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Résumé en francais

Bien que l'existence de solutions a de nombreux problémes en mathématiques et en
physique puisse souvent étre rigoureusement démontrée, ou du moins physiquement justi-
fiée, la construction explicite de ces solutions constitue un probléme complexe, rarement
réalisable concretement. Or, la proposition de correspondance entre théorie des cordes
topologiques et théorie spectrale de [4, 5] releve précisément ce défi pour deux problemes
distincts. Elle relie une description non perturbative de certaines théories des cordes
topologiques aux solutions de systémes quantiques simples, fournissant ainsi des solutions
explicites pour les deux termes. Il est intéressant de noter que les problemes quantiques
concernés sont des équations aux différences finies et non des équations différentielles.

Si cette correspondance est bien comprise au niveau des cordes topologiques fermées,
ou de maniere équivalente au niveau du spectre du probleme quantique, son application
aux cordes topologiques ouvertes ou aux fonctions propres reste encore mal comprise. Des
progrés importants ont été réalisés dans [6, 7] si i = 2m. Nous proposons une extension de
leurs résultats a tout 2 > 0 pour une famille particuliere de théories des cordes topologiques
correspondant a la théorie de Yang-Mills supersymétrique SU(NNV) en cingq dimensions.
Une caractéristique distinctive de cette construction est que les fonctions propres sont des
fonctions entieres, solutions de I’équation aux différences pertinente pour toute valeur des
parametres, et qu’elles deviennent des fonctions propres au sens de l'espace de Hilbert
pour un ensemble discret de valeurs propres. Il s’agit donc d'un progres partiel vers la
correspondance entre théorie des cordes topologiques et théorie spectrale.

Nous étudions également deux limites intéressantes de notre proposition, qui établis-
sent une relation entre la théorie de Yang-Mills N’ = 2 supersymétrique en quatre dimen-
sions et un probleme spectral associé. La premiere limite permet de construire les fonctions
propres de la courbe de Seiberg-Witten quantifiée a ’aide des fonctions de partition du
défaut de la théorie de jauge dans la limite dite de Nekrasov-Shatashvili. Ces systéemes de
mécanique quantique sont des analogues par différences finies de 1’équation de Schrodinger
A potentiel polynomial, ofi le terme cinétique normal p? est remplacé par cosh(p). De plus,
pour des valeurs particulieres des parametres, ils correspondent a I’équation de Baxter du
réseau de Toda.

L’autre limite possible de la correspondance entre la théorie des cordes topologiques
ouvertes et la théorie spectrale donne les fonctions propres de noyaux intégraux spéciaux
en fonction des fonctions de partition de défaut de la théorie de jauge dans la phase auto-
duale du fond €2. Une caractéristique intéressante de cette construction est qu’elle relie la
fonction de partition de défaut a un modele matriciel admettant un développement naturel
autour du point de monopole magnétique de couplage fort. De plus, grace a la construction
explicite des fonctions propres a partir de la théorie de jauge, on trouve également une
relation fonctionnelle entre ce noyau intégral et la courbe de Seiberg-Witten quantifiée.
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Chapter 1

Introduction and motivation

In this thesis, we are interested in quantizations of simple curves of the form

H(z,y) =YY e =E, I.JCZ, qe€R,  (10.1)

kel teJg

where Z, J are finite index sets. Let us for simplicity consider the situation in which the
Riemann surface parametrized by H (z,y) with z,y € C has genus g > 1, and where level
sets for fixed £ > 0 are bounded when z,y € R with H(x,y) > 0 without loss of generality.
The basic motivation for the later choice is simple: a bounded phase space volume implies
a discrete spectrum once we quantize the theory, so this gives an interesting setting to
study a quantization of (1.0.1). Many of these conditions can nevertheless be relaxed,
but this would complicate the current discussion. Let us thus promote z,y to Heisenberg
operators

[z,y] =ik, h>0, (1.0.2)

and we consider (1.0.1) as an operator equation on the Hilbert space of square integrable
functions L*(R). That is

H(z,y): D(H) = L*(R) : ¢ — H(z,y)v (1.0.3)

D(H):={¢y € L*(R)|Vk € I,V € J : ™y € L*(R)} , (1.0.4)

Let me also mention that the constraint coming from y can be reformulated as the require-
ment that ¢(x) should be analytic in strip parallel to the real axis, by a variation on the
Paley-Wiener theorem [9, thm. IX.13]. Analyticity of eigenfunctions of H(z,y) will come
back in a stronger form later on. Equation (1.0.1) becomes then a finite difference equation
for v (z). Note that D(H) is dense in L?(R) since all Hermite functions are in D(H), and
H(z,y) is symmetric because ¢, € R. Moreover, since H(z,y) is a positive semi-bounded
operator there exists a canonical self-adjoint extension, which is the so-called Friedrichs
extension [9, p. 177] [10, p. 234].

It turns out that the spectral problem associated with this self-adjoint extension is
very well-behaved. It was conjectured in [4] that the inverse p of this extension is a



bounded, positive-definite, self-adjoint operator on L?(IR) which is of trace class. At a
physics level of rigour this can be seen from Bohr-Sommerfeld estimates on the spectrum,
and it was proven for many examples in [11, 12]. The fact that p is trace class puts tight
constraints on the spectrum and the eigenfunctions. Due to the Riesz-Schauder theorem
[13, th. VI.15], p has a discrete spectrum and every non-zero value in the spectrum is an
eigenvalue with finite multiplicity, and the eigenfunctions form a basis of Hilbert space by
the Hilbert-Schmidt theorem [13, th. VI.16]. These facts are true for generic compact',
self-adjoint operators, but trace class operators also allow the construction of the spectral
determinant [10, eq. (9.30)],

det : C — C: E '+ det(l — Ep) := H (1-FEN), (1.0.5)

Aea(p)

where o(p) is the spectrum of p. This is the direct analogue of the characteristic function
in finite dimensional vector spaces, and the roots of the spectral determinant coincide with
the spectrum of our extended quantized curve p~!. Moreover, the spectral determinant is
an entire function of E which is bounded by exp (c¢|E|) with ¢ =", ) A forall E€ C
[10, p. 217]. Since we started from a concrete operator in (1.0.1), this raises the question
of what the solutions are to this well-behaved spectral problem. In particular, what is the
spectral determinant, what is the spectrum, what are the eigenfunctions? In general, this
is an almost impossible problem. However, for the quantizations of (1.0.1) we can give a
construction of the spectral determinant and the eigenfunctions.

The curves in (1.0.1) can be realized as the mirror curves of toric Calabi-Yau threefolds,
and it was found [4, 5] that the spectral determinant can be given in terms of refined
topological string partition functions on the toric Calabi-Yau threefolds in question. Let
me emphasize that this not only solves the spectral problem in terms of topological string
theory, but it also gives a non-perturbative completion of the topological string partition
function in terms of the spectral theory. With a non-perturbative completion, we mean a
well-defined function of the string coupling g, that in the g, — 0 expansion gives the usual
asymptotic genus expansion at the topological string side, and is background independent,
i.e. has good analytic properties in the moduli. This connection is called the topological
string/spectral theory correspondence (TS/ST). It can be considered a strong-weak type
of duality. One has gs/2m = 27 /h, so the usual topological string in the g < 1 regime
corresponds to the “strong coupling” regime of the spectral theory A > 1, and vice versa.
See [6, 7] for a pedagogical introduction. The mathematically inclined reader should note
that while there are many non-trivial checks of the proposal, and even special limits that
can be proven rigorously [14, 15], there is no rigorous proof of the TS/ST correspondence
at the moment.

While the spectral determinant was constructed in terms of closed topological strings
in [4, 5], the construction of the eigenfunctions in terms of open topological string partition

!Compact operators map bounded subsets of L#(R) to “relatively compact subsets”, that is, subsets
which have a compact closure. Trace class operators are a particular class of compact operators.



functions is still an open problem. This thesis contains some partial progress in that direc-
tion. Crucial steps were made in [6, 7], where it was found how to write down well-defined
functions that solve the relevant difference equations. However, these functions still have
poles in x, so while they are well-defined functions of A solving the difference equation,
they are not eigenfunctions in the Hilbert space sense. This problem was overcome in [6]
for local Fy and in [7] for local P? and the C3/Z; orbifold at the so-called maximally super-
symmetric point A = 27 = g,. In this thesis, we want to extend the construction to generic
h > 0 and to other geometries. In particular, we will work towards the eigenfunctions for
the so-called crepant resolutions of the YN0 singularities, which have mirror curves

AV (e¥ +e7Y) + Zlig e<%4)x =0, ko =1=Kn. (1.0.6)

These are interesting examples to study since the mirror curves have genus N — 1. More-
over, in a geometric engineering picture they correspond to five-dimensional, N = 1,
SU(N) supersymmetric Yang Mills theory on R* x S!, and they admit interesting limits
to four-dimensional, N' = 2 gauge theories. While the YV¥ form hence an interesting
and non-trivial case to study, it should be noted that writing down the eigenfunctions for
generic curves of the form (1.0.1) is currently still an open problem.

Many interesting spectral problems can be obtained as special limits of (1.0.1). These
include among others the spectral problems related to quantized Seiberg-Witten curves of
four-dimensional, N’ = 2 supersymmetric Yang-Mills theory, as well as a family of integral
kernel operators that are related to Painlevé equations. While these are in many ways
simpler spectral problems than the quantized mirror curves in (1.0.1), they are largely
unexplored at the level of the eigenfunctions. Making progress on the open topological
string/spectral theory correspondence, which gives the eigenfunctions in terms of open
topological strings, should help to understand and solve many derived spectral problems,
see chapter 4. Moreover, it also aids in discovering a priori unexpected functional rela-
tions between these very different operators, see subsection 3.4.3. For this purpose, it is
important to construct the TS/ST eigenfunctions at any & > 0, since the derived spectral
problems are found in limits A — 0, 00

The logic flow of this thesis will, however, go in the opposite direction. We will
follow the chronology in which the papers [1-3] appeared. In chapter 2 we discuss the
spectral problem given by an integral kernel that is related to the Painlevé ITI5 equation.
The eigenfunctions can be written down in terms of defect partition functions of four-
dimensional, N' = 2, SU(2) Seiberg-Witten theory in the self-dual phase, following [6,
14]. In chapter 3 we use the insights of chapter 2 and [6] to make a proposal for the
eigenfunctions of a finite difference analogue of the modified Mathieu equation, which is
the quantized mirror curve of local Fy = P! x P1. We study two limits in some detail, and
find a functional relation between the quantized Seiberg-Witten curve and the Painlevé
III3 kernel. In chapter 4 we give then the proposal for the eigenfunctions for crepant
resolutions of the YN0 singularities. We focus mostly on the standard four-dimensional



limit to N' = 2, SU(N) gauge theory in the Nekrasov-Shatashvili phase, and we write
down the eigenfunctions of the quantized Seiberg-Witten curve in terms of the gauge
theory partition functions. These operators are finite difference analogues of Schrodinger
operators with arbitrary polynomial potentials. We end with a short conclusion and some
open problems in chapter 5.



Chapter 2

Eigenfunctions of the Painlevé 1113
kernel

In this chapter, we build on the work of [6, 14] to construct the eigenfunctions of a specific
integral kernel (2.1.1) in terms of four-dimensional, N' = 2, SU(2) supersymmetric Yang-
Mill theory in the self-dual phase of the Q-background. This chapter is essentially [1]
which is joint work with Alba Grassi.

2.1 Introduction

Building upon the work of Seiberg and Witten [16, 17|, important results have been ob-
tained for N' = 2 supersymmetric gauge theories in four dimensions. One remarkable
achievement is the exact evaluation of the path integral, made possible thanks to local-
ization techniques and the introduction of the 2-background [18-21]. This led to the
discovery of a new class of special functions, the so-called Nekrasov functions [20, 21],
which today have found a wide range of applications in various fields of mathematics and
theoretical physics. Examples of such functions are given in (2.3.10) and (2.6.1). Despite
the exceptional control Nekrasov functions grant us over the weak gauge coupling regime,
a strong coupling expansion requires alternative methods. This is one of the motivations
behind the present work. In addition, this simultaneously explores a particular extension
of the correspondence relating N = 2 supersymmetric gauge theories in four dimensions
to the spectral theory of quantum mechanical operators on the space of square-integrable
functions L*(R).

The first concrete example of such correspondence was obtained in [22], where the
authors showed how to use N/ = 2 supersymmetric gauge theories in the four-dimensional
Nekrasov-Shatashvili (NS) phase of the 2-background (e; = 0) to solve the spectral theory
of a certain class of ordinary differential equations. For example, the quantization condition
for the operator spectrum corresponds to the quantization of the twisted superpotential
[22-26], while the eigenfunctions are computed from the surface defect partition functions
[27-40]. More recently, explicit expressions for the Fredholm determinants [41, 42] and the



connection coefficients [37] of such differential equations have been derived in closed form.’
See also [46-54] for related development in the context of WKB and four-dimensional gauge
theories, and [55] for a different quantization scheme in higher-rank gauge theories. All the
operators appearing in the above setup can be obtained via the canonical quantization of
four-dimensional Seiberg-Witten (SW) curves [22, 23, 56], or equivalently, by considering
the semiclassical limit of BPZ equations [57].

In this chapter, we explore another facet of the interplay between spectral theory and
supersymmetric gauge theories. On the gauge theory side, we focus on four-dimensional
N = 2 gauge theories in the self-dual phase of the Q-background (e, = —e; = €), while
on the operator theory side we study a class of operators which do mot correspond to
canonically quantized four-dimensional SW curves. These operators originally appeared
in the framework of isomonodromic deformation equations [58-62]. Their relevance in the
context of four-dimensional supersymmetric gauge theories and topological string theory
was pointed out in [14, 15, 63, 64], in close connection with the TS/ST duality [4, 5, 11, 65]
and the isomonodromy/CFT /gauge theory correspondence [66-71]. Geometrically, we
construct such operators from mirror curves to toric CY manifolds, after implementing
a suitable canonical transformation combined with a special scaling limit [14, 63], see
subsection 2.3.2 and subsection 2.3.4.

Here we focus on a specific example of such an operator which is associated with the
Painlevé 1113 equation, and whose spectral traces compute correlation functions in the 2d
Ising model [58, 61, 72]. Tts integral kernel p(z,y) on R reads”

e—4tl/4 cosh :L‘e—4t1/4 coshy

cosh (%) ’

plz,y) = (2.1.1)
and the corresponding Fredholm determinant det (1 4+ kp) computes the tau function of
Painlevé IIT; [58]. For ¢t > 0, the kernel (2.1.1) is positive and of trace class on L?(R); hence,
the corresponding operator has a discrete, positive spectrum {En}@(], with real-valued,

square-integrable eigenfunctions {¢y(z,1)}, -,

A@p@w%mwzmwww. (2.1.2)

As we review in subsection 2.3.2; the spectrum is computed by the Nekrasov function of
4d, N = 2, SU(N) super Yang-Mills (SYM) in the self-dual phase of the Q-background
[14], see (2.3.7) and (2.3.8). The purpose of this chapter is to study the eigenfunctions of
(2.1.1) and relate them to surface defects in the same gauge theory. Specifically, we find
that the eigenfunctions ¢, (z,t) are the Zak transform of the sum of two partition functions
of surface defects, which are simply related by a change in some parameters. See equation

LA rigorous derivation of some of these results can be found in [43]. A g-perturbative approach to
connection coefficients is also discussed in [44, 45], see also [35].

2We refer to (2.1.1) as a Fermi gas operator, since it corresponds to the density matrix of an ideal
Fermi gas in the external potential 8t!/4 cosh (z).



(2.2.6) for the explicit expression. We test this proposal numerically in subsection 2.6.4.
The relevance of this result is twofold. On the one hand, it provides an efficient description
of eigenfunctions of (2.1.1) at small £. On the other hand, it offers a tool to resum both the
instanton expansion and the € expansion in the defect partition function, hence allowing
to probe the gauge theory at strong coupling (large ¢). This is possible because, following
[6, 62], we can provide an alternative matrix model description for such eigenfunctions
(2.2.1), which is exact in ¢ and hence exact in the gauge coupling.

2.2 Summary

2.2.1 Results

The chapter can be summarized as follows. Adopting the approach of [62], which is nicely
summarized in [6, sec. 2.3], we construct eigenfunctions of (2.1.1) from expectation values
of a determinant-like expression,

Ei(x,t k) = oAt/ cosha /2 Z(iﬁ)N\PN (e*,t) r €eR, (2.2.1)
N>0
1 N dz; z — z; N 2 — 2\ 2
Un(z,t) = — U — 4t (2 4 27 L5 . (222
vz ) = 5 /R;VO (E i, exp ( (2 + z; ))j:1:L S (2.2.2)

More precisely, (2.2.1) are square-integrable eigenfunctions ¢, of (2.1.1) if we set K =
—E; ! where E, is an eigenvalue of the operator (2.1.1),

— Iy "= 1
“n (Jf,t) — =+ <I7t7_E_n) - ( 1) —— <Jf,t, En> . (223)

In section 2.6, we show that (2.2.1) and (2.2.2) are explicitly related to surface defects in
4d, N'=2, SU(N) SYM in the self-dual phase (¢, = —ey = ¢) of the Q-background®. We
consider the surface defect which is engineered using the open topological vertex with a D-
brane on the external leg, see section A.3 for details. Using the explicit vertex expression
of section A.3, one can see that this corresponds to the special case of a 2d/4d defect called
a type II defect in [32, sec. 2.3.3]*. Hence, we denote its partition function by ZL (q,t, o).
The explicit expression is given in (2.6.1) and (2.6.4). In the gauge theory, we typically

_ . 4 —il (2.2.4)
g 1 L.
1= % ’ 2’

€

use

3This is in line with the generic expectation that matrix model averages are related to partitions
functions in the presence of D-branes [56, 73-78].

4Following [32, sec. 2.3.3], the two-dimensional N = (2, 2) theory here consists of 2 free chiral multiplets
living on a disc. See also [79-81].



where y is the position of the defect’, € = ¢; = —e, is the Q-background parameter, a
is the Coulomb branch parameter, and A ~ e/ 9%u is the instanton counting parameter,
with gyy the gauge coupling. The relation between the determinant like expression (2.2.1)
and the defect partition function Z[L is given in (2.6.7) and reads

2
=, (az,t, cos( 7T0')) _

2m
e3</(_1) e4\/£

i2qx 11 1I i 1
W/que q é(Ztot(:I:q,t,a—i—k)—i—th <:Fq—§,t70'+k+§)> .

(2.2.5)

The quantization condition for the energy spectrum of (2.1.1) was derived in [14], see
(2.3.7) and (2.3.8). By evaluating the defect partition function on the right-hand side of
(2.2.5) at the corresponding quantized values of 0 = 1/2+i0,,, we obtain the eigenfunctions
on of (2.1.1),

“n (337 t) =
e3cl(_1)e4\/i

i2qx 11 : 11 :
o11/12,3/243/16 /qu e kEEZ: (Ztot (q,t, k + 5 + lcfn) + Zio (—q — 5,?5, k + IOn)) ;
(2.2.6)

where 0, € R. are solutions to (2.3.8). The eigenfunctions ¢y and ¢; are shown in
figure 2.1.
In section 2.6 and subsection A.1.1, we show that we can equivalently write (2.2.5) as

tan (27o) ( I I ( i 1 ) >
do————~ ( Zio (¢, t,0) + Zioo | —¢— =, t, 0+ =
/]R+ia* (2cos(2ma))Y \ " ( )+ Ziox 2 2

9l1/12 /—43/16 .
=i VT N / dg ei2awg=4t!/  coshaoa/2qy (e",1), (2:2.7)
e3C/(*1)e4\/Z (477) R

where o, is such that 0 < o, < |Re(q)| if Re(q) # 0, and simply o, > 0 if Re(q) = 0.
This choice of o* guarantees that the integration over o in (2.2.7) avoids the poles of the
integrand. Let us elaborate more on the meaning of (2.2.7).

- The Fourier transform on the right-hand side of (2.2.7) relates two types of defects
[32, sect. 2.3.3], or more precisely, two phases of the same defect [34, sect. 4.2]°. In

5The parameter y corresponds to the insertion of the defect on the Riemann sphere C in the 6d,
N = (2,0) theory on R* x C, and it is a position in that sense. From the perspective of the two-
dimensional N' = (2, 2) chiral multiplets, it corresponds to the twisted mass for the U(1) flavour symmetry
of the chirals, see e.g. [78].

6Both surface defects are defined by coupling the 4d theory to the same 2d gauged linear sigma
model, but in different phases of the 2d theory. The transition between these phases explains the Fourier
transform relation between their vacuum expectation values as explained in [34]. We thank Saebyeok
Jeong for pointing that out.
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Figure 2.1. The first (blue) and second (red) eigenfunction of (2.1.1) computed using the surface
defect expression in (2.2.6) for t = 1/10075.

particular, while ZI. (q,t, o) is geometrically engineered in topological string theory
by inserting a brane on the external leg of the toric diagram, its Fourier transform
with respect to the defect variable ¢ makes contact with a brane in the inner edge
of the toric diagram [34], see also [56, 82-84]". Following [32, sect. 2.3.3], we refer
to the inverse Fourier transform of a type II defect as a type I defect®. Via the
AGT correspondence [85], the latter is realized in Liouville CFT by considering the
five-point function of four primaries with one degenerate field, the so-called @5 ; field
[39, 40, 77, 86-88]. Ome can equivalently realize this defect by coupling the four-
dimensional theory to a two-dimensional theory, see, for instance, [30-35, 80, 89-91]
and references therein.

This also means that we could get rid of the inverse Fourier transform on the right-
hand side of (2.2.5) by replacing the partition function of the type II defect Z! with
the partition function of the type I defect Z!. The instanton counting-like expression
of type I defect can be found, for instance, in [30]; however, we will not use such
expression here as we will mainly focus on type II defects. The reason for this is
that, in the latter case, the gauge theoretic expression is represented by a convergent
series in t, whose coefficients are exact rational functions of o and ¢. Conversely,
for the type I defect, the gauge theoretic expression is more cumbersome, involving
double series expansions in both ¢ and in gq.

- The integral over o on the left-hand side of (2.2.7) is responsible for the change of

frame: it brings us from the weakly coupled electric frame, where ZL, is defined,

"We would like to thank A. Neitzke for useful discussions on this point.
8Since we consider gauge theories of rank 1 this is equivalent to a type III defect as defined in [32,
sect. 2.3.3].



to the strongly coupled magnetic frame, which is the suitable frame to describe the
magnetic monopole point of SYM, see section 2.5.

In summary, (2.2.7) means that the matrix model average (2.2.2) computes the type I
surface defect partition function of 4d, N' = 2, SU(N) SYM, in the self-dual phase of
the Q-background (e; = —ey = €), and in the magnetic frame. In this identification,
z = exp (z) is related to the position of the defect and the 't Hooft parameter of the
matrix model is identified with the dual period, Ne = ap.

Note also that (2.2.2) is exact both in A and in €; it resums the instanton expansion
of the defect partition function and provides an explicit interpolation from the weak to
the strong coupling region. The 1/A expansion can be obtained straightforwardly from
(2.2.2) since it corresponds to expanding the matrix model around its Gaussian point, see
[15, sect. 5] and references therein.

2.2.2 Derivation

Let us briefly comment on the derivation of equations (2.2.5), (2.2.6), and (2.2.7). Firstly,
we obtained these results by analyzing the large N expansion of the matrix models (2.2.2)
and then extrapolating to finite N. Secondly, part of the idea also comes from the open
version of the TS/ST correspondence [6, 7], see subsection 2.3.4 and section 2.7. By
combining these two approaches we obtained (2.2.5)-(2.2.7), which we further tested nu-
merically. However, we do not have a rigorous mathematical proof of these results.

This chapter is structured as follows. In section 2.3, we give an overview of the well-
established relationship between the modified Mathieu operator and the four-dimensional,
N =2,SU(N) SYM in the NS phase of the Q-background. We then present the connection
between the operator (2.1.1) and the same gauge theory, but in the self-dual phase of the
(-background. In section 2.4, we compute the planar resolvent of (2.2.2) as well as the
planar two-point function and show how the Seiberg-Witten geometry emerges from it.
In section 2.5, we show that the ’t Hooft expansion of (2.2.2) reproduces the e expansion
of the type I self-dual surface defect in the magnetic frame. To establish this connection,
we rely on two crucial findings. Firstly, according to the results presented in [77], the
€ expansion of the self-dual type I surface defect in the electric frame is determined by
topological recursion [92]. Secondly, the self-dual surface defect (or, more generally, the
open topological string partition function) behaves as a wave function under a change of
frame [93]. In section 2.6, we test (2.2.7) numerically for finite N and analytically in a
1/N expansion, and we verify (2.2.6) numerically.
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2.3 Preparation: spectral theory and 4d, N = 2 gauge theory

2.3.1 Known: differential operators and the NS phase of the (2-background

Let us start by reviewing the correspondence relating ordinary differential equations to
four-dimensional N/ = 2 gauge theories in the NS phase of the Q-background, where
€o =0 and ¢; = € # 0 [22]. In this paper, we focus on SU(N) SYM.

Consider the so-called modified Mathieu operator Oy, acting as

Owma (2, t) = <—8§ + v/t cosh (x)) o(x,t). (2.3.1)

If t > 0, the operator (2.3.1) has a positive discrete spectrum with square-integrable
eigenfunctions. One can make the connection to gauge theory by noting that the modified
Mathieu operator corresponds to the canonically quantized SW curve of SU(N) SYM, if
we set t = (A/e)* as in (2.2.4). This relationship was exploited in [22], showing how gauge
theory can be efficiently used to find the spectrum of (2.3.1). The first ingredient in this
relation is the quantization condition of the twisted superpotential which reads

0,FNS(t,0) =127, neN, (2.3.2)

where ™ is the NS free energy and o = ia/2¢ as in (2.2.4). The small ¢ or weak coupling
expansion is given by

FN(t,0) = —¢(1 = 20) — (1 + 20) + o*In(t)
2t (2002 4 7)

+
402 =1 (402 —1)® (402 — 4)

+0(#*), (23.3)

where 1) is the polygamma function of order —2. Higher-order terms in ¢ in (2.3.3) can be
computed by using combinatorics of Young diagrams [20, 94, 95], see [96] for a review and
further list of references. The resulting expansion in (2.3.3) is convergent’ when 20 ¢ Z.
Equation (2.3.2) has then a discrete set of solutions {o,}, ., for a fixed value of ¢ > 0.

The quantum Matone relation [99, 100],

n=0

E = —to,F™ (t,0) . (2.3.4)

gives at last the connection to the spectrum {£,}, ., of the modified Mathieu operator
(2.3.1).

There is a parallel development for the eigenfunctions, but one has to consider the
four-dimensional partition function with the insertion of a type I defect'” in the NS phase
of the 2-background, see [27-34] and references there.

9Beside numerical and physical evidence, we are not aware of a rigorous mathematical proof of this
fact, see [97, 98] for related discussions and proofs in other phases of the Q-background.

10As before, we are following the terminology of [32, sect. 2.3.3]. We also note that, since we are
considering only rank 1 theories, type I and type III defects as in [32, sect. 2.3.3] are identified.
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2.3.2 New: Painlevé kernels and the self-dual phase of the (2-background

In this work, we consider a class of operators whose spectral properties are encoded in
the gauge theory partition functions in the self-dual phase of the 2-background, where
€1+ €a = 0. We focus on the four-dimensional, N/ = 2, SU(N) SYM. In this case, the
relevant operator p has the integral kernel p(x,y) given by [14]

Vo) vl o(z) = 8" coshl) (2.3.5)

p(:}c,y): COSh(%;y) )

This operator p can be seen as the density matrix of an ideal Fermi gas in an external
potential —In[v (z)] [72]. We therefore refer to (2.3.5) as a Fermi gas operator. Unlike the
example of the modified Mathieu operator, the relation of this operator to the quantization
of the four-dimensional SU(V) Seiberg-Witten curves is far from obvious. This connection
was originally found in [14] as a prediction of the TS/ST correspondence [4]. It can be
understood as a consequence of the fact that the operator (2.3.5) can be constructed
starting from the quantum mirror curve to local Fy, and implementing a particular scaling
limit, as we review in subsection 2.3.4. However, we do not yet have a direct method to
derive (2.3.5) using any quantization scheme that starts from the four-dimensional SW
curve. We have to rely on the TS/ST correspondence. See also the discussion at the end
of subsection 2.3.4.

For t > 0 (2.3.5) is a trace class operator on L?(R) with a positive discrete spectrum

{En}n>07
/Rdy p(2,y) pn (y, 1) = Enipy (2,1) (2.3.6)

It was shown in [14] that the spectrum is given by

1 1
-1 _ - .
E == 5, C08 (27T (2 + 10n)) , (2.3.7)

where 0,, € Ry are solutions to
Nek 1 :

Y z (t, 5 Tion + k:) =0. (2.3.8)
kEZ
This result follows from the identity [14, eqs 3.26, 3.49, 3.55] [63, eq. 2.19]

det (1 + w,}) = 2N/ RN I6IVEN " 7Nk (1 6+ k), (2.3.9)

T
kEZ

which was proved using the theory of Painlevé equations. The function ZN(¢, o) in (2.3.8)
and (2.3.9) is the Nekrasov partition function in the self-dual phase of the {2-background,

#72 t (80’2 + 1) t2
Z¥K(t,0) = 14+ — 3 2.3.10
(t,0) G =20)G(1 1 20) ( t 555 T 1z (107 17 +0) ), )
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with G the Barnes G-function. Higher-order terms in ¢ are defined systematically by using
combinatorics of Young diagrams, see [97, eqs. 3.4, 3.6] for the precise definition. The
convergence of this series is shown in [97] for any ¢ > 0 and fixed 20 ¢ Z. Even though
ZNek(t o) has poles when 20 € Z, the sum on the right-hand side of (2.3.9) removes these
poles, and the resulting expression is well-defined for any complex value of o [97, 101].
Let us also note that the Nekrasov function is often expressed using A, a and €, which are
related to t and o via (2.2.4)

4
t= <é) , o= 123. (2.3.11)

€

It is useful to write the Fredholm determinant on the left-hand side of (2.3.9) by using
the spectral traces,

det (1+rp) =Y wNZ(t,N), (2.3.12)
N>0
1 N
N) = I Z (—1)%n® /RdeHp(xi,xs(i)) : (2.3.13)
seESN =1

where Sy is the permutation group of NV elements. The Cauchy identity allows us to write
(2.3.13) as [72]

26 N) = / (ﬂ dzi /s (ss) ﬂ (ijrzy) : (2.3.14)

Zi j=i+1

which can be analysed in the regime ¢ — 400, since this corresponds to expanding the
potential around its Gaussian point. It was found in [14] that the matrix model (2.3.14)
computes the partition function of N' = 2, SU(N) SYM in the self-dual phase of the -
background and in the magnetic frame''. The relation to the Nekrasov function (2.3.10)
can be obtained from (2.3.9) and reads [63, eq. 2.28]

Z(t,N) = —i(4m)N2l/12g3¢ (- 1—1/16 4V dJMZNek (t,o0), (2.3.15)
Rtio.  (2cos(270))
where'? o, > 0. Therefore, the matrix model (2.3.14) provides a resummation of the
instanton expansion in the Nekrasov function (2.3.10), which is an expansion around ¢ = 0.
In this context, we identify the 't Hooft parameter of the matrix model, Ne, with the dual
or magnetic period in SW theory'?
ap = Ne. (2.3.16)

" The magnetic frame can be obtained from the usual electric frame by an S-duality transformation. It
allows us to study the behaviour of the gauge theory near the magnetic monopole point. See section 2.5
and [96] for more details.

12 One can take o, = arccosh(27)/27 as in [63] or any other o* > 0 as long as the integral over o in
(2.3.15) does not hit the poles of the integrand.

131t is possible to analytically continue the results to non-integer values of N [63, 102].
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The equality (2.3.15) was demonstrated in [14, 63]. Finally, we emphasise that (2.3.14) is
exact both in the instanton counting parameter A and in the Q-background parameter .
When we expand (2.3.14) at large A while keeping € and ap fixed, we obtain an analogous
expansion to that found when performing a large-time expansion in isomonodromic defor-
mation equations [15, 97, 103-107]. On the matrix model side, this is an expansion around
the Gaussian point. Similarly, if we expand at small ¢ while keeping A and ap fixed, we
recover the expansion resulting from the holomorphic anomaly algorithm [108, 109].

The goal of this work is to extend these results to the eigenfunctions of (2.3.5), which
on the gauge theory side corresponds to inserting surface defects. As a first observation,
we note that the kernel (2.3.5) falls in the class of operators studied in [62], and more
recently in [6, sect. 2]. In particular, following [6, 62] we can construct eigenfunctions of
(2.3.5) using the matrix model (2.3.14). Let us define

= (@t 0) = ORI Y () (1), reR,  (2317)
N>0
1 Nz 2 — 2 N N\2
Un(zt) = == — 4t (24 2! L) ). (23
~n(z,t) N /RQO (H v it exp ( (2 + 2 ))jl;[rl itz (2.3.18)

The Z4(z,t,k) in (2.3.17) are then square-integrable eigenfunctions ¢, (z,t) of (2.3.5) if
we evaluate them at k = —E 1

1 1
== —— | =(=D"=_ e 2.3.1
on(x,t) " (x,t, En) (—1) (x,t, En> (2.3.19)

This can be verified by using [6, egs. 2.46, 2.59] and ¢, (x,t) = (—1)"¢,(—=z,t). We will
argue in the forthcoming sections that the matrix model with insertion Wy(z,t) corre-
sponds to a surface defect in four-dimensional, N'= 2, SU(N) SYM in the self-dual phase
of the 2-background and in the magnetic frame.

