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Abstract: Currently, spatially localized electron densities and currents are considered to be candidates
for use in the encoding of quantum information. For this reason, the control of their temporal
dynamics is an important task. In this work, the spatiotemporal evolution of an electron wave packet
in planar nanostructure in the presence of transverse magnetic and lateral electric fields is investigated
by direct analytical solution of the non-stationary Schrédinger equation. Methods to control and
manage the dynamics of the spatially localized electron density distribution are developed. The
production of photon-like quantum states of electrons opens up opportunities for applications similar
to quantum optical and quantum information technologies but implemented with charge carriers.
Quantum control of the trajectory of the electron wave packet, accompanied by dramatic suppression
of its spreading, is demonstrated. This study discovered methods to manage spatially localized
electron behavior in a nanostructure that allows a controllable charge quantum transfer and gives
rise to new prospects for quantum nanoelectronics technology.

Keywords: quantum dynamics; planar nanostructures; Landau levels; electron wave packets;
cyclotron motion; lateral electric field; wave packet spreading; quantum control

1. Introduction

The investigation of solid state nanosystems is an interesting, and relevant, direc-
tion of modern physics research. For such systems, new physical effects arise due to
nanoscale properties and spatial quantization [1]. Nanostructures, especially with reduced
dimensionality, have many prospective practical applications in nanoelectronics, quantum
measurements, quantum optics, and quantum information science [1-4]. To develop quan-
tum information algorithms, different quantum systems are used as qubits. Among them,
superconducting artificial atoms based on Josephson junction circuits appear to be very
promising and are already implemented in various logic protocols and quantum networks
schemes [5-19]. For quantum information purposes, not only the regime of two-level
coupling is important, but also Josephson multilevel systems with near-equidistant energy
spectrums are also in high demand [20-23].

In our work, we consider another multilevel system, based on planar solid nanostruc-
tures, in which an oscillator-like equidistant energy spectrum appears in the presence of
a transverse magnetic field. The arising discrete quantum states are known as the Lan-
dau levels [24] and can be also used for quantum logic and processing similar to photon
quantum states [25]. At the same time, quantum information can be encoded, not only in
multilevel excitation but also in spatially localized electron density distributions or currents.
Controlling the dynamics of such localized quantum objects is an important, difficult task.

In this paper, the non-stationary Schrodinger equation for an electron wave packet in
planar nanostructures in the presence of a transverse magnetic field is solved analytically,
and the spatial-temporal evolution of electron density distributions is studied for various
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electron initial states. Methods to control and manage the dynamics of considered electron
wave packets, based on the applying of additional electric field, are developed. In addition,
the solution of the Heisenberg equation for electron coordinate and momentum operators
is found, which allows one to obtain the trajectory of the center of mass of the electron
wave packet, as well as its time-dependent width, for an arbitrary initial electron state.
Different regimes of electron dynamics are found. An important effect of mutual influence
and entanglement between spatial electron degrees of freedom is revealed and is shown
to determine the electron motion, prevention of wave packet spreading, as well as the
important interference effects arising from electron standing waves along the y-direction.
As a result, the effect of dramatic suppression of wave packet spreading is established.
Optimal conditions for observing cyclotron motion in a quantum case are found, and the
role of symmetry in electron momentum distributions is analyzed. The ability to control
the dynamics of electron wave packets in a nanostructure appears to be important for many
practical applications in optoelectronics, quantum information and nanoelectronics circuit
technology, memory devices, and photovoltaic systems.

2. Theoretical Methods

To analyze the spatial-temporal dynamics of an electron wave packet in a planar 2D
nanostructure in the presence of a transverse magnetic and lateral constant electric field,
the non-stationary Schrédinger equation is solved analytically:

ih— =AY 1)

with the Hamiltonian H characterizing the electron energy in external constant magnetic
and electric fields.

We suppose that an electron is highly excited in the conductive band of a nanostructure,
as it appears to be weakly bound and is considered almost free. This state can be easily
achieved in a high frequency electromagnetic field with the photon energy significantly
exceeding the band gap [26-30]. In the case of graphene-like nanostructures, the I'-point
transitions lead to the excitation of electrons into weakly bound 2p,-orbitals (77—bond),
which provides confinement in the z-direction but allows free electron motion along the
x-y plane if an electric or magnetic field is applied [31].

