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Abstract

This thesis analyses some aspects of open one-dimensional quantum systems,
driven out of equilibrium by the interaction with external baths or monitoring
apparatus. To begin, we introduce the background and the theoretical tools used
in this thesis, such as the entanglement entropy, the Lindblad dynamics, the
Langevin equations and the phase-space formulation of quantum mechanics.

In the first part of this thesis, we consider the non-equilibrium dynamics
induced by local projective measurements, with a particular focus on the entan-
glement entropy, a powerful theoretical probe for quantum correlations. For a
chain of hopping fermions, the typical linear growth of the entanglement after
quenching the Néel state is replaced by a logarithmic one. As main result, we
find a transition from volume to area law for the stationary entanglement.

We also generalise the hydrodynamic picture for chains of free particles cou-
pled to Lindblad baths. For inhomogeneous one-body gain-loss processes and
dephasing, we derive the equation of motion of the Wigner function, describing
transport and non-equilibrium behaviour in terms of classical non-interacting
quasi-particles.

Next, a case study of the non-equilibrium dynamics of open quantum systems
is presented for two models based on a single harmonic oscillator in an external
field. The interaction with the environment is specified by the Langevin equa-
tions, containing a deterministic damping term ad two markovian noises, whose
secondmoments are derived from a set of phenomenological requirements. After
mapping the reduced dynamics into a Fokker-Plank equation for the Wigner
function, we find out that the complete positivity, as well as the relaxation to-
ward the equilibrium state, is not always guaranteed.

Finally, we focus on the conditional no-jump dynamics of free particles cou-
pled to Lindblad baths. For Gaussian preserving dynamical maps, the non-equi-
librium dynamics under missed detection is captured by a Riccati-type differ-
ential equation for the correlation matrix, which gives access to the no-jump
probability and the waiting-time distributions.

Résumé

Cette thèse analyse certains aspects des systèmes quantiques unidimension-
nels ouverts, chassés de l’équilibre par l’interaction avec des bains externes ou
des appareils de mesure. Pour commencer, nous introduisons le contexte et les
outils théoriques nécessaires à cette étude, tels que l’entropie d’intrication, la dy-
namique de Lindblad, les équations de Langevin et la formulation en espace de
phase de la mécanique quantique.



Dans un premier temps, nous considérons la dynamique non-équilibre in-
duite par desmesures projectives locales, avec un accent particulier sur l’entropie
d’intrication, une sonde théorique puissante pour les corrélations quantiques.
Pour une chaîne de fermions sautants, la croissance linéaire typique de l’intri-
cation pour l’état initial de Néel est remplacée par une croissance logarithmique.
Comme résultat principal, nous avons trouvé une transition de la loi de volume
à la loi de surface pour l’intrication stationnaire.

Après, nous généralisons l’hydrodynamique pour les chaînes de particules
libres couplées aux bains de Lindblad. Pour les processus de gain-perte inhomo-
gènes à un corps et le déphasage, nous dérivons la dynamique de la fonction de
Wigner, décrivant le transport et le comportement hors-équilibre en termes de
quasi-particules classiques sans interaction.

Ensuite, un cas d’étude de la dynamique hors équilibre des systèmes quan-
tiques ouverts est présenté pour deux modèles basés sur un oscillateur harmo-
nique unique dans un champ externe. L’interaction avec l’environnement est
spécifiée par les équations de Langevin, contenant un terme de friction déter-
ministe et deux bruits Markoviens, dont les seconds moments sont spécifiés à
partir d’un ensemble d’exigences phénoménologiques. Après avoir exprimé la
dynamique réduite avec une équation équivalente de Fokker-Plank pour la fonc-
tion deWigner, nous constatons que la positivité complète, ainsi que la relaxation
vers l’état d’équilibre, ne sont pas toujours garanties.

Enfin, nous nous intéressons à la dynamique conditionnelle sans saut des
particules libres couplées aux bains de Lindblad. Pour les cartes dynamiques à
préservation gaussienne, la dynamique de non-équilibre sous détection manquée
est capturée par une équation différentielle de type Riccati pour la matrice de
corrélation, qui donne accès à la probabilité de non-saut et aux distributions des
temps d’attente.
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Introduction

The non-equilibrium quantum physics is a rich and prolific subject which, in its
broadest interpretation, includes any quantum system driven out of equilibrium
as a consequence of some external perturbations. A paradigmatic example is
provided by the quantum quenches, where a quantum system is prepared in a
steady state, e.g. the ground state, and one of the tunable parameters of the
Hamiltonian operator is suddenly modified.

The popularity of out-of-equilibrium statistical physics goes hand-in-hand
with a rising interest in transport phenomena, continuous measurement prob-
lems, stochastic processes, quantum relaxation and optimal control in modern
quantum devices. However, non-equilibrium physics is still lacking a general
theoretical framework and, therefore, particular problems require specific tools,
whose development has been pushed and favoured by powerful numerical tech-
niques, e.g. DMRG [1], Monte Carlo [C1], DMFT [2], tensor network [1, 3–6].
The above developments have led to important results, among which we quote
the relaxation towards generalized Gibbs ensembles [7, 8], the generalized hydro-
dynamics [9, 10] and the novel results in quantum information [C2] and quantum
thermodynamics [11].

In the last decades innovative experimental methods have allowed to test
the theoretical predictions, which enhance the interest of the non-equilibrium
quantum physics. We can mention the Nobel Prize in Physics 2012 in this re-
gard, which was awarded jointly to Serge Haroche and David J. Wineland for
ground-breaking experimental methods that enable measuring and manipulation
of individual quantum systems. Their studies paved the way to a new era for
quantum optics, making possible to measure and control fragile quantum states,
which were previously thought inaccessible from direct observation [12, 13].

In this thesis, the focus is on quantum many-body systems, which are driven
out of equilibrium by the interaction with an external environment, such as ex-
ternal baths ormonitoring apparatus. This research study is framed into thewide
subject of open quantum systems, whose dynamics and relaxation to equilibrium
are still an on-going problem. The complexity of the system-bath(s) interactions
and the difficulties connected to the extrapolation of the reduced dynamics have



Introduction 5

lead to the formulation of several theoretical approaches. In fact, along with
the standard technique deriving the dynamics from first principles, other phe-
nomenological approaches have been proposed, which have the advantage to
circumvent some mathematical issues, but preserving the necessary physical re-
quirements [14].

Our analysis dealswith quantum chains of non-interacting particles, although
part of the results achieved in this thesis could be generalised to higher dimen-
sions. In recent years there has been a renewed interest in the physics of one-
dimensional systems, due to the technological boom, the experimental manipu-
lation of quantum platforms, such as quantum spin chains and cold atoms, and
the subsequent realisation of quasi-1d geometries with the help of confining po-
tentials. Moreover, free particle models still play a key role in the understanding
of the many-body physics, where the acquired knowledge on the dynamics of
closed systems is a springboard to generalise the same physical pictures for the
open counterparts, such as quantum dots, boundary-driven chains or continuous
monitored systems.

This thesis is organised in twomain sections. The first part of the manuscript
(Chapters 1, 2, 3) introduces the reader to the general background and the the-
oretical tools used in this work. Namely, the goal is to guide any reader, even
non-expert, to the full understanding of the results.

Chapter 1 is devoted to quantum entanglement, which is undoubtedly one
of the most celebrated phenomena of quantum mechanics and the landmark of
quantum information theory. Since the early 1930s, quantum entanglement had
triggered several long standing debates about the foundations of quantum mech-
anics. In this respect, the EPR paradox [15] was a thought experiment based
on quantum entanglement, which had long been used to support the thesis that
wave functions cannot provide a complete quantum-mechanical description of
reality. The crucial part of the EPR paradox was the demonstration of non-
locality, which apparently implies instantaneous information transfer and the
violation of causality. The EPR paradox suggested the idea that any quantum
object carries some hidden properties which are not currently included in quan-
tum theory, usually referred to as local hidden variables. The solution to this
paradox came from Bell’s inequality [16, 17, C3], showing that any theory based
on local hidden variables is not consistent with the results of quantummechanics.
Nevertheless, the experimental layout which Bell considered for his thought ex-
periment is not practically reproducible. For this reason, a great effort has been
made to prove experimentally the Bell’s inequality, which earned Alain Aspect,
John F. Clauser and Anton Zeilinger the Nobel Prize in Physics 2022 for exper-
iments with entangled photons, establishing the violation of Bell inequalities and
pioneering quantum information science [18–25].
At the beginning of Chapter 1, we use the Schmidt decomposition for an intu-
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itive approach to quantum entanglement. Afterwards we formalise our state-
ments by defining the entanglement entropy, which is one of the possible entan-
glement measures for pure states. Next, we analyse the good properties of the
von Neumann entropy, which make it more attractive and physically relevant
than other entanglement measures. The final part of this chapter is dedicated to
the mathematical techniques to compute entanglement, with a particular focus
on the Peschel’s trick for Gaussian states and the generalized hydrodynamics
for integrable models, where the spread of quantum correlations is described by
non-interacting quasi-particles which are entangled in pairs.

In Chapter 2 we present two of the most celebrated models for open quantum
systems, i.e. the Langevin and Lindblad dynamics, used in this thesis to character-
ise the system-bath(s) interactions. In the first part of this chapter, we introduce
the Lindblad equation, which finds mathematical origin in the dynamical semig-
roup hypothesis. Furthermore, following a first principle approach, we show that
the Lindblad dynamics, as well as the complete positivity, arises from the second
order perturbation theory, the separability of the system-bath states, the Markov
hypothesis and the rotating wave approximation. Next, we present the Langevin
dynamics, arguing about the equivalence between the ab initio approach by Ford,
Kac andMazur and the axiomatic one byAraújo,Wald andHenkel. We showhow
the Langevin noises must be intrinsically non-markovian to satisfy all the good
quantum-mechanical properties. However, even the Bedeaux-Mazur proposal
deserves a special mention, where the authors derive the Langevin equations
from a mesoscopic non-equilibrium thermodynamic scheme. This approach is
a paradigmatic example of how markovian noises may generate a Langevin dy-
namics, but the quantum fluctuation-dissipation theorem is not verified.

Chapter 3 aims to be a pedagogical review of the Wigner function approach,
which is an alternative formulation of quantum mechanics developed starting
around 1932 [26]. We show how the Wigner formalism arises from the Weyl
transform, which builds a one-to-one map between Hilbert operators and phase-
space functions. Using a semiclassical expansion, we derive the equation of mo-
tion of the Wigner function, which is defined as the phase-space representation
of the density operator. This phase space formalism really plays a key role in
this thesis, being the starting point toward the generalized hydrodynamics for
open systems (Chapter 5) and the instrument to access the quantum relaxation
for dissipative models (Chapter 6).

The second part of this manuscript (Chapters 4, 5, 6, 7) is devoted to the study
of specific problems. The analysis mostly follows the published papers during
the last three years of thesis [A1–A4], presenting the original contribution of our
research work.

Inspired by the last research works about measurement-induced entangle-
ment phase transitions [27], in Chapter 4 we study a dynamical protocol where
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the unitary evolution of a chain of hopping fermions is perturbed by projective
measurements of the local number operators. In this still unexplored scenario,
any measurement projects the quantum state on the eigenvariety of the corres-
ponding outcome. After sampling many quantum trajectories, the main focus
is the entanglement entropy, a powerful theoretical probe to access the spread
of quantum correlations. In particular, we show how and to what extent the
dynamical and asymptotic behaviour of the entanglement entropy is affected
by random interactions with local measuring apparatus. We find out that the
linear time-growth of the entanglement characterising the unitary evolution is
suddenly replaced by a logarithmic one. Concerning the asymptotic regime, we
numerically show the existence of a single area-law phase for the entanglement
entropy. Furthermore, we interpret the results with the help of the collapsed
quasi-particle ansatz, extrapolating the area-law scaling of the stationary entan-
glement. Finally, we focus on the entanglement fluctuations, with the scaling
behaviour for large and low measurement rates.

In Chapter 5, we study the markovian dynamics of non-interacting chains
coupled to Lindblad baths. For one-body gain-loss processes and dephasing, we
derive the equations of motion of the two-point functions in a closed form, which
give us the physical insight to generalise the hydrodynamic approach for this
class of open systems. We find the differential equation governing the dynam-
ics of the Wigner function which, for weakly-entangled and highly excited ini-
tial states, is pictorially view as a distribution of classical non-interacting quasi-
particles. The motion of each excitation in the phase-space is governed by the
group velocity and the external potential, while inhomogeneous jump ratesmake
the quasi-particle’s time-of-flight finite and act as a source of new excitations. We
also apply the theoretical results to some specific examples, describing the dens-
ity evolution and the transport phenomena in terms of classical quasi-particles.

In Chapter 6, our study is framed in the general context of markovian open
quantum systems. The dynamics of such systems is commonly specified either
in terms of a master equation for the reduced density matrix or else through a
Langevin equation for the local observables. The quantum harmonic oscillator
has always been used as a paradigmatic model to explore such scenarios. Yet,
we do encounter several surprises. Firstly, contrary to a widely held conviction,
it has apparently passed unnoticed that the two most common formulations of
a damped quantum harmonic oscillator, namely the friction model and the cav-
ity model in Chapter 6, are not equivalent. Second, the form of the dynamical
map L of friction model does not respect the generally admitted Lindblad form
and is not completely positive. This last observation may appear shocking since
the complete positivity is traditionally required to ensure that the extended map
L⊗𝟙𝑁 , emerging from the coupling with any𝑁-level ancilla, still generates pos-
itive semi-definite density matrices. However, in the scientific literature, this re-
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quirement has been very intensely and controversially debated and, in Chapter 6,
we provide a new and concrete example of how a quantum master equation may
emerge from a set of phenomenological postulates, yet without being necessarily
completely positive.
More formally, the friction and the cavity models are defined in terms of two
different Langevin equations, bypassing any explicit discussion about the initial
state and correlation system-bath. After obtaining the second moments of the
noises by a well-defined set of phenomenological requirements, we move to the
two-point functions, whose dynamics may equivalently be derived using two ef-
fective master equations for the reduced density operators. Despite the friction
model does not map into a completely positive dynamics, its master equation
preserves the simple positivity if either time is large enough or else if the initial
states are not squeezed too much. The time evolution of the states is studied by
the Wigner function formalism. Furthermore, we analyse the relaxation to the
stationary state, which is identical for both models without an external field. Fi-
nally, we recast the friction and cavity models as mean-field approximations of
a many-body interacting magnet, deriving the phase diagrams at zero temperat-
ure. While the friction model relaxes to a proper thermal state independently on
the damping parameter 𝛾, this is not true for the cavity model, whose stationary
state is 𝛾-dependent.

Chapter 7 is dedicated to the conditional no-jump dynamics of free particles
coupled to Lindblad baths. Given that any quantum jumpmay be pictorially seen
as the action of some detectors monitoring the exchange of particles between
the system and the external environment, we assign to each dissipative channel
a finite efficiency Λ ∈ [0, 1], with Λ = 1 for perfect efficiency and Λ = 0 when
the channel is not monitored at all. In a nutshell, some quantum jumps may not
be detected due to the non-ideal efficiency of the monitoring apparatus. In this
chapter, we focus on the no-jump evolution, where the dynamics of the states is
constrained on no jumps being detected in [0, 𝑡]. This gives access to the no-jump
probability, namely the probability of not detecting any jump in [0, 𝑡], and the
waiting-time distribution𝑊𝑘(𝑡), which is the probability distribution of detecting
the first quantum jump in the dissipative channel 𝑘 at time 𝑡.
This chapter may be divided in two parts. In the first half, we obtain general
results relating the no-jump probability and the waiting-time distributions to the
conditional evolution of specific system observables. Afterwards we study some
examples involving a single qubit, either incoherently or coherently driven. In
the second part of Chapter 7, we move to many-body systems, analysing the no-
jump dynamics for quantum chains of non-interacting particles. For linear jump
operators in the creation/annihilation operators, the Gaussian ansatz solves the
conditional no-jump dynamics. The no-jump evolution is provided by a Riccati-
type differential equation for the correlation matrix. Finally, we compute the no-
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jump probability and the waiting-time distributions for boundary driven systems
and tight binding chains with specific emission/absorption profiles.

At the beginning of Chapters 4, 5, 6, 7, we provide a brief introduction for a
quick focus on the the main goals and achieved results.
In Chapters 2, 5, 6 we make use of the Wigner formalism and, in order to avoid
confusion, we put the symbol ∧ over Hilbert operators to distinguish them from
phase-space variables.
Our main findings are summarised at the end of this manuscript, where we also
draw some future perspectives.



Chapter 1

Entanglement and Gaussian states

Consider a pure normalized quantum state |Ψ⟩, living in the Hilbert space ℋ =
ℋ𝐴 ⊗ ℋ𝐵, where ℋ𝐴 and ℋ𝐵 are two partitions of ℋ (see Fig. 1.1). In general,
|Ψ⟩ is written as

|Ψ⟩ =
𝑑𝐴
∑
𝑖=1

𝑑𝐵
∑
𝑗=1

𝐶𝑖𝑗 ||𝜓𝐴
𝑖 ⟩ ⊗ ||𝜓𝐵

𝑗 ⟩ , (1.1)

where {||𝜓𝑖𝐴⟩}𝑖∈{1,...,𝑑𝐴} and {||𝜓
𝑖
𝐵⟩}𝑖∈{1,...,𝑑𝐵 } are the orthonormal sets spanning ℋ𝐴

and ℋ𝐵, with dimension 𝑑𝐴 and 𝑑𝐵; 𝐂 is a 𝑑𝐴×𝑑𝐵 complex matrix with elements
𝐶𝑖𝑗 , satisfying the normalization condition ⟨Ψ|Ψ⟩ = tr(𝐂†𝐂) = 1.

The Schmidt decomposition is an important mathematical theoremwhich gen-
eralises the eigendecomposition to any 𝑑𝐴×𝑑𝐵 matrix [28]. The coefficient mat-
rix 𝐂 can be factorized as

𝐂 = 𝐔𝚲𝐕† , (1.2)

where𝐔 is a 𝑑𝐴×𝑑𝐴 complex unitary matrix,𝚲 is a 𝑑𝐴×𝑑𝐵 rectangular diagonal
matrix with non-negative real values 𝜆𝑖 on the main diagonal, and 𝐕 is a 𝑑𝐵 ×
𝑑𝐵 complex unitary matrix. For instance, if 𝑑𝐴 < 𝑑𝐵, 𝚲 = (𝝀|𝟎), which is a
rectangular matrix where 𝝀 = diag(𝜆1, ..., 𝜆𝑑𝐴) is a square diagonal matrix 𝑑𝐴 ×
𝑑𝐴 and 𝟎 is a null matrix 𝑑𝐴 × (𝑑𝐵 − 𝑑𝐴).

Performing a unitary rotation of the basis {||𝜓𝑖𝐴⟩}𝑖∈{1,...,𝑑𝐴} and {||𝜓
𝑖
𝐵⟩}𝑖∈{1,...,𝑑𝐵 },

||𝜔𝑖𝐴⟩ ∶=
𝑑𝐴
∑
𝑗=1

𝑈𝑖𝑗 ||𝜓𝑗𝐴⟩ , ||𝜔𝑖𝐵⟩ ∶=
𝑑𝐵
∑
𝑗=1

𝑉†
𝑖𝑗 ||𝜓

𝑗
𝐵⟩ , (1.3)

and rewriting the quantum state |Ψ⟩ in terms of the complete orthonormal basis
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A

B

ℋA

ℋB

ℋ = ℋA ⊗ ℋB

Figure 1.1: A quantum system 𝑆 is divided into two complementary partitions 𝐴 and 𝐵:
𝑆 = 𝐴 ∪ 𝐵; the total Hilbert space ℋ is given by the tensor product ℋ𝐴 ⊗ ℋ𝐵 .

{||𝜔𝑖𝐴⟩}𝑖∈{1,...,𝑑𝐴} and {||𝜔
𝑖
𝐵⟩}𝑖∈{1,...,𝑑𝐵 }, we get

|Ψ⟩ =
𝑑
∑
𝑖=1

𝜆𝑖 ||𝜔𝐴
𝑖 ⟩ ⊗ ||𝜔𝐵

𝑖 ⟩ , (1.4)

where 𝑑 = min(𝑑𝐴, 𝑑𝐵) and the 𝜆𝑖 are non-negative coefficients satisfying the
normalization condition∑𝑑

𝑖=1 𝜆2𝑖 = 1.
If there is exactly one 𝜆𝑖 ≠ 0, Eq. (1.4) reduces to

|Ψ⟩ = ||𝜔𝐴⟩ ⊗ ||𝜔𝐵⟩ , (1.5)

and |Ψ⟩ is a product state (or separable state). By definition, we state there is
no entanglement between the partitions 𝐴 and 𝐵. A system described by the
product state (1.5) is uncorrelated and the probabilities of different outcomes
under local measurements on 𝐴 and 𝐵 factorize; if there are many coefficients
𝜆𝑖 ≠ 0, |Ψ⟩ is entangled; finally, if 𝜆𝑖 = 𝑑−1/2 ∀𝑖, the entanglement between the
partitions𝐴 and 𝐵 is maximum and |Ψ⟩ is amaximally entangled state. In the next
section, we shall discuss general benchmark criteria for measuring entanglement
and ordering states and partitions.

1.1 Measure of entanglement
So far, we have distinguished entangled from unentangled states. In order to find
a more easy access to this kind of quantum correlations, we introduce a measure
of the entanglement and an ordering between different states and bipartitions.
This section will be mostly dedicated to the entanglement entropy, also known
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as von Neumann entropy, which is one of the possible measures of entanglement
for pure states.

Let 𝜌 = |Ψ⟩ ⟨Ψ| be the density matrix of the system. By definition, the re-
duced density matrix for the subsystem 𝐴 is

𝜌𝐴 ∶= tr𝐵(𝜌) =
𝑑
∑
𝑖=1

𝑝𝑖 ||𝜔𝑖𝐴⟩ ⟨𝜔𝑖𝐴|| , (1.6)

where 𝑝𝑖 = 𝜆2𝑖 and the label 𝐵 indicates the trace over the degrees of freedom of
the partition 𝐵. The von Neumann entropy [29] between 𝐴 and 𝐵 is

𝑆𝐴[𝜌] ∶= − tr𝐴(𝜌𝐴 ln 𝜌𝐴) = −
𝑑
∑
𝑖=1

𝑝𝑖 ln(𝑝𝑖), (1.7)

which is invariant under any unitary transformation of the density matrix. Fur-
thermore, thanks to the Schmidt decomposition, the von Neumann entropy veri-
fies 𝑆𝐴[𝜌] = 𝑆𝐵[𝜌]. In the next paragraphs, we show that Def. (1.7) fulfils all the
requirements to be considered a good measure of entanglement.

The entanglement entropy 𝑆𝐴[𝜌] is known to be an entanglement monotone
(or entanglement measure) [29], which is a non-negative map from pure quantum
states 𝜌 and bipartitions (𝐴, 𝐵) into real values, 𝑆𝐴 ∶ ℋ → ℝ+. The entangle-
ment entropy 𝑆𝐴[𝜌] satisfies the properties

(i) 𝑆𝐴[𝜌] = 0 ⟺ |Ψ⟩ = ||𝜔𝐴⟩ ⊗ ||𝜔𝐵⟩ ;
(ii) 𝑆𝐴[𝜌] takes maximum value for maximally entangled states,

which is 𝑆max = ln(𝑑) ;
(iii) 𝑆𝐴[𝜌] is monotonically decreasing under local operations

and classical communication (LOCC) .

The properties (i) and (ii) are easy to understand. The third one deserves more
attention and finds a physical motivation in real settings involving quantum com-
munication across distances [30, 31].

The statement (i) is immediately proved. Since for product states there is
exactly one 𝑝𝑖 ≠ 0, using the definition (1.7), 𝑆𝐴[𝜌] = 0 and then there is no
entanglement between 𝐴 and 𝐵.

To check the property (ii), we proceed by computing the extremum points of
the von Neumann entropy (1.6). Due to the normalization constraint∑𝑑

𝑖=1 𝑝𝑖 =
1, 𝑆𝐴 is a function of 𝑑 − 1 variables,

𝑆𝐴(𝑝1, ..., 𝑝𝑑−1) = −
𝑑−1
∑
𝑖=1

𝑝𝑖 ln(𝑝𝑖) − (1 −
𝑑−1
∑
𝑖=1

𝑝𝑖) ln(1 −
𝑑−1
∑
𝑖=1

𝑝𝑖) , (1.8)
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and then the gradient is

∇∇∇𝑆𝐴(𝑝1, ..., 𝑝𝑑−1) = (ln(
1 −∑𝑑−1

𝑖=1 𝑝𝑖
𝑝1

) , ..., ln(
1 −∑𝑑−1

𝑖=1 𝑝𝑖
𝑝𝑑−1

)) . (1.9)

Setting each component to zero,

𝑝𝑗 = 1 −
𝑑−1
∑
𝑖=1

𝑝𝑖 , ∀𝑗 (1.10)

which is fulfilled only for 𝑝𝑗 = 𝑑−1 ∀𝑗. By definition, this is the condition for
maximally entangled states, with 𝑆max = ln(𝑑).

The property (iii) assures that quantum correlations cannot originate from
classical communication channels (CC) and local operations (LO). The purpose of
Sec. 1.2 is to go deeply into the physical motivation behind this statement, rather
than checking (iii) for the von Neumann entropy (1.7). However, the interested
reader can find a huge literature which demonstrates it is always possible to find
a LOCC map which takes a maximally entangled state to any bipartite pure state
[29].

In addition to (i,ii,iii), the von Neumann entropy satisfies other properties
which make the definition (1.7) more attractive than others, e.g. the Rényi en-
tropy. Given two spatial subsystems 𝐴1 and 𝐴2, not necessarily one the comple-
ment of the other, the von Neumann entropy verifies two important inequalit-
ies [32–34], namely subadditivity

𝑆𝐴1∪𝐴2 ≤ 𝑆𝐴1 + 𝑆𝐴2 , (1.11)

and strong subadditivity

𝑆𝐴1∪𝐴2 + 𝑆𝐴1∩𝐴2 ≤ 𝑆𝐴1 + 𝑆𝐴2 , (1.12)

providing an ordering between partitions. From subadditivity follows concavity,

𝑆𝐴 [∑
𝑖
𝑝𝑖 𝜌𝑖] ≥ ∑

𝑖
𝑝𝑖 𝑆𝐴 [𝜌𝑖] , ∀𝑝𝑖 ∶ ∑

𝑖
𝑝𝑖 = 1 . (1.13)

Without going into details, it is important to keep in mind that the bipartite
entanglement entropy is ameasure of themutual connections between partitions
and represents a powerful theoretical probe for quantum many-body systems.
The scaling of entanglement can reveal the long-distance properties or be useful
to construct new algorithms to simulate the quantum many-body dynamics.
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Alice Bob

Classical Communication (CC)

Local Quantum Operations (LO)

A

B

A ∪ B

(a) (b)

Figure 1.2: Typical quantum communication setting, where two experimentalists (Alice
and Bob) can perform local measurements and communicate via classical telecom chan-
nels; the wall which separates Alice and Bob emphasises that no coherent exchange of
particles is allowed.

1.2 Local operations and classical communi-
cation (LOCC)

LOCC protocols involve all the physical settings where two independent exper-
imentalists have access only to one of the two partitions and can communicate
over long distances via classical telecom technologies [29]. In this paragraph,
we shall provide a simple example of state discrimination and quantum teleport-
ation, which are meaningful tasks that can be achieved by LOCC protocols. For
this purpose, we are going to make use of the experimental setup in Fig. 1.2,
where two independent experimentalists, hereinafter Alice and Bob, may act via
a local monitoring apparatus on a two-qubit system. Moreover, Alice and Bob
can share information and communicate via classical channels.

The first example regards state discrimination, a quantum-informatics tech-
nique implemented to identify a specific quantum state by performing a finite,
ideally small, number of local measurements. Let’s assume Alice and Bob are
given randomly two Bell states

|𝜙⟩ = 1
√2

(||↓𝐴⟩ ⊗ ||↓𝐵⟩ + ||↑𝐴⟩ ⊗ ||↑𝐵⟩) , (1.14)

|𝜃⟩ = 1
√2

(||↑𝐴⟩ ⊗ ||↓𝐵⟩ − ||↓𝐴⟩ ⊗ ||↑𝐵⟩) , (1.15)

which are maximally entangled states. Without communication, Alice and Bob
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can not distinguish the two states, since the measurement statistics is exactly
the same. Indeed, there is the same probability 1/2 to get the outcomes ±1 after
monitoring the local observable 𝜎𝐴𝑧 . In order to discriminate the states, suppose
Alice can communicate to Bob the measurement outcome via a classical channel.
To give a practical example, assume Alice gets the outcome −1. Therefore, Bob
can make a local measurement and use the information from the Alice’s lab to
distinguish the states. For instance, if Bob gets the outcome −1 after monitoring
𝜎𝐵𝑧 , according to the projection postulate, the post-measured state is ||↓𝐴⟩⊗||↓𝐵⟩
and he can conclude the initial state was |𝜙⟩. Via this simple example, we showed
that LOCC protocols might be used to distinguish quantum states and, above all,
cannot increase the entanglement since we get separable states.

The second example concerns quantum teleportation, which is a standard
technique to transfer information between two distant laboratories which com-
municate via classical channels [35–39]. As before, we use the same scheme in
Fig. 1.2. Suppose Alice has a qubit and wants to transfer it to Bob, who is placed
at long distances. Of course, we implicitly assume that any coherent exchange
of qubits is allowed. The qubit in Alice’s lab is

|𝐴⟩ = 𝛼 ||↑𝐴⟩ + 𝛽 ||↓𝐴⟩ , (1.16)

where 𝛼, 𝛽 ∈ ℂ are complex coefficients which verify the normalization condi-
tion

|𝛼|2 + |𝛽|2 = 1 . (1.17)

We assume to prepare another entangled state, the Bell state |𝜃⟩ in Eq. (1.15), with
the first qubit to Alice and the second one to Bob. Under these hypothesis, the
full state |Ψ⟩ = |𝐴⟩ ⊗ |𝜃⟩ reads

|Ψ⟩ = 𝛼
√2

(||↑𝐴⟩ ⊗ ||↑𝐴⟩ ⊗ ||↓𝐵⟩ − ||↑𝐴⟩ ⊗ ||↓𝐴⟩ ⊗ ||↑𝐵⟩)

+ 𝛽
√2

(||↓𝐴⟩ ⊗ ||↑𝐴⟩ ⊗ ||↓𝐵⟩ − ||↓𝐴⟩ ⊗ ||↓𝐴⟩ ⊗ ||↑𝐵⟩) . (1.18)

Now we introduce a Bell basis for the first and the second spin in Alice’s lab,

||𝜙𝐴± ⟩ = 1
√2

(||↑𝐴⟩ ⊗ ||↑𝐴⟩ ± ||↓𝐴⟩ ⊗ ||↓𝐴⟩) , (1.19)

||𝜃𝐴± ⟩ = 1
√2

(||↑𝐴⟩ ⊗ ||↓𝐴⟩ ± ||↓𝐴⟩ ⊗ ||↑𝐴⟩) , (1.20)

and the state |Ψ⟩ can be written as

|Ψ⟩ = 1
2[ ||𝜙

𝐴
+ ⟩ ⊗ (𝛼 ||↓𝐵⟩ − 𝛽 ||↑𝐵⟩) + ||𝜙𝐴− ⟩ ⊗ (𝛼 ||↓𝐵⟩ + 𝛽 ||↑𝐵⟩)

− ||𝜃𝐴+ ⟩ ⊗ (𝛼 ||↑𝐵⟩ − 𝛽 ||↓𝐵⟩) − ||𝜃𝐴− ⟩ ⊗ (𝛼 ||↑𝐵⟩ + 𝛽 ||↓𝐵⟩) ] . (1.21)
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Suppose Alice takes a joint measurement on her lab. According to the projection
postulate and the decomposition (1.21), Alice can obtain as outcome one of the
states of the Bell basis (1.19,1.20), with the same probability 1/4. After taking
the local measurement, the wave function collapses and Alice uses the classical
channels to communicate to Bob the corresponding outcome. The knowledge of
the outcome is fundamental for Bob to reproduce the initial Alice’s state. Indeed,
depending on the Alice’s outcome, the Bob’s state is a particular linear combin-
ation of ||↑𝐵⟩ and ||↓𝐵⟩, with coefficients 𝛼 and 𝛽. Therefore, Bob can perform
a special local operation to reconstruct the initial Alice’s qubit. For instance, if
Alice projects on ||𝜃𝐴+ ⟩, Bob gets |𝐵⟩ = −𝛼 ||↑𝐵⟩ + 𝛽 ||↓𝐵⟩ and he needs to apply
the local operator−𝜎𝐵𝑧 : −𝜎𝐵𝑧 |𝐵⟩ = 𝛼 ||↑𝐵⟩+𝛽 ||↓𝐵⟩. In general, for each case, the
transformation rules read

||𝜙𝐴+ ⟩ ⟹ i𝜎𝑦 (𝛼 ||↓𝐵⟩ − 𝛽 ||↑𝐵⟩) = 𝛼 ||↑𝐵⟩ + 𝛽 ||↓𝐵⟩ , (1.22)
||𝜙𝐴− ⟩ ⟹ 𝜎𝑥 (𝛼 ||↓𝐵⟩ + 𝛽 ||↑𝐵⟩) = 𝛼 ||↑𝐵⟩ + 𝛽 ||↓𝐵⟩ , (1.23)
||𝜃𝐴+ ⟩ ⟹ −𝜎𝑧 (−𝛼 ||↑𝐵⟩ + 𝛽 ||↓𝐵⟩) = 𝛼 ||↑𝐵⟩ + 𝛽 ||↓𝐵⟩ , (1.24)
||𝜃𝐴− ⟩ ⟹ −𝟙 (−𝛼 ||↑𝐵⟩ − 𝛽 ||↓𝐵⟩) = 𝛼 ||↑𝐵⟩ + 𝛽 ||↓𝐵⟩ , (1.25)

and the initial state |𝐴⟩ is reconstructed. Quantum teleportation has been real-
ised experimentally, where the polarization of a photon is transferred by per-
forming a joint Bell-state measurement on the input photon and the member of
the shared entangled photon pair [35]. It is important to remind that teleport-
ation cannot be superluminal and any qubit cannot be reconstructed until the
accompanying classical information arrives. This is another way to enunciate
the no-communication theorem, which states the impossibility to transfer inform-
ation between Alice and Bob by only making local measurements in each lab.
This important theorem solves some apparent paradoxes in quantum mechanics,
such as the EPR paradox [15].

1.3 Entanglement and mixed states

More generally, a quantum system is described by a mixed state, which takes the
general form

𝜌 = ∑
𝑖
𝑝𝑖 |𝜓𝑖⟩ ⟨𝜓𝑖| , (1.26)

where {|𝜓𝑖⟩} is a set of normalized states but not necessarily orthogonal, and
𝑝𝑖 ∈ [0, 1] are probabilities that sum up to one: ∑𝑖 𝑝𝑖 = 1.

For mixtures, the state 𝜌 is a product state if 𝜌 = 𝜌𝐴⊗𝜌𝐵. On the other hand,
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the state 𝜌 is separable if

𝜌 = ∑
𝑖
𝑝𝑖 𝜌𝑖 𝐴 ⊗ 𝜌𝑖 𝐵 , (1.27)

In all other cases, the state 𝜌 is entangled.
If 𝜌 is a product state, the system is uncorrelated. If 𝜌 is separable (1.27), it can

be produced only through LOCC protocols and shares classical correlations [30,
31]. Once again, entangled states clearly emerge as the most intriguing aspects
of quantummechanics, carrying correlations that cannot originate from classical
procedures. We conclude that, for mixed states the entanglement entropy is no
longer a good measure of entanglement since both quantum and classical correl-
ations contribute. Note that, pure states can be either product states or entangled
states.

For mixed states, it is necessary to introduce other measures of entanglement
like the negativity or the logarithmic negativity. To explain the idea behind these
measures, assume that Alice and Bob share a joint density matrix of two spins.
Suppose to transpose the density matrix for that part of the system which corres-
ponds to the Alice’s lab. This partial transposition is equivalent to a time reversal
transformation in Alice’s lab. However, only unentangled states still reproduce
physical density matrices under partial transposition. In any other case, entan-
gled states are mapped into nonphysical operators with negative eigenvalues.
The negativity and the logarithmic negativity quantify how much the eigenval-
ues of the partial transposed density matrix are negative and then how far the
mixed state is from an unentangled state.

1.4 Entanglement and quantum phase tran-
sitions

In this section, we would like to emphasise the mutual connection between en-
tanglement entropy and quantum phase transitions. While classical phase tran-
sitions occur at finite temperature, quantum phase transitions take place at zero
temperature [40, C4] and are driven by quantum fluctuations. Let 𝐻0 be the
Hamiltonian of a closed quantum system and suppose |Ψ⟩ is the ground state.
Imagine to perturb the system with an operator 𝑔𝐻1 which does not commute
with 𝐻0, where 𝑔 is a tunable parameter. After turning on the parameter 𝑔, the
ground state |Ψ(𝑔)⟩ is modified until we reach a quantum critical point at which
we observe a crossover between two different ground states, with a typical power
law decay of the energy gap and the correlation length. A prototypical example
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is the Hamiltonian of the XY spin chain,

𝐻 = −∑
𝑖
ℎ𝜎𝑧𝑖 + (1 + 𝜅

2 𝜎𝑥𝑖 𝜎𝑥𝑖+1 +
1 − 𝜅
2 𝜎𝑦𝑖 𝜎

𝑦
𝑖+1) , (1.28)

where 𝜎𝑥, 𝜎𝑦, 𝜎𝑧 are the Pauli matrices, 𝜅 is the anisotropy constant and ℎ is the
transverse field. It can be proved that the couple of parameters (𝜅, ℎ) distinguish
an oscillatory and non-oscillatory phase in the phase diagram [C4, 41, C5, 42].

The purpose of this section is not to discuss about quantum phase transi-
tions, of which there is a huge literature about [40, C4]. On the other hand, we
would like to recall and quote some known results for one-dimensional systems,
which are the subject of study of this thesis. Assume the system is at the ground
state and let 𝑙 be the size of a partition embedded in a 𝐿-site quantum chain.
It is possible to prove that the behaviour of the entanglement entropy changes
whether the system is at the critical point or not [43, 44]. Indeed, at the critical
point 𝑔 = 𝑔𝑐 the entanglement entropy scales logarithmically with 𝑙, showing a
sub-extensive behaviour. Otherwise, away from the critical point (𝑔 ≠ 𝑔𝑐), the
entanglement behaviour is governed by a correlation length 𝜉. In such a case, if
𝜉 ≪ 𝑙, the entropy is proportional to ln 𝜉, with a manifest area-law behaviour. In
other terms, this implies that only the chain sites close to the boundary between
the two partitions contribute to quantum correlations.

𝑆𝑙 = {ln 𝑙 𝑔 = 𝑔𝑐
ln 𝜉 𝑔 ≠ 𝑔𝑐

(1.29)

1.5 Entanglement entropy forGaussian states
Computing the von Neumann entropy for many-body quantum systems has al-
ways been challenging and many theoretical and numerical techniques have
been developed to address this problem, e.g. tensor network [1, 3–6], Replica
approach [43, 45], charged moments approach [46]. However, computing entan-
glement turns to be very simple in same specific contexts. Here, we are going to
illustrate the Peschel’s trick [47–50], a famous approach to compute the entan-
glement entropy for Gaussian states and quadratic lattice Hamiltonian operators.
In this section, we deal with fermionic systems but similar techniques may be im-
plemented for bosons as well.

Let’s consider a 𝐿-site chain of free fermions. Let 𝑐, 𝑐† be the fermionic cre-
ation and annihilation operators,

{𝑐†𝑖 , 𝑐𝑗} = 𝛿𝑖𝑗 , {𝑐𝑖, 𝑐𝑗} = 0 . (1.30)
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Suppose |Ψ⟩ verifies the Wick’s theorem, which reads

⟨𝑐†𝛼1 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛⟩Ψ =

𝑛
∑
𝑗=1

(−1)𝑛−𝑗⟨𝑐†𝛼1𝑐𝛽𝑗 ⟩Ψ⟨𝑐
†
𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑗−1𝑐𝛽𝑗+1 ...𝑐𝛽𝑛⟩Ψ ,

(1.31)
assuming that ⟨𝑐𝑗𝑐𝑖⟩Ψ = 0 ∀𝑖, 𝑗. Thanks to the Wick’s theorem, any many body
quantity is provided by the two-point functions 𝐶𝑖𝑗 = ⟨𝑐†𝑗 𝑐𝑖⟩Ψ, which therefore
fully characterise the state |Ψ⟩. As an example, one may consider the Néel state
or the ground state of the non-interacting Hamiltonian (1.30), which is a Slater
determinant.

Let 𝐴 be a subsystem with 𝑙 contiguous sites. Let 𝜌𝐴 = tr𝐵(|Ψ⟩ ⟨Ψ|) be the
reduced density matrix, where 𝐵 is the complementary partition. If 𝜌 verifies
the Wick’s theorem, 𝜌𝐴 is fully characterised by the reduced correlation matrix
(𝐂𝐴)𝑖𝑗 = ⟨𝑐†𝑗 𝑐𝑖⟩Ψ, ∀𝑖, 𝑗 ∈ 𝐴. In particular, 𝜌𝐴 turns to be the Gaussian operator

𝜌𝐴 = 𝑒−ℋ𝐴

𝑍 , 𝑍 = tr(𝑒−ℋ𝐴) , (1.32)

where
ℋ𝐴 = ∑

𝑖𝑗∈𝐴
𝑀𝑖𝑗𝑐†𝑖 𝑐𝑗 , (1.33)

is a fictitious Hamiltonian called entanglement Hamiltonian and𝐌 a given coef-
ficient matrix to be determined. In order to diagonalize ℋ𝐴, we perform the
canonical transformation

𝑐𝑖 =
𝑙
∑
𝑘=1

𝑈𝑖𝑘𝜂𝑘 , (1.34)

where 𝐔 is a unitary matrix and 𝜂𝑘 are the eigenmodes of ℋ𝐴. In other terms,
𝐔†𝐌𝐔 is a diagonal matrix with elements 𝜖𝑘, and

ℋ𝐴 =
𝑙
∑
𝑘=1

𝜖𝑘𝜂†𝑘𝜂𝑘 , 𝑍−1 =
𝑙
∏
𝑘=1

𝑒𝜖𝑘
1 + 𝑒𝜖𝑘 . (1.35)

The correlation matrix becomes

⟨𝑐†𝑗 𝑐𝑖⟩𝜌𝐴 = tr𝐴(𝑐†𝑗 𝑐𝑖𝜌𝐴) = ∑
𝑘1 𝑘2

𝑈∗
𝑗 𝑘1𝑈𝑖 𝑘2⟨𝜂

†
𝑘1𝜂𝑘2⟩𝜌𝐴 , ∀𝑖, 𝑗 ∈ 𝐴 . (1.36)

However, due to the Gaussian ansatz (1.32), the matrix with elements ⟨𝜂†𝑘1𝜂𝑘2⟩𝜌𝐴
is diagonal and ⟨𝜂†𝑘𝜂𝑘⟩𝜌𝐴 = 𝑓(𝜖𝑘), where 𝑓(𝜖𝑘) = (1 + 𝑒𝜖𝑘)−1 is the Fermi-Dirac



20 Entanglement entropy for Gaussian states

distribution. Eq. (1.36) relates the reduced correlation matrix 𝐂𝐴 with the coeffi-
cient matrix𝐌,

𝐂𝐴 = 1
𝟙 + 𝑒𝐌 . (1.37)

At this point, the computation of the von Neumann entropy is quite simple. Ac-
cording to Def. (1.7),

𝑆𝐴[𝜌] = −⟨ln 𝜌𝐴⟩𝜌𝐴 ,
= ⟨ℋ𝐴⟩𝜌𝐴 + ln𝑍 ,

=
𝑙
∑
𝑘=1

𝜖𝑘 [𝑓(𝜖𝑘) − ln ( 𝑒𝜖𝑘
1 + 𝑒𝜖𝑘 )] ,

= −
𝑙
∑
𝑘=1

[𝜁𝑘 ln 𝜁𝑘 + (1 − 𝜁𝑘) ln(1 − 𝜁𝑘)] , (1.38)

where 𝜁𝑘 are the eigenvalues of the reduced density matrix 𝐂𝐴. Eq. (1.38) is
known as the Peschel’s trick [47–50], which is a very powerfulmethod to compute
the entanglement entropy for Gaussian states. The Peschel’s trick reduces the
problem to the eigendecomposition of the matrix 𝐂𝐴.

Eq. (1.38) is especially helpful to access the entanglement evolution under
Gaussian preserving dynamical protocols. For instance, one may consider the
unitary dynamics generated by a simple quadratic Hamiltonian of hopping fer-
mions,

𝐻 = ∑
𝑖𝑗
ℎ𝑖𝑗𝑐†𝑖 𝑐𝑗 , (1.39)

where 𝐡 is an Hermitian coefficient matrix. The time-evolved state |Ψ(𝑡)⟩ =
𝑒−i𝐻𝑡 |Ψ⟩ (here ℏ = 1) is still a Gaussian state and the equation of motion of the
correlation matrix 𝐂(𝑡)𝑖𝑗 = ⟨Ψ(𝑡)| 𝑐†𝑗 𝑐𝑖 |Ψ(𝑡)⟩ is

d𝐂
d𝑡 = −i[𝐡, 𝐂] . (1.40)

The time evolution of the bipartite entanglement entropy comes from the solu-
tion of Eq. (1.40) and the subsequent truncation of the matrix 𝐂(𝑡) to the subsys-
tem 𝐴.

The previous results may be generalised for non-vanishing correlators ⟨𝑐𝑖𝑐𝑗⟩Ψ.
In such a case, we introduce the Majorana fermions

𝑦1𝑖 = 𝑐†𝑖 + 𝑐𝑖 , 𝑦2𝑖 = i(𝑐†𝑖 − 𝑐𝑖) , (1.41)

which are Hermitian (𝑦1†𝑘 = 𝑦1𝑘, 𝑦
2†
𝑘 = 𝑦2𝑘) and satisfy the Clifford algebra

{𝑦1𝑘, 𝑦1ℓ} = 2𝛿𝑘ℓ , {𝑦2𝑘, 𝑦2ℓ} = 2𝛿𝑘ℓ , {𝑦1𝑘, 𝑦2ℓ} = 0 . (1.42)
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Hence the vector𝐘 = (𝑦11 , … , 𝑦1𝐿, 𝑦21 , … , 𝑦2𝐿) verifies the identity𝐘†⋅𝐘 = 2𝐿. It can
be shown that the reduced density matrix 𝜌𝐴 satisfies the Gaussian ansatz (1.32)
[51, 52], where

ℋ𝐴 = −14𝐘
† ⋅M ⋅ 𝐘 , 𝑍 = tr {𝑒

1
4𝐘

†⋅M⋅𝐘} = √det(𝟙 + 𝑒M) . (1.43)

M is a 2𝑙×2𝑙 Hermitian (M† = M) and anti-symmetric (MT = −M) matrix.
Furthermore,

M = ln (𝟙 − 𝚯𝐴
𝟙 + 𝚯𝐴

) , (1.44)

where
(𝚯𝐴)𝑖𝑗 =

1
2 tr {[𝑌𝑖, 𝑌𝑗]𝜌(𝑡)} =

1
2⟨[𝑌𝑖, 𝑌𝑗]⟩(𝑡) , ∀𝑖, 𝑗 ∈ 𝐴 (1.45)

is the reduced correlation matrix. The matrix 𝚯𝐴 is Hermitian (𝚯†
𝐴 = 𝚯𝐴) and

anti-symmetric (𝚯T
𝐴 = −𝚯𝐴) as well. Again, using Def. (1.7), Eqs. (1.43,1.44) and

the anti-symmetry of M,

𝑆𝐴[𝜌] = −14
2𝑙
∑
𝑖 𝑗=1

M𝑖𝑗⟨𝑌𝑖𝑌𝑗⟩𝜌𝐴 +
1
2 ln (det(𝟙 + 𝑒M)) ,

= −12 tr ((𝟙 + 𝚯𝐴) ln(𝟙 + 𝚯𝐴)) + 𝑙 ln(2) . (1.46)

Eq. (1.46) is not computationally expensive and allows us to access the entangle-
ment entropy from the knowledge of the reduced correlation matrix 𝚯𝐴. The
price we pay in presence of pairing terms ⟨𝑐𝑖𝑐𝑗⟩ is to deal with 2𝑙 × 2𝑙 matrices.

As before, Eq. (1.46) is especially helpful for the entanglement evolution un-
der Gaussian preserving dynamical protocols. For instance, one may consider a
unitary dynamics generated by the quadratic Hamiltonian

𝐻 = 1
4𝐘

† ⋅ T ⋅ 𝐘 , (1.47)

where T is a 2𝐿 × 2𝐿 anti-symmetric and Hermitian matrix. The time evolved
state |Ψ(𝑡)⟩ = 𝑒−i𝐻𝑡 |Ψ⟩ is still Gaussian and the equation of motion of the cor-
relation matrix 𝚯(𝑡)𝑖𝑗 =

1
2
⟨Ψ(𝑡)| [𝑌𝑖, 𝑌𝑗] |Ψ(𝑡)⟩ reads

d𝚯
d𝑡 = −i[T , 𝚯] . (1.48)

Again, from the solution of Eq. (1.48), we obtain the reduced matrix 𝚯𝐴(𝑡) and
then the full evolution of the bipartite entanglement entropy.

As we shall see in Chapter 4, Peschel’s trick is extremely useful to compute
the entanglement dynamics under Gaussian preserving dynamical maps, where
the unitary evolution is perturbed by continuous measurements of local observ-
ables.
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Figure 1.3: After quenching the state, pairs of entangled quasi-particles are emitted
from every chain site with opposite momenta ±𝑘, taking values in the Brillouin zone
[−𝜋, 𝜋]. The entanglement at time 𝑡 between the partitions 𝐴 and 𝐵 is proportional to
the number of shared quasi-particle pairs.

1.6 Entanglement spreading and quasiparticle
picture

The mechanisms behind the spread of correlations are often very complicated
and not intuitive. However, much progress has been made by studying the rela-
tion between thermodynamics and entanglement in the framework of nonequi-
librium dynamics of quantum correlations. Quantum quench dynamics are para-
digmatic protocols where the system is prepared in a steady state, e.g. the ground
state, and then a parameter in the Hamiltonian operator is suddenly modified.
For integrable systems, the nonequilibrium dynamics and the von Neumann en-
tropy are efficiently described by the quasi-particle picture [53–56]. Entangle-
ment and correlations result to be generated by pairs of quasi-particles moving
ballistically with opposite momenta. In this section, we shall introduce the quasi-
particle picture, which inspired a couple of research works we present in this
thesis (see Chapters 4, 5).

Let’s consider a chain of non-interacting fermions with nearest neighbour in-
teractions. The unitary dynamics is generated by the Hamiltonian (1.39), where

ℎ𝑖𝑗 = −12(𝛿𝑖,𝑗−1 + 𝛿𝑖,𝑗+1) , (1.49)

which is diagonalized by the Fourier modes

𝜂𝑘 =
1
√𝐿

𝐿−1
∑
𝑗=0

𝑒−i𝑘𝑗𝑐𝑗 , (1.50)

where 𝐿 is the total number of chain sites and 𝑘 is the particle momentum taking
values in the Brillouin zone B = {−𝜋 + 2𝜋𝑛/𝐿 𝑛 ∈ {0, ..., 𝐿 − 1}}. Therefore,
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Eq. (1.39) with the single-particle Hamiltonian (1.49) takes the form

𝐻 = ∑
𝑘∈B

𝜖𝑘 𝜂†𝑘𝜂𝑘 , (1.51)

where the 𝜖𝑘 = − cos(𝑘) are the single particle eigenvalues.
The basic idea is that highly excited and low entangled states behave as reser-

voir of classical excitations. After the quench, quasiparticle pairs are emitted
from every point in space and spread ballistically with opposite momenta ±𝑘
and group velocity 𝑣𝑘 ∶= 𝜕𝑘𝜖𝑘 = sin(𝑘) (see Fig. 1.3). The maximum velocity
is 𝑣𝑚 = 1, which is limited by the Lieb-Robinson bound. Entanglement gener-
ation is strictly connected to the quasi-particles motion. In particular, those ex-
citations generated at the same sites are entangled while those created far apart
from each other are incoherent. During unitary evolution, these pairs propagate
coherently and remain entangled, while no entanglement is generated between
different pairs. Of course, as the excitations propagate, larger regions of the sys-
tem get entangled.

Let I = [𝑥1, 𝑥2] be the spatial interval which defines the subsystem𝐴. Entan-
glement at time 𝑡 originates from the quasi-particle pairs such that one partner
is inside the interval I and the other is outside,

𝑆𝐴[𝜌(𝑡)] = ∫
𝜋

−𝜋

d𝑘
2𝜋 ∫Q𝑘,𝑡

𝑑𝑥 𝑠(𝑥 − 𝑣𝑘𝑡, 𝑘, 0) , (1.52)

where Q𝑘,𝑡 = {𝑥 ∈ I | 𝑥 − 2𝑣𝑘𝑡 ∉ I} and 𝑠(𝑥, 𝑘, 𝑡) = 𝑠(𝑥 − 𝑣𝑘𝑡, 𝑘, 0) is the
entanglement entropy contribution for a quasi-particle pair at positions 𝑥 and
𝑥 − 2𝑣𝑘𝑡 with quasi-momenta 𝑘 and −𝑘, respectively. It is known that, at least
for certain classes of quenches in integrable models, the function 𝑠(𝑥, 𝑘, 𝑡) can be
conjectured from the equivalence between entanglement and thermodynamic
entropy in the stationary state [53, 55–59]:

𝑠(𝑥, 𝑘, 𝑡) = 𝑠𝑌𝑌 [𝑛(𝑥, 𝑘, 𝑡)] , (1.53)

where
𝑠𝑌𝑌 [𝑛] = −𝑛 ln𝑛 − (1 − 𝑛) ln(1 − 𝑛) , (1.54)

is the Yang-Yang entropy and

𝑛(𝑥, 𝑘, 𝑡) =
𝐿−1
∑
𝑗=0

𝑒2i𝑘𝑗⟨𝑐†𝑥+𝑗(𝑡)𝑐𝑥−𝑗(𝑡)⟩ , (1.55)

is the Wigner function. For spatially independent initial condition, e.g. the Néel
state, 𝑠 = 𝑠(𝑘) and the entanglement entropy reduces to

𝑆𝐴[𝜌(𝑡)] = ∫
𝜋

−𝜋

d𝑘
2𝜋 min(𝑙, 2|𝑣𝑘|𝑡)𝑠(𝑘) , (1.56)



24 Entanglement spreading and quasiparticle picture

where 𝑙 = 𝑥2 − 𝑥1 is the length of the subsystem. For initial Néel states, 𝑠(𝑘) =
ln(2) and the entanglement entropy is characterised by a linear growth 𝑆𝐴[𝜌(𝑡)] =
4 ln(2)𝑡/𝜋 for 𝑡 < 𝑙/2, until reaching the stationary value 𝑆𝐴[𝜌(𝑡)] = ln(2)𝑙 for
𝑡 → ∞.



Chapter 2

Open quantum systems

An open quantum system is a quantum-mechanical system S interacting with
another quantum system B, playing the role of the external environment. Hence
the total Hilbert space is ℋ = ℋS ⊗ ℋB, where ℋS and ℋB are the Hilbert
subspaces of the system S and the environment B. If 𝜌 ∈ ℋ is the total density
matrix, then the evolution of 𝜌S = trB(𝜌) ∈ ℋS is characterised by the internal
dynamics plus the interactions with the surroundings.

To begin, we suppose that the total system S+B is described the Hamiltonian

𝐻(𝑡) = 𝐻𝑆 ⊗ 𝟙𝐵 + 𝟙𝑆 ⊗𝐻𝐵 + 𝐻𝐼(𝑡) , (2.1)

where 𝐻𝑆 and 𝐻𝐵 determine the internal evolution of the two subsystems; 𝐻𝐼(𝑡)
is the interaction Hamiltonian, which encodes all the couplings between the sys-
tem and the environment. In general, the total quantum-mechanical system is
closed but not isolated, as when it is subjected to external time-dependent fields.
For simplicity, we assume that the interaction Hamiltonian 𝐻𝐼(𝑡) includes any
possible time-dependent contribution to the total Hamiltonian 𝐻(𝑡).

