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Abstract
In recent years, the field of topological photonics has emerged as a promising area of research
due to its potential for the development of new photonic devices with unique properties.
Topological Weyl semimetals (TWSs), which are characterized by the presence of Weyl points
in their electronic band structure, are one such example of a material with interesting
topological properties. In this study, Kerr and Faraday rotations were used to determine the
nonlinear characteristics of TWSs. We focused on surfaces where no Fermi arcs are involved, so
that Maxwell’s equations would contain some peculiar topological terms. In Weyl semimetals
with a specific topology, the distance between Weyl nodes aligned along the z-direction
functions as a magnet. This results in a significant polar Kerr/Faraday rotation effect that is
proportional to the separation distance, when light is directed onto the surface of the TWS that
lacks Fermi arc states. Conversely, when the light is directed onto a surface with Fermi arc
states, the Voigt effect is quadratically proportional to the separation distance. We considered
electromagnetic wave propagation in a nonlinear Kerr-type medium. We have derived and
solved the linear and nonlinear Helmholtz equations for TWSs using the tanh method. Our
findings reveal that wave solutions could have some potentially significant implications for the
design and optimization of photonic devices based on TWSs.

Supplementary material for this article is available online
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1. Introduction

Topological Weyl semimetals (TWSs) have been the focus of
attention in recent years because of their band structures and
Fermi arcs on their surfaces. A Weyl semimetal is a type of
material that exhibits interesting electronic properties due to
the existence of Weyl nodes. Weyl nodes are the points in
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momentum space where states cross each other in the elec-
tronic band structure. These nodes are protected by certain
symmetries and give rise to interesting phenomena, such as
Fermi arcs on the surfaces of the material. Fermi arcs are sur-
face states that connect the projected locations of the Weyl
nodes on the material’s surface. These Fermi arcs are protec-
ted by the topology of the material and are robust against cer-
tain perturbations, such as elastic, electronic, structural and
chemical perturbations. In a TWS material, the topological
properties are preserved in such a way that the corresponding
Weyl nodes are not affected and Fermi arcs are present on its
surfaces. The interactions of these materials with electromag-
netic waves are very interesting and have the potential to lead
important applications, particularly in the development of new
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photonic devices. Once electromagnetic waves are incident
on a TWS surface which does not contain a Fermi arc, the
polarization directions of the reflected and transmitted waves
change due to the Kerr and Faraday rotations. This leads to
the modified Maxwell equations involving topological terms
in the source parts [1–5]. We avoid using the transverse mag-
netic (TM) mode in our analysis because it is not possible to
observe Kerr/Faraday rotations with the TM mode. TM mode
configuration requires the formation of an induced current in
the material. We did not focus on the TM mode, as this indic-
ates that it is more remarkable to examine this situation sep-
arately. We reserve the discussion of TM mode configuration
for another work.

Merging the modifiedMaxwell equations leads to the linear
Helmholtz equation, which can be solved using common dif-
ferential equation solving routines. On the other hand, consid-
ering a nonlinear dielectric constant in the modified Maxwell
equations leads to a nonlinear Helmholtz equation, the solu-
tions of which can be found using the tanh method [6, 7].

Besides having many attractive and distinguished funda-
mental interests, Weyl semimetals may also offer new oppor-
tunities in practical applications, such as the construction of
topological lasers [8, 9] and coherent perfect absorber (CPA)
devices, compact optical isolators and circulators, orbital
angular momentum detectors, higher-order harmonic gener-
ation, and nonreciprocal thermal emitters. Using Weyl semi-
metals, an optically active topological laser system can be
obtained by means of spectral singularities [10–16]. Using
the topological properties of Weyl semimetals, a stable excel-
lent absorber can be obtained by tuning the change in the
phase and amplitude of the electromagnetic wave as a result
of Faraday rotation. A CPA using TWSs can be obtained by
adjusting the appropriate polarizations given by the Faraday
rotations together with exact phase and amplitudemodulations
[17–21]. This happens due to the fact that a CPA has the time
reversal symmetry of a laser. With our study, it is possible
to use the properties of TWSs as a tuning parameter in such
applications.

In general, the nature of the nonlinear characteristics of
materials is that the nonlinearity gives rise to a way to adjust
the physical parameters and employ them for tuning purposes.
Nonlinearity especially provides a powerful way to make
adjustments to the system. In this way, the topological systems
maintain their topologically robust features against perturba-
tions in the relevant parameters. With regard to Weyl semi-
metals, the distance between Weyl nodes b can be used as an
additional distinguished tuning parameter. This is the remark-
able advantage of nonlinearities in such materials. Also, in this
way, one can demonstrate how to find a range for the b para-
meter. This is a very active field on which intense studies are
performed. Moreover, nonlinear optical responses are repro-
duced using a diagrammatic approach, which uses Feynman
rules [22].

