N

Check for
updates

Vol. 4, No. 9 / September 2017 / Optica 1016

Research Article

Measurement-device-independent quantum key
distribution robust against environmental
disturbances

CHao WANG,"*® ZHEN-QIANG YIN,"%%* SHuANG WANG,">*° WEI CHeN,"*® GuanGg-CaN Guo,"*® AND
ZHenGg-Fu Han'??

'Key Laboratory of Quantum Information, CAS, University of Science and Technology of China, Hefei, Anhui 230026, China

2Synergetic Innovation Center of Quantum Information & Quantum Physics, University of Science and Technology of China, Hefei, Anhui 230026, China
State Key Laboratory of Cryptology, P.O. Box 5159, Beijing 100878, China

‘e-mail: yinzq@ustc.edu.cn

°e-mail: wshuang@ustc.edu.cn

Received 3 April 2017, revised 26 July 2017; accepted 27 July 2017 (Doc. ID 291983); published 24 August 2017

Measurement-device-independent quantum key distribution (MDI QKD) is a promising protocol for removing all
detector side channel attacks. However, the variation of reference frames, e.g., polarization and phase reference, would
be an acute threat to the performance of MDI systems. Here, based on polarization scrambling units, we demonstrate a
reference-frame-independent MDI QKD scheme that is inherently stable against volatile channel conditions; there-
fore, the final secure key rate will be insensitive to the random disturbances of polarization and the drifts of phase
reference. Thus, calibrations of the primary reference frames are intrinsically removed in our scheme, which essentially
reduces potential vulnerabilities as well as the resource consumption of the whole system. In addition, a proof-of-
principle experiment with an improved fluctuation analysis method is demonstrated to verify the feasibility and ad-
vantages of the proposed scheme. © 2017 Optical Society of America
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1. INTRODUCTION

Quantum key distribution (QKD) [1], based on the fundamental
principles of quantum physics instead of mathematical complex-
ities, ensures the information-theoretic security of secret sharing
among distant parties. Due to its promising future for practical
use, QKD has attracted much attention in recent decades.
Numerous efforts have been made to improve the practical security,
applicability, and efficiency of QKD systems [2—12]. However, the
practical security of real-life QKD applications is still questionable
because of the realistic features of practical devices [13—17].
Measurement-device-independent QKD (MDI QKD), proposed
to eliminate all possible detector side channel attacks, offers a great
balance between practical security and usability [18,19]. In this pro-
tocol, the assumption of perfect and certified measurement is essen-
tially removed, which is an important precondition of conventional
QKD protocols. The MDI QKD protocol has been studied exten-
sively since its emergence, and several MDI QKD experimental
demonstrations as well as networks have been presented [20-28].
No matter which detailed coding scheme was deployed in these dem-
onstrations, the spectrum, timing, and polarization mode as well as
the coding reference frame of two independent sources needed to be
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rigorously calibrated to ensure efficient Bell-state measurement
(BSM). In our previous work [26,29], we reported a MDI QKD
protocol as well as a proof-of-principle experiment with no active
coding reference (phase reference) calibration applied, which simpli-
fied the MDI QKD system and reduced the aligning expenses as well
as the security risks for practical use. However, just like with other
systems, the alignment process of polarization and timing states were
still needed in our scheme [26].

Actually, to keep an identical spectrum for remote parties in
MDI systems, we could simply use frequency-locked lasers whose
center wavelengths remain consistent with a molecular absorption
line [23,26,30]. Thus the spectrum indistinguishability of inde-
pendent sources can be easily and effectively guaranteed. The tim-
ing synchronization in a QKD system can also be simply
compensated with today’s techniques, which will not cause dra-
matic system errors or decrease the final secure key rates [11,31].