The evolution of the full state 𝜌 is governed by the the Liouville-von Neu-
mann equation (we set ℏ = 1),

d𝜌
d𝑡 = −i[𝐻(𝑡), 𝜌] , (2.2)

with solution

𝜌(𝑡) = 𝑈(𝑡) 𝜌(0)𝑈(𝑡)† , (2.3)

𝑈(𝑡) = 𝒯← exp {−i∫
𝑡

0
𝐻(𝑠) d𝑠} , (2.4)

where 𝜌(0) is the initial condition at time 𝑡 = 0 and𝒯← is theDyson time-ordering
operator, which orders products of time-dependent Hamiltonians such that their
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time-arguments increase from right to left as indicated by the arrow. The reduced
density operator is

𝜌𝑆(𝑡) = tr𝐵 {𝑈(𝑡) 𝜌(0)𝑈(𝑡)†} , (2.5)

and solves the differential equation

d𝜌𝑆
d𝑡 = −i tr𝐵 {[𝐻(𝑡), 𝜌]} . (2.6)

The main purpose of the theory of open quantum systems is to derive the equa-
tion of motion of 𝜌𝑆(𝑡) in the reduced space of the system’s degrees of freedom.
More formally, the goal is to find the dynamical map 𝑉(𝑡) from the Liouville
space S(ℋ𝑆) of density operators onto itself, 𝑉(𝑡) ∶ S(ℋ𝑆) → S(ℋ𝑆), such
that

𝜌𝑆(𝑡) ∶= 𝑉(𝑡)𝜌𝑆(0) = tr𝐵 {𝑈(𝑡) 𝜌(0)𝑈(𝑡)†} . (2.7)

In fact, a completemathematical description of the combined system-environment
dynamics is often too much complicated. For instance, the environment could
be a thermal bath with infinitely many degrees of freedom, and thus an exact
treatment would require to handle an infinite number of coupled equations of
motion. Beside this, we do not want to develop a fully detailed theory of bath
but rather a simpler formalism in the reduced space of the system’s degrees of
freedom, where a few parameters like the bath temperature encode the influence
of the external environment on the system.

Since any dynamical map 𝑉(𝑡) for 𝜌𝑆 = tr𝐵(𝜌) depends on the state 𝜌(0), the
choice of the initial conditions is still a matter of scientific debate. In this respect,
the most simple assumption is that the initial state is a product state. Choos-
ing initially uncorrelated partitions has always been considered a natural hypo-
thesis and it is the starting point to generate completely positive trace-preserving
(CPTP) dynamical maps, e.g. the markovian Lindblad evolution [60, 61, C6].
Complete positivity is a stronger condition than simple positivity. In fact, if
simple positivity ensures that the dynamical map 𝑉(𝑡) always generates positive
semi-definite density matrices 𝜌𝑆(𝑡), by definition complete positivity guaran-
tees that any extended dynamical map 𝑉(𝑡) ⊗ 𝟙𝑁 emerging from the coupling
between the system S and any 𝑁-level ancilla, is still positive. Without going
immediately into details which will be largely provided in this manuscript (see
also Chapter 6), we can anticipate that the product state hypothesis, as well as
the need of complete positivity as dynamical postulate, has been questioned a
lot. For instance, in Ref. [60] it is argued that initial correlated states may not
generate CPTP dynamical maps.

For themoment, let’s assume the initial state is a product state 𝜌(0) = 𝜌𝑆(0)⊗
𝜌𝐵(0), where 𝜌𝑆(0) is the reduced density matrix of the system S and 𝜌𝐵(0) the
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reduced density operator of the environment B. By hypothesis, 𝜌𝐵(0) is a sta-
tionary state of 𝐻𝐵, e.g. any thermal equilibrium state, and the influence of the
system dynamics on the reservoir is negligible, whichmeans 𝜌𝐵(𝑡) ≃ 𝜌𝐵(0) = 𝜌𝐵.
Therefore, the evolution of the reduced density matrix 𝜌𝑆(𝑡) reads

𝜌𝑆(𝑡) ∶= 𝑉(𝑡)𝜌𝑆(0) = tr𝐵 {𝑈(𝑡)(𝜌𝑆(0) ⊗ 𝜌𝐵)𝑈(𝑡)†} . (2.8)

In order to rewrite the abstract map (2.8) in a more useful form, we consider the
spectral decomposition of 𝜌𝐵,

𝜌𝐵 = ∑
𝛼
𝜆𝛼 |𝜑𝛼⟩ ⟨𝜑𝛼| , (2.9)

where {|𝜑𝛼⟩} is an orthonormal complete set in ℋ𝐵, 𝜆𝛼 are positive real coeffi-
cients and∑𝛼 𝜆𝛼 = 1 due to the normalization condition. Hence we get

𝑉(𝑡)𝜌𝑆(0) = ∑
𝛼𝛽

𝜆𝛼 ⟨𝜑𝛽|| 𝑈(𝑡) (𝜌𝑆(0) ⊗ |𝜑𝛼⟩ ⟨𝜑𝛼|) 𝑈(𝑡)† ||𝜑𝛽⟩

= ∑
𝛼𝛽

𝑊𝛼𝛽(𝑡)𝜌𝑆(0)𝑊𝛼𝛽(𝑡)† , (2.10)

where

𝑊𝛼𝛽(𝑡) = √𝜆𝛽 ⟨𝜑𝛼| 𝑈(𝑡) ||𝜑𝛽⟩ , ∑
𝛼𝛽

𝑊𝛼𝛽(𝑡)†𝑊𝛼𝛽(𝑡) = 𝟙𝑆 . (2.11)

The operators into (2.11) are the so-called Kraus operators and make 𝑉(𝑡) a com-
pletely positive trace-preserving (CPTP) dynamical map [C6].

2.1 Markovian Lindblad generator
If we promote the variable 𝑡 to a continuous variable, we get an one-parameter
family {𝑉(𝑡), 𝑡 > 0} of dynamical maps, where 𝑉(0) = 𝟙. Such a family describes
the dynamics of open systems, which is often very complicated. However, if the
characteristic time scales of the reservoir correlation functions are much smaller
than the time scale of the reduced system dynamics, it is justified to neglect any
memory effect and

𝑉(𝑡1)𝑉(𝑡2) = 𝑉(𝑡1 + 𝑡2) ∀𝑡1, 𝑡2 ≥ 0 . (2.12)

Eq. (2.12) is called Markov approximation and {𝑉(𝑡), 𝑡 > 0} is a quantum dynam-
ical semigroup, that is a continuous, one-parameter family of dynamical maps
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which is closed under the standard product and satisfies the associative property.
The most general form which verifies the semigroup property is 𝑉(𝑡) = 𝑒L𝑡.
Eq. (2.12) implies

d𝜌𝑆
d𝑡 = L 𝜌𝑆 , (2.13)

which is a markovian quantum master equation. L is the generator of the open
dynamics, and it is called Liouvillian super-operator.

In this section, we shall derive the general form of the Liouvillian L for a
finite-dimensional Hilbert space ℋ𝑆: dim(ℋ𝑆) = 𝑁. However, the prove could
be generalised for infinite-dimensional spaces [C6], as is the case with harmonic
oscillators (Chapter 6). The Liouville space has dimension𝑁2 and is equipped by
the scalar product

(𝐴, 𝐵) ∶= tr(𝐴†𝐵) , (2.14)

where 𝐴 and 𝐵 are general Hilbert operators. Let {𝐹𝑖} , 𝑖 ∈ {1, ..., 𝑁2} be a com-
plete basis of orthonormal operators,

(𝐹𝑖, 𝐹𝑗) = tr{𝐹†𝑖 𝐹𝑗} = 𝛿𝑖𝑗 . (2.15)

For simplicity, let’s put 𝐹𝑁2 = 𝟙𝑆/√𝑁, such that the other basis operators are
traceless. In fact, by definition,

(𝐹𝑁2 , 𝐹𝑖) =
1
√𝑁

tr{𝐹𝑖} = 0 , ∀𝑖 ≠ 𝑁2 . (2.16)

Applying the completeness relation to the Kraus operator 𝑊𝛼𝛽(𝑡) (2.11), we ob-
tain

𝑊𝛼𝛽(𝑡) =
𝑁2

∑
𝑖=1

𝐹𝑖 (𝐹𝑖,𝑊𝛼𝛽(𝑡)) . (2.17)

Using Eq. (2.17) into Eq. (2.10), we get

𝑉(𝑡) 𝜌𝑆 =
𝑁2

∑
𝑖 𝑗=1

𝑐𝑖𝑗(𝑡) 𝐹𝑖𝜌𝑆𝐹†𝑗 , (2.18)

where
𝑐𝑖𝑗(𝑡) = ∑

𝛼𝛽
(𝐹𝑖,𝑊𝛼𝛽(𝑡)) (𝐹𝑗,𝑊𝛼𝛽(𝑡))∗ . (2.19)

The coefficient matrix 𝐜, with elements into Eq. (2.19), is manifestly Hermitian.
Since the matrix 𝐜 also verifies the identity

𝐯† 𝐜 𝐯 = ∑
𝛼𝛽

||||
(∑

𝑖
𝑣𝑖𝐹𝑖,𝑊𝛼𝛽(𝑡))

||||

2

≥ 0 . ∀𝐯 , (2.20)
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then 𝐜 is positive semi-definite, which means 𝐜 has real and positive eigenvalues.
The Liouvillian super-operator L derives from the dynamical map (2.18),

L𝜌𝑆 =
d𝜌𝑆
d𝑡 = lim

𝜖→0
1
𝜖 (𝑉(𝜖)𝜌𝑆 − 𝜌𝑆)

= lim
𝜖→0

1
𝜖 (

𝑁2

∑
𝑖 𝑗=1

𝑐𝑖𝑗(𝜖) 𝐹𝑖𝜌𝑆𝐹†𝑗 − 𝜌𝑆)

= lim
𝜖→0

1
𝜖 [ (

𝑐𝑁2𝑁2(𝜖)
𝑁 − 1) 𝜌𝑆 +

𝑁2−1
∑
𝑖 𝑗=1

𝑐𝑖𝑗(𝜖) 𝐹𝑖𝜌𝑆𝐹†𝑗

+ 1
√𝑁

𝑁2−1
∑
𝑖 𝑗=1

(𝑐𝑖𝑁2(𝜖) 𝐹𝑖𝜌𝑆 + 𝑐𝑁2𝑖(𝜖) 𝜌𝑆𝐹†𝑖 ) ] . (2.21)

Let 𝐚 be a coefficient matrix with elements

𝑎𝑁2𝑁2 ∶= 1
𝜖 (𝑐𝑁2𝑁2(𝜖) − 𝑁) , (2.22)

𝑎𝑖𝑁2 ∶= 𝑐𝑖𝑁2/𝜖 , ∀𝑖 ∈ {1, ..., 𝑁2 − 1} (2.23)
𝑎𝑁2𝑖 ∶= 𝑐𝑁2𝑖/𝜖 , ∀𝑖 ∈ {1, ..., 𝑁2 − 1} (2.24)
𝑎𝑖𝑗 ∶= 𝑐𝑖𝑗/𝜖 . ∀𝑖, 𝑗 ∈ {1, ..., 𝑁2 − 1} (2.25)

Using Eqs. (2.22,2.23,2.24,2.25) into Eq. (2.21),

L𝜌𝑆 = −i[𝐻, 𝜌𝑆] + {𝐺, 𝜌𝑆} +
𝑁2−1
∑
𝑖 𝑗=1

𝑎𝑖𝑗 𝐹𝑖𝜌𝑆𝐹†𝑗 , (2.26)

where

F ∶= 1
√𝑁

𝑁2−1
∑
𝑖=1

𝑎𝑖𝑁2𝐹𝑖 , (2.27)

𝐻 ∶= 1
2i(F

† − F) , (2.28)

𝐺 ∶= 1
2𝑁𝑎𝑁2𝑁2𝟙𝑆 +

1
2(F

† + F) . (2.29)

Since the dynamical map is trace preserving (tr{L𝜌𝑆} = 0) and tr [𝐻, 𝜌𝑆] = 0, we
require

tr𝑆 {(2𝐺 +
𝑁2−1
∑
𝑖 𝑗=1

𝑎𝑖𝑗𝐹†𝑗 𝐹𝑖)𝜌𝑆}
!= 0 . (2.30)
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Eq. (2.30) must hold for any operator 𝜌𝑆 , and thus

𝐺 = −12
𝑁2−1
∑
𝑖 𝑗=1

𝑎𝑖𝑗𝐹†𝑗 𝐹𝑖 . (2.31)

Eq. (2.31) relates the operators 𝐺 and 𝐹𝑗 . Using Eq. (2.31) into Eq. (2.26),

L𝜌𝑆 = −i[𝐻, 𝜌𝑆] +
𝑁2−1
∑
𝑖 𝑗=1

𝑎𝑖𝑗 (𝐹𝑖𝜌𝑆𝐹†𝑗 − 1
2{𝐹

†
𝑗 𝐹𝑖, 𝜌𝑆}) , (2.32)

which is not yet in the proper Lindblad form. However, the reduced (𝑁2 − 1) ×
(𝑁2 − 1) coefficient matrix 𝐚𝑟 with elements (𝐚𝑟)𝑖𝑗 = 𝑎𝑖𝑗 , ∀𝑖, 𝑗 ∈ {1, ..., 𝑁2 − 1}
is Hermitian and positive semi-definite [C6], and may be diagonalized with a
unitary transformation 𝝁,

𝜸 = 𝝁† 𝐚𝑟 𝝁 = diag(𝛾1, 𝛾2, ..., 𝛾𝑁2−1) , (2.33)

with non-negative eigenvalues 𝛾𝑖. Thanks to a unitary rotation of the operators
𝐹𝑖, 𝐿𝑖 ∶= ∑𝑗 𝜇𝑗𝑖𝐹𝑗 , we get

L𝜌𝑆 = −i[𝐻, 𝜌𝑆] +
𝑁2−1
∑
𝑖=1

𝛾𝑖 (𝐿𝑖𝜌𝑆𝐿†𝑖 −
1
2{𝐿

†
𝑖𝐿𝑖, 𝜌𝑆}) . (2.34)

Eq. (2.34) is called Lindblad equation and provides the generator of the quan-
tum dynamical semigroup, which verifies the Markov property. The first term
−i[𝐻, 𝜌𝑆] corresponds to the unitary part of the dynamics, while the operators
𝐿𝑖 are usually referred to as Lindblad operators or jump operators. The Lindblad
equation is a CPTP dynamical map and this statement is mathematically equi-
valent to the condition 𝛾𝑖 ≥ 0 ∀𝑖, which is automatically verified because the
coefficient matrix 𝐚𝑟 is Hermitian and positive semi-definite [61].

One may notice that the non-negative eigenvalues 𝛾𝑖 have the dimension of
a frequency, assuming that 𝐿𝑖 are dimensionless. For this reason, 𝛾𝑖 are known
as jump rates, in reference to the quantum trajectory techniques [62–66]. Quan-
tum trajectory techniques represent a powerful tool to access the open dynam-
ics (2.34) without solving directly the differential equation for the density oper-
ator. The Lindblad dynamics (2.34) can be rewritten as a stochastic average over
individual trajectories evolving in time as pure states. Hence, the dynamics of
each trajectory is generated by an effective non-Hermitian Hamiltonian and it is
perturbed by quantum jumps appearing scholastically in time with characteristic
rates 𝛾𝑖.
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Beside this, it is also important to remark that, in general,𝐻 cannot be strictly
identified with the Hamiltonian of the reduced system S , since 𝐻 may contain
additional terms due to the coupling with the environment, i.e. the Lamb shifts.
Furthermore, the LiouvillianL does not fix uniquely the form of the Hamiltonian
𝐻 and the Lindblad operators 𝐿𝑖. In fact, L is invariant under unitary transform-
ations of the jump operators 𝐿𝑖 and inhomogeneous transformations

𝐿𝑖 → 𝐿𝑖+𝛼𝑖 , 𝐻 → 𝐻+ 1
2i ∑𝑗

𝛾𝑗(𝛼∗𝑗 𝐿𝑗−𝛼𝑗𝐿†𝑗 )+𝛽 , ∀𝛼𝑖 ∈ ℂ, ∀𝛽 ∈ ℝ . (2.35)

Up to now, we have derived mathematically the generator of the dynamical
semigroup. However, from a physical viewpoint, it is desirable to get the dy-
namical map starting from first principles. Below, we provide the microscopic
derivation of the Lindblad equation, following Ref. [C6] as guideline.

In the interaction picture, the Liouville-von Neumann equation (2.2) reduces
onto

d ̃𝜌
d𝑡 = −i[𝐻𝐼(𝑡), ̃𝜌] , (2.36)

where the symbol ∼ is used to label operators in the interaction picture. More
explicitly,

̃𝜌 = 𝑒i𝐻0𝑡 𝜌 𝑒−i𝐻0𝑡 , (2.37)
𝐻𝐼(𝑡) = 𝑒i𝐻0𝑡𝐻𝐼(𝑡) 𝑒−i𝐻0𝑡 , (2.38)

and 𝐻0 = 𝐻𝑆 ⊗ 𝟙𝐵 + 𝟙𝑆 ⊗𝐻𝐵. By integration of Eq. (2.36),

d ̃𝜌
d𝑡 = −i[𝐻𝐼(𝑡), ̃𝜌(0)] −∫

𝑡

0
d𝑠 [𝐻𝐼(𝑡), [𝐻𝐼(𝑠), ̃𝜌(𝑠)]] , (2.39)

and tracing over the degrees of freedom of the bath,

d ̃𝜌𝑆
d𝑡 = −i tr𝐵 ( [𝐻𝐼(𝑡), ̃𝜌(0)] ) −∫

𝑡

0
d𝑠 tr𝐵 ( [𝐻𝐼(𝑡), [𝐻𝐼(𝑠), ̃𝜌(𝑠)] ] ) . (2.40)

Eq. (2.40) is not a closed time-evolution equation for ̃𝜌𝑆 because the time deriv-
ative still depends on the full density matrix ̃𝜌. To proceed, we need further
assumptions and approximations. Firstly, we prepare the total system in the un-
correlated state

𝜌(0) = 𝜌𝑆(0) ⊗ 𝜌𝐵(0) , (2.41)

at time 𝑡 = 0, which is a strong but necessary hypothesis to build the CPTP
Lindblad map. Second, we assume that 𝜌𝐵(0) is a steady state of 𝐻𝐵, such as
any thermal equilibrium state 𝜌𝐵 ∝ 𝑒−𝐻𝐵/𝑇 , where 𝑇 is the bath temperature.
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Third, we use the Born approximation, which applies in the weak coupling regime
between the system and the bath, such that the correlations between the two are
negligible,

𝜌(𝑡) ≃ 𝜌𝑆(𝑡) ⊗ 𝜌𝐵(0) . (2.42)

Since the bath state 𝜌𝐵(0) is a steady state of 𝐻𝐵 and 𝜌𝐵(0) is not affected by the
dynamics of the system, we write 𝜌𝐵 = 𝜌𝐵(0) to simplify the notation.

Furthermore, we assume a time independent system-bath interaction

𝐻𝐼 = ∑
𝛼
𝐴𝛼 ⊗ 𝐵𝛼 , (2.43)

where𝐴𝛼 and𝐵𝛼 areHilbert operators acting on the system and the environment,
respectively. In the interaction picture,

𝐻𝐼(𝑡) = ∑
𝛼
𝐴𝛼(𝑡) ⊗ 𝐵𝛼(𝑡) , (2.44)

where

𝐴𝛼(𝑡) = 𝑒i𝐻𝑆𝑡𝐴𝛼𝑒−i𝐻𝑆𝑡 , (2.45)
𝐵𝛼(𝑡) = 𝑒i𝐻𝐵𝑡𝐵𝛼𝑒−i𝐻𝐵𝑡 . (2.46)

From Eqs. (2.41,2.44,2.45,2.46), the first addendum of Eq. (2.40) reads

tr𝐵 ([𝐻𝐼(𝑡), ̃𝜌(0)]) = ∑
𝛼
[𝐴𝛼(𝑡)𝜌𝑆(0) ⊗ tr𝐵(𝐵𝛼𝜌𝐵(0))

−𝜌𝑆(0)𝐴𝛼(𝑡) ⊗ tr𝐵(𝐵𝛼𝜌𝐵(0))] . (2.47)

Without loss of generality, Eq. (2.47)may be simplified if we assume tr𝐵(𝐵𝛼𝜌𝐵(0)) =
0 ∀𝛼. Indeed, if this condition is not fulfilled, we can still rewrite the Hamiltonian
as

𝐻 = [𝐻𝑆 +∑
𝛼

tr𝐵(𝐵𝛼𝜌𝐵(0)) 𝐴𝛼] ⊗ 𝟙𝐵 + 𝟙𝑆 ⊗𝐻𝐵

+∑
𝛼
𝐴𝛼 ⊗ [𝐵𝛼 − tr𝐵(𝐵𝛼𝜌𝐵(0)) ] . (2.48)

Hence, Eq. (2.40) becomes

d ̃𝜌𝑆
d𝑡 = −∫

𝑡

0
d𝑠 tr𝐵 ( [𝐻𝐼(𝑡), [𝐻𝐼(𝑠), ̃𝜌(𝑠)] ] ) . (2.49)
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Under these hypothesis, Eq. (2.49) reduces onto

d ̃𝜌𝑆
d𝑡 = −∑

𝛼𝛽
∫

𝑡

0
d𝑠 tr𝐵 ( [ 𝐴𝛼(𝑡) ⊗ 𝐵𝛼(𝑡), [𝐴𝛽(𝑡) ⊗ 𝐵𝛽(𝑡), ̃𝜌𝑆(𝑡) ⊗ 𝜌𝐵] ] ) ,

= −∑
𝛼𝛽

∫
𝑡

0
d𝑠 (ℬ𝛼𝛽(𝑠) [𝐴𝛼(𝑡), 𝐴𝛽(𝑡 − 𝑠) ̃𝜌𝑆(𝑡 − 𝑠)] + h.𝑐.) , (2.50)

where

ℬ𝛼𝛽(𝑠) ∶= tr𝐵 (𝐵𝛼(𝑡)𝐵𝛽(𝑡 − 𝑠)𝜌𝐵) = tr𝐵 (𝐵𝛼(𝑠)𝐵𝛽(0)𝜌𝐵) , (2.51)

and
tr𝐵 (𝐵𝛽(𝑡 − 𝑠)𝐵𝛼(𝑡)𝜌𝐵) = ℬ𝛽𝛼(−𝑠) = ℬ𝛼𝛽(𝑠)∗ . (2.52)

Unfortunately, Eq. (2.50) depends on the entire history of the system state, since
the argument of ̃𝜌𝑆(𝑡 − 𝑠) runs from 0 to 𝑡. Our goal is to get a time-local dif-
ferential equation so that the evolution satisfies the semigroup property (2.12).
According to the Markov approximation, the time scale 𝜏𝐵 of the reservoir cor-
relation functions ℬ𝛼𝛽(𝑠) is much smaller than the time scale of the system dy-
namics. More explicitly, we assume

||ℬ𝛼𝛽(𝑠)|| ∼ 𝑒−𝑠/𝜏𝐵 , (2.53)

where 𝜏𝐵 ≪ 1 and 𝑡 ≫ 𝜏𝐵. Therefore, since ℬ𝛼𝛽(𝑠) ≃ 0 for 𝑠 ≫ 𝜏𝐵, we can
replace ̃𝜌𝑆(𝑡 − 𝑠) by ̃𝜌𝑆(𝑡),

d ̃𝜌𝑆
d𝑡 = −∑

𝛼𝛽
∫

∞

0
d𝑠 (ℬ𝛼𝛽(𝑠)[𝐴𝛼(𝑡), 𝐴𝛽(𝑡 − 𝑠) ̃𝜌𝑆(𝑡)] + h.𝑐.) , (2.54)

which is the Redfield equation [C6, C7]. The upper limit of the integral in Eq. (2.54)
can be extended to infinity because ℬ𝛼𝛽(𝑠) rapidly approaches zero.

Let’s define the Fourier representation,

A𝛼(𝜔) = ∑
𝑎,𝑏

𝜔=𝜖𝑏−𝜖𝑎

⟨𝜖𝑎| 𝐴𝛼 |𝜖𝑏⟩ |𝜖𝑎⟩ ⟨𝜖𝑏| , (2.55)

where |𝜖𝑎⟩ ⟨𝜖𝑎| is the projection onto the eigenspace corresponding to the ei-
genvalue 𝜖𝑎 of 𝐻𝑆 = ∑𝑎 𝜖𝑎 |𝜖𝑎⟩ ⟨𝜖𝑎|. Using A𝛼(𝜔) = A𝛼(−𝜔)† and 𝐴𝛼(𝑡) =
∑𝜔A𝛼(𝜔)𝑒−i𝜔𝑡,

d ̃𝜌𝑆
d𝑡 = −∑

𝛼𝛽
∑
𝜔1𝜔2

(Γ𝛼𝛽(𝜔1)𝑒i(𝜔2−𝜔1)𝑡[A𝛼(𝜔2)†,A𝛽(𝜔1) ̃𝜌𝑆(𝑡)] + h.𝑐.) , (2.56)
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where

Γ𝛼𝛽(𝜔) ∶= ∫
+∞

0
d𝑠 𝑒i𝜔𝑠ℬ𝛼𝛽(𝑠) . (2.57)

Eq. (2.56) is still not in the Lindblad form, due to the presence of the off-diagonal
terms 𝜔1 ≠ 𝜔2. The rotating wave approximation (or secular approximation)
states that the off-diagonal terms are rapidly oscillating for 𝑡 > |𝜔1 − 𝜔2|

−1 and,
for this reason, they average to zero. More formally,

min
𝜔1≠𝜔2

|𝜔1 − 𝜔2| > 𝜏−1𝐵 , (2.58)

and thus

d ̃𝜌𝑆
d𝑡 = −∑

𝛼𝛽
∑
𝜔
(Γ𝛼𝛽(𝜔)[A𝛼(𝜔)†,A𝛽(𝜔) ̃𝜌𝑆(𝑡)] + h.𝑐.) . (2.59)

The complex coefficients Γ𝛼𝛽(𝜔) may be written as

Γ𝛼𝛽(𝜔) ∶=
1
2𝛾𝛼𝛽(𝜔) + i𝑆𝛼𝛽(𝜔) , (2.60)

where

𝛾𝛼𝛽(𝜔) = Γ𝛼𝛽(𝜔) + Γ𝛽𝛼(𝜔)∗ , (2.61)

𝑆𝛼𝛽(𝜔) = 1
2i(Γ𝛼𝛽(𝜔) − Γ𝛽𝛼(𝜔)∗) , (2.62)

are Hermitian coefficient matrices. Eq. (2.59) reduces into

d ̃𝜌𝑆
d𝑡 = −i[𝐻L𝑆, ̃𝜌𝑆]

+∑
𝛼𝛽

∑
𝜔
𝛾𝛼𝛽(𝜔) (A𝛽(𝜔) ̃𝜌𝑆A𝛼(𝜔)† −

1
2 {A𝛼(𝜔)†A𝛽(𝜔), ̃𝜌𝑆}) , (2.63)

where the operator

𝐻L𝑆 ∶= ∑
𝜔
∑
𝛼𝛽

𝑆𝛼𝛽(𝜔)A𝛼(𝜔)†A𝛽(𝜔) , (2.64)

commutes with the Hamiltonian 𝐻𝑆 ([𝐻L𝑆, 𝐻𝑆] = 0) and only produces a shift
of the spectrum. For this reason, 𝐻L𝑆 is usually referred to as Lamb shift. In the
Schrödinger picture, Eq. (2.63) becomes

d𝜌𝑆
d𝑡 = −i[𝐻𝑆 + 𝐻L𝑆, 𝜌𝑆]

+∑
𝛼𝛽

∑
𝜔
𝛾𝛼𝛽(𝜔) (A𝛽(𝜔)𝜌𝑆A𝛼(𝜔)† −

1
2 {A𝛼(𝜔)†A𝛽(𝜔), 𝜌𝑆}) . (2.65)
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Eq. (2.65) can be brought into the Lindblad form by diagonalizing the Hermitian
matrix 𝜸(𝜔) with elements 𝛾𝛼𝛽(𝜔). Indeed, using the spectral decomposition of
the bath density operator 𝜌𝐵 = ∑𝜇 𝜆𝜇 |𝜇⟩ ⟨𝜇|, where 𝜆𝜇 ≥ 0 ∀𝜇 and∑𝜇 𝜆𝜇 = 1,
it can be proved that

𝐯† 𝜸(𝜔) 𝐯 = lim
𝑇→∞

1
𝑇 ∑

𝜇
𝜆𝜇
||||
∑
𝛼
∫

𝑇

0
d𝑠 𝑣𝛼𝐵𝛼(𝑠)𝑒−i𝜔𝑠 |𝜇⟩

||||

2

≥ 0 , ∀𝐯 , (2.66)

and then 𝜸(𝜔) is positive semi-definite. Finally, we get

d𝜌𝑆
d𝑡 = −i[𝐻𝑆 + 𝐻L𝑆, 𝜌𝑆]

+∑
𝛼
∑
𝜔
𝜅𝛼(𝜔) (𝐿𝛼(𝜔)𝜌𝑆𝐿𝛼(𝜔)† −

1
2 {𝐿𝛼(𝜔)

†𝐿𝛼(𝜔), 𝜌𝑆}) , (2.67)

where 𝜅𝛼(𝜔) ≥ 0 ∀𝛼, 𝜔 are the eigenvalues of 𝜸(𝜔) and 𝐿𝛼(𝜔) are the Lindblad
operators given by a unitary rotation of the operatorsA𝛼(𝜔). Eq. (2.67) is an im-
portant result and shows that the Lindblad dynamics naturally emerges from the
initial product state hypothesis, the weak coupling limit, the Markov hypothesis
and the secular approximation.

2.2 Quantum Langevin dynamics
In classical non-equilibrium statistical mechanics, the Langevin equations are a
standard, successful and tested way to describe the dissipative dynamics towards
its stationary (or equilibrium) state. However, the extension to quantum systems
is not immediate and intuitive. In order to recall the difficulties connected to
quantization, we consider the example of a single harmonic oscillator𝐻 = 𝑔

2
𝑝2+

𝜔2

2𝑔
𝑥2, where 𝑔 is the quantum coupling and 𝜔 is the angular frequency, see e.g.

Ref. [C8]. If we write down the ’natural Langevin equations’ (hereinafter we set
𝑘𝐵 = 1), we get

𝜕𝑡𝑥 = 𝑔𝑝 , (2.68)

𝜕𝑡𝑝 = −𝜔
2

𝑔 𝑥 − 𝛾𝑝 + 𝜂 , (2.69)

where the coupling with the external environment is described by the damping
term−𝛾𝑝 and the quantum noise 𝜂, which classically play the role of the friction
and the random impulsive forces, respectively. If we assume 𝜂 is a Gaussian
white noise,

⟨𝜂(𝑡)⟩ = 0 , ⟨𝜂(𝑡)𝜂(𝑡′)⟩ = 2𝑇𝛾
𝑔 𝛿(𝑡 − 𝑡′) . (2.70)
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Writing down the equation of motion of the equal time commutator 𝑐(𝑡) =
⟨[𝑥(𝑡), 𝑝(𝑡)]⟩, we get

𝜕𝑡𝑐(𝑡) = −𝛾𝑐(𝑡) . (2.71)

Solving for the boundary condition 𝑐(0) = iℏ, we get 𝑐(𝑡) = iℏ𝑒−𝛾𝑡, which is in
contrast with the postulates of quantum mechanics.

The Bedeaux-Mazur proposal tried to address the harmonic oscillator prob-
lem starting from amesoscopic non-equilibrium thermodynamic scheme [67, 68].
They built a new Liouvillian super-operator starting from the Gibbs’ entropy pos-
tulate, a weak limit for the thermodynamic force, the conservation of probability
and the Onsager relations. Therefore, they derived the Green’s functions for po-
sition and momentum and they checked the consistency with the Heisenberg
equations

𝜕𝑡𝑥 = 𝑔𝑝 + 𝜂(𝑥) , (2.72)

𝜕𝑡𝑝 = −𝜔
2

𝑔 𝑥 − 𝛾𝑝 + 𝜂(𝑝) , (2.73)

and the noise correlators

⟨𝜂(𝑥)(𝑡) 𝜂(𝑥)(𝑡′)⟩ = 0 , (2.74)

⟨𝜂(𝑝)(𝑡) 𝜂(𝑝)(𝑡′)⟩ = ℏ𝛾𝜔
𝑔 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) , (2.75)

⟨𝜂(𝑥)(𝑡) 𝜂(𝑝)(𝑡′)⟩ = −⟨𝜂(𝑝)(𝑡) 𝜂(𝑥)(𝑡′)⟩ = iℏ𝛾2 𝛿(𝑡 − 𝑡′) . (2.76)

Differently from the classical formulation into Eqs. (2.68,2.69), one may observe
the presence of an extra randomvelocity in Eq. (2.72). The set of Eqs. (2.74,2.75,2.76)
satisfies theMarkov property, as one can see from theDirac deltas, and in the clas-
sical limit (ℏ → 0) leads back to a classical brownian particle in a harmonic po-
tential. Alongside this, we could mention that Eqs. (2.72,2.73) find also concrete
and clear application in LRC circuits [14, 69–71], where the noises (𝜂(𝑥), 𝜂(𝑝)) are
mapped into (𝜂(𝑈), 𝜂(𝐼)), for the voltage and current fluctuations.

Unfortunately, the Bedeaux-Mazur proposal (2.72,2.73) with the markovian
correlators (2.74, 2.75, 2.76) does not verify the quantum fluctuation-dissipation
theorem, a fundamental requirement for quantum equilibrium states and the
second fundamental theorem of quantum thermodynamics. There are two dif-
ferent but equivalent ways to solve this problem. The first one is to follow the ab
initio approach by Ford, Kac and Mazur, which considers a one-body system cou-
pled to a large ensemble of harmonic oscillators through a bi-linear interaction
Hamiltonian [72]. Solving the dynamics, Ford, Kac and Mazur found the expli-
cit form of the noise correlators. Alternatively, one may use a phenomenological
approach, following the proposal by Araújo, Wald and Henkel [14]. This method
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postulates the Heisenberg equations (2.72,2.73) and then the noise correlators are
purpose-built to satisfy a set of desirable physical requirements,

(A) the canonical equal-time commutator ⟨[𝑥(𝑡), 𝑝(𝑡)]⟩ = iℏ ;

(B) the Kubo formula of linear response theory ;

(C) the virial theorem, both classical [C9–C11] and quantum-mechanical [14,
73], characterizing the stationary regime. For a quantum oscillator, it reads

⟨𝑝2⟩ = 𝜔2

𝑔2
⟨𝑥2⟩ ;

(D) the quantum fluctuation-dissipation theorem.

These are meant to guarantee that the stationary state will be a quantum equi-
librium state. The conditions (A) and (B) fix the noise commutators, while the
conditions (C) and (D) the noise anti-commutators. The microscopic derivation
by Ford, Kac andMazur and the axiomatic approach by Araújo, Wald and Henkel
produce the same noises [14, 72]

⟨[𝜂(𝑥)(𝑡), 𝜂(𝑝)(𝑡′)]⟩ = iℏ𝛾𝛿(𝑡 − 𝑡′) , (2.77)

⟨ {𝜂(𝑥)(𝑡), 𝜂(𝑝)(𝑡′)} ⟩ = 𝛾𝑇 coth (𝜋ℏ𝑇(𝑡 − 𝑡′)) . (2.78)

Eqs. (2.77,2.78) show that, in order to satisfy all the requirements (A-D), the noises
must be explicitly non-markovian and the only physical parameters governing
the dissipation are the damping constant 𝛾 and the bath temperature 𝑇, differ-
ently from Eq. (2.75). The interested reader can find a proof of the equivalence
of the two approaches in Ref. [14].

Eqs. (2.72,2.73) with the correlators (2.77,2.78) represent the usual form of the
quantum Langevin equations. As stressed in Ref. [14], the qualitative differences
between the classical and quantum cases may be illustrated through the motion
of a free one-dimensional Brownian particle. Indeed, the variance ⟨𝑥(𝑡)2⟩ scales
linearly with time 𝑡 at finite temperature, while ⟨𝑥(𝑡)2⟩ ∝ ln 𝑡 at 𝑇 = 0, showing
that quantum diffusion is more weak than the classical analogous.

The axiomatic approach by Araújo, Wald and Henkel will be largely men-
tioned and used in this thesis, especially to characterise the noises of the fric-
tion model and cavity model into Chapter 6. In the last part of this chapter, we
prefer to briefly introduce the microscopic derivation of the Langevin equations
by Ford, Kac and Mazur, following Refs. [72, 74] as guideline. The knowledge of
the ab-initio approach is also important to gain a overall view.

Suppose to couple a single oscillator to a large ensemble of harmonic oscil-
lators, along with a bi-linear interaction Hamiltonian. The total system-bath
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Hamiltonian reads

𝐻 = 𝑔
2𝑝

2 + 𝑉(𝑥) +∑
𝑖

𝑔𝑖
2 𝑝

2
𝑖 +

𝜔2𝑖
2𝑔𝑖

(𝑥 − 𝑞𝑖)2 , (2.79)

where (𝑥, 𝑝) and (𝑞𝑖, 𝑝𝑖) are the system and bath variables, respectively. These
quantum variables satisfy the commutation rules

[𝑥, 𝑝] = iℏ , [𝑞𝑖, 𝑝𝑗] = iℏ𝛿𝑖𝑗 . (2.80)

The interaction Hamiltonian is 𝐻𝐼 = −𝑥 ⊗ ∑𝑖(𝜔2𝑖 /𝑔𝑖)𝑞𝑖, while 𝑉(𝑥) is any po-
tential for which the spectrum of the system Hamiltonian

𝐻𝑆 =
𝑔
2𝑝

2 + 𝑉(𝑥) , (2.81)

is lower bounded. The Heisenberg equations of motion read

𝜕𝑡𝑥 = i
ℏ[𝑥,𝐻] = 𝑔𝑝 , (2.82)

𝜕𝑡𝑝 = i
ℏ[𝑝,𝐻] = −𝜕𝑥𝑉(𝑥) +∑

𝑗

𝜔2𝑗
𝑔𝑗
(𝑞𝑗 − 𝑥) , (2.83)

𝜕𝑡𝑞𝑗 = i
ℏ[𝑞𝑗, 𝐻] = 𝑔𝑗𝑝𝑗 , (2.84)

𝜕𝑡𝑝𝑗 = i
ℏ[𝑝𝑗, 𝐻] = −

𝜔2𝑗
𝑔𝑗
(𝑞𝑗 − 𝑥) , (2.85)

Eliminating the momentum variables, we can rewrite the Heisenberg equations
as

1
𝑔𝜕

2
𝑡 𝑥 + 𝜕𝑥𝑉(𝑥) = ∑

𝑗

𝜔2𝑗
𝑔𝑗
(𝑞𝑗 − 𝑥) , (2.86)

𝜕2𝑡 𝑞𝑗 + 𝜔2𝑗 𝑞𝑗 = 𝜔2𝑗 𝑥 . (2.87)

The solution of Eq. (2.87) may be written in terms of the homogeneous solution
𝑞ℎ𝑗 of the differential equation

𝜕2𝑡 𝑞ℎ𝑗 + 𝜔2𝑗 𝑞ℎ𝑗 = 0 . (2.88)

In particular, we get

𝑞𝑗(𝑡) = 𝑞ℎ𝑗 (𝑡) + 𝑥(𝑡) −∫
𝑡

−∞
d𝑠 cos[𝜔𝑗(𝑡 − 𝑠)] 𝜕𝑠𝑥(𝑠) . (2.89)
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Eq. (2.89) deserves some more attention, because the retarded solution of the in-
homogeneous equation breaks the time-reversal invariance of the original equa-
tions. The picture we have in mind is that at time 𝑡 = −∞ the particle is keeped
fixed at 𝑥 = 0, while the bath is at thermal equilibrium 𝑇. Next, the system is
free to evolve with the Hamiltonian (2.79). If we use Eq. (2.89) into Eq. (2.86), we
get

1
𝑔𝜕

2
𝑡 𝑥 +∫

𝑡

−∞
d𝑠 𝜇(𝑡 − 𝑠) 𝜕𝑠𝑥(𝑠) + 𝜕𝑥𝑉(𝑥) = 𝐹(𝑡) , (2.90)

where

𝜇(𝑡) = ∑
𝑗

𝜔2𝑗
𝑔𝑗

cos(𝜔𝑗𝑡) Θ(𝑡) , (2.91)

𝐹(𝑡) = ∑
𝑗

𝜔2𝑗
𝑔𝑗
𝑞ℎ𝑗 (𝑡) , (2.92)

andΘ(𝑡) is the Heaviside step function. Here, 𝐹(𝑡) plays the role of the quantum
noise. We remember that, in the distant past, the bath is at thermal equilibrium

𝜌𝐵 = exp{−𝐻𝐵/𝑇}/ tr(exp{−𝐻𝐵/𝑇}) . (2.93)

and the two-point functions read

⟨𝑞𝑗𝑞𝑘⟩ = tr(𝑞𝑗𝑞𝑘𝜌𝐵) =
ℏ𝑔𝑗
2𝜔𝑗

coth (
ℏ𝜔𝑗
2𝑇 ) 𝛿𝑗𝑘 , (2.94)

⟨𝑝𝑗𝑝𝑘⟩ = tr(𝑝𝑗𝑝𝑘𝜌𝐵) =
ℏ𝜔𝑗
2𝑔𝑗

coth (
ℏ𝜔𝑗
2𝑇 ) 𝛿𝑗𝑘 , (2.95)

⟨𝑞𝑗𝑝𝑘⟩ = −⟨𝑝𝑗𝑞𝑘⟩ =
1
2 iℏ𝛿𝑗𝑘 . (2.96)

Thanks to Eqs. (2.94,2.95,2.96), in the continuum limit we get

1
2⟨{𝐹(𝑡), 𝐹(𝑡

′)}⟩ = ℏ
𝜋 ∫

∞

0
d𝜔 ℜ{𝜇̃(𝜔 + i0+)}

× 𝜔 coth (ℏ𝜔2𝑇 ) cos[𝜔(𝑡 − 𝑡′)] , (2.97)

1
2⟨[𝐹(𝑡), 𝐹(𝑡

′)]⟩ = − iℏ
𝜋 ∫

∞

0
d𝜔 ℜ{𝜇̃(𝜔 + i0+)} 𝜔 sin[𝜔(𝑡 − 𝑡′)] , (2.98)

where

𝜇̃(𝑧) = ∫
∞

0
d𝑡 𝑒i𝑧𝑡𝜇(𝑡) = i

2 ∑𝑗

𝜔2𝑗
𝑔𝑗
[ 1
𝑧 − 𝜔𝑗

+ 1
𝑧 + 𝜔𝑗

] , 𝑧 ∈ ℂ . (2.99)
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Finally, if we assume ℜ{𝜇̃(𝜔 + i0+)} to be independent on 𝜔, we prove the equi-
valence with Eqs. (2.77,2.78), where 𝐹 = 𝑔𝜂(𝑝) + 𝛾𝜂(𝑥) + 𝜕𝑡𝜂(𝑥) [14].



Chapter 3

Phase-space formulation of quantum
mechanics

TheWigner’s phase-space picture is an alternative formulation of quantummech-
anics where the position-momentum operators ( ̂𝑥, 𝑝) and the quantum observ-
ables𝑂( ̂𝑥, 𝑝) aremapped onto classical variables (𝑥, 𝑝) and real-valued functions
𝑂(𝑥, 𝑝) with domain in the phase-space. This facilitates connections to classical
mechanics and semi-classical limits [75–77, C12, 78], where the quantum prop-
erties emerge as series expansion of ℏ. The phase-space formulation of quantum
mechanics is of considerable practical use and has been used for a broad spec-
trum of applications. Although this approach has been originally formulated
from the position-momentum operators ( ̂𝑥, 𝑝), in quantum optics it is prefer-
able to build a one-to-one map between bosonic creation/annihilation operators
( ̂𝑎, ̂𝑎†) and coherent state c-variables (𝛼, 𝛼∗), which leads to the celebrated char-
acteristic function approach and the Q-P representations [C12]. Recently, an ana-
logous approach has been developed to treat open fermion systems, by mapping
the Liouville-Fock space onto the Grassmann algebra. It represents a valid al-
ternative to the third quantization method [79], thanks to the rich analytic and
algebraic tools for functions in the Grassmann algebra.

In this chapter, we shall present the phase-space formalism, in its original
formulation introduced by Wigner [26], from the single particle to the many-
body case. Afterwhich, we shall show how the Wigner approach can be used in
nonequilibrium physics, with some interesting applications in open systems.

3.1 Weyl transform
Quantum observables can be represented by Hermitian operators acting on the
Hilbert space of system states, such that their eigenvalues coincidewith themeas-
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urement outcomes. Quantisation establishes a map between classical variables
and quantum operators, such that the canonical commutation relation [ ̂𝑥, 𝑝] =
𝑖ℏ between position ̂𝑥 and momentum 𝑝 holds, known as Dirac correspondence
rule. However, non-linear classical observables in position and momentum gen-
erate ambiguities in the definition of the corresponding quantum counterpart.
A typical example is the quantization of the classical observable 𝑓(𝑥, 𝑝) = 𝑥𝑝,
where the standard commutative multiplication offers many possibilities,

𝑓(𝑥, 𝑝) = 𝑥𝑝 ⟶ 𝑓( ̂𝑥, 𝑝) = { ̂𝑥𝑝, 𝑝 ̂𝑥, 12( ̂𝑥𝑝 + 𝑝 ̂𝑥), ...} . (3.1)

To solve this ambiguity, we introduce a one-to-one mapΦ[𝑓] = 𝑓(𝑥, 𝑝) between
Hilbert space operators and phase-space functions. The existence of the inverse
transformΦ−1 is guaranteed by the bijective correspondence. Since any classical
observable is a combination of the position-momentum canonical variables, it
is possible to introduce a new operation ⋆, which uniquely chatacterizes the
product between two Hilbert operators 𝑓, ̂𝑔. In the phase-space formalism, it
reads

Φ−1[𝑓 ⋆ 𝑔] = Φ−1[𝑓] Φ−1[𝑔] = 𝑓 ̂𝑔 , (3.2)

where the map Φ has to be consistent with the commutation relation [ ̂𝑥, 𝑝] = iℏ.
One may notice that the map Φ is not uniquely defined and different maps Φ
imply different products⋆, keeping in mind that⋆ should reduce to the standard
commutative product in the limit ℏ → 0. The Weyl quantisation is one way to
carry out this programme.

For any Hilbert operator 𝑓, the Weyl transform is the functional [75, 80–83]

Φ[𝑓] = 𝑓(𝑥, 𝑝) = ∫
ℝ
𝑒

i

ℏ𝑝𝑤 ⟨𝑥 − 𝑤/2 | 𝑓 | 𝑥 + 𝑤/2⟩ d𝑤 , (3.3)

where |𝑥⟩ are the eigenstates of the position operator: ̂𝑥 |𝑥⟩ = 𝑥 |𝑥⟩. Eq. (3.3) may
be rewritten in terms of the eigenstates |𝑝⟩ of the momentum operator 𝑝 |𝑝⟩ =
𝑝 |𝑝⟩, by using the completeness relation ∫ d𝑝 |𝑝⟩ ⟨𝑝| = 𝟙 and the scalar product

⟨𝑥|𝑝⟩ = 1
√2𝜋ℏ

𝑒
i

ℏ𝑥𝑝,

Φ[𝑓] = ∫
ℝ
𝑒

i

ℏ𝑥𝑘 ⟨𝑝 + 𝑘/2 | 𝑓 | 𝑝 − 𝑘/2⟩ d𝑘 . (3.4)

TheWeyl transform is linear in 𝑓, always well-defined and builds a unique phase-
space representation for any quantum-mechanical operator.

For simple polynomials 𝑄𝑛( ̂𝑥) or 𝑄𝑛(𝑝) of degree 𝑛, the Wigner representa-
tion coincides with the Dirac correspodence rule and

Φ[𝑄𝑛( ̂𝑥)] = 𝑄𝑛(𝑥) , Φ[𝑄𝑛(𝑝)] = 𝑄𝑛(𝑝) . (3.5)
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The same observation holds for a fully symmetrized polynomial 𝑄𝑛( ̂𝑥, 𝑝) of de-
gree 𝑛, which may be expressed as

𝑄𝑛( ̂𝑥, 𝑝) = ̂𝑥𝑄𝑛−1( ̂𝑥, 𝑝) + 𝑄𝑛−1( ̂𝑥, 𝑝) ̂𝑥 , (3.6)

or as
𝑄𝑛( ̂𝑥, 𝑝) = 𝑝𝑄𝑛−1( ̂𝑥, 𝑝) + 𝑄𝑛−1( ̂𝑥, 𝑝)𝑝 , (3.7)

where 𝑄𝑛−1( ̂𝑥, 𝑝) is a polynomial of degree 𝑛−1 [80]. In other terms, the phase-
space representation of a fully symmetrized polynomial 𝑄𝑛( ̂𝑥, 𝑝) can be easily
obtained with the substitution ̂𝑥 → 𝑥 and 𝑝 → 𝑝, e.g. Φ[ ̂𝑥𝑝 + 𝑝 ̂𝑥] = 2𝑥𝑝,
Φ[ ̂𝑥2𝑝 + 2 ̂𝑥𝑝 ̂𝑥 + 𝑝 ̂𝑥2] = 4𝑥2𝑝.

Apart from some particular cases, theWeyl transform of the standard product
between Hilbert operators is not so simple. Let 𝑓(𝑥, 𝑝) and 𝑔(𝑥, 𝑝) be the phase-
space representations of two operators 𝑓 and ̂𝑔. Using Def. (3.3), the Weyl trans-
form of the product 𝑓 ̂𝑔 is

Φ[𝑓 ̂𝑔] ∶= 𝑓(𝑥, 𝑝) ⋆ 𝑔(𝑥, 𝑝) = 𝑓(𝑥, 𝑝) exp ( iℏ2 (
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)) 𝑔(𝑥, 𝑝) , (3.8)

where the exponential operator exp ( iℏ
2
(
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)) is called Moyal product

[75]. The arrows indicate the direction for the differentiation;
→
𝜕 acts on the

right and
←
𝜕 on the left. Notice that the Moyal product becomes the standard

commutative product in the classical limit ℏ → 0.
For the sake of completeness, the commutator [𝑓, ̂𝑔] and the anti-commutator

{𝑓, ̂𝑔} are mapped into

Φ([𝑓, ̂𝑔]) = 2i𝑓(𝑥, 𝑝) sin (ℏ2 (
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)) 𝑔(𝑥, 𝑝) (3.9)

Φ({𝑓, ̂𝑔}) = 2𝑓(𝑥, 𝑝) cos (ℏ2 (
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)) 𝑔(𝑥, 𝑝) . (3.10)

3.2 Definition of the Wigner function
The Wigner function is defined as [26, 75, 78, 80–83]

𝒲(𝑥, 𝑝) ∶= ∫
ℝ
𝑒

i

ℏ𝑝𝑤 ⟨𝑥 − 𝑤/2 | ̂𝜌 | 𝑥 + 𝑤/2⟩ d𝑤 (3.11)

where ̂𝜌 is the density operator of the system, which may be pure or mixed; ̂𝜌 is
assumed to be properly normalised (tr( ̂𝜌) = 1). The Wigner function𝒲(𝑥, 𝑝) is
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nothing but the Weyl transform of the density matrix and fully characterises the
system. The Wigner function verifies the properties [78, 80]:

(i) 𝒲(𝑥, 𝑝) is a real function but, in general, is not positive definite ;

(ii) by virtue of the Cauchy–Schwarz inequality, for a pure state,𝒲(𝑥, 𝑝) is
constrained to

||𝒲(𝑥, 𝑝)|| ≤ 2 ; (3.12)

(iii) the marginals of the Wigner function coïncide with the probability
densities in position and momentum space

𝜌(𝑥) ∶= ⟨𝑥| 𝜌 |𝑥⟩ = 1
2𝜋ℏ ∫ d𝑝𝒲(𝑥, 𝑝) , (3.13)

̃𝜌(𝑝) ∶= ⟨𝑝| 𝜌 |𝑝⟩ = 1
2𝜋ℏ ∫ d𝑥𝒲(𝑥, 𝑝) ; (3.14)

(iv) If 𝑂(𝑥, 𝑝) is the Wigner representation of the observable 𝑂, the average
value is

⟨𝑂⟩ ∶= tr(𝑂 ̂𝜌) = 1
2𝜋ℏ∬d𝑥 d𝑝 𝑂(𝑥, 𝑝)𝒲(𝑥, 𝑝) . (3.15)

Since the Wigner function 𝒲(𝑥, 𝑝) may take negative values, cannot strictly
be interpreted as a joint probability distribution. However, as we shall see in
Chapter 5, there are some special circumstances where the Wigner function may
be pictorially viewed as a distribution of classical excitations. In general,𝒲(𝑥, 𝑝)
is usually referred to as a quasi-probability distribution, in the sense that it may be
used to compute any average quantity and probability, encoding all the features
of quantum systems.

In this paragraph, we generalise the previous equations for many-body sys-
tems. In such a case, the position-momentum operators satisfy the commutation
rules

[ ̂𝑥𝑗, ̂𝑥𝑘] = 0 , [𝑝𝑗, 𝑝𝑘] = 0 , [ ̂𝑥𝑗, 𝑝𝑘] = iℏ𝛿𝑗𝑘 , ∀𝑗, 𝑘 ∈ {1, … , 𝑁} (3.16)

where 𝑁 is the number of particles. The phase-space is 2𝑁-dimensional, gen-
erated by (𝑥𝑥𝑥,𝑝𝑝𝑝), where 𝑥𝑥𝑥 = (𝑥1, … , 𝑥𝑁) and 𝑝𝑝𝑝 = (𝑝1, … , 𝑝𝑁). It follows that
any quantum operator 𝑓( ̂𝑥𝑥𝑥,𝑝𝑝𝑝) and its representation 𝑓(𝑥𝑥𝑥,𝑝𝑝𝑝) are a function of
2𝑁 variables. The Weyl transform for many-body systems is

Φ[𝑓] = ∫ exp ( i
ℏ𝑝𝑝𝑝 ⋅ 𝑤𝑤𝑤) ⟨𝑥𝑥𝑥 −𝑤𝑤𝑤/2 | 𝑓 | 𝑥𝑥𝑥 +𝑤𝑤𝑤/2⟩ d𝑤𝑤𝑤 , (3.17)
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and the inverse transform is

𝑓 = 1
(2𝜋ℏ)2𝑁 ⨌𝑓(𝑘𝑘𝑘,ℎℎℎ) exp ( − i

ℏ[𝑤𝑤𝑤 ⋅ (𝑥̂𝑥𝑥 − 𝑘𝑘𝑘) + 𝑧𝑧𝑧 ⋅ (𝑝𝑝𝑝 −ℎℎℎ)]) d𝑘𝑘𝑘 dℎℎℎ d𝑤𝑤𝑤 d𝑧𝑧𝑧 .
(3.18)

Thanks to Eq. (3.18), the many-body Moyal product becomes

𝑓(𝑥𝑥𝑥,𝑝𝑝𝑝) ⋆ 𝑔(𝑥𝑥𝑥,𝑝𝑝𝑝) = 𝑓(𝑥𝑥𝑥,𝑝𝑝𝑝) exp ( iℏ2 (
←
∇∇∇𝑥 ⋅

→
∇∇∇𝑝 −

←
∇∇∇𝑝 ⋅

→
∇∇∇𝑥)) 𝑔(𝑥𝑥𝑥,𝑝𝑝𝑝) , (3.19)

where ∇∇∇𝑥 = (𝜕/𝜕𝑥1, … , 𝜕/𝜕𝑥𝑁), ∇∇∇𝑝 = (𝜕/𝜕𝑝1, … , 𝜕/𝜕𝑝𝑁) and 𝑓(𝑥𝑥𝑥,𝑝𝑝𝑝), 𝑔(𝑥𝑥𝑥,𝑝𝑝𝑝)
are some analytic phase-space functions. The quantum state ̂𝜌 is mapped into
the Wigner function

𝒲(𝑥𝑥𝑥,𝑝𝑝𝑝) = ∫ exp ( i
ℏ𝑝𝑝𝑝 ⋅ 𝑤𝑤𝑤) ⟨𝑥𝑥𝑥 −𝑤𝑤𝑤/2 | ̂𝜌 | 𝑥𝑥𝑥 +𝑤𝑤𝑤/2⟩ d𝑤𝑤𝑤 , (3.20)

where the features (i − iv) hold with obvious modifications. For many-body
problems, it is also useful to define the reduced Wigner function, which reads

𝑛(𝑥, 𝑝) = 𝑁∫𝒲(𝑥, 𝑥2, … , 𝑥𝑁 , 𝑝, 𝑝2, … , 𝑝𝑁) d𝑥2...d𝑥𝑁d𝑝2...d𝑝𝑁 . (3.21)

The reducedWigner function 𝑛(𝑥, 𝑝) is still a quasi-probability distribution func-
tion, but only gives a direct access to the single-particle quantities, e.g. the
particle density in real space and average occupation in momentum space.

3.3 Evolution of the Wigner function
The goal of this section is to study the evolution of the Wigner function for both
closed and open systems. In the first part, we shall focus on the unitary dynamics
and then, following the same philosophy, we shall extend our picture to marko-
vian Lindblad maps (see Sec.2.1). Hereinafter, we shall focus on one-dimensional
systems, but all the results of this sectionmay be easily generalised tomany-body
systems.