In Weyl semimetals, the unique electronic band structure
near Weyl nodes leads to strong chiral optical responses, mak-
ing them promising candidates for circular dichroism (CD)-
based optical devices. If the orientation of the Weyl nodes is

Figure 1. The interaction of a TE mode electromagnetic wave with
a Weyl semimetal thin film. The incident wave is sent at an angle θ
with the surface normal, and the polarization direction is rotated
inside and outside the Weyl semimetal with angles θF and θK,
respectively.

perpendicular to the polarization of the light, then the material
will absorb less energy from the light. This is because the elec-
tric field of the light can interact less strongly with the Weyl
nodes when they are not aligned. Therefore, the absorption of
the material depends on the angle between the orientation of
the Weyl nodes and the polarization of the light. This angle
can be changed by rotating the material or the light source.

CD in Weyl semimetals can have potential applications
in molecular spectroscopy and optical spectrometer techno-
logy. In molecular spectroscopy, by measuring the difference
in absorption of left circularly polarized light and right cir-
cularly polarized light at different wavelengths, one can gain
a CD spectrum, which can disclose facts about the shape
and orientation of the molecules. Moreover, CD effects can
be used to probe the topological nature of the Weyl semi-
metal and distinguish it from other types of materials, such
as Dirac semimetals [23, 24]. In our study, we used the fol-
lowing pictorial demonstration in figure 1, which is originally
designed as a one-dimensional transverse electric (TE) config-
uration, but Kerr and Faraday rotations turn the problem into
a two-dimensional one.

In this study, the interaction of a nonlinear semimetallic
topological material with an electromagnetic wave is invest-
igated to reveal how the wave propagation is affected by a
TWS. In section 2, brief information is given about the deriv-
ation of Maxwell equations for a TWS. In sections 3 and 4,
one-dimensional linear and nonlinear Helmholtz equations are
constructed for a TWS environment, respectively. The tanh
method is successfully applied to find solutions of a nonlin-
ear Helmholtz equation of light propagating in a TWS. In
section 6, analytical solutions obtained by tanh and sech meth-
ods for a real case and numerical solutions for a complex case
are presented. Finally, the conclusions of all our findings are
provided in section 7.

2. Maxwell’s equations for a TWS

The interaction of electromagnetic waves with TWSs is being
investigated within the framework of a relatively new field of
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physics, which is called topological photonics. The arrange-
ment of Maxwell’s equations in topological terms gives the
nonlinear Helmholtz equation. The Helmholtz equation is a
partial differential equation of the second order. It has many
physical applications and is used in optics to describe elec-
tromagnetic waves propagating in a constant state. When
boundary conditions are applied, the Helmholtz equation
always produces a single solution. Before obtaining the non-
linear Helmholtz equation, the linear Helmholtz equation is
derived. In this work only TE mode propagation is con-
sidered. Therefore, the electric field of an electromagnetic
wave propagating in TE mode is parallel to the y-axis E⃗//⃗y,
as seen in figure 2. TWS materials exhibit interesting phys-
ical behavior. One such example is the topological magneto-
electric effect. The topological magneto-electric effect is a
phenomenon when an electric field produces a magnetic field
in the same direction (parallel to itself) as odd multiples of
the fine structure constant, α= e2/4πε0h̄c [25]. Certain types
of Weyl semimetals can exhibit strong CD, which can lead to
a rotation of the polarization of an incident electromagnetic
wave. The presence of the axionic term in a Weyl semimetal
changes Maxwell’s equation in the material. This axionic term
has important implications for the polarization rotation of the
reflected light. This axionic term also causes the topological
magneto-electric effect. Since the axionic field in topological
insulators is a constant, the axionic field inWeyl semimetal has
a nontrivial dependence on space and time due to the break-
ing of time reversal and inversion symmetries. The axionic
term is added to the Lagrangian density of the electromagnetic
field with the following term δL= βθE ·B. In the Maxwell
equations, β = 2α/πZ0 is a constant, α is the fine structure
constant, Z0 =

√
µ0/ε0 is the vacuum impedance, e is the

charge of an electron and c= 1/
√
ε0µ0 is the speed of light

in vacuum. In a Weyl semimetal, θ(r, t) = 2b · r− 2b0t is the
expression of the axionic field. Here, b0 and b are the distances
between two Weyl nodes in the energy and momentum space,
respectively. For a Weyl semimetal with inversion symmetry,
we can set b0 = 0. In materials that exhibit axion reactions,
the electric displacement field and magnetic field may contain
additional terms derived from the topological properties of the
material. Magnetization,M and polarization, P can be derived
from the Helmholtz free energy of the system, F. Therefore,
the free energy must have the form, F= βθE ·B [26, 27].
Maxwell equations including topological terms are written as

