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The introduction of a new type of matter or a modification of gravity are usually considered

in order to explain the recent finding of an accelerating Universe. Cosmic microwave background

measurements and observations of Type Ia supernova imply w ' −1. In this work, we construct a

dynamical autonomous system of the f(R) ∝ Rn modified gravity model and find the equilibrium

points. We check the stability of the equilibrium points by using the Jacobian matrix and a phase

space analysis, and we constrain the power index n by using the condition for an accelerating

Universe.
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þj��H ÄºÅÒ_� ��5ÅqØ���½Ó�̀¦ [O�"î

�l� 0AK�"f Dh�Ðî�r \��-t�"é¶�̀¦ �̧{9�
����� �����Ã»�����_� {9�ìøÍ�©�@/

$í
s��:r�̀¦ ���+þAr���� ×�æ§4� s��:r�̀¦ �¦�9ô�Ç��. e�¦|½Óß¼ 0A$í
_� ÄºÅÒC��â
4�¤��ü< �í���$í
 �'a8£¤ 1px\� ��ØÔ���

w ' −1 e���̀¦ ��o�v��¦ e��Ü¼ 9, �����Ã»����� ×�æ§4��̀¦ ���+þAr�v���H �̧+þA_� �â
Äº�̧ �&³F� �'a8£¤ ���õ�\�¦ ëß�

7á¤
��¦ e����. :£¤Z>�y� s� ���½̈\�"f��H ú́§s� ���½̈÷&�¦ e����H f(R) ∼ Rn �̧+þA�̀¦ 1lx%i��<Æ ��Ö�¦>�\�"f î̈
+þA

&h�õ� �¦Ä»°ú̀�כ¦ :�xK�"f îß�&ñ
$í
 ë�H]j\�¦ ·ú����Ð�¦ îß�&ñ
&h���� K�ü< ��5ÅqØ���½Ó K�\�¦ ½̈½+É Ãº e����Ht� ���½̈
�

%i���. ¢̧ô�Ç Ùþ�½+Ë$í
 r�l�_� �:r�̧ ����od��Ü¼�ÐÂÒ'� ��0pxô�Ç n_� #3�0A\�¦ ½̈K��Ð�¦ s� #3�0A\�"f ��5ÅqØ���½Ó

K�\�¦ ½̈½+É Ãº e����Ht� SX����
�%i���.
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I. "e Â]Ø

Type 1a �í���$í
 �'a8£¤ [1, 2]�̀¦ :�xK�"f �&³F� Äºo� ÄºÅÒ
��H ��5ÅqØ���½Ó�̀¦ 
��¦ e������H ��s	כ ·ú��9&����. WMAP 0A
$í
 [3,4]õ� e�¦|½Óß¼ 0A$í
 [5,6]_� ÄºÅÒC��â
4�¤�� (CMB) �'a
8£¤�̀¦ :�x
�#� �&³F� Äºo� ÄºÅÒ��H ���<ÉÊ \��-t��� ��� 70%,
���<ÉÊ Óüt|9�s� ��� 25%\�¦ 	�t��<ÊÜ¼�Ð+� ��f�� Õª z�́�̂\�¦ ·ú�
Ãº \O���H Óüt|9�õ� \��-t��� ����̂ ÄºÅÒ ½̈$í
Óüt|9�_� ��� 95%
&ñ
�̧�� 	�t�
��¦ e����.
�&³F� ÄºÅÒ_� ��5Åq Ø���½Ó [7]�̀¦ [O�"î

�l� 0A
�#� Û¼ºú���
{9��� 1pxõ� °ú �Ér {9����� Óüt|9��̀¦ �̧{9�
�#� [O�"î

��9��H r�

�̧ [8]��e��Ü¼ 9,s�M:�¦�9
���HÓüt|9��Ér{9���Óüto�_�³ðï�r
�̧+þA\�"f �¦�9÷&t� ·ú§��H ���Ér 7áxÀÓ_� {9���#��� ô�Ç��. ¢̧
���Érr��̧�Ð"f��H�����Ã»�����_�{9�ìøÍ�©�@/$í
s��:r�̀¦���+þA

r�(��Ü¼�Ð+� ���+þA�)a ×�æ§4�s��:r [9–11]Ü¼�Ð ��5ÅqØ���½Ó�̀¦ [O�
"î

��9��H r��̧�� e����. ¿º ��t� r��̧�� �&³F� �Ö̧µ1Ïy� s�
ÀÒ#Qt��¦ e��Ü¼ 9 ��f�� #Q�"� r��̧�� �̀¦���Ér r��̧���t���H