In this paragraph, we shall provide a pedagogical derivation of the Moyal
equation [75, 84] for the evolution of the Wigner function. For closed quantum
systems, the Liouville-von Neumann equation governs the time evolution of the
density operator,

d ̂𝜌
d𝑡 = − i

ℏ[𝐻, ̂𝜌], (3.22)
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where 𝐻 is the Hamiltonian operator. If 𝐻 is time-independent, the solution of
Eq. (3.22) is

̂𝜌(𝑡) = 𝑒−
i

ℏ 𝐻̂𝑡 ̂𝜌(0) 𝑒
i

ℏ 𝐻̂𝑡 , (3.23)

where ̂𝜌(0) is the initial state. Let 𝐻(𝑥, 𝑝) the phase-space representation of
𝐻. According to Eq. (3.9), the Weyl transform of the Liouville-von Neumann
equation (3.22) is

𝜕𝑡𝒲(𝑥, 𝑝, 𝑡) = − i
ℏΦ ([𝐻, ̂𝜌]) ,

= 2
ℏ𝐻(𝑥, 𝑝) sin (

ℏ
2 (

←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥))𝒲(𝑥, 𝑝, 𝑡) , (3.24)

Eq. (3.24) is the Moyal equation and provides the evolution of the Wigner func-
tion𝒲(𝑥, 𝑝, 𝑡). In series of ℏ, Eq. (3.24) becomes

𝜕𝑡𝒲(𝑥, 𝑝, 𝑡) = {𝐻(𝑥, 𝑝),𝒲(𝑥, 𝑝, 𝑡)}𝒫ℬ + 𝒪(ℏ2) , (3.25)

where {ℱ, 𝒢}𝒫ℬ = 𝜕𝑥ℱ𝜕𝑝𝒢−𝜕𝑝ℱ𝜕𝑥𝒢 is the Poisson bracket which describes the
classical dynamics. The semi-classical expansion (3.25) suggests that quantum
corrections emerge at the second order in ℏ.

Below, we consider the Lindblad equation (see Sec. 2.1)

d ̂𝜌
d𝑡 = − i

ℏ[𝐻, ̂𝜌] +∑
𝑗
𝛾𝑗 ( ̂𝐿𝑗 ̂𝜌 ̂𝐿†𝑗 −

1
2{

̂𝐿†𝑗 ̂𝐿𝑗, ̂𝜌}) , (3.26)

and we study the dynamics of ̂𝜌 in the Wigner formalism. Let 𝐿𝑗(𝑥, 𝑝) be the
phase-space representation of the jump operator ̂𝐿𝑗 . Thanks to the Moyal prod-
uct (3.8) and Eqs. (3.9,3.10), the Weyl transform of Eq. (3.26) is

𝜕𝑡𝒲(𝑥, 𝑝, 𝑡) = − i
ℏΦ ([𝐻, ̂𝜌]) +∑

𝑗
𝛾𝑗 [Φ ( ̂𝐿𝑗 ̂𝜌 ̂𝐿†𝑗) −

1
2Φ ({

̂𝐿†𝑗 ̂𝐿𝑗, ̂𝜌})]

= 2
ℏ𝐻(𝑥, 𝑝) sin (

ℏ
2 (

←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥))𝒲(𝑥, 𝑝, 𝑡)

−∑
𝑗
𝛾𝑗 Φ( ̂𝐿†𝑗 ̂𝐿𝑗) cos (

ℏ
2 (

←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥))𝒲(𝑥, 𝑝, 𝑡)

+∑
𝑗
𝛾𝑗 𝐿𝑗(𝑥, 𝑝) ⋆𝒲(𝑥, 𝑝, 𝑡) ⋆ 𝐿𝑗(𝑥, 𝑝)∗ , (3.27)

where
Φ [ ̂𝐿†𝑗 ̂𝐿𝑗] = 𝐿𝑗(𝑥, 𝑝)∗ ⋆ 𝐿𝑗(𝑥, 𝑝) , (3.28)
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is the Weyl transform of the operator ̂𝐿†𝑗 ̂𝐿𝑗 . In series of ℏ, each term reads

Φ [ ̂𝐿†𝑗 ̂𝐿𝑗] = ||𝐿𝑗(𝑥, 𝑝)||
2

+ iℏ
2 {𝐿(𝑥, 𝑝)

∗, 𝐿(𝑥, 𝑝)}𝒫ℬ + 𝒪(ℏ2) , (3.29)

cos (ℏ2 (
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)) = 1 + 𝒪(ℏ2) , (3.30)

sin (ℏ2 (
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)) = ℏ

2 (
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥) + 𝒪(ℏ3) , (3.31)

𝐿𝑗(𝑥, 𝑝) ⋆𝒲(𝑥, 𝑝, 𝑡) = 𝐿𝑗(𝑥, 𝑝)𝒲(𝑥, 𝑝, 𝑡)

+ iℏ
2 {𝐿(𝑥, 𝑝),𝒲(𝑥, 𝑝, 𝑡)}𝒫ℬ + 𝒪(ℏ2) ,(3.32)

𝐿𝑗(𝑥, 𝑝) ⋆𝒲(𝑥, 𝑝, 𝑡) ⋆ 𝐿𝑗(𝑥, 𝑝)∗ = ||𝐿𝑗(𝑥, 𝑝)||
2𝒲(𝑥, 𝑝, 𝑡)

+ iℏ
2 {𝐿(𝑥, 𝑝), 𝐿(𝑥, 𝑝)∗}𝒫ℬ𝒲(𝑥, 𝑝, 𝑡)

+ iℏ
2 {𝐿𝑗(𝑥, 𝑝),𝒲(𝑥, 𝑝, 𝑡)}𝒫ℬ 𝐿𝑗(𝑥, 𝑝)

∗

− iℏ
2 {𝐿𝑗(𝑥, 𝑝)∗,𝒲(𝑥, 𝑝, 𝑡)}𝒫ℬ 𝐿𝑗(𝑥, 𝑝)

+𝒪(ℏ2) . (3.33)

Finally, the time evolution of the Wigner function reads

𝜕𝑡𝒲(𝑥, 𝑝, 𝑡) = {𝐻(𝑥, 𝑝),𝒲(𝑥, 𝑝, 𝑡)}𝒫ℬ
+ iℏ
2 ∑

𝑗
𝛾𝑗 ({𝐿𝑗(𝑥, 𝑝),𝒲(𝑥, 𝑝, 𝑡)}𝒫ℬ 𝐿𝑗(𝑥, 𝑝)

∗ − c.c.) + 𝒪(ℏ2) . (3.34)

Eq. (3.34) is the analogous to the Moyal equation for open systems and, neglect-
ing 𝒪(ℏ2), reduces onto a linear differential equation for the Wigner function
𝒲(𝑥, 𝑝, 𝑡). Eq. (3.34) shows that, in general, the Lindblad jump operators affect
the quantum dynamics at the first order in ℏ. However, if the Lindblad jump op-
erators ̂𝐿𝑗 are observables ( ̂𝐿𝑗 = ̂𝐿†𝑗 ), then 𝐿𝑗(𝑥, 𝑝) = 𝐿𝑗(𝑥, 𝑝)∗ and the first term
linear in ℏ is null.



Chapter 4

Growth of entanglement entropy
under local projective measurements

During the last decades, quantum quenches in isolated systems have attracted a
lot of interest. In quench dynamics, a quantum system is usually prepared in a
stationary state, e.g. the ground state, and one of the tunable parameters of the
Hamiltonian is suddenly modified, driving the system out of equilibrium. The
state evolves unitarly and the spread of entanglement and correlations repres-
ents a useful tool to access the dynamical features of the state [85–87]. In par-
ticular, for short-ranged Hamiltonian operators, the propagation of information
is limited by the Lieb-Robinson bound [88] and the bipartite entanglement of a
semi-infinite subsystem can only grow unbounded. As predicted by the quasi-
particle picture [55, 56, 89, 90], for integrable models, the exctitations are stable,
each partner of the pairs propagates ballistically and the entanglement entropy
grows linearly in time (see Sec. 1.6).

However, different factors may influence the dynamics, and the scaling be-
haviour of entanglement entropy may change in out-of-equilibrium driving [54,
91–93]. A paradigmatic example is the many-body localization (MBL), in which
the entanglement transition is driven by a local disordered potential [94–101]. As
a result, the entanglement grows logarithmically in time, in contrast with the lin-
ear growth in thermalized case [100, 101], and the stationary state exhibits area-
law entropy. Alongside this, many different setups and dynamical protocols have
been proposed to avoid thermalization. Some of them make use of local opera-
tions which perturb the unitary evolution and offer another class of dynamical
behaviours, well explored in the contexts of weak measurements [27, 59], quan-
tum circuits [102–120], quantum spin chains [121–130], trapped atoms [131] and
trapped ions [132–134]. In continuous measurement scenarios, the most celeb-
rated phenomenon is the quantum Zeno effect [135–139], where the monitoring



General framework 49

frequency is so high that freezes the dynamics completely. This scenario has
been explored in open many-body systems [59, 140–145], whose dynamics is
described by a Lindblad master equation [66, 146, 147].

In light of these developments, we study a dynamical protocol involving ran-
dom projective measurements of the local occupation numbers. The content of
this chapter is based on our paper [A1].
The goal is to understand how entanglement and fluctuations are affected by
the monitoring of local degrees of freedom. In Sec. 4.1, we present the general
background, with the details of the monitoring protocol and the dynamics of the
average density matrix. In Sec. 4.2, we study the entanglement dynamics, where
the predicted linear growth for unitary dynamics is replaced by a logarithmic
one. In Sec. 4.3, we present the main results of this work, regarding the asymp-
totic regime of the entanglement. We show that the volume-law is substituted
by a sub-extensive growth of the entanglement entropy in the subsystem size.
In the thermodynamic limit, a new area-law regime emerges for any measure-
ment rate, with a correlation length increasing exponentially with the inverse
of the monitoring frequency. In Sec. 4.4, we show the scaling of the stationary
entanglement entropy by using the collapsed quasi-particle ansatz, see Ref. [59].
In Sec. 4.5, we analyse the entanglement fluctuations, with the scaling for small
and large measurement rates. In Sec. 4.6, we summarise the achieved results in
this work. We also stress that the collapsed quasi-particle pair ansatz is proved
to be an incomplete picture, especially to extrapolate the dynamical properties of
the entanglement under continuous measurements. However, many efforts have
been made to approach the entanglement problem and, in this regard, Ref. [148]
seems to be an encouraging theoretical attempt to face these difficulties. It is
remarkable that the results of Ref. [148] are in agreement with our numerical
analysis, which we shall illustrate in this chapter.

4.1 General framework

Let |Ψ⟩ ∈ ℋ = ⨂𝐿−1
𝑗=0 ℋ𝑗 be a pure quantum state of a one-dimensional many-

body system, where the total Hilbert space ℋ is the tensor product of the single-
particle Hilbert spaces ℋ𝑗 . In general,

|Ψ⟩ =
𝐿−1
∑
𝑘=0

𝑑𝑘
∑
𝑖𝑘=1

𝐴𝑖0...𝑖𝑘...𝑖𝐿−1 |𝑖0⟩ ⊗ ... |𝑖𝑘⟩ ⊗ ... |𝑖𝐿−1⟩ , (4.1)

where {|𝑖𝑘⟩}𝑖𝑘∈{1,...,𝑑𝑘} is the orthonormal set spanning ℋ𝑘, 𝑑𝑘 = dim (ℋ𝑘) is the
dimension of ℋ𝑘 and 𝐴𝑖0...𝑖𝑘...𝑖𝐿−1 is a tensor which verifies the normalization
condition ⟨Ψ|Ψ⟩ = 1.
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In this chapter, we consider a quantum chain of hopping spinless fermions
under periodic boundary conditions (PBC),

𝐻 = −12
𝐿−1
∑
𝑖=0

(𝑐†𝑖 𝑐𝑖+1 + 𝑐†𝑖+1𝑐𝑖) =
𝐿/2−1
∑

𝑘=−𝐿/2
𝜖𝑘 𝜂†𝑘𝜂𝑘 , (4.2)

where the 𝑐’s are the fermionic annihilation operators and 𝐿 is the total number
of sites, which we assume to be a pair number. The total dimension of the Hilbert
space ℋ is 2𝐿, where dim (ℋ𝑗) = 2, ∀𝑗 ∈ {0, ..., 𝐿 − 1}. The Hamiltonian 𝐻 is
diagonal in the Fourier modes

𝜂𝑘 =
1
√𝐿

𝐿−1
∑
𝑗=0

𝑒−i2𝜋𝑘𝑗/𝐿𝑐𝑗 , (4.3)

with single particle energies 𝜖𝑘 = − cos(2𝜋𝑘/𝐿). The time evolution of the state
is given by the Schrödinger equation

|Ψ(𝑡)⟩ = 𝑒−i𝐻𝑡 |Ψ⟩ , (4.4)

and the two-point function 𝐶𝑖𝑗(𝑡) = ⟨𝑐†𝑖 𝑐𝑗⟩𝜌(𝑡) = tr(𝑐†𝑖 𝑐𝑗𝜌(𝑡)) evolves according
to the unitary transformation

𝐂(𝑡 + 𝑠) = ℝ†(𝑠) 𝐂(𝑡) ℝ(𝑠) , (4.5)

where the elements of the matrix ℝ(𝑠) are

ℝ𝑚𝑛(𝑠) =
1
𝐿

𝐿/2−1
∑

𝑘=−𝐿/2
𝑒−i2𝜋(𝑚−𝑛)𝑘/𝐿−i𝜖𝑘𝑠 . (4.6)

4.1.1 Dynamical protocol
We shall present a protocol where the unitary dynamics (4.4) is perturbed by
random interactions with local monitoring apparatus. Each single local Hilbert
space ℋ𝑗 is coupled for a very short period of time with the environment, and a
local observable

𝒪𝑗 =
𝐾
∑
𝑘=1

𝑜𝑗𝑘𝒫(𝑘)
𝑗 , (4.7)

is measured, where 𝑜𝑗𝑘 is the 𝑘-th measurement outcome, 𝒫(𝑘)
𝑗 the projector on

the 𝑘-th Hilbert subspace and 𝐾 is the number of eigenvalues of 𝒪𝑗 . According
to the completeness relation for Hermitian operators,

𝐾
∑
𝑘=1

𝒫(𝑘)
𝑗 = 𝟙𝑗 . (4.8)
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Following the Born rule, a measure of the local observable 𝒪𝑗 projects the state
|Ψ⟩ on the 𝑘-th eigenvariety associated to the measurement outcome 𝑜𝑗𝑘. The
post-measured state is

||Ψ
(𝑘)
𝑗 ⟩ =

𝒫(𝑘)
𝑗 |Ψ⟩

√𝑝(𝑘)𝑗

, (4.9)

where 𝑝(𝑘)𝑗 = ⟨Ψ|𝒫(𝑘)
𝑗 |Ψ⟩ is the probability to get the outcome 𝑜𝑗𝑘.

Given a time step d𝑡 and a characteristic rate 𝜏−1, each single local degree of
freedom is independently monitored. In practice, a random number 𝑞𝑗 with uni-
form distribution in [0, 1] is extracted for each site 𝑗 of the chain, and a projection
on the 𝑘-th subspace is performed whether∑𝑘−1

𝑙=1 𝑝𝑙 < 𝑞𝑗 ≤ ∑𝑘
𝑙=1 𝑝𝑙. Under this

dynamical protocol, the many-body state |Ψ(𝑡)⟩ is conditioned by the set of meas-
urement events and subsequent outcomes but it remains pure all along the tra-
jectory. Observe that, since we are monitoring local observables, [𝒪𝑗1 , 𝒪𝑗2] = 0
∀𝑗1, 𝑗2 ∈ {0, … , 𝐿 − 1} and the measurements may be performed in any order at
fixed time 𝑡.

In this work, the local observables are the fermionic occupation numbers
𝒪𝑗 = 𝑛𝑗 = 𝑐†𝑗 𝑐𝑗 . Due to the Pauli exclusion principle, the Hermitian operator
𝑛𝑗 takes only two different outcomes: 0 or 1. Thanks to the spectral decomposi-
tion (4.7) and the completeness relation (4.8),

𝑛𝑗 = 0 ⋅ 𝒫(0)
𝑗 + 1 ⋅ 𝒫(1)

𝑗 , (4.10)

𝟙𝑗 = 𝒫(0)
𝑗 + 𝒫(1)

𝑗 , (4.11)

and thus
𝒫(0)
𝑗 = 𝟙𝑗 − 𝑛𝑗 , 𝒫(1)

𝑗 = 𝑛𝑗 . (4.12)

Using the results into Eq. (4.12), the possible post-measured states for the observ-
able 𝑛𝑗 are

||Ψ
(0)
𝑗 ⟩ =

(𝟙𝑗 − 𝑛𝑗) |Ψ⟩

√⟨Ψ|𝟙𝑗 − 𝑛𝑗|Ψ⟩
, ||Ψ

(1)
𝑗 ⟩ =

𝑛𝑗 |Ψ⟩

√⟨Ψ|𝑛𝑗|Ψ⟩
. (4.13)

The panels in Fig. 4.1 show some examples of quantum trajectories for different
values of the parameter 𝜏. In particular, the average number operators are plotted
as a function of the chain site 𝑗 and time 𝑡. After quenching the Néel state, the
unitary dynamics is perturbed by random interactions. Projective measurements
make fermions (or holes) collapsing into the monitored chain sites (see the black
and red spots into Fig. 4.1). These local excitations spread ballistically, with light
cones and fronts being bounded by a maximum propagation velocity. As the
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Figure 4.1: Average fermionic occupation as a function of the chain site 𝑗 and time 𝑡.
The quantum trajectories in each panel have been generated for different values of the
parameter 𝜏 = 2, 10, 50, 100.

parameter 𝜏 decreases, the average number of measurements increases, as well
as the density of black and red spots. For large monitoring rates, black and red
stripes emerge, since continuous measurements freeze the local dynamics and
kill the correlations. In fact, in the limit 𝜏 → 0, the system reaches the celebrated
Zeno regime.

Fig. 4.2 (c) shows an example of a random trajectory, using a diagrammatic
representation of quantum states and operators, largely used in tensor network
methods. The idea behind is that anymulti-dimensional tensormay be pictorially
represented by a box with a certain number of legs, one for each index with
finite (possibly different) dimension. For instance, the entangled state (4.1) and
the tensor 𝐴𝑖0...𝑖𝑘...𝑖𝐿−1 would be represented by a box with 𝐿 legs, one of them
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Figure 4.2: (a) Diagrammatic representation of a 8-rank tensor; (b) Contraction of a
8-rank tensor with a 10-rank tensor; (c) Example of random trajectory: the unitary evol-
ution, here the green box, is perturbed by random interactions with a local monitoring
apparatus, represented by the yellow boxes.

for each label 𝑖𝑘 with dimension 𝑑𝑘 (see Fig. 4.2 (a)). Graphically, if 𝐵𝑖0...𝑖𝑄𝑗0...𝑗𝑄
is another multi-dimensional tensor, the contraction between 𝐵𝑖0...𝑖𝑄𝑗0...𝑗𝑄 and
𝐴𝑗0...𝑗𝑄𝑖𝑄+1...𝑖𝐿−1 is

𝐶𝑖0...𝑖𝐿−1 = ∑
𝑗0...𝑗𝑄

𝐵𝑖0...𝑖𝑄𝑗0...𝑗𝑄𝐴𝑗0...𝑗𝑄𝑖𝑄+1...𝑖𝐿−1 , 𝑄 ≤ 𝐿 − 1 (4.14)

which is schematised in Fig. 4.2 (b). A clear application of the contraction (4.14)
is the computation of the time evolved state |Ψ(𝑡)⟩ = exp(−i𝐻𝑡) |Ψ⟩ (case 𝑄 =
𝐿 − 1), where the operator exp(−i𝐻𝑡) is described by a 2𝐿-rank tensor. An-
other application regards the measurement process, where the Hilbert operator
𝑛𝑗 is represented by a 2-rank tensor and the post-measured state by the contrac-
tion (4.14) with𝑄 = 0. According to this picture, a quantum trajectory is nothing
but a succession of contractions, given by the unitary evolution and the random
measurement events (see Fig. 4.2 (c)).

4.1.2 Stochastic samplings and average state dynam-
ics

This work is mostly addressed to the study of the average entanglement entropy,
to investigate possible transitions in the dynamical and asymptotic behaviour of
the entanglement. For this reason, we need to collect a statistically significant
number of trajectories. In this section, we shall illustrate the evolution of the
average entanglement and the average state.

Each collection of measurement outcomes defines a quantum trajectory 𝒯𝑖.
Any single trajectory is not interesting by itself and we need to collect a stat-



54 General framework

istically significant number of them. In this respect, let 𝜌𝑖(𝑡) denote the density
operator along the trajectory 𝒯𝑖. Let 𝒪[𝜌] be a general functional of the density
operator and let 𝒪(𝑡) denote the average over𝑀 trajectories,

𝒪(𝑡) = 1
𝑀

𝑀
∑
𝑖=1
(𝒪[𝜌𝑖(𝑡)]) . (4.15)

If 𝒪 is a linear functional of 𝜌, the relation (4.15) reduces to

𝒪 = 𝒪[𝜌] , 𝜌 = 1
𝑀

𝑀
∑
𝑖=1

𝜌𝑖 . (4.16)

Let us mention that computing the average of linear functionals is much less ex-
pensive in terms of computational resources, since one can access the quantity
𝒪 without computing 𝒪[𝜌𝑖(𝑡)] many times along the same trajectory 𝒯𝑖. Unfor-
tunately, for nonlinear functionals, e.g. entanglement entropy, Eq. (4.16) does
not hold anymore and the numerical cost increases.

Although the stochastic nature of the measurement events remains, the prob-
abilistic outcome of a quantum projectivemeasurement can be bypassed by intro-
ducing a statistical mixture; indeed, for measurements without sub-selection, the
outcome is unknown and the state transforms according to 𝜌 → ∑𝐾

𝑘=1 𝒫
(𝑘)

𝑗 𝜌𝒫(𝑘)
𝑗 ,

where at the beginning 𝜌(0) = |Ψ(0)⟩⟨Ψ(0)|. In this case, the state is not pure
anymore and the two approaches are indistinguishable as far as we are consider-
ing linear functionals of the density operator 𝜌(𝑡).

Despite our interest in the entanglement entropy, studying the evolution of
the average density matrix is sill interesting and allows us to easy access the
evolution of the average 𝑁-point functions. In fact, any quantum operator can
be written in terms of creation and annihilation operators and, since the trace
is a linear functional of the density operator, computing the average 𝑁-point
functions is equivalent to evaluate the𝑁-point functions over the average density
operator. In the next paragraphs we shall prove that, in the continuous limit, i.e.
d𝑡 → 0, the dynamics of the mixed state 𝜌 is governed by a Lindblad equation,
with jump rate (𝜏/2)−1.

In order to get the evolution of 𝜌(𝑡), we start from the analysis of the single
trajectories and, at the end, we shall extrapolate the average evolution. Let 𝜌(𝑡)
be the density operator at time 𝑡 and suppose we are interested in the time-
evolved state 𝜌(𝑡+d𝑡), under both unitary evolution (UE) and random-projective
measurements (RPM). For simplicity, we shall assume the only measured observ-
able is 𝑛𝑗; the corresponding generalisation to many local observables is obvious.
Let 𝑝 = d𝑡/𝜏 be the probability of measurement after each time step d𝑡. The stat-
istics of measurements and outcomes is expressed by the random independent
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variables {𝑥1, 𝑥2} with uniform distribution in [0, 1] and the functions

𝒬1(𝑥1) = {1 𝑥1 ∈ (0, 𝑝)
0 𝑥1 ∈ (𝑝, 1) 𝒬2(𝑥2) = {1 𝑥2 ∈ (0, ⟨𝑛𝑗⟩𝜌UE(𝑡+d𝑡))

0 𝑥2 ∈ (⟨𝑛𝑗⟩𝜌UE(𝑡+d𝑡), 1)
(4.17)

where 𝜌UE(𝑡 + d𝑡) = 𝜌(𝑡) − i[𝐻, 𝜌(𝑡)]d𝑡 is the time-evolved state under unitary
evolution. For a single quantum trajectory 𝒯𝑖,

𝜌(𝑡 + d𝑡) = [1 − 𝒬1(𝑥1)]𝜌UE(𝑡 + d𝑡) + 𝒬1(𝑥1)𝒬2(𝑥2)
𝑛𝑗𝜌UE(𝑡 + d𝑡)𝑛𝑗
⟨𝑛𝑗⟩𝜌UE(𝑡+d𝑡)

+𝒬1(𝑥1)[1 − 𝒬2(𝑥2)]
(𝟙𝑗 − 𝑛𝑗)𝜌UE(𝑡 + d𝑡)(𝟙𝑗 − 𝑛𝑗)

1 − ⟨𝑛𝑗⟩𝜌UE(𝑡+d𝑡)
. (4.18)

For a number of trajectories𝑀 →∞, we get

𝜌(𝑡 + d𝑡) = (1 − 𝑝)𝜌UE(𝑡 + d𝑡) + 𝑝𝑛𝑗𝜌UE(𝑡 + d𝑡)𝑛𝑗
+𝑝(𝟙𝑗 − 𝑛𝑗)𝜌UE(𝑡 + d𝑡)(𝟙𝑗 − 𝑛𝑗) , (4.19)

and hence

𝜌(𝑡 + d𝑡) = 𝜌(𝑡) − i[𝐻, 𝜌(𝑡)]d𝑡 + 2𝑝(𝑛𝑗𝜌(𝑡)𝑛𝑗 −
1
2{𝑛𝑗, 𝜌(𝑡)}) + 𝑂(𝑝2) . (4.20)

If measurements involve all the chain sites, we get

d𝜌
d𝑡 = −i[𝐻, 𝜌] + 2

𝜏
𝐿−1
∑
𝑗=0

(𝑛𝑗𝜌𝑛𝑗 −
1
2{𝑛𝑗, 𝜌}) , (4.21)

which is a Lindblad equation, where

𝒟(𝜌) = 2
𝜏
𝐿−1
∑
𝑗=0

(𝑛𝑗𝜌𝑛𝑗 −
1
2{𝑛𝑗, 𝜌}) , (4.22)

is the dissipator. The number operators 𝑛𝑗 are the Lindblad operators, while
2/𝜏 is the jump rate. Since [𝐻,𝑁] = 0 and 𝒟(𝑁) = 0, the dynamics (4.21)
conserves the average number of particles. Eq. (4.21) is a typical example of
dephasing dynamics, where the out-of-diagonal terms of the density matrix are
exponentially killed. The specific dynamical protocol described in Sec. 4.1.1 is
known to be an unravelling of Eq. (4.21), and 𝜌(𝑡) is obtained by averaging over
stochastic samplings of single trajectories evolving in time as pure states.
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In the last part of this paragraph, we shall evaluate the average correlator
⟨𝑐†𝑙 𝑐𝑘⟩𝜌(𝑡) = tr(𝑐†𝑙 𝑐𝑘𝜌(𝑡)). Thanks to Eq. (4.21), we get

d⟨𝑐†𝑙 𝑐𝑘⟩𝜌(𝑡)
d𝑡 = −i⟨[𝑐†𝑙 𝑐𝑘, 𝐻]⟩

𝜌(𝑡)

+2𝜏
𝐿−1
∑
𝑗=0

[⟨𝑛𝑗𝑐†𝑙 𝑐𝑘𝑛𝑗⟩𝜌(𝑡) −
1
2⟨{𝑛𝑗, 𝑐

†
𝑙 𝑐𝑘}⟩

𝜌(𝑡)
] . (4.23)

Using the identities

⟨𝑛𝑗𝑐†𝑙 𝑐𝑘𝑛𝑗⟩ = ⟨𝑐†𝑗 𝑐†𝑙 𝑐𝑘𝑐𝑗⟩ + 𝛿𝑗𝑙𝛿𝑗𝑘⟨𝑛𝑗⟩ , (4.24)

⟨𝑛𝑗𝑐†𝑙 𝑐𝑘⟩ = ⟨𝑐†𝑗 𝑐†𝑙 𝑐𝑘𝑐𝑗⟩ + 𝛿𝑗𝑘⟨𝑐†𝑙 𝑐𝑗⟩ , (4.25)

⟨𝑐†𝑙 𝑐𝑘𝑛𝑗⟩ = ⟨𝑐†𝑗 𝑐†𝑙 𝑐𝑘𝑐𝑗⟩ + 𝛿𝑗𝑙⟨𝑐†𝑗 𝑐𝑘⟩ , (4.26)

in Eq. (4.23), we obtain

d⟨𝑐†𝑙 𝑐𝑘⟩𝜌(𝑡)
d𝑡 = −i⟨[𝑐†𝑙 𝑐𝑘, 𝐻]⟩

𝜌(𝑡)
+ 2
𝜏[𝛿𝑙𝑘⟨𝑐

†
𝑙 𝑐𝑘⟩𝜌(𝑡) − ⟨𝑐†𝑙 𝑐𝑘⟩𝜌(𝑡)] . (4.27)

From Eqs. (4.27,4.2), we immediately get ⟨𝐻⟩𝜌(𝑡) = 𝐻0𝑒−2𝑡/𝜏, where 𝐻0 is the
average energy at time 𝑡 = 0. The average energy ⟨𝐻⟩𝜌(𝑡) shows an exponential
decay toward zero, i.e. infinite temperature state [149].

4.1.3 Gaussianity
Computing the entanglement for large systems is the first problem to deal with.
In fact, the dimension of the total Hilbert space increases exponentially with the
number of sites and applying the Schmidt decomposition soon becomes numer-
ically prohibitive.

The strategy is to prepare the system in a Gaussian state at time 𝑡 = 0, e.g. the
Néel state. Although the unitary evolution for quadratic Hamiltonians is Gaus-
sian preserving, projective measurements could in principle destroy the Gaus-
sianity. In this sense, the choice to detect the fermionic local occupations is
not only motivated by experimental interests. In fact, we shall demonstrate that
measuring the fermionic local number operators does not spoil the Gaussianity of
the state. Hence, the Peschel’s trick may be applied (see Sec. 1.5) at any time
along any quantum trajectory and the calculation of the bipartite entanglement
entropy reduces into the eigendecomposition of the truncated correlation matrix.
In this section, we shall provide two distinct but equivalent proofs to support the
Gaussianity under this specific dynamical protocol.
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Proof 1

Under the initial hypothesis of Gaussianity, we want to prove that the collapsed
post-measured state is still Gaussian. The first step is towrite down the fermionic
number operator in a useful form. According to Eq. (4.12), the observables 𝑛𝑗 and
𝟙𝑗 − 𝑛𝑗 are projectors and then

𝑛𝑗 = lim
𝛼→∞

𝑒𝛼𝑛𝑗
𝑒𝛼 − 1 , 𝟙𝑗 − 𝑛𝑗 = lim

𝛼→∞
𝑒−𝛼𝑛𝑗 . (4.28)

As previously shown in Sec. 1.5, for vanishing pairing terms ⟨𝑐𝑖𝑐𝑗⟩, any Gaussian
state takes the form 𝜌 ∼ exp(−∑𝑖𝑗𝑀𝑖𝑗𝑐†𝑖 𝑐𝑗). The expression one should consider
to evaluate the projected state is

𝑒±𝛼𝑛𝑗𝑒−∑𝑖𝑗𝑀𝑖𝑗𝑐†𝑖 𝑐𝑗𝑒±𝛼𝑛𝑗 , (4.29)

which, thanks to the Baker-Campbell-Hausdorff formula, leads to

𝑒−∑𝑖𝑗 𝐾𝑖𝑗𝑐†𝑖 𝑐𝑗 , (4.30)

for another coupling matrix 𝐾𝑖𝑗 .

QED

Proof 2

An alternative proof comes from the explicit calculation of any𝑁-point function.
The goal is to verify the identity (1.31) for the post-measured states (4.13). We can
directly consider the case where the indices 𝛼𝑘 , 𝛽𝑘 ≠ 𝑗 ∀𝑘 ∈ {1, ..., 𝑛}, otherwise
the Wick’s theorem is trivially verified.

Firstly, let’s demonstrate that ||Ψ
(1)
𝑗 ⟩ is a Gaussian state. Thanks to Eq. (4.13)

and the Gaussianity of the state |Ψ⟩,
𝑛
∑
𝑘=1

(−1)𝑛−𝑘⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ(1)
𝑗
⟨𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛⟩Ψ(1)

𝑗

= 1
⟨𝑛𝑗⟩2Ψ

𝑛
∑
𝑘=1

(−1)𝑛−𝑘⟨𝑐†𝑗 𝑐†𝛼1𝑐𝛽𝑘𝑐𝑗⟩Ψ⟨𝑐
†
𝑗 𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ ,

=
𝑛
∑
𝑘=1

(−1)𝑛−𝑘 [
⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ
⟨𝑛𝑗⟩Ψ

−
⟨𝑐†𝑗 𝑐𝛽𝑘⟩Ψ⟨𝑐

†
𝛼1𝑐𝑗⟩Ψ

⟨𝑛𝑗⟩2Ψ
]

× ⟨𝑐†𝑗 𝑐†𝛼2 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ . (4.31)
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Moreover, for Gaussian states

𝑛
∑
𝑘=1

(−1)𝑛−𝑘⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ⟨𝑐
†
𝑗 𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ

= ⟨𝑐†𝑗 𝑐†𝛼1 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ + ⟨𝑐†𝛼1𝑐𝑗⟩Ψ⟨𝑐

†
𝑗 𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛⟩Ψ , (4.32)

𝑛
∑
𝑘=1

(−1)𝑛−𝑘⟨𝑐†𝑗 𝑐𝛽𝑘⟩Ψ⟨𝑐
†
𝑗 𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ

= ⟨𝑛𝑗⟩𝜙⟨𝑐†𝑗 𝑐†𝛼2 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛⟩Ψ . (4.33)

Using Eqs. (4.32), (4.33) into Eq. (4.31),

𝑛
∑
𝑘=1

(−1)𝑛−𝑘⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ(1)
𝑗
⟨𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛⟩Ψ(1)

𝑗

= 1
⟨𝑛𝑗⟩Ψ

⟨𝑐†𝑗 𝑐†𝛼1 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ ,

= ⟨𝑐†𝛼1 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛⟩Ψ(1)

𝑗
, (4.34)

and the Wick’s theorem for ||Ψ
(1)
𝑗 ⟩ is verified.

Concerning the Gaussianity of ||Ψ
(0)
𝑗 ⟩, we proceed analogously to the previ-

ous case.

𝑛
∑
𝑘=1

(−1)𝑛−𝑘⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ(0)
𝑗
⟨𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛⟩Ψ(0)

𝑗

= 1
(1 − ⟨𝑛𝑗⟩Ψ)2

𝑛
∑
𝑘=1

(−1)𝑛−𝑘 [⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ − ⟨𝑐†𝑗 𝑐†𝛼1𝑐𝛽𝑘𝑐𝑗⟩Ψ]

× [⟨𝑐†𝛼2 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛⟩Ψ − ⟨𝑐†𝑗 𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ] ,

=
𝑛
∑
𝑘=1

(−1)𝑛−𝑘 [
⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ
1 − ⟨𝑛𝑗⟩Ψ

−
⟨𝑐†𝑗 𝑐𝛽𝑘⟩Ψ⟨𝑐

†
𝛼1𝑐𝑗⟩Ψ

(1 − ⟨𝑛𝑗⟩Ψ)2
] [⟨𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛⟩Ψ

−⟨𝑐†𝑗 𝑐†𝛼2 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ] , (4.35)
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Using Eqs. (4.32,4.33) into Eq. (4.35),
𝑛
∑
𝑘=1

(−1)𝑛−𝑘⟨𝑐†𝛼1𝑐𝛽𝑘⟩Ψ(0)
𝑗
⟨𝑐†𝛼2 ...𝑐

†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑘−1𝑐𝛽𝑘+1 ...𝑐𝛽𝑛⟩Ψ(0)

𝑗

= 1
1 − ⟨𝑛𝑗⟩Ψ

⟨𝑐†𝛼1 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛⟩Ψ(0)

𝑗
− 1
(1 − ⟨𝑛𝑗⟩Ψ)2

⟨𝑐†𝑗 𝑐†𝛼1 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛𝑐𝑗⟩Ψ(0)

𝑗
,

= ⟨𝑐†𝛼1 ...𝑐
†
𝛼𝑛𝑐𝛽1 ...𝑐𝛽𝑛⟩Ψ(0)

𝑗
, (4.36)

and the Wick’s theorem for ||Ψ
(0)
𝑗 ⟩ is verified.

QED

Gaussian states are fully characterised by the two-point functions, in the
sense that the Wick’s theorem provides any many-body quantity. Therefore, the
projection rules for |𝜓⟩ can be translated into the following rules for 𝐶(1)

𝑖𝑘 (𝑡) ∶=
⟨𝑐†𝑖 𝑐𝑘⟩Ψ(1)

𝑗
and 𝐶(0)

𝑖𝑘 (𝑡) ∶= ⟨𝑐†𝑖 𝑐𝑘⟩Ψ(0)
𝑗

, being the correlation matrices for the post-

measured states ||Ψ
(0)
𝑗 ⟩ and ||Ψ

(1)
𝑗 ⟩,

𝐶(1)
𝑖𝑘 (𝑡) = 1

⟨𝑛𝑗⟩Ψ
⟨𝑛𝑗𝑐†𝑖 𝑐𝑘𝑛𝑗⟩Ψ , (4.37)

𝐶(0)
𝑖𝑘 (𝑡) = 1

1 − ⟨𝑛𝑗⟩Ψ
(⟨𝑐†𝑖 𝑐𝑘⟩Ψ − ⟨𝑛𝑗𝑐†𝑖 𝑐𝑘⟩Ψ − ⟨𝑐†𝑖 𝑐𝑘𝑛𝑗⟩Ψ + ⟨𝑛𝑗𝑐†𝑖 𝑐𝑘𝑛𝑗⟩Ψ) . (4.38)

Thanks to the identities (4.24,4.25,4.26),

𝐶(1)
𝑖𝑘 (𝑡) = 𝛿𝑖𝑗𝛿𝑘𝑗 + 𝐶𝑖𝑘(𝑡) −

𝐶𝑖𝑘(𝑡)𝐶𝑗𝑘(𝑡)
𝐶𝑗𝑗(𝑡)

, (4.39)

𝐶(0)
𝑖𝑘 (𝑡) = −𝛿𝑖𝑗𝛿𝑘𝑗 + 𝐶𝑖𝑘(𝑡) +

(𝛿𝑖𝑗 − 𝐶𝑖𝑗(𝑡))(𝛿𝑘𝑗 − 𝐶𝑗𝑘(𝑡))
1 − 𝐶𝑗𝑗(𝑡)

. (4.40)

Eqs. (4.39,4.40) express the correlation matrix elements of the post-measured
states as a function of the values of the same elements before the measurement.
Eqs. (4.39,4.40) with the unitary transformation (4.5) provide all the ingredients
to generate random trajectories from initial Gaussian states.

4.2 Entanglement entropy dynamics
In this section, we shall illustrate the dynamics of the bipartite entanglement
entropy (EE), which is strongly affected by random projective measurements.
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Recalling the definition (see Sec. 1.1 for details), for a pure state |Ψ(𝑡)⟩, the EE
between a subsystem S and its complementary S∗ is 𝑆(𝑡) = trS(𝜌S(𝑡) ln 𝜌S(𝑡)),
where 𝜌S(𝑡) = trS∗ |Ψ(𝑡)⟩ ⟨Ψ(𝑡)| is the reduced density operator, obtained by
tracing over the degrees of freedom of the complementary partition S∗.

In this work, we always prepare the system in the Néel state at time 𝑡 = 0,
which means ⟨𝜓(0)| 𝑛2𝑗 |𝜓(0)⟩ = 0 and ⟨𝜓(0)| 𝑛2𝑗+1 |𝜓(0)⟩ = 1. This choice is
motivated by three practical reasons. Firstly, the Néel state is a Guassian state
and, since this dynamical protocol is Guassian preserving, the Peschel’s trick
may be applied along any quantum trajectory. Second, for initial Néel states and
closed non-interacting systems (𝜏 → ∞), the entanglement evolution is well cap-
tured by the quasi-particle picture (see Sec. 1.6). This is a valuable reference to
better quantify the effect of projective measurements on the spread of correla-
tions. Third, preparing the chain into any other initial Guassian state with the
same filling factor 1/2 does not play any role in the long time limit. Repeated
projective measurements destroy any memory effect, making the entanglement
dynamics practically indistinguishable at 𝑡 ∼ ∞. In a recent work, see Ref. [150],
the authors tried to go even beyond the Gaussianity, that means the dynamics is
not constrained anymore into the Hilbert subspace of the Gaussian states. The
Gaussianity-breaking is achieved with interacting models or even with suitable
measurements. As main result, the authors found no fundamental differences as
far as the entanglement transition is concerned.

According to the quasi-particle picture, when no measurements occur (𝜏 →
∞), low-entangled and highly excited initial states behave like reservoirs of clas-
sical excitations, which are entangled in pairs. After quenching the Néel state,
the quasi-particles spread ballistically with group velocity 𝑣𝑝 = sin(𝑝) and the
EE dynamics is characterised by a linear growth for 𝑡 ≤ 𝑙/2, where 𝑙 is the sub-
system size of S . For 𝑡 ≥ 𝑙/2, the linear increase is progressively replaced by a
stationary regimewhere entanglement saturates toward an extensive value equal
to 𝑙 ln(2). This extensive behaviour of the asymptotic EE is referred to as volume
law. In the opposite limit 𝜏 → 0, we keep measuring the system everywhere at
every time, the Zeno regime freezes the dynamics and system collapses into a
product state with zero entanglement.

In general, a finite monitoring rate should lower the entanglement produc-
tion, since measurements project the state and destroy the correlations. How-
ever, how and to what extent the monitoring rate 𝜏−1 affects the non-equilibrium
dynamics is anything but obvious. We investigate this question by analysing the
dynamics of the bipartite EE for different subsystems sizes 𝑙, embedded in a sys-
tem of size 𝐿. We perform averages over 200÷1000 different quantum trajector-
ies, depending on the system size and the monitoring rate. Indeed, the smaller
𝜏, the larger the number of measurements and, in principle, one should average
over a huge stochastic sampling to smooth down the random fluctuations.
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Figure 4.3: EE evolution for an initial Néel state and 𝐿 = 500. Lines, from bottom
to top, represent increasing subsystem sizes 𝑙 = 10𝑛, 𝑛 ∈ {1, ..., 10}. The results for
each 𝜏 ∈ {2, 10, 50,∞} have been computed by averaging over 1000 different quantum
trajectories.

In Fig. 4.3, we show the typical behaviour of the bipartite EE for 𝑙 = 10𝑛, 𝑛 ∈
{1, ..., 10}. Maximum simulation time and subsystem sizes have been selected in
such a way that data are not affected by finite size effects. Fig. 4.3 (a) shows the
entanglement dynamics for 𝜏 → ∞, i.e. the unitary evolution, with the initial
linear growth and the stationary value proportional to the subsystem size 𝑙, in
agreementwith the volume law. For finite values of 𝜏, as shown into Figs. 4.3 (b,c),
the linear increase is replaced by a sub-linear growth. More specifically, numer-
ical data rule out a power growth, in favour of a logarithmic one, with 𝑆𝑙(𝑡) =
𝑎𝜏 ln 𝑡 + 𝑏𝜏. Again, the EE saturates in the long time limit. Finally for very high
monitoring rates 𝜏−1 (see Fig. 4.3 (d)), we can identify a short transient regime
where the average EE exhibits a fast growth, before reaching a plateau where the
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Figure 4.4: Logarithmic slope of the EE extracted from 𝑆𝑙(𝑡) = 𝑎𝜏 ln 𝑡 + 𝑏𝜏 at 𝑙 = 𝐿/4
as a function of 𝜏 for different system sizes (𝐿 = 200, 300, 400). When 𝜏 gets larger, the
expected linear growth of the entanglement is restored. On the contrary, when 𝜏 → 0,
𝑎𝜏 is getting closer to zero suggesting an area-law phase.

EE is independent on the subsystem size, the area-law regime. Indeed, the dens-
ity of measurements is so large that the system immediately loses memory of the
initial state and approaches a dynamical regime where the spread of correlations
is continuously interrupted and bounded by a finite characteristic length.

From the bipartite EE at 𝑙 = 𝐿/4 we extract the parameter 𝑎𝜏 by fitting the
data in the interval 𝑡 ∈ [0, 𝐿/8]. In Fig. 4.4, we show 𝑎𝜏 as a function of the
monitoring rate 1/𝜏, for different system sizes 𝐿 ∈ {200, 300, 400}. As expected,
𝑎𝜏 is growing when 𝜏 is getting larger, eventually diverging for 𝜏 → ∞, restoring
the linear behaviour of the entanglement under unitary dynamics. The larger 𝜏,
the larger the times and the subsystem sizes to observe any deviation from the
linear growth. A low measurement density on a huge quantum chain cannot
significantly change the entanglement behaviour for short time scales. On the
contrary, for 𝜏 → 0, 𝑎𝜏 is vanishing, confirming the observed area-law regime.

4.3 Stationary entanglement entropy
Unsurprisingly, random measurements also affect the scaling of the stationary
entanglement. From an inspection of the data, the asymptotic EE undergoes a
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qualitative change: from being extensive when 𝜏 = ∞, it shows an area-law
scaling for high rates 𝜏−1. However, it is much less obvious the scaling law for
any finite measurement rate. At first glance, data may suggest the existence
of a critical measurement rate at which a new logarithmic phase emerges. In
this section, we shall go deeply to give an answer and justify our conclusions.
The absence of rigorous theoretical tools for this new research field made it very
difficult and time-consuming to came up to firm conclusions. The statements and
arguments on the stationary EE should not be taken as a rigorous mathematical
proof, but rather as a numerical evidence strongly supported by numerical data.

We investigate the behaviour of the stationary EE as a function of the sub-
system sizes 𝑙 and measurement rates 𝜏−1. By an analysis of the data, we con-
clude that the stationary EE is independent on 𝑙 for sufficiently small values of 𝜏
(roughly speaking 𝜏 <∼ 2), which is the area-law phase; in other words, the meas-
urement rate is so high that the time-evolved system cannot escape from a short
correlated state. In the opposite limit 𝜏 → ∞, the volume-law behaviour charac-
terises the system, with infinite correlation length. Between the two asymptotic
cases, there is a large range of measurement rates where, for finite subsystem
sizes 𝑙 accessible from numerics, the stationary EE is characterised by a sub-
linear growth (see Fig. 4.3 and Fig. 4.5 (a)). However, understanding whether
this sub-linear growth survives in the thermodynamic limit or not has required
many efforts and numerical analysis. In this respect, the logarithmic ansatz, typ-
ical for critical systems, was a good candidate and seemed to be in agreement
with numerical data for large sizes 𝑙. The purpose of this section is to verify the
existence of the logarithmic phase, and eventually identify the critical parameter
𝜏𝑐 > 0 at which the transition between the logarithmic and the area-law phase
occurs.

We analyse the stationary EE as a function of the subsystem size 𝑙 for different
system sizes 𝐿. In order to reduce the fluctuations, we also take the time average
over the time window [𝑡min, 𝑡max] wherein the EE is almost constant. The upper
and lower boundaries 𝑡min ≥ 𝑙/2 and 𝑡max ≤ (𝐿−𝑙)/2 have been chosen so that the
entropy is weakly affected by finite-size effects; in fact, in that interval, the EE
has essentially entered the stationary regime and is not affected by the motion
of particles under PBC on a finite ring. In the following, ⟨𝑆𝑙(𝜏)⟩ will denote the
time average of the entanglement 𝑆𝑙(𝜏) in the time window [𝑡min, 𝑡max].

In order to check whether the asymptotic scaling acquires a logarithmic de-
pendence or not, we make use of the fit function 𝑟 ln(𝑙) + 𝑘 with 𝑙 ∈ [𝑙min, 𝑙max],
from where we extract the parameter 𝑟. The fit parameter 𝑟 gives an estimate
of the asymptotic logarithmic slope of the entanglement, namely 𝑙𝜕𝑙⟨ ̄𝑆𝑙(∞)⟩, as
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Figure 4.5: (a) We plot the stationary EE in log-linear scale, for 𝐿 ∈
{200, 300, 400, 500, 800} (different symbols) and several measurement rates 𝜏−1 (differ-
ent colors), as a function of the subsystem size 𝑙 ∈ [1, 200]. (b) Logarithmic slope of
the stationary EE for different system sizes 𝐿 as a function of the parameter 𝜏. The in-
set shows the critical value 𝜏𝑐𝐿, which has been estimated for different system sizes 𝐿,
revealing its divergent behaviour.
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Figure 4.6: We show the stationary EE as a function of 𝜏 for different subsystem sizes 𝑙
and 𝐿 = 400; in the inset, the logarithmic growth of the inflection point 𝜏⋆𝑙 as a function
of the subsystem size 𝑙.

a function of the measurement rate 𝜏−1. Again, the upper and lower boundar-
ies 𝑙min and 𝑙max have been selected appropriately in relation to the total system
size 𝐿, in order to stay in the correct regime. In Fig. 4.5 (b) we plot the best fit
parameter 𝑟 for 𝜏 ∈ [1, 10] and different system sizes 𝐿 ∈ {200, 400, 800}. This
quantity is an indicator of a possible sharp transition between the area-law and
log-low phase. Similarly to what has been observed for the scaling of the time-
dependent EE, the logarithmic slope 𝑟 decreases for 𝜏 approaching the Zeno re-
gime. In particular, for every system size 𝐿, we can identify a critical value 𝜏𝑐𝐿
such that, for 𝜏 < 𝜏𝑐𝐿, the fit parameter 𝑟 shows a fast convergence toward zero.
To estimate 𝜏𝑐𝐿 we perform a best fit of 𝑟 for every system size 𝐿 whose inter-
cept with the axis 𝑟 = 0 gives the critical value 𝜏𝑐𝐿 separating the area-law and
log-law phase. Indeed, if the limit lim𝐿→∞ 𝜏𝑐𝐿 = 𝜏𝑐 converges to a finite value,
the logarithmic phase characterises the stationary regime for 𝜏 > 𝜏𝑐. However,
the data in the inset of Fig. 4.5 (b) shows that 𝜏𝑐𝐿 is growing linearly with 𝐿 and
therefore the only stationary-EE phase that survives in the thermodynamic limit
is the area-law phase.

Those results are further supported by the study of the stationary EE as a
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function of the parameter 𝜏 for different subsystem sizes 𝑙 (see Fig. 4.6). The
stationary EE is identically zero in the Zeno regime (𝜏 = 0) and approaches
𝑙 ln(2) for 𝜏 → ∞. As expected, ⟨𝑆𝑙(𝜏)⟩ is a monotonically increasing function of
𝜏, since local measurements project the state and destroy the correlations. The
stationary EE is size-independent for large rates and then changes its concavity
at 𝜏 = 𝜏⋆𝑙 . In particular, our data show a logarithmic growth of the inflection
point 𝜏⋆𝑙 with the subsystem size 𝑙. This observation allows us to introduce a
correlation length 𝜉(𝜏)which increases exponentially with 𝜏 and determines the
entanglement behaviour. In fact, if 𝜉(𝜏) ≪ 𝑙, only the chain sites close to the
boundary are correlated with the complementary partition, which is the area-
law regime. For increasing values of 𝜏, 𝜉(𝜏) gets larger and larger, as well as the
number of sites involved in generating correlations with the rest of the chain.
In the limit 𝜉(𝜏) ≫ 𝑙, the entire subsystem contributes to the EE, approaching
the volume-law regime. The exponential growth of the correlation length 𝜉(𝜏)
explains why it becomes soon numerically prohibitive to observe the area-law
regime.

4.4 Entanglement entropy scaling
As already shown in Sec. 1.6, the qualitative behaviour of the entanglement is
captured by the quasi-particles, which are correlated in pairs and spread ballist-
ically with opposite momenta ±𝑘 ∈ [−𝜋, 𝜋]. The contribution to the EE comes
from these quasi-particle pairs such that one partner is inside the subsystem and
the other one is outside. In this section, we shall see how this picture can be
reshaped to include the effects of projective measurements.

In order to get the scaling of the stationary EE, in this work we make use
of the collapsed quasi-particle ansatz, introduced in Ref. [59], in which the au-
thors study a dynamical protocol where the system undergoes infinitely weak
and frequent interactions with ancillas, namely continuous weak measurements.
According to the collapsed quasi-particle ansatz, the quasi-particle pairs may be
destroyed with probability 𝜏d𝑡 in every time step d𝑡; if this happens, one quasi-
particle of the collapsed pair is chosen with equal probability 1/2, and then a
new pair is created at its position, with random momenta ±𝑘, where 𝑘 is chosen
uniformly in the Brillouin zone [−𝜋, 𝜋]. Moreover, the contribution to the EE
of the new quasiparticle pairs created at (𝑥, 𝑡) is assumed to be 𝑠[𝜌(𝑥, 𝑡)], where
𝜌(𝑥, 𝑡) is the particle density and 𝑠 the Yang-Yang entropy (1.54). Under these
hypothesis, the stationary EE reads

⟨𝑆𝑙(𝜏)⟩ = ln(2)∫
∞

0

d𝑦
𝜏 𝑒−𝑦/𝜏∫

𝜋

−𝜋

d𝑘
2𝜋 ∫𝒬𝑘,𝑦

𝑑𝑥 . (4.41)



Entanglement entropy scaling 67

10 3 10 2 10 1 100 101 102 103

l/

0.0

0.2

0.4

0.6

0.8

1.0

S l
(

)
/

S l
(

=
)

l = 40    L = 400
l = 60    L = 400
l = 80    L = 400
l = 100  L = 400
l = 100  L = 800

10 1 100 101 102 103
10 5

10 3

10 1

Figure 4.7: Scaling of the stationary EE: ⟨𝑆𝑙(𝜏)⟩/⟨𝑆𝑙(𝜏 = ∞)⟩ vs 𝑙/𝜏. The dashed line is
the collapsed quasi-particle ansatz while the coloured spots are data. Note that ⟨𝑆𝑙(𝜏)⟩
has been computed by taking the average in [𝑡min, 𝑡max] and thus ⟨𝑆𝑙(𝜏 = ∞)⟩ is very
well approximated by 𝑙 ln(2) only if 𝑙 ≪ 𝐿. The inset shows the same data in log-log
scale, in order to emphasise the differences between the continuous limit d𝑡 → 0 and the
discrete case.

Eq. (4.41) fits the numerical data, as shown in Fig. 4.7. Since our protocol dif-
fers from the one in Ref.[59], it is worth investigating whether our recipe agrees
with their scaling result. The EE in our discrete model is very well captured by
the continuous limit description (4.21) (d𝑡/𝜏 ≪ 1). Although we expect a good
prediction by the collapsed quasi-particle ansatz only for d𝑡/𝜏 ≪ 1, we see in
Fig. 4.7 that the agreement is excellent in a much wider range of measurement
rates. Fig. 4.7 also shows the same ratio for different chain sizes 𝐿 ∈ {400, 800}
to emphasise that the scaling figure is weakly affected by finite-size effects.

Unfortunately, this semi-classical approach does not match the dynamical
regime and the logarithmic growth, suggesting that the mechanism behind the
spread of correlations is much more complicated. As put forward in Ref. [151],
the competition between coherent dynamics and random projective measure-
ments generates multipartite quantum correlations which are inconsistent with
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an entangled-pair structure, then requiring the presence of larger multiplets.

4.5 Entanglement entropy fluctuations
In order to further support the results of the previous sections, we analyse the
stationary fluctuations ⟨𝜎2𝑙 (𝜏)⟩ = ⟨𝑆2𝑙(𝜏)⟩ − ⟨𝑆𝑙(𝜏)2⟩. Fig. 4.8 (a) shows the fluc-
tuations as a function of the parameter 𝜏 for several subsystem sizes. One may
immediately notice that the variance is 𝑙-independent for very highmeasurement
rates, since the system is close to the Zeno regime. For large measurement rates,
we do expect that even higher momenta of the EE are size independent. In the op-
posite limit (𝜏 → ∞), the behaviour of the fluctuations may be easily understood
looking at the properties of the Poisson distribution, as detailed below.