2.3.3 Comment on blowup equations

It was first pointed out in [110] that the five-dimensional NS and self-dual partition
functions are closely connected, which was subsequently demonstrated using Nakajima—
Yoshioka blowup equations in [111]. The interplay between these two phases of the Q-
background was extended to surface defects in four dimensions in [112, 113]. Applications
in the context of Painlevé equations are discussed in [107, 112-116]. The relevance of
blowup equations in the context of resurgence was also recently investigated in [117].
Given such results, it is natural to wonder whether blowup equations can be used to
relate the spectrum and eigenfunctions of (2.3.1) and (2.3.5). Regarding the spectrum, the
blowup formula presented in [115, eq. 5.7] reveals a one-to-one correspondence between
the solutions {0, },>0 of (2.3.2) and the solutions {0, },>0 of (2.3.8). However, to obtain
the spectrum we further need the quantum Matone relation (2.3.4) on the Mathieu side
and the relation (2.3.7) on the Fermi gas side. These two relations are very different, and
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therefore, the spectrum of (2.3.1) and (2.3.5) is related in a highly non-trivial way. It
would be interesting to see if blowup equations in the presence of defects [112, 113] could
be used to establish a map between the eigenfunctions of these two operators.

2.3.4 Two limits of quantum mirror curves

Both operators (2.3.1) and (2.3.5) can be obtained as different limits of the quantized
mirror curve corresponding to the toric Calabi-Yau (CY) manifold known as local Fy,
which we review here briefly.

It is well known that four-dimensional N' = 2 supersymmetric theories can be engi-
neered by using topological string theory on toric CY manifolds [118-120]. The partition
function of refined topological string theory is then identified with the partition function
of a five-dimensional A' = 1 theory on R* x S* [121, 122]. If we shrink the S! circle we
get the 4d theory we are interested in, we refer to [96] for a review and more references.
For N' =2, SU(N) SYM the relevant setup is topological string theory on local Fy. The
mirror curve of local Fy is

e’ 4 e+

1
e/+eV+k=0, (2.3.20)
mg,
where kK and my, are the complex moduli. The quantization of this curve [8, 56] leads to
the operator

1
el +e7, [x,y] =ih. (2.3.21)

Op, =e"+e ™+
m]po

If A, my, > 0 the inverse operator
pr, = Og (2.3.22)

is of trace class with a positive discrete spectrum'® [4, 11, 125]. Hence, a natural object
to consider is its Fredholm determinant

det (1 + Kpp,) - (2.3.23)

The operator (2.3.1) can be obtained from (2.3.21) by implementing the usual geo-
metric engineering limit [118, 120] where we scale

B . 4 2F
= — K = —

1 N

and take § — 0. In this limit, we obtain the modified Mathieu operator (2.3.1),

h=3, (2.3.24)

mIFO

(Or, +7)¥(2) =0 — (Oma+ E)(x) = 0. (2.3.25)
Likewise, the Fredholm determinant becomes

det (1 4 Kpr,) — det (1 + EOyh) (2.3.26)

147t is also possible to take i and myp, imaginary within some range. In this case, one still has the trace
class property, but the spectrum may no longer be real [123, 124].
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and we have an explicit expression for this determinant via the NS functions [41, sect. 5]

sinh (9, FN3(t, o))

sin (27o)

det (1+ EOy;,) = C(t) : (2.3.27)

where C(t) is a normalization constant and the relation o = o(t, E) is obtained from
(2.3.4).
On the other hand, the Fermi gas operator (2.3.5) can be obtained from pg, by imple-
menting a rescaled limit [14],
2 . 27)°

In (mp,) = 4rioc — % In(p*) , R = 2cos (2mo) , h= % . (2.3.28)
and 5 — 0. This is called “the dual 4d limit” in [14]. The scaling (2.3.28) may seem strange
at first sight, but it is a natural limit from the point of view of the TS/ST correspondence
[4]. In the dual 4d limit, we have

2
det (1 + Kpp,) — det (1 + (COS;—WJ)) p), (2.3.29)
77

where p is the operator (2.3.5). The determinant at the right-hand side can also be written
as the Zak transform of the self-dual Nekrasov function (2.3.9).

Let us conclude this section by emphasizing that (2.3.1) has a natural interpretation
directly within the four-dimensional theory, independently of the five-dimensional quantum
curve. In particular, (2.3.1) is the canonical quantization of the four-dimensional SW curve
of SU(N) SYM, which is related to the semiclassical limit of BPZ equations via the AGT
correspondence. On the other hand, for the Fermi gas operator (2.3.5) we do not have a
parallel interpretation at the moment. It may be possible to relate this operator to some
other quantization scheme of the four-dimensional SW curve. Probably a scheme similar
to the one used in the context of topological recursion [126-129]".

2.4 The Seiberg-Witten geometry from the matrix model

In this section, we study the 't Hooft expansion of the matrix model (2.3.18) and show how
the Seiberg-Witten geometry emerges from it. For this purpose, it is useful to parameterise
t = (A/e)* as before in (2.3.11) and to introduce the potential'® V such that

v (In (2)) = exp (_vg@) , V() = 4A (z + é) , (2.4.1)

and we take A, e > 0 for convenience. The matrix models (2.3.14) and (2.3.18) can then
be studied in a 't Hooft limit where

N — +o0, e—0, A = Ne, (2.4.2)

15We would like to thank M. Marifio and N. Orantin for useful discussions on this point.
16The potential of the one-dimensional ideal Fermi gas is —In (v (z)) = V (e?) /e.
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with the defect insertion parameter z, the instanton counting parameter A, and the ’t
Hooft parameter A all kept fixed.

This limit was implemented on the matrix model without insertions (2.3.14) in [14, 72].
In particular, in this limit the eigenvalues of the matrix model distribute along

[g.87!] C R, 0<g<l, (2.4.3)

and the 't Hooft parameter \ is given by

y_on KO —gh)2E(g") — (1 —gh)K(gh)] -7
mgK (g*) ’
where K and E are the complete elliptic integrals of the first (A.2.1) and second (A.2.2)
kind, respectively'”. Later we will use the inversion of this relation for small A,

(2.4.4)

A
\/; A A3/2 A2
=1-Y—+ - — A2) 2.4.
& V2 AN 327 aA2 | GAA? +O () (24:5)
In the 't Hooft limit (2.4.2), we have the following behaviour
InZ(t,N) =Y e972F, (AN, (2.4.6)
9>0

where ~ stands for asymptotic equality. The first two terms read

d? K(g*)

—Fy = —2r———2" 2.4.

dxz? K1 —gY)’ (247)
Fr=—twm(x(1-2 K(1-g" w1 g2 + constant (2.4.8)
1= 411 o g 611 oz g nstant, 4.

and higher-order terms can also be computed systematically [14].
Let us now consider the model with insertions (2.3.18). In the 't Hooft limit (2.4.2),
we have the following behaviour [130-135]

In (\/U(Z)@N(Z,t)> ~ ZEn—lrﬁl (z) ) (249)

Z(t,N) =

The leading-order term 7g is related to the even part of the planar resolvent'™ w9 [6,

eq. 3.35],
To(2) = —2A (z + %) + 2)\/ dzy w (21) , (2.4.10)

o0

and the subleading-order term 7; is given by [6, 134, 135]

Ti(z) = 2/ / dzydze WJ?JF (z1,22) , (2.4.11)

17See subsection A.2.1 for our conventions on elliptic integrals.
8The planar resolvent is defined and computed explicitly further on in subsection 2.4.1.
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where W?F 4 is the even part of the planar two-point correlator. It can be expressed explic-
itly in terms of g as [135], [6, eq. 3.43]

W—E—l— (21,22) =

g +g 72— 28 ) — (2 + ) (1 - W(Z%_g2)(z%_f22_{)(?_g%5‘%2)) >
(2.4.12)

8v/(2 —g2) (s —g?)\/(23 —g72) (23 — &)

2.4.1 The planar resolvent

The planar resolvent is

w'(2) _Nlixfoo%<i (2_1%)> : (2.4.13)

n=1

where the normalized expectation value is with respect to the matrix model without inser-
tions Z (t, N) (2.3.14) and the 2z, are the eigenvalues over which one integrates in (2.3.14).
At large z, one finds

wO(z) = é + <Z> +0 (%) ) (W) = Nllrilm% <Z Zn> , (2.4.14)

n=1

and we refer to (W) as a Wilson loop by analogy with [136]. It is useful to split the planar
resolvent in an even and an odd part,

w’(2) = Wl (2) + 2w’ (2), (2.4.15)

where w9 (2) are both even in z.
The even part of the planar resolvent w9 for the model (2.3.18) has the following
integral form [135, eq. 4.16],

, / 2 _ 2. /.2 _ o2
A (2) = —ifd—y, Vi) Ve —g v g , (2.4.16)
2 Je2mi\22—y?) /g2 —y2\/y? — g2

where C is an anticlockwise contour around the branch cut from g to g~!, which does not

include the two poles at y = +z. In the matrix model Wy (z,t) (2.3.18), we naturally have
z > 0. However, it is useful to consider more generally z € C from now on, and (2.4.16)
makes indeed sense for complex values of z as well [135].

If 22 € C\ [g? g 2], we can write (2.4.16) as

Awd () =

(3) v e / w (520 N T

. (2.4.17)
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where we used the form of the potential given in (2.4.1). The integrand in (2.4.17) can be
decomposed in partial fractions,

/bady (“5) <22iy2> ¢(a2—y21) -0

1
5. [(1—2%) (Z(2,a,b) + I(—2,a,b)) — 2Z(0,a,b)] , (2.4.18)
where 0 < b < a are any positive real numbers and we defined
(2 a,b) /ad ( ! ) ! (2.4.19)
z,a,b) = Y . 4.
b y—2) la? = y?) (y* - b?)

Using [137, egs. 256.39, 257.39], one finds for z ¢ [b, al,

Z(z,a,b) = (aib) (b i Z) /OK(k2) dv (1 —lk_(fisgjsf?'ifk?))

z

, (2.4.20)
( 2 )( 1 )/K(k)d 1 — (—=k) sn? (v|k?)
= v
a+b) \a—2) ), 1—k (222) sn? (v|k?)
where k is the elliptic modulus given by
a—>b
k=—— 2.4.21
a+b’ ( )

and sn (v|k?) is the Jacobi elliptic function known as the sine amplitude (A.2.5). From
[137, eq. 340.01],

1 — a?sn? (v]k?) 1 o — o2 o2 2) 1 2o Y )
/dv (1—a2sn2 (vle)) = oz (0" —ad) T, 0[I%) +aje] F(cb\’z?);m)

where F and II are the incomplete elliptic integrals of the first (A.2.1) and third (A.2.3)
kind, respectively. It is useful to note that v = 0 corresponds to ¢ = 0 and v = K (k?)

corresponds to ¢ = /2. In the end, this gives

son= (525 1) b (:2):
() () (22

and hence, we have in (2.4.18) for 2% ¢ [b?, a?]

kQ) (s —BK (kQ)]

k2> e (/8)} (2.4.23)

Z(z,a,b)+Z(—z,a,b)
- (aifl) (5217:2) [H<(2J—rz)k
~(a13) (=) ()
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as well as

7(0,a,b) = (a%b)

(5) [ (-4187) K ()]

(2.4.25)

- (aib) G) [20T (k|#?) — K (K%)] -

These particular combinations of elliptic integrals can be reduced to square roots by making
use of the following addition formula for 0 < k& < 1 [137, eq. 117.02]",

) <K ) - 5\/0 o (@)

2

a® € C\ Hye , (2.4.26)

o2

IT (o |k?) + 11 (k

where H,;2 is

Hyz = [0,k%] U[1,00] . (2.4.27)
Combining (2.4.25) and (2.4.26) gives
2 1 T 1 0 1
1(0,a,6) = (a+b) (5) () <—1+k> = (3) (_b) .
(VO () -3 (- h
“\a+b)\a)\2/\1-k) \2/\ab)’
and the combination of (2.4.24) and (2.4.26) leads to
Z(z,a,b)+Z(—z,a,b)
o 4b 1 T (a+b b2—z2___ T
S \a+b) \p2—22) |4 b a2 — 22| /22 — a2V/2E — 12
T 1 m(a+bd a2—z2___ 7r
“\a+b) \a2—22) |4 a -2 2 _ad/ 22
(2.4.29)

where 2% € C\ [b?, a?].

1

Taking a™ = b = g and using everything above, we finally find for the even planar

Al (z) = A ((1 _ i) V2 _g22\2/22 —8_2> '

resolvent

> (2.4.30)

Even though we derive (2.4.30) for 22 € C\ [g? g 2|, one can verify that (2.4.30) holds
on the whole complex plane. As a consistency check, we compared the analytical result

The statement in [137, eq. 117.02] is for a? € R\ Hy2, but when 0 < k < 1, this can be extended to
a? € C\ Hy2 by making use of the identity theorem.
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(2.4.30) against the numerical evaluation of (2.4.16) and found perfect agreement. One
can also see that (2.4.30) has the correct asymptotic behaviour,

Wl (2)=0(1), for z = 0,

2.4.31
wl(z)=0(277), for z = 0. ( )

In addition, from the coefficient of the z 2-term in the z — oo expansion we get a
closed-form expression for the Wilson loop (2.4.14),

(82— 1)°A
= S 2.4.32
(W) 2220 (2.4.32)
Using (2.4.5), we obtain
(82— 1)°A AN BA? 3301 )
=1 - — 2% . 2.4.
22\ T 768~ 236A2 T s1028% ~ agaraaat T O V) (2.4.33)

We cross-checked (2.4.33) by expanding the matrix model around its Gaussian point,
similar to what was done in [72, app. B].

Using (2.4.30) gives for the leading-order 7y (2.4.10) of the matrix model (2.4.9) in
the 't Hooft limit (2.4.2)

2 _ 52 2 _ 52
0,75 (2) = —2A (1 - ;) + 220 (2) = —2A v gz\2/z & ", (2.4.34)

An important point of (2.4.34) is that the Seiberg-Witten curve of N' =2, SU(N) SYM,
YA (2) = 4N (P +27%) +u, (2.4.35)

emerges in the planar limit, provided we identify the following quadratic differentials

0.5 (2)dz]? = — [Mdz] 2, (2.4.36)

2
and at the same time relate g to u by

2, 2 U s () (L)2_1 2.4.37
In equations (2.4.35) and (2.4.37), u denotes the vacuum expectation value of the scalar
in the vector multiplet of N’ =2, SU(N) SYM.
2.4.2 The planar two-point function

In the previous section, we have shown that the Seiberg-Witten curve (2.4.35) naturally
emerges when considering the planar resolvent. Here we will see that the Bergman kernel
emerges similarly when considering the even part of the planar two-point function. We will
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see later that this characterises the annulus amplitude in the surface defect. The Bergman
kernel is defined as [87]

B(I17(127q3 (217 22) =

1 <2f(2’1, 22) + anqqu& (kz) (Zl — 22)2 T 1) ; (2.4.38)

2(21 — 22)? 2y/0(z1)0(22)
with
w (22 4 4z92 + 22 1 1
f(Zl, 22) = ( 1 24/§21 2) -+ 5 (_Zl — 22) — 52122 (Zl —+ 22) , (2439)
E (k?) u G — ¢
N _ 2 _ 2.4.4
Grurans (%) = (0= | 3 |+ 0~ s BT ()

and where ¢; are the branch points of o(z2) = —z (22 — (u/4A?) z + 1),

g € {0, (%) ¥ (8%)2 _ 1} —{0,g%g7?} . (2.4.41)

The choice of the order fixes the choice of frame. What we find is that the relevant order
here is

2 2
w=0. o=(g) V() ~1=f o= (@) Hy(Gw) o
(2.4.42)

As we will discuss later, this choice makes contact with the magnetic frame. One can check
that the even part of the planar two-point function (2.4.12) is related to the Bergman kernel
(2.4.38) by

WO (z1,22) = —2120By, g0.05 (71, 23) — ;2, (2.4.43)

4 (21 4 22)

Hence, the subleading-order 77 (2.4.11) of the matrix model (2.4.9) in the 't Hooft limit
(2.4.2) becomes

z z 1
Ti(2) = 2/ / dzydzy (—212’2Bq1,q2,q3 (21, 23) — —) : (2.4.44)

oo Joo 4 (Zl + ZQ>2

2.5 Testing the ¢ expansion for the type I defect

From the perspective of the B-model, the partition functions of open and closed topological
strings can be defined as objects associated with an algebraic curve, and thus, they depend
on a choice of frame, namely a choice of a symplectic basis for the homology of the algebraic
curve. The transformation properties of the closed string partition function under a change
of frame can be derived from the observation that such a partition function behaves like
a wavefunction [138]. Consequently, the genus g free energies behave as almost modular
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forms under a change of frame [139]. The wavefunction behaviour was generalized to the
open topological string sector in [93].

Recall that the partition functions of the four-dimensional gauge theories under con-
sideration are derived from the topological string partition functions via the geometric
engineering construction [118-120]. As a result, the same transformation properties hold.

At the level of terminology, the large radius frame in topological string theory is
mapped to the electric frame in the four-dimensional theory. In this frame, the A cycle
and the corresponding A period on the SW curve (2.4.35) are chosen to be

A2
| e 2V T uE (%)
M, — - Mdzz‘_/ v& g, — W) (2.5.1)
2mi J4 2 im J_, 2 m

where y(z) is given in (2.4.35) and E is the complete elliptic integral of the second kind
(A.2.2). We usually denote a = I14. Likewise, B cycle and the corresponding period are

g1
m,— - Mdz_i/ v,
g

2w Jy 2 i 2
V8A? 2 2
VS w2 ) e (=2 1)) (@25.2)
im 8A2 +u 8A2 +u

where K is the complete elliptic integral of the first kind (A.2.1). The g*! are roots of the
SW curve, y (g*!) = 0, and are given in (2.4.37). We usually denote ap = illp.

On the other hand, the conifold frame in topological strings corresponds to the mag-
netic frame in the four-dimensional theory. This frame is related to the electric frame by
an S-duality which exchanges the A- and B-cycles. For the SU(/N) SYM that we study in
this paper, the transformation properties of the partition function under a change of frame
were studied in [109]. The e expansion of (2.3.15) leads exactly to such transformations,

as we discuss below.

2.5.1 The electric frame

We consider a type I defect in the self-dual phase of the Q-background (¢; = —ey = €),
and we denote the partition function of this surface defect by

ZNz,t,0) (2.5.3)

if we are in the electric frame. As pointed out in [77], based on [140, 141}, we can compute
these defects via the Eynard-Orantin topological recursion [92]. More precisely, we have

In (Zl(z, t, a)) ~ Z Z 625’2“’/ . / Won(z1, ... 2p) dzg -+ -dzy (2.5.4)

920 h>1

where Wy (21, ...25)d2; ... dz, is an infinite sequence of meromorphic differentials con-
structed via topological recursion [92], and whose starting point is the underlying SW
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geometry (2.4.35). Note that we are implicitly using the dictionary (2.3.11) and the SW
relation (2.5.1) to express o = ia/2¢ as a function of the SW parameter u.
For the so-called disk amplitude W, 1, we have”

2A 1 U
_ = 2
Woa(z) dz = . <z + 22> e dz, (2.5.5)
and we note ;
Wé(Z, A, U) = / W0,1<21) le . (256)
The annulus amplitude W, is given by
1
WO72(21, 2’2) ledZQ = —22122 (3(717,72@3 (Z%, Z%) - (2,’2—22)2) ledZQ, (257)
17— %

where By, 4,4 is defined as in (2.4.38), but the choice of ¢;’s is different. Here we have

'S N[ D S s

(2.5.8)
so that ¢1 = ¢3, g2 = ¢2 and @3 = ¢1 (2.4.42). We denote
Wi(z, A, u) = /Z /Z Woa(z1, 22) dzidz,. (2.5.9)
Hence, to subleading-order (2.5.4) reads
In (Z'(z,t,0)) = %W(I)(z, A u) + Wiz, A, u) + Ofe) . (2.5.10)

Given the spectral curve (2.4.35) with Wy ; and W) 5, higher-order terms in the e expansion
(2.5.4) can be computed recursively by using the topological recursion [92].

2.5.2 The magnetic frame

We conjecture that the matrix model (2.3.18) computes the type I surface defect (2.5.3)
in the magnetic frame. In this section, we test this proposal in the 't Hooft expansion
(2.4.2).

The partition function without defects

It is useful to start by reviewing the change of frame in the partition function without
defect, which follows from the € expansion of (2.3.15). Using the dictionary (2.3.11), the
€ expansion of the Nekrasov function reads

In (ZN%(t,0)) ~ Y € Fy(A,a), (2.5.11)

g=0

20Here we take z > g~ > 1 to simplify the discussion and to make contact with the standard formulas
in the literature [77, 87]. Hence, we are outside the branch cut on the matrix model side.
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where F, are the genus g free energies of SU(N) SYM in the electric frame. Thanks to
(2.3.15), we can relate (2.5.11) to the 't Hooft expansion of the matrix model (2.3.14),
In(Z(t,N)) = > 2 Fy(A, ). (2.5.12)
920
It was found in [14] that the F’s in (2.5.12) are the SYM free energies in the magnetic
frame. More precisely,

@920 € P Fg (M) / da e ™N/€ gXgz0 €™ P Fo(Ma) (2.5.13)
iR
where ~ indicates a proportionality between two (divergent) series?’. The integral on the
right-hand side of (2.5.13) should be understood as a saddle point expansion. This saddle
point expansion characterizes the change of frame in SW theory and topological string
[138], and it has a direct interpretation from the point of view of modular transformations
[139]. It allows us to make the transition from the weak coupling electric frame, where the
Nekrasov function (2.3.10) is defined, to the strong coupling magnetic frame, where the
matrix model (2.3.14) naturally emerges.

By writing the saddle point expansion on the right-hand side of (2.5.13) explicitly, we
get

29—2 1
/ da e7mN/E Xgz0 € Fa(ha) — oxpy — (Fo (A a(N) —ma(MA) +O(1)]| ,  (2.5.14)
iR €

where A = Ne and a()) is determined by the saddle point equation
OuFo (Aya) = 7. (2.5.15)
By using (2.3.10) and the dictionary (2.3.11), we get

OaFo(A,a) = 2a(In(a) — In(A) — 1)
4A* 30A%  480A'%  10283A'6  1287648A2%
+ a3 + a’ - all + als 5019
and if we make use of (2.4.37) together with the classical Matone relation,
8A*  40A%  576A'%2  11752A  286144A%°
- - - + +

a? ab alo ald ald

+ 0O (A*), (2.5.16)

u=—ANFo (A a)=a®+

O (A2 |

(2.5.17)
we find that X in (2.5.15) agrees with (2.4.4) as it should. The matching between the two
sides of (2.5.13) was discussed in [14]. We also note that the classical Matone relation
(2.5.17) can be inverted and one finds the usual expression for the A-period of the SW
curve (2.4.35) given in (2.5.1). Likewise 0,Fp is identified with the B-period of the SW

CUI'VG:Q2

ap =1 '0,F (A, a), (2.5.18)

where ap is given in (2.5.2).

21For sake of notation we omitted the proportionality factor 21/12e3¢'(=1) (A/e)*l/4 ed(8/9)?
22Hence, we have ap = A.
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The partition function with defects

We are interested in extending the analysis to the 't Hooft expansion (2.4.9) of the matrix
model with insertion Wy(z,t) (2.3.18). More precisely, we claim that Wy (z,t) gives the
self-dual type I surface defect (2.5.3) in the magnetic frame. As we reviewed above, the
change of frame for the partition function is encoded in an integral transform (2.5.13).
As first shown in [93], this is still the case if one considers the partition function in the
presence of surface defects which are engineered via the open topological string partition
function, see also [89].
At the level of the € expansion, our conjecture reads

exp [Z 972F, (A, N) + Z " T (2)

920 n=0

N/ da e ™N/€ X420 P Fo(00) X0 Dot 07 [ L Won(a1zn)dzrdan (2.5.19)
iR

where Wy (21, ..., 2,)d% - - - dz, are the electric differentials appearing in the topological
recursion setup (2.5.4), whereas 7, are the magnetic matrix model coefficients appearing

n (2.4.9),
( > (t\Il]]\\;[) ) ~ exp [Z 6"17:1(,2)] : (2.5.20)

n=0

Parallel to (2.5.13), the integral on the right-hand side of (2.5.19) should be understood
as a saddle point expansion which characterizes the change of frame. Equation (2.5.19)
reads to subleading-order in €

[0 V4 (z.a(V)]

() +Til(2) + 0 €) = W (2. aN) — s,

+Wi(z,a(\)) + O (e) ,

(2.5.21)
where a and A are again related by the saddle point equation (2.5.15). In (2.5.21), we

already used (2.5.13) and (2.5.14) to get rid of terms involving only the free energies Fj
and F,. We show below that the equality in (2.5.21) indeed holds, order by order in e.

At the leading-order ¢!, the matching on the two sides of (2.5.21) follows directly
from (2.4.34) and (2.5.5). For the subleading-order €°, we first note that the Bergman
kernel entering in 7; (2.4.44), can be written as

BQI:QZ,QS (217 ZQ) =

mlanzm(Ea — g2 (22 + 1) +21) (gl — g2 (2 4+ 1) + 2)]

8K (g") K(1—-g)

Bq~17q~2,q~3(21a22) + (2.5.22)
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where we used (2.4.37) and (2.5.8). Hence, we can rewrite (2.4.44),

1
2 /OO (_ZIZQBqu]qu Z%, 222) — m) ledZQ (2 5 23)
— W / / ( 4 @ 831%(Z1)858z276(z2)) dZ dZ o
2 16g—1)A KKa-g) /) 7
which leads then to
: 95 To(2))*
T — WI o g ( g/0
1 (Z) 1 (Z) 16 (g4 - 1)2 A2 K (g4) K (1 . g4) (2 i 24)
2 \2 5.
=W () - (.T(2))* K ()
T r@ K () K (18|
where we used (2.5.1). From (2.5.18), we have
K ( e 1)
02 F (a) = i ) (2.5.25)
K (5
and by combining (2.5.25) with the identity
4g2
K (@) _ ! (2.5.26)
(8 +1)"K(gHK(l-g!) 2K (EEE;BQ)
we find
0uTo(2))?
Ti () = Wi () — (Lol 282(;3) , (2.5.27)

which is precisely what we wanted to prove.

To summarize, we have tested (2.5.19) at leading and subleading-order* in e. The
matching of higher orders can be inferred from the application of topological recursion.
On the canonical defect side, the fact that higher orders in (2.5.3) satisfy the topological
recursion was conjectured in [77], based on [140, 141] which was recently demonstrated
n [142]. On the matrix model side instead, the inclusion of topological recursion in our
matrix model can be derived from [92, 143, 144]. Our computation above shows that the
initial data for such recursion are the same on both sides; therefore, matching at all orders
is also expected.

2.6 Matrix models, eigenfunctions and the type II defect

In this section, we consider the Fourier transform of the matrix model with insertion
Uy (e%,t) (2.3.18). The corresponding defect in four-dimensional, N' = 2, SU(N) SYM

ZFor the part involving only the free energies the all order results follows from [14, 63].
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can be geometrically engineered using the open topological string partition function of
local Fy, where we insert a D-brane on the external leg, see section A.3. The partition
function of the resulting type II defect in the self-dual phase of the (2-background is

i 1 1
Z"(q,t,0) = exp (%qln (t)) r (—iq —o+ 5) r (—iq +o+ 5) 71 (q,t,0),

2 (qto)=1— |——o"|¢
inst <Q7 70) |:20.2 (21“2_0-2)

T(@+ 1) —7(108% + 197+ 10) 0% + (832 + 30§ + 9) o*

* 4ot (402 — 1)2 (¢? — 0?) ((5—1— 1)2 — 02)

2+ 0 (8)

(2.6.1)

where we defined for the sake of readability ¢ = ig + 1/2. The variables ¢,t,0 can be
expressed in terms of y, A, a and € as in (2.2.4). The relation between Z' and the matrix
model (2.3.18) reads®*

1 91/1203¢ (= 1)4—1/16 4V do tan (270) NZNek(t’ o) ZZE(q,t,U)
Rtio.  (2cos(27m0)) .

2 t1/8 ) .
N % / dg ¢~ 20e— 4 Feosh @5y (67 1) (2.6.2)
™ R

where o, is chosen such that 0 < o, < |Re(q)| if Re(q) # 0, and simply o, > 0 if
Re (¢) = 0. This guarantees that the integral on the left-hand side does not hit the poles
of the integrand. The sum over s can be seen as a sum over saddle points of the integral
over x. We find that

(Z ZM(g 1, a>> — 2" (g.t,0) + (—1)" 2" (—q -5t o) . (263)
It is convenient to introduce the total partition function as
Zi(@:1,0) = Z°K(t,0) 2" (g, ,0), (2.6.4)
so that (2.6.2) can be written in a compact form as
tan (27o) ( - N A ( i ))
do————F= | Zi (¢, t,o) + (1) Zo, | —q— =, t,0
/RHU* (2 cos(2m0))™ o )+ () 2 2

11/12 3/16
_ i 2 / ﬁt / da efi2qxe*4t1/4 Coshx+%qjN(ex t) )
e3C'(*1)e4\ﬁ(47r)N R ’

(2.6.5)

24This also suggests that the defect partition function Z (q,t, ) for this theory has an infinite radius
of convergence in t for fixed ¢ and ¢ which are away from the poles. For the self-dual partition function
without defect, this was rigorously proved in [97], see also [98] for more recent developments.
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This can equivalently be written as

I 1
S (Aato+ 0+ 2 (~a-Loosies))

ke 3" Wn(et t) (%@)N] - (200

NZ=0

211/12ﬁt3/16

_ dx e—i2qxe—4t1/4 coshz+3
AU evi fp

One can use an argument based on the Fourier series to get from (2.6.5) to (2.6.6), while
the other direction uses Cauchy’s residue theorem. See subsection A.1.1 for details. By
inverting the Fourier transform (2.6.6), we have

20 1 1
[aae S (Z ot my v 28 (o= gito ks )
N

keZ
B 211/127r3/2t3/16

—4t1/4 cosh z+Z T COS(QWO)
= —e3</(—1)e4\/i (& 2 ]VZN]\IIN(G 7t) ( 27T

(2.6.7)

Following subsection 2.3.2, we get the square-integrable eigenfunctions of (2.3.5) when we
evaluate (2.6.7) at the values of o which satisfy the quantization condition (2.3.8). That
is,

(3 (1) Vi
Pn(®:t) =571 37053716

i2qz I L. 11 i ~ (26.8)
/que a Z (Ztot (q,t,k‘ + 3 +10n) + Zioy (—q — §,t,k —1—10n))

keZ

where o, are solutions of (2.3.8). In figure 2.1, we plot the right-hand side of (2.6.8) for
the two smallest values of o,, that satisfy the quantization condition (2.3.8). As a cross-
check, we also verified this result by a purely numerical analysis of the operator (2.3.5),
see subsection 2.6.4.

Let us make a few comments on the analytic properties of the gauge theoretic func-
tions.

- The function ZN%(¢, o) has poles when 20 € Z and Z[! (¢,t,0) has additional poles
when ¢ and o satisfy ¢ = % +io + il with ¢ € Z.

- If we are strictly interested only in the spectral problem associated with the integral
kernel (2.3.5), then ¢ € R and o € % + iR<¢. So these poles are not realized.

- However, we can go beyond this special domain. For example, if we consider the
Zak transform of ZNk(¢, o) appearing on the left-hand side of (2.3.9), then this has
no longer poles in o: the summation over k in (2.3.9) removes the poles. Likewise,
it seems that the summation over integers and the particular combination of defect
partition functions appearing in the integrand on the left-hand side of (2.6.7) has
also the effect of removing the poles.
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In the forthcoming subsections, we test (2.6.5) and (2.6.8) in several ways.

2.6.1 Testing N =0

As a first check of (2.6.5), we test the N = 0 case. From (2.3.18), one can see that
Uy(e®,t) = 1 so that the right-hand side of (2.6.5) is

11/12 3/16 11/12 1/16
(12 / \/7_Tt / ) /diL’ e7i2qxef4t1/4 coshz+3 __ (12 / ﬁt / ) 2t1/8K12q7 (4t1/4) ,
R

e3¢/ (—1) pdVt 03¢ (1) 4V 3
(2.6.9)

where K is the modified Bessel function of the second kind. By expanding at small ¢, we
find that the Bessel function has the following structure,

21 Kpy_s (414) = F(q,t) + F (—q — % t) : (2.6.10)

for some function F(q,t). For instance, we have when i2¢ — ¢ Z
y . 1 . 1
F(q, t) — el In(?) [212q_§F <_12q + §> _ 212(}"*'%1" <—12q — 5) \/%—f— @ (t):| s (2611)

Hence, we already see the structure of the left-hand side of (2.6.5) appearing. On the gauge
theory side, we can perform the integral at small ¢ by using Cauchy’s residue theorem,

/ do tan (270) ZLL (q,t,0)
R+iox

02 L (g =0+ 3) T (—ig+ 0+ 3)
_ 9 ig In(t) 4o 2 2 1
/RJAU* do tan(2ro)e ! G(1 —20)G(1+ 20) (1+0)

11/12 1/16
= <1i) olf In(t) {21%1—%1“ <_12q + %) _ 9i2¢+3T <_12q _ 1) Vi

e3¢/ (—1)edvt 2

(2.6.12)

. 3
22045 (—qu - 5) t+0 (t3/2)] .

To get the last line in (2.6.12), we have included the first instanton correction in Z1,
(2.6.4), and higher instanton corrections can be treated similarly. The poles contributing
to the integral in (2.6.12) are

1 7

d = -
an o 4—|—2

N

o =

with (€ Z. (2.6.13)

By employing the series expansions (2.6.11) and (2.6.12), we can systematically verify
(2.6.5) for N = 0, order by order in ¢.