�8 ú́§�Ér �'a8£¤s� s�ÀÒ#Q4R�� ½+É �Ü¼�Ð	כ �Ð�����.
�:r ���½̈\�"f��H ���+þA�)a ×�æ§4� s��:r ×�æ\�"f f(R) ∝ Rn

+þAI��Ð ÅÒ#Qt���H �̧+þA�̀¦ �¦�9ô�Ç��. ���+þA�)a ×�æ§4�s��:rs�
�����Ã»�����_�{9�ìøÍ�©�@/$í
s��:rõ���ØÔ�����ÄºÅÒ_�����o

õ�&ñ
�̀¦ :�xK�"f Ùþ�½+Ë$í
 õ�&ñ
\��̧ %ò
�¾Ó�̀¦ z�'¬I�̀¦ �.���s	כ
c��Ñ�� @/;�¤µ1Ï s�Êê ��� 1 ∼ 3ì�r Êê\� {9�#Q����H Ùþ�½+Ë$í
\���H
ÄºÅÒ_� Ø���½Ó&ñ
�̧\�¦ ����?/��H )��̂¦ ���Ãº�� 	�H %ò
�¾Ó�̀¦ z�

�2;��. ���+þA�)a �����Ã»����� �©�~½Ó&ñ
d��Ü¼�ÐÂÒ'� )��̂¦ ���Ãº
�� #Qb�G>� ����o÷&��Ht�\�¦ >�íß�
��¦ Õª�ÐÂÒ'� ÄºÅÒ �:r�̧

_� ����od���̀¦ Ä»�̧K� è­q Ãº e����. ÄºÅÒ �:r�̧\� @/ô�Ç �̧|	�
Ü¼�ÐÂÒ'� ��0pxô�Ç n_� #3�0A\�¦ >�íß�ô�Ç��.
���+þA�)a ×�æ§4�s��:r\�"f 1lx%i��<Æ ��Ö�¦>� [12]\�¦ ½̈$í

��¦
î̈
+þA&h��̀¦ ¹1Ô�̀¦ Ãº e����. î̈
+þA&h�[þts� îß�&ñ
$í
 #�ÂÒ\�¦ ���ï
q�îß� '��§>=_� �¦Ä»°úכÜ¼�Ð óøÍZ>�½+É Ãº e���¦ ¢̧ô�Ç 0A�©�C�&h�

�̀¦ :�xK�"f Ãºu�&h�Ü¼�Ð SX����½+É Ãº e����. î̈
+þA&h�\�"f ��5Åq
Ø���½Ó [13]_�K�����0px
�l�0AK�"f��HÄ»ò́�©�I�~½Ó&ñ
d�����
Ãº weff�� − 1

3�Ð�� ������� <�Ê�Ér y��5ÅqØ���½Ó ���Ãº q�� 0�Ð
���������ô�Ç��.s��Qô�Ç �̧|	��̀¦ëß�7á¤
���H î̈
+þA&h�[þt_� n_�

#3�0A\�¦ ¹1Ô���Ð�¦ ÄºÅÒ Ùþ�½+Ë$í
 r�l�_� �:r�̧ ����od��Ü¼�Ð

ÂÒ'� ½̈ô�Ç n_� #3�0Aü< q��§K� �:r��.
�:r �7Hë�H_� ½̈$í
�Ér ��6£§õ� °ú ��. II]X�\�"f f(R) ×�æ§4�s�
�:r_�Ó�o���Ü¼�ÐÂÒ'�~½Ó&ñ
d���̀¦ ½̈
��¦¼#�î̈
ô�ÇáÔo�×¼ëß�-ØÔ
BjàÔØÔ-�Ð!QàÔ��H-0>&� (FLRW) r�/BNçß�\�"f_� �©�~½Ó&ñ
d��
�̀¦ >�íß�ô�Ç��. III]X�\�"f��H f(R) ∝ RnÜ¼�Ð ÅÒ#Q|9� M:, Ùþ�
½+Ë$í
 r�l�_� ÄºÅÒ_� ����o\�¦ �¦�9ô�Ç��. ÄºÅÒ�� a ∝ tα�Ð