Suppose that the parameter 𝜏 is large enough so that 𝐿d𝑡/𝜏 ≪ 1. This con-
dition is equivalent to say that the probability to have multiple measurement
events after each time step d𝑡 is negligible. Hence, the dynamical protocol be-
comes a Poisson process and 𝜅 = 𝑇𝐿/𝜏 is the average number of measurements
in the time interval [0, 𝑇],

𝑆𝑛𝑙(𝜏, 𝑇) = ∑
𝑗
𝒫(𝑗)𝒜𝑙(𝑗, 𝑛, 𝑇) , (4.42)

where 𝒫(𝑗) = 𝜅𝑗𝑒−𝜅/𝑗! is the probability to take 𝑗 measurements in [0, 𝑇] and
𝒜𝑙(𝑗, 𝑛, 𝑇) is the average of the 𝑛-th momentum of the EE over all the quantum
trajectories in [0, 𝑇]with fixed number of measurements 𝑗. The variance is given
by

𝜎2𝑙 (𝜏, 𝑇) = 𝑆2𝑙(𝜏, 𝑇) − (𝑆𝑙(𝜏, 𝑇))2 ∼ ℱ𝑙(𝑇)𝜅(𝜏, 𝑇) , 𝜅 ≪ 1 (4.43)

where ℱ𝑙(𝑇) = 𝒜𝑙(1, 2, 𝑇) − 2𝒜𝑙(0, 1, 𝑇)𝒜𝑙(1, 1, 𝑇) + 𝒜𝑙(0, 1, 𝑇)2. Since we are
interested in the asymptotic quantities, the simulation time 𝑇 has to be prop-
erly chosen to make sure that the entanglement moments enter the stationary
regime but avoiding the finite size effects. The term 𝒜𝑙(1, 𝑛, 𝑇) represents the
contribution to the EE moments for one single measurement and then it can be
written in terms of small perturbations to the unitary case. In other terms, ℱ𝑙(𝑇)
is approximately proportional to 𝑙2 and thus the ratio 𝑔(𝑙, 𝜏) = ⟨𝜎2𝑙 (𝜏)⟩/⟨𝑆𝑙(𝜏)⟩2
is 𝑙-independent and proportional to 𝜏−1 for very low measurement rates. This
behaviour is emphasized in Fig. 4.8 (b).

Between the two asymptotic regimes, the variance shows a double-peak struc-
ture (see Fig. 4.8 (a)) which might suggest the presence of two different processes
generating fluctuations. Note that this double-peak structure also reflects into
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Figure 4.8: (a) Fluctuations of the stationary EE as a function of the parameter 𝜏 for
𝐿 = 400. The absolutemaximumpoint ⟨𝜎2⟩max and the corresponding position 𝜏max grow
linearly with the subsystem size 𝑙, as shown in the inset on the left. The inset on the right
illustrates the fit functions (dashed lines) based on the collapsed quasi-particle ansatz; the
green curve interpolates the maximum points. (b) The ratio 𝑔(𝑙, 𝜏) = ⟨𝜎2𝑙 (𝜏)⟩/⟨𝑆𝑙(𝜏)⟩2 as
a function of the parameter 𝜏 for 𝐿 = 400. The dashed line is the asymptotic behaviour
given by the theory, well fitting the numerical data.
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the ratio 𝑔(𝑙, 𝜏) = ⟨𝜎2𝑙 (𝜏)⟩/⟨𝑆𝑙(𝜏)⟩2, as shown in Fig. 4.8 (b). In particular, data
suggest that the position of the first peak scales logarithmically with the sub-
system size 𝑙; this is not surprising because, in that regime, fluctuations reflect
the behaviour of the inflection point 𝜏∗𝑙 of the EE, which also scales logarith-
mically. Despite the fact that the total system size, as well as the number of
simulated trajectories, is not large enough to proceed with a thorough analysis,
data suggest that the peak position of the absolute maximum 𝜏max and its value
⟨𝜎2⟩max = ⟨𝜎2(𝜏max)⟩ increase linearly with the subsystem size 𝑙, as shown in the
inset of the Fig. 4.8 (a). In order to estimate the maximum points and their po-
sitions, we use as a fit function a linear combination of the square of Eq. (4.41)
and the square of the average contribution to the EE by the new quasi-particle
pairs randomly created by measurements (the argument of the integral (4.41)).
By optimising the parameters of the fit function, we get a very good interpol-
ation of the data, as shown in the inset of Fig. 4.8 (a). This suggests that the
collapsed quasi-particle ansatz may give some insights to capture the qualitative
behaviour of the fluctuations but still remains inappropriate and unsatisfactory
for this kind of analysis, as put forward in Ref. [151].

4.6 Discussion and conclusion
In this numerical work, we studied the quench dynamics for the Néel state in a
free fermion chain under random projective measurements of the local occupa-
tion. We found a logarithmic growth of the EE as a function on time, replacing
the linear behaviour for closed systems. Moreover, we also investigated the sta-
tionary entanglement as a function of the measurement rate 𝜏−1. We ruled out
a logarithmic phase and we numerically confirmed the presence of a single area-
law phase for any finite value of the parameter 𝜏. Moreover, using the collapsed
quasi-particle ansatz, we found the scaling of the stationary EE. Finally, we stud-
ied the fluctuations and the scaling behaviour for very low/high measurement
rates. The EE fluctuations show a very intriguing profile which, unfortunately,
cannot be captured by the collapsed quasi-particle ansatz.

However, this is not the end of the story and many questions and scenarios
still remain unexplored. The collapsed quasi-particle ansatz is clearly unsatis-
factory for the dynamical regime and the higher moments of the EE. As proved
in Ref. [151], entangled multiplets should be considered. In a recent work [148],
some numerical results presented in this chapter, such as the single area-law
phase, have been theoretically confirmed. Despite this, rigorous theoretical in-
vestigation methods are still missing and, most of the time, numerics is the only
way to access the entanglement behaviour.



Chapter 5

Wigner dynamics for quantum gases
under inhomogeneous gain and loss
processes with dephasing

Unrevealing the mechanism behind the particle transport in open quantum sys-
tems is one of the most attractive challenges in out-of-equilibrium physics. The
first successful attempt comes from the Wigner approach, which achieved great
success in semi-classical contexts [26, 75]. As shown in Chapter 3, this alternat-
ive formulation of quantum mechanics is based on mapping quantum operators
into phase-space functions and leads to the celebrated Boltzmann transport equa-
tion [152, C13, 153] for the Wigner quasi-probability distribution [152, C13, 153],
elegantly defined as the Weyl transform of the density operator [154–156].

Despite the huge interest in closed systems, many other scenarios still re-
main totally or partially unexplored, as the 𝑘-body gain and loss processes in
one dimensional systems [157–162]. Along the lines of the phase-space method
in quantum optics [C8, C12, 163, 164], there have also been remarkable attempts
to develop a characteristic function approach for open fermion systems [165],
based on mapping the Liouville-Fock space of the fermion operators into the
space of the Grassmann variables. Thus, for non-interacting Hamiltonians and
linear Lindbladian operators, the master equation of the density operator may be
transformed into a first order partial differential equation for the characteristic
function, solvable by standard techniques. Despite the non-commutative algebra
of the Grassmann variables, this approach is still interesting since the average
value of one-body or two-body observables can be written in terms of partial
derivatives of the characteristic function.

In this chapter, we aim to investigation particle transport in open marko-
vian systems, as proposed in Refs. [166–174]. More specifically, we were in-
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spired by the hydrodynamic approach [9, 10, 59, 175–193] which describes the
non-equilibrium dynamics of closed systems in terms of classical non-interacting
quasi-particles. In this chapter, we shall generalise this picture for the Lindblad
dynamics.

The content of this chapter is based on our paper [A2]. In Sec. 5.1, we out-
line the general background. More specifically, we consider quantum chains
of free particles (bosons or fermions) coupled to Lindblad baths, whose interac-
tion is described by single particle gain-loss processes and dephasing, both with
inhomogeneous jump rates. This choice is motivated by the huge interest in
transport phenomena for boundary-driven spin chains, where fermionic jump
operators determine the exchange of excitations with the external environment.
In quantum optics, inhomogenous single-particle gain-loss processes may be en-
gineered by experimentalists. For instance, coherent bosonic dynamics may be
perturbed by electronic beams to remove atoms from selected sites [194], while
local excitations may be created by the Raman pumping process [195]. As we
saw in Chapter 4, dephasing is a kind of noise which describes continuous meas-
urement protocols, where non-interacting fermion chains are coupled to external
monitoring apparatus detecting the local occupation [A1, 59, 140, 151, 196–200].
In such a scenario, the dephasing rate in the master equation is nothing but the
monitoring frequency or, using the generalized hydrodynamic approach, the col-
lapsing rate of the quasi-particle pairs spreading ballistically along the chain. In
this chapter, we also assume inhomogeneous dephasing rates, as for real exper-
imental layouts, where the monitoring frequency is a tunable parameter. In the
context of weak measurement protocols, it has already been proved that, for ho-
mogeneous setups, the inverse of the monitoring rate is the characteristic time
at which the ballistic motion is replaced by a diffusive one [59, 201].

In Sec. 5.2, we expose the main results of this work. We derive the Wigner
function dynamics starting from the equation of motion of the correlationmatrix.
Moreover, we show that the linear differential equation for the Wigner function
admits a simple probabilistic interpretation in terms of non-interacting classical
quasi-particles. In Sec. 5.3, we consider a simple scenario without dephasing or
local potentials, for which the equation of motion is exactly solvable by standard
techniques. We also provide some pedagogical examples, e.g. Gaussian jump
rates, to test the hydrodynamic approach and compare the results with the ex-
act microscopic dynamics. In Sec. 5.4, we combine gain-loss processes with a
constant dephasing, which dramatically affects the quasi-particle motion at the
crossover time, with a new emerging diffusive regime. Finally, the main results
are summarised in Sec. 5.5, where we draw some future perspectives.
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Figure 5.1: Sketch of an open quantum system: chain of hopping fermions with in-
homogeneous gain-loss processes and dephasing. The exchange of particles with the
bath(s) is represented by red and blue arrows, with rates 𝛾+𝑥 and 𝛾−𝑥 for gain and loss,
respectively. The dephasing noise is represented by the monitoring apparatus in green,
detecting the local occupation of fermions with rate 𝜆𝑥.

5.1 General framework
Let ̂𝜌 be the density operator of a quantum system whose dynamics is generated
by the Liouvillian L( ̂𝜌) = d𝜌

d𝑡
of the form

L( ̂𝜌) = −i[𝐻, ̂𝜌] + 𝐷( ̂𝜌) , (5.1)
𝐷( ̂𝜌) = ∑

𝑗
Υ𝑗𝒟𝜌( ̂𝐿𝑗) , (5.2)

where 𝐻 denotes the Hamiltonian, 𝐷( ̂𝜌) is the dissipator and

𝒟𝜌( ̂𝐿𝑗) = ̂𝐿𝑗 ̂𝜌 ̂𝐿†𝑗 −
1
2{

̂𝐿†𝑗 ̂𝐿𝑗, ̂𝜌} , (5.3)

the super-operator acting on the Lindblad operators ̂𝐿𝑗 . We assume inhomo-
geneous jump rates Υ𝑗 , which are non-negative definite. This makes Eq. (5.1)
a CPTP dynamical map (see Chapter 2). Along this chapter, we shall make use
of the Wigner approach and, in order to avoid confusion between quantum ob-
servables and real variables, we shall keep the symbol ∧ over Hilbert operators
to distinguish them from phase-space functions.

In this work, we shall consider 𝐿-site quantum chains under periodic bound-
ary conditions. We shall derive results for spinless particles, either fermions or
bosons. Since the different statistics introduces minimal modifications between
the two cases, we shall address simultaneously the fermionic and bosonic prob-
lems. As a convention, every time the different algebra will generate a different
sign, the one on top will label fermions and that one on bottom the bosons.

Regarding the unitary contribution to the dynamics (5.1), let 𝐻 be a non-
interacting Hamiltonian. In particular, we assume that𝐻 = 𝐻0+𝑉 , where𝐻0 is
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Coefficient Interpretation

ℎ0 Translation-invariant Hamiltonian
𝜖𝑝 Single particle energies

𝒱𝑥𝑦 = 𝒱𝑥𝛿𝑥𝑦 Diagonal potential
𝛾+𝑥 , 𝛾−𝑥 Injection/extraction rate at position 𝑥
𝜔+𝑝 , 𝜔−𝑝 Injection/extraction rate with momentum 𝑝

𝜆𝑥 Dephasing at position 𝑥
𝜁𝑝 Dephasing with momentum 𝑝

Γ𝑥 = 𝛾−𝑥 ± 𝛾+𝑥 Dissipation at position 𝑥
Ω𝑝 = 𝜔−𝑝 ± 𝜔+𝑝 Dissipation with momentum 𝑝

𝑛(𝑥, 𝑝, 𝑡) Wigner function, Eq. (5.17)
𝜌(𝑥, 𝑡), ̃𝜌(𝑝, 𝑡) Densities [Eq (5.20)]

𝑁p(𝑡) = ∑𝑥 𝜌(𝑥, 𝑡) = ∑𝑝∈ℬ ̃𝜌(𝑝, 𝑡) Total number of particles

Table 5.1: Description of the main coefficients entering the master equation (5.8).

a translation-invariant Hamiltonian, i.e. hopping Hamiltonian, and 𝑉 is a diag-
onal potential in real-space representation. For instance, 𝑉 may be a confining
potential, e.g. harmonic traps, or may include tunable parameters as for non-
equilibrium dynamics induced by quantum quenches. The operators 𝐻0 and 𝑉
take the form

𝐻0 = ̂c†𝐡0 ̂c , 𝑉 = ̂c†V ̂c , ̂c = (
̂𝑐1
⋮
̂𝑐𝐿
) , (5.4)

where the ̂𝑐’s are the fermionic/bosonic operators and 𝐡0,V are 𝐿×𝐿 Hermitian
matrices. By hypothesis, 𝒱𝑥𝑦 = 𝒱𝑥𝛿𝑥𝑦 and, without loss of generality, we can
suppose (𝐡0)𝑥𝑥 = 0 ∀𝑥 since any non-vanishing diagonal element may be reab-
sorbed into V . Therefore the Hamiltonian 𝐻 = ̂c†𝐡 ̂c is fully characterised by
the coefficient matrix

𝐡 = 𝐡0 + V . (5.5)

The Hamiltonian 𝐻0 is translationally invariant and may be diagonalized by the
Fourier transform

̂𝜂𝑝 =
1
√𝐿

∑
𝑥
𝑒−i𝑝𝑥 ̂𝑐𝑥 , ̂𝜂†𝑝 =

1
√𝐿

∑
𝑥
𝑒i𝑝𝑥 ̂𝑐†𝑥 , (5.6)

where 𝑥 ∈ [0, 𝐿 − 1] labels the chain sites; the 𝑝’s are the Fourier modes which
define the Brillouin zone B = {𝑝 = −𝜋 + 2𝜋𝑙/𝐿 ∶ 𝑙 ∈ [0, 𝐿 − 1], 𝑙 ∈ ℕ}; ( ̂𝜂†𝑝, ̂𝜂𝑝)
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are the creation and annihilation operators in reciprocal space. Hence,

𝐻0 = ∑
𝑝∈B

𝜖𝑝 ̂𝜂†𝑝 ̂𝜂𝑝 , (5.7)

where 𝜖𝑝 are the single particle eigenvalues. The dissipator we shall study in this
work is

𝐷( ̂𝜌) = ∑
𝑥
𝛾+𝑥 𝒟𝜌( ̂𝑐†𝑥) + 𝛾−𝑥 𝒟𝜌( ̂𝑐𝑥) + 𝜆𝑥𝒟𝜌( ̂𝑐†𝑥 ̂𝑐𝑥)

+ ∑
𝑝∈B

𝜔+𝑝𝒟𝜌( ̂𝜂†𝑝) + 𝜔−𝑝𝒟𝜌( ̂𝜂𝑝) + 𝜁𝑝𝒟𝜌( ̂𝜂†𝑝 ̂𝜂𝑝) , (5.8)

which includes both linear and quadratic jump operators. The physical mean-
ing of each jump rate appearing into Eq. (5.8) is provided in Table 5.1. From a
microscopic perspective, all the jump rates into Eq. (5.8) depend on the specific in-
teraction Hamiltonian and, in general, describe the coupling amplitude between
the system and the bath(s). As we saw in Chapter 2, it is always desirable to get
the dissipator by an ab-initio approach, requiring some expected physical prop-
erties, such as the relaxation toward a Gibbs thermal state. However, most of
the time the bath’s modes are not known exactly or easy to control. For this
reason, sometimes the use of phenomenological dissipators is the only way to
approach the problem, where jump operators and rates are conveniently chosen
to describe the observed phenomenology. In the view of presenting the most
general case, we shall not make any hypothesis on the jump rates, which will be
considered positive independent quantities.

The super-operator (5.8) includes many different dissipative effects. In more
detail, 𝛾+𝑥 𝒟𝜌( ̂𝑐†𝑥) and 𝛾−𝑥 𝒟𝜌( ̂𝑐𝑥) represent one-body gain-loss processes in real
space. Consistentlywith the local occupation on site 𝑥 and the bosonic/fermionic
algebra, a single particle may be injected or ejected at site 𝑥 with characteristic
rates 𝛾+𝑥 and 𝛾−𝑥 . At the same time, we consider one-body gain-loss processes
𝜔+𝑝𝒟𝜌( ̂𝜂†𝑝), 𝜔−𝑝𝒟𝜌( ̂𝜂𝑝) in momentum space, where a single particle may be in-
jected or ejected with momentum 𝑝 and characteristic rates 𝜔+𝑝 , 𝜔−𝑝 . Further-
more, there is the dephasing noise 𝜆𝑥𝒟𝜌( ̂𝑐†𝑥 ̂𝑐𝑥), which has already been studied
in Chapter 4. In Chapter 4, we proved that the dynamical protocol involving ran-
dom projective measurements on fermionic chains is an unravelling of Eq. (4.21).
This kind of noise kills exponentially the out-of-diagonal terms of the correlation
matrix. Finally, we also consider dephasing 𝜁𝑝𝒟𝜌( ̂𝜂†𝑝 ̂𝜂𝑝) in momentum space,
whose physical meaning can be easily understood if one considers a dynamical
protocol involving random projective measurements of the occupation ̂𝜂†𝑝 ̂𝜂𝑝.

In this work, the goal is to provide a hydrodynamic description for open
systems, where the system-bath(s) coupling is described by the Lindblad dissip-
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ator (5.8). As we shall see below, the hydrodynamic approach is based on the
Wigner function dynamics (see also Chapter 3).

Let 𝐶𝑥𝑦 = ⟨ ̂𝑐†𝑦 ̂𝑐𝑥⟩ = tr( ̂𝑐†𝑦 ̂𝑐𝑥 ̂𝜌) be the elements of the correlation matrix. For
the Lindblad dynamics (5.1), the time evolution of 𝐶𝑥𝑦 is given by

d⟨ ̂𝑐†𝑦 ̂𝑐𝑥⟩
d𝑡 = −i⟨[ ̂𝑐†𝑦 ̂𝑐𝑥, 𝐻]⟩ + tr ( ̂𝑐†𝑦 ̂𝑐𝑥𝐷( ̂𝜌)) . (5.9)

After straightforward algebra, it is possible to prove that, for the specific dissip-
ator (5.8), the differential equation (5.9) takes a closed form. To see this, we in-
troduce the coefficient matrices 𝜸+, 𝜸−, 𝝀, 𝝎̃+, 𝝎̃−, ̃𝜻, ̃𝜻(𝛼,𝛽) whose elements read

𝛾+𝑥𝑦 = 𝛾+𝑥 𝛿𝑥𝑦 , 𝛾−𝑥𝑦 = 𝛾−𝑥 𝛿𝑥𝑦 , 𝜆𝑥𝑦 = 𝜆𝑥𝛿𝑥𝑦 , (5.10)

𝜔̃+𝑥𝑦 =
1
𝐿 ∑
𝑝∈B

𝑒i𝑝(𝑥−𝑦)𝜔+𝑝 , 𝜔̃−𝑥𝑦 =
1
𝐿 ∑
𝑝∈B

𝑒i𝑝(𝑥−𝑦)𝜔−𝑝 , (5.11)

̃𝜁𝑥𝑦 =
1
𝐿 ∑
𝑝∈B

𝑒i𝑝(𝑥−𝑦)𝜁𝑝 , ̃𝜁(𝛼,𝛽)𝑥𝑦 = ̃𝜁𝛼+𝑥,𝛽+𝑦 . (5.12)

The equation of motion of the correlation matrix is [202]

d𝐶𝛼𝛽
d𝑡 = −(𝐖𝐂 + 𝐂𝐖† − 𝐅 − diag(𝝀𝐂))

𝛼𝛽
+ 1
𝐿 tr( ̃𝜻(𝛼,𝛽)𝐂) , (5.13)

where

𝐖 = i𝐡 + (𝜸− ± 𝜸+ + 𝝀 + 𝝎̃− ± 𝝎̃+ + ̃𝜻)/2 , (5.14)
𝐅 = 𝜸+ + 𝝎̃+ . (5.15)

Eq. (5.13) describes the exact microscopic dynamics of the correlations. As expec-
ted, for vanishing dephasing noises, Eq. (5.13) reduces to the Lyapunov equation

d𝐂
d𝑡 = −𝐖𝐂 − 𝐂𝐖† + 𝐅 . (5.16)

The mathematical solution of Eq. (5.13) provides any two-body observable, such
as the particle density or the average occupation in momentum space. However,
Eq. (5.13) hides most of the non-equilibrium features. As with closed systems, the
strategy is to build a one-to-one correspondence between the correlation matrix
and a new real-valued function, i.e. theWigner function. In other terms, we map
Eq. (5.13) into the phase-space, obtaining the equation of motion for the Wigner
function. As we shall see below, this will give us the insight to describe the
non-equilibrium behaviour in terms of classical non-interacting quasi-particles.
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The accuracy of the hydrodynamic approach will be tested by solving the exact
microscopic dynamics (5.13).

The Wigner function, in its discrete form, is defined as

𝑛(𝑥, 𝑝, 𝑡) ∶= ∑
𝑦
𝑒2i𝑝𝑦𝐶𝑥−𝑦,𝑥+𝑦(𝑡) , (5.17)

= ∑
𝑘∈B

𝑒−2i𝑥𝑘 ̃𝐶𝑝−𝑘,𝑝+𝑘(𝑡) , (5.18)

where
̃𝐶𝑞𝑝 = ⟨ ̂𝜂†𝑝 ̂𝜂𝑞⟩ = tr( ̂𝜂†𝑝 ̂𝜂𝑞 ̂𝜌) = 1

𝐿 ∑𝑥𝑦
𝑒−i𝑞𝑥𝐶𝑥𝑦𝑒i𝑝𝑦 , (5.19)

and (𝑥, 𝑝) are the discrete position-momentum variables [59, 178, 180, 193]. The
Wigner function is a joint quasi-probability distribution, and its marginals coin-
cide with the single-particle densities in real and momentum space:

𝜌(𝑥, 𝑡) = ⟨ ̂𝑐†𝑥 ̂𝑐𝑥⟩ =
1
𝐿 ∑
𝑝∈B

𝑛(𝑥, 𝑝, 𝑡) , (5.20)

̃𝜌(𝑝, 𝑡) = ⟨ ̂𝜂†𝑝 ̂𝜂𝑝⟩ =
1
𝐿 ∑𝑥

𝑛(𝑥, 𝑝, 𝑡) , (5.21)

which follow from the Kronecker delta relations

𝛿𝑥𝑦 =
1
𝐿 ∑
𝑘∈B

𝑒i𝑘(𝑥−𝑦) , 𝛿𝑝𝑞 =
1
𝐿 ∑𝑥

𝑒i𝑥(𝑝−𝑞) . (5.22)

The total number of particles is

𝑁p(𝑡) =
1
𝐿 ∑𝑥

∑
𝑝∈B

𝑛(𝑥, 𝑝, 𝑡) , (5.23)

which is an extensive quantity.
The function in Eq. (5.17) is the Weyl transform of the correlation matrix.

For this reason, strictly speaking, Eq. (5.17) does not coincide with the stand-
ard definition of the Wigner function for many-body systems that we provided
into Chapter 3. However, in this work, we shall follow the conventions used in
the hydrodynamic approaches, where people ’improperly’ refer to Eq. (5.17) as
the Wigner function. Nevertheless, the Lindblad dynamics (5.8) without deph-
asing is Gaussian preserving. In such a case, if the system is properly prepared
in a Gaussian state at time 𝑡 = 0 then the Wigner function (5.17) provides a
complete description of the quantum dynamics. Indeed, any Gaussian state is
fully described by the correlation matrix and the Wick’s theorem applies for any
many-body quantity (see Chapter 1).
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5.2 Hydrodynamics for open systems
In this section, we derive the equation of motion of the Wigner function from
the differential equation (5.13). According to Eqs. (5.1,5.17),

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = ∑
𝑦
𝑒2i𝑝𝑦 tr { ̂𝑐†𝑥+𝑦 ̂𝑐𝑥−𝑦L( ̂𝜌(𝑡))} . (5.24)

To compute Eq. (5.24), we start from the unitary contribution−i[𝐻, ̂𝜌] into Eq. (5.1),
which describes the dynamics of closed systems. By hypothesis, the Hamiltonian
𝐻0 is diagonal in the Fourier space (see Eq. (5.7)),

(ℎ0)𝑥𝑦 =
1
𝐿 ∑
𝑝∈B

𝑒i𝑝(𝑥−𝑦)𝜖𝑝 , (5.25)

where 𝜖𝑝 are the single particle eigenvalues of𝐻0. Combining Eqs. (5.6,5.25) with
Eq. (5.17),

∑
𝑦
𝑒2i𝑝𝑦 tr {[ ̂𝑐†𝑥+𝑦 ̂𝑐𝑥−𝑦, 𝐻] ̂𝜌(𝑡)} = ∑

𝑘∈B
𝑒−2i𝑘𝑥(𝜖𝑝−𝑘 − 𝜖𝑝+𝑘) ̃𝐶𝑝−𝑘,𝑝+𝑘(𝑡)

+∑
𝑦
𝑒2i𝑝𝑦(𝒱𝑥−𝑦 − 𝒱𝑥+𝑦)𝐶𝑥−𝑦,𝑥+𝑦(𝑡) .(5.26)

Proceeding similarly for the one-body gain-loss terms,

∑
𝑦
𝑒2i𝑝𝑦∑

𝑧
tr { ̂𝑐†𝑥+𝑦 ̂𝑐𝑥−𝑦(𝛾+𝑧 𝒟𝜌[ ̂𝑐†𝑧] + 𝛾−𝑧 𝒟𝜌[ ̂𝑐𝑧])} =

𝛾+𝑥 − 1
2 ∑𝑦

𝑒2i𝑝𝑦[𝛾−𝑥−𝑦 + 𝛾−𝑥+𝑦 ± (𝛾+𝑥−𝑦 + 𝛾+𝑥+𝑦)]𝐶𝑥−𝑦,𝑥+𝑦(𝑡) , (5.27)

and

∑
𝑦
𝑒2i𝑝𝑦 ∑

𝑘∈B
tr { ̂𝑐†𝑥+𝑦 ̂𝑐𝑥−𝑦(𝜔+𝑘𝒟𝜌[ ̂𝜂†𝑘] + 𝜔−𝑘𝒟𝜌[ ̂𝜂𝑘])} =

𝜔+𝑝 −
1
2 ∑
𝑘∈B

𝑒−2i𝑘𝑥[𝜔−𝑝−𝑘 + 𝜔−𝑝+𝑘 ± (𝜔+𝑝−𝑘 + 𝜔+𝑝+𝑘)] ̃𝐶𝑝−𝑘,𝑝+𝑘(𝑡) . (5.28)

For the dephasing noise, we get

∑
𝑦
𝑒2i𝑝𝑦∑

𝑧
tr { ̂𝑐†𝑥+𝑦 ̂𝑐𝑥−𝑦(𝜆𝑧𝒟𝜌[ ̂𝑐†𝑧 ̂𝑐𝑧])} =

𝜆𝑥𝐶𝑥𝑥(𝑡) −
1
2 ∑𝑦

𝑒2i𝑝𝑦(𝜆𝑥−𝑦 + 𝜆𝑥+𝑦)𝐶𝑥−𝑦,𝑥+𝑦(𝑡) , (5.29)
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and

∑
𝑦
𝑒2i𝑝𝑦 ∑

𝑘∈B
tr { ̂𝑐†𝑥+𝑦 ̂𝑐𝑥−𝑦(𝜁𝑘𝒟𝜌[ ̂𝜂†𝑘 ̂𝜂𝑘])} =

𝜁𝑝 ̃𝐶𝑝𝑝(𝑡) −
1
2 ∑
𝑘∈B

𝑒−2i𝑘𝑥(𝜁𝑝−𝑘 + 𝜁𝑝+𝑘) ̃𝐶𝑝−𝑘,𝑝+𝑘(𝑡) . (5.30)

Up to now, any calculation has been performed exactly without any approxima-
tion. However, Eqs. (5.26,5.27,5.28,5.29,5.30) are difficult to handle and, for this
reason, we shall go to a continuous limit for the position-momentum variables.
One of the main assumptions of hydrodynamics is the separation of length scales,
which states the existence of mesoscopic fluid cells. These cells are much bigger
than the microscopic scales, defined by the lattice spacing (here equal to 1) and
the distance d𝑝 = 2𝜋/𝐿 between two consecutive Fourier modes in the Brillouin
zone, and much smaller than the macroscopic scales, where the inhomogeneit-
ies of the system become important. We assume the Wigner function, as well
as the jump rates, the eigenvalues 𝜖𝑝 and the potential 𝒱𝑥, to be slowly varying
quantities at microscopic scale, so that position and momentum may be treated
as continuous variables and all the discrete quantities into Table 5.1 as smooth
analytical functions with domain in the phase space (𝑥, 𝑝).

For analytic functions, the series expansion reads

𝑔𝑝−𝑘 + (−1)𝑗𝑔𝑝+𝑘
2 = (−1)𝑗

∞
∑
𝑛=0

𝜕2𝑛+𝛿𝑗,1𝑔𝑝
(2𝑛 + 𝛿𝑗,1)!

𝑘2𝑛+𝛿𝑗,1 , (5.31)

𝑓𝑥−𝑦 + (−1)𝑗𝑓𝑥+𝑦
2 = (−1)𝑗

∞
∑
𝑛=0

𝜕2𝑛+𝛿𝑗,1𝑓𝑥
(2𝑛 + 𝛿𝑗,1)!

𝑦2𝑛+𝛿𝑗,1 , (5.32)

for 𝑗 ∈ {0, 1}, 𝑓𝑥 = 𝒱𝑥, 𝛾+𝑥 , 𝛾−𝑥 , 𝜆𝑥 and 𝑔𝑝 = 𝜖𝑝, 𝜔+𝑝 , 𝜔−𝑝 , 𝜁𝑝. In this limit, the real
and momentum space densities are

𝜌(𝑥, 𝑡) = 1
2𝜋 ∫

𝜋

−𝜋
d𝑝𝑛(𝑥, 𝑝, 𝑡) , (5.33)

̃𝜌(𝑝, 𝑡) = 1
𝐿 ∫ d𝑥𝑛(𝑥, 𝑝, 𝑡) , (5.34)

with total number of particles

𝑁p = ∫ d𝑥 𝜌(𝑥) = 𝐿
2𝜋 ∫

𝜋

−𝜋
d𝑝 ̃𝜌(𝑝) = 1

2𝜋 ∫ d𝑥∫
𝜋

−𝜋
d𝑝 𝑛(𝑥, 𝑝, 𝑡) . (5.35)



80 Hydrodynamics for open systems

Finally, using Eqs. (5.31,5.32) into Eqs. (5.26,5.27,5.28,5.29,5.30), one obtains

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = 2(𝜖𝑝 + 𝒱𝑥) sin(
1
2(

←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥))𝑛(𝑥, 𝑝, 𝑡)

−(𝜔−𝑝 ± 𝜔+𝑝 + 𝜁𝑝 + 𝛾−𝑥 ± 𝛾+𝑥 + 𝜆𝑥) cos(
1
2(

←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥))𝑛(𝑥, 𝑝, 𝑡)

+∫ d𝑥′∫
𝜋

−𝜋
d𝑝′(

𝜁𝑝′
𝐿 𝛿(𝑝 − 𝑝′) + 𝜆𝑥′

2𝜋 𝛿(𝑥 − 𝑥′))𝑛(𝑥′, 𝑝′, 𝑡)

+𝛾+𝑥 + 𝜔+𝑝 , (5.36)

which is a linear differential equation in 𝑛(𝑥, 𝑝, 𝑡).
The operator sin (1

2
(
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)) is the Moyal product [26, 75, 84, 179],

e.g. see Chapter 3, and describes the unitary contribution to the dynamics. On

the other hand, the operator cos (1
2
(
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)), the non-local terms and

the source terms into Eq. (5.36) come from the Lindblad dissipator (5.8).
In order to simplify Eq. (5.36), we observe that all the quantities involved

into Eq. (5.36) are, by hypothesis, slowly varying functions of position and mo-
mentum. For this reason, we shall truncate Eq. (5.36) at the lowest non-trivial
order in 𝜕𝑥 and 𝜕𝑝 derivatives. Hence, Eq. (5.36) becomes

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = {𝜖𝑝 + 𝒱𝑥, 𝑛(𝑥, 𝑝, 𝑡)}𝒫ℬ − (Ω𝑝 + 𝜁𝑝 + Γ𝑥 + 𝜆𝑥)𝑛(𝑥, 𝑝, 𝑡)
+𝜁𝑝 ̃𝜌(𝑝, 𝑡) + 𝜆𝑥𝜌(𝑥, 𝑡) + 𝛾+𝑥 + 𝜔+𝑝 , (5.37)

where Ω𝑝 = 𝜔−𝑝 ± 𝜔+𝑝 , Γ𝑥 = 𝛾−𝑥 ± 𝛾+𝑥 and

{ℱ, 𝒢}𝒫ℬ = 𝜕𝑥ℱ𝜕𝑝𝒢 − 𝜕𝑝ℱ𝜕𝑥𝒢, ∀ℱ, 𝒢 (5.38)

indicates the Poisson bracket. As we proved into Chapter 3, the Poisson bracket
describes the Wigner function’s dynamics for closed systems [75, 84, 156, 179,
203]. For a recap of the meaning of each symbol into Eq. (5.37), see Table 5.1.

Eq. (5.37) is our main result, which is a compact partial differential equation
for the Wigner function, describing inhomogeneous gain-loss processes and de-
phasing. Unfortunately, dephasing introduces non-local terms into Eq. (5.37), i.e.
𝜌(𝑥, 𝑡) and ̃𝜌(𝑝, 𝑡), which are the marginals of the Wigner function. Those terms
make it difficult to solve Eq. (5.37) by standard analytical methods.

The range of applicability of the truncation of higher order derivatives into
Eq. (5.36) needs to be carefully discussed. For closed systems, theWigner dynam-
ics is given by the classical evolution plus quantum corrections at the third order
in the 𝜕𝑥 and 𝜕𝑝 derivatives, which come from the series expansion of the Moyal
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product. Nevertheless, Eq. (5.37) neglects contributions at the second order in
the partial derivatives, which derive from the series expansion of the operator

cos (1
2
(
←
𝜕𝑥

→
𝜕𝑝 −

←
𝜕𝑝

→
𝜕𝑥)). We conclude that the truncation of Eq. (5.36) is less

efficient for open systems. The analytic form of the jump rates has to be eval-
uated case by case in order to stay in the correct regime. However, as we shall
illustrate below, Eq. (5.37) is very efficient in a wide range of physical scenarios,
unless one takes very discontinuous profiles.

In the last part of this section, we shall describe Eq. (5.37) as a stochastic
average over classical trajectories. In the same spirit of the generalized hydro-
dynamics, weakly-entangled but highly excited initial states can be viewed as
a reservoir of classical non-interacting quasi-particles. In this perspective, the
Wigner function becomes the joint distribution of these exitations in the phase
space. For closed systems, after quenching the state, the particle motion is gov-
erned by the Newton’s laws: any excitation in the phase-space point (𝑥0, 𝑝0)
at time 𝑡0 moves to (𝑥0 + 𝑣𝑝0d𝑡, 𝑝0 + ℱ𝑥0d𝑡) at time 𝑡0 + d𝑡, where 𝑣𝑝 = 𝜕𝑝𝜖𝑝
is the group velocity and ℱ𝑥 = −𝜕𝑥𝒱𝑥 (see Fig. 5.2 (a)). For instance, for van-
ishing potentials, the quasi-particles spread ballistically along the chain and the
momentum is conserved. On the other hand, inhomogeneous potentials affect
the momentum conservation accelerating particles. This simple characterisation
of the Wigner function dynamics turns to be very useful in the understanding of
the non-equilibrium behaviour.

For clarity, we shall discuss the effects of the dissipators one by one, starting
from one-body gain-loss processes. In such a case, the total number of particles
is not a constant of motion anymore, i.e. L†(𝑁) ≠ 0. According to the hydro-
dynamic equation (5.37), the classical particles crossing the phase-space point
(𝑥, 𝑝) are destroyed with local rate 𝛼(𝑥,𝑝) = Γ𝑥 +Ω𝑝. Moreover, the source term
𝛾+𝑥 + 𝜔+𝑝 creates new excitations in the phase space: 𝛾+𝑥 d𝑡 represents the prob-
ability in every interval d𝑡 of injecting quasi-particles at position 𝑥 and random
momentum 𝑝 chosen uniformly in the Brillouin zone; 𝜔+𝑝 d𝑡 is the probability of
creating quasi-particles with momentum 𝑝 and random site 𝑥 chosen uniformly
along the chain (see Fig. 5.2 (b)). One fundamental aspect of the dissipative dy-
namics emerges: one-body gain-loss processes by themselves cannot change the
transport features. The classical particles keep moving according to Newton’s
laws while the dissipators only add or remove excitations with specific rates.

The dephasing noise changes that and makes the dynamics much more inter-
esting. The mean lifetime is reduced even more, with annihilation rate 𝛼′(𝑥,𝑝) =
𝛼(𝑥,𝑝) + 𝜆𝑥 + 𝜁𝑝, while the last two non local terms 𝜆𝑥𝜌(𝑥, 𝑡) and 𝜁𝑝 ̃𝜌(𝑝, 𝑡) into
Eq. (5.37) further complicate the dynamics. For any quasi-particle crossing the
site 𝑥, a new excitation is created with rate 𝜆𝑥, at the same position and ran-
dom momentum 𝑝 in the Brillouin zone. Finally, for any quasi-particle with mo-
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(c)     UNITARY DYNAMICS + GAIN/LOSS PROCESSES + DEPHASING

∂tn(x, p, t) = − vp∂xn(x, p, t) − Fx∂pn(x, p, t)
−α′￼(x,p)n(x, p, t)

+ζp ρ̃(p, t)+λx ρ(x, t)
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α′￼(x,p) = α(x,p) + λx + ζp

Figure 5.2: Sketch of the quasi-particle’s motion in the phase-space. We assume an
excitation in (𝑥0, 𝑝0) at time 𝑡0 and we study how it behaves under the action of dissip-
ators; (a) unitary dynamics; (b) unitary dynamics perturbed by single particle gain and
loss processes; (c) open dynamics with gain-loss processes and dephasing.
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mentum 𝑝, a new excitation is created with rate 𝜁𝑝, momentum 𝑝 and random
site 𝑥 along the chain (see Fig. 5.2 (c)). We conclude that dephasing strongly af-
fects the transport features. For instance, we quote the dephasing dynamics (4.21)
into Chapter 4, which describes the evolution of the average state for a specific
dynamical protocol involving random projective measurements. The dephasing
rate is homogeneous (𝜆𝑥 = 𝜆) since all the chain sites were assumed to be mon-
itored with the same frequency. In the limit 𝑡𝜆 ≫ 1, the dynamics of the average
density 𝜌(𝑥, 𝑡) is well captured by a Fokker-Planck differential equation

𝜕𝑡𝜌(𝑥, 𝑡) =
𝐷
2 𝜕𝑥𝑥 𝜌(𝑥, 𝑡) , (5.39)

with diffusion coefficient 𝐷 = 𝜆−1 [59, 201].
The generalized hydrodynamic description for open systems represents the

second main result of this work. In the next sections, we shall test this picture in
some concrete examples, comparing the microscopic dynamics with the hydro-
dynamic approach.

5.3 Wigner dynamics without dephasing
In order to gain some intuition about one-body gain-loss processes, we first focus
on the Wigner function evolution for vanishing potentials and dephasing (𝒱𝑥 =
𝜁𝑝 = 𝜆𝑥 = 0). Under these hypothesis, Eq. (5.37) reduces to

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = −𝑣𝑝𝜕𝑥𝑛(𝑥, 𝑝, 𝑡) + 𝛾+𝑥 + 𝜔+𝑝 − (Ω𝑝 + Γ𝑥)𝑛(𝑥, 𝑝, 𝑡) . (5.40)

The analytical solution of Eq. (5.40) comes from the ansatz

𝑛(𝑥, 𝑝, 𝑡) = exp {−
Ω𝑝
𝑣𝑝
𝑥 − 1

𝑣𝑝
∫

𝑥

0
d𝑠 Γ𝑠} 𝑓(𝑥, 𝑝, 𝑡) . (5.41)

for a given analytic function 𝑓(𝑥, 𝑝, 𝑡) to be determined. Using this ansatz into
Eq. (5.40), we get

𝑓(𝑥, 𝑝, 𝑡) = ̃𝑛(𝑥, 𝑝, 𝑡) + 1
𝑣𝑝

∫
𝑥

0
d𝑠 (𝛾+𝑠 + 𝜔+𝑝 ) exp {

Ω𝑝
𝑣𝑝
𝑠 + 1

𝑣𝑝
∫

𝑠

0
d𝑦 Γ𝑦} , (5.42)

where ̃𝑛(𝑥, 𝑝, 𝑡) solves the differential equation

𝜕𝑡 ̃𝑛(𝑥, 𝑝, 𝑡) = −𝑣𝑝𝜕𝑥 ̃𝑛(𝑥, 𝑝, 𝑡) . (5.43)

Eq. (5.43) is the hydrodynamic equation for closed system and its solution is
̃𝑛(𝑥, 𝑝, 𝑡) = ̃𝑛(𝑥 − 𝑡𝑣𝑝, 𝑝, 0), where ̃𝑛(𝑥, 𝑝, 0) depends on the initial condition
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𝑛(𝑥, 𝑝, 0) of the Cauchy problem. After some manipulations, the full solution
reads

𝑛(𝑥, 𝑝, 𝑡) = exp{−Ω𝑝𝑡 −∫
𝑡

0
d𝑠1 Γ(𝑥 − 𝑠1𝑣𝑝)}𝑛(𝑥 − 𝑡𝑣𝑝, 𝑝, 0)

+∫
𝑡

0
d𝑠1𝛾+(𝑥 − 𝑠1𝑣𝑝) exp{−Ω𝑝𝑠1 −∫

𝑠1

0
d𝑠2Γ(𝑥 − 𝑠2𝑣𝑝)}

+𝜔+𝑝 ∫
𝑡

0
d𝑠1 exp{−Ω𝑝𝑠1 −∫

𝑠1

0
d𝑠2Γ(𝑥 − 𝑠2𝑣𝑝)} . (5.44)

Eq. (5.44) is the exact solution without local potentials and dephasing noises.

5.3.1 Jump operators creating/destroying delocalized
particles

As first example, we assume 𝛾+𝑥 = 𝛾−𝑥 = 0, so that particles can be injected-
ejected as plane waves, with rates 𝜔+𝑝 and 𝜔−𝑝 . Eq. (5.40) reduces to

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = −𝑣𝑝𝜕𝑥𝑛(𝑥, 𝑝, 𝑡) − Ω𝑝𝑛(𝑥, 𝑝, 𝑡) + 𝜔+𝑝 , (5.45)

with solution

𝑛(𝑥, 𝑝, 𝑡) = {(𝑛(𝑥 − 𝑡𝑣𝑝, 𝑝, 0) −
𝜔+
𝑝

Ω𝑝
) 𝑒−Ω𝑝𝑡 + 𝜔+

𝑝

Ω𝑝
, Ω𝑝 ≠ 0

𝑛(𝑥 − 𝑡𝑣𝑝, 𝑝, 0) + 𝜔+𝑝 𝑡 . Ω𝑝 = 0
(5.46)

According to Eq. (5.46), the system exponentially reaches a steady state forΩ𝑝 >
0. For bosons, Ω𝑝 = 𝜔−𝑝 −𝜔+𝑝 and the system is stable if 𝜔−𝑝 > 𝜔+𝑝 . For fermions
Ω𝑝 = 𝜔+𝑝 + 𝜔−𝑝 ≥ 0 and no such restriction applies.

In the long time limit, the filling factor is

𝜅∞ ∶= lim
𝑡→∞

𝑁p(𝑡)
𝐿 = 1

2𝜋 ∫
𝜋

−𝜋
d𝑘𝜔

+
𝑘

Ω𝑘
. (5.47)

For fermionic chains, 𝜅∞ ∈ [0, 1]. In particular, if 𝜔+𝑝 ≠ 0, 𝜔−𝑝 = 0 then 𝜅∞ = 1.
In this case, the system starts absorbing particles until it is completely filled and
the Pauli exclusion principle freezes the dynamics. In the opposite case 𝜔+𝑝 =
0, 𝜔−𝑝 ≠ 0, the Winger function goes exponentially to zero until reaching the
vacuum steady state, with 𝜅∞ = 0. Another interesting case is 𝜔+𝑝 = 𝜔−𝑝 ≠ 0,
where the system tends to a maximally mixed state with particle number 𝑁p =
𝐿/2, which is the half filling condition.
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Figure 5.3: Filling factor 𝜅∞ as a function of 𝜒 = 𝜔+/𝜔−, for fermions and bosons.

For bosonic chains, the filling factor 𝜅∞ may take any positive value and the
constraint 𝜔−𝑝 > 𝜔+𝑝 guarantees the existence of the steady state in the long
time limit. As in the fermionic case, if 𝜔+𝑝 = 0, 𝜔−𝑝 ≠ 0, the system approaches
exponentially the vacuum steady state.

For homogeneous rates, 𝜔+𝑝 = 𝜔+, 𝜔−𝑝 = 𝜔− and 𝜅∞ = 𝜒/(1 ± 𝜒), where
𝜒 ∶= 𝜔+/𝜔− is the ratio between the absorption and emission rates. For bosonic
systems, the constraint 𝜔−𝑝 > 𝜔+𝑝 implies that 𝜒 ∈ [0, 1). In Fig. 5.3, we show
the asymptotic filling factor 𝜅∞ as a function of 𝜒, for bosons and fermions.

5.3.2 Jump operators creating/destroying localized par-
ticles

Here and below, our interest will be on spinless fermions. Moreover, we shall
always take𝐻0 to be a tight-bindingHamiltonianwith nearest neighbour interac-
tions, viz. (𝐡0)𝑖𝑗 = −(𝛿𝑖,𝑗+1+𝛿𝑖,𝑗−1)/2. This hypothesis on𝐻0 leads to the single
particle eigenvalues 𝜖𝑝 = − cos(𝑝) and the group velocity 𝑣𝑝 = 𝜕𝑝𝜖𝑝 = sin(𝑝).

In this paragraph, we deal with one-body gain-loss processes in real space
(𝜔+𝑝 = 𝜔−𝑝 = 0), where localised particles are injected and ejected with inhomo-
geneous rates 𝛾+𝑥 , 𝛾−𝑥 . Under these assumptions, the differential equation (5.40)
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becomes

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = − sin(𝑝)𝜕𝑥𝑛(𝑥, 𝑝, 𝑡) − Γ𝑥𝑛(𝑥, 𝑝, 𝑡) + 𝛾+𝑥 , (5.48)

with analytical solution

𝑛(𝑥, 𝑝, 𝑡) = exp{−∫
𝑡

0
d𝑠1 Γ(𝑥 − 𝑠1 sin(𝑝))}𝑛(𝑥 − 𝑡 sin(𝑝), 𝑝, 0)

+∫
𝑡

0
d𝑠1𝛾+(𝑥 − 𝑠1 sin(𝑝)) exp{−∫

𝑠1

0
d𝑠2Γ(𝑥 − 𝑠2 sin(𝑝))} .(5.49)

In Figs. 5.4 (a-b), we consider the gain and loss rates

𝛾𝛼𝑥 = 𝐴𝛼

√2𝜋𝜎𝑥,𝛼
𝑒
− (𝑥−𝑥𝛼)2

2𝜎2𝑥,𝛼 , (5.50)

where 𝛼 = +,− and 𝐴𝛼, 𝜎𝑥,𝛼, 𝑥𝛼 are three tunable parameters. More specifically,
the parameter 𝐴𝛼 is related to the coupling amplitude between the system and
the external environment; the standard deviation 𝜎𝑥,𝛼 introduces a dispersion
along the real axis and has to be chosen so that the Gaussian distribution (5.50)
is a slowly varying function compared to the lattice spacing (here equal to 1); the
parameter 𝑥𝛼 defines the peak position of 𝛾𝛼𝑥 .

We prepare the system in the double domain wall

𝑛(𝑥, 𝑝, 0) = Θ(𝐿/2 + 𝛿 − 𝑥) − Θ(𝐿/2 − 𝛿 − 𝑥). (5.51)

After quenching the state, the double domain wall (5.51) starts melting inside
the light cones |𝑥−𝐿/2−𝛿| < 𝑡 and |𝑥−𝐿/2+𝛿| < 𝑡. The quasi-particle motion
is ballistic and characterised by a finite lifetime 𝑡life, which is a random variable
following the exponential distribution

𝑃(𝑡life; 𝑥0, 𝑝0) = 𝒵 exp{−∫
𝑡life

0
d𝑠 Γ(𝑥0 + sin(𝑝0)𝑠)} , (5.52)

where 𝒵 is a normalization constant. The probability distribution 𝑃(𝑡life; 𝑥0, 𝑝0)
depends on the initial position and momentum (𝑥0, 𝑝0) of the quasi-particle and
the analytic form of the jump rates (5.50). This implies that the average lifetime
⟨𝑡life⟩ = ∫∞

0 𝑠 𝑃(𝑠; 𝑥0, 𝑝0) d𝑠 is not identical for any excitation. At the same time,
in average, a new quasi-particle is created at position 𝑥 after any time interval
(𝛾+𝑥 )−1.

In Figs. 5.4 (a-b), we plot the particle density and the Wigner joint distribu-
tion as a function of time. In particular, we consider a 200-site chain and we set
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Figure 5.4: 200-site chain of hopping fermions with Gaussian-like jump rates (5.50). We
prepare the system in the double domain wall (5.51) and we set 𝛿 = 10, 𝐴+ = 2.0, 𝜎𝑥,+ =
8.0, 𝑥+ = 140.0, 𝐴− = 6.0, 𝜎𝑥,− = 16.0, 𝑥− = 100.0. (𝑎) Time evolution of the density
𝜌(𝑥, 𝑡); we compare the microscopic dynamics (5.16) (red spots) with the hydrodynamic
approach (5.49) (black dashed lines); (𝑏) Evolution of the phase-space Wigner function.
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𝛿 = 10, 𝐴+ = 2.0, 𝜎𝑥,+ = 8.0, 𝑥+ = 140.0, 𝐴− = 6.0, 𝜎𝑥,− = 16.0, 𝑥− = 100.0.
For this specific choice of parameters and the initial condition (5.51), the Wigner
function become more and more asymmetric over time, with new exitations cre-
ated in the right hand side of the chain and others being destroyed in the middle.
Only a few residual particles with negative velocity manage to overcome the
chain section dominated by the jump rate 𝛾−𝑥 .

In Fig. 5.5 (a), we pictorially show the density evolution for a domain wall
initial configuration 𝑛(𝑥, 𝑝, 𝑡) = Θ(−𝑥). We assume a chain of hopping fermions
(𝑣𝑝 = sin(𝑝)) with a single-particle loss process

𝛾−𝑥 = 𝛾−(Θ(𝑥0 + 𝑙/2 − 𝑥) − Θ(𝑥0 − 𝑙/2 − 𝑥)) , (5.53)

where 𝑥0 = 𝑙/2 and 𝑙 is the length of the subsystemwhere particles are destroyed
with rate 𝛾−. Eq. (5.48) reduces to

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = − sin(𝑝)𝜕𝑥𝑛(𝑥, 𝑝, 𝑡) − 𝛾−𝑥 𝑛(𝑥, 𝑝, 𝑡) . (5.54)

After quenching the states, the particle start flowing toward the empty sites in the
right hand side of the chain. Hence, any quasi-particle crossing the section [0, 𝑙]
is destroyed with rate 𝛾−. The bigger the rate 𝛾−, the higher the probability for
the particles with positive momentum of being destroyed. One quantity which is
definitely affected by the loss process (5.53) is 𝑁p([0,∞], 𝑡), which is the number
of particles in [0,∞] at time 𝑡,

𝑁p([0,∞], 𝑡) = Θ(𝑡 − 𝑙) 1
𝜋𝛾− [1 − 𝑒−𝛾−𝑡 (1 −√1 − (𝑙𝑡)

2
)]

+Θ(𝑡 − 𝑙) 1
𝜋𝛾− ∫

𝜋/2

arcsin(𝑙/𝑡)
d𝑘 [(𝛾−𝑡 − 1) sin(𝑘) − 𝑙𝛾−] 𝑒−

𝛾−𝑙
sin(𝑘)

+Θ(𝑙 − 𝑡) 1
𝜋𝛾− (1 − 𝑒−𝛾−𝑡) . (5.55)

In Fig. 5.5 (b), we plot 𝑁p([0,∞], 𝑡) as a function of time and several values of 𝛾−.
For large times (𝑡/𝑙 ≫ 1), the number of particles 𝑁p([0,∞], 𝑡) grows linearly in
time, with proportionality constant

𝑚(𝛾−𝑙) = 1
𝜋 ∫

𝜋/2

0
d𝑘 sin(𝑘)𝑒−

𝛾−𝑙
sin(𝑘) . (5.56)

If 𝛾−𝑙 ≪ 1 then exp{− 𝛾−𝑙
sin(𝑘)

} ≃ 1 for 𝑝 ∈ (0, 𝜋/2), and𝑚 ≃ 1/𝜋. In the opposite

limit 𝛾−𝑙 ≫ 1, exp{− 𝛾−𝑙
sin(𝑘)

} ≃ 0 and 𝑚 ≃ 0. The inset into Fig. 5.5 (b) shows the

proportionality constant as a function of 𝛾− for 𝑙 = 20, which goes exponentially
to zero for large 𝛾− and verifies 𝑚(0) = 1/𝜋, as expected for closed systems.
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Figure 5.5: (𝑎) Illustration of the domain wall setting. At 𝑡 = 0 the system is filled
entirely on the left half of the chain and empty on the right one; the fermionic dens-
ity at time 𝑡 = 0 is 𝜌(𝑥) = Θ(−𝑥) and the loss process is modulated by the jump fre-
quency (5.53). At 𝑡 > 0 the domain wall melts inside the light cone region |𝑥| ≤ 𝑡 and the
density profile is given by Eq. (5.54). (𝑏) Number of particles in [0,∞] for 𝑥0 = 𝑙/2 = 10.
The black dashed line and the coloured spots refer to the microscopic dynamics (5.16)
and the quasi-particle ansatz (5.55), respectively. In the inset, the coefficient (5.56) as a
function of 𝛾− for 𝑙 = 20.
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5.3.3 Transport phenomena
To connect the previous analysis with transport features, we shall consider a
single particle state with Wigner function 𝑛(𝑥, 𝑝, 0) = 𝛿(𝑥). After quenching
the state, we focus on the average displacement 𝑑(𝑡) = √⟨𝑥2⟩ − ⟨𝑥⟩2, which
measures the deviation of the particle position over time. For closed systems
and vanishing potentials, the motion is ballistic and 𝑑(𝑡) ∝ 𝑡. In this paragraph,
we would like to explore the transport for one-body gain-loss processes affect-
ing the particle number conservation. We assume the dynamics is described by
Eq. (5.54) with 𝑣𝑝 = sin(𝑝) and 𝛾+𝑥 = 0 to avoid particle injection. We also
consider symmetric jump rates 𝛾−𝑥 under 𝑥 = 0, so that ⟨𝑥⟩ = 0 and

𝑑(𝑡) = [∫
+∞

−∞
d𝑥 𝑥2𝜌(𝑥, 𝑡)]

1/2
. (5.57)

From the solution of the hydrodynamic equation (5.54), the particle density reads

𝜌(𝑥, 𝑡) = 1
𝜋𝑡
𝑒−𝑡∫10 d𝑠 𝛾−(𝑥−𝑥𝑠)

√1 − (𝑥/𝑡)2
(Θ(𝑡 − 𝑥) − Θ(−𝑡 − 𝑥)) . (5.58)

By hypothesis, we assume 𝛾−𝑥 equal to (5.53), with 𝑥0 = 0. The average displace-
ment is

𝑑(𝑡) = Θ( 𝑙2 − 𝑡) 𝑡
√2

𝑒−𝛾−𝑡/2 + Θ(𝑡 − 𝑙
2)√

2
𝜋𝑡 ×

×[∫
1

𝑙
2𝑡

d𝑦 𝑦2

√1 − 𝑦2
𝑒−𝛾−𝑙/2𝑦 + 1

2𝑒
−𝛾−𝑡 (arcsin( 𝑙2𝑡) −

𝑙
2𝑡√1 − ( 𝑙2𝑡)

2
)]

1/2

. (5.59)

Observe that 𝑑(𝑡) = 𝑡/√2 for 𝛾−𝑥 = 0, as expected for closed systems. In the long
time limit (𝑡/𝑙 ≫ 1), 𝑑(𝑡) ≃ 𝑚̃(𝛾−𝑙)𝑡, with

𝑚̃(𝛾−𝑙) = √
2
𝜋 [∫

1

0
d𝑦 𝑦2

√1 − 𝑦2
𝑒−𝛾−𝑙/2𝑦]

1/2

. (5.60)

Following the hydrodynamic description into Sec. 5.2, the transport is still bal-
listic but the average displacement cannot be linear in time anymore, since the
dissipator may destroy the excitation in the interval (−𝑙/2, 𝑙/2). Notice that there
is a crossover at 𝑡 = 𝑙/2, coinciding with the distance covered by the particle
with maximum velocity after the quench. In the long time limit, the average dis-
placement is linear again. As before, we distinguish two asymptotic cases. For
𝛾−𝑙 ≪ 1, exp{−𝛾−𝑙/2𝑦} ≃ 1 and 𝑚̃ ≃ 1/√2; for 𝛾−𝑙 ≫ 1, exp{−𝛾−𝑙/2𝑦} ≃ 0 and
𝑚̃ ≃ 0.
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5.4 Wigner dynamics with dephasing
In this section we include a constant dephasing noise in the dynamics, which
may be viewed in the light of continuous measurement processes (see Chapter
4), where the system undergoes random projective measurements or infinitely
weak and frequent interactions with ancillas [C6].