∇⃗ ·
−→
D = ρ(z)+βb⃗ ·

−→
B , ∇⃗ ·

−→
B = 0,

∇⃗×
−→
H − ∂t

−→
D =

−→
J (z)−βb⃗×

−→
E , ∂t

−→
B + ∇⃗×

−→
E =

−→
0 .
(1)

Here, βb⃗ · B⃗ and−βb⃗× E⃗ are called topological terms (see the
appendix for the derivation of the topological terms). The vec-
tor notation b⃗ specifies the distance between two Weyl nodes,
which are aligned in the z-direction, and is given explicitly by
b⃗(z) = b(z)êz, and b(z) = bH(z)H(L− z), where H(z) is the
Heaviside step function defined as

H(z) =

{
0 for z< 0
1 for z> 0.

(2)

Figure 2. Sending an electromagnetic wave in TE mode with a
wave vector k⃗ and incidence angle θ to the air–nonlinear TWS
interface.

Under time dependent conditions, harmonic electric and mag-
netic fields are described as the following,

E⃗ (⃗r, t) = E⃗ (⃗r) e−iωt, H⃗ (⃗r, t) = H⃗ (⃗r)e−iωt. (3)

By considering time harmonic electromagnetic waves, TE
mode solutions can be regarded as obliquely incident in the
form, see figure 1, where the E can be written as

E⃗ (⃗r) = E(z)eikxxêy . (4)

Maxwell equations including topological terms at the free
charge ρ(z) = 0 and free current density j(z) = 0 regions
become,

∇⃗ · D⃗ = β b⃗ · B⃗, ∇⃗ · B⃗ = 0, (5)

∇⃗× H⃗=−iωD⃗ −β b⃗× E⃗ , ∇⃗× E⃗ = iωB⃗. (6)

Here, E⃗ and H⃗ are the electric and magnetic fields, as seen in
figure 2. They are connected to D⃗ and B⃗ fields via the con-
stitutive relations, D⃗ = ε̃ E⃗ and B⃗ = µ̃H⃗.

3. Linear Helmholtz equation for a TWS

In the case where the relative dielectric constant is not depend-
ent on the electric field (ε̃= constant; b⃗= constant), the gradi-
ent of it can be taken as ∇⃗ε̃= 0. When the dielectric coeffi-
cient is linear, the µ̃ε̃ term can be taken as µ̃ε̃= 1

c2 n
2. Here,

n is the complex refractive index of the TWS, and the relat-
ive dielectric constant is ε̃= ε0ε. In this study, permeability
is taken as µ̃= µ0 since the material does not have magnetic
properties. TheMaxwell equations in (5) and (6) can bemanip-
ulated to give a three-dimensional Helmholtz equation associ-
ated with the TE mode states, and the corresponding magnetic
field, H⃗, as follows

∇2E⃗=−k2n2E⃗+ i kZ0βb⃗× E⃗, (7)

H⃗=− i
kZ0µ(z)

∇⃗× E⃗. (8)

We stress that TE waves correspond to the solutions of
equation (7), for which E⃗ is parallel to the surface of the TWS.
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In our geometrical setup, they are aligned along the y-axis, as
seen in figure 2. Suppose that the incident wave E⃗(⃗r) adapts a
plane wave with wave vector k⃗ in the x-z plane, specified by the
following wave vector, k⃗= kxêx+ kzêz, where kx = ksinθ and
kz = kcosθ. The TE mode solution of equation (7) in the view
of Kerr and Faraday rotations can be established by means of
the following one-dimensional coupled Helmholtz equations

E ′ ′
x + k̃2Ex+ i kZ0βbEy = 0 (9)

E ′ ′
y + k̃2Ey− i kZ0βbEx = 0 (10)

where a prime denotes the derivative with respect to z. The
piecewise constant function k̃ is specified by k̃= kzñ, where

ñ=
√
n2−sin2 θ
cosθ and ñ± =

√
ñ2 ± Z0βb

kcos2 θ . Notice that refractive
indices ñ± within the TWS slab lead to the birefringence
effect.

3.1. Solutions to linear Helmholtz equation

The solutions of equations (9) and (10) are attained once we
split them into uncoupled modes as follows,

ψ± (z) = Ex (z)± iEy (z) (11)

where ψ± are the solutions of the following equations,

ψ ′ ′
± + k2z ñ±

2ψ± = 0. (12)

The solution to the above homogeneous linear differential
equation (12) is given with (+) and (−) mode solutions as the
following,

ψ+ = A+
1 e

ikzñ+z+A−
2 e

−ikzñ+z (13)

ψ− = B+
1 e

ikzñ−z+B−
2 e

−ikzñ−z. (14)