2.6.2 Testing N =1

As a second consistency check of (2.6.5), we test the N = 1 case. First, we note that by
a change of variables, we can rewrite the double integral appearing on the right-hand side
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inst inst

2.8372834788 + 4.7204648771 i
2.8312289304 + 4.7137559136 i

0.050235280369 + 0.018141366757 i
0.050242014312 4 0.018111611547 i
2.8313227416 + 4.7137434937 i 0.050241915710 + 0.018111648299 i
2.8313226948 + 4.7137435320 i 0.050241915600 + 0.018111648316 i
I 2.8313226948 + 4.7137435320 i I 0.050241915600 4 0.018111648316 i

W~ O3
LW~ oS

inst

0.1587865901507390 i
0.1587680111233355 i
0.1587680126408577 i
0.1587680126408951 i
I 0.1587680126408951 i

W~ oS

Table 2.1. Comparison between the two sides of (2.6.5) for N = 1, t = 1/557% with ¢ =
1/9 +i2/v/3 (upper left), ¢ = 1/7 (upper right), and ¢ = i/3 (lower). I is the integral (2.6.15)
appearing on the right-hand side of (2.6.5); n'™ refers to the number of instantons we include
in the defect partition function appearing on the left-hand side of (2.6.5).

of (2.6.5) as a one-dimensional integral. Let us define

) 211/12\/7_1_/.[;3/16 " oy ®
et = <le34’(—1)e4\/5(47r) /Rd“’e 2arg ity (o7 1) (2.6.14)

After some algebra, we get
911/1243/16 +o0
Ii(q,t) = (im) x/3 dU
((WWW_;%)ﬁﬁé _ (www_g)mq%) K, (400)

(2.6.15)

U-U-1

One useful observation is that the above integral vanishes when ¢ = —i/4, which is in
perfect agreement with the left-hand side of (2.6.5). Unfortunately, we cannot compute
the integral (2.6.15) analytically. Hence, for N = 1, the test of (2.6.5) is done numerically
and we find perfect agreement. One such test is given in table 2.1.

2.6.3 Testing large N with a ’t Hooft limit

Another analytical test of the identity (2.6.5) consists of comparing both sides in the ’t
Hooft limit, where just as in (2.4.2)

N — 400, e—0, A= Ne>0, (2.6.16)
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and with the 't Hooft coupling A fixed. We will need to use that g and ¢ scale as in (2.2.4),
y AN
q= 2 = (z) ) (2.6.17)
with both the position of the defect y € C and the instanton counting parameter A > 0
kept fixed.
The computation of the 't Hooft limit of (2.6.5) is simplified by using the corresponding
statement for the theory without defects, which is given in (2.3.15) and was obtained in
[14, 63]. In particular, one can divide both sides of (2.6.5) by (2.3.15) to get

Jiio, dogimnabe e ()"0} [20 (£ (2)" o) + (=) 21 (252, (2) o) |
(27) iy, dogenlrods znek ((2) )
VA i exp (—4 (%) cosh (z) + %) Uy (ex, (%)4>
= — / dz exp | —-zy . (2.6.18)
vme s ‘ z((2)".n)

Note that (2.6.18) is by (2.3.15) equivalent to (2.6.5), but rewritten in a form suitable and
convenient for the 't Hooft limit (2.6.16).

The ’t Hooft limit on the gauge theory side

The general pattern of the 't Hooft expansion of the left-hand side in (2.6.18) is the same
as in subsection 2.5.2. Using that the integration variable o can be related to the Coulomb

branch parameter a by (2.3.11),
a

=i—, 2.6.19

0 =iy ( )

one expands the logarithm of the Nekrasov partition function ZN°¢ in even powers of €
with the leading-order being 2. On the other hand, the expansion of the logarithm of

the defect partition function Z™ contains all integer powers of € starting from e !,

(27) 12" (2% (%) 12%> ~ exp (Z W}}(y)e"—1> . (2.6.20)

n>0
Hence, the saddles of both integrals on the left-hand side of (2.6.18) are determined by
the same equation (2.5.15). This gives the functional relation a (A, \), but for us it will
be convenient to rather invert this to A (A, a) and keep a explicitly. Keeping this in mind,
the 't Hooft limit of the left-hand side of (2.6.18) leads eventually to

11

- {%w&f )+ [——@“Z;Z WL iy

+(’)(e)}+

(W (—y))”

00 () — g

+ Wi (—y)

exp {1 [i7r)\ + Wil (—y)] +

€

(2.6.21)

where we suppressed the functional dependence on A and a in the notation.
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The ’t Hooft limit on the matrix model side

Consider the Fourier transform on the right-hand side in (2.6.18),

: exp (— CoS +Z ev, Ay
\/\/22:;\6/Rdxexp (—éxy) p( 4( ) hz((j )2) ( (6) >, (2.6.22)

where the 't Hooft expansion of the integrand is

exp (—4 (%) cosh (z) + £) Uy
Z(t,N)

€

(= @)) exp E?a () +5 +Ti (") *O(E)} |

(2.6.23)
by using (2.4.9) and again suppressing the functional dependence on the other variables.
In the limit € — 0, the Fourier transform in (2.6.22) is dominated by its saddles and
becomes

ZS:eXp {%ﬂ )+ Toay) +0 (6)} = ;eXp {% [—izey + T ()]

N [ln (22A) ~In (—33276 (e™)) n % LT (exs)} +0 (e)} . (2.6.24)

The sum over s is a sum over the saddles and x5 = x4 (y) is determined by the saddle
point equation,

2r __ 52 2 __ 5—2
y+i0, Ty (%) = y — i2A Ve —ghVer —g 0, (2.6.25)

er
where we used (2.4.34) and z = exp (z). Taking the square of this equation gives the
Seiberg-Witten curve (2.4.35) if we take as before (2.4.37),

o udA? gﬂ:<u>

2, 2 _ v U
P tg = o <8A2) 1, (2.6.26)

This leads to the following two solutions,

(42— w) £\ (r? —u)” — 640t

¥+ W) = 23 (y) = — (2.6.27)

Let us take a moment to consider the behaviour of zi (y) as a function of y. One
can check that z4 (y) is real and outside the branch cut region of the matrix model if and
only if iy € R\ {0}. It is important to note that with this choice of iy € R\ {0} one has
22 (y) > 1/g* and 0 < 23 (y) < g*. Moreover, there are no possible choices of y € C such
that 0 < 22 (y) < g? or 2% (y) > 1/g? One finds on the other hand that z; (y) is real and
inside the branch cut region if and only if 0 < y? < u—8A2%, and also that z. (y) is purely
imaginary if and only if y? > u + 8A%. For all other choices of y € C, one will find generic
complex z4 (y).
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Comparing the gauge theory and the matrix model

To analyze the leading-order of the 't Hooft expansion in (2.6.24) with the saddles (2.6.27),
it is convenient to separately look at the case y = 0 and the derivative with respect to y.
The reason is that the latter simplifies considerably as a consequence of the saddle point
equation (2.6.25). Setting y = 0 serves then as a check of the constant term.

Let us first look at the y derivative of the leading-order part. At the matrix model
side (2.6.24), one gets by making use of the saddle point equation (2.6.25) and its solutions

d —_— .
g o0 (y) =~z (y) - (2.6.28)
Y
Comparing this to the leading-order of the gauge theory (2.6.20), we can check that*

d _
O Wil (&) = Taso ()] = 0, (2.6.29)
where S = sgn [arg (i (y* — a?))] with the convention that sgn (0) = —1.
Let us then look at the constant term for y = 0. At the gauge theory side, we have
for the leading-order (2.6.20)
W (0) = —g lal . (2.6.30)

From (2.6.27), one can see that zy (0) = g& > 0, with g* as in (2.6.26). Using (2.4.10)
gives for the leading-order of the matrix model (2.6.24)

g:tl

Teo(0) =T5 (22 (0) = —2A (g +g7') +2 / dzx (2) (2.6.31)
+oo
where the even planar resolvent w (z) is given in (2.4.30). Note that the difference between
the leading terms of the two saddles is

-1

—_

T -Ta0)] ==2 [ deaut (5) = im. (2:632)

The last equality can be obtained in an A — 0 expansion or exactly using [135, eq. 4.18],
which shows that this relation does not depend on the particular form of the potential.
We have furthermore that

-1

_ g
T o0(0)=-2A(g+g ")+ 2/ dz Al (2)

_ oA {2E (g) +(g?-g)[2e°K(g") + K@) +iK(l-g")]]_ = o
g 9 191
(2.6.33)

Z>Upon using the Matone relation (2.5.17) and careful treatment of the branches.
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with K and E the complete elliptic integrals of the first (A.2.1) and second (A.2.2) kind,
respectively. The last equality was found in an A — 0 or equivalently g — 0 expansion
using (2.6.26) and the Matone relation (2.5.17). Hence, from (2.6.30), (2.6.32), and (2.6.33)

—_

Wy' (0) = T (0)
i + W (0) — Th0 (0)

So the constant parts of the leading-order terms agree, and together with (2.6.29) this
proves the equality in (2.6.18) and hence (2.6.5) to leading-order in the ’t Hooft limit

(2.6.16).
The subleading-order can be checked in analogy with section 2.5. Matching at higher

- (2.6.34)
0. -

order in € can then be inferred from topological recursion, as we discussed near the end of
section 2.5.
2.6.4 Numerical eigenfunctions

The numerical analysis of the spectrum and the eigenfunctions for the integral kernel p
(2.3.5) is done exactly as in [145, sec. 2.2]. To make the presentation self-contained, let
us review the strategy of [145, sec. 2.2]. We are interested in studying numerically the
eigenvalue equation

/Rdy p(7,Y)pn(y,t) = Enpn(z,t), (2.6.35)

where the kernel p(z,y) is defined in (2.3.5). It is convenient to decompose p(x,y) as

tanh® (£) exp (—4¢/* cosh(z))

plz,y) =D pe(@)pr(y), pi(x) = - , (2.6.36)
; cosh (5)
and to define
v (t) = / dy pr(y)en(y, 1) - (2.6.37)
R
Then, (2.6.35) reads
> pr(@)o” (t) = Engpn(a,t), (2.6.38)
k>0
which we can also write as
> HeP(t) = By (t) | (2.6.39)
k>0
with H the infinite-dimensional Hankel matrix defined by
tanh* (2 —8t'/4 cosh
Hi :/dx o (z)eXPZ( cosh(z)) k(>0 (2.6.40)
R cosh (%)

This means that the eigenvalues of H coincide with those of p (x,y) and the eigenvectors of
H give the eigenfunctions of p (z,y) via (2.6.38). The advantage of working with H is that
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we can numerically compute its eigenvalues and eigenfunctions by truncating the matrix
to a finite size while maintaining control over the numerical error due to the truncation.
Let v™M)(t) be the n'® eigenvector of the Hankel matrix H (2.6.40) truncated at size M.
Defining oG (z,t) by

L)
M 0
M (,1) = pr(a)o ™, o — [ (2.6.41)
k=0 (n,M)
Uny

we recover the true eigenfunctions of the kernel p in the M — 400 limit,

(M)

lim ¢ (x,t) < @, (x,t), (2.6.42)

M—+o00
where the proportionality factor is a numerical constant and ¢, is the n'" eigenfunction of
(2.6.35) in the normalization of (2.6.8). We computed the left-hand side of (2.6.42) numer-
ically and checked that this numerical expression agrees with the eigenfunctions computed
by using the defect expression on the right-hand side of (2.6.8) with high precision. For
instance, for ¢ = 1/(1007®), by including 0 instantons in (2.6.8) we get a pointwise agree-
ment of the order 107%. Likewise, by including 1, 2 and 3 instantons we get a pointwise

agreement of the order 10711, 1071 and 10722, respectively?°.

2.7 Outlook and open problems

Several interesting open problems deserve our attention. We highlight a few of them:

« In this work, we focused on the specific example of 4d, N' =2, SU(N) SYM and the
operator (2.1.1). It would be interesting to extend our results in a systematic way
to all 4d N/ = 2 theories. For example, in the case of N' =2, SU(N) SYM we have
N — 1 non-commuting Fermi gas operators as discussed in [15, 63]. We expect their
eigenfunctions to be computed by surface defects in SU(N) SYM in the self-dual
phase of the € background. The proposal in chapter 4 and section 4.4 in particular
are an important step in this direction.

o The Fredholm determinant of (2.1.1) computes the tau function of the Painlevé 1113
equation at specific initial conditions. It would be interesting to understand the role
of the eigenfunctions of (2.1.1) in the context of Painlevé equations. In particular,
the relation to the solution of the linear system associated with Painlevé equations
[33, 69] as well as with [146].

o The Fredholm determinant and the spectral traces of (2.1.1) can also be expressed via
a pair of coupled TBA equations closely related to two-dimensional theories [61, 147].
It would be interesting to understand this better, since this may reveal an interesting
4d-2d interplay characterizing directly the self-dual phase of the €2-background.

260ne can reach this precision with Hankel matrices of size M = 2° = 512.
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o The operator (2.1.1) is a particular example of a Painlevé kernel whose Fredholm
determinant computes the tau function. A more general class of Fredholm determi-
nants was constructed in [148-151]. It would be interesting to see if also in this case
the corresponding (formal) eigenfunctions are related to surface defects.

o It is well known that the canonical quantization of the SW curve for SU(N) SYM
leads to the modified Mathieu operator (2.3.1). We expect a different quantization
scheme to produce the operator (2.1.1). It is important to understand what this other
quantization scheme is. Since the spectral analysis of (2.1.1) is encoded in the self-
dual phase of the 2-background, a natural quantization scheme to investigate would
be the one arising in the context of the topological recursion [126-129]. See also
subsection 3.4.3 for a functional relation between (2.1.1) and the modified Mathieu
equation, which gives (2.1.1) indirectly in terms of the usual canonical quantization
of the SW curve.

See also the conclusion and outlook in chapter 5.
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Chapter 3

Eigenfunctions of the finite difference
modified Mathieu equation

Building on the previous chapter and [6, 7], we propose a construction for the eigen-
functions of the quantized mirror curve of local Fy. This chapter bundles the work that
originally appeared in [2], which is joint work with Alba Grassi.

3.1 Introduction

The topological string/spectral theory (T'S/ST) correspondence [4-7] establishes a pre-
cise non-perturbative relation between the partition functions of topological string theory
on local Calabi-Yau (CY) threefolds and the spectral properties of certain quantum me-
chanical operators on the real line. These quantum operators are obtained through the
quantization of mirror curves [8, 56] and correspond to Baxter equations for a class of
relativistic integrable systems, such as cluster integrable systems [152, 153] or elliptic
Ruijsenaars-Schneider (RS) systems [154].

The TS/ST correspondence itself is structured in two parts: one relating closed strings
to the spectrum, and the other relating open strings to the eigenfunctions. A central feature
of this duality is the relationship between the string coupling constant g, and the reduced
Planck constant A given by

gs = ﬁ . (3.1.1)

’ h

This implies that string perturbation theory naturally encodes non-perturbative effects on
the spectral theory side. Conversely, the usual WKB expansion in spectral theory gives us
the non-perturbative effects on the topological string side. Thus, the TS/ST correspon-
dence bridges perturbative expansions in one theory with non-perturbative phenomena in
its dual counterpart. This allows for the derivation of exact, closed-form expressions for
many quantities on both sides of the correspondence. Another important consequence of
(3.1.1) is the existence of the so-called self-dual, or maximally symmetric point [102], given



by
h=2r=g,. (3.1.2)

At this special point, the TS/ST correspondence predicts remarkable simplifications, not
only on the string theory side but also in operator theory, see e.g. [4-7, 155, 156].

We focus on the example where the underlying CY geometry is local Fy. In the closed
string sector, one important statement of the T'S/ST correspondence is [4]

det (1+ kp) =Y _ellrtimkeh) ko= el (3.1.3)
kEZ

where the operator p : L*(R) — L?*(R) is the inverse of the quantum mirror curve to
local Fy, that is p = O~! with

O=cl fe¥4+e* (ej”—l—e*j) , [z,9] = ih, EeR, heRy. (3.14)

On the right-hand side of (3.1.3), k parametrizes the closed string moduli space, while £ is
the so-called “mass” parameter, associated with the residue of the CY one-form at infinity.
The function J(u,&, k) represents the topological string grand potential, incorporating
both perturbative and non-perturbative contributions in g, = 47%/h, see (3.3.9). From
the perspective of the moduli space, J(u, &, h) is defined around the large radius point, and
its perturbative part in g is given by the standard Gopakumar-Vafa (GV) free energy,
see (3.3.17) and (3.3.19). The summation over k in (3.1.3) effectively smooths all the
singularities across the closed string moduli space, parametrized by k, allowing one to
move away from the large radius point. Indeed, we can prove that p is a trace class
operator on L*(R) [11, 125], and therefore its spectral determinant on the left-hand side
of (3.1.3) is an entire function of k. We can expand it around k — oo, the large radius
point, or around x = 0, the orbifold point [4, 5, 157]. Let us also note that the summation
over k in (3.1.3) is also essential for ensuring good modular properties of the determinant
[102, 158] and for connecting it with g-isomonodromic 7-functions [14, 15, 64, 68, 159-165].

The main motivation of this work is to extend the relation in (3.1.3) to the open string
sector. To this end, the first step is to define the open string grand potential J(x, u, &, k),
where x is the open string modulus. This was done in [6, 7] by focusing on the case where
the brane is inserted in the outer leg of the toric diagram, the explicit form is given in
(3.3.22), (3.3.31). Analogous to the closed string sector, J(z, u,&, k) incorporates both
perturbative and non-perturbative contributions in g, = 472 /h and is defined in the large
radius frame. However, one limitation of J(x, i, £, i) is that it is not an entire function of
the open string modulus x, which is a desirable property for a background-independent,
non-perturbative formulation of open strings [75]. It was further suggested in [6, 7] that
this requires a combination of the form

Yo ) =Y Y elolontizmken), — (3.1.5)

k€eZ o
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where the summation over ¢ is expected to play a role analogous to the sum over £ in
(3.1.3), but for the open string modulus z. In particular, just as the sum over k smooths
out all singularities in the closed string moduli, the sum over ¢ should similarly ensure
that (3.1.5) becomes an entire function of .

In this chapter, building on insights from [1, 6, 7], we make this expectation precise by
providing an explicit form for this summation over o in the case of local Fy, at generic values
of h and the complex moduli p and £. Specifically, we find that the precise combination
to consider is

i i 2 | nx . . .
w(z,ﬁ) — § (eJ(r,u+127rk,§7h) + eﬁ7+T+J(—x—17r,u+17r+127rk,§,h)> ) (316)
keZ

From the perspective of spectral theory, the combination (3.1.6) is a solution of the func-
tional difference equation corresponding to the quantized mirror curve (3.1.4),

(x4 ih, k) + Y(x — ik, k) + 2% cosh(z)(z, k) + kp(z, k) = 0. (3.1.7)

Difference equations of the type (3.1.7) admit many solutions. The proposal (3.1.6) stands
out in three ways. Firstly, (3.1.6) is always a well-defined function of x, , £ and A solving
(3.1.7), and not just a formal solution.! Secondly, (3.1.6) becomes a proper eigenfunction
of the operator (3.1.4) when x is a root of the spectral determinant (3.1.3). Thirdly,
the eigenfunctions (3.1.6) are entire in x for all Kk € C. We do not have a complete,
mathematical proof for these statements, but we performed many analytic and numerical
tests that support them.

One can further express such eigenfunctions in terms of O (2) matrix models by per-
forming a canonical transformation [6]. More specifically we have

vlen) = [ dqU (@.0) Z(a ), (319
R
where U(x, q) is the kernel of a unitary transformation, see (3.2.41), and we have
E(q, k) = exp (Lg) £(q) i NN (q), (3.1.9)
V2h N=0

where f(g) is given in (3.2.11) and Ux/(q) is defined by the following unnormalized expec-
tation value within the O (2) matrix model (3.2.19)

Un(q) = <H tanh (%q _hq’“)> . (3.1.10)

!By “formal solution”, we mean an object that solves (3.1.7) but that is not a well-defined function.
For example, objects defined via divergent series expansions or those with a dense set of poles in their
domain of definitions (e.g. when i € Rs).
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The expression (3.1.9) is particularly interesting because it allows one to easily connect
with the conifold frame as we discuss later.

This chapter is organized as follows. In section 3.2, we analyse the matrix model
(3.1.10) in some detail and show how its canonical transformation (3.1.8) naturally leads
to the symmetric structure of the two contributions in (3.1.6). In section 3.3, we translate
this into a conjecture for the eigenfunctions in terms of open topological strings, as given in
(3.1.6), and we perform several detailed tests of the proposal. In section 3.4, we examine
two specific limits of our construction: the standard four-dimensional limit [118, 120],
defined in (3.4.1), and the dual four-dimensional limit [14, 63|, defined in (3.4.33). In
the standard four-dimensional limit, the difference equation (3.1.7) reduces to the Fourier-
transformed Mathieu operator whose eigenvalue equation reads

Vit ((x + ie, B) + ¢(x — ie, E)) + 2%¢(x, E) — E¢(z, E) = 0, (3.1.11)

where ¢, E and € correspond to the four-dimensional limits of £, x and % in (3.1.7), respec-
tively. As with (3.1.7), this equation has many formal solutions. However, our construction
identifies a special class of eigenfunctions that are entire, even off-shell. These are given

by
T o t T o t
E) = 2 - - = 3.1.12
(b(flf, ) ¢1(€’€’64>+¢2<676764) ( )
with
e—gagFI%%(a,t) (6271'9: . e27l'0') . e%&,Fﬁg(a,t) (8271’:1: . 6727ro')
P2 (l‘, g, t) :(bl(_xa g, t) [ e2mo _ o270 !
(3.1.13)

where ¢1(z, 0,t) is defined in (3.4.13) with o and F being related by (3.4.10). The factor in
square brackets in (3.1.13) is crucial to ensuring that the off-shell function (3.1.12) is entire.
When evaluated on-shell, this factor is +£1 depending on the parity of the eigenfunction,
and our result reproduces the well-known expression for the on-shell eigenfunction in terms
of 2d/4d surface defects in the Nekrasov—Shatashvili (NS) phase of the Q-background
[27, 28, 30, 32, 33, 35, 36, 39, 40]. On the other hand, in the dual four-dimensional limit
(3.4.33), the operator (3.1.4) leads to the McCoy-Tracy-Wu operator [14]

~

ot/ A coshd (%) it/ 4 cosh ¢ : (3.1.14)

whose eigenfunctions are computed by 2d/4d surface defects in the GV (or self-dual) phase
of the Q-background [1]. Even though the off-shell eigenfunctions of (3.1.11) and (3.1.14)
are quite different, when evaluated on-shell, they are related in a remarkably simple way.
This in turn provides a clear functional relation between the modified Mathieu (3.1.11)
and McCoy-Tracy-Wu (3.1.14) operators, see subsection 3.4.3 and equation (3.4.50). In
section 3.5, we conclude and outline some open problems. We also have four appendices
that provide technical details and definitions necessary for understanding the results in
the main text.
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3.2 Eigenfunctions and matrix models

3.2.1 The spectral problem

The mirror curve to local Fy reads [118, 166]
e/ +eV4e*(e"+e ) +r=0, (3.2.1)

where k, & are the complex structure moduli of local Fy. The eigenvalue equation corre-
sponding to the quantization of the mirror curve (3.2.1) is [8, 56]

(e/ +e ¥ +e* (e +e7)) Yh(x, k) + kb(z, k) =0, [z, 9] = ih, (3.2.2)
leading to the following difference equation
(x4 ih, k) + Y(x — ik, k) + 2% cosh (x) 1 (x, k) + Kkp(z, k) =0, (3.2.3)

which also corresponds to the Baxter equation for the two-particle, relativistic, quantum
Toda lattice [167]. In this chapter, we always take

(ER, heRs. (3.2.4)

Let us now look at the domain of the operators involved, acting as self-adjoint opera-
tors on the Hilbert space of square-integrable functions L? (R). The domain of the multi-
plication operator (e”} + e_i) contains then all functions ¢ € L? (R) for which e*®y(x) €
L?(R), and the difference operator (e? +e7¥) acts similarly on the functions ¢ € L? (R)
for which einZ(y) € L? (R), with ¥ the Fourier transform of 1. This condition on the
Fourier transform {/J\ is equivalent to the statement that ¢ admits an analytic continuation
in the strip

{z € C||Im(z)| < A}, (3.2.5)

such that i(z) is square-integrable for all constant |Im(x)| < h. In addition, one also
requires that the limits
lim ) (z — ih + i€, K) lim o (z + ih — i€, K) (3.2.6)
e—0t e—0T
exist in the sense of convergence in L*(R). The quantized mirror curve (3.2.2) is then a
symmetric, strictly positive operator, defined on the intersection of the domains of the
multiplication and difference operators. Hence, one can define its Friedrichs extension, see
[125]. Tt is this self-adjoint extension we will consider in everything that follows, and we

refer to it as the quantum mirror curve. This leads to a purely discrete spectrum { E,, }en
for the quantum mirror curve, see [4, 11, 125]. Our conventions for the spectrum are

(e +e?+e* (e +e7%)) th(x, —e™) = e"y(x, —e"). (3.2.7)
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We refer to the variables xz,y, and the corresponding operators #,¢ in (3.2.1) as outer
topological string coordinates for reasons that will become clear later.
Following [11, 65] we introduce the matrix model coordinates ¢, p,

r=—(q+p)+¢,

1
*/15 (3.2.8)
V2

y=—7(-q+p)+¢.

After some creative algebra, one can show that the eigenvalue equation in the ¢, p coordi-
nates can be written as [65, sec. 2.1]

O E(Qa K’) = _HZE<Q7 'Li) ) (329)

0= ¥2e @) cosh () (e, 4.8 =i, (3:2.10)

where we used

B 21/4 5 d (\/gﬂ_b ~ b + 1%) B )
f(q)_ /—eXp ) h=mb ’
2b? 2\/_ i (x/Zrb + % B g)
(3.2.11)
1/4 CI)b< 4 +i—|—i9)
f*(q) _ 2 exp ( 5) ( ) V2rb ™ 4 7 h— 7rb2,
V22 2v/2 (f _ L —ig>

with &, Faddeev’s non-compact quantum dilogarithm, see subsection A.2.2. Note that
£*(q) = £(g) only if ¢,&,b € R. Tt is convenient to introduce the inverse operator p = O~
whose integral kernel is
plq1, @) = Aa)e) (3.2.12)
2 cosh <q\1/§;bq22>
One important property is that p is of trace class and its Fredholm determinant admits
an expansion in terms of an O (2) matrix model. More precisely

o0

det(1+ rp) = [J(1 + re ™) = i &N Z(N, h) (3.2.13)

n=0

where E,, is determined as discussed around (3.2.7) and

N
1
B = Z(_1)sgn(8)/RdeHp<xk’xs(k)) , (3.2.14)
k=1

SESN

where Sy is the permutation group of N elements. By applying the Cauchy identity, one
can further write Z (N, h) as [65]

1 _
Z(N.h) = o3 / quHv (qx) H tanh? (q’ifbff) : (3.2.15)

l=k+1
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¢ b ¢ b
v (q) = £(g)F"(g) = —— eXp(i> @b<ﬁ_%+lz>¢b<ﬁ+%“1>

where again i = wb*. It is important to stress that (3.2.13) in entire in s, in particular,

the sum on the right-hand side has an infinite radius of convergence. This is a standard
result in Fredholm theory and follows from the trace class property of p, see [4, 11, 125].
3.2.2 Integrating quasi-periodic functions

In the following sections, we frequently encounter integrals involving Faddeev’s quantum
dilogarithm ®,. To compute these integrals, we will make extensive use of Lemma 2.1
from [168], which we briefly review for future reference. Let f : & — C be an analytic
function with & C C open, C C U an oriented path, and a € C\ {0} a constant such that
the following properties hold:

1. U=a+U,
2. f(2)(f(z+a)— f(2)) #0 for all z €C,
3. f(z+a)f(z—a)= f*z) for all z €U,

then the following equality holds

/Cf(z)dz: (/C—/a+c) 1—f(jfl)/f(z)dz' (3.2.17)

If we can close the contour on the right-hand side, then the integral reduces to a sum over

residues. This will be the case for the integrals of interest to us.

3.2.3 The eigenfunctions in matrix models coordinates
The general construction

Off-shell eigenfunctions in the matrix model coordinates ¢,p were found in [6, sec. 2],
following [62]. Let us define

o0

=g k) = B (g) Y (2r)" Un(q), E*(q) = exp (iﬁ) £(g), (3.2.18)

N=0

with £ given in (3.2.11) and Wy (q) is defined by the following unnormalized expectation
value

N N
1 q— G Qx — qe
Uy(q) = W/RN dVq kl_[tanh ( \/§b2) v (qx) H tanh? < NGIE ) : (3.2.19)
=1

l=k+1

where v is defined in (3.2.16). Note that also (3.2.18) is entire in s, in parallel with (3.2.13).
This follows again from the trace class property of p.
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Using (3.2.18), we can write the eigenvalue equation (3.2.9) as

O* <q + 1”—;;) +OF (q — 17%) = V21 kv(q)Q (¢, k), (3.2.20)

where
O (g, k) = exp <i#) 3" Wnlg) (Er)Y (3.2.21)

At the level of the Wy, equation (3.2.20) reads

Ty (q + %;) — Uy (q — l%) — V21 (q) U n_1(q) - (3.2.22)

Therefore, the spectral problem in the matrix model coordinates ¢, p can be formulated as
follows. We look for solutions of (3.2.20) which are analytic in the strip |Im(q)| < 7b%/v/2
and which belong to L*(R). In the off-shell eigenfunctions (3.2.21), the first requirement
is already implemented because of the specific form of Wy (q) given in (3.2.19), as we will
verify in the case N = 1 below. As for the L*(R) requirement, we have

det(1 £ xp) exp ( £~ q — 400

O (q, k) ~ V2 (3.2.23)
det(1 F kp) exp + 7 q— —o0
leading to the quantization condition det(1 + kp) = 0 as expected and in agreement

with the discussion in subsection 3.2.1. Hence, we can regard =, as an analogue of the
Jost functions in one-dimensional scattering theory [6, 62]: the functions =4 (¢; k) become
genuine, square-integrable eigenfunctions of (3.2.9) when k = —exp(FE,,) < 0 is on-shell,

Zi (g —e™) = (-1)"E_ (¢;—e") € L* (R) . (3.2.24)

Their canonical transformation then yields the eigenfunctions 1 (x; —ef) of (3.2.7) in the
topological string (z,y)-coordinates, as discussed in subsection 3.2.4.

The case N =1 and h € 7Q-

In this section, we make use of subsection 3.2.2 to compute Wy (q) explicitly, and to test
its analytic properties. We have from (3.2.19)

U, (q) = % /R dp tanh @gbf ) v(p), —— (3.2.25)

where v is given in (3.2.16). The function v inherits some quasi-periodicity from the

quantum dilogarithms (A.2.11), namely

v (p + i\/§7rb2k:) b2k
=e
v(p)
k-1 <1 | eskint? (2n+%)eﬂp72£> (1 | pskint? (2n+%)e\/§p+2§>

3.2.26
n—0 (1 + eskiwlﬂeskiwb? (2n+%)e\/§p—2§> (1 + eskiﬁzﬂeskmb? (2n+%)e\/§p+2§) ( )
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for k € Z and s, = sgn(k). One can then see that the integrand of (3.2.25) is quasi-periodic
in the sense of the lemma in subsection 3.2.2 when > € Qso: we have quasi-periodicity
under shifts by iv/2rb?>m = iv/2rn when b> = n/m with n,m positive coprime integers.
However, the quasi-periodic shift is trivial when n € 2N<, so we can only use the lemma
for v = (2n + 1)/m. In that case, one gets

1 q—p v(p)
Ui(q) == (/ —/ ) dp tanh( ) . (3.2.27
1(9) 2 \Jr+i0 R+iv/2m(2n+1)+i0 /202 1 V(p+i\/57f(2n+1)) )

o v(p)

X | (1 —i(=1)m em(ﬁng)) (1 Hi(=1)mtm emmf"“ﬁ))

v(p+ivEn(2n+1)) (—1)"*"™ 4e2m¢ sinh (v/2mp)

v(p)

1—
(3.2.28)
The integrand has an essential singularity at complex infinity, but it doesn’t contribute to
the integral since v(p) o exp (Fp/v/2) when Re(p) — £oo with Im(p) constant. Hence,
the integration over p reduces to a sum over the residues of the integrand in (3.2.27) with
Im(p) € ]0,v2r (2n+ 1)].
Note that v(p) has poles at

v(p) : % = s& ki [62 (k + i) + <€ + %)] poles k.l e N, (3.2.29)

where s € {£1}, and the upper sign is coming from the numerator and the lower sign from
the denominator of v. Note that all the poles inside the integration contour are simple,
due to the observation made around equation (A.2.15). Likewise, one finds

1 L =FL+iT [/f + (—1)n+m l} roots
v(p+iv2r(2n+1)) : {\1/05 _ ik ! | keZ. (3.2.30)
1— pﬁ Vi = lam poles
vip

One can check that all the poles of v with positive imaginary part coincide with roots of
the denominator, and hence are not realized as poles of the integrand when they are inside
the integration contour, where they are simple. However, we do have m poles from the
hyperbolic tangent and 2 (2n + 1) m poles from the denominator at

p=q+i%b2(2k5+1), ke{0,-,m—1}, (3.2.31)
poin b Cefl, -, 22n+1)m}, (3.2.32)

vam’

respectively, which have residues

. h (2m¢)
V2R, and ()t EBLES) 3.2.33
n (e (3239
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This gives finally the following expression for W,

Ui(q) = v (g) + v (g) (3.2.34)

vV (q) = —i%zﬂ 141 (=1)""" cosh (2m¢) csch (\/5”@]

m—1

> <q+1—b2 (2k + )>

2n+1
el \/_ cosh(me) Z (—1)écoth(

{=—2n

g 7 ¢
Va2 22n+1

mlv( ( +b2(2k+1)>)

(3.2.35)
and we remind the reader that we took A/m = b* = (2n+1)/m with 2n+1 and m coprime.