5.4.1 Homogeneous dephasing
In this brief paragraph, we just recall some known results about open dynamics
with homogeneous dephasing noise (see also Chapter 4 and Ref. [59]). In Fig. 5.6,
we prepare a 200-site chain of hopping fermions (𝑣𝑝 = sin(𝑝)) in the initial
condition 𝑛(𝑥, 𝑝, 0) = 𝛿(𝑥 − 𝐿/2) = 𝜌(𝑥, 0). The Wigner function solves

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = − sin(𝑝)𝜕𝑥𝑛(𝑥, 𝑝, 𝑡) − 𝜆𝑛(𝑥, 𝑝, 𝑡) + 𝜆𝜌(𝑥, 𝑡) . (5.61)

In Fig. 5.6, we assume 𝜆 = 0.2 and we compare the microscopic dynamics (5.13)
with the Gaussian distribution

√
𝜆
2𝜋𝑡 exp {−

𝜆(𝑥 − 𝐿/2)2
2𝑡 } . (5.62)

Eq. (5.62) is a solution of the heat equation (5.39). In Fig. 5.6, we observe that the
microscopic dynamics converges to the Gaussian distribution (5.62) in the long
time limit 𝑡𝜆 ≫ 1.

In Fig. 5.7, we prepare the system in the single particle state 𝑛(𝑥, 𝑝, 0) =
𝛿(𝑥 − 𝐿/2) and we show the scaling of the integrated current

C(𝑡) = ∑
𝑥>𝐿/2

⟨𝑐†𝑥𝑐𝑥⟩(𝑡) . (5.63)

Fig. 5.7 clearly shows the ballistic and diffusive regimes, with crossover time
𝑡 = 𝜆−1. The coloured spots represent data collected by numerical experiments
involving random projective measurements (see Sec. 4.1.2), while the black line
comes from the numerical solution of Eq. (5.61). An interesting open problem
is to prove analytically the crossover between the ballistic and diffusive regimes,
which should emerge from the solution of Eq. (5.61).

5.4.2 Homogeneous dephasing and losses in real space
Although the dynamics with homogeneous dephasing has been abundantly ex-
plored, it is much less explicit how dephasing and gain-loss processes jointly
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Figure 5.6: Evolution of the particle density for hopping fermions and homogeneous
dephasing rates. We set 𝜆 = 0.2 and 𝐿 = 200. We prepare the system in the state
𝑛(𝑥, 𝑝, 0) = 𝛿(𝑥 − 𝐿/2). The red spots and the dashed black line represent the exact
microscopic dynamics and the Gaussian function (5.62), which is solution of the heat
equation (5.39). The microscopic evolution converges to the solution of the diffusive
equation (5.39) in the limit 𝑡𝜆 ≫ 1.

affect the Wigner evolution. To explore this scenario, we take a chain of hop-
ping fermions (𝑣𝑝 = sin(𝑝)), under homogeneous dephasing and losses in real
space (𝜆𝑥 = 𝜆, 𝛾+𝑥 = 0, 𝜔+𝑝 = 𝜔−𝑝 = 𝜁𝑝 = 0). In particular, we assume a loss
rate 𝛾−𝑥 given by Eq. (5.53), with 𝑥0 = 𝐿/2. Under these hypothesis, the Wigner
function satisfies

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = − sin(𝑝)𝜕𝑥𝑛(𝑥, 𝑝, 𝑡) − (𝜆 + 𝛾−𝑥 )𝑛(𝑥, 𝑝, 𝑡) + 𝜆𝜌(𝑥, 𝑡). (5.64)
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Figure 5.7: Scaling of the integrated current C(𝑡). We plot 𝜆C(𝑡) vs 𝑥 = 𝜆𝑡. We can
distinguish the ballistic regime (𝜆C(𝑡) ∝ 𝑥) and the diffusive regime (𝜆C(𝑡) ∝ 𝑥1/2), with
a crossover at 𝑥 = 1. The coloured spots are data collected by numerical experiments
involving random measurements; the black line comes from the numerical solution of
the differential equation (5.61).

We prepare the system in the Wigner function

𝑛(𝑥, 𝑝, 0) = {1 |𝑥 − 𝐿/2| < 𝑙/2 ∧ |𝑝| < 𝜋/2
0 |𝑥 − 𝐿/2| ≥ 𝑙/2 ∨ |𝑝| ≥ 𝜋/2 (5.65)

and we study its time evolution.
In Figs. 5.8 (a), 5.9, we show the density and the Wigner function dynamics

for several values of 𝜆. For 𝜆 = 0, the motion is purely ballistic and the number
of destroyed particles is finite and always different from zero. As the dephas-
ing constant 𝜆 increases, excitations spend more and more time inside the chain
section with 𝛾−𝑥 ≠ 0 until they are destroyed. In the large 𝜆 limit, the Zeno
regime freezes the dynamics and the system exponentially converges to the va-
cuum state. In conclusion, any finite value 𝜆 > 0 leads the system to the vacuum
state.



94 Wigner dynamics with dephasing

(a)

(b)

Figure 5.8: 200-site chain of hopping fermions under homogeneous monitoring and
loss processes (5.53), with 𝑥0 = 100, 𝑙 = 40, 𝛾− = 0.1. For the initial conditions (5.65),
we compare the hydrodynamic description with the microscopic dynamics; (a) Time
evolution of the particle density; (b) Time evolution of the current.
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Figure 5.9: 200-site chain of hopping fermions under homogeneous monitoring and
local loss processes (5.53), with 𝑥0 = 100, 𝑙 = 40, 𝛾− = 0.1. For the initial condi-
tions (5.65), we show the full Wigner function time evolution for different values of the
dephasing constant 𝜆.

In Fig. 5.8 (b) we also show the current

𝐽(𝑥, 𝑡) = ∫
𝜋

−𝜋

d𝑝
2𝜋 sin(𝑝) 𝑛(𝑥, 𝑝, 𝑡) , (5.66)

as a function of time 𝑡 and several measurement rates 𝜆. The current solves the
differential equation

𝜕𝑡𝜌(𝑥, 𝑡) + 𝜕𝑥𝐽(𝑥, 𝑡) + 𝛾−𝑥 𝜌(𝑥, 𝑡) = 0. (5.67)
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Figure 5.10: 200-site chain of hopping fermions under homogeneous monitoring and
local loss processes (5.53), 𝑥0 = 100, 𝑙 = 40, 𝛾− = 0.1. We prepare the system in the
Wigner function (5.65) at time 𝑡 = 0. (𝑎) Total number of particles as a function of
time for different values of the parameter 𝜆. The spots represent the data collected by
solving Eq. (5.13). The black dashed line refers to the hydrodynamic prediction (5.69).
(𝑏) Displacement of the density peaks as a function of time. Observe the linear growth
for 𝜆𝑡 ≪ 1 and the square root behaviour for 𝜆𝑡 ≫ 1.

As expected, the loss processes break the continuity equation. Integrating Eq. (5.67)

with the boundary condition 𝐽(𝐿, 𝑡) 𝐿→∞−−−→ 0, we find

𝐽(𝑥, 𝑡) = 𝜕𝑡𝑁p([𝑥, 𝐿], 𝑡) +∫
∞

𝑥
d𝑦 𝛾−𝑦 𝜌(𝑦, 𝑡), (5.68)

where 𝑁p([𝑥, 𝐿], 𝑡) is the particle number in [𝑥, 𝐿] at time 𝑡.

In Fig. 5.10 (a), we plot the total number of particles 𝑁p(𝑡; 𝛾−, 𝜆) for different
values of the parameter 𝜆. 𝑁p(𝑡; 𝛾−, 𝜆) is a monotonically decreasing function of
𝜆 at fixed values (𝑡, 𝛾−). For vanishing dephasing (𝜆 = 0), the analytic solution
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reads

𝑁p(𝑡; 𝛾−, 0) = Θ(𝑙 − 𝑡) [𝑁0
p 𝑒−𝛾

−𝑡 − 𝑡
𝜋𝑒

−𝛾−𝑡 + 1
𝜋𝛾− (1 − 𝑒−𝛾−𝑡)]

+Θ(𝑡 − 𝑙) 1
𝜋𝛾− [1 + 𝑙𝛾− arcsin ( 𝑙𝑡) 𝑒

−𝛾−𝑡]

−Θ(𝑡 − 𝑙) 1
𝜋𝛾− 𝑒

−𝛾−𝑡(1 + 𝛾−𝑡) (1 −√1 − (𝑙𝑡)
2
)

−Θ(𝑡 − 𝑙) 1
𝜋𝛾− ∫

𝜋/2

arcsin(𝑙/𝑡)
d𝑝 sin(𝑝) 𝑒−

𝛾−𝑙
sin(𝑝) , (5.69)

where 𝑁0
p = 𝑙/2 is the initial number of particles, according to the half filling

condition (5.65). If 𝑡 → ∞, the number of residual particles goes to 𝑚(𝛾−𝑙)/𝛾−,
approaching 1/𝜋𝛾− for 𝛾−𝑙 ≪ 1. In Fig. 5.10 (b), we show ||𝑥𝑝 − 𝐿/2|| as a func-
tion of time, where 𝑥𝑝 corresponds to the peak position of the wave front of
the density. As for the integrated current into Fig. 5.7, we numerically find the
initial linear regime and the 𝑡1/2 behaviour for 𝜆𝑡 ≫ 1. Observe that the peak
position (coloured spots in Fig. 5.10 (b)) has been obtained by solving the exact
microscopic dynamics. The higher order terms in the derivatives 𝜕𝑥 and 𝜕𝑝, neg-
lected into Eq. (5.64), are the reason behind the not complete monotonicity of the
function ||𝑥𝑝 − 𝐿/2||. Indeed, this behaviour cannot be captured by Eq. (5.64). The
main purpose of Fig. 5.10 (b) is to emphasise that the peak position slows down
for increasing dephasing constants 𝜆, approaching the diffusive regime (5.39) for
𝜆𝑡 ≫ 1.

5.4.3 Homogeneous dephasing and losses inmomentum
space

In Fig. 5.11, we consider a chain of hopping fermions (𝑣𝑝 = sin(𝑝)), under ho-
mogeneous dephasing and losses in reciprocal space (𝜁𝑝 = 𝜁, 𝜔+𝑝 = 𝛾−𝑥 = 𝛾+𝑥 =
𝜆𝑥 = 0). The particle exchange is modulated by the jump rate

𝜔−𝑝 = 𝜔−(Θ(𝜋2 − 𝑝) − Θ( − 𝜋
2 − 𝑝)) , (5.70)

which selects the emission channels. The hydrodynamic equation is

𝜕𝑡𝑛(𝑥, 𝑝, 𝑡) = − sin(𝑝)𝜕𝑥𝑛(𝑥, 𝑝, 𝑡) − (𝜁 + 𝜔−𝑝 )𝑛(𝑥, 𝑝, 𝑡) + 𝜁 ̃𝜌(𝑝, 𝑡) , (5.71)

with the initial Wigner function (5.65). In Fig. 5.11, we show the particle density
evolution for different values of the monitoring rate 𝜁. The specific dynamical
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Figure 5.11: 200-site chain of hopping fermions under homogeneous dephasing and
loss processes (5.70). We set 𝜔− = 0.1 and we prepare the system in the Wigner func-
tion (5.65) at time 𝑡 = 0. We plot the density time evolution for different values of the
parameter 𝜁. The coloured spots and the black dashed lines refer to the microscopic
dynamics (5.13) and the hydrodynamic approach (5.71), respectively.

protocol into Eq. (5.71) conserves the particle momentum and thus, for the initial
conditions (5.65), the system exponentially converges to the vacuum state for
any dephasing rate 𝜁. However, the larger parameter 𝜁, the greater the number
of delocalized particles over time.

5.5 Discussion and conclusion
In this work, we generalised the hydrodynamic approach for quantum chains
of non-interacting particles coupled to external Lindblad baths. We studied the
case of inhomogeneous one-body gain-loss processes and dephasing. As main
result, we got the equation of motion of the Wigner function, whose dynamics
may be pictorially viewed in terms of classical non-interacting quasi-particles:
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the gain and loss processes make the average lifetime finite while the dephas-
ing affects the transport features. Through several examples, we showed that
the Wigner dynamics reproduces the same results of the microscopic dynamics.
In particular cases, we provided analytical solutions of the hydrodynamic equa-
tions, giving unique physical insights. Finally, we studied the combined effects
of constant dephasing noises and single particle loss processes. In this context,
a natural working direction for the future would be to analyse the effects of in-
homogeneous monitoring rates, as for real experimental layouts, where more
interesting transport features may emerge.



Chapter 6

From Lindblad master equations to
Langevin dynamics and back

The description of the non-equilibrium dynamics of open quantum systems, even
at a fundamental level, continues to present many challenges [C6, 204, C14–
C16, 205, 206, C17]. Modelling the interaction system-bath is usually tough
and depends on the physical background. Following the proposal by Ford, Kac
and Mazur, see e.g. Ref. [72] and Sec. 2.2, the Langevin equations are derived
from an ab-initio approach, where the quantum fluctuation-dissipation theorem
(qfdt) holds and the relaxation towards the thermodynamic equilibrium state
is guaranteed. However, the resulting dynamics cannot be markovian [14, 72,
74, C14, C17, 207–209]. As previously mentioned in Sec. 2.2, the Langevin dy-
namics may also be derived by approaching the problem from a phenomenolo-
gical perspective, introducing a deterministic damping term and some stochastic
noises, whose correlators are to be determined by peculiar properties of the sta-
tionary state [C17, C18, 210]. Although a proper langevian description is in-
trinsically non-markovian, in Sec. 2.2 we quoted the Bedeaux-Mazur proposal,
where Langevin equations with markovian noises may still be obtained by relax-
ing some physical requirements. In this chapter, the focus is on these physical
situations where the characteristic time scales between the system and the bath
are compatible with an effective markovian description of the system dynamics.

In Chapter 2, we introduced the Lindblad evolution, which is a prototypical
example of markovian dynamics specified in terms of dynamical semigroups [61].
The Lindblad dynamics arises from second-order perturbation theory and other
assumptions, such as uncorrelated initial states, the rotatingwave approximation
and, of course, the Markov hypothesis. Under these conditions, the Liouvillian
generator for the reduced dynamics verifies the complete positivity [61, C19, 211–
214]. However, the need of complete positivity as dynamical postulate has been
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questioned and recent approaches try to circumvent this controversial topic [60,
212, 213, 215–224].

For open quantum systems with effective markovian dynamics, both the lind-
bladian and langevinian descriptions co-exist but the relation between them is
much less explored. For this purpose, we consider a single particle quantum
harmonic oscillator, which lends itself well to many applications, e.g. Refs. [C6,
C8, 67, 68, C14, C17, 210, 225]. The Lindblad dynamics for a quantum oscil-
lator is usually based on quantum optics, to describe a single mode in an optical
cavity [C6, C8, C14]. On the other hand, the physical picture for the Langevin
equations is a massive particle in a confining potential, which is submitted to fric-
tion and random impulsive forces. In this work, we use the proposal by Bedeaux
andMazur [67, 68] with markovian noises (see Sec. 2.2), keeping in mind that the
Langevin and Lindblad dynamics are considered equivalent if they reproduce the
same dynamics of the average observables.

The content of this chapter is based on our paper [A3]. In Sec. 6.1, we recall
the Bedeaux-Mazur formulation of the markovian quantum Langevin dynam-
ics, hereinafter the friction model [67]. Afterwards, we define the cavity model,
as a quantum harmonic oscillator with different deterministic damping terms
and stochastic noises to be determined [C6]. As we shall see, both models are
strictly connected to more general systems studied long time ago [225]. In order
to determine the noise correlators, we shall use the same phenomenological cri-
teria discussed in Sec. 2.2 and Ref. [14], with the exception of the requirement
(D) about the qfdt, which is modified to generate markovian noises. Whatever
microscopic justification might be found in either models, these must lead to cer-
tain phenomenological consequences which we use to circumvent any explicit
discussion of complete positivity, rather than having to rely on rather abstract
mathematically-inspired systems usually discussed in the literature. Although
the friction and cavity models share some common features, the explicit dynam-
ics is not identical. For instance, the friction model also contains an over-damped
dynamical regime which is absent in the cavity model. In Sec. 6.2, we show
that the cavity model is equivalent to the dampening of a single electromagnetic
mode inside a cavity [C6, C8, C14], which is described by a completely positive
map [C19]. Similarly, we build the Liouvillian generator of the reduced dynamics
of the friction model, which is manifestly not completely positive. Strictly speak-
ing, the dynamical map is not even positive [226]. However, unless we consider
very squeezed initial states, we get physical densitymatrices at any time 𝑡. Never-
theless, as we shall show later, positive semi-definite density matrices are always
recovered in the long-time limit. In Sec. 6.3, we make use of the Wigner func-
tion approach to solve the master equation for the friction and cavity models. In
Sec. 6.4, we study the relaxation toward the stationary state, which is identical
for both models without an external field. In Sec. 6.5, we recast both models
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as mean-field approximations of a many-body interacting magnet, deriving the
phase diagrams at zero temperature. While the friction model relaxes to a proper
equilibrium state independently on the damping parameter 𝛾, this is not true for
the cavity model, whose stationary state is 𝛾-dependent. Our main results are
summarised in Sec. 6.6.

6.1 Quantum Langevin equations
Our study concerns a single harmonic oscillator, with Hamiltonian

𝐻 = 𝑔
2𝑝

2 + 𝜔2
2𝑔 ̂𝑥2 − 𝐵 ̂𝑥 , (6.1)

= ℏ𝜔( ̂𝑎† ̂𝑎 + 1
2) − 𝐵√

ℏ𝑔
2𝜔 ( ̂𝑎 + ̂𝑎†) , (6.2)

where 𝑔 is the quantum coupling and 𝜔 is the angular frequency. The operators
̂𝑥, 𝑝 are the position and momentum observables which obey the commutation

relation [ ̂𝑥, 𝑝] = iℏ and can be re-expressed through bosonic creation and anni-
hilation operators

̂𝑥 = √
ℏ𝑔
2𝜔 ( ̂𝑎† + ̂𝑎) , 𝑝 = i

√
ℏ𝜔
2𝑔 ( ̂𝑎† − ̂𝑎) , (6.3)

which leads to Eq. (6.2). In application to quantum magnets, where the position
operator ̂𝑥 becomes the quantum spin operator ̂𝑠, 𝐵 is interpreted as an external
magnetic field. In this chapter, we shall compare two dissipative protocols gen-
erated by the Langevin equations, namely the friction model

𝜕𝑡 ̂𝑥 = i
ℏ[𝐻, ̂𝑥] + ̂𝜂(𝑥) , (6.4)

𝜕𝑡𝑝 = i
ℏ[𝐻, 𝑝] − 𝛾𝑝 + ̂𝜂(𝑝) , (6.5)

and the cavity model

𝜕𝑡 ̂𝑥 = i
ℏ[𝐻, ̂𝑥] − 𝛾

2 ̂𝑥 + ̂𝜂(𝑥) , (6.6)

𝜕𝑡𝑝 = i
ℏ[𝐻, 𝑝] −

𝛾
2𝑝 + ̂𝜂(𝑝) , (6.7)

for the particular Hamiltonian𝐻 of the harmonic oscillator (6.1). In both models,
we combine the unitary dynamics with phenomenological noises and determin-
istic damping terms with amplitude 𝛾.
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As we saw in Sec. 2.2, the friction model arises from the quantization of the
classical Langevin equations for a particle of mass 𝑔−1 in a fluid. In this per-
spective, the particle is subject to classical harmonic potentials, damping forces
proportional to the momentum variable and random impulsive interactions para-
meterised by white noises.

The choice (6.4,6.5) could appear more natural and intuitive than (6.6,6.7).
In this respect, Eqs. (6.6,6.7) look artificial and the classical counterpart is not
easily identifiable. However, along this chapter we shall prove that Eqs. (6.6,6.7)
reproduce the dynamics of an oscillator in an optical cavity.

The coupling with the external bath(s) is encoded by the markovian noises
̂𝜂(𝑥), ̂𝜂(𝑝), being operator-valued centred random variables with a joint probabil-

ity distribution and non-vanishing secondmoments. In this work, we shall follow
the Bedeaux and Mazur proposal [67, 68], which is equivalent to the axiomatic
construction of Ref. [14]. The noise correlators are specified by four phenomen-
ological requirements

(A) the canonical equal-time commutator ⟨[ ̂𝑥(𝑡), 𝑝(𝑡)]⟩ = iℏ ;

(B) the Kubo formula of linear response theory ;

(C) the virial theorem, both classical [C9–C11] and quantum-mechanical [14,
73], characterising the stationary regime. For a quantum oscillator with

𝐵 = 0, it reads ⟨𝑝2⟩ = 𝜔2

𝑔2
⟨ ̂𝑥2⟩ ;

(D) the quantum equilibrium state condition, which reads ⟨ ̂𝑥2⟩
eq
− ⟨ ̂𝑥⟩2

eq
=

ℏ𝑔
2𝜔

coth (ℏ𝜔
2𝑇
) for the harmonic oscillator. This requirement replaces the

qfdt, which is not compatible with markovian noises [14, 74, C14, C17,
207–209].

The conditions (A) and (B) fix the noise commutators, while the conditions (C)
and (D) fix the noise anti-commutators.

As we shall prove in Sec. 6.1.2, the non-vanishing noise correlators of the
friction model (6.4,6.5) are [67, 68]

⟨[ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑝)(𝑡′)]⟩ = i𝛾ℏ 𝛿(𝑡 − 𝑡′) , (6.8)

⟨{ ̂𝜂(𝑝)(𝑡), ̂𝜂(𝑝)(𝑡′)}⟩ = 2𝛾ℏ𝜔
𝑔 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) , (6.9)

with units such that 𝑘B = 1. We can see that, in the classical limit ℏ → 0, the
friction model reduces to a linearly damped harmonic oscillator subject to white
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noise. Concerning the cavity model (6.6,6.7), the noise correlators take the form

⟨[ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑝)(𝑡′)]⟩ = i𝛾ℏ 𝛿(𝑡 − 𝑡′) , (6.10)

⟨{ ̂𝜂(𝑝)(𝑡), ̂𝜂(𝑝)(𝑡′)}⟩ = 𝛾ℏ𝜔
𝑔 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) , (6.11)

⟨{ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑥)(𝑡′)}⟩ = 𝛾ℏ𝑔
𝜔 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) , (6.12)

which are explicitly derived in Sec. 6.1.1 below. Notice that, for both models, the
Markov property is encoded by the delta functions. In Sec. 6.2 we shall show that
Eqs. (6.6,6.7) are related to a CPTP Lindblad map whereas the master equation
corresponding to the dynamics (6.4,6.5) is positive, but manifestly not completely
positive.

In order to express the requirements (A-D) in a compact form, we define the
averages

𝐶(𝒜,ℬ)
− (𝑡, 𝑡′) ∶= 1

2⟨[𝒜(𝑡), ℬ̂(𝑡
′)]⟩ , (6.13)

𝐶(𝒜,ℬ)
+ (𝑡, 𝑡′) ∶= 1

2⟨{𝒜(𝑡), ℬ̂(𝑡
′)}⟩ , (6.14)

and the connected correlator

𝐶(𝒜,ℬ)
+,c (𝑡, 𝑡′) ∶= 𝐶(𝒜,ℬ)

+ (𝑡, 𝑡′) − ⟨𝒜(𝑡)⟩⟨ℬ(𝑡′)⟩ , (6.15)

for anyHilbert operator𝒜 and ℬ̂. In terms of the functions𝐶(𝑥,𝑥)
+ (𝑡, 𝑡′),𝐶(𝑝,𝑝)

+ (𝑡, 𝑡′),
the virial theorem reads [14]

𝐶(𝑝,𝑝)
+ (𝑡, 𝑡′)=𝜔

2

𝑔2 𝐶
(𝑥,𝑥)
+ (𝑡, 𝑡′) , (6.16)

which, for non-vanishing magnetic fields, is expressed by the connected correl-
ators

𝐶(𝑝,𝑝)
+,c (𝑡, 𝑡′) = 𝜔2

𝑔2 𝐶
(𝑥,𝑥)
+,c (𝑡, 𝑡′) . (6.17)

On the other hand, the Kubo formula [204, C20] involves the response functions

𝑅(𝑥)(𝑡, 𝑠) ∶= 𝛿⟨ ̂𝑥(𝑡)⟩
𝛿𝐵(𝑠)

|||𝐵=0
, (6.18)

𝑄(𝑝)(𝑡, 𝑠) ∶= 𝛿⟨𝑝(𝑡)⟩
𝛿𝐵(𝑠)

|||𝐵=0
, (6.19)

where 𝑡 is the observation time and 𝑠 the waiting time. In terms of the commut-
ator 𝐶(𝑥,𝑥)

− (𝑡, 𝑡′), the Kubo formula reads

𝑅(𝑥)(𝑡, 𝑠)=2iℏ Θ(𝑡 − 𝑠)𝐶(𝑥,𝑥)
− (𝑡, 𝑠) . (6.20)
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6.1.1 Cavity model
In this section, we shall provide the formal solution of the cavity model (6.6,6.7).
In particular, we shall derive the second moments of the noises (6.10,6.11,6.12),
following Ref. [14] as guideline.

The dynamics of the cavity model is given by Eqs. (6.6,6.7), with the harmonic
oscillator Hamiltonian (6.1). Computing the commutator, one gets

𝜕𝑡 ̂𝑥 = 𝑔𝑝 − 𝛾
2 ̂𝑥 + ̂𝜂(𝑥) , (6.21)

𝜕𝑡𝑝 = −𝜔
2

𝑔 ̂𝑥 − 𝛾
2𝑝 + 𝐵 + ̂𝜂(𝑝) . (6.22)

The formal solution of the linear differential equations (6.21,6.22) is

̂𝑥(𝑡) = ̂𝑥+(0)e−Λ+𝑡 + ̂𝑥−(0)e−Λ−𝑡

+12 ∫
𝑡

0
d𝜏 e−Λ+(𝑡−𝜏) ( ̂𝜂(𝑥)(𝜏) + i𝑔

𝜔 ( ̂𝜂(𝑝)(𝜏) + 𝐵))

+12 ∫
𝑡

0
d𝜏 e−Λ−(𝑡−𝜏) ( ̂𝜂(𝑥)(𝜏) − i𝑔

𝜔 ( ̂𝜂(𝑝)(𝜏) + 𝐵)) , (6.23)

𝑝(𝑡) = −i
𝜔
𝑔 ̂𝑥+(0)e−Λ+𝑡 + i

𝜔
𝑔 ̂𝑥−(0)e−Λ−𝑡

−i
𝜔
2𝑔 ∫

𝑡

0
d𝜏 e−Λ+(𝑡−𝜏) ( ̂𝜂(𝑥)(𝜏) + i𝑔

𝜔 ( ̂𝜂(𝑝)(𝜏) + 𝐵))

+i
𝜔
2𝑔 ∫

𝑡

0
d𝜏 e−Λ−(𝑡−𝜏) ( ̂𝜂(𝑥)(𝜏) − i𝑔

𝜔 ( ̂𝜂(𝑝)(𝜏) + 𝐵)) , (6.24)

with eigenvalues Λ± =
𝛾
2
± i𝜔 and initial conditions ̂𝑥+(0), ̂𝑥−(0).

The goal of this section is to derive the second moments (6.10,6.11,6.12). For
the average noise commutator, we use the ansatz

⟨[ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑝)(𝑡′)]⟩ = 𝜅𝛿(𝑡 − 𝑡′) . (6.25)

Thanks to Eqs. (6.23, 6.24), one may compute the average commutator between
position and momentum,

2𝐶(𝑥,𝑝)
− (𝑡, 𝑡′) = ⟨[ ̂𝑥(𝑡), 𝑝(𝑡′)]⟩

= ( i𝜔𝑔 ⟨[ ̂𝑥+(0), ̂𝑥−(0)]⟩ −
𝜅
2𝛾) (e

−Λ+𝑡−Λ−𝑡′ + e−Λ−𝑡−Λ+𝑡′)

+ 𝜅
2𝛾 (e

−Λ+|𝑡−𝑡′| + e−Λ−|𝑡−𝑡′|) , (6.26)
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which contains a stationary part depending only on |𝑡−𝑡′| and a rapidly decaying
transient term. The requirement (A) holds if the transient term is zero, and this
is true for the choice

⟨[ ̂𝑥+(0), ̂𝑥−(0)]⟩ = −i
𝜅𝑔
2𝛾𝜔 . (6.27)

Thus, the average equal-time commutator

⟨[ ̂𝑥(𝑡), 𝑝(𝑡)]⟩ = 𝜅
𝛾 , (6.28)

is time-independent. For the specific choice 𝜅 = iℏ𝛾, the requirement (A) is
verified and

⟨[ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑝)(𝑡′)]⟩ = iℏ𝛾𝛿(𝑡 − 𝑡′) . (6.29)

Next, we check the validity of the Kubo formula for the linear response theory
(B). Using the definitions (6.18,6.19), the evolution of the response functions is

𝜕𝑡𝑅(𝑥)(𝑡, 𝑠) = 𝑔𝑄(𝑝)(𝑡, 𝑠) − 𝛾
2𝑅

(𝑥)(𝑡, 𝑠) , (6.30)

𝜕𝑡𝑄(𝑝)(𝑡, 𝑠) = −𝜔
2

𝑔 𝑅
(𝑥)(𝑡, 𝑠) − 𝛾

2𝑄
(𝑝)(𝑡, 𝑠) + 𝛿(𝑡 − 𝑠) . (6.31)

Since these functions only depend on the time difference 𝜏 = 𝑡 − 𝑠, we define
ℛ(𝜏) ∶= 𝑅(𝑥)(𝑡, 𝑠) which obeys to the second-order differential equation

𝜕2𝜏ℛ(𝜏) + 𝛾𝜕𝜏ℛ(𝜏) + (𝜔2 + 𝛾2
4 )ℛ(𝜏) = 𝑔𝛿(𝜏) . (6.32)

The standard technique to solve the differential equation (6.32) makes use of the
Fourier transform

ℛ̂(𝜈) = 1
√2𝜋

∫
ℝ
d𝜏 e−i𝜈𝜏ℛ(𝜏) . (6.33)

The Fourier transforms of 𝜕𝜏ℛ(𝜏), 𝜕2𝜏ℛ(𝜏) and 𝛿(𝜏) are i𝜈ℛ̂(𝜈), −𝜈2ℛ̂(𝜈) and
1/√2𝜋, respectively. Hence, Eq. (6.32) maps into

−𝜈2ℛ̂(𝜈) + i𝛾𝜈ℛ̂(𝜈) + (𝜔2 + 𝛾2
4 ) ℛ̂(𝜈) = 𝑔

√2𝜋
, (6.34)

with solution

ℛ̂(𝜈) = − 𝑔
√2𝜋

1
𝜈2 − i𝛾𝜈 − 𝜔2 − 𝛾2/4 . (6.35)
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Eq. (6.35) shows two pôles 𝜈± = i𝛾
2
± 𝜔 in the upper complex 𝜈-half-plane. Con-

sequently, inverting Eq. (6.35) via the residue theorem, the response of the posi-
tion 𝑥 is

ℛ(𝜏) = 𝑅(𝑥)(𝜏 + 𝑠, 𝑠) = 𝑔
𝜔 e−𝛾𝜏/2 sin(𝜔𝜏) Θ(𝜏) , (6.36)

where theHeaviside functionΘ(𝜏) expresses the causality. The commutator (6.13)
is

𝐶(𝑥,𝑥)
− (𝑡, 𝑡′) = 1

2 (⟨[ ̂𝑥+(0), ̂𝑥−(0)]⟩ −
ℏ𝑔
2𝜔) (𝑒

−Λ+𝑡−Λ−𝑡′ − 𝑒−Λ+𝑡′−Λ−𝑡)

+ ℏ
2i
𝑔
𝜔e−𝛾|𝑡−𝑡

′|/2 sin(𝜔|𝑡 − 𝑡′|) . (6.37)

Eq. (6.27) and 𝜅 = iℏ𝛾 imply that the first term into Eq. (6.37) is equal to zero and
the Kubo formula (B)

𝑅(𝑥)(𝜏 + 𝑠, 𝑠) = 2i
ℏ 𝐶

(𝑥,𝑥)
− (𝜏 + 𝑠, 𝑠)Θ(𝜏) , (6.38)

is automatically verified.
Now, it is the turn of the virial theorem (C), which reads 𝐶(𝑝,𝑝)

+,c,stat(𝑡, 𝑡′) =
𝜔2

𝑔2
𝐶(𝑥,𝑥)
+,c,stat(𝑡, 𝑡′). If 𝐵 ≠ 0, we must analyse the connected correlators 𝐶(𝑥,𝑥)

+,c (𝑡, 𝑡′)

and 𝐶(𝑝,𝑝)
+,c (𝑡, 𝑡′). Following the guidelines of Ref. [14], we use the ansatz

1
2⟨{ ̂𝜂(𝑝)(𝑡), ̂𝜂(𝑝)(𝑡′)}⟩ = 𝛼 𝛿(𝑡 − 𝑡′) , (6.39)

1
2⟨{ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑥)(𝑡′)}⟩ = 𝛽 𝛿(𝑡 − 𝑡′) , (6.40)

⟨{ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑝)(𝑡′)}⟩ = 0 , (6.41)

for some real coefficients 𝛼, 𝛽. The virial theorem requires to evaluate the con-
nected correlator

𝐶(𝑥,𝑥)
+,c (𝑡, 𝑡′) = (⟨ ̂𝑥+(0)2⟩ −

𝛽 − 𝛼𝑔2/𝜔2
8Λ+

) 𝑒−Λ+(𝑡+𝑡′)

+(⟨ ̂𝑥−(0)2⟩ −
𝛽 − 𝛼𝑔2/𝜔2

8Λ−
) 𝑒−Λ−(𝑡+𝑡′)

+(12⟨{ ̂𝑥+(0), ̂𝑥−(0)}⟩ −
𝛽 + 𝛼𝑔2/𝜔2
4(Λ+ + Λ−)

) (𝑒−Λ+𝑡−Λ−𝑡′ + 𝑒−Λ+𝑡′−Λ−𝑡)

+14 (
𝛽 − 𝛼𝑔2/𝜔2

2Λ+
+ 𝛽 + 𝛼𝑔2/𝜔2

Λ+ + Λ−
) 𝑒−Λ+|𝑡−𝑡′|

+14 (
𝛽 − 𝛼𝑔2/𝜔2

2Λ−
+ 𝛽 + 𝛼𝑔2/𝜔2

Λ+ + Λ−
) 𝑒−Λ−|𝑡−𝑡′| . (6.42)
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The terms in the first three lines are rapidly decaying contributions whereas the
stationary terms are collected in the fourth and fifth lines; the non-connected
terms ∝ 𝐵2 vanish. Similarly, we compute the connected correlator

𝐶(𝑝,𝑝)
+,c (𝑡, 𝑡′) = 𝜔2

𝑔2 (−⟨ ̂𝑥+(0)2⟩ +
𝛽 − 𝛼𝑔2/𝜔2

8Λ+
) 𝑒−Λ+(𝑡+𝑡′)

+𝜔
2

𝑔2 (−⟨ ̂𝑥−(0)2⟩ +
𝛽 − 𝛼𝑔2/𝜔2

8Λ−
) 𝑒−Λ−(𝑡+𝑡′)

+𝜔
2

𝑔2 (
1
2⟨{ ̂𝑥+(0), ̂𝑥−(0)}⟩ −

𝛽 + 𝛼𝑔2/𝜔2
4(Λ+ + Λ−)

) (𝑒−Λ+𝑡−Λ−𝑡′ + 𝑒−Λ+𝑡′−Λ−𝑡)

+ 𝜔2
4𝑔2 (−

𝛽 − 𝛼𝑔2/𝜔2
2Λ+

+ 𝛽 + 𝛼𝑔2/𝜔2
Λ+ + Λ−

) 𝑒−Λ+|𝑡−𝑡′|

+ 𝜔2
4𝑔2 (−

𝛽 − 𝛼𝑔2/𝜔2
2Λ−

+ 𝛽 + 𝛼𝑔2/𝜔2
Λ+ + Λ−

) 𝑒−Λ−|𝑡−𝑡′| , (6.43)

with transient terms in the first three lines and the stationary contributions in the
fourth and fifth lines. Comparing Eqs. (6.42,6.43), the condition for the validity
of the virial theorem is

1
4 (

𝛽 − 𝛼𝑔2/𝜔2
2Λ±

+ 𝛽 + 𝛼𝑔2/𝜔2
Λ+ + Λ−

) != 1
4 (−

𝛽 − 𝛼𝑔2/𝜔2
2Λ±

+ 𝛽 + 𝛼𝑔2/𝜔2
Λ+ + Λ−

) , (6.44)

and leads to

𝛼 = 𝜔2
𝑔2 𝛽 . (6.45)

Finally, using the stationary part of Eq. (6.42), the condition (D) implies that the
position (connected) auto-correlator at equilibrium is

𝐶(𝑥,𝑥)
+,c,eq(𝑡, 𝑡) =

𝛽
2𝛾

!= ℏ𝑔
2𝜔 coth (ℏ𝜔2𝑇 ) , (6.46)

and hence

𝛽 = ℏ𝛾𝜔
𝑔 coth (ℏ𝜔2𝑇 ) . (6.47)

Thus the anti-commutators (6.39,6.40) are

⟨{ ̂𝜂(𝑝)(𝑡), ̂𝜂(𝑝)(𝑡′)}⟩ = 𝛾ℏ𝜔
𝑔 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) , (6.48)

⟨{ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑥)(𝑡′)}⟩ = 𝛾ℏ𝑔
𝜔 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) . (6.49)
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To finish, for the sake of completeness, we also compute the connected anti-
commutator 𝐶(𝑥,𝑝)

+,c (𝑡, 𝑡′) which once more follows from (6.23, 6.24),

𝐶(𝑥,𝑝)
+,c (𝑡, 𝑡′) = −i

𝜔
𝑔 ⟨ ̂𝑥+(0)2⟩e−Λ+(𝑡+𝑡′) + i

𝜔
𝑔 ⟨ ̂𝑥−(0)2⟩e−Λ−(𝑡+𝑡′)

+i
𝜔
2𝑔 (⟨{ ̂𝑥+(0), ̂𝑥−(0)}⟩ −

𝛽
𝛾) (e

−Λ+𝑡−Λ−𝑡′ − e−Λ−𝑡−Λ+𝑡′)

+i
𝜔𝛽
2𝛾𝑔 (e

−Λ+|𝑡−𝑡′| − e−Λ−|𝑡−𝑡′|) . (6.50)

In particular, the stationary equal-time contribution 𝐶(𝑥,𝑝)
+,c,eq(𝑡, 𝑡) vanishes, inde-

pendently of the initial conditions. In the next sections, the dynamical behaviour
of those correlators will be valued case by case (see Figs. 6.1,6.2,6.3).

6.1.2 Friction model
In this section, we shall provide the formal solution of the friction model (6.4,6.5).
The second moments of the noises (6.8,6.9) were already known in literature and
identical to the Bedeaux and Mazur proposal [67, 68]. However, for the sake of
completeness, we shall sum up the results already presented in Ref. [14].

Eqs. (6.4,6.5) are equivalent to

𝜕𝑡 ̂𝑥 = 𝑔𝑝 + ̂𝜂(𝑥) , (6.51)

𝜕𝑡𝑝 = −𝜔
2

𝑔 ̂𝑥 − 𝛾𝑝 + 𝐵 + ̂𝜂(𝑝) , (6.52)

whose formal solution reads

̂𝑥(𝑡) = ̂𝑥+(0)e−Λ+𝑡 + ̂𝑥−(0)e−Λ−𝑡

− 1
Λ+ − Λ−

∫
𝑡

0
d𝜏 e−Λ+(𝑡−𝜏) [𝑔( ̂𝜂(𝑝)(𝜏) + 𝐵) + Λ− ̂𝜂(𝑥)(𝜏)]

+ 1
Λ+ − Λ−

∫
𝑡

0
d𝜏 e−Λ−(𝑡−𝜏) [𝑔( ̂𝜂(𝑝)(𝜏) + 𝐵) + Λ+ ̂𝜂(𝑥)(𝜏)] , (6.53)

𝑝(𝑡) = −Λ+
𝑔 ̂𝑥+(0)e−Λ+𝑡 − Λ−

𝑔 ̂𝑥−(0)e−Λ−𝑡

+ Λ+
𝑔(Λ+ − Λ−)

∫
𝑡

0
d𝜏 e−Λ+(𝑡−𝜏) [𝑔( ̂𝜂(𝑝)(𝜏) + 𝐵) + Λ− ̂𝜂(𝑥)(𝜏)]

− Λ−
𝑔(Λ+ − Λ−)

∫
𝑡

0
d𝜏 e−Λ−(𝑡−𝜏) [𝑔( ̂𝜂(𝑝)(𝜏) + 𝐵) + Λ+ ̂𝜂(𝑥)(𝜏)] ,(6.54)
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with eigenvaluesΛ± =
𝛾
2
±√

𝛾2

4
− 𝜔2 and initial conditions ̂𝑥+(0) , ̂𝑥−(0). Con-

trary to the cavity model, the eigenvalues Λ± may take real or complex values,
depending on the parameters (𝜔, 𝛾). The eigenvalues Λ± govern the qualitative
behaviour of the position-momentum observables. If 𝜔 < 𝛾/2 we have an over-
damped phase, with real and positive eigenvalues. On the other hand, if 𝜔 > 𝛾/2
we find an under-damped phase, where the eigenvalues are complex and the dy-
namics contains oscillations. In the cavity model, only the under-damped regime
exists.

As already done for the cavity model, we start from the ansatz (6.25) and we
impose the condition for the equal time position-momentum commutator (A).
Eqs. (6.53,6.54) imply

2𝐶(𝑥,𝑝)
− (𝑡, 𝑡′) = ⟨[ ̂𝑥(𝑡), 𝑝(𝑡′)]⟩

= 1
𝑔 (⟨[ ̂𝑥+(0), ̂𝑥−(0)]⟩ −

𝜅𝑔
(Λ+ − Λ−)(Λ+ + Λ−)

)

× (Λ+e−Λ−𝑡−Λ+𝑡′ − Λ−e−Λ+𝑡−Λ−𝑡′)
+ 𝜅
(Λ+ − Λ−)(Λ+ + Λ−)

× (Λ+e−Λ−|𝑡−𝑡′| − Λ−e−Λ+|𝑡−𝑡′|) , (6.55)

which contains a stationary part depending only on |𝑡−𝑡′| and a rapidly decaying
term. The equal time commutator (A) requires

⟨[ ̂𝑥+(0), ̂𝑥−(0)]⟩ =
𝜅𝑔

(Λ+ − Λ−)(Λ+ + Λ−)
, (6.56)

and
⟨[ ̂𝑥(𝑡), 𝑝(𝑡)]⟩ = 𝜅

Λ+ + Λ−
= 𝜅
𝛾

!= iℏ , (6.57)

which leads to
⟨[ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑝)(𝑡′)]⟩ = iℏ𝛾𝛿(𝑡 − 𝑡′) . (6.58)

Next, we check the validity of the Kubo formula for the linear response theory
(B). The equations of motion of the response functions (6.18,6.19) are

𝜕𝑡𝑅(𝑥)(𝑡, 𝑠) = 𝑔𝑄(𝑝)(𝑡, 𝑠) , (6.59)

𝜕𝑡𝑄(𝑝)(𝑡, 𝑠) = −𝜔
2

𝑔 𝑅
(𝑥)(𝑡, 𝑠) − 𝛾𝑄(𝑝)(𝑡, 𝑠) + 𝛿(𝑡 − 𝑠) . (6.60)

Since these functions only depend on the time difference 𝜏 = 𝑡 − 𝑠, we define
ℛ(𝜏) ∶= 𝑅(𝑥)(𝑡, 𝑠), which obeys to the second-order differential equation

𝜕2𝜏ℛ(𝜏) + 𝛾𝜕𝜏ℛ(𝜏) + 𝜔2ℛ(𝜏) = 𝑔𝛿(𝜏) . (6.61)
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The standard technique to solve the differential equation (6.61) makes use of the
Fourier transforms. Eq. (6.61) is mapped into

−𝜈2ℛ̂(𝜈) + i𝛾𝜈ℛ̂(𝜈) + 𝜔2ℛ̂(𝜈) = 𝑔
√2𝜋

, (6.62)

where ℛ̂(𝜈) is the Fourier transform (6.33). Eq. (6.62) has solution

ℛ̂(𝜈) = − 𝑔
√2𝜋

1
𝜈2 − i𝛾𝜈 − 𝜔2 , (6.63)

with two simple poles in the upper complex 𝜈-plane. Consequently, inverting
(6.63) via the residue theorem, the response of the position 𝑥 is

ℛ(𝜏) = 𝑅(𝑥)(𝜏 + 𝑠, 𝑠) = 𝑔
Λ+ − Λ−

(e−Λ−𝜏 − e−Λ+𝜏) Θ(𝜏) , (6.64)

where the Heaviside function Θ(𝜏) encodes the causality. On the other hand, we
need the commutator (6.13), which is

𝐶(𝑥,𝑥)
− (𝑡, 𝑡′) = ℏ

2i
𝑔

Λ+ − Λ−
Θ(𝑡 − 𝑡′)(e−Λ−|𝑡−𝑡′| − e−Λ+|𝑡−𝑡′|) . (6.65)

and then the Kubo formula (B) is automatically verified.
In order to check the virial theorem, we evaluate the connected correlators

𝐶(𝑥,𝑥)
+,c (𝑡, 𝑡′) and 𝐶(𝑝,𝑝)

+,c (𝑡, 𝑡′). Again, we use the ansatz (6.39,6.40,6.41) and we get

𝐶(𝑥,𝑥)
+,c (𝑡, 𝑡′) = 1

2 (⟨ ̂𝑥+(0)2⟩ −
𝛽Λ2− + 𝛼𝑔2

Λ+(Λ+ − Λ−)2
) e−Λ+(𝑡+𝑡′)

+12 (⟨ ̂𝑥−(0)2⟩ −
𝛽Λ2+ + 𝛼𝑔2

Λ−(Λ+ − Λ−)2
) e−Λ−(𝑡+𝑡′)

+12 (⟨{ ̂𝑥+(0), ̂𝑥−(0)}⟩ +
2𝛽Λ+Λ− + 2𝛼𝑔2

(Λ+ + Λ−)(Λ+ − Λ−)2
)

× (e−Λ+𝑡−Λ−𝑡′ + e−Λ+𝑡′−Λ−𝑡)

+ (𝛼𝑔
2 + 𝛽Λ2−
2Λ+

− 𝛼𝑔2 + 𝛽Λ−Λ+
2(Λ+ + Λ−)

) e−Λ+|𝑡−𝑡′|

(Λ+ − Λ−)2

+(𝛼𝑔
2 + 𝛽Λ2+
2Λ−

− 𝛼𝑔2 + 𝛽Λ−Λ+
2(Λ+ + Λ−)

) e−Λ−|𝑡−𝑡′|

(Λ+ − Λ−)2
. (6.66)

The terms in the first four lines are rapidly decaying transient contributions
whereas the stationary terms are collected in the fifth and sixth lines; again, the
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non-connected terms ∝ 𝐵2 vanish. Similarly, we compute the connected correl-
ator

𝐶(𝑝,𝑝)
+,c (𝑡, 𝑡′) = Λ2+

2𝑔2 (⟨ ̂𝑥+(0)2⟩ −
𝛽Λ2− + 𝛼𝑔2

Λ+(Λ+ − Λ−)2
) e−Λ+(𝑡+𝑡′)

+Λ
2
−

2𝑔2 (⟨ ̂𝑥−(0)2⟩ −
𝛽Λ2+ + 𝛼𝑔2

Λ−(Λ+ − Λ−)2
) e−Λ−(𝑡+𝑡′)

+Λ+Λ−
2𝑔2 (⟨{ ̂𝑥+(0), ̂𝑥−(0)}⟩ +

2𝛽Λ+Λ− + 2𝛼𝑔2
(Λ+ + Λ−)(Λ+ − Λ−)2

)

× (e−Λ+𝑡−Λ−𝑡′ + e−Λ+𝑡′−Λ−𝑡)

+Λ+(𝛼𝑔2 + 𝛽Λ2−)
2𝑔2(Λ+ − Λ−)2

e−Λ+|𝑡−𝑡′| + Λ−(𝛼𝑔2 + 𝛽Λ2+)
2𝑔2(Λ+ − Λ−)2

e−Λ−|𝑡−𝑡′|

− Λ+Λ−(𝛼𝑔2 + 𝛽Λ−Λ+)
𝑔2(Λ+ + Λ−)(Λ+ − Λ−)2

(e−Λ+|𝑡−𝑡′| + e−Λ−|𝑡−𝑡′|) , (6.67)

with transient terms in the first four lines and the stationary contributions in the
fifth and sixth lines. Comparing Eqs. (6.66,6.67), the virial theorem holds true for

Λ+ (𝛼𝑔2 + 𝛽Λ2−) + Λ− (𝛼𝑔2 + 𝛽Λ2+)
!= Λ− (𝛼𝑔2 + 𝛽Λ2−) + Λ+ (𝛼𝑔2 + 𝛽Λ2+) ,

(6.68)
which leads to

𝛽Λ2−Λ+ + 𝛽Λ2+Λ−
!= 𝛽Λ3− + 𝛽Λ3+ . (6.69)

If 𝛽 ≠ 0, Eq. (6.69) is verified for (Λ++Λ−)(Λ+−Λ−)2 = 0. However, since the
angular frequency 𝜔 and the damping constant 𝛾 are independent parameters,
the solution 𝛽 ≠ 0 is impossible. Hence we conclude 𝛽 = 0 and Eq. (6.69) is
automatically satisfied. Having shown that 𝛽 = 0, it remains to find 𝛼. For the
variance at equilibrium (D),

𝐶(𝑥,𝑥)
+,c,eq(𝑡, 𝑡) =

𝛼𝑔2
2𝛾𝜔2

!= ℏ𝑔
2𝜔 coth (ℏ𝜔2𝑇 ) , (6.70)

and hence
𝛼 = ℏ𝛾𝜔

𝑔 coth (ℏ𝜔2𝑇 ) . (6.71)

Finally, the second moments of the noises are

⟨{ ̂𝜂(𝑝)(𝑡), ̂𝜂(𝑝)(𝑡′)}⟩ = ℏ𝛾𝜔
𝑔 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) , (6.72)

⟨{ ̂𝜂(𝑥)(𝑡), ̂𝜂(𝑥)(𝑡′)}⟩ = 0 . (6.73)
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For the sake of completeness, we also compute the connected anti-commutator
𝐶(𝑥,𝑝)
+,c (𝑡, 𝑡′) which once more follows from (6.53, 6.54),

𝐶(𝑥,𝑝)
+,c (𝑡, 𝑡′) = (−Λ+

𝑔 ⟨ ̂𝑥+(0)2⟩ +
𝑔𝛼

2(Λ+ − Λ−)2
) e−Λ+(𝑡+𝑡′)

+(−Λ−
𝑔 ⟨ ̂𝑥−(0)2⟩ +

𝑔𝛼
2(Λ+ − Λ−)2

) e−Λ−(𝑡+𝑡′)

−( 12𝑔⟨{ ̂𝑥+(0), ̂𝑥−(0)}⟩ +
𝑔𝛼

𝛾(Λ+ − Λ−)2
)

× (Λ−e−Λ+𝑡−Λ−𝑡′ + Λ+e−Λ−𝑡−Λ+𝑡′)

+ 𝑔𝛼
𝛾(Λ+ − Λ−)2

(Λ− −
𝛾
2) e

−Λ+|𝑡−𝑡′|

+ 𝑔𝛼
𝛾(Λ+ − Λ−)2

(Λ+ −
𝛾
2) e

−Λ−|𝑡−𝑡′| , (6.74)

The stationary equal-time anticommutator𝐶(𝑥,𝑝)
+,c,stat(𝑡, 𝑡) vanishes. In the next sec-

tions, we shall compute the time evolution of the connected correlators for differ-
ent initial conditions, e.g. vacuum state and coherent states (see Figs. 6.1,6.2,6.3).

6.1.3 Lowering and raising operators
Since the Lindblad equations (see Sec. 6.2) are conveniently formulated in terms
of the lowering and raising operators (see Eq. (6.3)), here we rewrite the Langevin
equations for these operators

𝜕𝑡 ̂𝑎 = − (i𝜔 + 𝛾
2) ̂𝑎 + 𝛾

2 ̂𝑎† + i𝐵√
𝑔

2ℏ𝜔 + ̂𝜂(𝑎) , friction model (6.75)

𝜕𝑡 ̂𝑎 = − (i𝜔 + 𝛾
2) ̂𝑎 + i𝐵√

𝑔
2ℏ𝜔 + ̂𝜂(𝑎) , cavity model (6.76)

where the equation for ̂𝑎† is obtained by formal complex conjugation. The noise
operator ̂𝜂(𝑎) is for both models

̂𝜂(𝑎) ∶= √
𝜔
2ℏ𝑔 ̂𝜂(𝑥) + i√

𝑔
2ℏ𝜔 ̂𝜂(𝑝) , (6.77)

such that the non-vanishing second moments are

⟨[ ̂𝜂(𝑎)(𝑡), ̂𝜂(𝑎†)(𝑡′)]⟩ = 𝛾 𝛿(𝑡 − 𝑡′) , (6.78)

⟨{ ̂𝜂(𝑎)(𝑡), ̂𝜂(𝑎†)(𝑡′)}⟩ = 𝛾 coth (ℏ𝜔2𝑇 ) 𝛿(𝑡 − 𝑡′) , (6.79)
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and

⟨{ ̂𝜂(𝑎)(𝑡), ̂𝜂(𝑎)(𝑡′)}⟩ = ⟨{ ̂𝜂(𝑎†)(𝑡), ̂𝜂(𝑎†)(𝑡′)}⟩

= { −𝛾 coth(
ℏ𝜔
2𝑇
) 𝛿(𝑡 − 𝑡′) friction model

0 cavity model
, (6.80)

where the hermitian conjugate ̂𝜂(𝑎†) = ̂𝜂(𝑎)† is obtained from (6.77). The noises
average to zero (⟨ ̂𝜂(𝑎)⟩ = 0) and the equation of motion for ⟨ ̂𝑎⟩ is directly read off
from Eqs. (6.75,6.76). The equations for the two-point functions can be obtained
by Eqs. (6.75,6.76) with the noise correlators (6.78,6.79,6.80).