4. Nonlinear Helmholtz equation for a TWS

In the nonlinear case, the dielectric constant of a material
becomes dependent on the electric field. The simplest nonlin-
ear case is where the relative dielectric constant is directly pro-
portional to the square of the electric field, ε̃= ε0(ε+σ|E⃗ |2).
Here, ε̃ is the permittivity of the TWS, which is a mater-
ial with a nonlinear Kerr coefficient. Here, ε= εb +

iσyy
ε0ω

is
the frequency-dependent relative dielectric constant, includ-
ing the bound charge contribution term εb and the σyy con-
ductive term, σ is the Kerr coefficient and ε0 is the permit-
tivity of vacuum. Similarly, in the magnetic field perspective,
µ̃= µ0µ= 1+χm is the permeability of the related region,
µ0 is the permeability of vacuum; in our non-magnetic mater-
ial case study, magnetic susceptibility χm is ignored. After
arranging the Maxwell equations, the governing equation of
the electromagnetic wave, which is called a one-dimensional
nonlinear Helmholtz equation, can be obtained by the follow-
ing steps. Taking∇ of (6):

∇× (∇×E) = iω
(
−iωµ0D⃗−µ0βb⃗× E⃗

)
(15)

is obtained. From the equations in (5) the divergence of E⃗

∇⃗ · E⃗=
βb⃗ · B⃗−

(
∇⃗ε̃
)
E⃗

ε̃
(16)

a is found. By using equation (15),[
β
(
∇⃗ · b⃗

)
· B⃗+βb⃗ ·

(
∇⃗ · B⃗

)
−∇⃗

(
∇⃗ · ε̃

)
E⃗−

(
∇⃗ · ε̃

)(
∇⃗ · E⃗

)]
ε̃

−
(
∇⃗ · ε̃

){
βb⃗ · B⃗− (∇ε̃) E⃗

}
− ε̃2∇2E⃗

= ε̃2µ0ω
2ε̃E⃗− iε̃2ωµ0βb⃗× E⃗ (17)

by using equation (16)

∇2E⃗+

µ0ω
2ε̃−

2
(
∇⃗ε̃
)2

ε̃2
+

[
∇⃗ ·
(
∇⃗ε̃
)]

ε̃

 E⃗− iµ0ωβb⃗× E⃗

− 2iβ
ωε̃2

(
∇⃗ε̃
)
b⃗ ·
(
∇⃗× E⃗

)
= 0 (18)

∇2E⃗+A(ε̃) E⃗+B (ε̃)
(
b⃗× E⃗

)
= 0 (19)

is obtained, where the following substitutions are used

A(ε̃) =

µ0ω
2ε̃+

 ε̃
(
∇⃗
(
∇⃗ε̃
))

− 2(∇ε̃)2

ε̃2

 (20)

B (ε̃) =
[
−µ0w

2ε̃2 + 2
(
∇⃗ε̃
)
∇⃗
] iβ
wε̃2

. (21)

When a propagating electromagnetic wave is selected along
the z-direction due to Kerr and Faraday rotations, an electric
field can have two components, as the following,

E⃗= Exêx+Eyêy. (22)

Each component of the E⃗ field, Ex and Ey, must satisfy
equation (19) separately, as the following,

∇2Ex+A(ε̃)Ex− bB (ε̃)Ey = 0 (23)

∇2Ey+A(ε̃)Ey+ bB (ε̃)Ex = 0. (24)

By defining a phasor like ψ± = Ex± iEy and multiply-
ing equation (24) with i, summing with equation (23)
and multiplying equation (24) with i, and subtracting from
equation (23), the following two equations can be obtained,

∇2ψ± +A(ε̃)ψ± ± ibB (ε̃)ψ± = 0. (25)

Thereafter, ± solutions are going to be called (+) and (−)
mode solutions, respectively. Equation (25) can be made sim-
ilar to the nonlinear Schrödinger equation,

−∇2ψ+Vψ+σ|ψ|2ψ = k2ψ. (26)

To accomplish this, the Ex and Ey components of the electric
field

Ex (x,z) = Ex (z)e
ikxx and Ey (x,z) = Ey (z)e

ikxx (27)

4
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are substituted into equations (23) and (24) and, after doing
simple calculations:

∂2zEx (z)+
[
A(ε̃)− k2x

]
Ex (z)− bB (ε̃)Ey (z) = 0 (28)

∂2zEy (z)+
[
A(ε̃)− k2x

]
Ey (z)+ bB (ε̃)Ex (z) = 0 (29)

is obtained, and again, using the phasor definition ψ± and
multiplying equation (29) with i, summing with equation (28)
and multiplying equation (29) with i, and subtracting from
equation (28), the following two equations can be obtained.

ψ ′ ′
± +

[
A(ε̃)− k2x

]
ψ± ± ibB (ε̃)ψ± = 0 (30)

where derivatives are taken with respect to z.