Furthermore, it is noteworthy that these functions are real along the real line.
Let us look at the analytic properties of W;. We can then make the following consid-
erations.

1. Let us consider 'V (). The simple poles of v (g +imb? (2k + 1) /v/2) with [Im(q)| <
nb?/ V2 coincide with the simple roots of the factor in square brackets, and are hence
not realized.

2. There are true simple poles for llfgl)(q) originating from csch (\/ﬁmq) at

q:i—2E re{—-Cn+1),---,+(2n+ 1)}, (3.2.36)

where the upper and lower bound on r come from the requirement of being inside
the strip |Im(q)| < 7b?/v/2. The residue of \Ilgl)(q) at these poles is

(=1t gg cosh(2me) nilv (1% (% 4B (2K + 1))) . (3.2.37)

£=0

3. One can see that also \I/ )( ) has simple poles at (3.2.36), originating from the term
¢ =rin (3.2.35). Moreover, \Ilg (¢) has the same residue (3.2.37) with the opposite
overall sign.

Hence, we can conclude that W, (q) is analytic on the strip —7b%/v/2 < Im(q) < 7b?*/v/2 as
expected. Note however that outside the strip there are higher order poles in \Ifgl), coming
from v, which do not get cancelled by the simple roots of the factor in square brackets or
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by any poles coming from the periodic part. Hence, ¥, is analytic on the strip, but not
entire. One can also check that our solution (3.2.34) satisfies

v ( +'7Tb2) U ( 'ng) iv2rb2v (q) (3.2.38)
i— | — —i— | =iv27rb v (q) , 2.
14 \/§ 14 \/§ q
which is the difference equation we expect for ¥; from (3.2.22).

Since W1 (q) reduces to the first spectral trace Z(1, k) in the ¢ — 400 limit, one gets
from (3.2.34)

A (1, <2” + 1) w> = (—1)"tm \fw cosh (2m¢) Q(anﬂ)m (—1)'v <ii£) (3.2.39)

m m — V2m

where v is defined in (3.2.16) and 2n + 1, m are coprime. This is also the result one
gets when applying the residue technique above directly to the integral defining Z(1, k)
in (3.2.15). The expression (3.2.39) is, in some sense, complementary to that of [169,
eq. (3.55)], which holds for Im(5?) > 0.

3.2.4 The eigenfunctions in outer topological string coordinates
The general construction and symmetric structures

One motivation for considering the outer topological string (x, y)-coordinates is that they
establish a direct connection with the open topological string in the presence of a D-brane
on the external leg of the toric diagram, as we will discuss in section 3.3. Consequently,
in these coordinates, we obtain a particularly explicit framework for computing these
eigenfunctions using topological string partition functions.”

The eigenfunctions ¥ (z, k) in the topological string (x,y)-coordinates and the eigen-
functions =(q, x) in the matrix model (g, p)-coordinates are then related by a canonical
transformation. More precisely,

V(s K) = /R dqU (2,9)Z*(q, 1), (3.2.40)

where from [6]

Uz, q) = \j;%exp <% <%2—\/§(x—§)q+%2>) . (3.2.41)

Hence, if we take the eigenfunctions (3.2.18), the corresponding eigenfunctions in topolog-
ical string coordinates are

GEm) = 3 (Er) Nk (2), () = / dqU (2,9) E*(@)Vn(q).  (3.2.42)

NZ>0

2The matrix model coordinates seem more natural to describe a brane on the internal leg of the toric
diagram [82, 83].
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Note that this integral is only well-defined when E*(q)¥y(q) is integrable. However, we

have
[ 22 . 2v/2 &g
exp | ( 55 (—q)} exp <_lTb_2> q — +00
exp | 375z q} g — —00
S e . (3.2.43)
+ : q
~ exp || 3752 (—Q)} exp <_lTb_2> q— +0o
exp 2\/—21)2 q:| q — —00

Hence, the unitary transformation (3.2.40) is well-defined only when b* > 2, as also noted
in [6]. This raises the question of how to make sense of the canonical transformation
(3.2.42) when h = b*1 < 2. Our strategy to address this issue is the following. In this
region, we will momentarily set aside convergence issues and directly apply the Lemma
from subsection 3.2.2. This approach gives a finite result for any value of b2, even if the
starting point was problematic for * < 2. The case £ = 0, b* = 2 was analysed in [6,
p. 15] using the same strategy.

Let us first make some simple observation regarding the relation between ¢ and
1~. Using the parity properties of the quantum dilogarithm (A.2.10) and the expression
(3.2.19), we have

- (%zﬁgq) ) (1) Un(q) (3.2.44)
Vi) = p(ﬁ%) (+25) (-1 vito 7 im)
(—1)" i ().

= exp (1%§§q> =7 (g, k) (3.2.45)

3Curiously, if it were not for the ¢? term in the canonical transformation, the N = 0 version of this
transform would be very close to the “integral analogue of the 11;-summation formula of Ramanujan” as
given in [170, eq. (51)], which can be explicitly computed in closed form using the method of residues.
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and we see in particular that the on-shell eigenfunctions in the (z,y)-coordinates have
a well-defined parity while there is a local phase for generic £ in the (g, p)-coordinates.
Because of the simple relation between the two eigenfunctions, we will often work with

Un(x) = k(x), P(z) =9t (z), (3.2.46)

and ¢y (x) and ¢~ (x) can then simply be found from (3.2.44) and (3.2.45) respectively.

We are now going to study (3.2.40) and (3.2.42) in detail. First, it was conjectured
in [6, 7] that this integral can be written as the sum of two contributions, which are in a
one-to-one correspondence with the two saddles of the integrand on the right-hand side
of (3.2.42). Second, in [1], a special scaling limit of (3.2.42) was analysed in detail, and
it was found that the two saddles are related in a simple way. By combining these two
observations, we can propose the following ansatz for the expression of the eigenfunctions
in the topological string coordinates:

4 I im?  mr\ )
vF(x, k) = w™(x, k) + exp 75 + - v (—x Fim, —k), (3.2.47)
for some functions w*(x, k). Our result reads then
i wx )
Y(z, k) = w(x, k) + exp 7o T w(—z —im, —K), (3.2.48)

for some function w(x, k). It is important to note that the parity relation for ¢*(z, k)
in (3.2.45) is the same as the one relating the two terms in (3.2.48), ensuring the self-
consistency of our proposal (3.2.48). At the level of components in the x expansion (3.2.18),
equation (3.2.47) becomes

(o) = wh )V exp (AT £ ™)t (ca 3.2.49
v = wf@) + () ep (1T T ) b (cain), (3249
for some functions wi; () where wy (z) = (—1)Nwi(—x). Equation (3.2.49) reads equiva-
lently
o2
Yn(z) = wn () + (1) exp (%% + %) wy(—z —im) |, (3.2.50)

for some function wy(x).

We will test this proposal in several ways and, we also give explicit expressions for w
by using topological string theory, see subsection 3.3.3. As we discuss in subsection A.1.2,
the case £ = 0, i = 27 analysed in [6, 7] is special and the above structure is hidden.

The case N =0 and h € 7Q+g

In this subsection, we compute 1y = ¥ for N = 0 and & € 7Q-," which serves two
goals. Firstly, it will provide some evidence that we can expect the off-shell eigenfunctions

4The result for ¥y, follows immediately from (3.2.44). Hence, we adopt the notation (3.2.46).
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of the quantum mirror curve to be entire in z,” and secondly, we will use it as an analytical
check of our conjecture (3.2.50). We are interested in

Yo (z) = / dqU (v,q) Eq), E(g) = E*(q). (3.2.51)

It is important to note that the integrand in (3.2.51) is a meromorphic function of ¢, which
inherits some quasi-periodicity from the quantum dilogarithms (A.2.12),

U(il?, q+ i\/ﬁﬂkb2)E(q + iﬂ”kb2) _ o imk2b (—2kE 2k —v/Fkaq i i 5 kb?

U(z,q)E(q)
|k]—1 1_|_eigsgn(k)lﬂ(4£+1)esgn(k)2§e\/§q
51—10 1+ ei%sgn(k)lﬂ(4£+3)e_sgn(k)2§e\/§q (3252)

where h = wb? and k € Z. When we take
=" c Q-0, n,m € Ny and coprime, and k =+m, (3.2.53)
m
then this simplifies further to

U(a:, q* i\/ﬁwn)E(q + i\/ﬁwn) B
Uz, q)E(q)

1 iz
(_1)(""‘ ym ei12ne¥2m§ei2mxe$ﬁmq (

1— (=1 m _iTn 2mé v2mgq
(z)"eme™e . (3.2.54)
| (1) o ine eV

Hence we find that the integrand defining 1) in (3.2.51) is quasi-periodic in the sense of the
quasi-periodic integrand lemma of subsection 3.2.2. Following the lemma, we can rewrite
(3.2.51) as

Yiol) = ( /R o /R+iﬁm+io> dq
U(z,q)E(q)

T
1— (_1)(n+1)m ei%"e_2m562mxe_\/§mq 1_(_1)7'L6Tinegm§e\/§mq
1—(—1)me 12 e—2mEeV2mg

(3.2.55)

The integrand above is a meromorphic function of ¢ with a finite number of poles inside the
integration contour and an essential singularity at infinity. Note furthermore from (3.2.43)
that the integrand decays exponentially inside the whole contour for Re(q) — fo0o. Hence,
we can close the contour at complex infinity and the integral reduces to a sum over the
residues of the poles.

®The observation that the eigenfunctions are entire was also made in [6], based on a computation of
¢y for several N € N for £ =0 and i = 27 [6, egs. (2.95), (2.96)]. See also [7, egs. (4.20), (4.21)] for the
case £ =0, h = 47 and i = 27/3.
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To simplify the discussion, we will assume that either £ # 0 or n € (2N + 1).° There
are potential poles of the integrand coming from E at (A.2.7)

q_iﬂﬁiiﬂw(<k+%>+%<€+i)) , k0 €N, (3.2.56)
and all the poles inside the integration contour in (3.2.55) are simple as a direct consequence
of the observation made around (A.2.15). However, for each such pole of E there is a
coinciding simple pole for the denominator in (3.2.55), and hence the integrand in (3.2.55)
is analytic around these points. The only poles inside the integration contour are hence
coming from the roots of the denominator and are located at

2

+ sgn (arg <a: + 1%)) \/<(_1)n(m4r1) eme 4 e—mx>2 gy 4e—4m§)

where k € Z should be such that 0 < Im(qwy (z)) < v27n and we use the convention
sgn(0) = —1. It is important for later to note that these points are by construction a

. 2m¢
ﬁmqi,k(:p) = In [ (_l)m elsn (e_> o ( (_1)n(m+1) o + o—ma

+i2rk, (3.2.57)

solution to

Uz, qer(x)) E(qei(x)) = U(x, qsr () + i\/§7m> E(qi,k(x) + i\/§7m>

— U(ZB, qi7k+nm($))E(Q:t,k+nm($)) :

(3.2.58)

The residues corresponding with (3.2.57) and coming from the denominator are given by

1
B 2\/§m

sgn(arg (x + 1%)) (_1)"(m+1) omT _ g—ma

2v/2 2
\/_m \/<(_1)n(m+1) eme + e,mx> . (_1)nm 4ef4m§

It should be noted that the particular choice of branches in (3.2.57) and (3.2.59) is to
some extent purely conventional. However, we will relate ¢, and ¢_ in (3.2.63), and for

Resy(x)

(3.2.59)

this purpose, it is important to use the particular choice made in (3.2.57) and (3.2.59), or
something equivalent. In the end, we find that (3.2.51) is given by’

Po(x) = wo+ () + wo (), (3.2.60)

6The derivation for £ = 0 and n € 2Ny is done analogously, yielding the same result as obtained by
taking the & — 0 limit for n € 2N on the solution (3.2.60). This case agrees with the results of [6, 7],
see also subsection A.1.2.

"The subscript + in w4 is logically independent of the superscript + in w® that appeared in (3.2.47).
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Figure 3.1. From top left to bottom: the first term wp 4 on the right-hand side of (3.2.60),
the second term wp —, and their sum )y for £ = —7/4 and h = 4x. The solid and dashed lines
correspond to the real and imaginary parts, respectively.

nm—1
wo(r) = i27Ress(x) > Ulx, qer())E(qei(x)), (3.2.61)
k=0
where i = wb* = mn/m with n, m € Ny and coprime. It is noteworthy that wy + and hence
1o can be expressed entirely in terms of elementary functions and the classical dilogarithm
Lis by using (A.2.13). See figure 3.1 for some plots of the functions defined above.

Let us look at the analytic properties of wp+ and 1. Note first that wy i and
are analytic along the logarithmic branch cut of g4, since crossing the branch simply
amounts to shifting the range of k in the sum in (3.2.60), which doesn’t affect wg 1 or
Yo by (3.2.58). Note furthermore that 1 is analytic along the square root branches of
¢+ and Resy as well, since crossing the branches simply interchanges the £-signs. The
only remaining potential singularities are the branch points of the logarithm in ¢4 ; and
the square roots, and the poles of E (qi (x)). The logarithmic branch point of ¢4y is
never realized, and the square root branch points in Resy (z) cancel between the wy 4.
Furthermore, the poles of E are never reached by ¢4 when either £ # 0 or n € (2N + 1)
as we assumed.® Hence, we conclude that v, () is an entire function of z, even though
neither wp + nor wy _ is entire, see figure 3.1. The same structure will reappear when we

8Though the & — 0 limit for even n behaves well, see footnote 6.
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express the eigenfunctions in terms of the grand potential of topological strings on local
Fy in (3.3.35).

One can furthermore check that vy solves the difference equation associated with the
quantized mirror curve at x = 0, that is

Yo(x +iR) + o(x — ih) + 26 cosh(z)iy(z) = 0. (3.2.62)

However, 1y is not an eigenfunction of the quantized mirror curve, since it is not square
integrable in the strip (3.2.5).

Let us end with the observation that (3.2.60) is a well-defined, entire function of x
that solves (3.2.62) for all b*> = n/m € Qsg, also b* < 2, even though the original integral
transform as given in (3.2.51) is only well-defined for b* > 2.

Relating the two terms for N =0 and h € 7Q+

We now want to show that (3.2.60) can be written as in (3.2.50) for N = 0. For all z € C,
¢ € R, coprime n,m € Nsg, and k € Z,” one finds the following relation for (3.2.57) and
(3.2.59)

Qe x(T) = =@ —p—o(—x —im), Resy(z) = Resg(—x —im), (3.2.63)

where ¢ € {—1,0, +1} should be chosen appropriately according to the branches. It should
be noted that this symmetry is only visible upon the specific choice of the branch structure
we made in (3.2.57) and (3.2.59). One can use the parity structure for ¢ in (3.2.44) to
rewrite

U@, qe1(1) E (qe.1(7)) = U2, =gz k—o(—2 — 7)) E(—gz, k- o(—2 —i7))

= exp(iﬂ—2 + E) U(—x —im, gz —p—o(—2x — im)) E(qg,—k—o(—2 —im)) . (3.2.64)

Note that at the level of wy+ we can replace ¢¢ ¢ by ¢+ because of (3.2.58). Hence,
we find that (3.2.60) can be written as

it oz

Yo(x) = wo+ () + exp (ﬁ? + f)w%(_x ~im) (3.2.65)

L2
= exp T, wo_(—x —im) + wo (),
h 2 h ’ ’

which is precisely the conjectured structure in (3.2.50), here for N = 0 and i € 7Q+.

9The branches in (3.2.57) have to be chosen differently when x = —irn/2.
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3.2.5 The 't Hooft expansion

An important way to test the conjectured structure in (3.2.50) is by analysing ¢f, (x)
(3.2.42) in a 't Hooft limit. This limit was studied in detail in [6, sec. 3| for the case £ = 0,
see also [171]. We will closely follow their approach and use it to argue for the structure
in (3.2.50). The 't Hooft limit is defined by taking

h, N, & g, |2| = +oo, (3.2.66)

while keeping the following ratio’s constant,

N 2m
A= I §p = 357 dp = —4q, Tp = —F/—1x . (3.2.67)

Preparation

Later on, we will need the solutions of the classical mirror curve (3.2.1) in the matrix
model coordinates ¢, p (3.2.8) and the topological string coordinates x,y, which read

epg(q,&n)/\/i = PO' (eq/\/i7 57 ﬁ) )

(3.2.68)
Ve (@&R) =y (€*, &, k),
where o = £1 and
—otr (e tR)? — 4(5Q + e 6Q ) (e€Q + 5Q )
P (@b = 25 (6Q + 0 4Q ) (3269
Yi(X,6,K) = — (e; (X+%> +g) i\/(? (X+%) +g)2—1.
Let us also introduce the convenient shorthand notation
p+ (gp) = = (9D, &5 kD) y+ (zp) = y+ (xp,&p, kD) - (3.2.70)

As we discuss below (3.2.74), there is an implicit definition of kp in terms of A and &p.

In matrix model coordinates

Let us now consider 't Hooft limit as defined in (3.2.66) and (3.2.67) on the matrix model
E(q)¥n(q)/Z (N, h), (3.2.71)

where the relevant functions are defined in equations (3.2.11), (3.2.15), (3.2.18), and below.
One finds the asymptotic expansion [65]

B(g) =~ exp (ia)(qz)) Eiap) + o<gs>) |

E(q)¥n(q)
Z(N)

: (3.2.72)
~ exp (;%(QD) + Ti(qp) + O(QS))
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The precise form of the functions 7; and &; is not essential for our discussion. Thus,
we focus on the leading-order terms. Using the quasi-classical expansion of the quantum
dilogarithm (A.2.18) gives

Solqp) = in€p — ir 2 — oL, (—ieQD/ﬂe_5D> + 2L, (ieQD/ﬂegD> . (3.2.73)
V2

The computation of 7y is more involved and requires various matrix model techniques

developed in [6, sec. 3.2] and [65, 171]. Following [6, sec. 3.2] we get

%(qD)Z/Dpa(qb)dquriwéD (3.2.74)

where p, is defined through (3.2.68) and (3.2.70). The correct sign ¢ = o (qp) € {£}
depends on the region of the complex gp-plane. However, we will not need it for what
follows. In (3.2.74), we implicitly use the matrix model relation between the 't Hooft
coupling A\ and kp. This relation is obtained as follows:

- There is an explicit relation between the 't Hooft coupling A and the endpoints of
the eigenvalue density, denoted by a*. For our matrix model, this relation is given
in [65, egs. (2.76)-(2.80)].

- The endpoints of the cuts, a™, are related to the mirror curve parameters £p and xp
as

—2¢p .2 —26p 2 2
a*? = a*? (Ep, kp) = % —cosh(2¢p) + \/(% — cosh(QSD)) —1.
(3.2.75)

These correspond to the branch points of the mirror curve in the (p, g) coordinates.

By combining the above points, we obtain an explicit relation between kp, £p, and A,
leading to (3.2.74). We refer to [65] for more details.

In outer topological string coordinates

We are interested in the 't Hooft limit of (3.2.42). By recalling the conventions (3.2.46)
we have

Y () _ E(q)¥x (q) _ uP (zp,ap) EP (QD)‘I’ﬁ (ap)
ol R e R (i e

where we defined for future convenience

27 21
EP(gp)=E (—qp) , Uy (gp) = ¥y (—qD) : (3.2.77)
2r)3 2 2
uP (xp,qp) = —( g) U <g—$D, g—qD) : (3.2.78)
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The 't Hooft limit of (3.2.76) becomes then a simple application of the stationary phase
method. The essential ingredient is the saddle point equation,

04 F (xp,ap) + Tg (qp) = —=V2(xp — €p) + ap + polap) =0, (3.2.79)

where we defined from (3.2.41)

2 2

F(xp,qp) = ‘%D —V2(zp —&p)ap + %D . (3.2.80)
This should then be solved to find ¢”(zp). Note that the saddle point equation is pre-
cisely the transformation of x in the canonical transformation (3.2.8), which is a direct
consequence of the construction of U (3.2.41) [6, sec. 2.5] and the form of Ty in (3.2.74).
Combining this with the transformation of y in (3.2.8) and using the fact that p, and y,
in (3.2.68) are both solutions of the classical mirror curve (3.2.1) yields,'

¢f (p) = \/75 (rp =y« (zp)) , Im(zp)| < 27, &p € R, (3.2.81)

where y, is given in (3.2.68) and (3.2.70). Note that the restriction on xp is the usual
domain restriction of the eigenfunctions (3.2.5) in the dual variables. Observe that ¢? has
a simple parity symmetry,

¢% (zp) = —¢?(—zp), (3.2.82)

which will be important soon.
As a result of the stationary phase method one finds [172, ch. 5]

U (2) Z( UP (xp,qP(xp))  EP(qP(2p))TR(gP(xp))

V=i (To+ F)" (¢P(xp)) Z (N) +0 (gs)) . (3.2.83)

oce{t}

It should be noted that we didn’t make the 't Hooft limit expansion in g, explicit, and the
functions involved are still complicated functions of g,. However, the form given above is
the most convenient one to understand the relation between the saddles.!! We found in
(3.2.82) that ¢ has a simple parity symmetry and one can see that the denominator has
similarly

V2

(To+ F)" (¢f (xp)) = p2'(¢F (xp)) + 1 = T
¢z (zp)

= (To+ )" (¢®(-xp)), (3.2.84)

where the second equality follows from the zp derivative of the saddle point equation
(3.2.79). We can then use the parity symmetries of the functions involved to get rid of the

19Up to an integer multiple of iv/27 if we are outside the strip [Im(xp)| < 27.
HSee [6, sec. 3.3, app. A] for an explicit construction of the subleading order in the t Hooft limit.
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minus sign in front of the ¢2 (—zp) in (3.2.82) to find that the saddles are related by

uP (xD, qf(xp)) ED(C]f(iUD))‘I’J[\)f(Qi)(iCD))

AT+ ) (¢2(ap)) 2N
v g o UP (—2p —i%,¢2(—2p)) EP(¢2(—2p))WR (g2 (—xp))
(—1)V ese . (3.2.85)
VA T+ F) (@2 (=) Zo)

It is then again a consequence of the saddle point equation (3.2.79) that we can shift the
argument of ¢¢(—xp) as well to get

UP (wp,q2(xp))  EP(q2(zp)) ¥R (¢?(xp))

Vi (Tt F) (¢ () ZN)
UP (~ap — i%, g2 (~ap — %)) (2 (~xp — %)) VR(¢D(~zp — i%))
+ O<g8>7
VATt B (@8- — i%) 7
(3.2.86)

which is precisely the proposed structure (3.2.50) in the dual variables, up to potential
corrections of O(g,). Note that factors like exp (igs/8) or the shifts of the argument of ¢?
are not visible at this level, but are part of the O(gs) corrections.

3.3 The TS/ST correspondence for local F

In this section, we first review some aspects of the T'S/ST correspondence for the closed
string sector and then discuss the generalization to the open string sector. We focus on
the particular case where the toric CY threefold is local Fy.

3.3.1 The quantum mirror map and Wilson loop

Mirror symmetry plays an important role in the TS/ST correspondence, with one of its
key components being the quantum mirror map. Originally introduced from a geometrical
perspective, this map was defined as the quantization of the A-period in the mirror curve
[8, 23]. Subsequently, it was understood that, from a geometric engineering perspective,
this map could be identified with a Wilson loop in a corresponding five-dimensional gauge
theory, see [29, 32, 79, 173].

The quantum mirror map for local Fy is given in [8, sec. 7.2 or [174, eq. (3.58)]. The
first few orders in a large p expansion are

tp(h) =2u—2(e® +1) e — (3™ +2 (" +4+e M) e +3)e ™ +0(e%) (3.3.1)

where £ = exp (¢) and £ are the complex moduli of the mirror curve (3.2.1). We will also
use

te(h) =ty (h) — 4€. (3.3.2)
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If we sent A — 0 we recover the classical mirror map relating the Kéahler parameters of
local Fy, to the complex moduli i and £. For example, if £ = 0 the classical mirror map
is simply given by

1 3 3

tB (0):2#—4672“ 4F3 22

16e 2|, (3.3.3)
2,2, 2

where 4Fj3 is the generalized hypergeometric function.

From the perspective of geometric engineering, topological string theory on local Fy
engineers a five-dimensional, A" = 1, SU (2) SYM theory in the Q-background [118, 120].
In this gauge theory context, the quantum mirror map corresponds to the inverse of
the Wilson loop in the fundamental representation. The latter can be computed via
supersymmetric localization [29, 79] and the first few terms read

(etF/Q _|_eftp/2)
(1 _ eiﬁe—tp) (1 _ e—iﬁe—tp)
e*2tp (etF/2 _|_ e*tF/2)

(1 _ eiQhe—tF) (1 _ eiﬁe—tp)3 (1 _ e—ihe—tF)3 (1 _ e—izhe—tF)

W(tF,tB,h) :etF/2—|—e_tF/2+ e_tB—}-

(— (3¢ + 4 + 3e7™)
+ (M el 41 ey o2 (efr e‘tF))] e+ 0(e) (334)

where tp p are the Kéhler parameters. We refer to [124, eq. (3.22)] for the full definition
in this specific example. It is easily verified that setting

tg =tg(h), tp =tp(h), (3.3.5)

in equation (3.3.4) gives
W (tr(h),tp(h),h) = e k. (3.3.6)

One can easily check, at least numerically, that both expansions in (3.3.1) and in (3.3.4)
are convergent, see e.g. [124, 174].

3.3.2 The closed string sector and the spectral determinant

Let us first review some important elements of the TS/ST correspondence for the closed
string sector [4, 5], see [175, 176] for a review. Note that we focus on the specific case
where the CY threefold is local Fy.

One feature of the T'S/ST correspondence is that, on the topological string side, the
relevant quantities involve a special combination of refined topological string partition
functions in the GV (—¢; = €3 = g5) and NS limit (¢; — 0, e = h) respectively with the
relation

472

= 3.3.7
g - (3.3.7)
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The arguments of these two sets of special functions are typically rescaled with respect to
each other. Hence, it is convenient to define

o = (%) . (3.3.8)

The self-dual, or maximally supersymmetric point, is defined at i = g, = 27 [4, 102].

The main quantity is the closed topological string grand potential J(u, &, k). This
quantity encapsulates both perturbative and non-perturbative contributions to the closed
topological string free energy near the large radius point [4, 174, 177]. More precisely, we
have

J(:ua §7 h) =A (57 h) + Jp (M’ 57 h) + Jl—loop (M7 57 h) + Jinst(ﬂ7 57 h) : (339)

Let us define these functions:

o We denote with A (£, h) the constant map contribution whose closed-form reads

65, 178]
483 h h
Alen) = 2o ey, (;) ~ Fes (6.1) | (3:3.10)
20 (3 k3 EN? [T o
A. (k) = 7r2(k:) (1 - 1—6) + (;> /0 da ekf_ . In(1—-e),  (3.3.11)

2

Fos (§,9) = % [Li:% <—€2(2%)§> + Lis <—e_2(2%)5> —2( (3)]

+00 sinh? <ﬁ)
+ / dz v "
0

In . (3.3.12)

et — 1 sinh? (”%) + cosh® ((%£) )
where Lisz is the polylogarithm of order 3 and ( is the Riemann zeta function.

e The polynomial part J, is given by

3 (R 2 (p h
o (1, &, h) = tg;h) — ftQBW(h) + (g—h — %) tg (h) — g_;é (3.3.13)

where the quantum mirror map tp (k) is given in (3.3.1).

e The one-loop part consists of two contributions: one coming from the one-loop part
of the free energy in the NS phase and one being the one-loop part of the free energy
in the GV phase of the (2-background. The sum of these two contributions reads
then

+oo

1 k h K\ _

Titoop (1.6, 1) = {27”{:2 cot <h§) (1+ ktp (B)) + g csc? <h§)} e~ ktr()
k=1
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where tr (h) is related g and € via (3.3.2). This can be written in closed form in
tr (h) when h = 27 (n/m) with n,m € N5y coprime,

J1-loop (ﬂa 57 h) =

(zw2@n2_7ﬂ)+ayn%g(h) _tr (B) Lig(e™ (™) Lig(e ™)

)h41_eﬂMNM)

127m2nm? 2m2nm 2m2nm?
m—1 2 k 1 k Kk
csce (hE 1 " mo m
osc? (1) 2>e—ktF<h> [h+ (— +tp (h)) sin(hk)} 3F e~ mir ()
L ; Lok
I 2,1+ L 14+ &
+ (_/m 2) e~mtr () [h+ tp (h)sin (hk)] 3F e mir(h)
(1+k/m) | 24k 24+ &
()2
- L2k py | T | ()| (3.3.15)
2k k
k=1 1+

where Li, is the polylogarithm of order ¢, and ,F} is the generalized hypergeometric
function. It is interesting to note that (3.3.14) also admits the following integral
representation [14, eq. (3.9)]

2

h 2
Jl—loop (M7£7 h) = __L13 <e_(7)tF(h)> +

8md

ooeld 2
2Re/ dz T In{1—2cosh 4i z | e F)irh) +ef2(27ﬂ)tF(h) .
0 eQTr:c —1 h

(3.3.16)

The instanton part of the grand potential also consists of two parts: one coming
from the instanton part of the NS free energy, and one being the instanton part of
the GV free energy. Together, they read

T (11, €, 1) = FCY ((2%) tr (h), (%T) tg (h), 4—;2)

1 tr(h) tg(h) h NS
- (_27r+ 5 O+ 50ty + o0 ) Fiug (tr(R), t(R), h) (3.3.17)

where F\5 is the instanton part of the 5d Nekrasov free energy in the NS limit, and

FSY is similarly the instanton part of the 5d Nekrasov free energy in the GV limit.

inst

The leading order reads

i(1+4 ")

NS —
F. (tF> ig, h) = [<1 _ eih) (1 _ eiheftF) (1 — e*ihe*tF)

inst

e P4+ 0(e?'"), (3.3.18)

2e19s

i

Fia (tr,tg, g5) = 2] B+ Oe?'r), (3.3.19)
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and the all order constructions can be found in section A.3, equations (A.3.12) and
(A.3.15) respectively.

Note that the NS contributions in Jyje0p (3.3.14) and Jing (3.3.17) are perturbative in h for
fixed ¢p,p, but non-perturbative in g, = 472 /h for fixed t3 » = (27/h) tp . Vice versa, the
GV contributions in Jyjeep (3.3.14) and Jig (3.3.17) are perturbative in g, for fixed 3 B.F;
but non-perturbative in h = 472 /g, for fixed tp p = (27/g,) t p . The specific combination
of GV and NS free energies in (3.3.9) provides a genuinely non-perturbative completion
of both quantities. Indeed, the NS and GV functions are not well-defined functions of A
or gs when considered separately. Each of them individually exhibits a dense set of poles
along the real h or g, line, making them ill-defined. However, these poles cancel in the
combinations (3.3.14) and (3.3.17), and the resulting function is perfectly well-defined for
any value of h or g;.

It is well known that, given an asymptotic series, its non-perturbative completion is
not unique; additional conditions are required to fix it. In the context of the TS/ST cor-
respondence, these conditions are provided by the spectral theory of the quantized mirror
curve. In particular, the non-perturbative completion defined by the TS/ST correspon-
dence is the unique one that correctly reproduces the spectrum and eigenfunctions of the
operator associated with the quantum mirror curve, which in turn is related to an un-
derlying relativistic quantum integrable systems. The same non-perturbative completion
was also used in ABJM theory [174, 179], where it successfully captures non-perturbative
effects in its corresponding string dual [180]. Nevertheless, other completions are possible
in principle; see for instance [181, 182] for an alternative proposal, and [183] for a broader
discussion of non-perturbative completions in topological string theory and their interplay
with resurgence.

From the perspective of spectral theory, it is natural to consider the grand-canonical
ensemble. One of the key statements of the TS/ST correspondence is then that

det (1 + kp) Z Jutizrkeh) K =exp(u) , (3.3.20)
keZ

where p is the operator in (3.2.12) and J is the grand potential of (3.3.9). An important
point is that (3.3.20) is entire in the full x plane, therefore all the singularities in the closed
string moduli space are smoothed out, and the full quantity is background independent.
To extract the partition function around specific points in the moduli space, we need to
expand (3.3.20) accordingly. For instance, expanding around k = oo leads to the large
radius expansion. Expanding around the orbifold point x = 0 gives [4, 65, 157]

det (1 4 sp) Z/{NZ (N, h) (3.3.21)
where Z(N, k) is defined in (3.2.15). Tt is a distinctive feature of this construction that

even though one expands the determinant around the orbifold point k = 0, the coefficients
Z(N, h) actually encode the non-perturbative partition function in the conifold frame.
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3.3.3 The open string sector and the eigenfunctions

Let us now turn to the open sector of the topological string. As before, we focus on the
example of local Fy. The grand potential for the open topological string in the presence of
a toric D-brane on an external leg of the toric diagram was introduced in [6, 7]. Here, we
follow the formulation in [1, app. A], where the resummation in the open string modulus
x is also performed.