����oô�Ç���¦��&ñ
½+ÉM:, αü< n_��'a>�d���̀¦·ú����Ð�¦, ¢̧ô�Ç
�:r�̧_� ����od���̀¦ ½̈K��:r��. �:r�̧_� ����od��Ü¼�ÐÂÒ'� ns�

ëß�7á¤K���½+É °ú̀�כ¦ ½̈K��:r��. IV]X�\�"f��H 1lx%i��<Æ ��Ö�¦>�

\�¦ ½̈$í

��¦, î̈
+þA&h�[þt_� îß�&ñ
$í
�̀¦ ���ïq�îß� '��§>=_� �¦
Ä»°úכõ�0A�©�C�&h��̀¦:�xK�"f·ú����Ð�¦��5ÅqØ���½Ós�{9�#Q��

l� 0Aô�Ç �̧|	��̀¦ ·ú����:r��. ��t�}��Ü¼�Ð V]X�\�"f �:r ���½̈

_� ����:rõ� ¦¹����̀כ ô�Ç��.

II. {¢ ]kù

×�æ§4�s� f(R)_� +þAI��Ð ÅÒ#Qt���H ��6£§õ� °ú �Ér Ó�o����̀¦
�¦�9ô�Ç��.

S =
∫

d4x
√
−g

[
1

2κ2
f(R) + Lm(gµν , φm)

]
. (1)

#�l�"f κ2 = 8π/M2
ps��¦, Mp��H e�¦|½Óß¼ |9�|¾Ós���. φm��H

Óüt|9� �©��̀¦ �����·p��. B�àÔaË: J$�"f gµν\� @/K�"f Ó�o���

(1)�̀¦ ���ì�rr�v���� ��6£§õ� °ú �Ér î�r1lx~½Ó&ñ
d���̀¦ %3��̀¦ Ãº e��
��.

Rµν −
1
2
gµνR = κ2T (eff)

µν , (2)

T (eff)
µν =

1
κ2F

[
κ2Tµν +

1
2
gµν(f −RF ) + F;µν −�Fgµν

]
.

(3)

#�l�"f F = df/dR s���.
��6£§õ� °ú s� ÅÒ#Qt���H ç�H|9�
��¦ 1px~½Ó��� FLRW B�àÔ

aË:�̀¦ �¦�9
����

ds2 = −dt2 + a2(t)δijdxidxj , (4)

�©�~½Ó&ñ
d�� (2)�Ér ��6£§õ� °ú s� jþt Ãº e����.

3H2F +
1
2
(f −RF ) + 3HḞ = κ2ρ, (5)(

Ḣ + 3H2
)

F − 1
2
f − F̈ − 2HḞ = κ2p, (6)

d�� (2)\�"f \��-t�-î�r1lx|¾Ó J$�"f��H ¢-a���Ä»�̂ (perfect
fluid) +þAI��Ð ÅÒ#Q������¦ ��&ñ

�%i���.

Tµ
ν = diag(−ρ, p, p, p). (7)

¼#�î̈
ô�Ç FLRW BjàÔaË:\�"f o�u�Û¼ºú�����H ��6£§õ� °ú s�

ÅÒ#Q�����.

R = 6(2H2 + Ḣ). (8)

(5)õ� (6)Ü¼�ÐÂÒ'� \��-t� �Ð�>rs� $í
wn��<Ê�̀¦ ·ú� Ãº e����.

ρ̇ + 3H(ρ + p) = 0. (9)
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III. Rn únÞIíÄ {¢]kù;c"e �¤�¤ àÃÅ×D

f(R) ∝ Rn
+þAI�\�¦°ú���H �̧+þA\�"fÙþ�½+Ë$í
 (BBN)s�{9�

#Q±ú� r�l�_� ����o d���̀¦ >�íß�K� �Ð�¦ �&³F� ÄºÅÒ_� ����o

\�¦ [O�"î
½+É Ãº e����H n_� �̧|	��̀¦ ½̈K� �̂¦ Ãº e����. Ùþ�½+Ë
$í
s� {9�#Q±ú� r�l���H 4�¤�� Äº[jl�s�Ù¼�Ð �©�I� ~½Ó&ñ
d���Ér

p = ρ/3Ü¼�ÐjþtÃºe���¦ (9)Ü¼�ÐÂÒ'� ρ ∝ a−4 e���̀¦·ú�Ãº

e����. Û¼H�{9� ����� (scale factor)�� ��6£§õ� °ú s� ÅÒ#Q���

���¦ 
����

a(t) ∝ tα, (10)

(5)õ� (6)��H ��6£§õ� °ú s� jþt Ãº e����.