Comparatively, the random birefringence evolution in optical
fibers can be affected and accumulated by numerous ambient
environmental disturbances such as temperature changes
[32,33], mechanical stress [34,35], and electromagnetic interfer-
ence [35]. Therefore, the final output polarization may change
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rapidly in field optical networks, especially in complex and vol-
atile channel conditions [32,33,36]. To ensure the indistinguish-
ability between two polarization modes in the MDI QKD system,
the most common solution is to use the polarization feedback
system for automatic polarization stabilization [20,21,25,26].
These active compensation approaches, however, will either be
time-consuming with faint laser pulses, which may have unreli-
able performance in unstable environments, or use auxiliary
classical pulses, which will affect the performance of a system with
wavelength-dependent fiber birefringence (wavelength-division
multiplexing system) [37] or time polarization decorrelation be-
tween reference and quantum signals (time-division multiplexing
system) [38], leading to unstable or even intermittent perfor-
mance of a practical MDI QKD system in volatile environments.
Moreover, the polarization calibration will increase the complexity
of the system, which may compromise the practical security of
MDI QKD. In addition, the polarization calibration processes
make the MDI QKD network complicated and less practical,
as frequent channel switching in practical MDI networks will
certainly increase the consumption of time resources of the whole
network, especially in volatile field environments.

To solve this problem, some novel schemes have been pro-
posed to counteract the birefringence of the channel with conven-
tional QKD protocols [5-7] as well as the plug-and-play MDI
QKD protocol [27,39], with no additional polarization control
applied in the system. However, in the plug-and-play MDI
scheme, additional trustworthy assumptions about the single-
mode source and the source-monitoring devices should be
ensured to avoid source attacks [27,39]. Here, with stable fre-
quency-locked lasers, we present a time-bin phase coding MDI
QKD system that would intrinsically dispense with the calibra-
tion of both polarization disturbances and the phase reference
drifts. The polarization-change-resisting property of the system
makes it appropriate for complex channel conditions and
multi-user network environments [26]. Additionally, eliminating
the aligning of primary reference frames of the MDI QKD system
will definitely simplify the realistic setup, reduce the resource con-
sumption of the system, and prevent extra information leakage
through these ancillary processes.

2. PROTOCOL AND SYSTEM

Our system is schematically shown in Fig. 1. Based on the

reference-frame-independent (RFI) MDI QKD [3,26,29], we
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actively scramble the polarization of our time-bin phase coding
quantum states, to protect against unpredictable channel disturb-
ances. Correspondingly, the BSM on Charlie’s side is also struc-
turally improved for polarization stochastically varying photons,
where incident pulses with the same polarization component are
extracted for the BSM process, with Hong-Ou—Mandel (HOM)-
type interference effectively guaranteed.

Specifically, Alice and Bob own a frequency-locked laser whose
central wavelength is locked to a molecular absorption line at
1542.38 nm, with a precision of 0.0001 nm, corresponding to
an approximately 10 MHz accuracy in the spectrum domain. By
comparison, pulses with a 2.5 ns temporal width and 1 MHz rep-
etition rate can be generated through the pulse generation unit,
equivalent to a frequency linewidth of approximately 400 MHz.
Therefore, the high-precision wavelength locking intrinsically
ensures the spectral consistency of two independent sources.

Thereafter, polarization scrambling units are used in each party
to produce scrambled polarization states. Here we deploy an ef-
fective and low-cost scrambling scheme for uniformly distributed
polarization states. First, a polarizing beam splitter (PBS) halves
the 45° linearly polarized incident pulses into two orthogonal
polarization modes with equal intensities. One arm is delayed,
while the other is not, and the delay is precisely controlled so that
the delayed pulse from one polarization mode will be combined
with the other polarization mode of the next incident pulse. Since
the global phase of each pulse has been actively randomized, the
relative phase difference between two orthogonal modes is sto-
chastically distributed, leading to randomly varying polarization
states within a circle on the Poincaré sphere. Additionally, a fiber-
squeezer-based polarization controller is used for the random
alteration of the orientation of the circle on the Poincaré sphere.
It should be stressed that because the coding message is irrelevant
to the polarization states, the polarization scrambling of laser
pulses in our scheme will not affect the security of the system.