The open string grand potential is

JoPe (a1, &, ) = I, €, h) 4 JSom (2, 1, & ) + 0™ (2, 1, 6, 1) (3.3.22)

1-loop inst

where g is the closed string modulus, £ is the mass parameter, and x is the open string
modulus. The functions appearing on the right-hand side of (3.3.22) are defined as follows:

e The polynomial part in z is

: _p
open _ g, o Lfom
JoP (@, &, 1) h2£:c - + 5 ( - 1)z. (3.3.23)

« The one loop part is given by [1, eq. (A.24)]

Jopen (x7 /"L’ 57 h) =

1-loop

In® (ﬁ (—x - @) +i§) +1In®yg (% (—x + @) +i§) (3.3.24)

where i = 2732 and In®4 is the logarithm of Faddeev’s non-compact quantum
dilogarithm, see subsection A.2.2. One can express (3.3.24) in closed form in terms
of elementary functions and the classical dilogarithm Liy if A € 27Q-, by using
(A.2.13). This 1-loop part of the grand potential consists again of contributions
from both the NS and GV free energies, just as in the closed sector. See [1, app. A]
for details.

Jopen

st consists also of a part coming from the NS free energy, and

e The instanton part
a part coming from the GV free energy

s (&3 11,6, 1) = Py g (2, e (), tp(R), )

+ FEV st ((%ﬂ) z, (%) tr(h), (2%) ts(h), 4—7:) . (3.3.25)

Here, F\gs represents the NS limit of the refined open topological string free energy
associated with a brane inserted on the outer leg of the toric diagram:

FISIIS)?iIrllst (17’ tr,tB, h) =
ol L~z (1 +etr 4 eif (14 ) e—%F—z> o tB

—2t
(1—e1)(1—eletF)(1—eletF)<1+e”e2 )<1+e“e 2 )

(3.3.26)
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and the all order definition is given in section A.3, equation (A.3.12). Similarly,
Féli/?filnst is the open topological string free energy corresponding to a brane inserted
in the outer leg of the toric diagram:

open -
FGV,inst ("E: tr,tg, 98) -
g

. t
9s EF _
! 2

ez * (1 +etF — 2% et m)
— e B 4 (’)(e’%B) ,

(1 —eigs) (1 —etr)? (1 - ei%se%p*z) <1 — ei%e*%*z)

(3.3.27)

and the all order expression for (3.3.27) can be found in section A.3, equation
(A.3.15).

Similar to what was observed in the closed string sector, the role of the NS partition
function in (3.3.22) in the open sector is also purely non-perturbative in g,, and it plays
a crucial role in cancelling the poles in g, of the GV part and making the full expression
well-defined. Hence, (3.3.22) provides a well-defined non-perturbative completion for the
open topological string partition function around the large radius frame. On the other
side, from the spectral theory perspective, the perturbative contributions in A = 472 /g,
are captured by the NS partition function in (3.3.22), whereas the GV part remains purely
non-perturbative in 4. We refer to [6, 7] for further details.
Note that exp (J{% ) has poles at

-loop

tr (A 1
=+ F2( )—127T (n—§) — ihm, n € Nyg, meN, (3.3.28)

and similarly, exp (Ji5;) has poles coming from FgT and Fgiyy, respectively when
tr (h 1

xzi#—i—ﬁw(m—i)—kihn, n € Nyg, m € Z,

(3.3.29)

tr (R 1
:c—j:F2(>+i27r<n—§)+ihm, ne€Nsy,meZ.

Note that only the poles with n < N occur at order exp (—Ntg) in Fygig OF Foy st
These poles should be related to the transition from the external to the internal leg of the
toric diagram, and they do not disappear in the open string grand potential J°P*"(z, u, &, h).

Now we want to relate (3.3.22) to the eigenfunctions of the quantum mirror curve
(3.2.3). It is important to emphasize that there are numerous ways to construct formal
solutions to (3.2.3). For instance, consider

exp | JoP (z, &, h) + IPN00, (@, 14, 65 h) + P (@, te(h), te(h), h)| . (3.3.30)

1-loop

While this expression formally satisfies (3.2.3), it is not a well-defined function for i € R+
due to the dense set of poles at h € 7Q, and it fails to satisfy the analytic properties
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required by a proper eigenfunction as discussed below (3.2.3). The exponential of (3.3.22)
on the other hand, as well as each individual term in (3.3.35), would give a well-defined
solution to the difference equation for all A € R.y. However, it does not have the correct
analytical properties or asymptotic behaviour to be in the domain of the quantized mirror
curve. Hence, it does not qualify as an eigenfunction either.

To construct proper eigenfunctions, it is useful to introduce the full grand potential,
which is defined as

J(.CB, My 5) h) = J(:ua 57 h’) + JOme(ZL,’ My ga h’) : (3331)
It was conjectured in [6, 7] that one of the terms in the sum (3.1.5) should be given by
D ellwntizh i) (3.3.32)
keZ

Building on the structure found in (3.2.48) for the second term, we can now express the
full eigenfunctions of the quantum mirror curve (3.2.2) in a compact form:

Yo, k) =Y Y elolontimhed) K=et, (3.3.33)

keZ oe{1,2}
im? 7wz . .
Jl(xa ey 67 h) = J(:Ea Maf? h) ; Jg(l’,,u,f, h) = ﬁ? + F + J(—l’ — 17, [ + 177767 h) .
(3.3.34)
Hence, the eigenfunctions are simply
w(x’ li) _ Z (eJ(:Jc,,LLJrika,g,h) + e%é‘f'L;+J(*$7i7r,}t+i7r+i27rk,£,h)) . (3335)
keZ

According to our construction, these are well-defined functions for all z,x € C, £ € R and
h € R, which are entire in x and solve the difference equation (3.2.3) for any value of
the parameters, and which are the true, square-integrable eigenfunctions of the quantum
mirror curve when k = — exp (E,,) coincides with a value in the spectrum. We do not have
a rigorous proof of this, but there are many non-trivial tests. See figure 3.2, figure 3.3,
and subsection A.5.1 for some graphical representations of (3.3.35).

Let us make some comments on this result:

o The grand potential J(z, i, &, h) is defined in the large-radius frame, corresponding
to placing a brane on the outer leg of the toric diagram. It is therefore expected
that J(z,u, &, ) has poles in z: it is associated with a specific patch of the open-
string moduli space and is not background independent. Starting from J(x, u, &, k)
and moving to a different patch in the moduli space requires performing a modular
transformation followed by an analytic continuation.

In contrast, the non-perturbative completion that we propose — given in equation
(3.3.35) — is an entire function of both the open modulus x and the closed moduli.
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Figure 3.2. The on-shell eigenfunction from topological strings for { = —16/53 and i = 87/3
at energy F = Fy ~ 7.69. Top left: the 0 = 1 term in (3.3.33). Top right: the ¢ = 2 term in
(3.3.33). Bottom left: the full eigenfunction v as given in (3.3.35), after normalization. Bottom

right: the absolute difference between the analytical and numerical eigenfunctions, including 0
(green), 2 (blue), and 4 (violet) instantons in the small exp (—tp) expansion of 1. The plot on
the bottom right uses a logarithmic scale with base 10. The solid and dashed lines correspond

to the real and imaginary parts, respectively.

In this sense, equation (3.3.35) is background independent: we can simply expand
it around any desired point in the moduli space, such as the large-radius or orbifold
regions, and directly recover the corresponding open-string partition function valid
in that particular frame.

At the technical level, such background independence is obtained by the summation
over k and the summation over o in (3.3.33) and (3.3.35). Indeed, as we reviewed in
the introduction, the summation over k in equation (3.3.20) smooths all the singular-
ities in the closed-string moduli space, parametrized by x, yielding an entire function
in k. The sum over ¢ in equation (3.3.35) plays an analogous role for the open-string
modulus z: each of the two terms in (3.3.33) and (3.3.35) individually has singular-
ities in x, but these are smoothed out once the two contributions are combined and
the sum over k is performed. This property holds even off-shell, i.e. for xk # —er.
Geometrically, it was argued in [6, 7] that such a sum over o should correspond to
a sum over the two sheets of the mirror curve.
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Figure 3.3. The off-shell eigenfunction from topological strings for £ = —16/53 and h = 87/3
at energy E = 225/31, which is between F3 and E4. From top left to bottom: the o = 1
term in (3.3.33), the 0 = 2 term in (3.3.33), and the complete eigenfunction ¢ in (3.3.35),
after normalization. The solid and dashed lines correspond to the real and imaginary parts,
respectively.

e As can be seen in figure 3.2 and in subsection A.5.1, when evaluated on-shell, the
two terms in (3.3.35) have the same real part along the real line, which is pole-free,
while having opposite imaginary parts, with poles that cancel in the sum.

e An important part of the statement is that the sums in (3.3.35) are convergent.
The instanton expansion of Ji,s and the sum over the shifts & € Z are both essen-
tially expansions in exp (—tp (%)), and the mirror map tp (h) is itself is given as an
expansion in large k. Hence, one can think of this as a convergent semi-classical
expansion. For h € 27Q- numerical evidence suggests that the convergence of this
series is compact, that is uniform on every compact subset of the complex x-plane,
but only pointwise near complex infinity. For & € 27 (R \ Qs¢) the convergence
near x € +tr (h) /2 + iR may be only pointwise as well.

Let us end with a few words about the evidence in favour of (3.3.35). Many tests that
do no directly involve the ¢ = 2 term as written in (3.3.33) were done in [6, 7]. Let us in
particular mention the closed form solutions they wrote down for & = 0, A = 27, for which
one can explicitly check the pole cancellation. Strong numerical evidence for our proposal
(3.3.35) comes from diagonalizing the quantum mirror curve in the basis of the harmonic
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oscillator as in [184], and comparing the resulting numerical eigenfunctions with (3.3.35).
See also the explanation at the beginning of subsection A.5.1. Another non-trivial test of
(3.3.35) comes from the so-called standard and dual four-dimensional limits. These are
interesting stories in their own right, which we will discuss next.

3.4 Four-dimensional limits

It is well-known that topological string theory on local CY manifolds can be used to
geometrically engineer four-dimensional A/ = 2 theories [118, 120]. In the case of a local
Fy geometry, the corresponding four-dimensional gauge theory is NV = 2, SU(2) SYM.
In this section, we study the four-dimensional limit of the open T'S/ST correspondence.
There are two distinct four-dimensional limits one can implement: the standard limit,
discussed in subsection 3.4.1, and the dual limit, presented in subsection 3.4.2.

3.4.1 The standard four-dimensional limit

Let us consider the mirror curve for local Fy (3.2.1). In the standard 4d limit, the param-
eters of the curve scale as [118]

1 1
“Vire' T ViR

and the limit is taken as R — 0. In this limit, (3.2.2) becomes the Fourier transformed
modified Mathieu operator

r = Rxyq, e

(-2 - R’E), h = Re, (3.4.1)

Orma = V1t (7 +e77) + 27, 2, 9] = ie, te>0, (3.4.2)

where we omit the subscripts 4d in the variable x for the sake of notation. The corre-
sponding eigenvalue equation reads

Vi (p(z —ie, E) + ¢(z + i€, E)) + 2%¢(x, E) — E¢(z, E) = 0. (3.4.3)

If we perform a Fourier transform on (3.4.2), i.e. we exchange position and momentum
operator, we obtain the modified Mathieu operator in the standard form

(\/E (e?+e79) — €07 — E) $(¢,E)=0. (3.4.4)

The eigenfunctions of (3.4.3) and (3.4.4) are related by a Fourier transform,

~

o(q, B) = / dz €9/¢ ¢(z, F) . (3.4.5)
R
The quantization condition for the spectrum of (3.4.2) is derived analogously to the one

for (3.2.2), i.e. by imposing analytic continuation within the strip (3.2.5), and requiring
square integrability of ¢(z, E). On the other hand, for the Fourier transformed operator
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(3.4.4), this corresponds to square integrability of (E(q, E). The energy spectrum is then
discrete and the same for both operators.

For the sake of notation, we work at ¢ = 1. The e-dependence can be reinstated by
appropriately shifting the variable as follows:

 For the modified Mathieu operator (3.4.4), we can work at ¢ = 1 and then re-install
the € dependence by shifting

t—t/et, E— E/é. (3.4.6)

 For the Fourier transformed modified Mathieu (3.4.2) (3.4.3), we can work at e = 1
and then re-install the e dependence by shifting

r— /e, t—t/et, E— E/é. (3.4.7)

Result

The standard four-dimensional limit (3.4.1) was examined in the context of the closed
TS/ST correspondence in [41, 55, 185]. In [41] it was shown that in this limit (3.3.20)
gives

sinh (30, Fx§(0,1)) ) (3.4.8)

det (1 — E Ogy,) = A(t) ( isinh (270)

where A(t) is a normalization constant independent of E, chosen such that the left-hand
side, when evaluated at E = 0, equals 1. In (3.4.8), we note by FR¢ the full, four-
dimensional NS free energy associated with N' =2, SU (2) SYM

Fi (0,t) = =2 (1 — i20) — I (1 +120) — o*In (1)

- (4022+ 1) " (4(40222012)3_(; + 1)) t*+0(t), (3.49)

where 1/(~?) is the polygamma function of order —2. Higher orders in the ¢ expansion can
be found in (A.3.30) and according to the all order expression (A.3.28). The variable o

and the energy E are related via the quantum Matone relation [99, 100]
E = —t0,F (o,t) 20 ¢ iZ\ {0}. (3.4.10)

This relation is the 4d limit of the Wilson loop (3.3.4), and is hence the 4d equivalent of
the quantum mirror map, relating the gauge theory and spectral parameters to each other.
The quantization condition for the operator spectrum, determined by the vanishing of the
determinant (3.4.8), exactly reproduces the NS quantization condition [22]:

0, Fig(o,t) = 2m(n+ 1), neN, (3.4.11)
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see also [44, 53] and reference therein. For a fixed value of ¢, we denote by {o,},-,
the solution to (3.4.11). These give the energy spectrum of the operator (3.4.3) via the
quantum Matone relation (3.4.10).

Implementing the four-dimensional limit (3.4.1) on the eigenfunction expression ap-
pearing on the right-hand side of (3.3.35) gives (see section 3.4.1)

H i 7r2 T . . .
Z (eJ(r,u+127rk,§,h) +eg7+T+J(—m—17r,u+17r+127rk,§,h)> b2, 0,0) + do(z, 0 t),  (34.12)
kEZ

where'?

61(x,0,1) = —iexp (i&,ﬂ%% (0, t)) T (i(z+0)) D (i (2 — 0) Zig e (—3,0,1)

(3.4.13)

_%8UF§‘§(U,15) (627rx 27r0) _ e%agFécsl(cf,t) (627rx —27ra>

— €
e27r0' _ e—27rc7

— €

Y

¢2($,O’, t) = ¢1(_x707 t) [e

(3.4.14)
with Zf%{ ﬁldst denoting the instanton part of the NS function in the presence of a surface

defect
1+2(iz +1)

(14 40?) ((ix + 1)2 4 02?)
Higher-order terms are provided in (A.3.31), while the full all-order definition is given in
(A.3.29). We obtain then the following eigenfunction of (3.4.3)

Zid (,0t) = 1+ { t+0(t). (3.4.15)

oz, E t) = ¢1(z,0,t) + ¢po(x,0,t), (3.4.16)

where F and o are related as in (3.4.10). Let us make some comments on the above result.

 The finite difference equation (3.4.3) has extensive families of formal solutions. For
instance, both functions (3.4.14) and (3.4.13) are solutions to the Fourier transform
Mathieu equation (3.4.3). Each of these functions is meromorphic, with poles located
at x = +o + ¢, where ¢ € Z. However, what makes the solution (3.4.16) special
is that in the summation, all poles cancel, yielding a final expression that is entire
in x, even when evaluated at generic values of the energy. The factor in the square
brackets in (3.4.14) is crucial for this to happen.

« Although the symmetric structure of the two contributions from (3.2.48) is lost in
the 4d limit, the key feature that remains is that only the sum (3.4.16) of these two
contributions is entire in .

12The overall normalization —iexp (i&,FNS (o, t)) was added so that the on-shell eigenfunctions are
real.
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o When we evaluate the above eigenfunctions (3.4.16), (3.4.14), (3.4.13) on-shell, i.e. on
the locus (3.4.11), we obtain

(@, En,t) = (=1)" 35T (i (=2 + 0,)) T (i (—2 = 02)) Zdmay (%50, 1)
+ e 3 ED (1 (2 4 0,)) T (i (2 — 00)) Zig e (—2, 00, ) o (3.4.17)
which is the well-known form of the eigenfunctions obtained in [27, 30, 32, 35, 36].

Notice that the relation between the two terms in (3.4.17) once again exhibits the
same symmetry structure as in (3.2.48).

o Let us now consider the asymptotic behaviour of (3.4.14) and (3.4.13) for Re(x) —
+oo with constant Im(z). The non-trivial asymptotics is determined by the part
involving I" functions as well as the term inside the square brackets in (3.4.14). For
»M, we get an exponential decay in both directions

1
‘gb(l) (ZE + iy, o, t)| x eFm@—(1+2y) In(+z) (1 + O(_)) ’ T — +oo, (3418)
T

for any constant y € R. For ¢(®, we have instead

’¢(2) (I + lya g, t){ X

(Sinh.%f’vFﬁ%(“t))) etma-(1=2)In@) (1 4 O(1)) | T — 00
Sinhl(séna}:(ffggo&',t)fﬁro’) +7T£U—(1—2y) ln(—a;) ’ 1 (3419)
( isinh (27o) ) € (1 + O(E)) y T =00

for any constant y € R. The overall trigonometric terms come from the factor in
square brackets in (3.4.14). Hence, the complete eigenfunction is square-integrable
if and only if

sinh (30, F¥§ (0,1))

isinh (270)

~0, (3.4.20)
which is precisely the vanishing of the Fredholm determinant (3.4.8)."

Derivation

Here we derive (3.4.12). We are interested in the standard 4d limit (3.4.1) of the eigen-
functions as they appear in terms of the gauge theory grand potential in (3.3.35). The
scaling of the complex structure parameters as given in (3.4.1) corresponds to the following
scaling of the Kahler parameters

tp (h) = —In (th*) + 20h, tr (h) = 20h, (3.4.21)

13Note that each of the two terms themselves are never square-integrable for all 4 € R due to the simple
poles at x + iy = +o + ik for k € Z.
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and in addition, the negative sign of x in (3.4.1) is reflected in a shift
tB,F (h) — tB,F (FL) —i27. (3422)

The standard 4d limit is then taking A — 0 from above while keeping x4q, ¢ and t fixed
with Re(o), t > 0.

We will not keep track of the overall normalization of the 5d eigenfunctions, since we
didn’t fix it in the first place. Hence, we can freely choose an overall normalization, and
it turns out that normalizing the eigenfunctions (3.3.35) as

o J(mEn) Z (eJ(r,wiW(?k—l)iﬁ) + e%%+%+J<—x—iﬂ7u+iﬂ<2k>7€ﬁ>) , (3.4.23)
kEZ
will be a convenient choice.'*
Let us first look at the closed sector, closely following [41, 185]. One gets for the
polynomial part of the closed grand potential (3.3.13)

Jp (1wl & h) = Jp(n, &, ) =
02 1n (th* 20(20%2 — 1
- ;lh( ) —iZ (371 ) _ iloIn (th') — 2nlPo + O(R), (3.4.24)

where ¢ = 2k — 1 for the first term and ¢ = 2k for the second term. Hence, one can see

that the dominating contributions in the sum over the shifts k € Z are given by k£ = 0, 1
for the first term and by k£ = 0 term for the second term. One can already note that this
gives a trivial closed sector contribution for the second term, due to our normalization.
The 4d limit for the 1-loop and instanton part of the closed grand potential can be dealt
with as done in [41, 185] and one finds

J(/l’ + iﬂ-? 57 h) - J(;“/u 57 h) =
In(th* i
g% ¥ ig + %&,ng(t, ) —In (€2 — ¢72™) 4 O(h). (3.4.25)
where the 4d NS free energy is given in (3.4.9).
Let us now turn our attention to the open sector. The polynomial part of the open
grand potential (3.3.23) can be dealt with straightforwardly. To take the standard 4d limit
on the 1-loop part (3.3.24) it is useful to first use the quasi-periodicity of the quantum

dilogarithm (A.2.12) to write'

I oo (@, pp £ im0, €, B) = =21 (h) — In (25, — 0°) — 2mx4q + In (€274 — eT277) 4

In®s | f (0 = aa) + 5 (i ﬁ)} +1In @y {ﬁ(—a — waa) + 5 (B~ =B)| +0(h),
(3.4.26)

4Interchanging the sum over k with the limit is quite subtle, since the sum is not always uniformly
converging in x. However, we will not go into this issue and simply note that interchanging the sum and
limit in this case gives a perfectly well-behaved answer in line with our expectations.

15When implementing the limit we assume for simplicity 2 |Im(z + o)| < 1. However, the final result
extends to all values of z in the complex plane.
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Jopen (—x —im, u, &, h) = —21In (h) —In (l’id - 02)+

1-loop

In®s (5 (0 + x4a) + % (5_1 —B)} +1In &y {ﬁ(—a—I—md) +i

5 (B =8)| +0(n),

(3.4.27)

with 8 = /h/27. In the end, we are interested in the exponential of the grand potential,
so all equalities are modulo integer multiples of i27. Let us introduce a variable z which is

1
=5 ti(rgato), (3.4.28)

with the signs chosen independently and 2 [Im(z +0)| < 1 or 0 < Re(z) < 1. To compute
the expansion of the quantum dilogarithms in (3.4.26) and (3.4.27), we use the integral
representations in (A.2.16) and (A.2.17). We find that

In CI)B (%ﬁ_l — IBZ + 0(53)> =

+ zIn (2758%) — ln(j )+1§z+lnI‘< %)+(’)(ﬁ2). (3.4.29)

1252
Combining the polynomial and 1-loop parts of the grand potential one finds

2

open . iy 7T
I (x, &, h) + leloop (x,p+im & h) = T In (27h) —
+InT (i(—24a+0)) +InT (i(—24q0 — 0)) + i% In (t) + In (¥4 — e¥>"7) + O(h)
(3.4.30)
im? 7w ohen , open , mln (th')  in?
75 + hx—l—J PO (—x —im, §, h) + o0, (=2 —im, i, & h) = 2R 3R — In (27h)

+1nT (i (2 + ) + 10T (i (w4q — 7)) —igln(t)JrO( ). (3.4.31)

Regarding the instanton part for the open sector, one can see that the NS part is a rational
function of exp (v — tr/2), exp (—tp) and exp (—tg). Hence, the shifts of t5 g by 147k act
trivially, and the only difference between the first and second term is a change in the sign
of x. The GV part, on the other hand, vanishes in the standard 4d limit. The resulting
defect instanton partition function can be found in (A.3.34).

Hence, putting all parts of the grand potential for both the closed and open sectors
together gives an overall divergent factor

mln (th*) B ﬁ
2 h 3h

so that, after appropriate normalization, (3.4.23) reduces to (3.4.14), (3.4.13) and (3.4.16)
in the standard 4d limit (3.4.21).

—In (27h) , (3.4.32)
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3.4.2 The dual four-dimensional limit

A few years ago, [14, 63] showed that, starting from the quantum mirror curve (3.2.7), one
can implement another scaling limit to connect with the four-dimensional gauge theory.
In this limit, we take

B 4
-5
and send R — 0. One of the key differences between the limits (3.4.1) and (3.4.33) is that
in (3.4.1), we take i — 0, whereas in (3.4.33), we take h — oco. Hence, we refer to (3.4.33)
as the “dual” four-dimensional limit.

Applying the scaling (3.4.33) and taking the limit R — 0 on the operator kernel
(3.2.12) yields the integral operator pgy : L*(R) — L*(R) with kernel [14]

2
4¢ = drio — % In (R*) e %k = 2 cos(2r0) h (3.4.33)

e—4t1/4 cosh qe—4tl/4 coshp

D) = ; 3.4.34
PGV (q p) cosh (%) ( )
and we look for square-integrable eigenfunctions
[ @0 pev(a. 020, Burt) = Buila Bu). (3.4:35)
R

Interestingly, (3.4.34) first appeared in the literature in the 1970s in studies of the 2d Ising
model and the theory of Painlevé equations, see [58, 61, 72, 186]. We will refer to it as
McCoy-Tracy-Wu operator. The connection between the quantum mirror curve (3.2.7)
and the Painlevé kernel (3.4.34) made it possible to prove the T'S/ST correspondence for
local Fy in this particular dual 4d limit [14]. See also [15] for the generalization to all Y0
geometries.

The spectral problem (3.4.35) was solved in [1], where it was shown that the eigen-
functions can be explicitly computed using the partition function of four-dimensional,
N = 2, SU(2) supersymmetric Yang-Mills theory in the GV (or self-dual) phase of the
O-background (—e; = e = 1), with the inclusion of a surface defect. More precisely we
have [1]

U , | Lo
o(q, By, t) = / dw e Z <Z(2;¥4d (x, k+ -+ IOn,t) 7 (k‘ + - + oy, t)
. 2 2

keZ

2724/ (—x - % k+ ian,t) Z&y (k +10,, t)) , (3.4.36)

E, = 27 sech (275,,) | (3.4.37)

where the gauge theory partition function of the defect is given by (2.6.4), (2.6.1),

. 1 1
200 =0 (- )T (e ) 2. a3
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Ty
202 (22 — 0?)
T(F+1)° =T (1022 + 197 + 10) 0 + (872 + 307 + 9) o*
404 (402 — 1)° (32 — 0?) ((z+ 1)% — 0?)

2d/4d
ZG\/{,inst ($, 0, t) =1-

+0 (), (3.4.39)

with T = iz + 1/2 and higher orders in the ¢ expansion can be found from the definition
(A.3.32). The 7,, € R\ {0} are solutions to (2.3.8)

1
>z (k + 5+ 0, t) =0, (3.4.40)

kEZ

and Z28,(0,t) is the Nekrasov function in the GV-phase of the Q-background (2.3.10)

2

(ad ( t (802 + 1) ¢t?
2

G(1—20)G(1 + 20) + 7 T 0(t3)) , (3.4.41)

4d _

with G the Barnes G-function, and higher orders in the instanton expansion can be found
in (A.3.33) and according to (A.3.32). The Fourier transform in (3.4.36) can be interpreted
exactly as in (3.4.5). Indeed, we can represent the kernel (3.4.34) in operator form as

—4t1/4 cosh ¢ 1 —4¢1/4 cosh ¢

i : i, p] = i27 . 3.4.42
cosh (D) [q,p] =127 ( )

By exchanging momentum and position operator according to the transformation

0-(.HE.

we obtain the Fourier transformed operator whose eigenfunctions are given by

. 1 1
o(x, By, t) = E <Zédv/4d (x k + 5+ i&n,t) Z&, <k +o 10, t)
kEZ

+Ze (—:c - % k+ iﬁn,t> 78, (k +16,, t)) . (3.4.44)

3.4.3 Relating modified Mathieu to McCoy-Tracy-Wu
From the preceding discussion, we see that:
1. The eigenfunctions and spectrum of the (Fourier transformed) modified Mathieu

operator (3.4.4) are determined by gauge theory partition functions in the NS phase
of the 2 background.

2. The eigenfunctions and spectrum of the (Fourier transformed) McCoy—Tracy—Wu
operator (3.4.34) are determined by gauge theory partition functions in the GV
phase of the 2 background.
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It was first shown in [111], based on [110],'® that these two phases of the Q background
can be related by using the Nakajima-Yoshioka blowup equations [188]. This relation
was extended to partition functions in the presence of surface defects in [112, 113]. It is

therefore natural to ask whether we can relate the eigenfunctions and the spectra of (3.4.4)
and (3.4.34).

The spectrum

For the modified Mathieu equation the spectrum FE,, is given in terms of o, (3.4.10), which
is a solution of (3.4.11) [22], while for the McCoy-Tracy-Wu operator the spectrum E,
is given in terms of 7, (3.4.37), which is a solution of (3.4.40) [14]. Using the NS limit
of blowup equations without defects, it follows that solutions of (3.4.11) are mapped to
solutions of (3.4.40), that is [111, 115]

Op =0 . (3.4.45)

This gives a direct, but non-trivial relation between the spectra of the two operators above,
namely

modified Mathieu: E, = —tOFx§ (o,,1)

~ (3.4.46)
McCoy-Tracy-Wu: E,, = 2w sech(27m0,)

Note that the relation between the energy and o is much simpler in the McCoy-Tracy-Wu
case. The spectra of the two operators are hence related by

1 E,
E, = —t0,F§ <§arcsech <%> ,t) . (3.4.47)

Let us emphasize that much of the derivation of (3.4.47) from [14, 41, 115] is fully rig-
orous, as it is based on several well-established results: the AGT correspondence [85],
which was later proven in [189, 190]; the Kyiv formula for the Painlevé tau function [191],
subsequently proven in [68, 69, 148]; the Nakajima—Yoshioka blowup relation derived and
proven in [188]; the special solution to the Painlevé 1113 equation constructed in [58, 59];
and the convergence of the NS function [192]. While many of these results were originally
conjectural, they have all been proven by now. What is not rigorously established yet is
that &, = (1/27) arcsech(E, /27) with E, €]0, 2| lies within the radius of convergence of
tO, 8 (G, 1)1

The eigenfunctions

One can verify that the modified Mathieu and the McCoy—-Tracy—Wu operators commute.
Since the modified Mathieu operator possesses a self-adjoint, trace-class inverse, and the

16Tn [110], the relationship between GV invariants and the NS phase of the 2-background was used to
express the quantization condition of [4] in a more symmetric form [187].

1T"We recall that Fffsl (0,t) is defined by a power series in ¢, whose radius of convergence is finite and
may depend on o.
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McCoy—Tracy—Wu operator is itself self-adjoint and trace-class, it follows that they admit
a common L2-orthonormal basis of eigenfunctions. Indeed, we can also check numerically,
that

(b(SL',En,t) gp(l‘,@n,t>
= — 3.4.48
¢($0,En,t> Sp(menat) ( )

where p(z, En, t) are the Fourier transformed eigenfunctions of the McCoy-Tracy-Wu op-
erator in (3.4.44), ¢(x, E,,t) are the Fourier transformed eigenfunctions of the modified
Mathieu operator (3.4.16) and xq is some arbitrary point which is not a zero of the eigen-
functions. The equality (3.4.48) should follow from taking the NS limit of the blowup
equations in the presence of surface defect [112]. A detailed study will appear elsewhere.
Note that for (3.4.48) to hold, we must evaluate both sides on-shell, i.e. at (3.4.46), (3.4.11).
For generic values of E, E (3.4.48) does not hold.

The operators

Let us now use the relation between the spectrum and the eigenfunctions of the modified
Mathieu operator (3.4.4) and McCoy-Tracy-Wu operator (3.4.34) to find a relation between
the operators themselves. To avoid subtleties related to the domain of definition, it is
convenient to work with bounded operators.

We denote by png the trace class inverse of the modified Mathieu operator'®

1 _
—182 + V(e 4 %) (3.4.49)

As discussed previously, the modified Mathieu operator and pgy admit a common basis of
eigenfunctions. Consequently, the same holds for png and pgy. Hence, by employing their
spectral decompositions together with the relation between their spectra given in (3.4.47),
it follows immediately that

pns = § (pav) (3.4.50)

2

—1
§ : X(pav) = X(pns) @ B (—t@tF§% <%arcsech (E) ,t>) , (3.4.51)

where Fid is defined by (3.4.9) and (A.3.28), ¥ (p) C R is the spectrum of p, and § (p)
should be understood in the functional calculus sense [193, def. 7.13]. Note that § is
strictly increasing on X (pgv), hence ! is also well-defined on 3 (pnsg).

3.5 Outlook and open questions

Many open questions remain; we summarize some of them below.

8There is a factor of 2 multiplying ¢ compared to (3.4.4), which arises from the factor of 2 in the
unitary transformation of the eigenfunctions in (3.4.36).

— 77 —



o Non-perturbative effects in the context of the closed TS/ST correspondence have
been analysed from a resurgence perspective in [169, 181, 194-199], see [176] for a
review and a more exhaustive list of references. It would be interesting to explore
the open version of the T'S/ST correspondence through the lens of resurgence, par-
ticularly the role that the special combinations (3.3.35) and (3.4.16) may play in the
context of exact WKB [197, 198, 200-202], as well as the connection with quantum
modularity [203].

e In subsection 3.4.3, we numerically demonstrated an explicit relation between the
on-shell eigenfunctions of the modified Mathieu operator and the McCoy-Tracy-Wu
operator. It should be possible to derive this relation analytically using blowup
equations in the presence of surface defects. The proof will appear elsewhere.

o Over the years, many formal solutions to the functional difference equation (3.2.3)
have been constructed using topological string/gauge theory partition functions.
However, most of these proposals are not well-defined for A € R., and, moreover,
they do not satisfy the analytic properties required for the eigenfunctions of the rela-
tivistic Toda lattice, discussed below (3.2.3). To our knowledge, the only exceptions
are [6, 7, 32].

The constructions in [6, 7] are specific to the self-dual point A = 27 with £ = 0. Our
proposal naturally reduces to theirs when these parameter values are imposed.

On the other hand, the connection to [32] is less straightforward. A key distinction
between (3.3.35) and the eigenfunctions in [32] is that our functions in (3.3.35)
remain entire even off-shell, whereas those in [32] exhibit poles at specific values of
x. It would be interesting to understand this better, e.g. via blowup equations.

 In the closed version of the T'S/ST correspondence, the sum over integers on the
right-hand side of (3.1.3) has an interpretation in the context of g-isomonodromic tau
functions [64]. It would be interesting to explore whether the special combinations
of the two terms in (3.3.35) carry any particular meaning from the perspective of
g-isomonodromic deformations.

e Another point for future investigation is the relation to fibre-base duality, i.e. in-
variance under exchange of tg and tp. This corresponds to the transformation
£,k — —&, e %k at the level of the complex moduli. One can verify that the Fred-
holm determinant (3.1.3) remains invariant under this duality. It would be interest-
ing to explore how this duality manifests at the level of the special eigenfunctions
(3.3.35) we constructed.