4.1. Simplification of the A(ε̃) term

Using ε̃= ε0ε, ε̃= n2 +σ|E⃗|2, ω2 = c2k2, ñ± =√
ñ2 ± 2αb

π kcos2 θ , ñ=
√
n2−sin2 θ
cosθ , k2z = k2 cos2 θ relations and

by inserting ε̃ and ϵ into equation (20), the A(ε̃) term is sim-
plified as the following,

A(ε̃) = µ0ε0ω
2ε+

εε20∇(∇ε)− 2ε20 (∇ε)
2

ε2ε20
(31)

and by writing the µ0ε0 =
1
c2 ,

ω2

c2 = k2 terms intoA(ε̃), the fol-
lowing is obtained,

A(ε̃) =

[
k2ε+

ε∇(∇ε)− 2(∇ε)2

ε2

]
(32)

by subtracting k2z from both sides and using the definition of kx
and ñ, omitting σ2 terms due to a small perturbation approx-
imation and using

k2z ñ
2 +σk2|E⃗|2 +

σn2∇
(
∇|E⃗|2

)
n4 + 2σn2|E⃗|2

= k2z ñ
2 +σk2|E⃗|2

σ
(
∇
(
∇|E⃗|2

)
n2 + 2σ|E⃗|2

(33)

1

n2 + 2σ
(
|E⃗|2
) =

n2 − 2σ|E⃗|2

n4
. (34)

Equation A(ε̃) becomes

A(ε̄)− k2x = k2z ñ
2 +σ

k|E⃗|2 + ∇
(
∇|E⃗|2

)
n2

 . (35)

4.2. Simplification of the B(ε̃) term

By inserting ε̃= ε0ε and ε= n2 +σ|E⃗|2 into equation (21) and
setting the σ2 term to zero, B(ε̃) can be simplified to

B (ε̃) =−iβµ0ω+
2iβσ
ωε0n4

(
∇|E⃗|2

)
∇. (36)

4.3. Obtaining the nonlinear Helmholtz equation

By inserting equations (35) and (36) into equation (30) the
nonlinear differential equation becomes

ψ ′ ′
± + k2z ñ

2ψ± ± ib(−iβµ0ω)ψ± +σ


k2|E⃗|2 + ∇⃗ ·

(
∇⃗|E⃗|2

)
n2


± ib

(
2iβ
ωε0n4

)(
∇|E⃗|2

)
· ∇⃗

ψ± = 0 (37)

where the following substitution is used for simplicity

C =

k2|E⃗|2 + ∇⃗ ·
(
∇⃗|E⃗|2

)
n2

± ib

(
2iβ
ωε0n4

)(
∇|E⃗|2

)
· ∇⃗.

(38)

The term C is the source of nonlinearity, and after using short-
ening C

ψ ′ ′
± (z)+

(
k2z ñ

2 ± bβµ0ω
)
ψ± (z)+σCψ± (z) = 0 (39)

is obtained. By using c= 1√
ε0µ0

,β = 2α
πZ0

,ω = kc,Z0 =
√

µ0
ε0

and βµ0w= 2αk
π terms

ψ ′ ′
± +

(
k2z ñ

2 ± 2αbk
π

)
ψ± +σCψ± = 0 (40)

by writing 2αbk2

π k · cos
2 θ

cos2 θ and using k2z = k2 cos2 θ then

ψ ′ ′
± + k2z

[
ñ2 ± 2αb

π kcos2 θ

]
ψ± +σCψ± = 0. (41)

Afterward, by using ñ2± = n2±sin2 θ
cos2 θ , the nonlinear Helmholtz

equation for the TWS is obtained as the following

ψ ′ ′
± + k2z ñ

2
±ψ± +σCψ± = 0. (42)

This equation is similar to the nonlinear Schrödinger equation,

−ψ ′ ′
± − kz (1− ñ±)ψ± −σCψ± = k2zψ± (43)

−ψ ′ ′
± +Vψ± −σCψ± = k2zψ± (44)

where V= k2z
(
1− ñ2±

)
is the potential term and, if kz ∈ R, the

equation can be solved.

5. Solutions to the nonlinear Helmholtz equation

5.1. Real ψ case

If the ψ± function is assumed to be real, the electric field
becomes simplified bywriting |E⃗|2 = ψ2

+ = ψ2
−. Equation (42)

can be simplified to

5
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ψ ′ ′
± + k2z ñ

2
±ψ± +σk2ψ3

±

+
2σ

(
ψ ′

±
)2
ψ±

n2
+

2σ
n2
ψ2

±ψ
′ ′
± ∓ 2σ

(
2bβ
ωε0n4

)
ψ±

(
ψ ′

±
)2

= 0.