In a compact form, the equations of motion can be written as a matrix differ-
ential equation

𝜕𝑡𝐯 = 𝐀𝐯 + 𝐛 , 𝐯 ∶=
⎛
⎜
⎜
⎜
⎝

⟨ ̂𝑎⟩
⟨ ̂𝑎†⟩
⟨ ̂𝑎 ̂𝑎⟩
⟨ ̂𝑎† ̂𝑎†⟩
⟨ ̂𝑎† ̂𝑎⟩

⎞
⎟
⎟
⎟
⎠

, (6.81)

where each component of the vector 𝐯 refers to a different average value. The
formal solution of Eq. (6.81) is

𝐯(𝑡) = 𝑒𝐀𝑡 (𝐯(0) + 𝐀−1𝐛) − 𝐀−1𝐛 (6.82)

For the friction model, the matrix 𝐀 and the vector 𝐛 take the form

𝐀 = 𝛾

⎛
⎜
⎜
⎜
⎜
⎝

−1
2

1
2

0 0 0
1
2

−1
2

0 0 0
0 0 −1 0 1
0 0 0 −1 1
0 0 1

2
1
2

−1

⎞
⎟
⎟
⎟
⎟
⎠

+i

⎛
⎜
⎜
⎜
⎜
⎝

−𝜔 0 0 0 0
0 𝜔 0 0 0

√2𝑔/𝜔ℏ 𝐵 0 −2𝜔 0 0
0 −√2𝑔/𝜔ℏ 𝐵 0 2𝜔 0

−√𝑔/2𝜔ℏ 𝐵 √𝑔/2𝜔ℏ 𝐵 0 0 0

⎞
⎟
⎟
⎟
⎟
⎠

,

(6.83)

𝐛 = 𝛾𝑛𝜔

⎛
⎜
⎜
⎜
⎝

0
0
−1
−1
1

⎞
⎟
⎟
⎟
⎠

+ i√
𝑔

2𝜔ℏ 𝐵
⎛
⎜
⎜
⎜
⎝

1
−1
0
0
0

⎞
⎟
⎟
⎟
⎠

, (6.84)

where 𝑛𝜔 = (𝑒ℏ𝜔/𝑇−1)−1 is the Bose-Einstein distribution. For the cavity model,
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the same quantities are

𝐀 = 𝛾

⎛
⎜
⎜
⎜
⎜
⎝

−1
2

0 0 0 0
0 −1

2
0 0 0

0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1

⎞
⎟
⎟
⎟
⎟
⎠

+i

⎛
⎜
⎜
⎜
⎜
⎝

−𝜔 0 0 0 0
0 𝜔 0 0 0

√2𝑔/𝜔ℏ 𝐵 0 −2𝜔 0 0
0 −√2𝑔/𝜔ℏ 𝐵 0 2𝜔 0

−√𝑔/2𝜔ℏ 𝐵 √𝑔/2𝜔ℏ 𝐵 0 0 0

⎞
⎟
⎟
⎟
⎟
⎠

,

(6.85)

𝐛 = 𝛾𝑛𝜔

⎛
⎜
⎜
⎜
⎝

0
0
0
0
1

⎞
⎟
⎟
⎟
⎠

+ i√
𝑔

2𝜔ℏ 𝐵
⎛
⎜
⎜
⎜
⎝

1
−1
0
0
0

⎞
⎟
⎟
⎟
⎠

. (6.86)

For vanishing external magnetic fields, the matrix 𝐀 of the cavity model is diag-
onal and the dynamics turns to be very simple.

6.2 Equivalent master equations
In this section, we shall derive the effective master equations for the friction and
cavity models. In this way, we build an equivalent formalism to the Langevin
dynamics, at the level of the one-point and two-point functions. We shall find
out that, for the cavity model, the correlators are generated by a Lindblad-type
deterministic equation for a single mode in an optical cavity. On the other hand,
for the friction model, the dynamical map is not completely positive but it is
still generated by quadratic operators in the bosonic creation and annihilation
operators.

The dynamical maps for the friction and cavity models may be solved by
standard analytical methods, as presented in Sec. 6.3.

6.2.1 Cavity model
The correlators of the cavity model turn to be equivalent to those generated by
the dampening of a single electromagnetic mode inside a cavity [C6, C8, C14,
C15]. The external environment is a bosonic bath at thermal equilibrium, i.e. the
modes outside the cavity. The Liouvillian L( ̂𝜌𝑐) = d ̂𝜌𝑐/d𝑡 takes the form

L( ̂𝜌𝑐) = − i
ℏ[𝐻, ̂𝜌𝑐] +D( ̂𝜌𝑐) , (6.87)

D( ̂𝜌𝑐) = 𝛾(𝑛𝜔 + 1)𝐷𝜌𝑐( ̂𝑎, ̂𝑎†) + 𝛾𝑛𝜔𝐷𝜌𝑐( ̂𝑎†, ̂𝑎) , (6.88)
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where here and below we shall use the super-operator

𝐷𝜌(𝒜 , ℬ̂) = 𝒜 ̂𝜌 ℬ̂ − 1
2ℬ̂ 𝒜 ̂𝜌 − 1

2 ̂𝜌 ℬ̂ 𝒜 , (6.89)

for any Hilbert operator𝒜, ℬ̂. In the formalism of the quantum trajectories, the
dissipatorD( ̂𝜌𝑐) describes one-body gain-loss processes with jump rates 𝛾𝑛𝜔 and
𝛾(𝑛𝜔 + 1), where 𝑛𝜔 = [𝑒ℏ𝜔/𝑇 − 1]−1 > 0 is the Bose-Einstein distribution. This
choice of the jump rates guarantees stability in the long time limit (see Chapter 5).

For any operator 𝒪, the equation of motion reads

𝜕𝑡⟨𝒪⟩= 𝜕𝑡 tr(𝒪 ̂𝜌𝑐) = i
ℏ⟨[𝐻,𝒪]⟩+𝛾(𝑛𝜔 + 1)(⟨ ̂𝑎†𝒪 ̂𝑎⟩−12⟨{𝒪, ̂𝑎† ̂𝑎}⟩)

+𝛾𝑛𝜔(⟨ ̂𝑎𝒪 ̂𝑎†⟩−12⟨{𝒪, ̂𝑎 ̂𝑎†}⟩) . (6.90)

If we identify ⟨𝒪⟩ as one of the components of the vector 𝐯 into Eq. (6.81), we
get the equations of motion for the one-point and two-point functions, which
are equivalent to Eqs. (6.85,6.86) generated by the Langevin dynamics.

In Chapter 2, we have repeatedly pointed out that the Lindblad equation is a
completely positive dynamical map, and this statement is mathematically equi-
valent to the condition of non-negative jump rates. Thus, the cavity model is
a CPTP map [60, 61, 205, C19, 211–219, 224] and the generator L makes posit-
ive any extended dynamical map L′ = L⊗ 𝟙𝑁 for the composite system given
by the harmonic oscillator and any other 𝑁-level ancilla. As we shall illustrate
in the next paragraph, complete positivity does not hold for the friction model.
The microscopic reasons behind this can be many, e.g. initially correlated states.
However, we prefer to bypass this long controversy, moving directly to the study
of the internal dynamics. The Langevin equations and the markovian stochastic
noises verify the same physical requirements (A-D) and those criteria make the
friction and cavity models physically acceptable, regardless of the complete pos-
itivity.

6.2.2 Friction model
For the generator of the friction model, we try the ansatz

L( ̂𝜌𝑓) = − i
ℏ[𝐻𝑓, ̂𝜌𝑓] +D( ̂𝜌𝑓) , (6.91)

D( ̂𝜌𝑓) = ∑
𝑗=1,2

𝜀𝑗𝐷𝜌𝑓(𝑉𝑗, 𝑉
†

𝑗 ) , (6.92)
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where𝐻𝑓 is an effectiveHamiltonian,𝐷𝜌𝑓(𝑉𝑗, 𝑉
†

𝑗 ) is the super-operator in Eq. (6.89),

𝑉𝑗 are Hilbert operators to be determined and 𝜀𝑗 play the role of two real coeffi-
cients. As we shall see below, 𝜀1 = −𝜀2 = 1 and then Eq. (6.91) with the dissip-
ator (6.92) is not a Lindblad equation or even a completely positive map.

In order to make this description consistent with the Langevin equations
(6.4,6.5), we proceed in two steps. Firstly, we build the effective hamiltonian 𝐻𝑓,
second we define the Hilbert operators 𝑉𝑗 , showing that the constants 𝜀𝑗 must be
chosen appropriately to avoid mathematical inconsistencies.

Following Refs. [225, 227], the jump operators 𝑉𝑗 should be linear functions
of position ̂𝑥 and momentum 𝑝. This is because the space of the first-degree
polynomials spanned by the average position and momentum must be closed
under the action of the dissipative dynamics generated by L [225, 227–229]. For
this reason, we try the ansatz

𝑉𝑗 = 𝔞𝑗 ̂𝑥 + 𝔟𝑗 𝑝 = 𝛼𝑗 ̂𝑎 + 𝛽∗𝑗 ̂𝑎† ; 𝑗 = 1, 2 (6.93)

where the complex numbers 𝛼𝑗, 𝛽𝑗 (or equivalently 𝔞𝑗, 𝔟𝑗) must be fixed. Any ad-
ditional constant term into Eq. (6.93) can be absorbed into the effective Hamilto-
nian 𝐻𝑓, since L is invariant under the inhomogeneous transformation (2.35).
The Liouvillian L generates the right equations of motion for ⟨ ̂𝑎⟩ and ⟨ ̂𝑎†⟩ if we
assume [61, 225, 228]

𝐻𝑓 = 𝐻 +𝐻𝛾 , (6.94)

where 𝐻 is the Hamiltonian (6.1) and

𝐻𝛾 =
𝛾
4 (𝑝 ̂𝑥 + ̂𝑥𝑝) = iℏ

4 𝛾 ( ̂𝑎† ̂𝑎† − ̂𝑎 ̂𝑎) . (6.95)

Notice that 𝐻𝛾 is not a Lamb shift since 𝐻𝛾 does not commute with the system
Hamiltonian𝐻, viz. [𝐻𝛾, 𝐻] ≠ 0 [227]. Concerning the dissipator, for simplicity
we define four constants

𝐸1 ∶= 1
ℏ ∑

𝑗=1,2
𝜀𝑗|𝛼𝑗|2 , (6.96)

𝐸2 ∶= 1
ℏ ∑

𝑗=1,2
𝜀𝑗|𝛽𝑗|2 , (6.97)

𝐸3 ∶= 1
ℏ ∑

𝑗=1,2
𝜀𝑗𝛼𝑗𝛽𝑗 = 𝐸∗4 , (6.98)

where, without loss of generality, we may assume 𝜀𝑗 = ±1. Hence the master
equation (6.91) with the effective Hamiltonian (6.94) and the ansatz (6.93) be-
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comes

d ̂𝜌𝑓(𝑡)
d𝑡 = 𝐸1 ̂𝑎 ̂𝜌𝑓 ̂𝑎† − 1

2(𝐸1 + i𝜔) ̂𝑎† ̂𝑎 ̂𝜌𝑓 −
1
2(𝐸1 − i𝜔) ̂𝜌𝑓 ̂𝑎† ̂𝑎

+𝐸2 ̂𝑎† ̂𝜌𝑓 ̂𝑎 − 1
2(𝐸2 + i𝜔) ̂𝑎 ̂𝑎† ̂𝜌𝑓 −

1
2(𝐸2 − i𝜔) ̂𝜌𝑓 ̂𝑎 ̂𝑎†

+𝐸3 ̂𝑎 ̂𝜌𝑓 ̂𝑎 − 1
2 (𝐸3 +

𝛾
2) ̂𝑎 ̂𝑎 ̂𝜌𝑓 −

1
2 (𝐸3 −

𝛾
2) ̂𝜌𝑓 ̂𝑎 ̂𝑎

+𝐸4 ̂𝑎† ̂𝜌𝑓 ̂𝑎† − 1
2 (𝐸4 −

𝛾
2) ̂𝑎† ̂𝑎† ̂𝜌𝑓 −

1
2 (𝐸4 +

𝛾
2) ̂𝜌𝑓 ̂𝑎† ̂𝑎† .(6.99)

In order to determine the coefficients 𝐸𝑖, ∀𝑖 ∈ {1, ..., 4}, we compare the equa-
tions generated by the Liouvillian (6.99)with thematrix differential equation (6.81)
and Eqs. (6.83,6.84). Let’s start with the dynamics of the first-order polynomials,

d⟨ ̂𝑎⟩
d𝑡 = d

d𝑡 tr( ̂𝑎 ̂𝜌𝑓) = − (12(𝐸1 − 𝐸2) + i𝜔) ⟨ ̂𝑎⟩ + 𝛾
2⟨ ̂𝑎†⟩ , (6.100)

which requires

𝐸1 − 𝐸2
!= 𝛾 . (6.101)

Since ⟨ ̂𝑎†⟩ = ⟨ ̂𝑎⟩∗ the equation for ⟨ ̂𝑎†⟩ does not yield any further information.
Next, the average ⟨ ̂𝑎 ̂𝑎⟩ obeys

d⟨ ̂𝑎 ̂𝑎⟩
d𝑡 = d

d𝑡 tr( ̂𝑎 ̂𝑎 ̂𝜌𝑓) = −(𝐸1 − 𝐸2 + 2i𝜔)⟨ ̂𝑎 ̂𝑎⟩ + 𝛾⟨ ̂𝑎† ̂𝑎⟩ − (𝐸4 −
𝛾
2) , (6.102)

and the comparisonwith the equation ofmotion (6.81) and Eqs. (6.83,6.84) implies

𝐸4
!= 𝛾
2 coth (ℏ𝜔2𝑇 ) = 𝛾(𝑛𝜔 + 1/2) = 𝐸3 . (6.103)

Since ⟨ ̂𝑎† ̂𝑎†⟩ = ⟨ ̂𝑎 ̂𝑎⟩∗, we move to the equation of motion of ⟨ ̂𝑎† ̂𝑎⟩, which is

d⟨ ̂𝑎† ̂𝑎⟩
d𝑡 = d

d𝑡 tr( ̂𝑎† ̂𝑎 ̂𝜌𝑓) = −(𝐸1 − 𝐸2)⟨ ̂𝑎† ̂𝑎⟩ + 𝛾
2⟨ ̂𝑎† ̂𝑎† + ̂𝑎 ̂𝑎⟩ + 𝐸2 . (6.104)

Eq. (6.104) implies

𝐸2
!= 𝛾

2 (coth (
ℏ𝜔
2𝑇 ) − 1) = 𝛾𝑛𝜔 , (6.105)

𝐸1 = 𝛾
2 (coth (

ℏ𝜔
2𝑇 ) + 1) = 𝛾(𝑛𝜔 + 1) . (6.106)

and the equivalence between the Langevin equations (6.4,6.5) and the dynamical
map (6.99) is established at the level of the one-point and two-point functions, as
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required. The full Liouvillian reads

L( ̂𝜌𝑓) = − i
ℏ[𝐻𝑓, ̂𝜌𝑓] + 𝛾(𝑛𝜔 + 1)𝐷𝜌𝑓( ̂𝑎, ̂𝑎†) + 𝛾𝑛𝜔𝐷𝜌𝑓( ̂𝑎†, ̂𝑎)

+𝛾 (𝑛𝜔 +
1
2)𝐷𝜌𝑓( ̂𝑎, ̂𝑎) + 𝛾 (𝑛𝜔 +

1
2)𝐷𝜌𝑓( ̂𝑎†, ̂𝑎†) , (6.107)

where the first two dissipators coincide with those of the cavity model, while the
last two terms are specific for the friction model.

It remains to find the constants 𝛼𝑗, 𝛽𝑗 from Eqs. (6.103,6.105,6.106). Firstly,
we shall prove that the choice 𝜀1 = 𝜀2 = +1 is not admissible. In fact, this
assumption implies that

∑
𝑗=1,2

||𝛼𝑗 − 𝛽∗𝑗 ||
2 = 0 , (6.108)

and hence 𝛼1 = 𝛽∗1 and 𝛼2 = 𝛽∗2 . Eqs. (6.108,6.96,6.97) imply 𝐸1 = 𝐸2, which
is in contradiction with Eq. (6.101) for 𝛾 > 0. For this reason, 𝜀1 = 𝜀2 = +1
is inadmissible and the dynamical map for the friction model is not completely
positive. For a physical solution, we must rather take 𝜀1 = +1 and 𝜀2 = −1. For
this choice, we get

𝛼21 − 𝛼22 = 𝛾(𝑛𝜔 + 1) , (6.109)
𝛽21 − 𝛽22 = 𝛾𝑛𝜔 , (6.110)

𝛼1𝛽1 − 𝛼2𝛽2 = 𝛾(𝑛𝜔 + 1/2) . (6.111)

Since we have three independent equations and four parameters, we have the
freedom to fix one of them. A simple parametrisation is

𝛼1 = 𝛼 cosh𝜙 𝛼2 = 𝛼 sinh𝜙 , (6.112)
𝛽1 = 𝛽 cosh𝜓 𝛽2 = 𝛽 sinh𝜓 , (6.113)

with 𝛼 > 0 and 𝛽 > 0, from which it follows

𝛼2 = 𝛾(𝑛𝜔 + 1) , 𝛽2 = 𝛾𝑛𝜔 , cosh(𝜙 − 𝜓) = cosh
𝜔
2𝑇 , (6.114)

and the parameter 𝜙 + 𝜓 is fixed arbitrary. Then, the Liouvillian (6.107) can be
rewritten as

L( ̂𝜌𝑓) = − i
ℏ[𝐻𝑓, ̂𝜌𝑓]

+𝐷𝜌𝑓(𝛼 cosh𝜙 ̂𝑎 + 𝛽 cosh𝜓 ̂𝑎†, 𝛼 cosh𝜙 ̂𝑎† + 𝛽 cosh𝜓 ̂𝑎)
−𝐷𝜌𝑓(𝛼 sinh𝜙 ̂𝑎 + 𝛽 sinh𝜓 ̂𝑎†, 𝛼 sinh𝜙 ̂𝑎† + 𝛽 sinh𝜓 ̂𝑎) . (6.115)

For 𝜀1 = −𝜀2 = 1, L is not a CPTP map. Moreover, as shown into Sec. 6.3 and put
forward into Refs. [226, 230], simple positivity holds true in the friction model
only if either time is large enough or else if the initial states are not squeezed too
much.
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6.3 Wigner function dynamics
In this section, we aim to solve the equivalent master equations of the friction
and cavity models by using the Wigner function formalism (see Chapter 3). We
shall prove that the dynamics of both models is described by a Fokker-Planck
differential equation, which gives access to the entire probability distributions
rather than just few average values.

6.3.1 General formalism
To get the analytical solution of Eqs. (6.91,6.87), we use the Wigner function
approach (see Sec. 3 for details), based on mapping Hilbert operators into real-
valued phase-space functions [75–78, 154–156, 163, 164, C14, 231]. The Weyl
transform of the density matrix is the Wigner function,

𝒲𝛼(𝑥, 𝑝) = ∫
ℝ
ei𝑝𝑤/ℏ ⟨𝑥 − 𝑤/2 | ̂𝜌𝛼 | 𝑥 + 𝑤/2⟩ d𝑤 , (6.116)

where 𝛼 = 𝑓, 𝑐 labels the friction (𝑓) and cavity (𝑐) models.
In this section, we shall compute the Weyl transform of Eqs. (6.91, 6.87) in

order to get their phase-space representation. The dissipators of the friction and
cavity models have the generic structure

D( ̂𝜌) = 𝐸1𝐷𝜌( ̂𝑎, ̂𝑎†) + 𝐸2𝐷𝜌( ̂𝑎†, ̂𝑎) + 𝐸3𝐷𝜌( ̂𝑎, ̂𝑎) + 𝐸∗3𝐷𝜌( ̂𝑎†, ̂𝑎†) ,
= (𝐸1 + 𝐸2 + 𝐸3 + 𝐸∗3 )

𝜔
2ℏ𝑔 𝐷𝜌( ̂𝑥, ̂𝑥) + (𝐸1 + 𝐸2 − 𝐸3 − 𝐸∗3 )

𝑔
2ℏ𝜔 𝐷𝜌(𝑝, 𝑝)

+(𝐸1 − 𝐸2) ̂𝜌 − i
2ℏ(𝐸1 − 𝐸2)( ̂𝑥 ̂𝜌𝑝 − 𝑝 ̂𝜌 ̂𝑥)

+ i
2ℏ(𝐸3 − 𝐸∗3 )𝐷𝜌( ̂𝑥, 𝑝) + i

2ℏ(𝐸3 − 𝐸∗3 )𝐷𝜌(𝑝, ̂𝑥) , (6.117)

where

𝐷𝜌( ̂𝑎, ̂𝑎†) = 𝜔
2ℏ𝑔 𝐷𝜌( ̂𝑥, ̂𝑥) + 𝑔

2ℏ𝜔 𝐷𝜌(𝑝, 𝑝) +
1
2 ̂𝜌 − i

2ℏ( ̂𝑥 ̂𝜌𝑝 − 𝑝 ̂𝜌 ̂𝑥) , (6.118)

𝐷𝜌( ̂𝑎†, ̂𝑎) = 𝜔
2ℏ𝑔 𝐷𝜌( ̂𝑥, ̂𝑥) + 𝑔

2ℏ𝜔 𝐷𝜌(𝑝, 𝑝) −
1
2 ̂𝜌 + i

2ℏ( ̂𝑥 ̂𝜌𝑝 − 𝑝 ̂𝜌 ̂𝑥) , (6.119)

𝐷𝜌( ̂𝑎, ̂𝑎) = 𝜔
2ℏ𝑔 𝐷𝜌( ̂𝑥, ̂𝑥) − 𝑔

2ℏ𝜔 𝐷𝜌(𝑝, 𝑝) +
i
2ℏ𝐷𝜌( ̂𝑥, 𝑝) + i

2ℏ𝐷𝜌(𝑝, ̂𝑥) , (6.120)

𝐷𝜌( ̂𝑎†, ̂𝑎†)† = 𝜔
2ℏ𝑔 𝐷𝜌( ̂𝑥, ̂𝑥) − 𝑔

2ℏ𝜔 𝐷𝜌(𝑝, 𝑝) −
i
2ℏ𝐷𝜌( ̂𝑥, 𝑝) − i

2ℏ𝐷𝜌(𝑝, ̂𝑥) . (6.121)
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and the constants 𝐸1, 𝐸2, 𝐸3 are specific for the friction and cavity models. Ac-
cording to the results into Sec. 6.2, we get

friction model
⎧
⎨
⎩

𝐸1 = 𝛾(𝑛𝜔 + 1) , 𝐸2 = 𝛾𝑛𝜔 , 𝐸3 = 𝛾(𝑛𝜔 + 1/2) ,

D( ̂𝜌) = (2𝑛𝜔 + 1)𝜔𝛾
ℏ𝑔
𝐷𝜌( ̂𝑥, ̂𝑥) + 𝛾

2
̂𝜌 − i𝛾

2ℏ
( ̂𝑥 ̂𝜌𝑝 − 𝑝 ̂𝜌 ̂𝑥) ,

(6.122)

cavity model

⎧
⎪
⎨
⎪
⎩

𝐸1 = 𝛾(𝑛𝜔 + 1) , 𝐸2 = 𝛾𝑛𝜔 , 𝐸3 = 0 ,

D( ̂𝜌) = (2𝑛𝜔 + 1) 𝜔𝛾
2ℏ𝑔

𝐷𝜌( ̂𝑥, ̂𝑥) + (2𝑛𝜔 + 1) 𝑔𝛾
2ℏ𝜔

𝐷𝜌(𝑝, 𝑝)
+𝛾
2
̂𝜌 − i𝛾

2ℏ
( ̂𝑥 ̂𝜌𝑝 − 𝑝 ̂𝜌 ̂𝑥) .

(6.123)

The next step is to compute the Weyl transforms of the Hamiltonian operat-
ors and the dissipators into Eqs. (6.122,6.123), which are explicitly written in
Table 6.1. The master equations (6.91,6.87) are finally mapped into

𝜕𝑡𝒲𝑓 = (2𝑛𝜔 + 1)ℏ𝛾2
𝜔
𝑔 𝜕

2
𝑝𝒲𝑓 + (𝜔

2

𝑔 𝑥 + 𝛾𝑝 − 𝐵)𝜕𝑝𝒲𝑓

−𝑔𝑝𝜕𝑥𝒲𝑓 + 𝛾𝒲𝑓 , (6.124)

𝜕𝑡𝒲𝑐 = ℏ𝛾
4 (2𝑛𝜔 + 1)[ 𝑔𝜔𝜕

2
𝑥𝒲𝑐 +

𝜔
𝑔 𝜕

2
𝑝𝒲𝑐]

+(𝜔
2

𝑔 𝑥 +
𝛾
2𝑝 − 𝐵)𝜕𝑝𝒲𝑐 + (𝛾2𝑥 − 𝑔𝑝)𝜕𝑥𝒲𝑐 + 𝛾𝒲𝑐 , (6.125)

with𝒲𝛼 = 𝒲𝛼(𝑡, 𝑥, 𝑝). Eqs. (6.124,6.125) may be written in compact form as

𝜕𝑡𝒲𝛼(𝑡, 𝑥, 𝑝) = 𝛁•[𝐃𝛼
2 𝛁𝒲𝛼(𝑡, 𝑥, 𝑝) + 𝚯𝛼 (

𝑥
𝑝)𝒲𝛼(𝑡, 𝑥, 𝑝) − 𝚯𝛼𝝁𝛼𝒲𝛼(𝑡, 𝑥, 𝑝)] ,

(6.126)

with 𝛁 = (𝜕𝑥𝜕𝑝
) and

𝐃𝑓 = (
0 0
0 𝜔ℏ𝛾

𝑔
(2𝑛𝜔 + 1)) , 𝐃𝑐 = (

𝑔ℏ𝛾
2𝜔
(2𝑛𝜔 + 1) 0
0 𝜔ℏ𝛾

2𝑔
(2𝑛𝜔 + 1)

) , (6.127)

𝚯𝑓 = ( 0 −𝑔
𝜔2/𝑔 𝛾 ) , 𝚯𝑐 = ( 𝛾/2 −𝑔

𝜔2/𝑔 𝛾/2) , (6.128)

𝝁𝑓 = 𝐵 (𝑔/𝜔
2

0 ) , 𝝁𝑐 = 𝐵(𝜔2 + 𝛾2/4)−1 ( 𝑔
𝛾/2) , (6.129)
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Quantum operator Weyl transform

𝐻 𝑔
2
𝑝2 + 𝜔2

2𝑔
𝑥2 − 𝐵𝑥

𝐻𝑓
𝑔
2
𝑝2 + 𝜔2

2𝑔
𝑥2 − 𝐵𝑥 + 𝛾

2
𝑥𝑝

[𝐻, ̂𝜌] iℏ (𝜔
2

𝑔
𝑥𝜕𝑝𝒲 − 𝐵𝜕𝑝𝒲 − 𝑔𝑝𝜕𝑥𝒲)

[𝐻𝑓, ̂𝜌] iℏ (𝜔
2

𝑔
𝑥𝜕𝑝𝒲 − 𝐵𝜕𝑝𝒲 − 𝑔𝑝𝜕𝑥𝒲 − 𝛾

2
𝑥𝜕𝑥𝒲 + 𝛾

2
𝑝𝜕𝑝𝒲)

̂𝑥 ̂𝜌 ̂𝑥 𝑥2𝒲 + (ℏ
2
)
2
𝜕2𝑝𝒲

𝑝 ̂𝜌𝑝 𝑝2𝒲 + (ℏ
2
)
2
𝜕2𝑥𝒲

𝑝 ̂𝜌 ̂𝑥 𝑥𝑝𝒲 − iℏ
2
(𝑥𝜕𝑥𝒲 + 𝑝𝜕𝑝𝒲) − iℏ

2
𝒲 − (ℏ

2
)
2
𝜕𝑥𝜕𝑝𝒲

̂𝑥 ̂𝜌𝑝 𝑥𝑝𝒲 + iℏ
2
(𝑥𝜕𝑥𝒲 + 𝑝𝜕𝑝𝒲) + iℏ

2
𝒲 − (ℏ

2
)
2
𝜕𝑥𝜕𝑝𝒲

̂𝑥 ̂𝜌𝑝 − 𝑝 ̂𝜌 ̂𝑥 iℏ (𝑥𝜕𝑥𝒲 + 𝑝𝜕𝑝𝒲) + iℏ𝒲

1
2
{𝑝2, ̂𝜌} 𝑝2𝒲 − (ℏ

2
)
2
𝜕2𝑥𝒲

1
2
{ ̂𝑥2, ̂𝜌} 𝑥2𝒲 − (ℏ

2
)
2
𝜕2𝑝𝒲

1
2
{ ̂𝑥𝑝, ̂𝜌} 𝑥𝑝𝒲 + iℏ

2
𝒲 − (ℏ

2
)
2
𝜕𝑥𝜕𝑝𝒲

1
2
{𝑝 ̂𝑥, ̂𝜌} 𝑥𝑝𝒲 − iℏ

2
𝒲 − (ℏ

2
)
2
𝜕𝑥𝜕𝑝𝒲

𝐷𝜌( ̂𝑥, ̂𝑥) ℏ2

2
𝜕2𝑝𝒲

𝐷𝜌(𝑝, 𝑝)
ℏ2

2
𝜕2𝑥𝒲

𝐷𝜌( ̂𝑥, 𝑝) iℏ (𝒲 + 1
2
(𝑥𝜕𝑥𝒲 + 𝑝𝜕𝑝𝒲))

𝐷𝜌(𝑝, ̂𝑥) -iℏ (𝒲 + 1
2
(𝑥𝜕𝑥𝒲 + 𝑝𝜕𝑝𝒲))

Table 6.1: Quantum operators with their Weyl transforms.
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for the friction (𝑓) and cavity (𝑐) models. Eq. (6.126) is the linear partial dif-
ferential equation governing the Wigner function evolution. The Fokker-Plank
equation (6.126) is solved by mapping the problem into the Fourier space,

𝒲𝛼(𝑡, 𝐤) = ∫
ℝ2

d𝐫 𝒲𝛼(𝑡, 𝐫) e−i𝐫⋅𝐤/ℏ , 𝐫 = (𝑥𝑝) , 𝐤 = ( ̃𝑝
̃𝑥) . (6.130)

where 𝒲𝛼(𝑡, 𝐤) is the Fourier transform and 𝐤 is the reciprocal space variable.
After some algebra, the time-dependent transformedWigner function reads [232]

𝒲𝛼(𝑡, 𝐤) = 𝒲𝛼(0, e−𝚯
𝑇𝛼𝑡𝐤) exp{− i

ℏ𝐤
𝑇(1 − e−𝚯𝛼𝑡)𝝁𝛼 −

1
2ℏ2𝐤

𝑇𝚺𝛼(𝑡)𝐤} , (6.131)

where

𝚺𝛼(𝑡) ∶= ∫
𝑡

0
d𝑠 e−𝑠𝚯𝛼𝐃𝛼 e−𝑠𝚯

𝑇𝛼 . (6.132)

The inverse Fourier transforms of exp{− i

ℏ
𝐤𝑇(1 − e−𝚯𝛼𝑡)𝝁𝛼 −

1
2ℏ2

𝐤𝑇𝚺𝛼(𝑡)𝐤} and
𝒲𝛼(𝑡, 𝐤) are

𝑓𝛼(𝑡, 𝐫) ∶= ∫
ℝ2

d𝐤
(2𝜋ℏ)2 exp { − i

ℏ𝐤
𝑇(1 − e−𝚯𝛼𝑡)𝝁𝛼 −

1
2ℏ2𝐤

𝑇𝚺𝛼(𝑡)𝐤}ei𝐤⋅𝐫/ℏ

= (2𝜋)−1

√det𝚺𝛼(𝑡)
exp{−12(𝐫 −𝐦𝛼(𝑡))

𝑇
𝚺−1𝛼 (𝑡)(𝐫 −𝐦𝛼(𝑡))} , (6.133)

𝒲′
𝛼(𝑡, 𝐫) ∶= ∫

ℝ2

d𝐤
(2𝜋ℏ)2𝒲𝛼(0, e−𝚯

𝑇𝛼𝑡𝐤) ei𝐤⋅𝐫/ℏ = etr(𝚯𝛼)𝑡𝒲𝛼(0, e𝚯𝛼𝑡𝐫) , (6.134)

where𝒲𝛼(0, 𝐫) is the initial distribution and

𝐦𝛼(𝑡) ∶= (1 − e−𝚯𝛼𝑡)𝝁𝛼 . (6.135)

Using the convolution theorem, the general solution is given by

𝒲𝛼(𝑡, 𝐫) = ∫
ℝ2

d𝐫′ 𝑓𝛼(𝑡, 𝐫 − 𝐫′)𝒲′
𝛼(𝑡, 𝐫′) . (6.136)

The dynamics generated by the two Liouvillian operators (6.107,6.87) is Gaussian-
preserving. This feature clearly emerges from the solution into Eq. (6.136): 𝑓𝛼(𝑡, 𝐫)
is a Gaussian function and the convolution of two Gaussian functions is a Gaus-
sian function as well.
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For the time evolution of 𝑓𝛼(𝑡, 𝐫), we need to evaluate the matrix 𝚺𝛼(𝑡). Using
the Cayley–Hamilton theorem [C21, C22], the 2 × 2 exponential matrix e−𝚯𝛼𝑡

may be written as
e−𝚯𝛼𝑡 = 𝑠𝛼0 (𝑡)𝟙 + 𝑠𝛼1 (𝑡)𝚯𝛼 (6.137)

with

𝑠𝛼0 (𝑡) =
Λ(𝛼)+ e−Λ

(𝛼)− 𝑡 − Λ(𝛼)− e−Λ
(𝛼)
+ 𝑡

Λ(𝛼)+ − Λ(𝛼)−
, 𝑠𝛼1 (𝑡) =

e−Λ
(𝛼)
+ 𝑡 − e−Λ

(𝛼)
+ 𝑡

Λ(𝛼)+ − Λ(𝛼)−
, (6.138)

and the eigenvalues Λ(𝛼)± of 𝚯𝛼, for the friction (𝑓) and cavity (𝑐) models. Eq.
(6.132) reduces to

𝚺𝛼(𝑡) = ∫
𝑡

0
d𝑡′ 𝑠𝛼0 (𝑡′)2𝐃𝛼 +∫

𝑡

0
d𝑡′ 𝑠𝛼1 (𝑡′)2𝚯𝛼𝐃𝛼𝚯𝑇

𝛼

+∫
𝑡

0
d𝑡′ 𝑠𝛼0 (𝑡′)𝑠𝛼1 (𝑡′)(𝚯𝛼𝐃𝛼 +𝐃𝛼𝚯𝑇

𝛼) . (6.139)

It can be proved that the long-time limit is the same in both models,

𝚲𝑇 ∶= lim
𝑡→∞

𝚺𝛼(𝑡)

= ∫
∞

0
d𝑡 e−𝚯𝛼𝑡𝐃𝛼 e−𝚯

𝑇𝛼𝑡 = ℏ
2 (

𝑔/𝜔 0
0 𝜔/𝑔) coth

𝜔ℏ
2𝑇 , (6.140)

∀𝛼 = 𝑓, 𝑐. The matrix 𝚲𝑇 characterises thermal equilibrium for quantum har-
monic oscillators, with a one-to-one map [233] onto the Gibbs state of temperat-
ure 𝑇

lim
𝑡→∞

𝑓𝛼(𝑡, 𝐫) =
1

2𝜋ℏ𝒲
𝑇
𝛼 (𝐫) , 𝒲𝑇

𝛼 (𝐫)⟷ ̂𝜌𝑇𝛼 = e−ℋ̂𝛼/𝑇

𝑍 , (6.141)

where 𝑍 = tr(e−ℋ̂𝛼/𝑇) is a normalisation constant,

𝒲𝑇
𝛼 (𝐫) =

ℏ
√det𝚲𝑇

exp{−12(𝐫 − 𝝁𝛼)𝑇𝚲−1
𝑇 (𝐫 − 𝝁𝛼)} , (6.142)

and ℋ̂𝛼 is an effective Hamiltonian,

ℋ̂𝑓 = 𝐻 , ℋ̂𝑐 = 𝐻 + 𝐵 𝛾2
𝛾2 + 4𝜔2 ̂𝑥 − 𝐵 2𝑔𝛾

𝛾2 + 4𝜔2𝑝 . (6.143)
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In order to show the equivalence between the two objects in Eq. (6.141), we ex-
pand the equilibrium thermal state

̂𝜌𝑇𝛼 = e−ℋ̂𝛼/𝑇

𝑍 = 1
𝑍

∞
∑
𝑛=0

1
𝑛!(−ℋ̂𝛼/𝑇)𝑛 , (6.144)

which is mapped onto

𝒲𝑇
𝛼 (𝑥, 𝑝) =

1
𝑍

∞
∑
𝑛=0

1
𝑛!Φ[(−ℋ̂𝛼/𝑇)𝑛] , (6.145)

where 𝑇 is the bath temperature and Φ indicates the Weyl transform. For the
quantum harmonic oscillator, Eq. (6.145) is proved to be equivalent to [233]

𝒲𝑇
𝛼 (𝑥, 𝑝) =

1
𝑍∗

∞
∑
𝑛=0

1
𝑛!(−ℋ𝛼(𝑥, 𝑝)/𝑇eff)𝑛 =

𝑒−ℋ𝛼(𝑥,𝑝)/𝑇eff

𝑍∗ , (6.146)

where ℋ𝛼(𝑥, 𝑝) = Φ[ℋ̂𝛼] is the Weyl transform of the effective Hamiltonian
ℋ̂𝛼, 𝑇eff =

ℏ𝜔
2

coth ℏ𝜔
2𝑇

and 𝑍∗ = (2𝜋ℏ)−1 ∫ d𝑥d𝑝 exp(−ℋ𝛼(𝑥, 𝑝)/𝑇eff). As ex-
pected, 𝑇eff → 𝑇 in the classical limit ℏ → 0.

In the long-time limit,

lim
𝑡→∞

𝒲′(𝑡, 𝐫) = 2𝜋ℏ𝛿(𝐫) , (6.147)

and Eq. (6.136) implies

lim
𝑡→∞

𝒲𝛼(𝑡, 𝐫) = ∫
ℝ2

d𝐫′ 𝒲𝑇
𝛼 (𝐫 − 𝐫′)𝛿(𝐫′) = 𝒲𝑇

𝛼 (𝐫) . (6.148)

According to Eq. (6.148), the system always relaxes to a formal ‘equilibrium state’
with the bath, for both models. More specifically, if 𝐵 = 0, the effective Hamilto-
nians and the equilibrium states coincide (ℋ̂𝑐 = ℋ̂𝑓 = 𝐻). However, for non-
vanishing magnetic fields 𝐵 ≠ 0, the effective Hamiltonian ℋ̂𝑐 of the cavity
model depends on 𝛾 (see Eq. (6.143)), which means the stationary state is not a
physical equilibrium state in the usual sense. The failure of full equilibration
arises in the cavity model although the connected correlators 𝐶(𝑥,𝑥)

+,c (𝑡, 𝑡) and
𝐶(𝑝,𝑝)
+,c (𝑡, 𝑡) in Sec. 6.1 were required to take their equilibrium values.

6.3.2 Dynamics of Gaussian states
A pedagogic and important example is provided by initial Gaussian states, e.g.
any Gibbs thermal state for 𝐻, since the dissipative dynamics is Gaussian pre-
serving and the convolution theorem makes it easy to derive the time evolution.
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Nevertheless, this choice is not so restrictive as it might appear at first sight, since
states represented as an infinite sum of shifted Gaussian functions are dense in
the space of (square-)integrable functions [C23, C24, 234].

Suppose to prepare the system into the initial state

𝒲(0, 𝐫) = ℏ
√det𝚪

exp{−12(𝐫 − 𝝂)𝑇𝚪−1(𝐫 − 𝝂)} , (6.149)

where 𝚪 is any 2 × 2 invertible matrix. According to Eq. (6.136), the full solution
is

𝒲𝛼(𝑡, 𝐫) =
ℏ

√det𝛀𝛼(𝑡)
exp{−12(𝐫 −𝐌𝛼(𝑡))

𝑇
𝛀−1
𝛼 (𝑡)(𝐫 −𝐌𝛼(𝑡))} , (6.150)

where

𝐌𝛼(𝑡) = e−𝚯𝛼𝑡𝝂 +𝐦𝛼(𝑡) , 𝛀𝛼(𝑡) = e−𝚯𝛼𝑡𝚪e−𝚯𝑇𝛼𝑡 + 𝚺𝛼(𝑡) . (6.151)

For any observable with Weyl transform 𝑔(𝐫), the average value is

∫
ℝ2

d𝐫
2𝜋ℏ 𝑔(𝐫)𝒲𝛼(𝑡, 𝐫) = 1

2𝜋√det𝛀𝛼(𝑡)
∫
ℝ2

d𝐫 𝑔(𝐫 +𝐌𝛼(𝑡)) exp{−
1
2𝐫

𝑇𝛀−1
𝛼 (𝑡)𝐫}

= exp{12
2
∑
𝑖,𝑗=1

(𝛀𝛼)𝑖𝑗𝜕𝑟𝑖𝜕𝑟𝑗}𝑔(𝐫 +𝐌𝛼(𝑡))
|
|
|𝐫=0

. (6.152)

Thanks to Eq. (6.152), we find

⟨ ̂𝐫⟩𝛼(𝑡) = 𝐌𝛼(𝑡) = (𝑀
𝑥
𝛼(𝑡)

𝑀𝑝
𝛼(𝑡)) , (6.153)

⟨ ̂𝑥2⟩𝛼(𝑡) = (𝑀𝑥
𝛼(𝑡))

2
+ (𝛀𝛼(𝑡))11 , (6.154)

⟨𝑝2⟩𝛼(𝑡) = (𝑀𝑝
𝛼(𝑡))

2
+ (𝛀𝛼(𝑡))22 . (6.155)

The structure of the 2 × 2 matrix 𝛀𝛼(𝑡) is important to discuss the positivity
of the dynamical map. The matrix 𝛀𝛼(𝑡) must be positive to generate physic-
ally admissible density matrices, which means the eigenvalues of 𝛀𝛼(𝑡) must
be strictly positive and compatible with the Heisenberg principle. While the
positivity of 𝛀𝛼(𝑡) is automatically guaranteed for the cavity model [61], the
same does not hold for the friction model, as put forward into Ref. [226]. On
the other hand, since the long-time limit 𝚲𝑇 = lim𝑡→∞ 𝚺𝛼(𝑡) is positive definite,
both models will be positive for large enough times and non-positivity can only
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arise in a short-time regime in the friction model. For a given set of parameters
𝜔, 𝑔, 𝐵, 𝑇, 𝛾 characterising the experimental conditions, we shall focus on the
initial state, deriving the minimal conditions to generate positive semi-definite
density matrices after quenching the state. More specifically, consider the space
of 2 × 2 physically admissible matrices 𝚪 which generate positive semi-definite
density operators ̂𝜌. The initial state (6.149) is described by the positive, real and
symmetric matrix

𝚪 = (Γ1 Γ3
Γ3 Γ2

) , (6.156)

For simplicity, we assume 𝝂 = 0, hence for the Heisenberg uncertainty principle
Γ1Γ2 ≥ ℏ/2. To linear order in the time 𝑡, the positivity of the initial state (6.149)
is maintained by the markovian dynamics if the sufficient criterion

d𝛀𝑓(𝑡)
d𝑡

|||𝑡=0
= (

2𝑔Γ3 𝑔Γ2 − 𝛾Γ3 −
𝜔2

𝑔
Γ1

𝑔Γ2 − 𝛾Γ3 −
𝜔2

𝑔
Γ1

𝜔ℏ𝛾
𝑔
(2𝑛𝜔 + 1) − 2𝛾Γ2 − 2𝜔

2

𝑔
Γ3
) > 0 ,

(6.157)

is obeyed, that means
d𝛀𝑓(𝑡)

d𝑡
|||𝑡=0

is a positive matrix. Clearly, if 𝚪 were diagonal,

one of the eigenvalues of
d𝛀𝑓(𝑡)

d𝑡
|||𝑡=0

would be negative such that (6.157) were

not satisfied. Therefore, we must admit Γ3 > 0 and look for the region in the
parameter space (Γ1, Γ2, Γ3) such that all the conditions

⎧
⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪
⎩

Γ1 + Γ2 > 0

Γ1Γ2 > Γ23
} 𝚪 > 0

Γ1Γ2 ≥ ℏ/2 } Validity of the Heisenberg principle at 𝑡 = 0

𝜔ℏ𝛾
𝑔 (2𝑛𝜔 + 1) − 2𝛾Γ2 − 2 (𝜔

2

𝑔 + 𝑔) Γ3 > 0

2𝑔Γ3 [
𝜔ℏ𝛾
𝑔 (2𝑛𝜔 + 1) − 2𝛾Γ2 − 2𝜔

2

𝑔 Γ3] > [𝑔Γ2 − 𝛾Γ3 −
𝜔2
𝑔 Γ1]

2

⎫⎪
⎬⎪
⎭

d𝛀𝑓(𝑡)
d𝑡

|||𝑡=0
> 0

(6.158)
are verified.

6.4 Relaxation behaviour
From Eqs. (6.139,6.151), the relaxation time is expressed through the eigenval-
ues Λ(𝛼)± of 𝚯𝛼. For the cavity model, the eigenvalues Λ(𝑐)± = 𝛾/2 ± i𝜔 are al-
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Figure 6.1: Time evolution of the equal-time correlators ⟨ ̂𝑥2(𝑡)⟩ = 𝐶(𝑥,𝑥)+ (𝑡, 𝑡), ⟨𝑝2(𝑡)⟩ =
𝐶(𝑝,𝑝)+ (𝑡, 𝑡) and 2𝐶(𝑥,𝑝)+ (𝑡, 𝑡) = ⟨{ ̂𝑥(𝑡), 𝑝(𝑡)}⟩. The system is initially prepared in the
ground state ̂𝑎 |0⟩ = 0 of the quantum harmonic oscillator. The red lines refer to the
friction model and the black dashed lines to the cavity model. The columns correspond
to different values of the damping constant 𝛾 = [0.05, 0.15, 0.25], with the expected
transition at 𝛾 = 2𝜔. Here we set 𝐵 = 0, 𝑔 = 1, ℏ = 1, 𝜔 = 0.1 and 𝑇 = 10.

ways complex numbers, which means the system approaches exponentially the
stationary state with relaxation time 2/𝛾 while the imaginary part of Λ(𝑐)± is re-
sponsible of the oscillatory behaviour. For the friction model we distinguish
between over-damped and under-damped regimes: if 𝛾 < 2𝜔, the eigenvalues
Λ(𝑓)± = (𝛾 ± i√4𝜔2 − 𝛾2)/2 are complex numbers and the relaxation time is still
2/𝛾; however, if 𝛾 > 2𝜔, the eigenvalues Λ(𝑓)± = (𝛾 ± √𝛾2 − 4𝜔2)/2 are always
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Figure 6.2: Time evolution of the equal-time correlators ⟨ ̂𝑥2(𝑡)⟩ = 𝐶(𝑥,𝑥)+ (𝑡, 𝑡), ⟨𝑝2(𝑡)⟩ =
𝐶(𝑝,𝑝)+ (𝑡, 𝑡) and 2𝐶(𝑥,𝑝)+ (𝑡, 𝑡) = ⟨{ ̂𝑥(𝑡), 𝑝(𝑡)}⟩. The system is initially prepared in the co-
herent state |4 + 4i⟩: ̂𝑎 |4 + 4i⟩ = (4 + 4i) |4 + 4i⟩. The red lines refer to the friction
model and the black dashed lines to the cavity model. The columns correspond to differ-
ent values of the damping constant 𝛾 = [0.05, 0.15, 0.25], with the expected transition
at 𝛾 = 2𝜔. Here we set 𝐵 = 0, 𝑔 = 1, ℏ = 1, 𝜔 = 0.1 and 𝑇 = 10.

real, with a dominant relaxation time 2/(𝛾 − √𝛾2 − 4𝜔2).
The resulting relaxation behaviour of the averages ⟨ ̂𝑥2⟩(𝑡) = 𝐶(𝑥,𝑥)

+ (𝑡, 𝑡),
⟨𝑝2⟩(𝑡) = 𝐶(𝑝,𝑝)

+ (𝑡, 𝑡) and ⟨{ ̂𝑥(𝑡), 𝑝(𝑡)}⟩ is illustrated in Figs. 6.1, 6.2 and 6.3, for
different values of 𝛾. The first two columns refer to the under-damped regime
𝛾 < 2𝜔 and the last one to the over-damped regime 𝛾 > 2𝜔. If we set 𝐵 = 0,
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Figure 6.3: Time evolution of the equal-time correlators ⟨ ̂𝑥2(𝑡)⟩ = 𝐶(𝑥,𝑥)+ (𝑡, 𝑡), ⟨𝑝2(𝑡)⟩ =
𝐶(𝑝,𝑝)+ (𝑡, 𝑡) and 2𝐶(𝑥,𝑝)+ (𝑡, 𝑡) = ⟨{ ̂𝑥(𝑡), 𝑝(𝑡)}⟩. The system is initially prepared in the co-
herent state |4 + 4i⟩: ̂𝑎 |4 + 4i⟩ = (4 + 4i) |4 + 4i⟩. The red lines refer to the friction
model and the dashed black lines to the cavity model. The columns correspond to differ-
ent values of the damping constant 𝛾 = [0.05, 0.15, 0.25], with the expected transition
at 𝛾 = 2𝜔. Here we use 𝐵 = 0, 𝑔 = 1, ℏ = 1, 𝜔 = 0.1 and 𝑇 = 0.

both models evolve towards the same equilibrium Gibbs state (6.142). In Fig. 6.1,
the initial state is the vacuum state |0⟩, namely the harmonic oscillator ground
state ̂𝑎 |0⟩ = 0. In Figs. 6.2, 6.3, the initial state is the coherent state |4 + 4i⟩:
̂𝑎 |4 + 4i⟩ = (4 + 4i) |4 + 4i⟩.

The time evolution at the bath temperature 𝑇 = 10 in Figs. 6.1,6.2 look glob-
ally similar, while the dynamics at 𝑇 = 0 in Fig. 6.3 looks different. In the cavity
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model, the characteristic relaxation time for the quadratic observables is 𝛾−1,
while for the friction model one has to distinguish between over-damped and
under-damped regimes: for the under-damped case 𝛾 < 2𝜔, one finds 𝛾−1 as re-
laxation time; for the over-damped regime 𝛾 > 2𝜔, one gets (𝛾−√𝛾2 − 4𝜔2 )−1,
approximated by 𝜔2/𝛾 for 𝛾 ≫ 1.

In Figs. 6.1, 6.2, 6.3, we chose to plot 1−⟨ ̂𝑥2(𝑡)⟩/⟨ ̂𝑥2⟩eq and 1−⟨𝑝2(𝑡)⟩/⟨𝑝2⟩eq, to
better emphasise the deviations from the equilibrium values. In Figs. 6.1, 6.2 we
see that, by construction, at the bath temperature𝑇 = 10, both ⟨ ̂𝑥2⟩(𝑡) and ⟨𝑝2⟩(𝑡)
approach their equilibrium values from below, which means ⟨ ̂𝑥2⟩(𝑡) ≤ ⟨ ̂𝑥2⟩

eq
and

⟨𝑝2⟩(𝑡) ≤ ⟨𝑝2⟩
eq
. On the other hand, at zero temperature 𝑇 = 0, the opposite

holds true, viz. ⟨ ̂𝑥2⟩(𝑡) ≥ ⟨ ̂𝑥2⟩
eq

and ⟨𝑝2⟩(𝑡) ≥ ⟨𝑝2⟩
eq
, and thus equilibrium is

approached from above, see Fig. 6.3. These observations are in agreement to the
condition (D) which guarantees that, for both models, the stationary values of
these two observables relax towards their equilibrium value. This is confirmed
by the fact that at thermal equilibrium no evolution occurs.

We remark that the Lindblad dynamics (6.87) describing a single mode in an
optical cavity comes directly from the second-order Born approximation in 𝛾. In
this sense, it is not surprising that the cavity model is characterised only by the
under-damped regime. The existence of the over-damped regime in the friction
model may suggest that, from amicroscopic perspective, some hypothesis can be
relaxed. We also observe that, in the weak coupling limit 𝛾 ≪ 1, the relaxation
in both models is almost identical, with some damped oscillations in the friction
model.

If the system is initially prepared in the vacuum state |0⟩, the equal time
anti-commutator ⟨{ ̂𝑥(𝑡), 𝑝(𝑡)}⟩ of the friction model is always positive and goes
toward zero in the long time limit. On the other hand, the same quantity is
identically zero in the cavity model. For the coherent initial state |4 + 4i⟩, the
anti-commutator ⟨{ ̂𝑥(𝑡), 𝑝(𝑡)}⟩ oscillates around its equilibrium value for both
models, as predicted by Eqs. (6.50,6.74).

If the bath is at zero temperature, see Fig. 6.3, both 1 − ⟨ ̂𝑥2⟩(𝑡)/⟨ ̂𝑥2⟩
eq

and

1 − ⟨𝑝2⟩(𝑡)/⟨𝑝2⟩
eq

vanish in the under-damped regime at certain times. It is

also interesting to notice that the decaying oscillations into 1 − ⟨ ̂𝑥2⟩(𝑡)/⟨ ̂𝑥2⟩
eq

and 1 − ⟨𝑝2⟩(𝑡)/⟨𝑝2⟩
eq

are phase-shifted in such a way that a plateau in one
corresponds to the maximal value in the other. Moreover, the anti-commutator
⟨{ ̂𝑥(𝑡), 𝑝(𝑡)}⟩ of the frictionmodel displays a sequence of damped oscillations and
it goes to zero for 𝑡 ∼ ∞.

In the over-damped case (friction model), there is a clear crossover between a
rapid short-time dynamics towards a more slow long-time decay, notably visible
for ⟨𝑝2(𝑡)⟩.
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6.5 Effective mean-field theories
Mean-field descriptions [C5] of phase transitions often provide a first qualitative
appreciation of cooperative effects in many-body systems. In the most simple
form, they emerge by replacing the interaction terms by a self-consistently de-
termined external field. In this section, we make a step more towards the un-
derstanding of the cavity and friction models, by interpreting their long-time
behaviour as mean-field approximations of a many-body magnet, where the av-
erage position 𝑚 = ⟨ ̂𝑥⟩ becomes the magnetisation. In the following, we set
the bath temperature 𝑇 = 0 and we take the quantum spherical model as a ref-
erence, whose equilibrium and non-equilibrium critical behaviour are already
known in literature and share many qualitative features with more realistic mod-
els [235–243, C25, 244–252]. The quantum spherical model introduces the con-
straint ⟨ ̂𝑥2⟩ = 1 to the one-body oscillator (6.1), making the angular frequency a
time-dependent quantity,

𝜔(𝑡) = ℏ𝑔
2 (⟨ ̂𝑎† ̂𝑎†⟩ + ⟨ ̂𝑎 ̂𝑎⟩ + ⟨ ̂𝑎† ̂𝑎⟩ + 1) . (6.159)

The interpretation of this one-body problem as an effective mean-field approx-
imation goes through the self-consistent magnetic field

𝐵 = 𝜅⟨𝑥⟩ = 𝜅√
ℏ𝑔
2𝜔 ⟨ ̂𝑎† + ̂𝑎⟩ = 𝜅√

2ℏ𝑔
𝜔 𝑥1 , (6.160)

for the real constant 𝜅 > 0 and the real parameter 𝑥1 to be determined. We also
define

⟨ ̂𝑎⟩ = 𝑥1 + i𝑥2 , ⟨ ̂𝑎 ̂𝑎⟩ = 𝑥3 + i𝑥4 , ⟨ ̂𝑎† ̂𝑎⟩ = 𝑥5 , (6.161)

where, by hypothesis, 𝑥2, … , 𝑥5 are real parameters. Below, the spherical con-
straint into Eq. (6.159) will be used to eliminate 𝑥5. Since we are interested
in the phase diagramme of the stationary state, we take the asymptotic value
𝜔 ∶= lim𝑡→∞ 𝜔(𝑡). In the next paragraphs, we briefly discuss the results, which
come from the solution of the stationary equations of motion of the friction and
cavity models (see Sec. 6.1.3).

6.5.1 Friction model
For the friction models, we find two distinct solutions, both independent on the
damping constant 𝛾, as it should be for a proper equilibrium state. The first
solution coincideswith a disordered, paramagnetic statewithmagnetisation𝑚 =
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Figure 6.4: Mean-field phase diagrammes of a single quantum spherical spin at 𝑇 = 0,
for the cavity model (left) and the friction model (right).

0, 𝑥𝑖 = 0, ∀𝑖 ∈ {1, ..., 5} and 𝜔 = 𝜔𝑑 = ℏ𝑔/2; the second one corresponds to an
ordered, magnetic state with 𝑥1 ≠ 0 and 𝜔 = 𝜔𝑜 = √𝜅𝑔 . We find 𝑥2 = 𝑥4 = 0
and

𝑚2 = 𝑥21 =
1

4√𝑔
(2√𝜅ℏ − √𝑔) = 𝑥3 , (6.162)

At the critical point 𝜔𝑑 = 𝜔𝑜, we get the critical value 𝑔𝑐 = 4𝜅/ℏ2. In this way,
the magnetization may be rewritten as

𝑚2 = (𝑔1/2𝑐 − 𝑔1/2)/4𝑔1/2 , (6.163)

such that the system is magnetically ordered for 𝑔 < 𝑔𝑐 (see Fig. 6.4). Since close

to criticality, one expects 𝑚2 ∼ (𝑔𝑐 − 𝑔)2𝛽, recovering the standard mean-field
exponent 𝛽 = 1/2.