−n(α + 2n− 3)
2(2α− 1)

+
1
2

= κ2ρ

(
6α(2α− 1)

At2

)−n

, (11)

n(4n + 3α− 5)
6(2α− 1)

− n(n− 1)(2n− 1)
3α(2α− 1)

− 1
2

= κ2p

(
6α(2α− 1)

At2

)−n

. (12)

(11)ü< (12)�Ér p = ρ/3_� �©�I� ~½Ó&ñ
d��s� ÅÒ#Qt���H �â
Äº
α = n

2 �̀¦ ëß�7á¤K��� ô�Ç��. Õª�Q��� \��-t� x9��̧��H (11)�Ð
ÂÒ'�

ρ =
1
κ2

gα

(
1

At2

)2α

. (13)

#�l�"f

gα =
1
κ2

−10α2 + 8α− 1
2(2α− 1)

(
6α(2α− 1)

At2

)n

(14)

s���. 4�¤�� Äº[jl�\� \��-t� x9��̧ü< �:r�̧ ��s�_� �'a>�d��
�̀¦ s�6 x
����

ρ =
π2

30
g∗T

4 (15)

Ü¼�Ð jþt Ãº e���¦, ÄºÅÒ_� �:r�̧ü< ����o r�çß� ��s�_� �'a>�
d���Ér ��6£§õ� °ú s� ÅÒ#Qt�>� �)a��.

T =
(

15
4π3g∗

)1/4

g1/4
α M1/2

p

(
1

At1/2

)α/2

. (16)

#�l�"f g∗�Ér \��-t� x9��̧_� �©�@/�:r&h� ��Ä»�̧s���. T ≥
0s�÷&l�0AK�"f��H gα ≥ 0 [14–16]s�÷&#Q��
� 9����"f
α��H

1
2
≤ α ≤ 4 +

√
6

10
, (17)

<�Ê�Ér

1 ≤ n ≤ 4 +
√

6
5

, (18)

�̀¦ ëß�7á¤K��� ô�Ç��. 7á§ �8 y©�ô�Ç ]jô�ÇÜ¼�Ð"f Ùþ�½+Ë$í
 :£¤y�

×�æÃº�è (D) ü< ó¡�µ¢§ (4He)�ª�_� �'a8£¤Ü¼�ÐÂÒ'� ÅÒ#Q|9� Ãº

e����HX<, Ref. 16\���ØÔ��� (n−1) = (−0.86±1.9) × 10−4

(95% C.L.)Ü¼�Ð ÅÒ#Q�����. ]jô�Çd�� (18)Ü¼�Ð ÅÒ#Qt���H �â


Äº, þj��H ��5ÅqØ���½Ó�̀¦ [O�"î
½+É Ãº e����Ht� #�ÂÒ\�¦ ��6£§ �©�

\�"f 1lx%i��<Æ ì�r$3��̀¦ :�xK�"f ·ú����Ð�¦�� ô�Ç��.

IV. �ÒÞW
Ä]K¡ ÄZØV	Ä

��6£§õ� °ú �Ér 	�"é¶s� \O���H ���Ãº\�¦ �̧{9�
����

x = R
6nH2 , y = (n−1)Ṙ

HR , Ω = κ2ρ
3H2Rn , (19)

1	� p�ì�r~½Ó&ñ
d��_� 1lx%i��<Æ ��Ö�¦>� (dynamical au-

tonomous systems)�̀¦ ½̈$í
½+É Ãº e����.

x′ = f(x, y) =
1

n− 1
xy − 2nx2 + 4x, (20)

y′ = g(x, y) = nx + 1− 3x− 3w(1 + (1− n)x + y)− y2 − nxy. (21)
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Table 1. Eigenvalues of the equilibrium points A, B, C
and D.