(45)

To simplify the above equation, the following substitutions are

applied. Here, a± = k2z ñ
2
±, b= k2σ, c∓ = (

2σ
n2

∓ 2bβσ
ωε0n4

) =

2σ(
1
n2

∓ 2bβ
ωε0n4

) and d=
2σ
n2

. Therefore, equation (45)

becomes

ψ ′ ′
±
(
1+ dψ2

±
)
+ψ±

(
a± + bψ2

± + c∓
(
ψ ′
±
)2)

= 0. (46)

After replacing ψ±(z) with u(z) for (+/−) mode, the follow-
ing equation is obtained

u ′ ′ (z)
(
1+ du(z)2

)
+ u(z)

(
a± + bu(z)2 + c∓u

′ (z)2
)
= 0.

(47)

To solve this nonlinear ordinary differential equation we have
used the tanh method [6, 7]. When searching for tanh and sech
type solutions to nonlinear differential equations, it is useful
to apply u(z) = 1

v(z) transformation. Therefore, after substitut-

ing the first and second derivative of u(z) as u ′(z) =− v ′(z)
v(z)2

and u ′ ′(z) = 2v ′(z)2

v(z)3 − v ′ ′(z)
v(z)2 into equation (47), the nonlinear

differential equation is converted as the following form,(
2v ′ (z)2

v(z)3
− v ′ ′ (z)

v(z)2

)(
d

v(z)2
+ 1

)
+
a+ b

v(z)2
+ cv ′(z)2

v(z)4

v(z)
= 0.

(48)

Application of the tanh method gives four solutions to v(t).
After taking the inverse of the solutions, four u(z) functions
are obtained, as given below,

u1 (z) =

√
b− ad

√
a2d
ad−b coth

(
ϕ−

√
a
√
bz√

2
√
b−ad

)
√
a
√
b
√
d

(49)

u2 (z) =
a3/2

√
dcoth

(
ϕ−

√
a
√
bz√

2
√
b−ad

)
√
b
√
b− ad

√
a2d
ad−b

(50)

u3 (z) =

√
b− ad

√
a2d
ad−b coth

(
ϕ+

√
a
√
bz√

2
√
b−ad

)
√
a
√
b
√
d

(51)

u4 (z) =
a3/2

√
dcoth

(
ϕ+

√
a
√
bz√

2
√
b−ad

)
√
b
√
b− ad

√
a2d
ad−b

. (52)

Similarly, application of the sech method gives four solutions
to v(t). After taking the inverse of the solutions, four u(z) func-
tions are obtained, as given below,

u1 (z) =−

√
−c− d

√
a− b

c+d cosh
(
ϕ−

√
bz√

−c−d

)
√
b
√
c

(53)

u2 (z) =

√
−c− d

√
a− b

c+d cosh
(
ϕ−

√
bz√

−c−d

)
√
b
√
c

(54)

u3 (z) =−

√
−c− d

√
a− b

c+d cosh
(
ϕ+

√
bz√

−c−d

)
√
b
√
c

(55)

u4 (z) =

√
−c− d

√
a− b

c+d cosh
(
ϕ+

√
bz√

−c−d

)
√
b
√
c

. (56)

Afterward, we will label the (+/−) mode coth-type (type 1)
solutions with ψ±

1i and cosh-type (type 2) solutions with ψ±
2i ,

where i = 1,2,3,4. Therefore, in total we have 16 solutions, as
follows: 4 (+) mode coth , 4 (−)mode coth, 4 (+) mode cosh
and 4 (−) mode cosh-type solutions. These types of solutions
are named solitons.

Within the context of mathematics and physics, when a
soliton wave travels, its shape is preserved and its speed is
also constant during its travel. This is interesting given the
tendency of waves to disperse and dissipate. This is due to the
balance between the nonlinearity and dispersion properties of
the medium through which the wave travels. This property has
practical applications in the fields of optical fibers and medical
imaging [28].

Similarly, in the literature, Laine and Friberg [29] have
shown four dark (tanh) and four bright (sech)-type solutions
to nonlinear Schrödinger and nonlinear Helmholtz equations.
The (+/−) signs in the solutions are the topological charge
of the soliton. Sometimes the (+) and (−) solutions are called
kink and anti-kink solutions, respectively. At this point, after
investigating our solutions, we can say that exact solutions of
the nonlinear Helmholtz equation in a nonlinear Kerr medium
reveal that the propagating wave is confined to its self-created
waveguide. The same results are also obtained in the work of
Laine and Friberg [29].