For an electron in the presence of a transverse magnetic field with the z-component

4>
equal to H, the vector-potential A = (0, Hx,0) and the Hamiltonian in (1) is given by:

Pt (py— et
2m

H = @)
Here, the term of the interaction of electron spin magnetic momentum with the
magnetic field is omitted since it is independent from the electron coordinates and simply
provides an additional constant energy.
By introducing the cyclotron frequency, w = % the Hamiltonian (2) can be written

as follows: R
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The obtained Hamiltonian conserves the y-component of electron momentum p, and
describes the shifted oscillator of cyclotron frequency arising in the x-direction and centered
at the point xy depending on the value p,:

xo= 1L “)
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The eigenstates of this Hamiltonian are known as the Landau level, with the wave
functions represented as a plane-wave in the y-direction and the Hermite-Gauss functions
P, (x — x¢) describing the arising shifted magnetic oscillator [24]:

Y (x,y) Nexp(lpgy>q)n<x—x0) )

While the conserved electron momentum component is responsible for the shift of
the oscillator in (3), the magnetic field determines the oscillator frequency as well as the
characteristic width of the ground oscillator state a, given by:

| h | hc

The eigenenergies of such an electron exactly coincide with the equidistant spectrum
of the oscillator and do not depend on the y-momentum component:

E, = hw (n + ;) )

The important feature of such an electron is the absence of the energy of its free
motion in the y-direction, which is usually responsible for spreading of the free electron
wave packet.

In the presence of additional constant electric field ¢, the Hamiltonian (2) takes
the form:

H:P§+(Py_dgx)2

2m

— eex (8)

The shapes of the eigenfunctions (5) remain the same but they are found to have
another shift since the magnetic oscillator is now centered on new point:

~ ee
- i 9
X0 = xo0+ 3 )

The correspondent eigenenergies are found to depend on both the conserved y-
component of electron momentum and the value of external electric field:

E, = ﬁw(n+1> —esxo—ﬁ (10)
2 2mw?

The obtained eigenfunctions and corresponding eigenenergies are used to find and
study the field-induced dynamics of an electron wave packet that is initially formed in the
considered nanostructure or can be prepared in a certain quantum state. Different types of
initial electron states are considered.

3. Results and Discussions
3.1. Oscillatory Behavior of 2D Electron in a Transverse Magnetic Field

Let us consider first the cases without an external electric field in which electron
dynamics is studied in planar nanostructures in the presence of a transverse magnetic field
only. We supposed that initially the electron is characterized by a certain y-component of
momentum and by the Gaussian profile of the probability distribution in OX-direction,
centered at the origin:

2
. x
Yin ~ exp(iky)exp(—5.5) (11)
Generally, to prepare a localized electron wave packet in a nanosructure is a separate

and rather difficult problem. However, recent theoretical investigations [32,33] show that
the creation of an electron in the conductive band induced by few-photon quantum field
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is possible in the vicinity of a certain energy and corresponds to a superposition or wave
packet of momentum states with a distribution close to the Gaussian distribution. For this
reason, starting from the initial state (11) seems to be reasonable.

In the presence of a transverse magnetic field, the wave packet (11) was seen to be a
superposition of different eigenstates of the system (5). If the width of the Gaussian wave
packet b exactly coincided with the characteristic width of the magnetic oscillator a (6), the
initial state (11) appeared to be the coherent state of this oscillator, with the time evolution

given by: '
P(t) ~ exp(iky) ano Cn®y (x — xg)e~ '@ (12)
Here, the expansion coefficients C; provided the Poisson distribution of electrons over

eigenstates of magnetic oscillators and were obtained in the form:

C(—D)exp(—2)A

Cn=

where the dimensionless parameter A = 22 = ka determined the mean number of oscillator

excited states as (n) /\72 In our case, we considered a magnetic field strength of the
order of several Tesla for which the cyclotron frequency lies in the THz range, and the
characteristic width of magnetic oscillator 4 (6) appeared to be about 10 nm. As mentioned
above, the shift of magnetic oscillator was determined by the y-momentum of an electron
(see Equation (4)) and in dimensionless units is equal to A.

The dynamics of such a wave packet is characterized by uniform distribution along
the OY axis and oscillations of the probability density in time in dependence on the x-
coordinate, with the Gaussian shape of the probability density being completely conserved
(see Figure la). The found time-dependent density distribution along the OX-axis is

(13)

given by:
1 C(x—xo(1 - cos(wt)))?
plet) = - ﬁexp< S (14)
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Figure 1. The dynamics of electron probability density in dependence on x-coordinate (cut at a
certain y) found in a transverse magnetic field for the initial state (11) in the case of equal b = a (A)
and different b = 0.75a (B) widths of initial electron wave packet and the ground state in magnetic

oscillator, ka = 1.
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Such state is referred to as the oscillating wave packet and is known as the coherent
state of the oscillator [25]. It can be easily seen from (14) that the oscillations of electron
density appeared symmetrically around the center of the magnetic oscillator shifted by xj.