See also the conclusion and outlook in chapter 5.
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Chapter 4

Eigenfunctions of finite difference
Schrodinger equations

Building on the previous two chapters and [6, 7], we now turn our attention to finite
difference analogues of the Schrodinger equation with an arbitrary polynomial potential.
These operators are quantized Seiberg-Witten curves of four-dimensional, N' = 2, SU(N)
SYM and the eigenfunctions are given in terms of the partition functions in the Nekrasov-
Shatashvili limit. This chapter bundles work that originally appeared in [3], which is joint
work with Alba Grassi and Tommaso Pedroni.

4.1 Introduction

Exactly solvable models have been playing a central role in quantum mechanics, provid-
ing profound insights into its mathematical structure and phenomenology. Over the past
decade, advances in topological string theory and supersymmetric gauge theory have un-
covered many new examples of solvable quantum spectral problems, often arising from the
quantization of mirror curves; see [175, 176] for a review and a list of references. Regarding
quantities that encode the energy spectrum (such as exact quantization conditions, Fred-
holm determinants and spectral traces) the situation is now well understood for operators
associated with mirror curves of arbitrary genus. In contrast, much less is known about
the corresponding eigenfunctions, particularly for mirror curves of genus greater than one,
which are related to gauge theories with higher-rank gauge groups.
We will consider the finite difference operator

Hy = 2AY cosh(p) + Vi (x), [x,p] = ih, (4.1.1)

where Vy(z) = Y20 (—=1)*hy ¥N~* is a generic polynomial potential of degree N. This

system can be regarded as a deformation of the standard quantum-mechanical anharmonic

oscillator
p® + Vi (x), [x,p] = ih. (4.1.2)



As we will show, the deformation (4.1.1) has a remarkable property: it defines a spectral
problem that is exactly solvable in terms of explicit analytic functions. This stands in sharp
contrast to the quantum anharmonic oscillator (4.1.2), for which no explicit, closed-form
analytic expressions for the eigenfunctions are known®.

The exact solvability of (4.1.1) originates from a beautiful connection with supersym-
metric gauge theory. In particular, the operator (4.1.1) can be identified with a quantiza-
tion? of the Seiberg-Witten (SW) curve associated with four-dimensional A" = 2, SU(N)
super Yang-Mills (SYM) theory [8, 22, 23, 56]. This correspondence provides access to
powerful tools from supersymmetric localization [22] and topological string theory [4], en-
abling the explicit computation of spectral quantities via Nekrasov—Shatashvili (NS) func-
tions. By contrast, from the perspective of supersymmetric QFT, the differential operator
(4.1.2) is related to Argyres—Douglas theories [31, 46, 206, 207], which are non-Lagrangian.
Consequently, at present there is no known analogue of NS functions for these theories,
and explicit closed-form expressions for the eigenfunctions and other spectral quantities
remain out of reach (for progress in this direction, see e.g. [44, 208-212]).

The deformed Hamiltonian (4.1.1) was first analysed in [55] and later in [41], where
an exact quantization condition for the energy spectrum, together with the associated
Fredholm determinant, was derived. Interestingly, the same deformed Hamiltonian also
appears in the context of the T'T deformation [213]. In this work, we provide explicit ana-
lytic formulas for the eigenfunctions of the operator (4.1.1), valid for arbitrary polynomial
potentials Viy(z) and capturing both bound and resonant states.

The eigenvalue equation associated with the Hamiltonian (4.1.1) is the finite-difference
equation

AN (Y(x +ih, h) +(z — ik, b)) + V(2 (x, h) = Ey(z, h). (4.1.3)

Difference equations of this type typically admit many formal solutions. The solutions we
construct are singled out by the following properties:

1. For generic values of the parameters hy and the energy F, our solutions solve (4.1.3)
and are entire in z. It is worth emphasizing that this is highly non-trivial for a
finite-difference equation. In our construction, the entireness ultimately follows from
background independence in topological string theory: the special eigenfunctions we
construct arise as specific limits of non-perturbative open topological string parti-
tion functions, obtained via the open topological string/spectral theory (TS/ST)
correspondence [2, 6, 7|. We refer to these as off-shell eigenfunctions. Their explicit
expressions are given in (4.2.25) for N even and in (4.2.31) for N odd.

1One notable exception occurs when N = 6 and the potential takes the form Vg(z) = 2 + 2ba* +
(b2 — (dm +2p+ 3))9527 with m € N5 and p € {0,1}. In this case, certain special eigenfunctions can be
constructed explicitly; see, e.g. [204].

2When quantizing such a curve [8, 23, 56], one must decide which variable plays the role of position
and which that of its conjugate momentum. Our convention differs from the standard one by a Fourier
transform; as a result, the quantized curve is a difference equation rather than a higher order differential
equation [48, 205].
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2. For generic values of E, the off-shell solutions are not square-integrable. They be-
come L?-normalizable (physical) eigenfunctions only at the discrete set of energies
{Ek}jso determined by the quantization condition of [55]. We refer to the eigen-
functions evaluated at these energies as on-shell eigenfunctions.

3. As noted in [55], the deformed Hamiltonian (4.1.1) displays several novel features
not present in the standard Schrodinger Hamiltonian (4.1.2).

For instance, when N is even, (4.1.1) admits degenerate ground states at special
values of the moduli hy. Moreover, the oscillation theorem [214, thm. 3.5] that applies
to the standard Hamiltonian (4.1.2) no longer holds for the deformed Hamiltonian
(4.1.1).

Similarly, when N is odd, there are specials values of the moduli hy, for which (4.1.1)

admits L?-normalizable eigenfunctions with real energies, even tough the potential
is unbounded from below.

Let us also note that the difference equation (4.1.3) arises in the integrability context
as the Baxter equation of the N-particle closed quantum Toda lattice [27, 215-218]. In
that setting, one imposes very specific boundary conditions on the solutions, beyond just
square-integrability. As a consequence, the solutions considered in [27, 215-218] exist only
at special values of the parameters hy with k = 2,--- | N. We will return to this point in
section 4.3.

4.2 The spectral problem and its solution

4.2.1 The spectral problem
We consider the following quantum Hamiltonian®:
Hy =AY (P +e7P) + Vy(x), [x,p] =ik, A heRy, (4.2.1)

where the potential takes the form

N-1
Vn(z) =Y (=1)*hyaVF, hi € R, (4.2.2)
k=0
and, without loss of generality, we set h; = 0 and hy = 1. The eigenvalue equation

associated with (4.2.1) is a difference equation and reads®

AN ((x + ik, ) + (2 — ik, b)) + Vy(2)Y(z, h) = Ey(z, h), (4.2.3)

3The restriction A,h € Ry and h; € R is not essential: the solutions we construct remain well-
defined even for other choices of the parameters. However, this assumption simplifies the discussion of the
operator’s spectral properties, and we will adopt this convention.

4To simplify notation, we suppress the explicit dependence of the eigenfunctions on A and h.
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where h contains hsg, - -+ , hy with
hy =(-D)Y ' E, (4.2.4)

and E plays the role of energy. We remark that the nature of this equation depends on
whether N is even or odd.

N even: confining potential. When N is even, the potential Viy(x) is confining. For
hi € R, the operator Hy is self-adjoint, with domain given by the Friedrichs extension of

{yp € L*R) |y € DyN Dy}, (4.2.5)

where

Dy ={v € L*(R) | Vy(2)¢ (z) € L*(R)} , (4.2.6)

and D, consists of all ¢ € L*(R) that admit an analytic continuation to the strip
{z € C||Im(z)| < h}, (4.2.7)
such that ¥ (z +iy) € L*(R) for all fixed —h < y < A, and for which the limits

lim ¢(z £iy) (4.2.8)
y—h—
exist in the sense of convergence in L*(R). It was shown in [125], based on [12], that Hy
has a purely discrete spectrum corresponding to bound states. Numerically, the spectrum
and eigenfunctions can be computed via Hamiltonian truncation in the harmonic oscillator
basis.

N odd: unbounded potential. When N is odd, the potential Vy(z) is confining as
x — 400 but unbounded from below as x — —o00. As a consequence, the spectrum of Hy
generically contains resonances with complex energies. Such potentials have been studied
numerically for the standard Schrédinger equation (4.1.2) using the method of complex
dilation [219], and rigorous analyses of resonances are available in [220-222]. As empha-
sized in [55], complex dilation can be applied directly to the deformed Hamiltonian (4.2.1);
this is the numerical method we adopt here. Let us briefly recall the main idea. For N
odd, the eigenfunctions of (4.2.1) decay only as a power law as + — —oo. Consequently,
numerical diagonalization in the harmonic oscillator basis converges poorly since Hamil-
tonian truncation is best suited to exponentially decaying wavefunctions. Therefore, to
improve convergence, we perform a small complex rotation of the position and momentum
operators by an angle #. This yields the rotated Hamiltonian

Hyp = 2AN cosh(e_iep) + VN(ewX) , (4.2.9)
which admits exponentially decaying, square-integrable eigenfunctions

VO (x, h) (4.2.10)
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Figure 4.1. Numerical ground state eigenfunction (Ey =~ 0.54151 4 10.25905) of (4.2.1) with
V3(z) = 2®, obtained via complex dilation. Left: rotated eigenfunction ¥§(z,h). Right: true
eigenfunction o(z,h) = ¥§(e %z, h). Here we set A = 1/2, h = 1 and § = —1/10. The
eigenfunction is normalized so that (0, h) = 1. Solid lines denote the real part; dashed lines
denote the imaginary part.

with complex eigenvalues. Therefore, %(19) (x, h) can be computed efficiently by diagonaliz-
ing (4.2.9) in the harmonic oscillator basis. The eigenfunctions of the original Hamiltonian
(4.2.1) are then obtained by analytic continuation:

Yz, h) =Dz, h). (4.2.11)

An explicit example is shown in figure 4.1 for the cubic potential V3(z) = x3. One observes
the exponential decay of the rotated eigenfunctions (4.2.10) (left), in contrast with the
slower power-law decay of the true eigenfunctions (4.2.11) (right). In the next section, we
construct explicit solutions to (4.2.3) for arbitrary N. These solutions are entire in z for
generic values of the energy E and of the potential parameters hy, k =2,..., N — 1, and
we refer to them as off-shell eigenfunctions. As we will see, such solutions become square-
integrable wavefunctions only when F satisfies an appropriate quantization condition. The
corresponding eigenfunctions, evaluated at these discrete energy values, will be denoted as
on-shell eigenfunctions.

4.2.2 The generalized Matone relations

The explicit construction of our eigenfunctions is based on the open T'S/ST correspondence
[2, 6, 7]. A key lesson from studying spectral problems through the lens of supersymmetric
gauge theory and topological strings is that eigenfunctions — and spectral quantities
more generally — take a simpler form when written in terms of the Coulomb branch (or
Kéhler) parameters {a;}> ', rather than the complex moduli {h;}_, that appear in the
potential. The map relating the two sets of parameters has a precise geometrical meaning;:
it is known as the quantum mirror map [8, 23, 24]. In the framework of five-dimensional
N = 1 supersymmetric gauge theory, the inverses of these maps are interpreted as Wilson
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loops expectation values [29, 79|, and in the four-dimensional limit they reduce to the
(generalized) Matone relations [55, 99, 100]. At leading order in A, we have

hk = S(lk)(a]) + O(AN) s (4.2.12)

where s denotes the Schur polynomial associated with the Young tableau R, and (1%)
refers to the tableau consisting of k& rows and k boxes. We refer to (4.2.12) as generalized
Matone relation. Explicit examples are:

1
hs =2 D aj + O(A"), (4.2.13)

1 N 2 N

The complete expression for the map, including all orders in A (which also depend on #),
is reviewed in section A.3.3; see in particular equation (A.3.52). One can invert (4.2.12),
(A.3.52) and obtain an expression for a; as a function of hy, A and h. Geometrically, the
quantities ay(h, A, k), for I = 1,..., N — 1, represent the quantum A-periods associated
with the SW curve

2AY cosh(p) + Vy(z) = E, z,peC, (4.2.14)

see [8, 23, 24].

4.2.3 The eigenfunctions

In this section, we present an explicit, analytic and exact expression for the eigenfunctions
of (4.2.3). As noted in the introduction, (4.2.3) coincides with a quantization of the SW
curve (4.2.14) describing the low-energy dynamics of four-dimensional N' = 2, SU(N)
SYM. It is therefore natural to expect that the eigenfunctions inherit an SU(NN) structure.
We thus begin by recalling a few representation-theoretic notions related to SU(V).

Let Wy denote the Weyl group of SU(N). Consider a vector

N
’U:ZUIGI, (4215)

I=1

where e; are the weights of the fundamental representation (see section A.4 for our con-
ventions). The Weyl orbit of v is defined by

Wy-v = {w)|we Wy}, (4.2.16)
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where the Weyl group acts on the weights of the fundamental representation e; by per-
mutation. We define

Y= %Z(—l)f‘lef =) (=DM, (4.2.17)

where A is a fundamental weight (A.4.1), and organize the Coulomb branch parameters
ar of N'=2, SU(N) SYM into the vector

N N
a=> ae, > ar=0. (4.2.18)

I=1 I=1
The parameters a; = ay(ha, - -+ , hy, A, h) provide a convenient way to encode the potential

parameters hy, as explained around (4.2.12) and (A.3.52). Tt is also useful to introduce

the linear map
N

ra)=—> an_rye;. (4.2.19)

I=1

The starting point of our construction is the so-called defect partition function:

7 AR = A iNG 7r<1+%>% al .[€r-a—x Zinst AR
D('Iuaﬁ ’ >_ ﬁ € Il;[r 1 T D (x,a, 9 )7

(4.2.20)
where the instanton part Z% is defined in (A.3.44). It is known [27-30, 32, 33] that this
function provides a formal solution to the difference equation (4.2.3). However, Zp as in

(4.2.20) is not entire in z since it has poles at
T =ar+ihk, keZ, Ie{l,....,N}. (4.2.21)

Hence, one cannot use only the function (4.2.20) to construct square integrable eigenfunc-
tions. In what follows, we will combine two copies of (4.2.20) with an additional function
in such a way that the resulting expression becomes entire in x for arbitrary values of ay,
and hence arbitrary values of hy. The function we shall use is

(L0aFng—7m2 1oy 41(N))m N _
... (2 ﬁ(Qj:wn.a)Q [0 —efeera)i aa)
acAy (&SI I=1

Pn(z,a,A h) =

> 11
’I’LZZTZIGI, ny _§7+§ ) (4223)
I=1

where Loy, 1(N) is the indicator function vanishing for N even, A, is the set of positive
roots (A.4.3), the ey are the weights of the fundamental representation in (A.4.1), and n
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is a particular element in the weight lattice, see later. The dual quantum period is given
by”

. N . ~

i i LS

ﬁaaFNs = Z ﬁ da, €r
=1

p>

C\tEA+

ig +i2 <a%> m(%) +1n<£8:22 ;;)] a (4.2.24)

where Fifs® is defined in (A.3.41). Note that the difference equation (4.2.3) acts trivially
on the functions P, (4.2.22).

Using the building blocks (4.2.20) and (4.2.22), we obtain the following entire, off-shell
solutions to the difference equation (4.2.3).

>+Q [=Q

N even: confining potential. For N even, where the potential is confining, we have:

N (w,h) = Zp(r,a,A,h) Y Pa(z,a,Ah)

neWn -~y

+iet Zp(—w,m(a),Ah) Y. Pa(-z,7(a),AR),

neWn-(v+en)

(4.2.25)

where we recall that 7(a) is defined in (4.2.19), and a is related to h via the generalized
Matone relations; see (4.2.12) and (A.3.52).° We will refer to the first and second terms
in (4.2.25) as saddles, reflecting their origin in topological string theory [2, 6, 7], see
section 4.4.

Let us now analyse the asymptotic behaviour of (4.2.25). For N even, the Weyl orbit of
~ contains ( N]\/IQ) elements, while the orbit of v + ey contains ( N /];[_1) elements. Moreover,
in this case the number of non-trivial factors appearing in the product in (4.2.22) equals
N/2 for elements in the orbit of v, and N/2 — 1 for those in the orbit of v + ey. This

leads to the following exponentially growing behaviour as x — 4-o00:

N .
™ |x 2 = aaF °
T2, h) ~ e (@> " un(a) > eXp(h_ — n)(n.a)Q . (4.2.26)
neWwWn -y Ha€A+ (2 Sth(%))

where uy () is an x-dependent factor of unit modulus,

A INT
cAh ) . (4.2.27)

]

uvle) =7

5The derivatives w.r.t a; are taken before imposing the constraint Zjlvzl ar =0.
6N0te that WN"7 = WN . )\N/Q and WN . (")’ + eN) = WN ’)\(N/2)+1 for N even, with AN/27 )\(N/g)+1 €
A, fundamental weights.
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On the other hand, as * — —oo, we obtain exponential suppression:

N :
. e f2nhNE [ exp(+ 0o Fis - 1)
W R) e (W) '@ D T
néwn Haea, (2sinh(75))
(4.2.28)
N 1 i
2nacer \ 3N exp(; Ora)Ivs - M
L) o o)
e newn-(r+en) [[pen, (2 Sinh<7rr(g)~a>>

Therefore, although (4.2.25) is entire in x, it is generically not square-integrable unless we

impose:
2

S exp(tOuFisn) J] (2sinh(z22))” ™ = o, (4.2.29)
neWn-y acAy
which coincides with the quantization condition obtained in [55] by explicitly constructing
the Fredholm determinant. Note that, we are implicitly using the generalized Matone
relations (4.2.12) to write @ = a(h). Hence, (4.2.29) is a quantization condition for the
energy F. After imposing this condition, the on-shell eigenfunctions at © — +o0o behave
as:

N
even _xel (2mR 2 ! N ;
el = () (vodl@an s @an)|

(4.2.30)

for some coefficients c%) which can be easily obtained from (4.2.25).

N odd: unbounded potential. For N odd, the potential is unbounded from below as
r — —oo and we find the following entire off-shell solution to (4.2.3):

f(x, k) = Zp(x,a,A ) Y Palx,a,Ah)

neWn -~y

+eW Zp(—z,r(a),Ah) > Pu(—z,7(a),Ah),

neWn vy

(4.2.31)

where, again, we recall that r(a) is defined in (4.2.19) and a is related to h via the
generalized Matone relations; see (4.2.12).” Once more, we will refer to the first and
second terms in (4.2.31) as saddles. Let us now analyse the asymptotic behaviour of this
solution. For N odd, the Weyl orbit of « contains ((N ivl) /2) elements. In this case, the
number of non-trivial factors appearing in the product in equation (4.2.22) is (N — 1)/2.
Hence, as © — +o00 we obtain the following exponentially growing behaviour:

| 19 Fue — I2).
?\?d(x’ h)~e Je! (@) un () Z eXP((ﬁ 8a. NS ﬂa,j ) (;7’0?)2 . (4.2.32)
neWn -y Ha€A+ (2 Slnh(T))

"Note that Wy -y = Wy - A(n+1)/2 for N odd, with A(n41)/2 € Ay a fundamental weight.
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On the other hand, we find a power-law decay when x — —o0,

N i mf(a)
o 2h 2 exp( {305 @INs — =57 )
3z, h) ~ <—|$| ) u () << >(n_a)>2 . (4.2.33)

newn -y Ha€A+ (2 smh(%))

Let us emphasize that, although the behaviour at x — —oo is only power-law, it is still

square-integrable. In contrast, the exponential growth at x — 400 must be eliminated to
achieve square-integrability, which requires imposing;:

Z exp((; Oalys —5) - m) 0. (4.2.34)

neEWnN -y HaeA+ (2 Sinh(%) ) (na)?

Once again, this is precisely the quantization condition found in [55]. After imposing this
condition, we find that as z — +oc:

_xlz|

N
2rh\ 2
e = () (vl @ ) + o el (@A)

(42.30) |z

(4.2.34)
(4.2.35)

for some coeflicients cgf,) which can be easily worked out from (4.2.25).

We conclude this section with a few remarks on the expressions (4.2.25) and (4.2.31).

1. Whereas the Schrodinger equation (4.2.1) admits only entire solutions, this is not
the case for the difference equations associated with the deformed operator (4.1.1).
For instance, each of the two terms in (4.2.25) and (4.2.31) is, by itself, a solution
of (4.2.3), but each presents poles at

x=ar+ihn, ne€Z. (4.2.36)

Only for the special linear combinations (4.2.25) and (4.2.31) do these poles cancel,
yielding a function that is entire in z°® for generic values of the parameters hy,
i=2,...,N.

2. As noted in [55], there are special values of the moduli hy, those corresponding to
eigenvalues of the quantum Toda Hamiltonians, at which the spectrum and eigen-
functions exhibit striking features. For N even, certain eigenstates, including the
ground state, become degenerate, i.e. tunnelling is suppressed at these special points.
A similar phenomenon occurs for N odd. For generic values of h;, the energies as-
sociated with square-integrable solutions are complex. Nevertheless, at these special
values of hy, the eigenfunctions exhibit enhanced exponential decay as © — —oo,
and the corresponding energies are real, despite the potential being unbounded from
below. We will return to these special points in section 4.3.

8 Although we do not have a rigorous proof of this statement, we have tested it for N = 2,3,4,5,6 up
to three orders in the A expansion.

— 88 —



3. Another noteworthy property of the deformed Hamiltonian (4.2.3) is that its bound
states violate the standard oscillation theorem [214, thm. 3.5]. For the deformed
Schrodinger equation (4.2.3) it is no longer true that the n' eigenfunction has n
zeroes, even if the potential is confining. This behaviour occurs even for the sim-
plest potential Vs(x) = 22, see [2].” This violation is evident from the oscillatory
asymptotics (4.2.28) and (4.2.30), see also figure 4.4 for a graphical representation.

4. Eigenfunctions are defined up to an overall normalization. In our conventions, we
choose the normalization so that the asymptotic behaviour (4.2.26) and (4.2.32) re-
produces the Fredholm determinant of the corresponding spectral problem as com-
puted in [41, 55]. This choice is natural from the perspective of the TS/ST cor-
respondence, where eigenfunctions are required to be entire both in the open and
closed string moduli. However, as we discuss in section 4.3, this normalization is not
convenient for studying the Toda points.

5. By evaluating (4.2.25) for N = 2 we recover [2, eq. (4.16)].

6. For N odd, the asymptotic expression (4.2.33) exhibits an outgoing oscillatory be-
haviour as © — —oo, characteristic of resonant states (see also figure 4.2).
4.2.4 Examples
Cubic potentials

Let us consider the N = 3 case:
Hs = 2 A% cosh(p) + x* + hy x. (4.2.37)

The potential is unbounded from below, and for generic values of hj the spectrum contains
resonant states with complex energies. Such resonances always occur in complex-conjugate
pairs, and throughout this chapter we focus on those having a positive imaginary part of
the energy. For N = 3, the Weyl orbit of ~ is given by:

Wy-v={5(e1 —ex+es), 3(e1+e—e3), 3(—er+e+es)}. (4.2.38)

Examples of on-shell eigenfunctions are shown in figure 4.2, figure A.9, figure A.10 and
figure A.11. In figure 4.2, we consider the case hy = 0 and focus on the third excited state,

with complex energy:
B3~ 3.951964 +14.473061 . (4.2.39)

Through the generalized Matone relations, this corresponds to:

ap ~ 1.473672 +10.395307, ag ~ —0.394390 —11.473919. (4.2.40)

9A similar phenomenon has been observed for difference equations arising in the context of the open
TS/ST correspondence [2, 6, 7].
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Figure 4.2. Left: third excited state of the V3(z) potential with hy = 0, & = 1, and A = 3.
Dashed lines denote the imaginary part of the eigenfunction, while solid lines denote the real
part. Right: difference between the numerical eigenfunction and the analytic expression from
(4.2.25). The coloured curves show the effect of including an increasing number of terms in the
A-expansion of the eigenfunction: red (0 terms), green (1 term), blue (2 terms).

25 -0.5 0.0 0.5 1.0 1.5 2.0 2.5

Figure 4.3. Off-shell eigenfunction of the potential Vs(z) with hy = —4, hg = —2.5, h = 1
and A = 2/5. From left to right: first saddle, second saddle and the full eigenfunction given by
(4.2.31). Dashed lines denote the imaginary part, while solid lines denote the real part.

The power-law decay of the on-shell wavefunctions as x — —oo is particularly evident in
this figure. Similarly, figure A.9, figure A.10 and figure A.11 illustrate the ground, first
and second excited state for ho = —5, hy = —3 and hy = 2 respectively.

Each figure shows excellent agreement between the analytic expression (4.2.31) and
the numerical results obtained via complex dilation. In addition, figure A.10 clearly shows
the cancellation of poles between the two terms in (4.2.31). Finally, an example of off-shell
eigenfunction is shown in figure 4.3. The figure also clearly shows that each individual
saddle in (4.2.25) develops poles, whereas the complete sum is free of singularities. Since
we are off-shell, the resulting eigenfunction does not belong to L*(R).

Quartic potentials

Let us consider the N = 4 Hamiltonian:

Hy = 2A%cosh(p) +x* + hyx* — hyx. (4.2.41)
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Figure 4.4. The ground state of the Vj(z) potential with hy = —3, hy = —0.1, A = (1/2)'/2 and
h = 1; the corresponding energy is Eg ~ —0.527521. Dashed lines represent the imaginary part
of the eigenfunction, while solid lines represent the real part. Left: illustration of the failure of
the oscillation theorem. Centre: eigenfunction obtained from (4.2.25). Right: difference between
the numerical eigenfunction and the analytic expression from (4.2.25). The coloured curves show
the effect of including an increasing number of terms in the A-expansion of the eigenfunction:
red (0 terms), green (1 term), blue (2 terms).

In this case, the potential is confining and the operator has a purely real and discrete spec-
trum, corresponding to bound states. The Weyl orbits of v and « + ey are, respectively:

1 1
Wy v = {5(61 —ey+e;—ey), 5(61 — ey —e3+ ey),
1
5(61 + ey — €3 — 64), 5(—61 + ey + €3 — 64), (4242)

1
5(—61 + ey — €3 + 64), 5(—61 — e9 + €3 + 64) ,

1 1
WN . (’)’ + BN) = {5(81 — €9 + €3 + 84), 5(81 + €y — €3 + 64),
(4.2.43)

1 1
5(61 + e+ e3— 64), 5(—81 +e;+e3+ 64) .

Examples of on-shell solutions are shown in figure 4.4, figure A.12 and figure A.13. In
figure 4.4, we exhibit the ground state eigenfunction for hy = —3 and hy = —0.1, corre-
sponding to the eigenvalue:

Ey =~ —0.527521. (4.2.44)

Through the generalized Matone relations, this corresponds to:
ay ~ 0.446118, as =~ 1.656437, az ~ —1.694744. (4.2.45)

In this figure, the quartic potential is a slight deformation of the symmetric double well
(the symmetric case has hy < 0 and hg = 0), and the corresponding ground state clearly
reflects this small asymmetry. Similarly, figure A.12 and figure A.13 show the first and
second excited state for ho = 3.5, hs = 0 and hy = 1.2, hg = —4.7, respectively. Again,
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Figure 4.5. Off-shell eigenfunction of the potential Vy(z) with he = —1.6, hy = 0.45, hy = 0.06,
h=1and A = 13/23. From left to right: first saddle, second saddle and the full eigenfunction
given by (4.2.25). Dashed lines represent the imaginary part, while solid lines the real part.

each figure shows excellent agreement between the analytic expression (4.2.25) and the
results obtained by numerically diagonalizing the Hamiltonian (4.2.41). The cancellation
of poles is clearly visible for the on-shell eigenfunction in figure A.12 and in the off-shell

eigenfunction in figure 4.5. In the latter case, the resulting eigenfunction does not belong
to L*(R), being off-shell.

4.3 Comments on the Toda points

So far, we have discussed the spectral problem (4.2.3) from the standpoint of standard
quantum mechanics, wherein one first constructs entire off-shell solutions and then imposes
square-integrability as a boundary condition.

However, there is another way to view (4.2.3), namely from the perspective of inte-
grability. Indeed, the difference equation (4.2.3) is closely related to the Baxter equation
for the quantum SU(N) Toda lattice [215-218], namely

(NN Q(x +ih) + (AN Q(z — ih) — Vn(2)Q(z) = EQ(x) . (4.3.1)

In this setting, one looks for entire solutions to (4.3.1) such that:

Nm
Q(z) € L*R) with Qz)~e 221 25 +o00. (4.3.2)
By defining:
Q) = (Z die—“i“) T y(z), SCZ, d;eC, (4.3.3)
n; €S

it is easy to show that Q(x) solves (4.3.1) for any choice of S C Z. However, the mapping
between the Baxter solution (4.3.2) and our solutions (4.2.25), (4.2.31) requires a particular
choice of S. We will address this question in a separate work [223].

Nevertheless, even after taking (4.3.3) into account, one can see that for generic values
of the potential parameters hy, (k= 1,..., N —1), the on-shell eigenfunctions (4.2.25) and
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(4.2.31) do not reproduce (4.3.2). For odd N, this follows directly from the fact that the
asymptotics of (4.2.31) are outgoing with power-law decay on one side and exponentially
decaying on the other, with a rate which is independent on N. Likewise, for N even, this
follows from the fact that the decay behaviour of (4.2.25) as x — +oco is the same for
both plus and minus infinity, and it is independent of N. This is in line with the works
of [215-218], where they found that eigenfunctions satisfying (4.3.2) exist only for special
values of the moduli hx, k = 2,..., N. We refer to these distinguished values as Toda
points and denote them by A, k = 2,..., N. This, in turn, means that for (4.3.2) to hold,
one must impose simultaneously N — 1 quantization conditions, thereby quantizing all the
hi, k = 2,..., N. This was nicely illustrated in [218]. From the gauge theory perspective,
it was found in [22, 24, 27] that the quantization conditions determining the Toda points
are (following the notation of [55]):

%aggs =276 +irp), (4.3.4)
where £ encodes the quantum numbers,
N-1 N
€=l lr €N, p=> (N-Ie, (4.3.5)
k=1 I=1

and p is a constant vector. It is important to note that (4.3.4) is a vector equation: it
consists of N — 1 quantization conditions for the a;, the corresponding solutions being
denoted by a(£). After using the generalized Matone relations (4.2.12) and (A.3.52), these
translate into N — 1 quantization conditions for the complex moduli hy, k =2,...,N. In
other words, it constrains the hy, to lie at the Toda points, which we denote by h (£). This
stands in sharp contrast with standard quantum mechanics, where square-integrability
imposes only a single quantization condition, namely (4.2.29) for N even and (4.2.34)
for N odd. This condition quantises the energy E, while the other parameters hy, k =
2,...,N — 1, in the potential remain free. However, as shown in [55], if the hy, satisfy the
Toda quantization conditions (4.3.4), they automatically satisfy the quantum mechanical
quantization conditions (4.2.29), (4.2.34). Hence, the Toda points correspond to special
loci in our quantum mechanical problem, where eigenfunctions have an enhanced decay. As
discussed above, this enhancement also comes together with some interesting phenomena,
such as degeneracies among bound states. It is then natural to ask how these phenomena
are captured by our explicit eigenfunctions (4.2.25) and (4.2.31).

Let us first review what is known about the Toda eigenfunction (4.3.2) from a gauge-
theoretic perspective. It was found in [27, 32] that, in gauge-theoretic language, the
eigenfunctions of the Toda Baxter equation (4.3.1) take the form:

_ m(N+2) T(N+42)

Q(z, h1(0)) = e 7 Zp (2, a(€), A, h) + €™ 7 Zp(—x, —a(L), A, ),  (4.3.6)

where a(€) are solutions to the N — 1 quantization conditions (4.3.4). The factor £ in
(4.3.6) is an z-independent function that should ensure the cancellation of poles between
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the two terms in (4.3.6). It was shown in [27] that the existence of such z-independent
function is guaranteed only if @ = a(€), where a(£) are solutions to (4.3.4). For example,
in the SU(2) case there is only a single quantum number ¢, and one finds:

£ =(-1)". (4.3.7)
Hence, we can see another important difference between (4.3.6) and (4.2.25), (4.2.31):

o Our eigenfunctions (4.2.25) and (4.2.31) are entire in x for generic values of a,
i.e. generic values of hy, k = 2,...,N. In this case, no quantization condition is
required to guarantee pole cancellation. This is made possible by the z-dependent
factor appearing inside the sums over the Weyl orbit in (4.2.25) and (4.2.31).

» The eigenfunctions constructed in [27, 32] are pole-free only if @ = a(£€), where the
a(£) are fixed by the N — 1 quantization conditions (4.3.4). This is because £ in
(4.3.6) is assumed to be z-independent.

Given these considerations, let us examine what happens to the eigenfunctions (4.2.25) and
(4.2.31) once we restrict to the Toda points, that is, upon imposing the N — 1 quantization
conditions (4.3.4). Let us first consider the case of even N > 2. We find that the following
special combinations vanish identically:

. N
Z a (I(QWE i Wp) . 7:’30)2 H<e27r7z - 627“;;81 ) 2= 0, (438)
neEWn v HaeA+ (2 sinh (m a)) I=1
N
D | (Lt KT AT

s (na
neEWn-(v+en) HaeA (2 smh( a"‘ 121

Likewise, for N odd we have:

(9 T N ooy 1
s b ) e i,
neWn-vy HaeA (2 sinh (ﬂ-aa)) I=1

This means that, strictly speaking, the eigenfunctions (4.2.25), (4.2.31) vanish at the Toda
points. However, since the two terms in the sums (4.2.25) and (4.2.31) go to zero at the
same rate, an appropriate normalization can be introduced to obtain a non-vanishing
result. A more detailed analysis will be presented in [223].