5.2. Complex ψ case

Here, we will consider Ex,E∗
x and Ey,E

∗
y and construct ψ+,ψ−

and their complex conjugates as the following:

ψ+ = Ex+ i Eyψ
∗
+ = E∗

x − iE∗
y ,

ψ− = Ex− i Eyψ
∗
− = E∗

x + iE∗
y . (57)

After simple calculations |E⃗|2 is found as

|E⃗|2 = |Ex|2 + |Ey|2 =
1
2

(
ψ+ψ

∗
+ +ψ−ψ

∗
−
)
. (58)

After substituting |E⃗|2 in to equations (42) and (38) we find:

ψ ′ ′
± + k2z ñ

2
±ψ± +σ

k2z
2cos2 θ

[
ψ+ψ

⋆
+ +ψ−ψ

⋆
−
]
ψ±

+
σ

2n2
d2

dz2
[
ψ+ψ

⋆
+ +ψ−ψ

⋆
−
]
ψ±

∓ bβσ
ωε0n4

d
dz

[
ψ+ψ

⋆
+ +ψ−ψ

⋆
−
]
ψ ′
± = 0 (59)
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where ψ+ and ψ− are forms coupled to ordinary differential
equations for (Ex and Ey) as the following:

(Ex+ iEy)
′ ′
+ k2z ñ

2
+ (Ex+ iEy)

+σ
k2z

2cos2 θ

[
2 |Ex|2 + 2 |Ey|2

]
(Ex+ iEy)

+
σ

2n2
d2

dz2

(
2 |Ex|2 + 2 |Ey|2

)
(Ex+ iEy)

− bβσ
ωε0n4

d
dz

(
2 |Ex|2 + 2 |Ey|2

)(
E ′
x + iE ′

y

)
= 0 (60)

(Ex− iEy)
′ ′
+ k2z ñ

2
− (Ex− iEy)

+σ
k2z

2cos2 θ

[
2 |Ex|2 + 2 |Ey|2

]
(Ex− iEy)

+
σ

2n2
d2

dz2

(
2 |Ex|2 + 2 |Ey|2

)
(Ex− iEy)

+
bβσ
ωε0n4

d
dz

(
2 |Ex|2 + 2 |Ey|2

)(
E ′
x − iE ′

y

)
= 0 (61)

are obtained.

6. Results and discussion

As a model system, solutions of the nonlinear Helmholtz
equation are investigated numerically for the Weyl semimetal
TaAs. The physical parameters that are used in the calcula-
tions are listed in table 1. The (+) and (−) mode solutions
do not differ significantly over the investigated z-range. This
is because the numerical values of ñ+, ñ− and parameter d
in equation (47) do not significantly differ for (+) and (−)
modes. Therefore, only (+) mode solutions are presented in
this work.

6.1. Real ψ case

A snapshot of the wave specified by taking the phase value
π/4 for coth and cosh-type solutions. Real and imaginary parts
of the (+) mode coth-type solutions, Re(ψ+

1i ) and Im(ψ+
1i ),

are given in figures 3(a) and (b). The Re(ψ+
11) and Re(ψ+

14),
Re(ψ+

12) and Re(ψ
+
13), Im(ψ+

11) and Im(ψ+
13), and Im(ψ+

12) and
Im(ψ+

14) solutions are very close to each other over the invest-
igated z-range. Real and imaginary parts of the (+) mode cosh-
type solutions, Re(ψ+

2i ) and Im(ψ+
2i ), are given in figures 4(a)

and (b). The Re(ψ+
21) and Re(ψ+

24), Re(ψ
+
22) and Re(ψ+

23),
Im(ψ+

21) and Im(ψ+
23), and Im(ψ+

22) and Im(ψ+
24) solutions are

very close to each other over the investigated z-range.

Table 1. The values of the physical parameters that are used in this
study with corresponding symbols.

Symbol Explanation Value

ϕ Phase π
4

θ Incident angle π
4

α Fine structure constant 7.2974× 10−3

b Distance between Weyl nodes (m) 7.85× 10−9

L Thickness of the TWS (m) 1× 10−6

c Speed of light (ms−1) 299 792 458
ϵ0 Permittivity of vacuum

(
Fm−1) 8.85× 10−12

λ Wavelength of incident light (m) 800× 10−9

µ0 Permeability of vacuum
(
NA−2) 1.25× 10−6

n Refractive index of TaAs 6.3
σ Kerr coefficient of TaAs

(
m2W−1) 1× 10−8

Z0 Vacuum impedance (Ω) 376.73

As understood from figures 3 and 4, coth-type functions
are inclined left or right, whereas cosh type solutions are more
symmetric along the x-axis. The frequencies of the coth-type
solutions are higher than those of the cosh-type solutions.

The norm of the (+) mode coth-type |ψ1i|2 and cosh-type
|ψ2i|2 solutions is given in figure 5. These plots give some
insight into the amplitude change in the investigated z-range.
All the solutions in the |ψ1i|2 set and |ψ2i|2 set are very close
to each over the investigated z-range.

