
Spin Polarization Phases in Quark Matter: Interplay

between Axial-vector and Tensor Mean-Fields

Tomoyuki Maruyama1, Eiji Nakano2, Kota Yanase3, and Naotaka Yoshinaga3

1College of Bioresource Sciences, Nihon University, Fujisawa 252-8510, Japan
2Department of Physics, Kochi University, Kochi 780-8520, Japan
3Department of Physics, Saitama University, Saitama City 338-8570, Japan

E-mail: maruyama.tomoyuki@nihon-u.ac.jp

(Received February 27, 2019)

The spontaneous spin polarization of strongly interacting matter due to axial-vector and tensor type

interactions is studied at zero temperature and high baryon-number densities. We start with the mean-

field Lagrangian for the axial-vector and tensor interaction channels, and find in the chiral limit that

the spin polarization due to the tensor mean field (U) takes place first as the density increases for

sufficiently strong coupling constants, and then that due to the axial-vector mean field (A) emerges

in the region of finite tensor mean field. The mechanism for this result is presented in relation to the

axial U(1) symmetry breaking.
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1. Introduction

The discovery of the magnetars, which are the neutron stars with strong magnetic field of O
(
1015
)

G,

revives the important question about the origin of the strong magnetic field [1]. The spontaneous spin po-

larization is one of the most possible candidates to explain such strong magnetic field. As an earlier work,

Tatsumi [2] suggested a possibility of a ferromagnetic transition in quark matter interacting via one-

gluon-exchange (OGE) force and showed that the maximum magnetic field can reach B ∼ O(1015−17G)

when the magnetar is a quark star.

In the relativistic framework we can consider two types of spinor bilinear form as the spin density

operator [3]: One is a spatial component of the axial-vector (AV) current operator, ψ†Σiψ(≡ −ψ̄γ5γiψ),

and the other is that of the tensor (T) operator, ψ†γ0Σiψ, with ψ being the Dirac field. These two become

equivalent to each other in the non-relativistic limit, while they are quite different in the ultra-relativistic

limit (massless limit) [3]. When the dynamical quark mass is zero, the chiral symmetry is restored, the
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AV-type spin-polarized phase cannot appear, but the T-type one can do. In the NJL type effective models,

it has been demonstrated that the AV-type spin-polarized phase can appear only in a narrow density

region just inside the chiral condensed phase [4], while the T-type spin-polarized phase can exist in even

higher density regions [5].

So far we have not known the spin-polarized phase of systems including both the AV- and T- type

interactions simultaneously, which is expected to exhibit new features of the spin polarization (SP). In

this work, thus, we investigate the interplay between them, and figure out the phase structure of the

spin-ploarzed matter at zero temperature in the chiral limit.

2. Formaism

In this section we briefly explain our formalism, which holds the flavor S U(2) and the color S U(3)

symmetry. In this work, we are interested in the high density region where the chiral condensation has

already gone, so we take the quark mass ito be zero and neglect the Dirac sea contribution. In addition,

we consider only the spin-isospin saturated quark matter.

We start with a Lagrangian density including the spatial parts of AV and T fields,

L = ψ̄i/∂ψ + Aiψ̄γ5γiψ + Ui jψ̄σi jψ −
A2

i

gA
−

U2
i j

gU
, (1)

where Ai = gA⟨ψ̄γ5γiψ⟩, Ui j = gU⟨ψ̄σi jψ⟩, and gA,U coupling constants of AV and T channels.

Here, we assume only the third components of the mean fields, A3(= A) and U12(= U), to be nonzero,

and obtain the Dirac equation for the spinor u(k, s) with momentum k = (kx, ky, kz) and spin s,[
α · k + ΣzA + βΣzU

]
u(k, s) = εk,su(k, s). (2)

The single particle energy εk,s becomes

εp,s =

√
k2

z + k2
t + A2 + U2 + 2s

√
k2

z A2 + k2
t U2 + A2U2, (3)

where s = ±1 and kt =

√
k2

x + k2
y . The thermodynamics potential is given by

Ω
[
A,U, µ

]
= Nd

∑
s=±1

∫
d3k

(2π)3

(
εk,s − µ

)
θ
(
µ − εk,s

)
+

A2

gA
+

U2

gU
, (4)

where Nd is the degeneracy factor, and µ is the chemical potential.

3. Results

In Fig. 1, we exhibit the Fermi surfaces for s = −1, which have various shapes in the momentum

space dependent on A,U, and µ,
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Fig. 1. Cross sections of Fermi surfaces in kx − kz plane for s = −1. In the top row from left to right 1⃝→ 3⃝, and

in the bottom row from left to right 4⃝→ 6⃝. Note that the Fermi surface is symmetric under the rotation around kz

axis, so the last one is a doughnut in full three dimension.
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Fig. 2. 1⃝- 6⃝ correspond to different topologies

of Fermi surfaces for s = −1 as shown in Fig. 1,

and the Fermi surface for s = 1 becomes finite only

in the region of 7⃝: A < −U + µ.

In Fig. 2 we show the correspondence between the

shape of the Fermi distributions and the values of A,U,

and µ. The spin polarization by A , 0 never occurs at

U = 0 in the chiral limit, that is, the Ω[A,U] is always

stable against A fluctuations at the origin in the A-U

space. This is because in general AV-type mean field,

appearing in the form of a mean-field interaction term

can be eliminated by a local UA(1) chiral transforma-

tion. A finite U breaks the time reversal symmetry as

well as the UA(1) symmetry, and can invoke a finite A

for sufficiently strong couplings.

In Fig. 3 we show the phase diagram of the

spin-polarized phases, which is described with the

two parameters, gAµ
2 and gUµ

2. In this figuure

gUCrit is defied as the critical coupling for the spin-

polarizastion. The normal phase (A = U = 0) appears for gU ≤ gUCrit, where in the chi-

ral limit [5] while the T mean field becomes finite for gU > gUCrit , The finiteness of the

AV mean field depends on the strength of the coupling gA. In strong coupling regions where

gA, gU ≥ 12.5664/µ2, the two spin-polarized phases are separated by the straight line gA = gU .
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4. Summary

Fig. 3. Phase structure in the plane of axial-vector

and tensor couplings, gA and gU , normalized by the

chemical potential µ. The shaded region bounded

corresponds to the (A , 0,U , 0) phase.

We have studied the interplay between the axial-

vector (AV) and tensor (T) mean fields for a spon-

taneous spin polarization of the quark matter at zero

temperature in the chiral limit. As the chemical po-

tential increases the T mean field U becomes finite

first at a critical point, and breaks the UA(1) chiral

symmetries as well as the spatial rotation symme-

tries, while the AV mean field A becomes finite only

in the region of a finite U because the finiteness of

A requires the UA(1) chiral symmetry to be broken.

All these phase boundaries correspond to continuous

phase transitions.

Here, we note that the formalism holds S U(2) chi-

ral symmetry [5] though we do not show it apprarently

by treating the iso-spin saturated matter.

Although the spin polarization of the dense matter

is not defined uniquely in the relativistic framework,

we quantify it by AV and T mean fields in this study. The response to external stimulations may give

another insight into the spin or magnetic properties of the strongly interacting matter, such as suscepti-

bilities to external magnetic fields, spatial rotations and so on.
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