Points Eigenvalues

A (2, 4n−5
n−1

)

B ( 4n−3
n−1

,−2)

C ( (−3+13n−8n2)
(−1+n)(−1+2n)

, −4n+5
n−1

)

D (λ1, λ2)

#�l�"f ��6£§_� ½̈5Åqd���̀¦ s�6 x
�#� Ω\�¦ ]j��
�%i�Ü¼ 9

1 + (1− n)x + y − Ω = 0, (22)

′
�Ér N ≡ ln a\� @/ô�Ç p�ì�r�̀¦ �����·p��.
d�� (20)õ� (21)\�"f x′ = 0, y′ = 0Ü¼�Ð ńuÜ¼�Ð+�

f(x, y) = 0, g(x, y) = 0�̀¦ ëß�7á¤
���H �¦&ñ
&h� <�Ê�Ér î̈
+þA
&h� (equilibrium points)�̀¦ %3��̀¦ Ãº e����.

A : (0,−1)

B : (0, 1− 3w)

C : (
4n− 5

(2n− 1)(n− 1)
,
2(n− 2)
2n− 1

)

D : (−3− 4n + 3w

2n2
,−3(−1 + n)(1 + w)

n
)

þj��H ÄºÅÒ_� ��5ÅqØ���½Ó�̀¦ [O�"î

�l� 0A
�#� ·ú¡Ü¼�Ð_� �7H

_���H Óüt|9� Äº[jl� (matter dominated era) 7£¤ �©�I� ~½Ó&ñ


d�� ���Ãº�� w = 0��� �â
Äºëß��̀¦ �¦�9ô�Ç��. s� î̈
+þA&h�[þts�

ÅÒ#Q��� ×�æ§4� �̧+þA_� =åJ>h (attractor) ���t� <�Ê�Ér îß��©�&h�

(saddle point)���t� SX�����̀¦ 0AK�"f��H î̈
+þA&h�_� îß�&ñ
$í
�̀¦

SX����½+É ��¹כ��9 e����. î̈
+þA&h�[þt_� îß�&ñ
$í
�̀¦ SX����
�l� 0A


�#� x, y\�¦ x+δx, y+δy�Ð[O�1lx�̀¦r�(���̀¦M: î̈
+þA&h�\�"f

µ1Ïíß�
���Ht� <�Ê�Ér ���1lx
���Ht�\�¦ SX����K��� ô�Ç��. î̈
+þA&h�

[þt_� îß�&ñ
$í
 #�ÂÒ��H d�� (20)õ� (21)_� f(x, y)ü< g(x, y)_�

���ïq�îß�_� �¦Ä»°úכ [17]�̀¦ >�íß�K�"f ·ú����̂¦ Ãº�̧ e����.

f(x, y)ü< g(x, y)_����ïq�îß�'��§>= (Jacobian matrix)�Ér��

6£§õ� °ú s� ÅÒ#Qt� 9

J(x, y) =

[
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

]
=

[
1

n−1y − 4nx + 4 1
n−1x

n− 3− 3w + 3nw − ny −3w − 2y − nx

]
(23)

s� ���ïq�îß� '��§>=_� �¦Ä»°úכ�Ér Table 1\� &ñ
o�÷&#Q e����.

Table 1\�"f �¦&ñ
&h� D_� �¦Ä»°úכ�Ér ��6£§õ� °ú s� ÅÒ#Q
t���HX<

λ1 = − 3
4n
− 1

4n(n− 1)

√
(n− 1)P (n), (24)

λ2 = − 3
4n

+
1

4n(n− 1)

√
(n− 1)P (n), (25)

#�l�"f

P (n) = −81 + 417n− 608n2 + 256n3, (26)

s���.