For each type of solution, the real and imaginary parts of the
ψ1i and ψ2i functions represent the electric field components
Ex and Ey. In figures 6 and 7, the z-dependence of Ex and Ey
is presented via a 3D parametric plot for coth- and cosh-type
solutions, respectively. The coth-type ψ11 and ψ12 solutions
present left circularly polarized light, whereas ψ13 and ψ14

solutions present right circularly polarized light. Meanwhile,
cosh-type ψ21 and ψ22 solutions present right circularly polar-
ized light, whereasψ23 andψ24 solutions present left circularly
polarized light. Therefore, one can say that coth- and cosh-type
solutions complement each other optically.

6.2. Complex ψ case

In the investigation of the complex ψ case, the coupled ordin-
ary differential equations (60) and (61) are solved numerically.
The initial conditions of Ex and Ey are selected in such a way
so they form TE polarized incident light. When TE polarized
light is incident on the TWS, it becomes right circularly polar-
ized after passing through the material, as seen in figure 8.

7
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Figure 3. (a) Real and (b) imaginary parts of (+) mode coth-type solutions.

Figure 4. (a) Real and (b) imaginary parts of (+) mode cosh-type solutions.

Figure 5. The norm square of (a) coth- and (b) cosh-type solutions.

Figure 6. The electric field vector rotates counterclockwise (left circularly polarized light) (a), (b) and clockwise (right circularly polarized
light) (c), (d) for the coth-type solutions.
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Figure 7. The electric field vector rotates clockwise (right circularly polarized light) (a), (b) and counterclockwise (left circularly polarized
light) (c), (d) for the cosh-type solutions.

Figure 8. The electric field vector rotates clockwise (right
circularly polarized light) for TE polarized incident light.

7. Conclusion

As a conclusion, two main (coth and cosh)-type and eight sub-
type solutions are found for TE mode light propagation in
TWS material for the real ψ case with the help of the non-
linear Helmholtz equation, including topological terms. It is
observed that for both coth- and cosh-type solutions, the elec-
tric field vector rotates counterclockwise (forms left circu-
larly polarized light) in two types of solutions and clockwise
(forms right circularly polarized light) in the other two types
of solutions.

For the complex ψ case, the incident TE polarized light
electric field vector rotates clockwise, and therefore becomes
right circularly polarized light inside the TWS material.
Therefore, in both cases, the solutions successfully show Kerr
and Faraday rotations in a TWS material.

Studying TMmode configuration in view of nonlinear con-
siderations would be quite intriguing since TM mode does
not allow Kerr/Faraday rotations intrinsically. An induced cur-
rent is present inside the bulk medium. This gives us a robust
topological structure such that the system parameters’ distance
between the Weyl nodes b, angle of incidence of light θ and
wavelength λ of it lead to topological quantization. However,
the content of TM mode analysis is far beyond the aims and
projections of the current study. We therefore restricted our
attention to only TE mode solutions.

In the literature, the linear dichroism properties of TWS are
investigated for the light which is incident on a surface bear-
ing Fermi arcs [30]. In our work, light is sent to a surface of

a TWS without Fermi arcs. Kerr and Faraday rotations with
the nonlinear effects lead to distinct left and right circularly
polarized light propagation in the TWS material. Moreover, if
one assumes that both left and right circularly polarized light
can propagate in the TWS at the same time, then the material
can exhibit CD. The only requirement for CD behavior is the
material’s difference in absorption between the left and right
circularly polarized light. Therefore, we can conclude that CD
spectroscopy can also be used to investigate TWS materials,
as referred to in the literature [23, 24].
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Appendix. Modified Maxwell equations in the
presence of axions

D= ϵE+P (A.1)

H= B/µ−M. (A.2)

Here,M and P are derived from Helmholtz free energy asM=
−∂F/∂B and P=−∂F/∂E

D= ϵE−βθB (A.3)

H= B/µ+βθE. (A.4)

Here, ϵ is the dielectric tensor and µ is magnetic permeab-
ility. Maxwell’s equations change due to these conditions as
follows,

∇· (ϵE−βθB) = ρ⇒∇· (ϵE) = (ρ+ ρθ) . (A.5)

9
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Here, ρθ = β∇θ ·B is the axionic charge density. From
equation (A.4),

∇× (B/µ+βθE) = J+
∂

∂t
(ϵE−βθB) (A.6)

∇×B= µJ+ ϵµ
∂E
∂t

+ Jθ (A.7)

are obtained. Here, Jθ =−βµ(θ̇B+∇θ×E) is the current
density due to the action field. For a Weyl semimetal with
inversion symmetry, b0 = 0; therefore, ∇θ = b and θ̇ = 0.
Using H⃗= B⃗

µ , equations (A.5) and (A.7) take the following
forms,

∇·D= ρ+βb ·B (A.8)

∇×H=
∂D
∂t

+ J−βb×E. (A.9)

The other two Maxwell’s equations remain unchanged as,

∇·B= 0 (A.10)

∇×E+ ∂tB= 0. (A.11)
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