Faraday—Michelson interferometers (FMlIs) are used for the
time-bin phase coding quantum state preparation, where the laser
pulses are split into two adjacent pulses and the variable optical
attenuators (VOAs) and the phase modulators (PMs) dominate
the basis choice and the relative phase between two time bins,
respectively. Therefore, the Z basis states (|0), [1)), the X basis
states (|+) = (/0) + [1))/v/2, |-) = (|0) - [1))/+/2), and the
Y basis states (| + i) = (]0) + #|1))/~/2, | - i) = (]0) - i[1))/
/2) can be arbitrarily prepared. The udilization of the FMI

Charlie\

Fig. 1. Schematic diagram of our robust MDI QKD scheme. LD, laser diode; PM, phase modulator; PG, pulse generation unit; PS, polarization
scrambling unit; EPC, electronic polarization controller; FMI, Faraday—Michelson interferometer; FM, Faraday mirror; VOA, variable optical attenuator;
ATT, attenuator; BS, beam splitter; PBS, polarizing beam splitter; Det, detector.
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essentially eliminates the polarization discrepancy between two
divergent time bins. In addition, the reciprocating structure of
the FMI improves the extinction ratio of VOAs and enhances
the robustness performance of PMs against randomly polarized
pulses. Afterward, decoy state technology is implemented by
VOAs outside the FMI, and attenuators (ATTs) enable
single-photon attenuation of the final states.

Then the modulated pulses are sent separately to the not
trusted party, Charlie, through optical fibers. On Charlie’s side,
two PBSs are exploited to differentiate two orthogonal polariza-
tion modes. In each mode, photons from Alice and Bob are in-
distinguishable from each other in every aspect, and therefore the
BSM can be effectively conducted regardless of the channel con-
dition, while in original MDI system, the polarization discrepan-
cies between incident pulses will certainly induce considerable
system errors, and decrease the final secure key rate dramatically.
It is clear that the alteration of the measurement will not diminish
the system’s security, due to the detector-attack-resistant nature of
the MDI QKD protocol [18]. In our experiment, InGaAs/InP
single-photon detectors (Qasky WT-SPD300) with a detection
efficiency of 25% are used for the efficient BSM process, whose
averaged dark count rate is approximately 8.2 x 10 per gate.

After the BSM process, Charlie shares the measurement results
with Alice and Bob, who will then exchange their basis informa-
tion and accordingly obtain the sifted keys. Here, data collected
from the ZZ basis (Alice and Bob both send Z basis states) are
used for key generation, and data collected from the xy basis
(x, y € {X, Y}, Alice sends x basis states and Bob sends y basis
states) are used for the estimation of Eve’s information [3,26,29].
Finally, Alice and Bob perform error reconciliation as well as
privacy amplification to extract the final secret keys. The final
secure key rate can then be given by [40—43]

R 2 Py PYlal b7 Sy L - 1E) - fSY,HEL)L ()
where P, is the probability that both Alice and Bob send the Z
basis states and P, and /7 (6'7) are, respectively, the signal state
probability and the single-photon probability of the signal state
when both the Z basis states are sent from Alice (Bob). S,
(S;”Z’”L) and E', represent the yield (the lower bound of the
single-photon yield) and error rate when Alice and Bob send sig-
nal states in the Z basis. Parameter / = 1.16 is the averaged error
correction efficiency, and H (x) = -xlog, (x) - (1 - x)log, (1 -x) is
the binary Shannon entropy function. x* and xY represent the
estimated lower bound and upper bound of x, respectively.

In our RFI MDI protocol [3,26,29], Ip = (1-EL,)H
[(1+w/2]+ ELLH[(1 + v)/2] describes eavesdropper
Eve’s information, where v = \/C/Z -(1-EL ) JEY,,
u = min[\/C/2/(1 - E}), 1], and

C=(1-2E5)" + (1-2Exy)* + (1 - 2E}y)°

+(1-2E})? @

remains constant regardless of the exact value of the phase refer-
ence drift, and thus we can just ignore the phase compensation of
the system.

3. RESULTS AND DISCUSSION

We first verify the system’s performance by measuring the visibil-
ity of HOM interference on Charlie’s side. Unlike the HOM in-
terference with weak coherent states in the equivalent intensity

case, the polarization of incident pulses in our scheme changes
randomly each time, leading to a fluctuating pulse intensity as
well as a different coincidence rate after the PBS. With the polari-
zation scrambling process of our scheme, we can obtain a revised
interference visibility of 0.4286 theoretically, which agrees well
with our experimental result of 0.425.