4.4 Derivation from the TS/ST correspondence

In this section, we derive (4.2.25) and (4.2.31) from the TS/ST correspondence [2, 4-7].

0For N = 2 these sums do not vanish, see [2].
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4.4.1 Open TS/ST for the YV geometries

We consider the toric Calabi-Yau threefolds obtained as crepant resolutions of the YV:°
singularities, which geometrically engineer N' = 1, SU(N) SYM in five dimensions or
N =2, SU(N) SYM in four dimensions [118, 120]. The associated mirror curve [118] has
the form:

N

AN (e e +Z@e? ) —g (4.4.1)

where A and x, are the complex moduli, and we can set without loss of generality ko =
1 = ky. It is also useful to introduce the chemical potentials u, by

Ky = el tef{l,...,N—1} (4.4.2)
and the Batyrev coordinates as
RE—1REk+1 AN
=, ked{l,...,N—1}, = . 4.4.3
2k - { ¥ W= (4.4.3)

The complex moduli k, are related to the Kéhler parameters t;, through the mirror maps
[224]. Our conventions for the classical mirror maps are as follows:
N-1
te=> Crm+0(z), kef{l,... . N—1}, ty=—In(zy), (4.4.4)
=1
where Cj, is the Cartan matrix of SU(N).
Within the TS/ST correspondence, we consider the quantization of the mirror curve
(4.4.1). Upon quantization, this curve is promoted to a difference equation [8, 22, 23, 56]:

AN (p(x + ik, &) + @(z — ih, K +§:we ) z,k) =0, (4.4.5)

and, simultaneously, the classical Kéhler parameters t; are replaced by their quantum
counterparts, giving rise to the quantum mirror maps [8, 23|, which we denote by

te(h) | ke{l,...,N—1}. (4.4.6)

We refer to [15, 185] for explicit expressions of the quantum mirror maps for the Y0
geometries. In the limit A — 0, (4.4.6) reduces to the classical mirror map (4.4.4). For
the geometries under consideration, the quantum mirror maps can also be interpreted as
the inverses of Wilson loop VEVs of five-dimensional N' =1 SYM in the NS limit [29, 79].
Explicit expressions for the relevant Wilson loop VEVs in the case of Y0 geometries can
be found in [15, app. D]. In this context, it is often convenient to introduce the 5d Coulomb
branch parameters'!
N
a;, Ie{l,...,N}, > ar=0, (4.4.7)

I=1

1We are using the same notation for the 5d and 4d Coulomb branch parameters. The distinction should
be clear from the context.
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which parametrize the VEVs of the complexified scalars in the vector multiplet of 5d SYM,
compactified on R* x S'. These are related to the quantum mirror maps by

tk(h) = ar — Ak+1, ke {1,...,N—1}, (448)
or equivalently, inverting the relations, by

0 = 2 (-%) to(h) + ;Vg (NT_@ to() (4.4.9)

Given the underlying SU(NV) structure, it is convenient to organize these parameters as

=Y are

I=1 k=1

MZ

) A, (4.4.10)

where e; are the weights of the fundamental representation and A, denote the fundamental
weights, see section A.4 for details on the conventions.

The TS/ST correspondence for the Y:? Calabi-Yau geometries has been studied in
the closed string sector in [15, 55, 63, 185]. In this work, we also consider the open
sector, extending the results of [2, 6, 7] to this class of geometries. A central object in the
correspondence is the full grand potential, which we denote by

J(z, t, A, R) = JUd(t, A R) + TP (x, ¢, A\ h). (4.4.11)

The closed topological string grand potential J°d(¢ A h) is constructed from a specific
combination of the refined topological string partition function in the Gopakumar—Vafa
(GV) limit and in the NS limit [4, 5, 174]. For the YV geometries, the explicit expression
is given in [55, p. 19]. The open topological string grand potential JP*"(z, ¢, A, i) has an
analogous structure, but it involves instead the open string partition functions [2, 6, 7].
More concretely, for the YV0 geometries we have:

PN (8, A, ) = I, A ) + TP (0,8, A, B) + I (2,8, A ). (4.4.12)

1-loop inst

Here, the polynomial part is given by

JOPN (2, A, h) = iIn(AN) % + 7?% - %1‘ (1 + i—) . (4.4.13)
This term is obtained by analysing the large-z behaviour of (4.4.5) and demanding that
exp JpP" provides a formal solution in the large-z asymptotic regime. This procedure fixes
the form of (4.4.13) up to an ik periodic factor ~ exp (2£z), which is then fixed with
hindsight by requiring the cancellation of poles between the two terms in (4.4.15). The
one-loop contribution takes the form [2, 32]

1-loop o2rh

t + iml?
exp(JB (2,1, A, 1)) Hsz,( zter-thim ) h—oml?,  (4.4.14)
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where @, is Faddeev’s non-compact quantum dilogarithm, see subsection A.2.2. Finally,

the instanton contribution J ?fsin

open topological string partition function on the Y0 geometry, taken in the GV and NS
limits, see [6, sec. 4.1], [7, sec. 2.2] and [2, sec. 3.3].

From the topological string perspective, the open string grand potential (4.4.12) pro-

(z,t, A, h) is built from a specific combination of the refined

vides a non-perturbative completion of the open topological string free energy in the
large-radius frame. This quantity, however, is not background independent and moreover
develops poles at finite values of x, which is identified with the open string modulus. To
remedy this, it was shown in [2, 6, 7] that one must consider a particular linear combination
of the form:

olr, k) = Z Z exp [Js (z,t +i27m, A, h)], (4.4.15)

se{-1,41} neQn_1

where Q1 is the root lattice defined in (A.4.4) and J (x,t, A, h) = J(x, ¢, A, k), while J_
is obtained from J by a suitable transformation, as we will see later. Note that in (4.4.15)
we are implicitly using the quantum mirror maps (4.4.6) relating & to the quantum Kéhler
parameters t. In the topological string theory, both summations in (4.4.15) are essential
to achieve background independence in the open and closed string moduli. Indeed, the
sum over . renders the expression entire in the closed string moduli &, while the sum
over s ensures entireness in the open modulus z. From the perspective of spectral theory,
equation (4.4.15) is particularly significant, as it provides an exact entire solution to the
quantum mirror curve associated with the underlying Calabi-Yau geometry. Although
formal solutions to the quantum mirror curve can be constructed in various ways, (4.4.15)
stands out due to its analyticity in both the open modulus x and the closed moduli k.
Moreover, when evaluated on-shell, it yields genuine square-integrable eigenfunctions, see
2, 6, 7] for more details.

An important open question in the context of the open T'S/ST correspondence is the
precise characterization of the second term in (4.4.15). In [6, 7] it was suggested that
intuitively this has to do with moving to a different sheet of the mirror curve. In practice,
however, it is challenging to implement this explicitly, that is, to find a simple explicit
relation between J, and J_. For local Fy, this problem was successfully solved in [2],
where, using insights from Painlevé equations [1], it was shown that the two terms are
simply related by shifts of the complex moduli and of the variable x. At the level of the
mirror curve, these shifts are characterized by the fact that they leave the curve itself
invariant. Let us now apply the same idea to (4.4.1). We consider transformations of the
form

k, 1 .
x—)sx—iQwN, y— —y—ink,, ky ky €7, ky+k, € 2Z, (4.4.16)
s

combined with a corresponding transformation of the moduli uy, which we will introduce
below. Drawing inspiration from the example of local Fy [2] and the Toda lattice [27, 32],
it is natural to choose s = —1. The classical curve is then invariant if and only if the
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closed moduli transform as L g
e — UN—¢ — 127’(’% . (4417)

Following again the analogy with local Fy [2], we set k, = 1 = k,. This gives

im? x 2
o, K) = 4 (2, ) + exp (W " w;j o (—x St n:) | (14.18)
(,0.,.(33, Ii',) _ Z o) (@mt+i2rn,AR) (4419)
neEQnN_1
where kK = {Kk1,--+ ,kn_1}, K = {R1, -+ ,kn_1} With K, = /ﬁN_ge_iQWW. Let us also note

that, after applying the quantum mirror map, the transformation (4.4.17) is equivalent to

N-1 N
t — r(t) +i27key T(t) = tyvorde=— Y an_rii€;. (4.4.20)
k=1 =1

We have carried out preliminary tests of (4.4.18) for N = 4. The next section, provides
further evidence in favour of (4.4.18) for generic N, and is the origin of our proposal in
subsection 4.2.3.

4.4.2 The four-dimensional limit

Topological string theory on the YV geometries provides a framework to engineer four-
dimensional AV = 2, SU(N) SYM [118, 120]. To realize this setup, one performs a specific
geometric limit, usually called the four-dimensional limit. In this section, we show that,
after carrying out this limit, the eigenfunctions (4.4.18) reduce to (4.2.25) and (4.2.31),
respectively. The computation of the four-dimensional limit of the eigenfunctions mirrors
that for the spectral determinant in [55, Sec. 5], which we follow closely. To take the limit
on the mirror curve, we need a different parametrization from the one used in (4.4.1). The
reparametrization is implemented by some simple shifts, see also the discussion in [55,
sec. 5]. Combining these shifts with the natural scaling one finds that the four-dimensional
limit is

© — Ru —1%12NH(N), t - Ra+i2ny, A® = (9)V(RA)?N |, h— Rh, (4.4.21)

and then R — 0 from above, with « defined in (4.2.17). One can check that, by taking
this limit, the quantum mirror curve (4.4.5) reduces to the quantum Seiberg-Witten curve
of four-dimensional N' = 2 SU(N) SYM (4.2.3).

For simplicity, we set the four-dimensional reduced Planck constant A to 1. We can
reintroduce it by sending (z,a,A) — (xz/h,a/h,A/h) at the end. The four-dimensional
limit acts similarly on both terms in the right-hand side of (4.4.18). Hence, it is convenient
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to introduce the variables s € {—1,4+1} and k, = k, = k € {0,1}, and look at the R — 0
limit of

3 ) 1(N> 2 k2 :[L N
e%: o {_Jdowd (Ra' i2my, e E TR RA, R) + i%ﬁ — skm (x - i% 2N+1~12( ))
ncWdnN-1

e Long1 (V)

+ J(st - i% (2k + slony1(N)) , Rrg(a) + i2rw,e 27 N RA, R)} , (4.4.22)

where we introduced the convenient notation

_fr@) s=-1 B 1—s o m
"“s(t)—{t a1’ w—~y+( 5 )m(N) N+n. (4.4.23)

The first term on the right-hand side of (4.4.18) is then given by s = 1 and k = 0, while the
second term corresponds to s = —1 and £ = 1. Note that we normalized the eigenfunctions

by the z-independent constant exp (Jdosed), which is convenient in the four-dimensional
limit [55]. In (4.4.23), we have already used the fact that

r(y)+ev+m=(—1)"y+exy+m=~+1n(N)ey+n, (4.4.24)

where n,m € (Qy_; are related by a simple shift of the origin of the root lattice Qn_;
when N is odd, and are instead equal when N is even.

The leading terms and the closed part

The key observation in the four-dimensional limit is that only finitely many of the n €
(Qn—1 appearing in the sum (4.4.22) contribute. As discussed below, which n dominate is
determined by the polynomial part of the closed grand potential.

Let us first consider the shifts of 74(¢) by i27w in (4.4.22). We introduce 3 for future
convenience,

1—s5
The polynomial part of the closed grand potential then scales as
i o Lo (V) In (R
Jelosed <R’rs(a) L i2nw, e 5N RA, R) = 27er2%
+ | 7w’ In (A*Y) +in” 1 Z [a-'w—Q(a-'w)S] + w? Loy, (N) 1
3 R

QEA+

— 2N (w - ry(a))In(R) + O(R’) . (4.4.26)

This is the only part of the total grand potential in (4.4.22) with an n-dependent divergence
of order In(R)/R; all other contributions are subleading. Therefore, this part determines
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which terms in the sum (4.4.22) survive. The R — 0 limit of (4.4.22) is then dominated
by the minima of the positive definite form

w? = (n+p0)°. (4.4.27)

These are precisely the elements of the Weyl orbit of 3 [55], that is we have minima for'?

weWy-8. (4.4.28)

For the rest of the closed part, the limit works exactly as outlined in [55]. From the closed
1-loop part we have

1-loop

™ -
Jelosed <Rrs(a) + i2rw, e 12 S > =
1

2

i Y aw = Ti2N (wri(a )In(R) +O(R), (4.4.29)

acAy

while the instanton part is regular. This means that for the second term in (4.4.18), i.e

for s = —1, we get an extra divergent factor which is the exponential of
. ()
34 (Rr(@) + i27 (v + Tan(N)ew) LR RA, R)-
- 1 1 AQN
Jclosed <Ra + 127-(-7’ 2N}L\fl RA, R>i| = —27T]].2N<N) néR) - %121\1(]\])%)

+O(R°). (4.4.30)

The O(R°) contribution coming from the closed sector can then be obtained directly from
[55, p. 34], and the standard four-dimensional limit becomes

lim (44.22) o Yy D (19 Fivs mm““\()? '):") Jim (57 (480415
R0 weEWN -0 Ha6A+ (2 sinh (7ra : a)) R=0
o Tang 1 ()
im e—skﬂ(a}—i%bLRl(N))—i-JOPe“ (sRo—i% (2h+slanss (V) Rrs(a)+izrwe 5 N R) (4.4.31)

R—0

It should be noted that the proportionality constant we are neglecting here is finite and
independent of x, s and k. Hence, it is an overall constant of the eigenfunctions and the
same for both saddles. One can compare with [55, p. 34].

2Note that with w = Y, wre; and B =), Bre; we have the constraint >, w; = >, fr. Let us now
take 81 € {£1/2} and hence w; € Z+ 1/2 for convenience. One can see that w? =Y, w? — (3, B1)% /N,
which gets minimized for w; € {£1/2}, and since >, w; = Y _; B; we find that the w;’s should be a
permutation of the §;’s. This means exactly that w € Wy - 3.
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The open part
One finds for the open polynomial part:

w2 k2 w1 N open LT i lang (V)
1NE—sk‘7r (:1: — INZN%()) +J0° (SR{L‘ —iy (2k + slony1(N)),e727 ¥ RA, R)
| omk zw%m(gf +isNaIn(R) +iZk + iszIn(AN) 4 s7 (1 — 2k) 2 i)

up to O(R) corrections, and where the first case is for NV even and the second for N odd.
We will come back to the divergent terms near the end of the section.
For the open 1-loop part, we need the b — 0 limit of

b k 1 NN\
(I)b(—b(5$—€[~7‘5(0)>—|—1§+1(el.w+N+S%())b 1)

1 b1
— 3, <—i (5 = w,> bt +ib+ i — ibzl) . (4.4.33)
where b = \/R/2m and we used that
ko Tongr (V) _ <1 )

erw——+-—-+s — —wy

.
5t oN 5 =5 i (sz —er-rs(a)), (4.4.34)

with w = >, wre;. It should be noted that 1/2 — wy is either 0 or 1. Using the quasi-
periodicity of the quantum dilogarithm (A.2.11) under shifts of ib and —ib™! gives

P T P e
b 15 Wy 1—|—17 10z

B (1+ (3 —wr) exp (—i2mz;)) ib_—1 s
e R D)) cpb( - —ib 1) . (4.4.35)

2

Expanding around b — 0 and using [2, eq. (4.29)], we find

(1+ (3 — wy) exp (—i272)) o, (_bl
2

— —1 = —1 -2 _ 2
1 —exp (12771)2 (ZI _ %)) 1 1b21) exp < 1126 + (21— 1)In (27Tb ))

\/;27 (1 + (% - w,> exp (—127rzf)) exp (igz1> r (zf - %) (1+0(1)) (4.4.36)

where we also used the integral representations of the quantum dilogarithm (A.2.16) and
of the log gamma function (A.2.17). The leading contribution from the 1-loop part in the
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four-dimensional limit is then

en . T .
11%151 exp [leloop (st —iy (2k + slony1(N)), Rrg(a) + i2mw, R)]

e \ N
= (j;_ﬂ) exp ( 7T6 % - N (% + isx) ln(R)> exp (5%Nx>

H {1 - (- - wl) exp (=2 [sz — eg - 1 (a)])} D (—i[sz—er-ry(a)]) (4.4.37)

Regarding the instanton part, the contributions from the 5d GV free energy vanish in
the 4d limit, while the contributions from the 5d NS free energy lead directly to their 4d
counterparts [119, 121]. This is exactly as noted in [55] for the closed sector and in [2] for
the open sector in the N = 2 case. That is

lim exp

- (N)
lim [Juf’set“ (st - 1% (2 + sTowsr (N)) , Rry(a) + i2mw, e 15 25— RA, R)]
—

= 705 (sx, fo(a), A, 1) (4.4.38)

We remark that there are no divergences coming from the instanton part.

Let us briefly come back to the divergent factors. For N odd, we have no divergences
coming from the closed part of the grand potential, and only an overall, z-independent
divergence coming from the open part. This can be dealt with by introducing an appro-
priate, overall normalization. For N even on the other hand, the polynomial part of the
closed grand potential gives rise to a divergent constant for the second saddle (4.4.30)
that is not present for the first saddle. However, this gets exactly cancelled by the di-
vergences from the polynomial part of the open grand potential (4.4.32), leaving only an
z-independent, overall divergent factor. This can again be dealt with by an appropriate
overall normalization.

The result of the four-dimensional limit

Hence, up to an z-independent, divergent overall factor, we obtain for both saddles

el klan(N)g=sm(IHlan(NDke 7 (50 e (@), A, 1) Z P (sz,75(a), A1) (4.4.39)
weWnN-B
where we have s = 1 and &k = k, = k, = 0 for the first saddle, while s = —1 and

k =k, = k, = 1 for the second saddle. We used the expressions'”

Zp (z,a, A, 1) = o Oz (Hr ife - a—x])) Zmst(z a, A1) (4.4.40)

13Note that Py, in (4.4.41) is indeed equal to (4.2.22), since 1/2 — wy is either 0 or 1.
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eiaaFNS-wfww'w]lgNJrl(N) N ( (1

p— - 2r(er-a—x)
Po (z,a,A,1) e 1T 5 w,> e ) (4.4.41)

Ha€A+ (2sinh (7a - ¢ 121
1—s

ﬁ=7+< 5

The number of non-trivial factors in (4.4.41) is N/2 for s = 1 and (N — 2)/2 for s = —1
when N is even, and (N — 1)/2 when N is odd. This can be verified directly from the
expression of B in (4.4.42). Let us end with the comment that

(%_MI) :l_el.w_(ﬁ+shm—1(m) :l—el-w—<w> (4.4.43)

) I]_QN(N) eyn (4442)

2 N 2N 2 2N

where the latter two expressions are coordinate invariant and independent of the choice
wy € {£1/2}, and they are always 0 or 1.

4.5 QOutlook and open questions

Our analysis opens up several directions for future investigation, some of which we briefly
outline below.

« It would be interesting to investigate how our solutions (4.4.18), (4.2.25) and (4.2.31)
emerge from a resurgent analysis of the open-string wavefunction and an exact WKB
analysis; see for instance [197, 198, 200-202, 225].

o The deformed Hamiltonian (4.1.1) exhibits several novel spectral features absent in
standard Schrodinger operators. Due to its difference-equation nature, the usual
oscillation theorem [214, thm. 3.5] does not apply. Moreover, the system can display
ground-state degeneracies and, remarkably, bound states with real energies even in
potentials unbounded from below. These phenomena reveal a rich and unconven-
tional spectral structure whose physical interpretation deserves further study. A
detailed analysis of these aspects will be presented in a forthcoming work [223, 226].

o It isimportant to undertake a mathematical study of the spectral properties of (4.1.1)
for odd N. Indeed, when the potential is confining (N even), the spectral properties
of the corresponding difference operators have been analysed rigorously in [125],
where it was shown that such operators are self-adjoint on a suitable domain and
possess a purely discrete spectrum. See also [227] for extensions to certain complex
potentials. It would be meaningful to extend this type of rigorous analysis to the
case of potentials unbounded from below. See also [220, 221] for some discussion on
the case of the standard Schrodinger operator.

o It was pointed out in [14, 63] that there exists another four-dimensional limit, the so-
called dual 4d limit, which can be implemented on the mirror curve (4.4.1) and leads
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to a family of integral operators. The corresponding spectral problems make contact
with the 4D gauge theory in the self-dual phase of the 2-background, rather than the
NS-phase, as is the case for the spectral problems studied in this chapter. For N = 2,
this limit on the eigenfunctions was analysed in [1, 2], where a new functional relation
between the modified Mathieu and the McCoy-Tracy-Wu operators was found. It
would be interesting to extend this analysis to N > 2 in light of our new results on
the eigenfunction.

See also the conclusion and outlook in chapter 5.
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Chapter 5

Conclusion and outlook

In chapter 2, we have argued that the eigenfunctions of the operator (2.1.1) are computed
by surface defects in N' = 2, SU(N) SYM in the self-dual phase of the four-dimensional
Q-background (e; + €2 = 0). This result, together with [14, 15, 63], extends the corre-
spondence between 4d N = 2 theories and spectral theory to a new class of operators.
In addition, we have expressed the eigenfunctions of these operators in closed form via a
matrix model average (2.2.2). This provides a representation for the surface defect parti-
tion function which resums both the instanton and the € expansions. In this way, we have
a manifest interpolation from the weak to the strong coupling region. In particular, the
strong coupling expansion in 1/A (exact in € and ap) corresponds to the expansion of the
matrix model around its Gaussian point, and hence, it is obtained straightforwardly.

In chapter 3, we formulated the open topological string/spectral theory correspon-
dence for local Fy, by generalizing [6, 7] away from the self-dual point. Focusing on local
Fy, our main result is encapsulated in (3.3.35). From the perspective of topological string
theory, the right-hand side provides a non-perturbative, background-independent formu-
lation of the open topological string partition function, which is entire in both the closed
string modulus « and the open string modulus z. From the viewpoint of the quantum mir-
ror curve, what makes (3.3.35) particularly significant is that it provides a solution to the
corresponding difference equation (3.1.7) which is entire, even off-shell. When evaluated
on-shell, this solution gives the eigenfunctions of the relativistic two-particle Toda lattice.
We explored the implications of our construction (3.3.35) in both the standard [118] and
dual [14] four-dimensional limits, where the quantum mirror curves reduce to the (Fourier-
transformed) Mathieu operator (3.4.2) and the McCoy-Tracy-Wu operator (3.4.34), respec-
tively. In the standard 4d limit, our construction provides entire off-shell eigenfunctions
of the Fourier-transformed Mathieu operator (3.1.7), expressed as special combinations of
NS functions in the presence of 2d/4d surface defects, see (3.4.16). When evaluated on-
shell, these solutions reproduce the known results [27, 28, 30, 32, 33, 35, 36, 39, 40]. On
the other hand, in the dual 4d limit, our result (3.3.35) reproduces the expression of [1],
where the eigenfunctions of the McCoy-Tracy-Wu operator are obtained through a special



combination of 2d/4d surface defects in the GV phase of the background 2. Notably, we
find that the eigenfunctions of the Mathieu and the McCoy-Tracy-Wu operators, when
evaluated on-shell, are the same. This gives an explicit functional relation between the
two operators, see (3.4.50).

In chapter 4, we generalized the construction to the family of YV toric Calabi-Yau
geometries. Following the general framework of [2) 6, 7], we constructed a background-
independent quantity, given in equation (4.4.18), which plays the role of non-perturbative
open topological string partition function. This object is entire in both the open and
closed string moduli and provides an exact analytic solution to the difference equation
obtained by quantizing the mirror curve of the YV'? geometry. The resulting wavefunction
becomes square-integrable only at discrete energy values, where it reproduces the physical
eigenfunctions of the associated operator. We then analysed the four-dimensional limit of
this construction. In this limit, the quantum mirror curve (4.4.5) reduces to the deformed
quantum-mechanical Hamiltonian (4.1.1), which can be regarded as a deformation of the
standard Schrodinger operator with an arbitrary polynomial potential. Through the open
TS/ST correspondence, we derived explicit analytic expressions for the corresponding
eigenfunctions, given in equations (4.2.25) and (4.2.31). These functions are entire in x
for arbitrary values of the moduli h; and become L2-normalizable only for a discrete set
of values of the energy, in perfect agreement with the quantization conditions previously
derived in [55].

Let us end with some interesting open questions

o It is important to establish a rigorous analytic proof of our results, such as demon-
strating that the eigenfunctions are entire in x for generic values of the parameters.

o In section 3.2.3 we used a simple integration lemma to compute the first fermionic
spectral trace when h € 27Q~(. It is then natural to ask whether the same can be
done for generic N € N. Unfortunately, for N > 2 not all integrands are quasi-
periodic in the right sense, so that one cannot use the same trick. Nevertheless, it
would be an interesting problem to solve, and it could be a useful step towards a
rigorous proof for the closed TS/ST correspondence for local Fy.

o It would be interesting to generalize our construction of the eigenfunctions of the
finite difference Schrodinger operator (4.1.1) to other four-dimensional quantum mir-
ror curves, including those associated with SW theories with matter or with different
gauge groups. Such extensions could reveal new classes of solvable quantum systems.
Moreover, they could provide further insights into the open T'S/ST correspondence.

o The open version of the TS/ST correspondence was understood for local Fy, local
P2, and the C?/Zs orbifold at i = 27 in [6, 7], and we now have a proposal for the
YN0 geometries as well at any h. However, we are still working on a case by case
basis, while the closed version of the T'S/ST correspondence has a clear construction
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of any toric CY threefold. The ingredient that is missing for open TS/ST is a
good understanding of the pole cancellation in . The structure of the proposal in
section 4.4 suggest that the answer could be hidden among simple symmetries of the
mirror curve.

o Understanding the eigenfunctions of the usual Schrodinger equation with arbitrary
polynomial potential would be a wonderful application of our results. However, as
pointed out in [55, sec. 6], this requires an analytic continuation of our eigenfunctions
away from the semi-classical region, which we cannot straightforwardly carry out
with current techniques.

We hope to report on some of these points in the future.
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Appendix A

Appendices

A.1 Extra notes

A.1.1 Matrix model and eigenfunction identities for the Painlevé kernel

In this appendix, we argue for the equivalence between the identities (2.6.5) and (2.6.6).
Our strategy is similar to the one used in the context of ABJM theory, see e.g. [228] and
reference therein.

Let us start by writing (2.6.5) as

tan (270) ( 1 1 ( i 1)>
do———< | Zi (¢, t,0) + Zig | —q— =, t,0 + =
/R+ia* (2cos(2ma )Y \*" ( )+ Lo 2 2
911/12 /y3/16

=3 —i2qz  —4t1/4 cosh z+x2 x
_le3C’(—1)e4\/i(47r)N/Rd$e ¢ Un(e” 1), (A.1.1)

where we have absorbed the (—1)% into a shift of o, and o, is a strictly positive number
which guarantees that the integration contour on the left-hand side of (A.1.1) does not hit
the poles of Z[I,. This is the case if 0 < o, < |Re(q)| # 0. If Re(q) = 0, one can take o, to
be any strictly positive number as in footnote 12. For the sake of notation, let us define

211/12ﬁt3/16

3 —i2qx  —4t1/* cosh z+Z T
PN = oo /R dz o2 S0 (e” 1) (A12)
i 1
o(0) = 28 oty + 28 (~a = gto 4 3) (A1)

so that (A.1.1) becomes

£(N) :/Rda[ tan(27r(0+ia*))Ng(U+iU*)

2 cos (27 (o +104))]
Y2 tan (27 (0 +i0y)) .
N do o+tio.+k) . (Al4
/_1/2 [2 cos (27 (0 + io'*))]N ég( +iow+k) . ( )

"'We will not be rigorous in switching the order of sums and integrals since all the quantities are
conjecturally convergent.



Note that the second equality in (A.1.4) assumes some good analytic properties of g, for
instance, g is such that the sum over n on the right-hand side of (A.1.4) is convergent.
This is the case for (A.1.2). Furthermore, it is part of our conjecture that the function
> rez 9 (0 +i0, + k) is not only well-defined but also an entire function of . Hence, we
are free to deform the integration path in (A.1.4) to any path C{_1/21/2}, beginning at
o = —1/2 and ending at ¢ = 1/2, as long as we don’t cross the poles coming from the
tangent when o + io, € Z/2+ 1/2. Consider then the change of variables given by

cos (27 (0 + i0y))
27 ’

,u:C{é’é}%]—w,ﬂ[:ai—)u(a):—iln[ (A.1.5)

which is well-defined for a suitable choice of C;_1/21/2y. Then, we have for the integral
that

1 [ _ . N [Y? tan (27 (0 + i0y))
— dpexp (—ipN) - = —i (2w do cee Al
2m pexp (~iuN) (2m) /1/2 [cos (27 (o + o))" (A-16)

-7
and hence, we can rewrite (A.1.4) as

—i(4m)N f(N) = i/ dpexp (—ipN) Zg p) +io. + k), (A.1.7)

2 J_
keZ

where o (1) is the inverse of (A.1.5). Note that the integral on the right-hand side gives the
N-th Fourier coefficient of the function }, _, g (¢ (1) +io, 4 k). The full Fourier series
leads then to

—i Z (4m)N exp (ivN) f (N) = Z M/ dpexp (—ipN) Zg ) +io. + k)

7r
NeN Nez keZ
:Zg(a(u)—i—ia*—i-k:).
keZ

(A.1.8)

where the last equality holds whenever the Fourier series on the previous line is convergent.
We expect this to be true in our case even though we do not have a rigorous proof. We
also used that f(—N) =0 for N € N\ {0}.

To go in the opposite direction from (A.1.8) to (A.1.4), one can apply Cauchy’s residue
theorem. Using the notation

cos (27 (0 + i0y))
2w

one can multiply both sides in (A.1.8) by 1/sV¥*! and integrate over s along an anticlock-

Kk =exp (iv) = (A.1.9)

wise contour of radius 1 centered at the origin to arrive at

(2m) (47T)N f(N) j{ N Zg (—iln (k) +io. + k)
keZ
(A.1.10)
:i/ dvexp (—ivN) Zg v)+io, + k)

keZ
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which is equivalent to (A.1.7) and hence by (A.1.6) to (A.1.4). We can conclude that
(A.1.4) and (A.1.8) are indeed equivalent, provided f and g have good analytic properties,
which we assume to be the case.

A.1.2 Comment on £ =0, i = 27 for finite difference modified Mathieu

The eigenfunctions of (3.2.7) for £ = 0 and & = 27 were studied extensively in [6, 7].
The explicit expression for 1y(z) can be found in [6, egs. (2.95), (2.96)]. However, when
written in the form given in [6, egs. (2.95), (2.96)], the structure presented in (3.2.50) is
not immediately apparent. In this appendix, we clarify the reasons for this.

Let us consider the £ — 0 limit when /& = 27 of (3.2.60). In this case one gets

e” + e * tsgn(arg (z +1i%))4/(e* — e=7)?

2

V2 (z) =1In |e +i27k, (A.1.11)

and it should be noted that the important symmetry q. j () = —¢¢,_ (—2 — i) modi27
is still present. Let us now write the two terms (3.2.60) explicitly for z € R and h = 27.
We find that

o +(z) = i2r lim (R ()3 U, q+,k<x>>E<q+,k<x>>)

, . A1.12
—\%emz/‘” (=) ifr <0, ( )

B %e*iﬁ/“ (ezg‘i_ll)) ifx >0,

1
o, () = i2r Jim <Res (x)> Uz, q,k(x))E(q,k(m))>
k=0

o s (A.1.13)

_ %e“ﬁ/‘” (eegi__ll) ifr <0,

—\%eixz/‘” (=) ifr >0,

and wo 4 (x) diverges when = = 0 but the sum )y (z) is still well-defined. One finds for all
x € R that

e/t L, e” (e® —1) 1 .0 e’
— _ - gwetfAn (2N ) e fAw [ Y
Yo(x) = wo 4 (z)+wo,— () \/%e ( 2 1 ) \/7_Te (eQ‘” — 1) , (A.1.14)

which is indeed the same expression as in [6, eq. (2.95)-(2.96)]. However, if we were to
start from the final expression on the right-hand side of (A.1.14), we would not see the
general structure (3.2.50) which is instead manifest when £ # 0.

A.1.3 The dual four-dimensional limit

Consider the following reparametrization of the Kéhler parameters [14, p. 5]

X =exp(gs) , Qp = git, Qr = exp (2gi0) , (A.1.15)
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where as before ¢ = exp (ig;) and ¢° = exp (i (2m)?/ gs). The four-dimensional limit is
then gs — 0 with z, ¢t and ¢ and kept fixed. In terms of more familiar gauge theoretic
quantities, one has

Yy A . a
T ==, t=1{(—1 , o=1i—, (A.1.16)
2e

2¢ €

where € corresponds to the (2-background parameter in the self-dual phase, A is the in-
stanton counting parameter and, a is the Coulomb branch parameter or equivalently the
A-period of the underlying Seiberg-Witten geometry. The parameter y corresponds to the
position of the defect. Note also that the variable x is called ¢ in the main text.

The instanton part of the type II defect as obtained from this limit is given in (A.3.32)
and reads to second order in ¢

11 _ i
Zins (0, 8,0) =1 — [m} t

T(T+1)° =7 (102% + 197 + 10) 0 + (872 + 307 + 9) o*
4o (402 — 1)% (32 — 02) ((T + 1)* — 0?)