î̈
+þA&h� A_� �â
Äº, n > 5
4 s����� n < 1 s���� �¦Ä»°úכ

�Ér Ñüt �� �ª�_� ÂÒ ñ\�¦ °ú�>� ÷& 9 ����"f î̈
+þA&h��Ér Ô�¦îß�

&ñ

�>� �)a��. Fig. 2_� À1Ïçß�&h��Ér î̈
+þA&h� A\�¦ ����?/ 9,

Fig. 2(a), 2(c)Õªo��¦ Fig. 2(d)\�¦�Ð>�÷&��� î̈
+þA&h� A��H
Ô�¦îß�&ñ
ô�Ç &h�e���̀¦ ·ú� Ãº e����. ìøÍ���\� 1 < n < 5

4 s���� �¦

Ä»°úכ�Ér y��y�� �ª�_� ÂÒ ñü< 6£§_� ÂÒ ñ\�¦ °ú�l� M:ë�H\� îß��©�

&h�s��)a��. Fig. 2(b)\�"fÀ1Ïçß�&h� (î̈
+þA&h� A)��Hîß��©�&h�e��

�̀¦ SX����½+É Ãº e����.

Fig. 1. (Color online) P (n) as a function of n. P1, P2
and P3 denote the roots of P (n) = 0, respectively.

Fig. 2\�"f ��êøÍ&h��Ér î̈
+þA&h� B\�¦ ����?/ 9 n < 3
4 s�

���� ¢̧��H n > 1s�����ª�_��¦Ä»°úכõ�6£§_��¦Ä»°ú̀�כ¦y��y��
��t�Ù¼�Ðîß��©�&h�s��)a��. Fig. 2\�"f��êøÍ&h��Ér �̧¿ºîß��©�
&h�e���̀¦�Ð#�ÅÒ�¦e����.ìøÍ��� 3

4 < n < 1����â
Äº�¦Ä»°úכ�Ér
�̧¿º 6£§_� °ú̀�כ¦ ��t�Ù¼�Ð (0,1)�Ér îß�&ñ
&h���� î̈
+þA&h�s� �)a
��.
î̈
+þA&h� C��H n < R1 ≡ 1

16 (13−
√

73), 1
2 < n < 1, Õªo�

�¦ R2 ≡ 1
16 (13 +

√
73) < n %ò
%i�\�"f �¦Ä»°úכ�Ér �̧¿º 6£§
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Table 2. Stability of the fixed points A, B, and C.

Points n < R1 R1 < n < 1
2

1
2

< n < 3
4

3
4

< n < 1 1 < n < 5
4

5
4

< n < R2 R2 < n

A unstable unstable unstable unstable saddle unstable unstable

B saddle saddle saddle stable saddle saddle saddle

C stable saddle stable stable unstable saddle stable

Table 3. Stability of the fixed point D.

Points n < R1 R1 < n < P1 P1 < n < P2 P2 < n < 3
4

3
4

< n < 1 1 < n < P3 P3 < n < R2 R2 < n

D saddle stable stable spiral stable saddle stable spiral stable saddle

Fig. 2. (Color online) Phase portrait with (a) n = 1.5,
(b) 1.13,(c) 0.55 and (d) n = −1.5. The red, blue, green
and yellow circles represent the fixed points A, B, C and
D, respectively. The green circle in 2(c) locates at out-
side of the figure box.

Ãº��÷&Ù¼�Ðîß�&ñ
&h����=åJ>h���)a��. Fig. 2\�"f�í2�¤&h��Ér
î̈
+þA&h� C\�¦ ����?/ 9, Fig. 2(a)õ� 2(d)��H �í2�¤&h�s� îß�&ñ

&h���� =åJ>h�� H�d�̀¦ �Ð#�ÅÒ�¦ e����. Fig. 2(c)_� �â
Äº�̧ î̈

+þA&h� C��H îß�&ñ
&h���� =åJ>h�� ÷&t�ëß� �í2�¤&h��Ér ÕªaË> %ò
%i�
µ1Ú\� Z�~#� e��#Q"f ³ðr���H ÷&#Q e��t� ·ú§��. R1 < n < 1

2

¢̧��H 5
4 < n < R2 %ò
%i�\�"f��H �¦Ä»°úכ�Ér y��y�� �ª�Ãºü< 6£§

Ãº_� °ú̀�כ¦ ��t�Ù¼�Ð îß��©�&h�s� �)a��.
Fig. 2(b)��H �í2�¤&h�s� Ô�¦îß�&ñ
ô�Ç &h�e���̀¦ ����?/�¦ e����H
X< 1 < n < 5