To achieve a higher practical security with our robust MDI
QKD system, we consider the statistical fluctuations of the
finite-size pulses for real-world applications and provide a finite
key analysis method for the decoy-state RFI MDI QKD.

Due to the limited number of total pulse pairs sent from Alice
and Bob, the unavoidable fluctuations of the experimental observ-
ables will certainly influence the estimation of the yield and error
rate in single-photon cases, and therefore directly affect the final
secure key rate evaluation in Eq. (1). With either linear program-
ming method or analytical equations, the conventional method for
fluctuation analysis obtains the worst-case estimation of the single-
photon yield as well as the single-photon error rate by simply treat-
ing the observables separately. This overly conservative approach
exaggerates Eve’s information, and calls for a relatively large amount
of data to acquire an adequate final secure key rate. Here, by con-
sidering observables and statistical fluctuations jointly, we deploy
several improved methods for fluctuation analysis in our system.
Therefore, we can tightly estimate the single-photon yield as well
as the single-photon error rate, and increase the evaluation accuracy
of the final secure key rate of our RFI MDI scheme. Furthermore,
we develop a universal analysis appropriate for fluctuating systems
with an arbitrary number of observables, which may be useful not
only in MDI QKD systems but also in other fields with measure-
ment fluctuations. (See Appendices A and B for details).

Here we apply the large deviation theory, specifically, the
Chernoff bound [44], for the fluctuation estimation in our experi-
ment, with a fixed failure probability of € = 107! and a total
number of pulse pairs N, = 3.5 x 10'!. Finally, we obtain the
secure key rates for transmission distances of 10 km and 20 km,
which are presented in Table 1 and Fig. 2, where all parameters
have been fully optimized [45].

In contrast, a performance simulation of our system with con-
ventional fluctuation analysis [46] is also presented in Fig. 2,
which treats the experimental observables separately and obtains
much lower secure key rates compared to our improved methods.

Furthermore, to demonstrate the property of our polarization
scrambling scheme against polarization disturbances, through
numerical simulation we compare it with the polarization-
controlled scheme from our earlier work with the RFI MDI
QKD protocol [26], where the polarization departure of two in-
cident photons will greatly diminish the performance of the
HOM-type BSM process, and decrease the final secure key rate.
To eliminate all other influences, we utilize single-photon sources,
and study the asymptotic secure key rate in our simulation,

Table 1. Experimental Results of Our Robust MDI QKD
Scheme?

Distance EY,  C Value Iy Secure Key Rate
10 km 0.250 1.38% 0.746 0.711 2.229 x 1077
20 km 0.215  1.43% 0.646 0.752 6.327 x 1077

“Uzz: Signal state intensity in the ZZ basis states.
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Fig. 2. Lower secure key rate bound of our robust RFI MDI QKD
scheme. “Improved” represents the final key rate of the robust MDI
QKD scheme with our improved fluctuation analysis, and
“Conventional” is the final key rate of the robust MDI QKD scheme
with conventional fluctuation analysis. The total number of pulse pairs
sent from Alice and Bob is IV, = 3.5 x 10'!, the failure probability is
e = 10719 and all parameters have been optimized.

R>SY,(1- I - FH(EL)), (@)

where S, and £, represent the yield and error rate, respectively,
when Alice and Bob send single photons in the Z basis states.
With polarization intensity deviations of 10%, 20%, and
30%, we obtain the final secure key rates, as shown in Fig. 3,
where the RFI MDI QKD system can obtain higher secure
key rates with our polarization scrambling scheme than those
of the polarization tracking scheme in volatile channel conditions.

4. CONCLUDING REMARKS

In summary, we proposed and realized a robust time-bin phase-
coding RFI MDI QKD scheme that is tolerant to complex field
environments. The dramatic environmental changes may cause
violently varying polarization states of the quantum signal, which
can be quite common in real-life scenarios. The intrinsic synchro-
nization elimination of both the polarization and coding phase
reference frame of our scheme makes the system inherently capable
of extreme channel conditions, and maximally lessens the system’s
dependency on external auxiliary equipment and processes, further
strengthening the overall security of MDI QKD.