6.5.2 Cavity model
Also for the cavity model, there are two different stationary solutions [253]. The
first one for the disordered phase 𝑥𝑖 = 0, ∀𝑖 ∈ {1, ..., 5} and 𝜔 = 𝜔𝑑 = ℏ𝑔/2.
The second solution is expressed in terms of the damping constant 𝛾 and 𝜔′𝑜 =
√𝑔𝜅 − 𝛾2/4 , where all the other coefficients 𝑥1, … , 𝑥4 are non-vanishing. The
condition of criticality 𝜔𝑑 = 𝜔′𝑜 implies two distinct solutions for 𝛾 < 2𝜅/ℏ,
which leads to two distinct critical points [253],

𝑔𝑐,±(𝛾) =
2𝜅
ℏ2 ±√

4𝜅2
ℏ4 − 𝛾2

ℏ2 . (6.164)
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In the limit 𝛾 → 0, the upper critical point lim𝛾→0 𝑔𝑐,+(𝛾) = 𝑔𝑐 coincides with
that one of the friction model; for a finite 𝛾 < 2𝜅/ℏ, we also find a lower critical
point 𝑔𝑐,−(𝛾), as shown in Fig. 6.4. The magnetisation is [253]

𝑚2 = 𝑥21 =
𝛾2
4𝜅𝑔 (1 +

4𝜔2
𝛾 ) (1 − ℏ𝑔

2𝜔) , (6.165)

which does not vanish only for 𝑔𝑐,−(𝛾) < 𝑔 < 𝑔𝑐,+(𝛾) (see Fig. 6.4). These
re-entrant transitions are a purely kinetic effect and cannot characterise an equi-
librium state.

As already discussed in Sec. 6.3, this example remarks that, contrary to the fric-
tion model, for non-vanishing external magnetic fields the cavity model does not
guarantee the relaxation toward a proper equilibrium state.

6.6 Discussion and conclusion
The study carried out in this chapter is framed into the wide context of open mar-
kovian dynamics. The commonly used ab-initio approach derives the reduced
dynamics from the microscopic system-bath(s) interactions. In this respect, the
Lindblad evolution is a typical example of markovian dynamics which turns to
be completely positive thanks to the initial uncorrelated state hypothesis. How-
ever, the need of complete positivity as dynamical postulate is controversial. In
our study we bypass these difficulties by using a phenomenological formalism
based on the Langevin equations, where a deterministic damping term and two
stochastic noises encode the system-bath(s) interactions. The noises are specified
by a set of physical requirements which, in this work, make the dynamics mar-
kovian. More specifically, we studied two simple but representative toy models
based on the single quantum harmonic oscillator, namely the friction model and
the cavity model, specified by Eqs. (6.4,6.5) and (6.6,6.7), respectively. The main
results are summarised into Tab. 6.2.

Themodels present distinct friction terms and stochastic noises but verify the
same physical criteria (A-D). In the classical limit ℏ → 0, the friction model leads
back the brownian motion of a particle in a confining harmonic potential. On the
other hand, there is no known classical counterpart for the cavity model. From
the quantum Langevin equations, we derived two effective master equations for
the density operator, which are equivalent at the level of the one-point and two-
point functions. The liouvillian is completely positive for the cavity model, but
manifestly not completely positive for the friction model. We reformulated the
master equations as a Fokker-Planck equation for the Wigner function, showing
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CAVITY MODEL FRICTION MODEL
Ehrenfest % !
theorem
Classical ? Linearly damped harmonic
limit oscillator subject to white noise

Complete ! %
positivity
Simple ! ! positive map only if either

positivity
(i) initial state is not squeezed

too much or

(ii) for times 𝑡 large enough
Dynamical Only under-damped phase Under-damped phase for 𝛾 < 2𝜔
behaviour Over-damped phase for 𝛾 > 2𝜔
Thermal % !

equilibrium

Table 6.2: Comparison between cavity model and friction model.

that, for vanishing magnetic fields, both models evolve towards the same Gibbs
thermal state.

Explicit solutions of the Fokker-Planck equation show the differences between
the friction and cavity models. In particular, the relaxation behaviour is illus-
trated in Figs. 6.1, 6.2 and 6.3, where we prepared the system in some specific
initial states, such as the ground state or coherent states. We explicitly showed
the under-damped and over-damped regimes of the frictionmodel, and the single
under-damped regime of the cavity model. We also recast the two models as
mean-field approximation of amagnetic system, which are distinguished through
a determination of the stationary state in an external field and the ensuing phase
transition (see Fig. 6.4). For weak damping 𝛾 ≪ 1, both models reproduce the
same phenomenology of time-dependent averages.

Formally, there is no obvious criterion to prefer the friction model over the
cavity model, or any other model with different noises that satisfies the phys-
ical criteria (A-D). However, the ’natural requirement’ of complete positivity is
sometimes limiting to describe the dynamics of open quantum systems. This is
strongly supported by the fact that, in the classical limit ℏ → 0, complete positiv-
ity does not lead back to the motion of a damped particle subjected to harmonic
potentials and white noises. Above all, even the Ehrenfest theorem is not verified
(see Eqs. (6.6,6.7)).
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This study paves the way to the many-body generalisation, notably the quan-
tum spherical model. Even the comparison with the non-markovian quantum
dynamics, e.g. [208, 244, 249, 252], may offer interesting working directions.



Chapter 7

Conditional no-jump dynamics of non-
interacting quantum chains

Open quantum systems far from equilibrium continue to raise many physical
challenges. One of the most common proposals to investigate the transport phe-
nomena is to prepare a localised wave-packet and study its evolution along the
chain. However, due to the coupling system-environment, e.g. Lindblad-type
dissipators, accessing the dynamics may not be simple [254]. In the formalism of
the quantum trajectories [62–66], quantum jumps may be pictorially viewed as
the action of some detectors monitoring the exchange of particles between the
system and the bath(s). The statistics of jumps is expressed by the theory of Full
Counting Statistics [255–258].

The no-jump probabilities and the waiting-time distributions (WTDs) [167,
258, 259] are useful tools to access the statistics of the next jumps by the know-
ledge of the previous ones [258]. For instance, Ref. [167] is a precious example
of how these techniques can be successfully applied. In Ref. [167], the author
computed the WTDs for Gaussian-preserving Lindblad dynamics and, more spe-
cifically, for boundary driven chains of free fermions subject to single particle
gain-loss processes at the edges. The work we present in this chapter aims to
generalise the results of Ref. [167] from different perspectives. Firstly, we study
the more general case of partial monitoring. In other terms, we associate to each
quantum channel 𝑗 a real number Γ𝑗 ∈ [0, 1] revealing how much the detection
process is close to be ideal: Γ𝑗 = 1 when the monitoring is perfect and any oc-
curred quantum jump is detected and Γ𝑗 = 0when the channel 𝑗 is not monitored
at all. Hence, the conditional no-jump evolution is a dynamical mapwith the con-
straint of no jumps being detected; some jump events may be lost cause of the
non-ideal efficiency of the monitoring apparatus. This study is clearly useful to
experimentalists, where the monitoring efficiency is not ideal and may change
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with the work conditions. Second, we also contribute with the no-jump probab-
ility and not only the WTDs. In the context of partial monitoring, the no-jump
probability 𝑃no(𝑡) is the probability of not detecting jumps in the time interval
[0, 𝑡], while the waiting-time distribution𝑊𝑘(𝑡) is the probability distribution of
detecting the first jump in the quantum channel 𝑘 at time 𝑡. Third, we also derive
results for particle non-conserving Hamiltonian operators and, fourth, we also
study the bosonic case, which offers interesting applications in optomechanical
systems [260].

In the first part of this chapter (Sec. 7.1), we define the no-jump dynamics, as
well as the no-jump probabilities and the WTDs, generalising the definitions in
Ref. [167] in light of non ideal measurements. In Sec. 7.2, we study two physical
setups involving a single qubit, either incoherently or coherently driven, identi-
fying oscillatory and non-oscillatory regimes. In Sec. 7.3, we focus on the many-
body physics, considering a chain of free particles with one-body gain-loss pro-
cesses. Using a Gaussian ansatz, we derived a Riccati differential equation for
the correlation matrix, which gives access to the WTDs and the no-jump prob-
abilities (Sec. 7.4). As an application (Sec. 7.5), we consider a chain of hopping
fermions with nearest neighbour interactions and special absorption-emission
channels. In Sec. 7.6 and Sec. 7.7, we generalise the results to particle non-
conserving Hamiltonian operators (pairing terms). Finally, in Sec. 7.8 we study
a specific example of no-jump dynamics involving a 2-site boundary driven fer-
mionic/bosonic system. Our main findings are summarised in Sec. 7.9.

7.1 General framework
Let 𝜌 be the density operator of a quantum system whose dynamics is generated
by the Liouvillian L(𝜌)

d𝜌
d𝑡 = L(𝜌) = −i[𝐻, 𝜌] +D(𝜌) , (7.1)

where 𝐻 denotes the Hamiltonian, D(𝜌) is a Lindblad-type dissipator

D(𝜌) = ∑
𝑘
𝐷𝜌[𝐿𝑘] = ∑

𝑘
𝐿𝑘𝜌𝐿†𝑘 −

1
2{𝐿

†
𝑘𝐿𝑘, 𝜌} , (7.2)

with a generic set of jump operators 𝐿𝑘. In the quantum jump unravelling [63],
the terms 𝐿𝑘𝜌𝐿†𝑘 represent quantum jumps and the dynamics can be viewed as
a series of discrete jumps, followed by a smooth no-jump evolution (see Fig. 7.1).
Each Lindblad operator 𝐿𝑘 corresponds to a different channel where the jump
might occur, which we assume can be directly linked to a click in a classical
detector.
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no jump
evolution

time

observable

Figure 7.1: We illustrate a typical evolution along a quantum jump trajectory, as viewed
from the perspective of a pictorial system observable. Abrupt jumps occur at random
times and, in between, the observable evolves smoothly, governed by the so-called no-
jump conditional evolution (7.5).

In this work, we study a simple but apparently unexplored scenario, where
one can independently choose to measure each 𝐿𝑘 with different efficiencies
Λ𝑘 ∈ [0, 1]. In particular, Λ𝑘 = 1 for perfect monitoring and Λ𝑘 = 0 if the
channel is not monitored at all. We split Eq. (7.1) as

L = L0 + L1 , (7.3)

where

L1(𝜌) = ∑
𝑘
𝒥𝑘𝜌 = ∑

𝑘
Λ𝑘𝐿𝑘𝜌𝐿†𝑘 , (7.4)

and each jump channel specified by the super-operator 𝒥𝑘. The conditional no-
jump operator is

L0(𝜌) = − i[𝐻, 𝜌] +∑
𝑘
[(1 − Λ𝑘)𝐿𝑘𝜌𝐿†𝑘 −

1
2{𝐿

†
𝑘𝐿𝑘, 𝜌}] . (7.5)

If all jumps are perfectly monitored, Λ𝑘 = 1 ∀𝑘, then L0 can also be written as

L0(𝜌) = −i(𝐻e𝜌 − 𝜌𝐻†
e ) , (7.6)

where
𝐻𝑒 = 𝐻 − i

2 ∑𝑘
𝐿†𝑘𝐿𝑘 , (7.7)

is a non-Hermitian Hamiltonian.
In general, the solution of Eq. (7.1) is 𝜌(𝑡) = 𝑒L𝑡𝜌0, where 𝜌0 is the initial state

at time 𝑡 = 0. 𝜌(𝑡) = 𝑒L𝑡𝜌0 is called the unconditional dynamics, since the full
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Liouvillian L is ignorant whether jumps occur or not. Using the Dyson series, it
is possible to expand the solution as

𝜌(𝑡) = 𝑒L0𝑡𝜌0 +
𝑡

∫
0

𝑑𝑡1𝑒L0(𝑡−𝑡1)L1𝑒L0𝑡1𝜌0

+
𝑡

∫
0

𝑑𝑡2

𝑡2

∫
0

𝑑𝑡1𝑒L0(𝑡−𝑡2)L1𝑒L0(𝑡2−𝑡1)L1𝑒L0𝑡1𝜌0 + ... . (7.8)

The first term 𝑒L0𝑡𝜌0 into Eq. (7.8) is the evolution conditioned on no jumps
detected up to time 𝑡, the second one contains exactly one jump at time 𝑡1 and
so on [254, 261]. In this work, we focus on the first term, i.e. the conditional no-
jump dynamics. Since L0 is not a proper Liouvillian, L0 is not trace preserving
and the evolved state is not normalized. We define the unnormalized density
matrix

̃𝜌no(𝑡) = 𝑒L0𝑡𝜌0 ,
𝑑 ̃𝜌no
𝑑𝑡 = L0( ̃𝜌no) . (7.9)

If all channels are monitored (Λ𝑘 = 1), this reduces to

̃𝜌no(𝑡) = 𝑒−i𝐻𝑒𝑡𝜌0𝑒i𝐻
†
𝑒𝑡, (7.10)

which represents a non-Hermitian dynamics. The conditional evolution is indeed
a very natural way of implementing non-Hermitian physics [262]. The trace of
̃𝜌no(𝑡) is precisely the no-jump probability 𝑃no(𝑡), which is the probability that no

jumps are detected in [0, 𝑡]:

𝑃no(𝑡) = tr ̃𝜌no(𝑡) . (7.11)

𝑃no(𝑡)will play a key role in this chapter and most of our efforts will be addressed
to evaluate this quantity. The normalised conditional state is

𝜌no(𝑡) =
̃𝜌no(𝑡)
𝑃no(𝑡)

. (7.12)

Since the initial quantum state 𝜌0 is normalised, the probability 𝑃no(𝑡) satisfies the
boundary condition 𝑃no(0) = 1. In the limit 𝑡 → ∞, it may either tend to zero or
a finite value. If 𝑃no(∞) = 0 it means a jump must eventually occur. Conversely,
𝑃no(∞) ≠ 0 means it might never do. This may happen in particular scenarios
where the system has a dark subspace, which is immune to the dissipator in
Eq. (7.2).
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The unconditional evolution of any quantum observable 𝒪 can be derived
from Eq. (7.1) and reads

d⟨𝒪⟩
d𝑡 = ⟨L†(𝒪)⟩ , (7.13)

where

L†(𝒪) =i[𝐻,𝒪] +∑
𝑘
[𝐿†𝑘𝒪𝐿𝑘 −

1
2{𝐿

†
𝑘𝐿𝑘, 𝒪}] , (7.14)

is the so-called adjoint dissipator and ⟨𝒪⟩ denotes the expectation value of the
operator𝒪 over the unconditional normalised state 𝜌(𝑡). We can also write down
a similar equation for the conditional expectation value

⟨𝒪⟩no ∶=
tr(𝒪 ̃𝜌no(𝑡))
𝑃no(𝑡)

. (7.15)

Thanks to Eqs. (7.5,7.15), one obtains

d⟨𝒪⟩no
d𝑡 =⟨L†(𝒪)⟩no −∑

𝑘
Λ𝑘[⟨𝐿†𝑘𝒪𝐿𝑘⟩no − ⟨𝒪⟩no⟨𝐿†𝑘𝐿𝑘⟩no]. (7.16)

The first term into Eq. (7.16) is the same as in the unconditional evolution (7.13),
while the others are new contributions stemming from monitoring the jumps.

The quantity ⟨𝐿†𝑘𝐿𝑘⟩no(𝑡) provides the no-jump probability. In fact, if we
differentiate Eq. (7.11) and we substitute L0 = L − L1, we obtain

d𝑃no
d𝑡 = tr ((L − L1) ̃𝜌no(𝑡)) . (7.17)

Since L is the full Liouvillian then tr(L ̃𝜌no(𝑡)) = 0. Therefore Eq. (7.17) becomes

d𝑃no
d𝑡 = − tr(L1 ̃𝜌no) . (7.18)

Using Eq. (7.4) and including the proper state normalization, we find

d𝑃no
d𝑡 = −𝑃no∑

𝑘
[Λ𝑘⟨𝐿†𝑘𝐿𝑘⟩no] . (7.19)

Assuming that ⟨𝐿†𝑘𝐿𝑘⟩no is known, the solution of Eq. (7.19) is

𝑃no(𝑡) = exp{−
𝑡

∫
0

d𝑡′𝛽(𝑡′)} , (7.20)

𝛽(𝑡) = ∑
𝑘
Λ𝑘⟨𝐿†𝑘𝐿𝑘⟩no(𝑡) . (7.21)
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This result relates the no-jump probability with the expectation values ⟨𝐿†𝑘𝐿𝑘⟩no,
which is given by Eq. (7.16). Eq. (7.20) can also be used to establish a criteria for
the existence of a dark subspace.

Assuming the long time limit for 𝛽 exists, let 𝛽∞ denote the asymptotic
value: 𝛽∞ = lim𝑡→∞ 𝛽(𝑡). Hence, the long behaviour of the no-jump prob-
ability is 𝑃no(𝑡) ∼ 𝑒−𝛽∞𝑡. This implies that 𝑃no(∞) = 0 if at least one term
lim𝑡→∞Λ𝑘⟨𝐿†𝑘𝐿𝑘⟩no(𝑡) = Λ𝑘⟨𝐿†𝑘𝐿𝑘⟩∞no ≠ 0. Notice that the existence of dark
subspaces is not only a property of the master equation (7.1), but also of the mon-
itoring efficiencies Λ𝑘. As a sanity check, if nothing is monitored (Λ𝑘 = 0 ∀𝑘)
we simply find 𝑃no(𝑡) = 1.

Computing the no-jump probability 𝑃no(𝑡) is crucial to have access to the
waiting-time distribution 𝑊𝑘(𝑡) which, in the spirit of the Dyson series (7.8), is
the probability distribution of detecting the first jump in the channel 𝑘 at time 𝑡.
The WTDs play a key role in the study of transport along quantum chains, e.g.
boundary driven spin chains, and are defined as

𝑊𝑘(𝑡) ∶= tr {𝒥𝑘𝑒L0𝑡(𝜌0)} ,

= 𝑃no(𝑡) tr {𝒥𝑘 𝜌no(𝑡)} , (7.22)

= Λ𝑘𝑃no(𝑡)⟨𝐿†𝑘𝐿𝑘⟩no(𝑡) , (7.23)

For the normalisation condition,

∑
𝑘
∫

∞

0
𝑊𝑘(𝑡) d𝑡 = 1 . (7.24)

From these results we conclude that both 𝑃no(𝑡) and 𝑊𝑘(𝑡) can be computed by
the conditional evolution of the averages ⟨𝐿†𝑘𝐿𝑘⟩no(𝑡).

7.2 Qubit example
In this section, we shall use the results in Sec. 7.1 for a single qubit under dif-
ferent absorbtion and emission channels. Even for such a simple systems, the
conditional no-jump dynamics is quite involved.

7.2.1 Rabi drive with a single emission channel
Let’s consider a single qubit with Rabi drive

𝐻 = Ω
2 𝜎𝑥 , (7.25)



Qubit example 143

where Ω > 0 and the 𝜎’s are the Pauli matrices. Assume a single emission chan-
nel described by the Lindblad operator 𝐿 = √Γ𝜎−, with jump frequency Γ > 0
and efficiency Λ−. The unconditional dynamics is generated by the Liouvillian

L(𝜌) = −i
Ω
2 [𝜎𝑥, 𝜌] + Γ[𝜎−𝜌𝜎+ −

1
2{𝜎+𝜎−, 𝜌}] . (7.26)

Now, we would like to explore the conditional dynamics by applying Eq. (7.16).
For the dynamics (7.26), the natural operators to evaluate are the population
𝜎+𝜎− and the coherence 𝜎−. For simplicity, let’s define the conditional expecta-
tion values 𝑞 = ⟨𝜎+𝜎−⟩no and 𝑐 = ⟨𝜎−⟩no. Eq. (7.16) then yields a system of two
coupled non-linear equations

d𝑞
d𝑡 = iΩ

2 (𝑐 − 𝑐∗) − Γ𝑞 + ΓΛ−𝑞2 , (7.27)

𝑑𝑐
𝑑𝑡 = iΩ

2 (2𝑞 − 1) − Γ
2𝑐 + ΓΛ−𝑐𝑞 . (7.28)

Solving the coupled differential equations (7.27,7.28), we can immediately obtain
the no-jump probability (7.20) with

𝛽(𝑡) = Λ−Γ𝑞(𝑡) . (7.29)

Suppose to prepare the system in the eigenstate |↓⟩𝑧 of 𝜎𝑧: 𝜎𝑧 |↓⟩𝑧 = − |↓⟩𝑧.
The parameters (Ω, Γ) affect the no-jump dynamics in a non-trivial way, but Eqs.
(7.27, 7.28) clearly show that the steady state, if it exists, is only determined by
the rate 𝑟 = Γ/Ω > 0.

Fig. 7.2 shows the evolution of 𝑞(𝑡) (left column) and |𝑐(𝑡)| (right column)
as a function of time for Ω = 1 and different values of the rate 𝑟. In the next
paragraphs, we shall discuss the results for different values of the monitoring
efficiency Λ−.

The unconditional dynamics (Λ− = 0; no monitoring) shows the typical be-
haviour of a damped oscillator and always relaxes to a steady-state,

𝑞∞Λ−=0 = 1
2 + 𝑟2 , (7.30)

||𝑐∞Λ−=0|| = 𝑟𝑞∞Λ−=0 . (7.31)

The general case Λ− ∈ (0, 1) is more difficult but still shares the same features
with Λ− = 0. The oscillations are damped and 𝑞∞Λ− is the real and positive solu-
tion of the cubic equation

2𝑟2(Λ−)2(𝑞∞Λ−)3 − 3Λ−𝑟2(𝑞∞Λ−)2 + (𝑟2 + 2)𝑞∞Λ− − 1 = 0 , (7.32)
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Figure 7.2: 𝑞 = ⟨𝜎+𝜎−⟩no (left column) and |𝑐| = |⟨𝜎−⟩no| (right column) as a function of
time for the conditional (Λ = 1; blue line) and unconditional (Λ = 0; red line) cases. The
dynamics of the qubit is governed by the master equation (7.26). Each row is for Ω = 1
and a different value of the ratio 𝑟 = Γ/Ω = 0.1, 1.0, 1.9, 2.0, 3.0 (from top to bottom).
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Figure 7.3: (𝑎) Time evolution of the no-jump probability 𝑃no for Λ− = 1.0 (perfect
monitoring), Ω = 1 and 𝑟 = 0.1, 1.0, 1.9, 2.0, 3.0; (𝑏) time evolution of −(𝑟𝑡)−1 ln𝑃no(𝑡);
(𝑐) 𝛼(𝑟)/𝑟 vs 𝑟 (see Eq. (7.36)).
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with
||𝑐∞Λ− || = 𝑟𝑞∞Λ−(1 − Λ−𝑞∞Λ−) . (7.33)

Conversely, the full monitoring case (Λ− = 1) contains more interesting
physics. We can identify a critical rate 𝑟𝑐 = 2 which distinguishes two differ-
ent regimes. If 𝑟 < 𝑟𝑐, 𝑞(𝑡) and |𝑐(𝑡)| are periodic functions, the system exhibits
an oscillatory phase and never relaxes; if 𝑟 ≥ 𝑟𝑐, the oscillations are suppressed
and the system relaxes toward the stationary state with

𝑞∞Λ−=1 = 1
2 −

1
2√1 − 4

𝑟2 , (7.34)

||𝑐∞Λ−=1|| = 𝑟𝑞∞Λ−=1(1 − 𝑞∞Λ−=1) . (7.35)

In Fig. 7.3 (a), we show the no-jump probability 𝑃no(𝑡) as a function of time for
Λ− = 1, Ω = 1 and several values of the parameter 𝑟. Under these hypothesis,
in the long-time limit, the no-jump probability reads

𝑃no ∼ 𝑒−𝛼(𝑟)𝑡 , 𝛼(𝑟) = {
𝑟/2 , 𝑟 < 𝑟𝑐
𝑟𝑞∞Λ−=1 , 𝑟 ≥ 𝑟𝑐

(7.36)

Fig. 7.3 (b) illustrates the time evolution of −(𝑟𝑡)−1 ln𝑃no(𝑡) and the differences
between the oscillatory phase 𝑟 < 𝑟𝑐 = 2 and the damped phase 𝑟 > 𝑟𝑐. Finally, in
Fig. 7.3 (c), we plot 𝛼(𝑟)/𝑟 as a function of 𝑟, which showcases the sharp transition
at 𝑟 = 𝑟𝑐 = 2.

7.2.2 Incoherent dynamics with emission and absorp-
tion

Next we consider a two-level system with trivial Hamiltonian

𝐻 = Ω
2 𝜎𝑧 , (7.37)

interacting with a fermionic bath described by two jump operators 𝐿− = √Γ−𝜎−
and 𝐿+ = √Γ+𝜎+ representing, respectively, the emission and the absorption of
an excitation. We shall adopt the following parametrization:

Γ+ = Γ𝑓, Γ− = Γ(1 − 𝑓), (7.38)

where Γ > 0 is the coupling strength to the reservoir and 𝑓 = (𝑒Ω/𝑇 + 1)−1 ∈
[0, 1] is the Fermi-Dirac distribution of the reservoir (with 𝑇 being the temperat-
ure and 𝑘𝐵 = 1). We again apply Eq. (7.16) with𝒪 = 𝜎+𝜎−, but now there are two
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Figure 7.4: Steady-state population 𝑞∞ of the conditional dynamics (7.39) as a function
of the Fermi-Dirac occupation 𝑓, for different choices of (Λ+, Λ−).

monitoring efficiencies, which we denote as Λ− and Λ+. The qubit population
𝑞 = ⟨𝜎+𝜎−⟩no is described by the non-linear equation

1
Γ
d𝑞
d𝑡 = 𝑓 − 𝑞 + (1 − 𝑓)Λ−𝑞2 − 𝑓Λ+(1 − 𝑞)2. (7.39)

Plugging the solution in Eq (7.20) also yields the no-jump probability in the form
(7.20), with

𝛽(𝑡) = Γ(1 − 𝑓)Λ−𝑞(𝑡) + Γ𝑓Λ+(1 − 𝑞(𝑡)). (7.40)

The steady state is determined by d𝑞
d𝑡
= 0. From Eq. (7.39), one gets

𝑞∞ =√(2𝑓Λ
+ − 1) 2 − 4𝑓 (1 − Λ+) (Λ− − 𝑓(Λ− + Λ+))

2 (𝑓Λ− + 𝑓Λ+ − Λ−)

+ 2𝑓Λ+ − 1
2 (𝑓Λ− + 𝑓Λ+ − Λ−) , (7.41)

where the result is independent of Γ. In the next lines, we discuss the cases
Λ+, Λ− ∈ {0, 1} (see Fig. 7.4). If Λ+ = Λ− = 0 we get the unconditional steady-
state 𝑞∞ = 𝑓. If we only monitor emissions, but not absorptions (Λ− = 1, Λ+ =
0),

𝑞∞ = {
𝑓

1−𝑓
𝑓 < 1/2

1 𝑓 > 1/2
, (7.42)

which is the red curve in Fig. 7.4. The rational is that, since the conditional
evolution does not allow to detect emission events, it is more likely that there is
an excitation present, leading to a population 𝑞∞ ⩾ 𝑓. In the opposite scenario
(Λ+ = 1, Λ− = 0) we get

𝑞∞ = {
0 𝑓 < 1/2
2𝑓−1
𝑓

𝑓 > 1/2
, (7.43)
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which is the green curve in Fig. 7.4. In this case, the observer knows with cer-
tainty that no excitations can be absorbed, leading to a population 𝑞∞ ⩽ 𝑓, which
is lower than in the unconditional case. Finally, if Λ− = Λ+ = 1, we get a step
function (blue curve), which reflects the non-trivial interplay of conditioning on
both channels.

7.3 No-jump dynamics of non-interacting par-
ticles

The previous examples show that, even for a single qubit, the conditional no-
jump dynamics is quite involved. In order to provide further analytical insights,
we now study the conditional dynamics of many-body one dimensional systems
with Gaussian-preserving dynamics, i.e. single particle gain-loss processes.

Let’s consider a 𝐿-site quantum chain, either bosonic or fermionic. The cre-
ation and annihilation operators verify the commutation/anti-commutation rules

{𝑐𝑖, 𝑐†𝑗 } = 𝛿𝑖𝑗 , {𝑐𝑖, 𝑐𝑗} = 0 , fermions (7.44)

[𝑐𝑖, 𝑐†𝑗 ] = 𝛿𝑖𝑗 , [𝑐𝑖, 𝑐𝑗] = 0 . bosons (7.45)

By hypothesis, the system is subject to the Lindblad master equation (7.1) with
dissipator of the form

D(𝜌) =
𝐿
∑
𝑖=1

Γ−𝑖 𝐷𝜌[𝐿𝑖] + Γ+𝑖 𝐷𝜌[𝐿†𝑖] . (7.46)

The jump rates Γ±𝑖 ⩾ 0 and the operators 𝐿𝑖 are assumed to be linear in the
creation-annihilation operators, that is, 𝐋 = 𝜶†𝐜 for 𝐜† = (𝑐†1, … , 𝑐†𝐿) and some
unitary matrix 𝜶. This hypothesis makes the dynamics Gaussian preserving. In
terms of the 𝐜’s operators, the dissipator (7.46) reads

D(𝜌) =
𝐿
∑
𝑖=1
(𝜸−)𝑖𝑗𝐷𝜌[𝑐𝑗, 𝑐†𝑖 ] + (𝜸+)𝑖𝑗𝐷𝜌[𝑐†𝑖 , 𝑐𝑗] , (7.47)

where 𝜸− = 𝜶𝚪−𝜶†, 𝜸+ = 𝜶𝚪+𝜶† and

𝐷𝜌[𝐴, 𝐵] = 𝐴𝜌𝐵 − 1
2{𝐵𝐴, 𝜌} , (7.48)

for any Hilbert operators 𝐴, 𝐵. If the diagonal matrices 𝚲+, 𝚲− quantify the
monitoring efficiencies related to the Lindblad operators 𝐿𝑖, the no-jump super-
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operator L0 becomes

L0(𝜌) = −i[𝐻, 𝜌] +
𝐿
∑
𝑖=1

[[𝜸−(𝟙 − 𝝀−)]𝑖𝑗𝑐𝑗𝜌𝑐†𝑖 −
(𝜸−)𝑖𝑗
2 {𝑐†𝑖 𝑐𝑗, 𝜌}]

+
𝐿
∑
𝑖=1

[[𝜸+(𝟙 − 𝝀+)]𝑖𝑗𝑐†𝑖 𝜌𝑐𝑗 −
(𝜸+)𝑖𝑗
2 {𝑐𝑗𝑐†𝑖 , 𝜌}] . (7.49)

where 𝝀+ = 𝜶𝚲+𝜶†, 𝝀− = 𝜶𝚲−𝜶† and 𝐻 is any free particle Hamiltonian.
The goal of the next sections is to compute the normalized no-jump density

matrix 𝜌no(𝑡) from Eq. (7.49). In particular, we start from 𝐻 = ∑𝑖𝑗 ℎ𝑖𝑗𝑐
†
𝑖 𝑐𝑗 and

then we shall generalise the dynamics to particle non-conserving Hamiltonian
operators. As we shall see, the pairing terms make the dynamics more involved
and computationally expensive.

7.4 No-jump dynamicswithout pairing terms
- fermionic and bosonic chains

In this section, we shall study the conditional no-jump evolution (7.49) with the
quadratic Hamiltonian

𝐻 = 𝐜†𝐡𝐜 . 𝐡 = 𝐡† , (7.50)

where the 𝐜’s verify either the fermionic or bosonic algebra. For the moment, we
do not include pair creation terms in Eq. (7.50), which will be discussed below, in
Sec. 7.6 and Sec. 7.7.

7.4.1 Full monitoring

The most naive case is when all channels are perfectly monitored, that is 𝚲+ =
𝚲− = 𝟙. The no-jump Liouvillian (7.49) reduces to

L0(𝜌) = −i[𝐻, 𝜌] − 1
2 ∑𝑖𝑗

(𝜸− ∓ 𝜸+)𝑖𝑗{𝑐†𝑖 𝑐𝑗, 𝜌} − tr(𝜸+)𝜌 , (7.51)

where the − sign is for fermions and the + sign for bosons. Since it is possible
to solve simultaneously the fermionic and bosonic cases with minimal modifica-
tions, in this chapter the sign on top will refer to the fermionic case and the sign
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on bottom to the bosonic one. Following the prescriptions in Sec. 7.1, the dynam-
ics generated by Eq. (7.6) is governed by an effective non-Hermitian Hamiltonian

𝐻e = ∑
𝑖𝑗
(𝐡e)𝑖𝑗𝑐†𝑖 𝑐𝑗 − i tr(𝜸+)/2 , (7.52)

where
𝐡e = 𝐡 − i

2(𝜸
− ∓ 𝜸+) . (7.53)

7.4.2 Dynamics under partial monitoring
In this section, we address the problem of the conditional dynamics under partial
monitoring 𝝀+, 𝝀− ≠ 𝟙, where the no-jump Liouvillian takes the form (7.49).
Differently from the full monitoring case, we need additional hypotheses on the
initial state.

As we already stressed before, the Lindblad dissipator (7.47) has been care-
fully chosen to be Gaussian preserving. Therefore, assuming the initial state 𝜌0
is a Gaussian state, the density operator at time 𝑡 is

𝜌(𝑡) ∶= 𝑒L𝑡(𝜌0) =
𝑒−𝐜†⋅𝐌𝑡⋅𝐜

𝑍𝑡
, (7.54)

where

𝑍𝑡 = tr(𝑒−𝐜†⋅𝐌𝑡⋅𝐜) = [det(𝟙 ± 𝑒−𝐌𝑡)]±1 , (7.55)

𝐌𝑡 = ln (𝟙 ∓ 𝐂
𝐂 ) , (7.56)

and (𝐂)𝑖𝑗 = tr {𝑐†𝑗 𝑐𝑖 𝜌(𝑡)} = ⟨𝑐𝑗†𝑐𝑖⟩(𝑡) is the correlation matrix, which is sup-
posed to be invertible. The unconditional dynamics is described by a Lyapunov
equation for the correlation matrix 𝐂 [A2, 202],

d𝐂
d𝑡 = −(𝐖𝐂 + 𝐂𝐖†) + 𝜸+ , (7.57)

with

𝐖 = i𝐡 + (𝜸− ± 𝜸+)/2 . (7.58)

However, the goal is to solve themore general non trace-preserving dynamics
(7.49). Here we shall demonstrate that (7.49) is solved by a Gaussian ansatz or,
more precisely, that

̃𝜌no(𝑡) ∶= 𝑒L0𝑡(𝜌0) =
𝑒−𝐜†⋅𝐌no

𝑡 ⋅𝐜

𝜁𝑡
, (7.59)
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for some matrix 𝐌no
𝑡 and some 𝑐-number 𝜁𝑡, which must satisfy specific differ-

ential equations, to be determined. The properly normalized state is then

𝜌no(𝑡) ∶= ̃𝜌no(𝑡)
𝑃no(𝑡)

= 𝑒−𝐜†⋅𝐌no
𝑡 ⋅𝐜

𝑍𝑡
, (7.60)

𝑍𝑡 = tr(𝑒−𝐜†⋅𝐌no
𝑡 ⋅𝐜) = [det(𝟙 ± 𝑒−𝐌no

𝑡 )]±1 . (7.61)

The operator 𝜌no is independent on 𝜁𝑡, but the knowledge of 𝜁𝑡 is still relevant,
since it determines the no-jump probability

𝑃no(𝑡) =
𝑍𝑡
𝜁𝑡
. (7.62)

In this paragraph, we shall prove that the ansatz (7.59) is a solution of Eq. (7.49).
Therefore, the evolution of the no-jump operator (7.59) is specified by two inde-
pendent differential equations for 𝜁𝑡 and the conditional covariance matrix

(𝐂no)𝑖𝑗 = tr {𝑐†𝑗 𝑐𝑖 𝜌no(𝑡)} = ⟨𝑐𝑗†𝑐𝑖⟩no(𝑡) ,
= [(𝑒𝐌no

𝑡 ± 𝟙)−1]𝑖𝑗 . (7.63)

Proof

The starting point is the Baker-Campbell-Hausdorff formula,

d𝑒𝐾(𝑡)
d𝑡 = {d𝐾

d𝑡 +
1
2! [𝐾,

d𝐾
d𝑡 ] +

1
3! [𝐾, [𝐾,

d𝐾
d𝑡 ]] + …} 𝑒𝐾 , (7.64)

for any Hilbert operator 𝐾. Moreover, for any 𝐿 × 𝐿 matrix 𝐀,𝐁,

[𝐜† ⋅ 𝐀 ⋅ 𝐜, 𝐜† ⋅ 𝐁 ⋅ 𝐜] = 𝐜† ⋅ [𝐀, 𝐁] ⋅ 𝐜 , (7.65)

for both bosonic and fermionic cases. Combining the Baker-Campbell-Hausdorff
formula (7.64), the Gaussian ansatz (7.59) and the result (7.65), we get

d
d𝑡 𝑒

−𝐜†⋅𝐌no
𝑡 ⋅𝐜 = 𝐜† ⋅ (d𝑒

−𝐌no
𝑡

d𝑡 𝑒𝐌no
𝑡 ) 𝐜 𝑒−𝐜†⋅𝐌no

𝑡 ⋅𝐜 . (7.66)

Hence, the no-jump unnormalised state reads

d ̃𝜌no
d𝑡 = [𝐜† ⋅ (d𝑒

−𝐌no
𝑡

d𝑡 𝑒𝐌no
𝑡 ) 𝐜 − d

d𝑡 ln 𝜁𝑡] ̃𝜌no . (7.67)
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In order to computeL0( ̃𝜌no), we use the Baker-Campbell-Hausdorff formula (7.64)
to get

𝑒−𝐜†⋅𝐌no
𝑡 ⋅𝐜𝐜 = (𝑒𝐌no

𝑡 𝐜) 𝑒−𝐜†⋅𝐌no
𝑡 ⋅𝐜 , (7.68)

𝑒−𝐜†⋅𝐌no
𝑡 ⋅𝐜𝐜† = (𝐜†𝑒−𝐌no

𝑡 ) 𝑒−𝐜†⋅𝐌no
𝑡 ⋅𝐜 , (7.69)

to push the factors of 𝑒−𝐜†⋅𝐌no
𝑡 ⋅𝐜 to the right. This leads to the following list of

factors:

[𝐻, ̃𝜌no] = 𝐜† ⋅ (𝐡 − 𝑒−𝐌no
𝑡 𝐡𝑒𝐌no

𝑡 ) ⋅ 𝐜 ̃𝜌no , (7.70)

∑
𝑖𝑗
[𝜸−(𝟙 − 𝝀−)]𝑖𝑗𝑐𝑗 ̃𝜌no𝑐†𝑖 = ∓𝐜† ⋅ (𝑒−𝐌no

𝑡 𝜸−(𝟙 − 𝝀−)) ⋅ 𝐜 ̃𝜌no

+ tr (𝜸−(𝟙 − 𝝀−)𝑒−𝐌no
𝑡 ) ̃𝜌no , (7.71)

∑
𝑖𝑗
(𝜸)−𝑖𝑗{𝑐†𝑖 𝑐𝑗, ̃𝜌no} = 𝐜† ⋅ [𝜸− + 𝑒−𝐌no

𝑡 𝜸−𝑒𝐌no
𝑡 ] ⋅ 𝐜 ̃𝜌no , (7.72)

∑
𝑖𝑗
[𝜸+(𝟙 − 𝝀+)]𝑖𝑗𝑐†𝑖 ̃𝜌no𝑐𝑗 = 𝐜† ⋅ (𝜸+(𝟙 − 𝝀+)𝑒𝐌no

𝑡 ) ⋅ 𝐜 ̃𝜌no , (7.73)

∑
𝑖𝑗
(𝜸)+𝑖𝑗{𝑐𝑗𝑐†𝑖 , ̃𝜌no} = ∓𝐜† ⋅ (𝜸+ + 𝑒−𝐌no

𝑡 𝜸+𝑒𝐌no
𝑡 ) ⋅ 𝐜 ̃𝜌no

+2 tr (𝜸+) ̃𝜌no , (7.74)

Comparing Eq. (7.67) with Eqs. (7.70,7.71,7.72,7.73,7.74), we see that both keep
the form 𝜅 ̃𝜌no+𝐜† ⋅K ⋅ 𝐜 ̃𝜌no, for some c-numbers 𝜅 and 𝐿×𝐿matricesK. Com-
bining those results together, the Gaussian ansatz (7.59) is a solution of Eq. (7.49),
provided that𝐌no

𝑡 and 𝜁𝑡 satisfy the differential equations

d
d𝑡 ln 𝜁𝑡 = tr {𝜸+ − 𝜸−(𝟙 − 𝝀−)𝑒−𝐌no

𝑡 } , (7.75)

and

d𝑒−𝐌no
𝑡

d𝑡 𝑒𝐌no
𝑡 = −i(𝐡 − 𝑒−𝐌no

𝑡 𝐡𝑒𝐌no
𝑡 ) ∓ 𝑒−𝐌no

𝑡 𝜸−(𝟙 − 𝝀−)

−12(𝜸
− + 𝑒−𝐌no

𝑡 𝜸−𝑒𝐌no
𝑡 ) + 𝜸+(𝟙 − 𝝀+)𝑒𝐌no

𝑡

±12(𝜸
+ + 𝑒−𝐌no

𝑡 𝜸+𝑒𝐌no
𝑡 ) . (7.76)

Eq. (7.76) is a differential equation for 𝐌no
𝑡 , but it may be rewritten in terms of

the conditional covariance matrix 𝐂no. Given the Gaussian ansatz (7.60), 𝐌no
𝑡
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and 𝐂no verify

𝐂no(𝑡) = ( 1
𝑒𝐌no

𝑡 ± 𝟙
) , 𝑒𝐌no

𝑡 = 𝟙 ∓ 𝐂no(𝑡)
𝐂no(𝑡)

. (7.77)

Eq. (7.77) implies

d𝐂no

d𝑡 = (𝟙 ∓ 𝐂no)
d𝑒−𝐌no

𝑡

d𝑡 (𝟙 ∓ 𝐂no) . (7.78)

Next, we use Eq. (7.78) into Eq. (7.76) to get a differential equation for 𝐂no. After
simplifying the results, Eq. (7.75) and Eq. (7.76) become

d
d𝑡 ln 𝜁𝑡 = tr {𝜸+ − 𝜸−(𝟙 − 𝝀−) 𝐂no(𝑡)

𝟙 ∓ 𝐂no(𝑡)
} , (7.79)

and

d𝐂no

d𝑡 = −(𝐖𝐂no +𝐂no𝐖†) + 𝜸+ ±𝐂no(𝜸−𝝀−)𝐂no − (𝟙 ∓𝐂no)(𝜸+𝝀+)(𝟙 ∓𝐂no) ,
(7.80)

where𝐖 is the matrix into Eqs. (7.58). Eq. (7.80) is a Riccati-type equation.

QED

If there is no monitoring, 𝚲+ = 𝚲− = 0, 𝐂no = 𝐂 and we recover the
Lyapunov equation (7.57) for the unconditional dynamics. Conversely, partial
monitoring introduces two new terms, which are non-linear and individually
positive semi-definite. In the language of quantum optics, they are called in-
formation matrices, as they establish how our knowledge about the state of the
system changes given the information that no jump occurred [263, 264]. Under
full monitoring, 𝚲+ = 𝚲− = 𝟙, and Eq. (7.80) becomes

d𝐂no

d𝑡 = −(𝐊𝐂no + 𝐂no𝐊†) − 𝐂no(𝜸+ ∓ 𝜸−)𝐂no , (7.81)

where
𝐊 = 𝐖∓ 𝜸+ = i𝐡 + (𝜸− ∓ 𝜸+)/2 . (7.82)

However, in order to determine the no-jump probability 𝑃no(𝑡), one must also
compute 𝜁𝑡. Assuming the evolution of the no-jump correlation matrix 𝐂no is
known by Eq. (7.80), the formal solution of Eq. (7.79) is

𝜁𝑡 = 𝑍0 exp{−
𝑡

∫
0

d𝑡′ tr [𝜸−(𝟙 − 𝝀−) 𝐂no(𝑡′)
𝟙 ∓ 𝐂no(𝑡′)

− 𝜸+]} . (7.83)
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Eq. (7.83) and Eq. (7.61) determine the no-jump probability. However, Eq. (7.83)
is complicated to handle, for two reasons: it depends on the integral over all
previous times and it requires to compute (𝟙 ∓𝐂no)−1. To simplify Eq. (7.83), we
use Eq. (7.80) and, after straightforward algebra, the argument of Eq. (7.83) can
be written as

tr {𝜸−(𝟙 − 𝝀−)𝑒−𝐌no
𝑡 − 𝜸+} = − tr [(𝟙 ∓ 𝐂no)−1

d𝐂no

d𝑡 ]

− tr {𝜸+𝝀+(𝟙 ∓ 𝐂no) + 𝜸−𝝀−𝐂no} . (7.84)

To proceed further, we use the Jacobi identity

d
d𝑡 ln det(𝐀) = tr (𝐀−1d𝐀

d𝑡 ) , (7.85)

for any matrix 𝐀. Using Eq. (7.85) in our specific case, we get

d
d𝑡 ln𝑍𝑡 = tr [(1 ∓ 𝐂no)−1

d𝐂no

d𝑡 ] . (7.86)

We can write Eq. (7.79) as

d
d𝑡 ln 𝜁𝑡/𝑍𝑡 = tr {𝜸+𝝀+(𝟙 ∓ 𝐂no) + 𝜸−𝝀−𝐂no} . (7.87)

Solving the differential equation (7.87), we find

𝑃no(𝑡) =
𝜁𝑡
𝑍𝑡

= exp(−
𝑡

∫
0

d𝑡′ tr [𝜸+𝝀+(𝟙 ∓ 𝐂no(𝑡′)) + 𝜸−𝝀−𝐂no(𝑡′)]) . (7.88)

Unfortunately, the no-jump probability still depends on the entire history of 𝐂no
and (𝟙∓𝐂no), weighed by the emissionmonitoring rates 𝜸−𝝀− and the absorption
monitoring rates 𝜸+𝝀+, with a manifest non-markovian behaviour; however, at
least, Eq. (7.88) does not require to compute the inverse correlation matrix (𝟙 ∓
𝐂no) for any time 𝑡′ ∈ (0, 𝑡). In other terms, the no-jump probability takes the
general form (7.20) with

𝛽(𝑡) = tr [𝜸+𝝀+(𝟙 ∓ 𝐂no(𝑡)) + 𝜸−𝝀−𝐂no(𝑡)] . (7.89)

Now, wewould like to introduce some criteria for the existence of dark subspaces;
given the steady-state solution 𝐂∞

no for Eq. (7.80), the no-jump probability shows
an exponential decay to 0 for large times,

𝑡

∫
0

d𝑡′ 𝛽(𝑡′) 𝑡∼∞≃ 𝑡 tr {𝜸+𝝀+(𝟙 ∓ 𝐂∞
no) + 𝜸−𝝀−𝐂∞

no} . (7.90)
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However, if the steady state verifies

tr {𝜸+𝝀+(𝟙 ∓ 𝐂∞
no) + 𝜸−𝝀−𝐂∞

no} = 0 , (7.91)

then 𝑃no approaches a finite asymptotic value and a jump can never occur.

7.5 Example: tight-binding model
As an application, we consider a chain of hopping fermions with open boundary
conditions (OBC) and Hamiltonian

𝐻 = −
𝐿−1
∑
𝑖=1

(𝑐†𝑖 𝑐𝑖+1 + 𝑐†𝑖+1𝑐𝑖) , (7.92)

being a typical example of ballistic transport. In Fig. 7.5, we draw a sketch of
the gain-loss channels: the first edge on site 1 is coupled to an injection (gain)
bath with jump operator 𝑐†1 and rate Γ+1 = Γ. All other sites are connected to
emission (loss) baths with jump operators 𝑐𝑖 and rates Γ−𝑗 = Γ ∀𝑗 ∈ {2, … , 𝐿}.
By hypothesis, we assume perfect monitoring on site 1 (Λ+1 = 1) and a non-ideal
monitoring Λ−𝑗 = Λ− ∀𝑗 ∈ {2, … , 𝐿} for all the other channels. In this view, the
no-jump conditional dynamics is given by

L0(𝜌) = −i[𝐻, 𝜌] − Γ
2 {𝑐1𝑐

†
1, 𝜌} + Γ

𝐿
∑
𝑗=2

((1 − Λ−)𝑐𝑗𝜌𝑐†𝑗 −
1
2{𝑐

†
𝑗 𝑐𝑗, 𝜌}) . (7.93)

Suppose the system is prepared in the vacuum state |0⟩ and undergoes a jump
in the channel (1, +) at time 𝑡 = 0. 𝜌(0) = 𝑐†1 |0⟩ ⟨0| 𝑐1 is still a Gaussian state.
This is a paradigmatic example for transport protocols, where a wavepacket is
injected in an empty chain, and one watches how it propagates. According to
the quasi-particle picture (see Chapter 5), after the quench the excitation moves
ballistically to the RHS of the chain and is destroyedwith rate Γ, eventually reach-
ing the second boundary after time 𝐿/2 [9, 10, A2, 59, 157–161, 175–193]. In the
meantime, however, other excitations can also be injected at site 1.

Since Λ− ≠ 1, not all emission clicks are detected; for this reason, 𝑃no is a
decreasing function of the monitoring efficiency Λ−. Since we are interested in
the thermodynamic limit, we study the dynamics in the timewindow 𝑡 ∈ [0, 𝐿/2].
In this way, we avoid all the secondary processes due to finite size effects, with
the wavepackets moving back and forth multiple times within the chain.

In Fig. 7.6 (a), we plot the no-jump probability 𝑃no(𝑡) for Γ = 0.1, system size
𝐿 = 50 and efficiency Λ− = {0, 0.1, 0.5, 1.0}. At early times, 𝑃no(𝑡) is roughly
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Figure 7.5: Sketch of a quantum chain of hopping particles coupled to a thermal bath.
We inject excitations at the first site with rate Γ and perfect efficiency, and we lose par-
ticles at site 𝑗 ∈ [2, 𝐿] with homogeneous rate Γ and monitoring efficiency Λ−.
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Figure 7.6: Conditional dynamics for a quantum chains of hopping fermions, Γ = 0.1
and several values of the monitoring efficiency Λ− = {0, 0.1, 0.5, 1.0}. (𝑎) no-jump
probability 𝑃no(𝑡) as a function of time in semi-log scale; (𝑏) Waiting-time distribution
𝑊(1,+)(𝑡) between two consecutive jumps in the channel (1, +).

independent of Λ−. This phenomenon finds a simple explanation in generalized
hydrodynamics; for the specific Hamiltonian into Eq. (7.92), any particle located
on site 1 needs at least Δ𝑡 = 0.5 to reach the consecutive site and eventually be
ejected. According to this rough picture, for 𝑡 < 0.5 no particles may be ejec-
ted, independently on the monitoring efficiency. For large times the dynamical
behaviour is dominated by the parameter Λ−. Fig. 7.6 (a) shows the exponential
decay of 𝑃no. This is an indication of the fact that the system has already reached
the steady state 𝐂∞

no.
In Fig. 7.6 (b) we plot the waiting-time distribution 𝑊(1,+)(𝑡) between two

consecutive jumps. In fact, 𝑊(1,+)(𝑡) is the conditional probability distribution
to observe the second injection at site 1 and time 𝑡, known that one fermion has
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Figure 7.7: Time evolution of the local occupation for Γ = 0.1 and monitoring effi-
ciency Λ− = {0, 0.1, 0.5, 1.0}. As expected, the larger the efficiency the bigger the fer-
mionic occupation, since the no-jump evolution does not allow to detect particle loss in
[0, 𝑡]. Starting from 𝑡 ∼ 25, we observe finite size effects and the front wave is reflected
according to the open boundary conditions.

been absorbed at site 1 and time 𝑡 = 0. From Eq. (7.23),𝑊(1,+)(𝑡) reads

𝑊(1,+)(𝑡) = Γ𝑃no(𝑡) (1 − (𝐂no(𝑡))11) , (7.94)

The behaviour of 𝑊(1,+)(𝑡) clearly reflects the fermionic algebra (7.44). In fact,
due to the finite capacity, the WTD starts at zero and then increases. As for the
no-jump probability, the WTD is also independent on Λ− at early times.

Fig. 7.7 shows the conditional time evolution of the local occupation ⟨𝑐†𝑖 𝑐𝑖⟩no.
At time 𝑡 = 0, we have ⟨𝑐†1𝑐1⟩no = 1 since there is a particle on site 1. After the
quench, the system evolves with the no-jump operator (7.93). As expected, the
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Figure 7.8: The number of particles 𝑁no(𝑡) = ∑𝐿
𝑖=1⟨𝑐

†
𝑖 𝑐𝑖⟩no as a function of time 𝑡 in

semi-log scale.

density increases with Λ− because perfect monitoring avoids missed detection
in [0, 𝑡].

In Fig. 7.8, we plot the total number of particles 𝑁no(𝑡) = ∑𝐿
𝑖=1⟨𝑐

†
𝑖 𝑐𝑖⟩no under

the conditional dynamics (7.93). For Λ− = 1 (ideal monitoring), the average
number of particles is a constant of motion because any particle exchange with
the environment is detected. In the opposite case Λ− = 0 (no monitoring), once
the particle leaves the site 1, the statistics of the emission events follows a Poisson
distribution and 𝑁no(𝑡) ≃ 𝑒−Γ𝑡 is the probability of finding the particle in the
chain at time 𝑡. For any Λ− ∈ (0, 1) the dynamics of 𝑁no(𝑡) is more involved and,
in general, specified by the trace of Eq. (7.80). It is interesting to observe that, in
the long time limit, 𝑁no(𝑡) ∼ 𝑒−Γ𝑡, independently on Λ−.

7.6 No-jump dynamics with pairing terms -
fermionic chains

We now generalize the dynamics to include pairing terms 𝑐𝑖𝑐𝑗 in the Hamiltonian
operator. For clarity, we decide to treat the fermionic and bosonic cases in two
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different sections.
If the 𝐜’s are fermionic operators and 𝐿 is the chain size, it is convenient to

introduce the 2𝐿Majorana operators

𝑦1𝑛 = 𝑐†𝑛 + 𝑐𝑛 , 𝑦2𝑛 = i(𝑐†𝑛 − 𝑐𝑛) . 𝑛 = 1, … , 𝐿 (7.95)

The Majorana operators are Hermitian (𝑦1†𝑘 = 𝑦1𝑘, 𝑦
2†
𝑘 = 𝑦2𝑘) and satisfy the

Clifford algebra

{𝑦1𝑘, 𝑦1ℓ} = 2𝛿𝑘ℓ , {𝑦2𝑘, 𝑦2ℓ} = 2𝛿𝑘ℓ , {𝑦1𝑘, 𝑦2ℓ} = 0 . (7.96)

From Eq. (7.96), it follows that

(𝑦1𝑘)2 = (𝑦2𝑘)2 = 𝟙 . (7.97)

Below, we work with the vector 𝐘† = (𝑦11 , … , 𝑦1𝐿, 𝑦21 , … , 𝑦2𝐿), which then satisfies
the identity 𝐘† ⋅ 𝐘 = 2𝐿.

For fermionic systems, any quadratic Hamiltonian 1
4
𝐘† ⋅T ⋅𝐘may be repres-

ented by 2𝐿×2𝐿 anti-symmetric (T T = −T ) and Hermitian matrices (T † = T ).
Indeed, if T is not anti-symmetric, we can always write

𝐘† ⋅ T ⋅ 𝐘 = tr(T ) + 1
2𝐘

† ⋅ (T − T T) ⋅ 𝐘 . (7.98)

As an example, we can take the most general Gaussian-preserving Hamiltonian

𝐻 = ∑
𝑛,𝑚

{ℎ𝑛𝑚𝑐†𝑛𝑐𝑚 + 1
2(𝐺𝑛𝑚𝑐

†
𝑛𝑐†𝑚 + 𝐺∗

𝑚𝑛𝑐𝑛𝑐𝑚)} , (7.99)

where 𝐡 = 𝐡† and 𝐆T = −𝐆. In terms of Majorana operators, the Hamiltonian
(7.99) becomes

𝐻 = 1
4𝐘

† ⋅K ⋅ 𝐘 , (7.100)

where

K = (
𝐡 + (𝐆 + 𝐆†)/2 i𝐡 − i(𝐆 − 𝐆†)/2

−i𝐡 − i(𝐆 − 𝐆†)/2 𝐡 − (𝐆 + 𝐆†)/2
) , (7.101)

= 𝟙 ⊗ 𝐡 − 𝝈𝑦 ⊗𝐡 + 𝝈𝑧 ⊗ (𝐆 + 𝐆†

2 ) − i𝝈𝑥 ⊗ (𝐆 − 𝐆†

2 ) , (7.102)
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and⊗ indicates the outer product. Since 𝐡T = 𝐡∗ and 𝐆† = −𝐆∗,

1
2(K −KT) = 1

2 (
(𝐡 − 𝐡∗) + (𝐆 − 𝐆∗) i(𝐡 + 𝐡∗) − i(𝐆 + 𝐆∗)

−i(𝐡 + 𝐡∗) − i(𝐆 + 𝐆∗) (𝐡 − 𝐡∗) − (𝐆 − 𝐆∗)
) , (7.103)

tr(K) = 2 tr(𝐡) . (7.104)

If 𝐡 and 𝐆 are real, the anti-symmetrized K reduces to

1
2(K −KT) = i (

0 𝐡 − 𝐆
−𝐡 − 𝐆 0

) (7.105)

= −𝝈𝑦 ⊗𝐡 − i𝝈𝑥 ⊗𝐆 , (7.106)

and finally

𝐻 = 1
4𝐘

† ⋅ T ⋅ 𝐘 + 1
2 tr(𝐡) , T ∶= i (

0 𝐡 − 𝐆
−𝐡 − 𝐆 0

) . (7.107)

Therefore, without loss of generality, we may consider the Hamiltonian

𝐻 = 1
4𝐘

† ⋅ T ⋅ 𝐘 , (7.108)

where T is a 2𝐿 × 2𝐿 anti-symmetric and Hermitian matrix.