If the size of the initial electron wave packet (11) does not fit to the characteristic width
of magnetic oscillator (6), in addition to the oscillations of the center mass of the electron
wave packet, the periodical change of the width of electron distribution along the OX-axes
is observed. This means the formation of a coherent-squeezed state [25] of an electron,
whose evolution is presented in Figure 1b. The squeezing effect was revealed as periodical
oscillations of the variance of the x-coordinate taking place with double frequency:

. le b2 2 le . 2
D, = > (lecos (wt) + B2 5in (wt)) (15)

It should be emphasized that the obtained results demonstrated the production of
photon-like quantum states of electrons that open possibilities for applications similar to
quantum-optical and quantum information technology but realized with charge carriers.

In addition, the observed quantum behavior of electrons differs dramatically from
the motion of classical charge particles in the transverse magnetic field. Indeed, classical
dynamics is known to result in cyclotron circular motion, while in the considered quantum
case the electron is characterized by oscillatory behavior. The birth and appearance of the
cyclotron motion of quantum electrons is investigated below.

3.2. Interplay of Spatial Degrees of Freedom

Let us now consider a standing wave along the y-coordinate as the initial condition

for the electron: X

Yin ~ cos(ky)exp(~53) (16)

In this case, the electron wave packet corresponds to the superposition of two initial
states considered above but with opposite values of the y-component of momentum
providing two equal but oppositely shifted magnetic oscillators. Using the same technique
as described above, we found the time-dependent electron density distribution in the form:

2
o(x,y,t) ~exp (112 —A%(1— cos(wt))2> (ch(2kx(1 — cos(wt))) + cos(2ky + 2kxsin(wt))) (17)

where A = ka and ch(&) stands for the hyperbolic cosine function.

The dynamics of this wave-packet is presented in Figure 2 and manifested itself in har-
monic oscillations of two wave packets that periodically became separated or overlapped.
In the latter case, the interference of these wave packets took place, which was important
mainly around point x = 0 and is described by the last term in Equation (17).

The most important feature of this interference consists of the entanglement and in-
terplay of spatial degrees of freedom. Indeed, both x- and y-coordinates are included in
the argument of cosine functions responsible for the interference and cannot be separated.
Moreover, the value of the y-component of electron momentum is responsible for the
interference structure arising along the OX-axis. In dependence on the sign of the sine
function in Equation (17), the interference was found to be most pronounced along the
main diagonal (y = x) or perpendicular direction (y = —x). Such behavior, being analyzed
dynamically in time, represents a partial rotation of the electron density and can be in-
terpreted as the initiation of the cyclotron motion in quantum case. Thus, the interplay
and mutual influence of spatial x and y degrees of freedom was shown to be a physical
mechanism responsible for the initiation of the cyclotron motion.

At the same time, the found mechanism was responsible for the demonstrated forma-
tion and possible control of the arrays of localized electron density wave packets, which
appear to be the first step to the quantum data transfer that is realized with charge carriers.
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Figure 2. The snapshots of electron probability density found in a transverse magnetic field for the
initial state (16) at different instants of time during the cyclotron period, ka = 1.

3.3. The Heisenberg Picture

As shown above, different electron initial states can be characterized by significantly
different further evolution. To analyze several possible dynamics scenarios, it is appropriate
to consider the system in the Heisenberg representation, to solve the Heisenberg equation
for electron momentum and coordinate operators and to calculate the motion of the electron
wave packet as well as the time-dependent change of its width.

In cases where only the transverse magnetic field is turned on, the Heisenberg equa-
tions for the electron operators are given by:

dpx_ 2
W—pyw—mwx
dy _ Py (18)
- m wx
Py _
a =0

The found solutions for the time-dependent operators are presented as follows:

x(t) = xcos(wt) + 2L (1 — cos(wt)) + L= sin(wt)

px(t) = pysin(wt) — mwx sin(wt) + px (gos(wt) (19)
y(t) =y + L sin(wt) + L5 (cos(wt) — 1) — xsin(wt)
Py(t) = Py

where the operators on the right-hand side of the equations are taken in Schrodinger
representation, i.e., being independent on time.