Also, we presented a fluctuation analysis method for RFI MDI
QKD. With the use of several improved methods and the retight-
ened constraints, we can tightly bound the single-photon yield as
well as the single-photon error yield in every basis. The enhanced
method for a secure key rate for the system reduces the demands
for a large number of sending photon pairs from Alice and Bob,
leading to a more practical finite-size key analysis for RFI

MDI QKD.
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Fig. 3. Simulation comparison of the secure key rates of our polariza-
tion scrambling scheme and the polarization tracking scheme with a
polarization intensity deviation of 10%, 20%, and 30%.

The positive results of the proof-of-concept experiment dem-
onstrate the feasibility of our scheme, and its performance can be
further enhanced with a higher working frequency and detection
efficiency of the system. The structural stability against complex
channel conditions and the inherent RFI property of our robust
MDI QKD reveal its prospective application in real-life quantum
communication links.

APPENDIX A: FINITE-KEY ANALYSIS

In our RFI MDI QKD protocol, Alice (Bob) randomly chooses a
quantum state preparing base @ € {Z, X, Y, o} with a probability
2> Where o represents the vacuum state. Alice (Bob) then pre-
pares her (his) state with an intensity / (v), [, 7 € {jiy, Vs 0}
and p, > v, > o, where y, and v, are the signal state and
the decoy state, respectively, in X,Y,Z. With a phase-
randomized weak coherent source, the state can therefore be
described in photon number states:

Py = aP IRk, ply =Y bk (KL,
k k

Py =Y Rk, =Y by kL,
k k

PoA = PoB = |O)(O| (A1)

Due to the symmetry of the X, Y basis in Eq. (2), we treat
the parameters of the X, ¥ basis equivalently for simplicity.
Accordingly, py = py, My = py, and vy = vy, and thus
a,’eX = al;y, bf = bz.

The lower bound and upper bound of the single-photon yield
and the error yield can be tightly estimated by explicit formulas
with a three-intensity decoy-state method [42,43,47,48]:

[ﬂi béM'jv +ﬂ1 bzd(’)Moﬂ +&ll bzﬂéMﬂa]—[ﬂl szWl +ﬂ1 bz[l(/) b(’)Mﬂo]—[li bé[doMW + boMbo—élO 50MW]

dldi(bl bé‘bibz) ’

U < MY - [LloMoy + boMUO ) boM”o],

mll

ayby

(A2)



Research Article

where M, M € {S, T}, and [, » € {j1, v, 0} represent the gain
(§) and the error count gain (7') when Alice and Bob send /,
7 intensity states, respectively. And E''HV) = THHUY) /§IUWD)
indicates the lower or upper bound of the single-photon
error rate.

However, if we take the finite-key-size effect into account, the
gathered information S” and 77, as well as the evaluated single-
photon yield and error yield, would probably be misjudged due to
the statistical fluctuation of the finite number of pulses in a prac-
tical situation. By applying the Chernoff bound method [44], we
can estimate the fluctuation variation range of the observed total
gain S (or error gain T'") with probability 1 - 2e:

A s D g
VNTSET T NS
where A = f(e¥/?), A= F(€*/16), and f(x) = /2 In(x7}).
N represents the total number of pulses that are sent from
Alice and Bob with the sources / and 7.
Instead of implementing the worst-case fluctuation analysis in
our calculation, we use several tricky methods to improve the
overall performance of our system [47,48].

(S[r) — S/r(l + 51r))

(1) We treat the same observables as an integrated whole in
related calculations [48]. For example, the lower bound of the
single-photon yield and the upper bound of the single-photon
error rate can be obtained by the explicit formulas in
Eq. (A2). Considering the error rate must be 50% when either
of the two parties send the vacuum state, we denote [2,5% +
byS*’ - aybyS™] by H, and find out that this is contained in
the estimations of both quantities. Therefore, we do not have
to evaluate the bounds of the single-photon yield and single-
photon error rate separately and exaggerate the ability of Eve.