40, (A1.17)

where we used for the sake of readability

- . 1
$:1x+§ . (A.1.18)
We checked (A.1.17) against [32, eqs A.3-A.13] up to and including order t?, and found
perfect agreement?. On the other hand, one can see that the NS instanton part of the
topological string vanishes in the same four-dimensional limit.
In the 4d limit, the polynomial part of the open grand potential reduces to

ZW®) () = lim Z® (exp (gsx) , gs) = exp (—7x) = exp <—7T£> . (A.1.19)

gs—0 2¢

Looking at the 1-loop part of the open grand potential and the reparametrization (A.1.15),
one can see that
— 2™ e o g s(rio) (A.1.20)

and using the integral representation of Faddeev’s quantum dilogarithm (A.2.16) gives

) L12 (e—gs(mﬂ:io)) ) 400 dt 1— e—gs(x:l:ia)e—gst
In (P (24)) = —i m - 1/0 [ oz I ( e > . (A1.21)

2Looking at the product of the instanton parts of the Nekrasov (2.3.10) and defect (2.6.1), (A.1.17),
partition functions, one finds equality with the “chiral defect” [32, eq A.7] if o[39) = —¢ (z — 1), and with
the “anti-chiral” defect [32, eq A.10] if o[39) = € (Z — 1). Note that since we are working in the self-dual
phase of the Q-background, we have € = €; = —es.
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The expansion of for gs — 0 from above

Li —gs(ztio) 2 1
=2 (e ) = —i%— —i(z+tio)ln(gs) —i(x £io)[In(x£ioc) — 1]+ O (gs),
gs Js
(A.1.22)
: /*“’ At (11— e nlteo _ /+°° dt | (zxio+t) (02
—1 n - = —1 n S/
o Trert 1= e—unlakio)eo o lret \rxio—t g
(A.1.23)

The divergent terms in (A.1.22) can be dealt with properly in the context of the open
TS/ST correspondence [2], but we will simply drop them. By using the integral represen-
tation of the Gamma function, we get [229, p. §]

, /+°° dt w(® +io 4+t 5 /+°° dt . t
—1 —  |n — = — ———— arctan i
o 1+ e rtioc—t o l4e2m —i(x +1io0)

—i(z +io)In(—i(z+io)) —i(z +ic) — In21) | por (—i (z +i0) + %) . (A.1.24)

where InT" is the log Gamma function. Hence, we get

glsigo In(®y(24)) =InT (—i (x £io) + %) - @ + g (x £io) , (A.1.25)

and combining with (A.1.19) gives the perturbative part of the type II defect partition
function

Zpers (,0) = Jim, Z¥) (exp (g:7) . gs) Z5,° (exp (gs) , exp (205i0) , gs)

T (—i(z—io)+3) T (~i(z +i0) +3)
B 27 '
The product of the perturbative (A.1.26) and instanton (A.1.17) (A.1.18) parts gives

us then the complete partition function for the type II defect in 4d, N' = 2, SU (2) super
Yang-Mills®,

i 1 1
ZM (2,t,0) = exp <%xln (t)) r (—ix -0+ 5) r (—ia: +o+ 5) Zd (x.t,0) .
(A.1.27)
Note that we use a slightly different notation compared to the main text: what we call x

(A.1.26)

here is called ¢ elsewhere.

A.2 Special functions

A.2.1 Elliptic integrals

For the elliptic integrals, we follow the conventions of Wolfram Mathematica [230-233].
The notation in [137, pp. 8-10] is slightly different and we denote their elliptic integrals

3We choose for the four-dimensional partition function a normalization that does not include the 1/2.
In addition, the relation between eigenfunctions of the integral kernel (2.3.5) and the defect partition
function (A.1.27) makes it convenient to include an extra factor exp (izln (¢) /2) in the latter.
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with a tilde. In particular, we have the normal or incomplete elliptic integral of the first
kind for k2 € R, —7/2 < ¢ < 7/2 and k%sin® (¢) < 1, [231], [137, eq. 110.02],

F (oK), (A.2.1)

¢ do
F o) = [ ___ -
0o /1—k%sin®(0)
the normal or incomplete elliptic integral of the second kind for k* < 1 and —7/2 < ¢ <
7/2, [232], [137, eq. 110.03],

¢ ~
E (¢|k?) = /0 dfy/1 — k2sin? (0) = E (¢, k), (A.2.2)

and the normal or incomplete elliptic integral of the third kind for k? o? € R, —7/2 <
¢ < /2 and k%sin® (¢) < 1, [233], [137, eq. 110.04],

dé

¢
I (a ;QWC ) :/o (1 —a?sin®(6)) /1 — k?sin* ()

=TI (¢,0% k). (A.2.3)

The complete elliptic integrals are obtained by taking ¢ = /2,

K (k) =F (5]#). E (k) = (5]K). I (a?[k?) =11 (o Z|#?) .
(A.24)
The complete elliptic integrals of the first and second kind are analytic on C apart from a
branch cut along the positive real line for k% > 1, and the complete elliptic integral of the
third kind is analytic on C? apart from similar branch cuts for k% a2 > 1 [230, 232, 233].
We also need a Jacobi elliptic function sn which is an inverse of the incomplete elliptic
integral of the first kind [137, p. 18],

sn (v]k?) | sn (F (¢|k*)|k*) =sin(¢) , (A.2.5)
which is sometimes called the sine amplitude.

A.2.2 Faddeev’s non-compact quantum dilogarithm

Good summaries of the properties of Faddeev’s non-compact quantum dilogarithm ®; (z)
can be found in the appendices of [11, 168] and the more comprehensive [170, app. A].
The defining representation of the quantum dilogarithm is often taken to be [170,

eq. (42)]

1 efi2zu du
) = - — 2|1 b+o 1.
b (2) = exp (4 /1R+io sinh (bu)sinh (b=u) u ) ’ n(2)] < [Re(b+57")]
(A.2.6)
It can be analytically continued to a meromorphic function of z on the whole complex

plane with poles and roots at [170, eq. (45)]

2= {+i [(k+3)b+(¢4+3)07"] poles

) k.l €N, A2.7
—i [(k: +3)b+ (€ +3) b_l] roots ( )
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and with an essential singularity at complex infinity [170, p. 34]. One can determine the
order of the poles and roots when b? € Qsg, based on [168, eq. (21)], as we do around
(A.2.15). The parameter b is in general such that b* € C\R«g, but we are mostly interested
in b2 > 0, since this corresponds to A, gs > 0. The asymptotic behaviour of the quantum
dilogarithm is given by [170, eq. (46)]

(I)b(Z)

N {@g(()) exp (irz?) Re(z) > 1 Re(b) > 0. (A.2.8)

1 Re(z) < —1

and the asymptotic behaviour elsewhere in the complex z-plane can be found in [170,

eq. (46)].
The non-compact quantum dilogarithm has some important symmetries. There is an
inversion and parity symmetry in b [170, p. 34],

Dy (2) = Dp-1 (2) = P4 (2) (A.2.9)
and the following behaviour under a parity transformation for z [170, eq. (47)] [168, p. 16],
By () By (—2) = B2 (0) exp (in22) | , (0) = exp (1— (b + b2 ) (A.2.10)

One has furthermore that ®,(z) = 1/®,(z) whenever b € R\ {0} or [o| = 1. Another
important property for us is the quasi-periodicity in z [170, eq. (48)] [168, eq. (77)],

By(z + sib*) = (1 + eSiﬂbﬂe%biZ) Ty(2), (A.2.11)
where s € {£1}. One has similarly
i ; +2 +,\ —sen(k)
(= + ikb*) = { [ (1 - esEn(R)im(2n )b+ g2mb ) Oy(z), keZ, (A212)
n=0

by applying |k| times (A.2.11).
One can express the non-compact quantum dilogarithm in terms of elementary func-
tions and the classical dilogarithm when b? € Q>0 [168, egs. 9, 11, 21],

exp [5=—Lis(exp (2)) + (1 + 5=-—2) In (1 — exp (2))]

P = A21
v (2) D,, (exp (E) ; exp (IQWE))Dn (exp ( ) exp (127r )) ’ ( 3)
lcfl
r(X:q) = E/k zZ=2my/nmz+ir (n+m) , b2=%7
z:1
(A.2.14)

where n,m € Ny are coprime. It should be noted that this is a representation of the
meromorphic quantum dilogarithm in terms of multivalued functions. One can use (A.2.13)
to check that the poles and roots of the quantum dilogarithm (A.2.7) located at

1 1
z:ii{(km+r+—)b+(£n+s+—>b‘1] : 2=, (A.2.15)
2 2 m

- 114 —



are of order 1 + k + ¢, where k,/ € N and » € N_,,,, s € N_,,, and the upper, plus sign is
for the poles and the lower, minus sign for the roots.

When taking the 4d limits the following representation of Faddeev’s quantum diloga-
rithm comes in useful [181, eqgs. (3.2)-(3.8)]"

; +o0 27bz—2mb2u
B i . ombr\ - du 1+4e
In®, (2) = —WLQ (—e*™%) — 1/0 T o In (1 e | (A.2.16)

under the condition that 2 |[Im(z)| < b~! when b > 0.° In taking the standard or dual 4d
limit on the integral representation above, one may use the following integral representation
of the log gamma function [229, p. 8],

1 In (27) to du u
1 F — = — — 1 — 2 P — (_> ) i
n (z + 2) 5 z+4 zln(z) /0 [ o arctan . Re(z) >0
(A.2.17)

which can be obtained from Binet’s second formula for the log gamma function.
From [170, egs. 65, 67] one also has the following asymptotic expansion

z = . on—1 Ban(1/2) e ; i B
In @, (2_7rb) o~ Z (i27b%) 2782 Lig(—e*) = _27rb2L12<_e )+O(b*), (A.2.18)

n=0

when b — 0 and where B, (1/2) are the Bernoulli polynomials evaluated at 1/2.

A.3 Special functions from topological strings

Here, we summarize the all-order construction of the instanton partition function or in-
stanton free energy for the relevant gauge theories.
One can go from the instanton partition function to the free energy by

Zo F
Z@=), 0 FQ=l(Z@)= > = (A.3.1)
neN neNso
where Fj, is given by Faa di Bruno’s formula
Fn = Z (_1)m_1 (m - 1)‘ Bn,m (Zla e >anm+1) 5 (A32)

m=1

and the B, ,, are the partial or incomplete, exponential Bell polynomials, BellY in Wolfram
Mathematica.

4There appears to be a constant term missing in [181, eqgs. (3.2)-(3.8)].

5One can note from the behaviour under shifts of z by ib~! that the representation above has a limited
domain of validity: the quantum dilogarithm is quasi-periodic under such shifts while the same shifts act
trivially on the right-hand side above. Some numerical checks seem to suggest that the representation
above is only valid for 2|Im(z)| < b~ when Re(z) > 0.
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A.3.1 Topological vertex for local F, / five-dimensional, SU(2) SYM

We summarize the refined open topological vertex for local Fy as presented in [1, app. A.1],
which follows [234]. See [121, 235] for earlier works.
A Young diagram, or partition, u is given by

po= {1, pro, piz, - |V kLENsg: (up € N)A (k<= e > i)} (A.3.3)

We denote by p! the transposed Young diagram

pt =l i, |V k€ Nog s, = [{0 € Nog | e > K3} (A.3.4)

For any pair k, ¢ € Noy we say that (k, /) € p if 1 < ¢ < py and we define

“+o00 “+00
=" . ull> =i (A.3.5)
k=1 k=1

Let u,v be two Young diagrams and define

—¢ pb—k+1\ 1
Zu(rira) = T (L= ) 0 20l = 2o (r,72) Zy (o)
(k,0)En

(A.3.6)

where 7, = exp (ie;) and ry = exp (—ieq), with €; 5 the (2-background parameters. Note the
different sign in the definition of r 5. Define then the Nekrasov factors as [234, eq. (A.7)]

Ny (Q;371,72) = H (1 —Qryt ’f" kH) H (1 -Q r;“”z*lrl_yﬁk) . (A.3.7)

(k,0)ev (k,0)En

as well as the combination

-1
_ _ T1
Cu,z/ (QX?QF)TMTQ) = (N,ut,u (QF;rl 1,7’2 1) Nut,u (C2F7ﬂ2 7“1 ,7’2 1))

-1

Noge (@5t ) Noy (QxQritsrry)
-1 - - -1

Noe (Qx2iri 75" Nog (QxQritsri’rs")

. (A3.8)

where () is the empty partition and Qx r is related to the Kéhler parameter of the brane
and the fibre respectively. The “open-closed t-brane partition function” for local Fy is then
given by [234, p. 50, eq. (5.4)]

—closed
Zi(;gin o (QXJQFJQB7T17T2) -

ZQ”Z ST 2, () 1P Z0 (s 10) 1P (@i, Qs 1,7a) - (A.3.9)

neN  m=0 |u/=m
|V\:nfm
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where () p is related to the Kéhler parameter of the base. The closed partition function is
then obtained by setting ()x = 0, that is

Zinst (Qr, Qp,71,72) = Zﬁgin_dosed (0,Qr,Qp,7r1,72) . (A.3.10)

Finally we define the t-brane instanton partition function for local Fy by [234, p. 50,
eq. (5.7)]

Zﬁfé‘in_dosed (QX, Qr, @B, 71, 7“2)
Zinst (QF, @B,T1, 7’2)
Two particular phases of the refined topological vertex are of interest to us: the self-
dual or Gopakumar-Vafa (GV) phase €¢; + €3 = 0 or r; = ry, and the Nekrasov-Shatashvili
(NS) phase ¢, — 0 or 7, — 1. For the NS phase we have

Fllr\IIS%Z (tF? tB’ h) - Elliglo (_€1> Enst (eitFa eitBa eiEl 9 eilh) )

Zimi (Qx,Qr,Qp,71,72) = . (A.3.11)

(A.3.12)

open 1 open —ie1/2 tp/2 —x —tp —tp i€ _—ih
FXS st (x,tp,tp, h) = 6111310 2 (—e P2atr/2e=7 o=lr o=lB gla g ) .
1

Numerically, one can see that the series expansions in tp of the above quantities are
convergent,® but, to our knowledge, at present there is not a rigorous mathematical proof.
At leading order we have

i(1+e")
(1 —eih) (1 — e-ihe=tr) (1 — elhe—tr)

Fndi (te,te, h) = [ ] e'P 4+ 0(e?'7),  (A3.13)

Fl(\)lg?irrllst (x7 tr, g, h) -

(1 — eih) (1 — efhe—tr) (el — e~tr) <1 + eiheftTfo> (1 + eihetTfo>

e 't 4+ O (e’ztB)

(A.3.14)
For the GV phase we have similarly

GV —~tp —tp a—igs ,—i
Enst (tF7thgS):Enst (e Fle'Ble gs,e 95)

open __ [ropen igs/2 tp/2 —x —tp —tp ,—Iig —ig.
FGV,inst(x7tF7tB’gs)_Enst (e o/ € e ¢ , € ) € sye °) .

(A.3.15)

The series expansion in tg of the above quantities is convergent. In the case of F&Y,
this was rigorously demonstrated in [68].” The proof for FER/h,, follows analogously. The
leading order reads then

2e'9:

(1—eio)* (1 —etr)

FGV (tBatFags) -

inst

SleT+0(e7?'7), (A.3.16)

5There are some issues when £ is real, but these are resolved once Fyng and Fgyv are combined in the
definition of topological string grand potential J, as discussed in the main text.

"There are some issues when g, is real, but these are resolved once Fiyg and Fgv are combined in the
definition of topological string grand potential J, as discussed in the main text.
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open o
FGV,inst (I‘, tr,tp, gs> -
i 9s

. t
e (26‘9756_7F_m —1-— e_tF>

(om0 e (1 o eFo) (1 e F0)

e+ 0(e?'"), (A3.17)

for the closed and open parts respectively.

A.3.2 Four-dimensional, N' =2, SU(2) SYM

Consider the following four-dimensional limit for the variables in the previous section
[118, 236]

Qx =exp (—R(z — a+ie?)) Qr = exp (—2Ra) Qp = R't (A.3.18)

€12 = Ry, R—0. (A.3.19)

This is the same scaling as for the standard variables in the standard 4d limit, (3.4.1),
(3.4.21), and (3.4.22), and the same scaling as for the dual variables in the dual 4d limit,
(3.4.33). This gives for (A.3.6)

Ziee) = [ (e—0e— (uh—k+1)a) ", (A.3.20)
(kL) en
Hzﬁd (61, 62)H2 = Zﬁ? (61, 62) Zﬁd (62, 61) ) (A-3~21)

while the Nekrasov factors (A.3.7) become

N;L,dy (CY, 61762) = H ((Vk _g) €2 — (,Uz —k+ 1) €1 —|—la/)

(k,£)ev
H (e +0—=1)es — (=) + k) er + i) , (A.3.22)
(k,0)en
and similarly
-1
C’ﬁfiy (a,€1,€) = (Nu , (2a;5 €1, €9) N L (20 —i(e +&)e,6) (A.3.23)

C;QL,dy/4d (Z’ a, €, 62) = Oﬁfiy (aa €1, 62)
Nyl (z —a—i(er +e);e1,6) NgS (2 +a—i(e +e);e,6)

Ngit (z —a —ieg; €1, €2) Niy, (2 +a — e, 6)

(A.3.24)

Hence we find for the complete 2d/4d defect instanton partition function in a generic phase
of the Q-background

Zinei (a1, €1, €2) Ztnz Y. EUMIZ e e) P2 (o) PO, (e ea)

neN  m=0 |u=m
|V|:n—m

(A.3.25)
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Zlgst (z,a,t,€1,€) =

> ot Z S (=DMIZ0 (1 e) [P Z00 (€2, ) [1PCRY* (2,061, €2) , (A3.26)
neN  m=0 |u|=m
|u|:nfm
ZD (Z a,t €1 62)
Z2 L at e, 6p) = St A T D A.3.27
inst ( 1 2) Zégt (CL7 t e, 62) ( )
The NS limit as used in subsection 3.4.1 is then given by

F NS, inst ( ) = elliin() <_€1) Fli(:t (Ua t, €, 1) ) <A328)
Zi{é/ﬁit (x,0,t) = lirno ani&d (:U — i%, o,t, €1, 1) . (A.3.29)

’ €1—

The convergence of (A.3.28) as series in ¢ for 20 # € 7Z follows from [192]. Similar argu-
ments should hold for (A.3.29) as well. The first few terms of the NS limit are

2 2002 — 7
Fad 1) = — t— t2
NS inst (7:¢) {402 + 1} {4 (402 + 1)3 (02 + 1)]

[ 4 (1440* — 23202 + 29)
3 (402 +1)° (02 + 1) (402 +9)

} *+0(t"), (A.3.30)

1-27
Z24/4d t) =1 — t
NS, inst (z,0,1) + (1+402) (22 + 0?) +

5497 — 2722 + 1423 + (91 — 102(17 + 22(—7 + 27)))0? + 4(—7 + 22)(—5 + 47)o* 2
4(1+402)° (14 02) (2 + 02) ((T — 1)? + 02)

+0O(t") (A.3.31)

where ¥ = —izr — 1.
For the GV phase we define

Zé(i{jgst (Z', g, t) :Z.Qd/4d (x + l’ iO" ta _1’ 1> )

inst 2

(io,t,—1,1)

(A.3.32)
ZGV inst _Z4d

inst

The convergence of (A.3.32) as a series in ¢ for 2ic ¢ Z follows from [97]. The first few
orders of the GV phase (A.3.32) are given by

1 802 +1 80t — 502 +3
74 =1 t £ t?’
GVnst (071) = 14 {202} + {402 (402 — 1)2} - 2402 (402 1)? (02 — 1)?

2560° — 8320° + 9720 — 1770% + 81
{ 7 00+ 920" 177" + } '+ 0(), (A.333)
38401 (402 — 1)* (02 — 1) (402 — 9)?
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Ty
202 (22 — 0?)
T(F+1)° =T (1022 + 197 + 10) 0 + (832 + 307 + 9) o
4o (402 — 1)* (72 — 02) ((F + 1)* — 0?)

2d/4d
ZGV/,inst ($, 0, t) =1-

£+ 0 (t%), (A.3.34)

where we used T = iz 4+ 1/2 for convenience.

A.3.3 Four-dimensional, N' =2, SU(N) SYM

The Nekrasov—Shatashvili (NS) functions capture physical information about supersym-
metric gauge theories in the NS limit of the gravitational (2-background, with the case
relevant here being four-dimensional N' = 2, SU(N) SYM. It is convenient to organize the
Coulomb branch parameters a; into the vector®

N N
a= Z arer, Z ar =0, (A.3.35)
I=1 I=1

where e; are the weights of the fundamental representation of SU(N) (see section A.4 for
our conventions).

Note on convention: when dealing with Nekrasov functions, the term “instanton par-
tition function” refers to the instantons of the supersymmetric gauge theory that appear
in localization computations [18, 20, 94, 95, 237]. These should not be confused with
quantum-mechanical instantons.

The NS free energy LetY = (Y3,...,Yy) denote an N-tuple of Young diagrams, each
one being equivalently specified by an ordered partition Y = (y1,y2,...), 51 = yo = -+ = 0.
The total size of the N-tuple is given by

()y=>"vil, Y= w (A.3.36)

i>1
For a box s = (7,j) € Y, we define the arm and leg lengths as
Av(s)=wi—j,  Ly(s)=y; —1, (A.3.37)

where Y7 = (yI,y%,...) denotes the transposed partition. Let Y, W be two Young dia-
grams, we introduce the building block

Nyw(ziae) = [[(z = aLw(s) + &(Av(s) + 1)) [ (z + e1(Ly () + 1) — e2Aw(t)) -

(A.3.38)
The 4d instanton Nekrasov partition function for this gauge theory is given by [18, 20, 94,
95, 237]
7" (a, A e, e) = Y (~DVAN)Y Zy (a6 e) (A.3.39)
Y

8The a; parameters here are denoted by aj in [55].
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with

1
Zy(a, €, €6) = . A.3.40
Y( ' 2) I.J=1 NYLYJ(CLI - CLJ;€17€2) ( )
The instanton part of the NS free energy is then defined as
F¥s'(a, A, h) =ik lim e In Z™(a, A, ih, ). (A.3.41)

ea—0

The first few orders in the A expansion of (A.3.41) for N = 2, 3 and 4 are provided in the
accompanying file ancillary_file.nb. Note that the functions (A.3.39) and (A.3.41) are
expressed as series in A. These series are, however, convergent; see, e.g. [97, 98, 192].

The NS partition function in presence of a surface defect In the presence of a
type-1I chiral defect, the partition function was computed in [29, 79] and is nicely sum-
marized in [32, app. A]. By evaluating the residues in these expressions explicitly, the
partition function can be written as

¢),ins WYy c
Zs o @, a A e e) = O (FDVARN)Y 2y (a6, 0) 29 (v a,6,0),  (A3.42)
Y

where the defect factor is

N ; ]
ar —xr+i€+ €
Z() ] A.3.43
v (£, a6, €) 1_[1 1)!1/ ar—r+ie +(j—1e ( |
(4,5 1

Here z denotes the two-dimensional twisted mass parameter. We then define the full
instanton defect partition function in the NS limit as

Z{)nst x,a, N\, ih, €
le)nst(x a, A h) — lim 2d/4d ( 2)

: A.3.44
30 Zst(a, A, iR, es) (A.3.44)

The Wilson loops Another ingredient we need is the four-dimensional limit of Wilson-
loop expectation values [29, 79]; here we closely follow [55]. As before, let us write an N-
tuple of Young diagrams as Y = (Y1,...,Yy). We define the equivariant Chern character
as

Chy (a, €1, €) = W — (1 —ef1)(1 — ef'2)Vy | (A.3.45)

where

N
Ra
Wzg et

(A.3.46)
VY — ZeRa[ Z e k 1 R61+(l 1)R62 )
(k,1)eYr
In the R — 0 limit, VW behaves as
Chy(a,el,(—:Q N+ ZC Cl, 61,62 s <A347)
E>2
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where, for example:

C( ) (a, €, €9) ZCLI el (Y

N
C( ) (a, €, €9) ZaI — €169 <€1 ; 62 (Y)+ ¢ ZCQ (YIT) (A.3.48)
I=1
N
+te» oY)+ Zaz \Yz\) ,
I=1 I=1
while )
e (Y)= B} Z% (yi—1). (A.3.49)
i>1
We define the “4d Wilson loops” as
1
W (@, A, e, e5) = e ST(=D)NAM O P (@, 61, 60) Zy(a,e1,e0) . (A3.50)

Y

Here we are interested in their NS limit, which we denote by
W (a, A, h) = limOW(k)(a, Aihes), k=1,...N—1. (A.3.51)
€2—>
These observables are directly related to the complex moduli parameters h; appearing in

the mirror curve, and they generalise the Matone relation to higher rank gauge theories.
More precisely, we have

EECEN ,
hj = Z TWNS(av A7 h)? J € {27 e 7N} (A352)
k

where k = (0, ko, - - - ) satisfies

m>2
and we used
WEs(a, A h) = [TGWE(a, A m) oz = [T Rt%, [K| = Z km-(A.3.54)
j=1 j=1
Hence, for instance:’
h2 - _Wl(\%?
hy = 2W 3,
hy = L (W3 — 6WLY, (A.3.55)

hs = —2WAWE 4 24w,
to = —H(WED" + WEWLL +2(WE* 20w

9We omit the dependence on (a, A, h) in WI%) for brevity.
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The first few orders in the A expansion of h; for N = 2, 3 and 4 are provided in the
accompanying file ancillary file.nb. One can further check that

1
W) = — 7 AOx Fs (A.3.56)

giving rise to the usual quantum Matone relation [99, 100].

A.4 The su(N) root system

Let us introduce some objects from the Lie algebra su (N):

{br} e (1N} standard euclidean orthonormal basis;

{er} e (1N} weights of the fundamental representation;

A4l
{)\k}ke{lj_.’]\_l} fundamental weights, basis of the weight lattice; ( )

{ozg}ge{1 N1} simple roots, dual to the fundamental weights;

These quantities are related to each other by:

N
1
eI:bI_NZbJ’ ak:ek—ek+1:bk—bk+1, Ak:ZBI, (A42a)

1

b[*bJ:(SLJ, ej‘ejzéjjj—ﬁ, (A42b)
op - O = Ck,é = —514,1571 + 25“ - 5k,£+1 ) Aoy = 5k,£ ) (A-4-2C)
where Cj, is the SU(N) Cartan matrix. The set of positive roots is given by:
A+={ak7g:€k—eg’1<k<£<N}, (A43)
while the root lattice is denoted by:
N-1 N N
Qn_1 = {ngag ngZ} = {Zm[ej mIEZ/\mezo} ) (A.4.4)
=1 =1 I=1

In our construction of the eigenfunctions, we also need

1 N N-1 N ’
— 9 Z Z( k "\ = Z <12N+1 - N12N+1(N)> a;.  (A4D5)
=1 k=1

=
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A.5 Selected plots and numerical evidence

A.5.1 The finite difference modified Mathieu equation

Below, we plot (3.3.35) for various values of the parameters. For the on-shell eigenfunc-
tions, we have always from top left to bottom right: the ¢ = 1 term in (3.3.33), the 0 = 2
term in (3.3.33), the complete eigenfunction v in (3.3.35), after normalization, and the
absolute difference between the analytical and numerical eigenfunctions for 0, 2 and 4 in-
stantons, using a logarithmic scale with base 10. With “0, 2 and 4 instantons” we mean that
we truncate the large tp expansion of ¢ up to terms of order exp (—nmin (1, (27/h))tp)
where n € {0,2,4}. The numerical eigenfunctions are obtained by diagonalizing in the
basis of the harmonic oscillator, as in [184]. The peaks visible in the bottom-right plots of
the figures occur at © = £Re(tr (h))/2, where the 0 = 1 and ¢ = 2 terms of (3.3.33) have
poles. The convergence of the sum over k in (3.3.35) is slower near these points, leading
to those peaks. For the off-shell eigenfunctions, we have similarly from top left to bottom:
the 0 = 1 term in (3.3.33), the ¢ = 2 term in (3.3.33), and the complete eigenfunction
¥ in (3.3.35), after normalization. The solid and dashed lines correspond to the real and
imaginary parts, respectively.
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The case £ = —1n(3) /3 and h = 27/3
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Figure A.1. The on-shell eigenfunction from topological strings for { = —In (3) /3 and h = 27/3
at energy F = F3 = 3.31. See the explanation at the beginning of subsection A.5.1.
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Figure A.2. The off-shell eigenfunction from topological strings for £ = —1In(3) /3 and h =
27/3 at energy E = 40367/12209, just below FEj3. See the explanation at the beginning of
subsection A.5.1.
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The case £ = \/7/4 and A = 37
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Figure A.3. The on-shell eigenfunction from topological strings for ¢ = v/7/4 and h = 37 at
energy B = F; ~ 5.95. See the explanation at the beginning of subsection A.5.1.
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Figure A.4. The off-shell eigenfunction from topological strings for ¢ = /7 /4 and h = 37
at energy F = 118/23, which is between Ejy and E;. See the explanation at the beginning of
subsection A.5.1.
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The case £ =1/7 and h = 57/2
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Figure A.5. The on-shell eigenfunction from topological strings for £ = 1/7 and A = 57/2 at
energy B = FE4 ~ 7.87. See the explanation at the beginning of subsection A.5.1.
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Figure A.6. The off-shell eigenfunction from topological strings for £ = 1/7 and at energy E =
149/20, which is between E3 and Fj4. See the explanation at the beginning of subsection A.5.1.
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The case £ =2/3 and h = 4/2
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Figure A.7. The on-shell eigenfunction from topological strings for £ = 2/3 and h = 44/2 at
energy B = Fg ~ 8.49. See the explanation at the beginning of subsection A.5.1.
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Figure A.8. The off-shell eigenfunction from topological strings for & = 2/3 and i = 4v/2 at
energy E = 172/21, between F5 and Fg. See the explanation at the beginning of subsection A.5.1.
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A.5.2 The finite difference Schrodinger equations

In this appendix, we present additional numerical evidence supporting our results. We
focus on the cubic and quartic potentials, displaying, for various choices of parameters,
the ground, first, and second excited states for the cubic case, the first and second excited
states for the quartic case.

In figure A.9 we show the ground-state wavefunction for the cubic potential for hy =
—5. Due to the deep local minimum of the potential, the wavefunction closely resembles
that of a bound state. In figure A.10 we show the first excited state for hy = —3, together
with the two singular saddles, making the cancellation of poles in their sum evident.
Finally, for the cubic case, figure A.11 shows the wavefunction corresponding to the second
excited state for the cubic potential with ho = 2. In this case, the potential has no real
stationary points, yet resonant eigenfunctions still exist. Moving on to the quartic case, in
figure A.12 we show the wavefunction of the first excited state for the symmetric (hs = 0)
single well potential with hy, = 3.5, together with the two singular saddle contributions.
The on-shell solution is antisymmetric and normalized to 1 at = 1/2. Finally, figure A.13
displays the wavefunction corresponding to the second excited state of the quartic potential
with ho = 1.2 and h3 = —4.7. The corresponding potential is an asymmetric quartic single
well with a unique minimum.

3 1 0.001F

101

Figure A.9. Left: ground state of the V3(z) potential with hy = —5, i =1 and A = (3/5)"/?;
the corresponding complex energy is Ey ~ —1.855383 + i5.697572 - 10~?. Dashed lines denote
the imaginary part of the eigenfunction, while solid lines denote the real part. Right: difference
between the numerical eigenfunction and the analytic expression from (4.2.31). The coloured
curves show the effect of including an increasing number of terms in the A-expansion of the
eigenfunction: red (0 terms), green (1 term), blue (2 terms).
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The case of an odd potential

Figure A.10. The first excited state of the V3(x) potential with hy = —3, Ai=1, and A = %; the
corresponding complex energy is E7 ~ 1.758084 +10.010614. Dashed lines denote the imaginary
part of the eigenfunction, while solid lines denote the real part. Top panels: first (left) and
second (right) saddle contributions in the analytic expression (4.2.31), evaluated on-shell. The
two functions develop poles individually, which cancel in the sum. Bottom left: full on-shell
eigenfunction from (4.2.31). Bottom right: difference between the numerical eigenfunction and
the analytic result from (4.2.31). The coloured curves show the effect of including an increasing
number of terms in the A-expansion of the eigenfunction: red (0 terms), green (1 term), blue (2

terms).

Figure A.11. Left: second excited state of the V3(z) potential with hy = 2, A = 1 and
A= 1%; the corresponding complex energy is Fy ~ 7.842147 + 18.389762. Dashed lines denote
the imaginary part of the eigenfunction, while solid lines denote the real part. Right: difference
between the numerical eigenfunction and the analytic expression from (4.2.31). The coloured
curves show the effect of including an increasing number of terms in the A-expansion of the

eigenfunction: red (0 terms), green (1 term), blue (2 terms).
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The case of an even potential

Figure A.12. First excited state of the symmetric V4(x) potential with hy = 3.5, hs =0, h =1
and A = %; the corresponding energy is E; = 7.324917. Dashed lines denote the imaginary
part of the eigenfunction, while solid lines denote the real part. Top panels: first (left) and
second (right) saddle contributions in the analytic expression (4.2.25), evaluated on-shell. The
two functions develop poles individually, which cancel in the sum. Bottom left: full on-shell
eigenfunction from (4.2.25). Bottom right: difference between the numerical eigenfunction and
the analytic result from (4.2.25). The coloured curves show the effect of including an increasing
number of terms in the A-expansion of the eigenfunction: red (0 terms), green (1 term), blue (2
terms).

-20
-40
- 2

Figure A.13. Left: second excited state of the Vj(x) potential with ho = 1.2, hg = —4.7, h =1
and A = %; the corresponding energy is Fo ~ 8.094909. Dashed lines represent the imaginary

part of the eigenfunction, while solid lines represent the real part. Right: difference between the
numerical eigenfunction and the analytic expression from (4.2.25). The coloured curves show the
effect of including an increasing number of terms in the A-expansion of the eigenfunction: red (0
terms), green (1 term), blue (2 terms).
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