Assuming the same Lindblad dissipator (7.1), we can recast Eq. (7.47) in terms
of the Majorana operators,

D(𝜌) =
2𝐿
∑
𝑖,𝑗=1

Ψ𝑖𝑗[𝑌𝑖𝜌𝑌𝑗 −
1
2{𝑌𝑗𝑌𝑖, 𝜌}] , (7.109)

where 𝚿 is a 2𝐿 × 2𝐿 matrix. In order to find 𝚿 which makes L completely
positive and trace preserving, we decompose 𝚿 in a block form, following the
ordering for the Majorana operators 𝐘:

𝚿 = (
𝐀 𝐁
𝐂 𝐃

) , (7.110)

where the matrices 𝐀 ,𝐁 , 𝐂 ,𝐃 are to be determined. One can verify that the
dissipator (7.109) is the bilinear superoperator,

D(𝜌) = ∑
𝑖𝑗
{(𝐀 − 𝐃 + i𝐁 + i𝐂)𝑖𝑗𝐷̃[𝑐†𝑖 , 𝑐†𝑗 ] + (𝐀 − 𝐃 − i𝐁 − i𝐂)𝑖𝑗𝐷̃[𝑐𝑖, 𝑐𝑗]

+(𝐀 + 𝐃 + i𝐁 − i𝐂)𝑗𝑖𝐷̃[𝑐𝑗, 𝑐†𝑖 ] + (𝐀 + 𝐃 − i𝐁 + i𝐂)𝑖𝑗𝐷̃[𝑐†𝑖 , 𝑐𝑗]} . (7.111)
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In the usual thermal case, where the dissipator is given by Eq. (7.47), we get a
set of four independent equations

⎧⎪
⎨⎪
⎩

𝐀 − 𝐃 + i(𝐁 + 𝐂) = 0
𝐀 − 𝐃 − i(𝐁 + 𝐂) = 0
𝐀 + 𝐃 + i(𝐁 − 𝐂) = (𝜸−)T
𝐀 +𝐃 − i(𝐁 − 𝐂) = 𝜸+

(7.112)

which implies

𝐀 = 𝐃 = 𝜸+ + (𝜸−)T
4 , (7.113)

𝐁 = −𝐂 = i
𝜸+ − (𝜸−)T

4 . (7.114)

Hence, the matrix 𝚿 takes the form

𝚿 = 1
4 (

𝜸+ + (𝜸−)T i[𝜸+ − (𝜸−)T]

−i[𝜸+ − (𝜸−)T] 𝜸+ + (𝜸−)T
) , (7.115)

which is Hermitian (𝚿† = 𝚿) but not symmetric (𝚿T ≠ 𝚿). The generalisation
to the no-jump Liouvillian (7.5) leads to

L0(𝜌) = −i[𝐻, 𝜌] +
2𝐿
∑
𝑖,𝑗=1

[[𝚿 − 𝚽]𝑖𝑗𝑌𝑖𝜌𝑌𝑗 −
(𝚿)𝑖𝑗
2 {𝑌𝑗𝑌𝑖, 𝜌}] , (7.116)

where

𝚽 = 1
4 (

𝜸+𝝀+ + (𝜸−𝝀−)T i[𝜸+𝝀+ − (𝜸−𝝀−)T]

−i[𝜸+𝝀+ − (𝜸−𝝀−)T] 𝜸+𝝀+ + (𝜸−𝝀−)T
) . (7.117)

7.6.1 Full monitoring
Again, we start from the full monitoring case, where all the channels are per-
fectly monitored with efficiency 𝚲+ = 𝚲− = 𝟙 and thus 𝚿 = 𝚽. The no-jump
Liouvillian reduces to

L0(𝜌) = −i[𝐻, 𝜌] − 1
2

2𝐿
∑
𝑖,𝑗=1

Ψ𝑖𝑗{𝑌𝑗𝑌𝑖, 𝜌} . (7.118)
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After some algebra, the evolution generated by the no-jump Liouvillian L0 may
be expressed by the effective Hamiltonian

𝐻e = 𝐘† ⋅ T + i(𝚿 −𝚿T)
4 ⋅ 𝐘 − i

tr(𝚿)
2 . (7.119)

Hence, the no-jump operator evolves with Eq. (7.10).

7.6.2 Dynamics under partial monitoring
Next, we derive the conditional no-jump dynamics for non-vanishing pairing
terms 𝑐𝑖𝑐𝑗 in the Hamiltonian operator. We shall follow the same philosophy of
Sec. 7.4.2: assuming the initial state is Gaussian, the dynamics is then solved by
a Gaussian ansatz.

The dynamics described by Eq. (7.1) with the Hamiltonian (7.108), the dissip-
ator (7.109) and the matrix (7.115) is Gaussian preserving, and thus

𝜌(𝑡) ∶= 𝑒L𝑡(𝜌0) =
𝑒
1
4𝐘

†⋅M𝑡⋅𝐘

𝑍𝑡
, (7.120)

where

𝑍𝑡 = tr {𝑒
1
4𝐘

†⋅M𝑡⋅𝐘} = √det(𝟙 + 𝑒M𝑡) , (7.121)

M𝑡 = ln (𝟙 − 𝚯
𝟙 + 𝚯) , (7.122)

and (𝚯)𝑖𝑗 =
1
2
tr {[𝑌𝑖, 𝑌𝑗]𝜌(𝑡)} =

1
2
⟨[𝑌𝑖, 𝑌𝑗]⟩(𝑡) is the correlation matrix, which is

Hermitian (𝚯† = 𝚯) and anti-symmetric (𝚯T = −𝚯). The correlation matrix 𝚯
satisfies the Lyapunov differential equation [262]

d𝚯
d𝑡 = −(W𝚯+𝚯W†) +F , (7.123)

with

W = iT +𝚿+𝚿T , (7.124)
F = 2(𝚿T −𝚿) . (7.125)

In order to solve the conditional dynamics, as already done into Sec. 7.4.2, we
use the Gaussian ansatz

̃𝜌no(𝑡) ∶= 𝑒L0𝑡(𝜌0) =
𝑒
1
4𝐘

†⋅Mno
𝑡 ⋅𝐘

𝜁𝑡
, (7.126)



No-jump dynamics with pairing terms - fermionic chains 163

for some matrix Mno
𝑡 and some 𝑐-number 𝜁𝑡, which must satisfy specific differ-

ential equations, to be determined. Again, the properly normalised state is

𝜌no(𝑡) ∶= ̃𝜌no(𝑡)
𝑃no(𝑡)

= 𝑒
1
4𝐘

†⋅Mno
𝑡 ⋅𝐘

𝑍𝑡
, (7.127)

𝑍𝑡 = tr(𝑒
1
4𝐘

†⋅Mno
𝑡 ⋅𝐘) , (7.128)

where 𝜌no is independent of 𝜁𝑡. As before, the no-jump probability is given by
Eq. (7.62) and the term 𝜁𝑡 is still relevant.

In this paragraph, we shall prove that the ansatz (7.126) solves the dynam-
ics (7.116) with the Hamiltonian (7.108). The dynamics of ̃𝜌no(𝑡) is provided by
two independent differential equations for 𝜁𝑡 and the conditional covariance mat-
rix

(𝚯no)𝑖𝑗 = 1
2 tr {[𝑌𝑖, 𝑌𝑗] 𝜌no(𝑡)} =

1
2⟨[𝑌𝑖, 𝑌𝑗]⟩no(𝑡) , (7.129)

= −[tanh(Mno
𝑡 /2)]𝑖𝑗 . (7.130)

Proof

Firstly, we note that Eq. (7.65) is naturally translated to Majorana operators:
given two 2𝐿 × 2𝐿 anti-symmetric matrices 𝐀 and 𝐁,

[𝐘† ⋅ 𝐀 ⋅ 𝐘, 𝐘† ⋅ 𝐁 ⋅ 𝐘] = 4𝐘† ⋅ [𝐀, 𝐁] ⋅ 𝐘 . (7.131)

The Baker-Campbell-Hausdorff formula (7.64) leads to

d
d𝑡 𝑒

1
4𝐘

†⋅Mno
𝑡 ⋅𝐘 = 𝐘† ⋅ [14

d𝑒Mno
𝑡

d𝑡 𝑒−Mno
𝑡 ] ⋅ 𝐘𝑒

1
4𝐘

†⋅Mno
𝑡 ⋅𝐘 . (7.132)

Analogously to (7.67), we get

d ̃𝜌no
d𝑡 = 𝐘† ⋅ [14

d𝑒Mno
𝑡

d𝑡 𝑒−Mno
𝑡 ] ⋅ 𝐘 ̃𝜌no − ( d

d𝑡 ln 𝜁𝑡) ̃𝜌no . (7.133)

Since 𝟙 = 𝐀−1𝐀, any matrix 𝐀 satisfies the obvious identity

𝐀−1d𝐀
d𝑡 = −d𝐀−1

d𝑡 𝐀 , (7.134)

which implies the matrix d𝑒M
no
𝑡

d𝑡
𝑒−Mno

𝑡 is anti-symmetric. In other words, d ̃𝜌no/d𝑡
has the form 𝜅 ̃𝜌no+𝐘† ⋅K ⋅𝐘 ̃𝜌no, for a c-number 𝜅 and an anti-symmetric matrix
K. In order to cast the super-operator (7.116) in the same form, use the identity

𝑒
1
4𝐘

†⋅Mno
𝑡 ⋅𝐘𝐘 = 𝑒−Mno

𝑡 𝐘𝑒
1
4𝐘

†⋅Mno
𝑡 ⋅𝐘 , (7.135)
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where the factor 𝑒
1
4𝐘

†⋅Mno
𝑡 ⋅𝐘 is pushed on the right. This leads to

−i[𝐻, ̃𝜌no] = 𝐘† ⋅ [ − i
4(T − 𝑒Mno

𝑡 T 𝑒−Mno
𝑡 )] ⋅ 𝐘 ̃𝜌no , (7.136)

∑
𝑖𝑗
[𝚿 − 𝚽]𝑖𝑗𝑌𝑖 ̃𝜌no𝑌𝑗 = 𝐘† ⋅ [𝚿 − 𝚽]𝑒−Mno

𝑡 ⋅ 𝐘 ̃𝜌no , (7.137)

∑
𝑖𝑗
(𝚿)𝑖𝑗{𝑌𝑗𝑌𝑖, ̃𝜌no} = 4 tr(𝚿) ̃𝜌no

−𝐘† ⋅ [𝚿 + 𝑒Mno
𝑡 𝚿𝑒−Mno

𝑡 ] ⋅ 𝐘 ̃𝜌no . (7.138)

However, since the matrices in the quadratic forms (7.137, 7.138) are not anti-
symmetric, we need to anti-symmetrize them, to get

∑
𝑖𝑗
[𝚿 − 𝚽]𝑖𝑗𝑌𝑖 ̃𝜌no𝑌𝑗 = 𝐘† ⋅ [[𝚿 − 𝚽]𝑒−Mno

𝑡 − 𝑒Mno
𝑡 [𝚿 − 𝚽]T

2 ] ⋅ 𝐘 ̃𝜌no

+ tr([𝚿 − 𝚽]𝑒−Mno
𝑡 ) ̃𝜌no , (7.139)

∑
𝑖𝑗
(𝚿)𝑖𝑗{𝑌𝑗𝑌𝑖, ̃𝜌no} = −𝐘† ⋅ [𝚿 −𝚿T

2 + 𝑒Mno
𝑡
𝚿−𝚿T

2 𝑒−Mno
𝑡 ] ⋅ 𝐘 ̃𝜌no

+2 tr(𝚿) ̃𝜌no . (7.140)

Now the quadratic terms are in the proper form and the Gaussian ansatz applied
to the no-jump Liouvillian (7.116) reads

L0( ̃𝜌no) = 𝐘† ⋅ [[𝚿 − 𝚽]𝑒−Mno
𝑡 − 𝑒Mno

𝑡 [𝚿 − 𝚽]T
2 ] ⋅ 𝐘 ̃𝜌no

+𝐘† ⋅ [𝚿 −𝚿T

4 + 𝑒Mno
𝑡
𝚿−𝚿T

4 𝑒−Mno
𝑡 ] ⋅ 𝐘 ̃𝜌no

+𝐘† ⋅ [ − i
4(T − 𝑒Mno

𝑡 T 𝑒−Mno
𝑡 )] ⋅ 𝐘 ̃𝜌no

+[ tr([𝚿 − 𝚽]𝑒−Mno
𝑡 ) − tr(𝚿)] ̃𝜌no . (7.141)

Combining Eq. (7.141) with Eq. (7.133),

d
d𝑡 ln 𝜁𝑡 = tr(𝚿 − [𝚿 − 𝚽]𝑒−Mno

𝑡 ) , (7.142)

d𝑒Mno
𝑡

d𝑡 = −i(T 𝑒Mno
𝑡 − 𝑒Mno

𝑡 T ) + 2[𝚿 − 𝚽] − 2𝑒Mno
𝑡 [𝚿 − 𝚽]T𝑒Mno

𝑡

+(𝚿 −𝚿T)𝑒Mno
𝑡 + 𝑒Mno

𝑡 (𝚿 −𝚿T) . (7.143)
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As for Sec. 7.4.2, the matrix Mno
𝑡 is not so convenient to work with and it is

better to rewrite the differential equations in terms of the conditional covariance
matrix 𝚯no. The relation between the matrices 𝚯no and Mno

𝑡 reads

𝚯no = − tanh(Mno
𝑡 /2) , 𝑒Mno

𝑡 = 𝟙 − 𝚯no

𝟙 + 𝚯no
, (7.144)

and thus
d𝚯no

d𝑡 = −12(𝟙 + 𝚯no)
d𝑒Mno

𝑡

d𝑡 (𝟙 + 𝚯no) . (7.145)

Using Eq. (7.145) into Eq. (7.143), we get

d𝚯no

d𝑡 = −(W𝚯no+𝚯noW†)+F−(𝟙−𝚯no)𝚽T(𝟙−𝚯no)+(𝟙+𝚯no)𝚽(𝟙+𝚯no) .
(7.146)

where the explicit forms of W and F are provided into Eqs. (7.124,7.125). Note
that, if 𝜸+ and 𝜸− are symmetric, (𝚿 +𝚿T) and (𝚿 −𝚿T) take the simple form

𝚿+𝚿T = 1
2 (

𝜸+ + 𝜸− 0
0 𝜸+ + 𝜸−

) , (7.147)

𝚿−𝚿T = i
2 (

0 𝜸+ − 𝜸−

𝜸− − 𝜸+ 0
) . (7.148)

QED

Again, Eq. (7.146) is a Riccati-type equation. Under full monitoring (𝚲+ =
𝚲− = 𝟙), 𝚯no = 𝚯 and we get the Lyapunov equation (7.123) for the uncondi-
tional dynamics. In the opposite case where all the channels are not monitored
at all (𝚲+ = 𝚲− = 0), Eq. (7.146) becomes

d𝚯no

d𝑡 = −i[T , 𝚯no] +
1
2F − 1

2𝚯noF𝚯no . (7.149)

The solution of the Riccati-type equation (7.146) gives access the no-jump prob-
ability. According to Eq. (7.142), 𝜁𝑡 satisfies

d
d𝑡 ln 𝜁𝑡 = − tr {(𝚿 − 𝚽)𝟙 + 𝚯no

𝟙 − 𝚯no
−𝚿} . (7.150)

On the other hand, the partition function reads

d
d𝑡 ln𝑍𝑡 =

1
2 tr {(1 + 𝑒Mno

𝑡 )−1d𝑒
Mno

𝑡

d𝑡 } . (7.151)
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Again, Eqs. (7.150,7.151) require to compute some inverse matrices and wewould
like to bypass this difficulty. Similarly to Sec. 7.4.2, combining Eqs. (7.144, 7.143,
7.150, 7.151), the anti-symmetry ofMno

𝑡 together with the invariance of the trace
under transpose, we get the simple form

d
d𝑡 ln 𝜁𝑡/𝑍𝑡 = tr {𝚽(𝟙 + 𝚯no)} . (7.152)

From the solution of Eq. (7.152), we see immediately that the no-jump probability
takes the form (7.20) with

𝛽(𝑡) = tr [𝚽(𝟙 + 𝚯no(𝑡))] . (7.153)

Using Eqs. (7.129,7.117), it is possible to prove that, if 𝝀+𝜸+ = 𝝀−𝜸−, the no-jump
probability reduces to

𝑃no(𝑡) = 𝑒− tr(𝚽)𝑡 . (7.154)

In this case, it is possible to talk about a universal behaviour since the initial state
Θ(0) and the Hamiltonian operator do not enter in the no-jump probability.

In the general case, the long time limit of the no-jump probability reads

𝑃no(𝑡) ∼ exp (− tr [𝚽(𝟙 + 𝚯∞
no)] 𝑡) , 𝑡 ∼ ∞ , (7.155)

where 𝚯∞
no is the stationary solution of the Riccati equation (7.146).

7.7 No-jump dynamics with pairing terms -
bosonic chains

In this section, we focus on bosonic chains and we study the no-jump dynamics
for particle non-conserving Hamiltonian operators, in analogy with Sec. 7.6.

Assuming the 𝐜’s to be bosonic operators, we define the 2𝐿 quadratures,

𝑥𝑛 = 𝑐†𝑛 + 𝑐𝑛, 𝑝𝑛 = i(𝑐†𝑛 − 𝑐𝑛). 𝑛 = 1, … , 𝐿 (7.156)

which are Hermitian (𝑥𝑘 = 𝑥†𝑘, 𝑝𝑘 = 𝑝†𝑘) and satisfy the algebra

[𝑥𝑘, 𝑝ℓ] = 2i𝛿𝑘ℓ, [𝑥𝑘, 𝑥ℓ] = 0, [𝑝𝑘, 𝑝ℓ] = 0. (7.157)

Below, we work with the vector 𝐑† = (𝑥1, … , 𝑥𝐿, 𝑝1, … , 𝑝𝐿), which then satisfies

[𝑅𝑖, 𝑅𝑗] = 2iΩ𝑖𝑗, (7.158)
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where 𝛀 is the symplectic form

𝛀 = (i𝜎𝑦) ⊗ 𝟙𝐿 = ( 0 𝟙𝐿
−𝟙𝐿 0) , (7.159)

𝟙𝐿 is the 𝐿 × 𝐿 identity matrix and (i𝛀)2 = 𝟙.

As a direct consequence of the bosonic algebra, any quadratic Hamiltonian
1
4
𝐑† ⋅T ⋅ 𝐑may be represented by 2𝐿× 2𝐿 symmetric (T T = T ) and Hermitian

matrices (T † = T ). Indeed, if T is not symmetric, we can always write

𝐑† ⋅ T ⋅ 𝐑 = −12 tr ((T − T T)(i𝛀)) + 1
2𝐑

† ⋅ (T + T T) ⋅ 𝐑 . (7.160)

As an example, we proceed similarly to Sec. 7.6. The most general Gaussian-
preservingHamiltonian is given by Eq. (7.99), which can be recast as into Eq. (7.100),
with K given by Eq. (7.101). The big difference compared to the fermionic case
is that now 𝐆T = 𝐆. Since 𝐡T = 𝐡∗ and 𝐆† = 𝐆∗,

1
2(K +KT) = 1

2 (
(𝐡 + 𝐡∗) + (𝐆 + 𝐆∗) i(𝐡 − 𝐡∗) − i(𝐆 − 𝐆∗)

−i(𝐡 − 𝐡∗) − i(𝐆 − 𝐆∗) (𝐡 + 𝐡∗) − (𝐆 + 𝐆∗)
) , (7.161)

and
−12 tr ((K −KT)(i𝛀)) = −2 tr(𝐡) . (7.162)

If 𝐡 and 𝐆 are also real, the symmetrized K reduces to

1
2(K +KT) = (

𝐡 + 𝐆 0
0 𝐡 − 𝐆

) = 𝟙2 ⊗𝐡 + 𝝈𝑧 ⊗𝐆, (7.163)

and finally

𝐻 = 1
4𝐑

† ⋅ T ⋅ 𝐑 − 1
2 tr(𝐡) , T ∶= (

𝐡 + 𝐆 0
0 𝐡 − 𝐆

) . (7.164)

For this reason, without loss of generality, we assume that the Hamiltonian takes
the form

𝐻 = 1
4𝐑

† ⋅ T ⋅ 𝐑 , (7.165)

where T is a 2𝐿 × 2𝐿 symmetric and Hermitian matrix.
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Similarly to Sec. 7.6, we can prove that the dissipator of theGaussian-preserving
Lindblad generator (7.47) may be put in the form

D(𝜌) =
2𝐿
∑
𝑖,𝑗=1

Ψ𝑖𝑗[𝑅𝑖𝜌𝑅𝑗 −
1
2{𝑅𝑗𝑅𝑖, 𝜌}] , (7.166)

as well as the partial monitoring dynamics (7.49),

L0(𝜌) = −i[𝐻, 𝜌] +
2𝐿
∑
𝑖,𝑗=1

[[𝚿 − 𝚽]𝑖𝑗𝑅𝑖𝜌𝑅𝑗 −
(𝚿)𝑖𝑗
2 {𝑅𝑗𝑅𝑖, 𝜌}] , (7.167)

where𝚿 and𝚽 are given by Eqs. (7.115,7.117), since these matrices are not sens-
itive to bosonic or fermionic algebra.

7.7.1 Full monitoring
When every channel is perfectly monitored, 𝚲+ = 𝚲− = 𝟙 and 𝚿 = 𝚽. The
no-jump Liouvillian reduces to

L0(𝜌) = −i[𝐻, 𝜌] − 1
2

2𝐿
∑
𝑖,𝑗=1

Ψ𝑖𝑗{𝑅𝑗𝑅𝑖, 𝜌} , (7.168)

After some algebra, L0 takes the form (7.6) with effective Hamiltonian

𝐻𝑒 = 𝐑† ⋅ T − i(𝚿 +𝚿T)
4 ⋅ 𝐑 − − i

4 tr(𝜸+ − 𝜸−). (7.169)

7.7.2 Dynamics under partial monitoring
We now derive the conditional dynamics under partial monitoring, following
Sec. 7.6.2 as guideline. We assume that the initial state is Gaussian. The dynamics
described by Eq. (7.1) with the quadratures (7.156), the Hamiltonian (7.165), the
dissipator (7.166) and the matrix (7.115) is Gaussian preserving, which means

𝜌(𝑡) ∶= 𝑒L𝑡(𝜌0) =
𝑒
1
4𝐑

†⋅(i𝛀)M𝑡⋅𝐑

𝑍𝑡
, (7.170)

where (𝑖𝛀)M𝑡 is Hermitian and symmetric,

𝑍𝑡 = tr {𝑒
1
4𝐑

†⋅(i𝛀)M𝑡⋅𝐑} = 1
√det(𝟙 − 𝑒M𝑡)

, (7.171)

𝑒M𝑡 = 𝚯(𝑖𝛀) − 𝟙
𝚯(𝑖𝛀) + 𝟙, (7.172)
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and
(𝚯)𝑖𝑗 =

1
2 tr {{𝑅𝑖, 𝑅𝑗}𝜌(𝑡)} =

1
2⟨{𝑅𝑖, 𝑅𝑗}⟩(𝑡) , (7.173)

is the correlation matrix. The matrix 𝚯 is Hermitian (𝚯† = 𝚯) and symmetric
(𝚯T = 𝚯) as well. It can be proved that the correlation matrix 𝚯 satisfies the
Lyapunov differential equation

d𝚯
d𝑡 = −(W𝚯+𝚯W†) +F , (7.174)

with

W = −𝛀T − (i𝛀)(𝚿 −𝚿T) , (7.175)
F = 2(i𝛀)(𝚿T +𝚿)(i𝛀) . (7.176)

To solve the conditional dynamics, we take the Gaussian ansatz

̃𝜌no(𝑡) ∶= 𝑒L0𝑡(𝜌0) =
𝑒
1
4𝐑

†⋅(i𝛀)Mno
𝑡 ⋅𝐑

𝜁𝑡
, (7.177)

for some matrixMno
𝑡 and some 𝑐-number 𝜁𝑡 which are to be determined. Again,

the properly normalized state is

𝜌no(𝑡) ∶= ̃𝜌no(𝑡)
𝑃no(𝑡)

= 𝑒
1
4𝐑

†⋅(i𝛀)Mno
𝑡 ⋅𝐑

𝑍𝑡
, (7.178)

𝑍𝑡 = tr(𝑒
1
4𝐑

†⋅(i𝛀)Mno
𝑡 ⋅𝐑) . (7.179)

In this paragraph, we shall prove that the ansatz (7.177) solves the dynamics (7.167)
with the Hamiltonian (7.165). The dynamics of ̃𝜌no(𝑡) is determined by two inde-
pendent differential equations for 𝜁𝑡 and the conditional covariance matrix

(𝚯no)𝑖𝑗 = −[coth(Mno
𝑡 /2) (i𝛀)]𝑖𝑗 =

1
2⟨{𝑅𝑖, 𝑅𝑗}⟩no(𝑡) . (7.180)

Proof

Firstly, we observe that the commutator between two quadratic forms is

[𝐑† ⋅ (i𝛀)𝐀 ⋅ 𝐑,𝐑† ⋅ (i𝛀)𝐁 ⋅ 𝐑] = 4𝐑† ⋅ (i𝛀)[𝐀, 𝐁] ⋅ 𝐑 , (7.181)

where (i𝛀)𝐀 and (i𝛀)𝐁 are two symmetric matrices. The BCH formula (7.64)
and Eq. (7.181) lead to

d
d𝑡 𝑒

1
4𝐑

†⋅(i𝛀)Mno
𝑡 ⋅𝐑 = 𝐑† ⋅ [ i𝛀4

d𝑒Mno
𝑡

d𝑡 𝑒−Mno
𝑡 ] ⋅ 𝐑 𝑒

1
4𝐑

†⋅(i𝛀)Mno
𝑡 ⋅𝐑 . (7.182)
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The time-derivative of the no-jump operator reads

d ̃𝜌no
d𝑡 = 𝐑† ⋅ [ i𝛀4

d𝑒Mno
𝑡

d𝑡 𝑒−Mno
𝑡 ] ⋅ 𝐑 ̃𝜌no − ( d

d𝑡 ln 𝜁𝑡) ̃𝜌no . (7.183)

Since the matrix (i𝛀)Mno
𝑡 is symmetric, it is possible to prove that the matrix

[ i𝛀
4

d𝑒M
no
𝑡

d𝑡
𝑒−Mno

𝑡 ] is symmetric as well. Using the identity (i𝛀)T = −(i𝛀), the
transpose matrix becomes

[(i𝛀)d𝑒
Mno

𝑡

d𝑡 𝑒−Mno
𝑡 ]

T

= −𝑒−(Mno
𝑡 )T d𝑒(M

no
𝑡 )T

d𝑡 (i𝛀) . (7.184)

Thanks to the identity (7.134), (𝑖𝛀)2 = 1 and the series expansion,

[(i𝛀)d𝑒
Mno

𝑡

d𝑡 𝑒−Mno
𝑡 ]

T

= (i𝛀) [(i𝛀)d𝑒
−(Mno

𝑡 )T

d𝑡 (i𝛀)] [(i𝛀)𝑒(Mno
𝑡 )T(i𝛀)] (7.185)

= (i𝛀)d𝑒
−(i𝛀)(Mno

𝑡 )T(i𝛀)

d𝑡 𝑒(i𝛀)(Mno
𝑡 )T(i𝛀) . (7.186)

Since the matrix (i𝛀)Mno
𝑡 is symmetric,

Mno
𝑡 = −(iΩ) (Mno

𝑡 )
T (iΩ) , (7.187)

we conclude that [ i𝛀
4

d𝑒M
no
𝑡

d𝑡
𝑒−Mno

𝑡 ]
T

= [ i𝛀
4

d𝑒M
no
𝑡

d𝑡
𝑒−Mno

𝑡 ]. Thus, d ̃𝜌no/d𝑡 takes the
form 𝜅 ̃𝜌no + 𝐑† ⋅K ⋅ 𝐑 ̃𝜌no, where 𝜅 is a c-number and K is a symmetric matrix.

Hence, when we rewrite the generator (7.167) by using the Gaussian ansatz,
we shall always make sure to cast it in the same form. In order to do this, we use
the identity

𝑒
1
4𝐑

†⋅(i𝛀)Mno
𝑡 ⋅𝐑𝐑 = 𝑒−Mno

𝑡 𝐑𝑒
1
4𝐑

†⋅(i𝛀)Mno
𝑡 ⋅𝐑 . (7.188)

This leads, for example, to

−i[𝐻, ̃𝜌no] = 𝐑† ⋅ [ − i
4(T − 𝑒−(Mno

𝑡 )TT 𝑒−Mno
𝑡 )] ⋅ 𝐑 ̃𝜌no , (7.189)

which is the unitary contribution to the dynamics. ThematrixT −𝑒−(Mno
𝑡 )TT 𝑒−Mno

𝑡

is already in the proper symmetric form. The dissipators take the form

∑
𝑖𝑗
[𝚿 − 𝚽]𝑖𝑗𝑅𝑖 ̃𝜌no𝑅𝑗 = 𝐑† ⋅ [𝚿 − 𝚽]𝑒−Mno

𝑡 ⋅ 𝐑 ̃𝜌no , (7.190)

∑
𝑖𝑗
(𝚿)𝑖𝑗{𝑅𝑗𝑅𝑖, ̃𝜌no} = 𝐑† ⋅ [𝚿 + 𝑒−(Mno

𝑡 )T𝚿𝑒−Mno
𝑡 ] ⋅ 𝐑 ̃𝜌no

+4i tr(𝚿𝛀) ̃𝜌no . (7.191)
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These terms, however, do not have symmetric matrices in their quadratic forms.
We must therefore use Eq. (7.160), which leads to

∑
𝑖𝑗
[𝚿 − 𝚽]𝑖𝑗𝑅𝑖 ̃𝜌no𝑅𝑗 = 𝐑† ⋅ [[𝚿 − 𝚽]𝑒−Mno

𝑡 + 𝑒−(Mno
𝑡 )T[𝚿 − 𝚽]T

2 ] ⋅ 𝐑 ̃𝜌no

− tr ([𝚿 − 𝚽]𝑒−Mno
𝑡 (i𝛀)) ̃𝜌no , (7.192)

∑
𝑖𝑗
(𝚿)𝑖𝑗{𝑅𝑗𝑅𝑖, ̃𝜌no} = 𝐑† ⋅ [𝚿 +𝚿T

2 + 𝑒−(Mno
𝑡 )T𝚿+𝚿T

2 𝑒−Mno
𝑡 ] ⋅ 𝐑 ̃𝜌no

+2 tr (𝚿(i𝛀)) ̃𝜌no . (7.193)

The no-jump operator (7.167) applied to the Gaussian ansatz becomes

ℒ0( ̃𝜌no) = 𝐑† ⋅ [[𝚿 − 𝚽]𝑒−Mno
𝑡 + 𝑒−(Mno

𝑡 )T[𝚿 − 𝚽]T
2 ] ⋅ 𝐑 ̃𝜌no

−𝐑† ⋅ [𝚿 +𝚿T

4 + 𝑒−(Mno
𝑡 )T𝚿+𝚿T

4 𝑒−Mno
𝑡 ] ⋅ 𝐑 ̃𝜌no

+𝐑† ⋅ [ − i
4(T − 𝑒−(ℳno

𝑡 )TT 𝑒−Mno
𝑡 )] ⋅ 𝐑 ̃𝜌no

− tr ([𝚿 + [𝚿 − 𝚽]𝑒−Mno
𝑡 ] (i𝛀)) ̃𝜌no . (7.194)

Combining Eq. (7.194) with Eq. (7.183), we get the differential equations

d
d𝑡 ln 𝜁𝑡 = tr ([𝚿 + [𝚿 − 𝚽]𝑒−Mno

𝑡 ] (i𝛀)) , (7.195)

(i𝛀)d𝑒
Mno

𝑡

d𝑡 = −i(T 𝑒Mno
𝑡 − 𝑒−(Mno

𝑡 )TT ) + 2[𝚿 − 𝚽] + 2𝑒−(Mno
𝑡 )T[𝚿 − 𝚽]T𝑒Mno

𝑡

−(𝚿 +𝚿T)𝑒Mno
𝑡 − 𝑒−(Mno

𝑡 )T(𝚿 +𝚿T) . (7.196)

Again, the matrix Mno
𝑡 is not so convenient to work with. For this reason,

we recast Eq. (7.196) in terms of the conditional covariance matrix (𝚯no)𝑖𝑗 =
1
2
tr {{𝑅𝑖, 𝑅𝑗}𝜌no(𝑡)}. For the Gaussian ansatz (7.178), the matrix Mno

𝑡 and the
correlation matrix 𝚯no are related by

𝚯no = − coth(Mno
𝑡 /2) (i𝛀) , 𝑒Mno

𝑡 = 𝚯no(i𝛀) − 𝟙
𝚯no(i𝛀) + 𝟙 . (7.197)

One can also readily show that

d𝚯no

d𝑡 (i𝛀) = 1
2 (𝟙 + 𝚯no(i𝛀))

d𝑒Mno
𝑡

d𝑡 (𝟙 + 𝚯no(i𝛀)) . (7.198)
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Using Eq. (7.198) to rewrite Eq. (7.196), we get

d𝚯no

d𝑡 = −(W𝚯no+𝚯noW†)+F−(i𝛀−𝚯no)𝚽T (i𝛀−𝚯no)−(i𝛀+𝚯no)𝚽 (i𝛀+𝚯no) ,
(7.199)

with W and F are the same into Eqs. (7.175,7.176).

QED

Eq. (7.199) is another Riccati-type equation. If there is no monitoring, 𝚲+ =
𝚲− = 0, 𝚯no = 𝚯 and we recover the Lyapunov equation (7.174) for the un-
conditional dynamics. When 𝚲+ = 𝚲− = 𝟙, Eq. (7.199) can also be written as

d𝚯no

d𝑡 = −𝚯noT 𝛀− (T 𝛀)T𝚯no +
1
2F − 1

2𝚯no(i𝛀)F(i𝛀)𝚯no . (7.200)

Again, the solution of the Riccati equation (7.199) gives access to the no-jump
probability 𝑃no(𝑡). According to Eq. (7.195), 𝜁𝑡 satisfies

d
d𝑡 ln 𝜁𝑡 = tr {(i𝛀)𝚿 + 𝚯no(i𝛀) + 𝟙

𝚯no(i𝛀) − 𝟙(i𝛀)(𝚿 − 𝚽)} , (7.201)

Thanks to the Jacobi formula, the partition function evolves according to

d
d𝑡 ln𝑍𝑡 =

1
2 tr {(𝟙 − 𝑒Mno

𝑡 )−1d𝑒
Mno

𝑡

d𝑡 } . (7.202)

Combining Eqs. (7.197, 7.196, 7.201, 7.202, 7.187) together with the invariance of
the trace under transpose, we arrive at

d
d𝑡 ln 𝜁𝑡/𝑍𝑡 = tr {𝚽(i𝛀+𝚯no)} . (7.203)

The no-jump probability finally takes the form (7.20) with

𝛽(𝑡) = tr [𝚽(i𝛀+𝚯no(𝑡))] . (7.204)

Contrary to the fermionic case (see Sec. 7.6), if 𝝀+𝜸+ = 𝝀−𝜸−, the bosonic case
does not show any universal behaviour. In fact, the no-jump probability always
depends on the full evolution of the correlation matrix.

In the general case, the long time limit of the no-jump probability reads

𝑃no(𝑡) ∼ exp (− tr [𝚽(i𝛀+𝚯∞
no)] 𝑡) , 𝑡 ∼ ∞ (7.205)

where 𝚯∞
no is the stationary solution of the Riccati equation (7.199).
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Figure 7.9: Sketch of the boundary-driven system: we study the no-jump dynam-
ics (7.206) which undergoes a non-ideal measurement process on the emission channel,
with monitory efficiency Λ−. The internal dynamics is generated by the Hamiltonian𝐻,
which takes the form (7.207) for fermions and (7.208) for bosons.

7.8 Example: boundary driven system

As an application of the no-jump dynamics with pairing terms (see Sec. 7.6 and
Sec. 7.7), we study a simple boundary driven system of bosons (B) and fermions
(F). More specifically, we couple a 2-site system to two reservoirs, with an ab-
sorption channel on site 1 and an emission channel on site 2 (see Fig. 7.9). We
assume jump rates Γ+1 = Γ−2 = Γ and two local detectors monitoring the particle
exchange. In particular, we suppose that the detector on the hot bath works with
perfect efficiency Λ+ = 1 and the other one on the cold reservoir with efficiency
Λ− ∈ (0, 1). We prepare the system in the vacuum state |00⟩, which is a Gaussian
state, and then we apply the theoretical results of Sec. 7.6 and Sec. 7.7 to study
the no-jump dynamics

L0(𝜌) = −i[𝐻, 𝜌] − Γ
2 {𝑐1𝑐

†
1, 𝜌} + Γ [(1 − Λ−) 𝑐2𝜌𝑐†2 −

1
2{𝑐

†
2𝑐2, 𝜌}] , (7.206)

where 𝐻 is the prototypical Hamiltonian

𝐻 =𝑐†1𝑐2 + 𝑐†2𝑐1 + 𝑔(𝑐1𝑐2 − 𝑐†1𝑐†2) , (F) (7.207)

𝐻 =𝑐†1𝑐2 + 𝑐†2𝑐1 + 𝑔(𝑐1𝑐2 + 𝑐†1𝑐†2) , (B) (7.208)

and 𝑔 is the amplitude of the pairing terms. The full experimental setup is schem-
atically represented in Fig. 7.9.
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Figure 7.10: Conditional dynamics (7.206) for Γ = 0.1, 𝑔 = 1 and monitoring efficiency
Λ− = {0, 0.25, 0.5, 0.75, 1}. As expected, the no-jump probability and the WTDs always
show an exponential decay.

As usual, we aim to compute the no-jump probability

𝑃no(𝑡) =
⎧⎪
⎨⎪
⎩

exp (−∫𝑡
0 𝑑𝑠 tr [𝚽(𝟙 + 𝚯no(𝑠)) ] ) , (F)

exp (−∫𝑡
0 𝑑𝑠 tr [𝚽(i𝛀+𝚯no(𝑠)) ] ) , (B)

(7.209)
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Figure 7.11: We show the decay coefficients of the no-jump probability (7.209) and the
WTDs (7.210,7.211), as a function of the monitoring efficiencyΛ− (bosonic and fermionic
case).

and the WTDs

𝑊(2,−)(𝑡) = ΓΛ−𝑃no(𝑡) ⟨𝑐†2𝑐2⟩no(𝑡)

= ΓΛ−𝑃no(𝑡) ×
⎧⎪
⎨⎪
⎩

1
2
(1 + i𝚯no(𝑡)24) , (F)

1
4
(𝚯no(𝑡)22 +𝚯no(𝑡)44 − 2) , (B)

(7.210)

𝑊(1,+)(𝑡) = Γ𝑃no(𝑡) ⟨𝑐1𝑐†1⟩no(𝑡)

= Γ𝑃no(𝑡) ×
⎧⎪
⎨⎪
⎩

1
2
(1 − i𝚯no(𝑡)13) , (F)

1
4
(𝚯no(𝑡)11 +𝚯no(𝑡)33 + 2) , (B)

(7.211)

which are formulated in terms of the 4 × 4 correlation matrix 𝚯. The defini-
tion and the dynamics of 𝚯 are different for the bosonic and fermionic case; see
Eqs. (7.129,7.146) for fermions and Eqs. (7.180,7.199) for bosons. We remember
that 𝑃no(𝑡) is the probability of not detecting any jump in [0, 𝑡], while 𝑊(2,−)(𝑡)
and 𝑊(1,+)(𝑡) are the probability distributions to observe the first jump in the
channel (2, −) and (1, +), respectively. Due to the normalization condition, the
WTDs satisfy

∫
∞

0
𝑑𝑡 (𝑊(1,+)(𝑡) + 𝑊(2,−)(𝑡)) = 1 . (7.212)

In Fig. 7.10, we show the no-jump probability (7.209) and theWTDs (7.210,7.211)
for Γ = 0.1, 𝑔 = 1 and different values of the monitoring efficiency Λ−. The two
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columns refer to the fermionic and bosonic dynamics, respectively. The no-jump
probability is a decreasing function of Λ−, since particles escaping through the
right channel are likely monitored before being ejected. If the bosonic WTDs
show a fast decay, revealing that the system quickly reaches an asymptotic re-
gime where the pair creation-annihlation processes are balanced by the missed
detection, the fermionic WTDs follow a damped oscillatory behaviour with the
same periodicity of the particle occupation, with maxima and minima reflect-
ing the back and forth motion of the fermions. The exponential decay of 𝑃no(𝑡),
𝑊(1,+)(𝑡) and 𝑊(2,−)(𝑡) is determined by the stationary state, characterised by
𝚯∞

no, which always exists except for the fermionic case under perfect monit-
oring (Λ− = 1). In addition, for the sake of completeness, Fig. 7.11 shows
tr [𝚽(𝟙+𝚯∞

no) ] and tr [𝚽(i𝛀+𝚯∞
no) ] as a function of the parameterΛ−, which are

the decay coefficients of the fermionic and bosonic no-jump probabilities; since
data in Fig. 7.11 come from the numerical solutions of highly nonlinear equations,
the functions tr [𝚽(𝟙+𝚯∞

no) ] and tr [𝚽(i𝛀+𝚯∞
no) ] are very involved. However,

Fig. 7.11 apparently shows a linear growth for tr [𝚽(𝟙 + 𝚯∞
no) ] as a function of

Λ−. The decay coefficient is a monotonically increasing function of Λ−, for both
bosons and fermions, as we expect if approaching the ideal monitoring regime.

7.9 Discussion and conclusion
In this chapter, we analysed the conditional no-jump dynamics under partial
monitoring. After providing some general theoretical results, we focused on
single qubits with simple emission and absorption profiles, whose conditional
and unconditional dynamics show a rich behaviour. Afterwards, we studied
open non-interacting chains with single particle gain-loss processes, whose con-
ditional dynamics is solved by aGaussian ansatz. We successfully generalised the
results of Ref. [167], for both fermionic and bosonic systems. We analysed the
no-jump probabilities and the WTDs, which come from the solution of a Riccati-
type differential equation for the correlation matrix. Finally, we applied the the-
oretical results to hopping chains with specific emission/absorption profiles and
simple boundary-driven systems. Especially, the results for non-interacting bo-
sons with non-vanishing pairing terms offer natural applications in quantum
optics.
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In this thesis, we have investigated some aspects of one-dimensional open quan-
tum systems driven out-of-equilibrium. We have addressed the problem from
many different perspectives, exhibiting very rich behaviours which have been
assessed both analytically and numerically.

In Chapter 4 [A1], we presented a numerical work, based on the entangle-
ment dynamics for a quantum chain of hopping fermions perturbed by local
projective measurements. The most relevant results concern the scaling of the
dynamical and asymptotic entanglement entropy: the linear growth is replaced
by a logarithmic one, while the stationary entanglement entropy undergoes a
sharp transition from volume to area-law. We further supported our results by
using the collapsed quasi-particle ansatz. Finally we analysed the fluctuations of
the stationary entanglement entropy and its scaling behaviour.
In Chapter 4, we have often pointed out the limitations of the entangled-pair
quasi-particle ansatz, which is an incomplete picture to capture the dynamical
behaviour and the higher moments of the entanglement. A possible working dir-
ection could be to unravel and control the multiplets structure behind quantum
correlations.

In Chapter 5 [A2], we generalised the hydrodynamic approach for open sys-
tems under inhomogeneous gain and loss processes with dephasing. Following
a semiclassical approach, we derived the equation of motion of the Wigner func-
tion which, for weakly-entangled and highly excited initial states, can be pictori-
ally viewed as a distribution of classical non-interacting particles moving in the
phase space. We applied our results to different physical scenarios, comparing
the hydrodynamic picture, which applies in mesoscopic scales, with the exact
microscopic dynamics.
The theoretical results of Chapter 5 even hold for inhomogeneous dephasing
rates, but those scenarios are not explored in this work. The constant dephas-
ing introduces a crossover-time between the ballistic and the diffusive regimes.
A possible working direction could be the study of space-dependent dephasing
rates, with an expected crossover point in space-time.

Chapter 6 [A3] is maybe themost ambitious part of this thesis, since we really



178 Conclusions

tried to answer fundamental questions about open markovian quantum dynam-
ics. We compared two of the most famous models of damped harmonic oscillator,
namely the friction and cavitymodels. Apparently, it passed unnoticed that these
two models do not reproduce the same time evolution and this gave us the mo-
tivation to go deeply into their dynamical behaviour.
More specifically, the friction and cavitymodels are based on two sets of Langevin
equations, involving different deterministic damping terms and stochastic mar-
kovian noises with correlators depending on the two times 𝑡, 𝑡′ only through
delta functions 𝛿(𝑡 − 𝑡′). By itself, this means that such a form can only hold
true after a microscopic transient time 𝜏micro such that any peaked ‘initial’ noise
correlator will converge to a delta-correlated form for |𝑡− 𝑡′| ≫ 𝜏micro. The noise
correlators are obtained by four physically reasonable requirements. This gives
access to the two-point functions and then the master equations for the reduced
density matrix. Surprisingly, the master equation of the friction model turns out
to be a non-completely positive map, which, microscopically, may arise from ini-
tially correlated states. We mapped the master equations into Fokker-Plank dif-
ferential equations for theWigner function, and thenwe studied the relaxation to
equilibrium. For the friction model we distinguished between over-damped and
under-damped regimes, while the cavity model only exhibits an under-damped
regime. The asymptotic Wigner function reveals that the friction model always
guarantees relaxation to equilibrium, while for the cavity model this is true only
for vanishing magnetic fields. Finally, we recast the friction and cavity models as
mean-field approximations of a many-body interacting magnet and we analyse
the nature of the phase diagrams at zero temperature.
Given these results, it is natural to extend the study to other physical models,
such as the quantum spherical model. What would the spherical constraint imply
for the friction and cavity models? What about the many-body generalisation?

In Chapter 7 [A4], we analysed the conditional no-jump dynamics for non-
interacting particles coupled to Lindblad baths. More formally, any quantum
jump may be pictorially viewed as the action of some detectors monitoring the
system-baths exchange of particles. The non-deal detection is realised by as-
signing to each dissipative channel a finite efficiency Λ ∈ [0, 1], with Λ = 1
for perfect efficiency and Λ = 0 when the channel is not monitored at all. In
this chapter, we computed the time-evolved no-jump state, whose dynamics is
conditioned on no jumps being detected in [0, 𝑡]. For many-body systems and lin-
ear jump operators, the Gaussian ansatz solves the no-jump evolution. We got
a Riccati-type differential equation for the correlation matrix, which gives ac-
cess to the no-jump probability and the waiting-time distributions. These quant-
ities have been computed for specific quantum systems, such as tight-binding
chains with particular emission/absorption profiles and simple boundary driven
systems.
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In Chapter 7, we generalised the results in Ref. [167], where the author derived
the waiting-time distributions for boundary driven chains of hopping fermions.
In Chapter 7, we provided analytical results for any quadratic model and more
general emission/absorption profiles, including the bosonic case. The application
of our results covers a huge spectrum, especially for bosonic systems, where pair
creation terms play a fundamental role in quantum optics.
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Résumé détaillé en français

Cette thèse analyse certains aspects de systèmes quantiques à plusieurs corps,
chassés de l’équilibre par l’interaction avec un environnement externe, comme
les bains de Lindblad ou les appareils demesure. Cette étude de recherche s’inscrit
dans le vaste sujet des systèmes quantiques ouverts, dont la dynamique et la relax-
ation à l’équilibre sont toujours un problème ouvert. La complexité des interac-
tions système-bain(s) et les difficultés liées à l’extrapolation de la dynamique ré-
duite ont conduit à la formulation de plusieurs approches théoriques, selon la per-
spective dans laquelle le problème est cadré. En fait, parallèlement à l’approche
standard qui dérive la dynamique des premiers principes, de nombreuses ap-
proches phénoménologiques ont été proposées, qui ont le privilège de contourner
certains problèmes mathématiques, mais en préservant les exigences physiques
nécessaires.

Notre analyse porte sur les chaînes quantiques de particules libres (non in-
teragissantes), même si une partie des résultats obtenus dans ce travail de thèse
pourraient être généralisés à des dimensions supérieures. Ces dernières années,
il y a eu un regain d’intérêt pour la physique des systèmes unidimensionnels,
en raison du boom technologique, de la manipulation expérimentale de plates-
formes quantiques, telles que les chaînes de spin quantiques, les atomes froids
et de la réalisation ultérieure de géométries unidimensionnelles avec l’aide de
potentiels de confinement. De plus, les modèles de particules libres jouent tou-
jours un rôle clé dans la compréhension de la physique à plusieurs corps, où les
connaissances acquises sur la dynamique des systèmes fermés sont un tremplin
pour généraliser les mêmes images physiques pour les homologues ouverts, tels
que les points quantiques ou systèmes mesurés en continu.

La première partie du manuscrit (Chapitres 1, 2, 3) introduit le lecteur au con-
texte général et aux outils théoriques qui seront utilisés dans ce travail. A savoir,
le but est de guider tout lecteur, même non expert, vers la pleine compréhension
de la physique, mais en évitant la superficialité d’un exposé simpliste et approx-
imatif des concepts.

En particulier, au Chapitre 1, nous traitons de l’entropie d’intrication, qui
est une grandeur à la base de la théorie de l’information. Ici, nous présentons
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Figure 7.12: Évolution de l’intrication pour un état initial de Néel et 𝐿 = 500. Les
lignes, de bas en haut, représentent les tailles croissantes des sous-systèmes 𝑙 ∈ {10𝑛 ∶
𝑛 ∈ ℕ ∧ 𝑛 ≤ 10}. Les résultats pour chaque taux 𝜏 ∈ {2, 10, 50,∞} ont été calculés en
faisant la moyenne de plus de 1000 trajectoires quantiques différentes.

également l’hydrodynamique généralisée et le calcul de l’entropie d’intrication
pour les états gaussiens. Dans le Chapitre 2, nous introduisons le lecteur au
formalisme des systèmes ouverts, avec un accent particulier sur la dynamique de
Lindblad et Langevin. Dans le Chapitre 3, nous présentons l’approche deWigner,
basée sur la représentation des opérateurs de Hilbert comme des fonctions avec
domaine dans l’espace des phases.

Dans la deuxième partie du manuscrit (Chapitres 4, 5, 6, 7), nous exposons les
résultats originaux obtenus au cours de ce travail de thèse. L’exposition fait suite
à la publication des travaux de recherche des trois dernières années de thèse.

Dans le Chapitre 4, nous considérons une chaîne de fermions libres décrite



Résumé détaillé en français 205

101 102

l

1

2

3

4

5

6

S
l(

)
(a)

=2.0

=3.0

=3.5

=4.0

=4.5

=5.0

=6.0

=7.0

Figure 7.13: Intrication stationnaire pour 𝐿 ∈ {200, 300, 400, 500, 800} (différents sym-
boles) et différents taux de mesure 𝜏−1 (différentes couleurs), en fonction de la taille du
sous-système 𝑙 ∈ [1, 200], tracée en échelle log-linéaire.

par l’hamiltonien

𝐻 = −12
𝐿−1
∑
𝑖=0

𝑐†𝑖 𝑐𝑖+1 + 𝑐†𝑖+1𝑐𝑖 ,

où les (𝑐†𝑖 , 𝑐𝑖) sont les opérateurs fermioniques de création et de destruction au
site 𝑖 et 𝐿 est la longueur de la chaîne quantique. Pour les systèmes fermés, la
dynamique est décrite par la transformation unitaire

𝜌(𝑡) = 𝑒−i𝐻𝑡𝜌(0) 𝑒i𝐻𝑡 ,

où 𝜌(𝑡) est l’état au temps 𝑡 (avec ℏ = 1). Supposons que la dynamique unitaire
soit perturbée par des mesures projectives aléatoires des opérateurs 𝑛𝑖 = 𝑐†𝑖 𝑐𝑖,
dont la fréquence est modulée par le paramètre 𝜏−1. Suite à chaque mesure,
l’état est projeté sur la variété propre correspondante de valeur propre 0 ou 1,
selon la règle de Born. Suite à ce protocole dynamique, dans ce chapitre, nous
nous concentrons sur le comportement de l’entropie d’intrication. En préparant
le système dans l’état initial de Néel, on trouve comme premier résultat que la
croissance linéaire de l’intrication d’entropie est remplacée par une croissance
logarithmique. En ce qui concerne l’intrication stationnaire, nous trouvons une
transition nette de la loi de volume à la loi de surface. Les figures 7.12 et 7.13
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Figure 7.14: Évolution temporelle de la fonction de Wigner pour les profils
d’émission/absorption gaussiens à une seule particule (configuration initiale de double-
domain wall).

montrent l’évolution temporelle de l’intrication et de l’intrication stationnaire
pour différentes valeurs de la cadence de mesure 𝜏. A noter que pour des ca-
dences de mesure élevées, l’état converge rapidement vers le régime de Zénon.
De plus, la mise à l’échelle de l’intrication stationnaire a été réalisée à l’aide de
le collapsed quasi-particle ansatz.

Dans le Chapitre 5, nous généralisons l’approche hydrodynamique pour les
systèmes de particules libres en contact avec les bains Lindblad. Pour les proces-
sus de gain / perte d’une seule particule et le déphasage, la dynamique des fonc-
tions à deux points est effectivement décrite par la fonction de Wigner qui, pour
les états excités à faible intrication, peut être interprétée comme une distribution
de particules sans interaction en mouvement dans l’espace des phases. Ensuite,
nous appliquons les résultats théoriques à quelques systèmes fermioniques, où
nous comparons la dynamique microscopique avec l’hydrodynamique général-
isée. Dans la figure 7.14, nous présentons l’évolution de la fonction de Wigner
sous des processus dissipatifs décrits par des taux d’émission/absorption gaussi-
ens.

Dans le Chapitre 6, nous essayons de répondre à des questions fondamentales
sur la dynamique quantique markovienne ouverte. Nous avons comparé deux
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des modèles les plus célèbres d’oscillateur harmonique amorti, à savoir les mod-
èles de frottement et de cavité. Apparemment, il est passé inaperçu que ces deux
modèles ne reproduisent pas la même dynamique. Cela nous a donné la motiva-
tion pour approfondir le comportement dynamique.
Plus précisément, les modèles de frottement et de cavité sont basés sur deux en-
sembles d’équations de Langevin, impliquant différents termes d’amortissement
et bruits markoviens. Les corrélateurs de bruit sont obtenus par quatre exi-
gences physiquement raisonnables, ce qui donne accès aux fonctions à deux
points puis aux équations de la matrice de densité réduite. De manière surpren-
ante, l’équation du modèle de frottement s’avère ne pas être une carte complète-
ment positive, qui peut provenir d’états initialement corrélés. Nous avons égale-
ment étudié la relaxation par l’approche de la fonction de Wigner, l’évolution
étant régie par une équation différentielle de Fokker-Plank. Nous avons distin-
gué les régimes sur-amortis et sous-amortis, montrant la dynamique de certains
états initiaux notables. La fonction asymptotique de Wigner révèle que seule-
ment pour des champs magnétiques nuls, les deux modèles assurent l’existence
d’états d’équilibre appropriés. Enfin, nous refondons lesmodèles de frottement et
de cavité comme des approximations de champmoyen d’un aimant interagissant
à plusieurs corps et analysons la nature de leurs diagrammes de phase respectifs
à température nulle.

Dans le Chapitre 7, nous avons analysé la dynamique conditionnelle sans saut
pour des particules libres couplées à des bains de Lindblad. Plus formellement,
tout saut quantique peut être vu comme l’action de certains détecteurs mesur-
ant l’échange de particules système-bains. La détection partielle est réalisée en
affectant à chaque canal dissipatif une efficacité finie Λ ∈ [0, 1], avec Λ = 1
pour une efficacité parfaite et Λ = 0 lorsque le canal n’a pas été mesuré du tout.
Dans ce chapitre, nous avons calculé l’état sans saut évolué dans le temps, qui
est l’état quantique conditionné par l’absence de sauts détectés dans [0, 𝑡]. Pour
les systèmes à plusieurs corps et les opérateurs de sauts linéaires, l’hypothèse de
gaussianité sur les états initiaux permet d’écrire l’évolution sans saut en termes
d’une équation différentielle de Riccati. La résolution de l’équation de Riccati
donne accès à la probabilité sans saut et aux distributions de temps d’attente.
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