(2) Statistical fluctuations of different observables can be
treated jointly, because the error analysis also works for several
parameters as a whole [47]. For instance, from Eq. (A3), we have

the fluctuations 8 and 8" that satisfy the relations [N S §/"| <
AV NS and N7 S"7'8"7"| < AV N'"'S!". When we group
them together, the larger number of total successful events also
follows the fluctuation nature, leading to an additional constraint

|N/rS/76/r + Nl'r'S/'r'é/'r'l < A\/NlrS/r + N/'V'S/'r" (A4)
Similarly, we can obtain all the constraints when all possible
observables are taken into consideration,

ZNlrslrélr <A /ZNlrslr) (A5)
reJ

reJ
and J C{oo, ov, oy, vo, vu, U, plo, uv, pu}t indicates the arbitrary
nonempty subset of all possible observables in any basis. These
additional joint constraints obviously tighten the range of the data
fluctuation, and further enhance the system’s performance.

(3) The single-photon yields in different bases are supposed to
share the same value [48]. In our protocol, we use the same esti-
mated values of the lower bound and upper bound of the single-
photon yield for the calculation in all bases, to further improve the
final secure key rate:

(S, = max{{

Sy (i) oo (Savg) b

(S g = min{(S72) 1 (S¥x) 1> (Savg) /- (A6)
Then, (S}l‘}g) is the averaged single-photon yield of all the

bases:
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(Shi) = ZPZZPZ 1B (SIL)

Pror Lr

+ _ZPXX eay by (SKy)

ot [,

1
+ —Zpyyplfyﬂ{lbfy (S¥y)

ot/

1
+— ZPXYPZYd)l(/bTT (S¥y)

ot/

+— ZPYXP/ a) B (SIL),

ot [,

Lre{uv}, (A7)

where

Proc = ZPZZ 7241 %Z + ZPXX x40 sz
Lr
+ Zpyyphyﬂl /b + ZPXYP yﬂi(lblyr
Lr
+ ) PyxPigal'by (A8)
Lr

is the total probability of single-photon states from both Alice and
Bob, P, i,j €{Z, X, Y} represents the probability that Alice
chooses the 7 basis states and Bob chooses the j basis states simul-
taneously. Pl], (/, » € {u, v}) is the probability that Alice sends /
intensity in the i basis states and Bob sends 7 intensity in the j
basis states, and 4 (bf ) indicates the single-photon possibility,
which can be inferred from Eq. (Al).

With the explicit formulas in Eq. (A2), many more constraints
can be additionally implemented to restrict the range of Sa\,g, and
may lead to a tighter bound of the single-photon yield estimation
of the system. In [47], Yu er al. presented an explicit formula to
analytically calculate the statistical fluctuation, which provided us
simple and efficient access to the boundary estimation of the ob-
servables. However, the previous work has been proved valid only
if the number of variables K < 4, which is not applicable in our
situation. Here, we prove that the result also works under general
conditions (K can be any arbitrary integer), which include multi-
parameter conditions such as RFI MDI QKD. Details of the
proof can be seen in Appendix B.

From the evaluated value of the single-photon yield in
Eq. (A6), we then have the lower bound and the upper bound
of the single-photon yield in each basis [49]:

(Ske)r = (S (1= 8pc,0)s (She) y = (S") (1 + Spc0)s
(A9)

where BC € {ZZ,XX,YY, XY, YX} means the basis choice,
dpcr = ~/-2In 6/\/N}~}1C(SH>L> and dpcy =+v-21Ine/
NI
Also, we can estimate the lower bound as well as the upper
bound of the single-photon error yield in each basis (7',}), with
fluctuation analysis taken into consideration. The single-photon
error rate can therefore be obtained through

(The)s
(Szc)u

(Thedy

A10
S, (A10)

(E}slc)L =

) <E}31C)U =
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Thus we can estimate the upper bound of Eve’s information
from the C value in Eq. (1), as well as finding the lower bound of
the final secure key rate with Eq. (2).

