

D.7)

The relations between the number of M2 and M5 branes, N; and n;, and the physical
charges of the five-dimensional solution obtained by compactifying M-theory on a T,

(s and qr, are

(I1)° (I1)°

Ql L7L8L9L10 1, QQ L5L6L9L10 2 Q?) L5L6L7L8 35 ( )
(I11)° (I1)? (l1)?
_ = = ) D.9
q1 L Lo ni, a2 L+Ls naz, as LoL1o n3 (D.9)
We will choose a system of units in which all three 7% are of equal volume
LsLe = L7Lg = LoLy1g = (111)3 = gsli’ ) (D.10)

note that this is a numerical identity and is not dimensionally correct since g, is dimen-

sionless. With this choice we will have

Gy = —, Qr =Ny, qr =ng . (D.11)

N

and these identities hold in every duality frame we use in the paper. Furthermore we
will choose

gsls = 1. (D.12)
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Since we are compactifying M-theory on Lg we will have Ly = g,/, = 1 and L1y = [2,

this implies (note that throughout the paper we put L,y = L,)

27TTD2
T

TDO =1 s 27TTF1L10 =1 N and =1. (D13)

We have fixed [, = g; ! so that a lot of the various brane tension factors, appearing in the
probe supertube calculations throughout the thesis, cancel. Note that with our choices

gs 1s still a free parameter but we have fixed the volume of the compactification torii.
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Appendix E: Extremal

Reissner-Nordstrom

An interesting limiting case of the solution presented in Section 6.2 is when the two
horizons of the four-dimensional base coincide. This is the extremal Euclidean dyonic

Reissner-Nordstrom background

2 (4 M\? . MmN 20302 | win2 2
ds? = (1 r) dr +<1 T) dr? + r2(d6? +sin? 0de?),  (E.1)
2q .
F= T—2d7/\dr+2psm9d9/\d¢. (E.2)

This background is a limit of the dyonic Reissner-Nordstrom black hole which is

obtained by taking m? = p? — ¢*. The two horizons degenerate and we have
rL=r_=m. (E.3)

The near horizon limit of the Lorentzian extremal Reissner-Nordstrom black hole is the
Bertoti-Robinson solution which is AdS; x S? with electric and magnetic flux [44]. In
the Euclidean solution of interest the horizon has become a bolt of radius m and near
the bolt we can set

r=m-+ (E.4)

I

and rewrite the metric as

2 2
ds?, = m? <dp+d7 + df? + sin? 0dgb2) . (E.5)
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This is the metric on Hy x S?, where H, is the Poincaré half plane and we have the
following range of coordinates 7 € (—o00, 00) and p € (0, 00). Note that we still have
a finite size bolt (S?) at r = m on which we can put flux'®>. At asymptotic infinity the
metric approaches the flat metric on R*. This should be contrasted with the case of the
non-extremal Euclidean Reissner-Nordstrom black hole of Section 6.2, where we had to
periodically identify the coordinate 7 to get a regular metric near the outer horizon. The
five-dimensional supegravity solution based on this four-dimensional base has the same
warp factors and fluxes as the solution in Section 6.2, however one should remember
to set m? = p? — ¢%. The coordinate 7 is non-compact but it is still an isometry of the
five-dimensional solution. This means that we have the electric charges corresponding
to the three U(1) gauge fields smeared along 7. What happens effectively is that in
the extremal limit the coordinate 7 decompactifies and the five-dimensional solution
is asymptotic to R'* and corresponds to a smeared distribution of charges along 7.
With this in mind one can proceed in the same way as in Section 6.2 and compute the

asymptotic charges and mass densities of the five-dimensional solution'*

Q1 = —4rm

2
dr ( (p+Qa
m

(@ +7(g+ qz)) )

Q2 = +7(q + ql)) : (E.6)

4 2p—q)(g+q + 4 2 _ g2
Q3:—47r( qm2—|—fy(q1—|—q2+p—q)+ P—a(g+a CI2)_ Q1QQ(]93 Q))7
m m m
1
My = 8 _
0= 167Gs (8mm + Q1 + Q2 + Q3)

13 Five dimensional solutions with an H. ;r x 52 base are discussed in [82]. Note that since the construc-
tion in [82] is based on a four-dimensional Euclidean Israel-Wilson base the five-dimensional solutions
they find preserve some supersysmmetry. The four-dimensional solutions constructed here do not have
an Israel-Wilson base and have fluxes with no definite self-duality, therefore they are not BPS.

“Note that, since the 7 coordinate is not compact anymore, we are now computing charge and mass
densities.

253



It is clear from the dependence of the mass on the charges that we again have a non-
BPS five-dimensional solution that has the same asymptotic charges as a non-extremal
black hole. This may seem somewhat strange because we have started with an extremal
four-dimensional solution, which is also known to be BPS'>. There is nothing puzzling
going on here, to get the five-dimensional solution we have added fluxes to the four-
dimensional base which break the supersymmetry completely. In addition the difference
between the mass and the sum of the electric charges corresponds to the “solitonic”
contribution of the bolt, and therefore one should not expect to have a solution with the

same charges as an extremal black hole.

5The Lorentzian extremal Reissner-Nordstrom solution is a BPS background interpolating between
AdS5 x S? and R'3. Going to the Euclidean regime does not spoil the supersymmetry of the solution
which now interpolates between H;™ x S? and R*, see for example [154].
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