It is immediately seen from (19) that instead of expected free motion in the y-direction,
only oscillating behavior of the averaged y-coordinate took place. This fact results from
the dramatic coupling of spatial degrees of freedom, which also results in the following

relation, found directly from the solution (19):
d*x dy

Thus, the operator of the electron y-coordinate was found to be directly proportional
to the time-derivative of the x operator.
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The found evolution of operators (19) allowed one to obtain the time-dependence
of various averaged observables under different initial conditions. Specifically, for the
localized Gaussian electron wave packet, centered initially at the origin

P(t=0) ~ exp(;;)exp<;by22>exp(iky) (21)

the position of the center mass was determined by the averaged dimensionless y-component
of momentum A = ka and was characterized by the following time-dependent
averaged coordinates:

% = A(1 — cos(wt)) (22a)

<Z—> = Asin(wt) (22b)

The found time-dependencies corresponded to the circular trajectory induced by the

magnetic field:
2 2

Thus, for the initial wave packet (21) the cyclotron motion was predicted using the
Heisenberg picture.

Another important result obtained from the Heisenberg solution (19) concerned the
evolution of the wave packet width. Instead of the monotonous spreading expected for
free motion in the y-direction, the oscillation behavior of the variances of both spatial
coordinates was found:

Dy = e + (cos(wt) — 1)2£ (24a)
T2 212 ?
2 2 4
_ 2 o2 b= a4 .o
Dy = > ((1 cos(wt))” — sin (wt)) + 5+ opsin (wt) (24b)

The dramatic mutual influence of the wave packet widths in x- and y-directions can
be seen from (24). Indeed, the growth of the x variance arose due to the final initial width
of the electron wave packet (21) in the y-direction (to be more precise, the final width
of the momentum distribution in y-direction). At the same time, the influence of the x
degree of freedom prevented the infinite spreading of the wave packet in the perpendicular
y-direction. Thus, the obtained solutions of the Heisenberg equation predicted dramatic
suppression of the wave packet spreading in the y-direction in comparison to the case of
free particle motion. The obtained solutions provided the theoretical basis for experimental
managing and quantum control of the dynamics of both the center of mass and the width
of the electron wave packet.

3.4. Symmetry of the Electron Momentum Distribution as a Key for Cyclotron Quantum Motion

The theoretical predictions of the evolution of different averaged observables, dis-
cussed above and obtained using the solution of the Heisenberg equations, can be proved
by direct calculation of time-dependent electron density distributions. Moreover, the dy-
namics of electron density can give information which cannot be obtained directly from the
Heisenberg picture and appears to be much richer than the simple center of mass-trajectory.
For the well-localized initial wave packet (21), the predicted center of mass trajectory and
the change in time of the coordinate variances are fully confirmed. Figure 3 demonstrates
the well-pronounced cyclotron motion of an electron wave packet with its width being more
or less conserved. Actually, partial spreading and squeezing of the electron wave packet,
periodically changing each other in both directions, was found. However, as predicted by
Equation (24), squeezing to a width smaller than the initial values did not occur. In fact, the
oscillator potential formed due to the presence of the transverse magnetic field prevented
the spreading along the OX-axes and was found to dramatically suppress spreading in the
perpendicular y-direction.
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Figure 3. Dynamics of initially localized symmetric electron wave packet (21) in a transverse magnetic
field. Each position of the wave-packet corresponds to a certain instant of time during the cyclotron
period, ka = 10.

An interesting question related to the studied motion is the influence of the shape
of the momentum distribution on the electron wave packet behavior. Here, we consider
an initial electron wave packet with significantly asymmetric momentum distribution in
the y-direction:

—x2\ [ —k ,
P(t=0) ~ exp(W) /0 k*exp<7>exp(zky)dk (25)

In contrast to the state (21) with Gaussian shape of both coordinate and momentum
distribution in y-direction, the momentum distribution of the wave packet (25) was strongly
asymmetric and was characterized by mean momentum and position of maximum that
were significantly different from each other. At the same time, the mean values of the
y-momentum of the states (21) and (25) were chosen to be the same in order to compare the
dynamics of these wave packets correctly. The mean y-momentum of electron in the state
(25) was linearly proportional to the parameter j.

The dynamics of the wave packet (25) was calculated as a superposition of the time-
dependent wave functions obtained for each plane wave in y-direction, included in (25)
by using the procedure described in Section 3.1. The snapshots of the electron density
distribution obtained at different time moments during the cyclotron period are presented
in Figure 4.