APPENDIX B: PROOF OF THE EXPLICIT
FLUCTUATION FORMULA UNDER GENERAL
CONDITIONS

Considering a K- variable linear function f(x;) = D> &_, ayx;
with x, (£ =1,2,...K), our aim is to find the maximum value
of f(x;) with linear constraints

S B <ne > B KS{1,2,3,..,K)  (B)
kell

kel
where ay, f§, are all positive coefficients. It is obvious that the
fluctuation analysis with joint treatment of different observables
can be written in this form.

Similar to [47], the maximum value of f'(x;) is

Fow = FE) = FKn Voo V)

K K
= 7Ng¢ Z(fﬂ - ]771—1) Zﬂ/@) (B2)
n=1 k=n

and the corresponding variables £} are

~ ne =
xk_z< ;ﬂn_

where k=123 ...,K. Vo=l ..., ar],
V/} =[pvPo - Bils ¥ =a/f=[o1/B1, ar/Ps ..., ax [ Bi],

and yy = 0. ¥ represents the sorted form of y in ascending order,
and @, By, and %, are accordingly also rearranged to satisfy 7, =

a,/p, (k=12 ...,K).

Therefore, the minimum value of f(x;) can be written as
fmin = _fmax = _f([() Tes Va’ Vﬁ) (B4)

Now the principle problem is proving the maximum value
f e is reachable, that is, the variables in Eq. (B3) meet all

K ~
> ﬁn>, (B3)

n=k+1

Vol. 4, No. 9 / September 2017 / Optica 1021

complementing the set, we obtain the (K - 7)-variable subset
KKy = {vy, vy ..., vg_,} that satisfies

KoUKk, ={L2..,K} (B7)
Due to its arbitrariness, we assume subset I, = {v,} follows

ascending order, that is, v; < vy < ... < vg_,.
From the constraints, we have

XX+t ot xg Fxg =V B+ o+ P
(B8)

and we need to show that when K, = {x,,x,,...,x,, } are
all subtracted, the constraints are still valid for I, =

WX Xus e %y, J

(1) When only x,, is subtracted, we can rewrite Eq. (B8) as

Xt A Xy Xt xg =B+ Bt Py

- <\/ﬂyl FBusr oA B [Bur B ot +/3K)

S\ B 4Bt o+ Bu + B (B9)

This can be easily proven after a little transformation as well as
taking the squares of the two sides twice.

(2) We assume that the relation is satisfied when
%, %5 - %, } are subtracted, that is,

xptx+. ot X, X X e g

s\//)'I Bt AP HBo it Byt B+ +Br
(B10)

The key point here is that if we subtract x,,  on both sides
additionally, the relation would still be met.
Let us define the following:

Puiﬂ = ﬂui+1+1 +ﬂui+1+2 + .. +ﬂ1(’
Py =p+ph+. . that+Pyt . B

+Byir+ o+ By L B11
the constraint conditions [Eq. (B1)], where the total number Pu Pusr ( )
of variables K can be any arbitrary integer. For simplicity, we From Lemma 1 in [47], we can easily obtain
rewrite the problem and the constraints as \/P 5 7 >
/A ’,/H»l + Vit1 + Vit1 + \/ Vit1
X, =
TS S e k<), < \fBu + Pas + [ Piry + Pay (B12)
and and thus we have
Z.X'k < / Zﬁ/w (B6)
kek kek \/P;/H»l + ‘BUH»I + Pz’i+l - (\/ﬂ”xﬂ + P”i+1 - \/P”iH)
for V KC{1,2,...,K}.
We assume an z-variable arbitrary subset K, = )
<,/P P B13
{uy, uy, ..., u,}, where 1 <n <K and u; € {1,2,3,...,K}. By - wa + L, (B13)
and
VB Br A B+ B oo+ Bu B+ o+ B+ B+ Buin o+ B
- <\/ﬂml + B+ B B+ Bua - +ﬂ1()
S\t A B B+ o+ B (B14)
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Hence, the constraints are still satisfied when arbitrary
{x,,5 %5 ...» X, } are subtracted, which also means the constraints

are valid for all KC{l1,2,...,K} in Eq. (B6). Therefore, all the
{7} values as well as the maximum value of f(x) (f.) in
Egs. (B2) and (B3) are reachable within the limiting conditions
and can be directly used in the fluctuation analysis with any
number of variables.
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