The presented results demonstrate that in the case of asymmetric electron momentum
distribution the dynamics of the wave packet appears to be far from the well pronounced
cyclotron motion. Though initially the wave packet was symmetric in the spatial frame
its further dynamics were characterized by fast and asymmetric spreading arising due
to asymmetry of the y-momentum distribution. As a result, only mean values of x- and
y-coordinates obeyed the circular trajectory (23), while the maximum and other points of
the wave packet did not seem to provide a circular motion. Thus, the symmetry of the
electron momentum distribution appeared to be the key for observing the cyclotron motion
of a quantum wave packet.
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Figure 4. The snapshots of the electron density distribution calculated for initial wave packet (25) at
different time moments during the cyclotron period, ka = 10.

3.5. Managing the Wave Packet Dynamics by Simultaneous Impact of Both the Transverse
Magnetic and Constant Electric Fields

According to Equations (8) and (9) the simultaneous presence of both the transverse
magnetic field H and constant electric field ¢ led to the additional shift of the formed
magnetic oscillator. For this reason, the results obtained for one plane or standing wave
described by initial conditions (11) and (16), respectively, appear to be rather similar to the
data discussed in Sections 3.1 and 3.2. However, for the localized electron wave packet
with symmetrical momentum distribution (21), some new effects were found, resulting in
the possible control of the electron evolution and managing of the electron wave packet
dynamics. Actually, the trajectory of the center of mass of electron wave packet can be
significantly changed by varying the electric field strength. Such a possibility is shown
from the solution of the Heisenberg equations for operators and time-dependent mean
values of electron coordinates obtained in this case:

<ai> = (A + %) (1 —cos(wt)) (26a)
<Z—> = Asin(wt) + %(sin(aﬂ) — wt) (26b)

The last equation showed that the oscillations of mean y-coordinate were accompanied
by linear drift, such as different trajectories of the center of mass of the electron wave packet
were observed.

Figure 5 represents two possible scenarios of electron dynamics in the presence of
magnetic and electric fields. In general, the trajectory of the wave packet was found to be
similar to a cycloid shape (see Figure 5a). However, by changing the value and direction
of the applied electric field it was possible to kill out the oscillation and to provide linear
motion in the y-direction. Such dynamics arose due to the compensation of the shift of the
magnetic oscillator by an opposite shift induced by a constant electric field and is illustrated
by Figure 5b.
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Figure 5. Dynamics of initially symmetric electron wave packet in both magnetic and electric fields
for different values of electric field strength: (a) corresponds to ka = 16 and £ = 2; in case (b) the
shift of magnetic oscillator ka = 8 is compensated by the shift induced by electric field in opposite
direction {2 = —8. Each position of the wave-packet corresponds to a certain instant of time during
the cyclotron period.

It should be emphasized that the found linear motion of the electron wave packet is
not accompanied by its spreading in time, since the variances are not sensitive to the electric
field strength and are determined by widths of electron wave packet in coordinate and
momentum domains according to Equation (24). Though the spreading was suppressed,
the wave packet widths in the x- and y-directions changed over time in such a way that
rotation around the symmetry axis of the wave packet took place, even in the case of linear
trajectory that arose from the mutual influence of different electron degrees of freedom and
echoed the cyclotron motion.

The presented results demonstrated the quantum control of the trajectory of the
electron wave packet, accompanied by prevention of its spreading. Such management of
spatially localized electron density allows for a controllable charge quantum transfer and
opens new possibilities for quantum electronics with charge particles.

4. Conclusions

In conclusion, the dynamics of spatially localized electron wave packets in planar 2D
nanostructures, which appear to be good candidates for quantum information encoding,
was investigated analytically. Methods to control and manage the behavior of considered
electrons, based on applying magnetic and electric fields, were developed. Different regimes
of electron dynamics were found. Since, in the considered case, the characteristic frequency
of the electron cyclotron motion appeared in the THz range, the observed dynamics of
electron density distribution can provide the current oscillations and therefore possible
generation of the THz frequency fields that are required for various practical applications.

The solution of the Heisenberg equations for electron coordinate and momentum
operators was found, which was the theoretical basis of the experimental manipulation
and transfer of charge quantum.

The obtained results demonstrate that the production of the photon-like quantum
states of electrons, which are very useful for various applications like quantum optical and
photon quantum information technologies, can be realized with charge carriers.

An important effect of mutual influence and entanglement between spatial electron
degrees of freedom was revealed and is shown to allow for managing the trajectory and
the width of the electron wave packet. As a result, quantum control of electron motion ac-
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companied by dramatic suppression of electron wave packet spreading was demonstrated.
The possibility of managing spatially localized electron dynamics in a nanostructure al-
lowed a controllable charge quantum transfer and introduces new prospects in quantum
nanoelectronics technology.
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