4 %ò
%i�\�"f��H�¦Ä»°úכs� �̧¿º�ª�_�°ú̀�כ¦��t�

Ù¼�ÐÔ�¦îß�&ñ
ô�Ç î̈
+þA&h�s��)a��. Table 2\�"f î̈
+þA&h� A, B,
Õªo��¦ C_� îß�&ñ
$í
\� �'a
�#� &ñ
o�\�¦ 
�%i���.
î̈
+þA&h� D_� �â
Äº��H d�� (24)õ� (25)\�"f n_� °úכ�Ér Óüt�:r

�<ÊÃº P (n)\� ����"f îß�&ñ
$í
s� ²ú��������. Äº��� P (n)_�
n\� @/ô�Ç �̧�ª��̀¦ Fig. 1\� Õª§4�Ü¼ 9 P (n) = 0s� ÷&��H

n_� °ú̀�כ¦ y��y�� P1, P2 Õªo��¦ P3�Ð ³ðr�
�%i���. (n −
1)P (n) < 0s����d�� (24)õ� (25)\�"f]jY�L��Hs�)�Ãº��÷&
l� M:ë�H\� �¦Ä»°úכ[þt�Ér 4�¤�èÃº�� �)a��. s� �â
Äº �¦Ä»°úכ_�
z�́ÃºÂÒ�� 6£§Ãº�� ÷&��� �����+þA_� =åJ>h (stable spiral)s�
÷& 9 z�́ÃºÂÒ�� �ª�Ãº�� ÷&��� Ô�¦îß�&ñ
ô�Ç &h�s� �)a��. P1 ≈
0.33 < n < P2 ≈ 0.71õ� 1 < n < P3 ≈ 1.32��H �¦Ä»°úכ
λ1õ� λ2�� 4�¤�èÃº�� ÷& 9 n > 0 s���� �½Ó�©� z�́ÃºÂÒ��H 6£§
Ãº��÷&Ù¼�Ð�����+þA_�îß�&ñ
&h�s��)a��. Fig. 2\�"f î̈
+þA&h�
D�Ér �̧êøÍ&h�Ü¼�Ð ³ðr�÷&%3�Ü¼ 9, Fig. 2(b)ü< Fig. 2(c)��H
4�¤�èÃº �¦Ä»°úכ��� �â
Äº\� K�{©��)a��. s� ¿º ÕªaË>\�"f �̧
êøÍ&h��Ér �����+þA =åJ>he���̀¦ SX����½+É Ãº e����. n < 0 s�����
3
4 < n < 1 ¢̧��H R2 < n s���� λ1 < 0 Õªo��¦ λ2 > 0 s�
Ù¼�Ð îß��©�&h�s���. 0 < n < R1��� �â
Äº��H λ1 > 0s�t�ëß�
λ2 < 0s� ÷&#Q %i�r� îß��©�&h�s� �)a��. Fig. 2(a)õ� 2(d)_�
�̧êøÍ&h��Ér îß��©�&h�e���̀¦ SX����½+É Ãº e����. î̈
+þA&h� D_� îß�&ñ

$í
\� �'a
�#� Table 3\� &ñ
o�
�%i���.

Table 2ü< Table 3_� î̈
+þA&h�[þts� ��5ÅqØ���½Ó_� K�\�¦ ×�¦
Ãº e����Ht� ·ú����Ð�¦�� ô�Ç��. (5)õ� (6)�̀¦ ��6£§õ� °ú s� æ¼
���

3H2F = κ2ρ +
1
2
(RF − f)− 3HḞ ≡ κ2ρeff , (27)

−2ḢF = κ2(ρ + p) + F̈ −HḞ ≡ κ2(ρeff + peff ),

(28)

Ä»ò́�©�I�~½Ó&ñ
d�����Ãº (effective equation of state param-
eter) weff��H

weff =
peff

ρeff
= −1− 2Ḣ

3H2
(29)

=
1
3
− 2n

3
xC , (30)

�Ð ÅÒ#Q�����. #�l�"f xC��H x_� �¦&ñ
&h� °ú̀�כ¦ _�p�ô�Ç��.
y��5ÅqØ���½Ó ���Ãº (decelerateion parameter) q\�¦ s�6 x
�

��� (30)�Ér

q = −1− Ḣ

H2
= 1− nxC , (31)
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�Ð ÅÒ#Q�����. ��5Åq Ø���½Ó�̀¦ 0AK�"f��H q < 0s�#Q�� 
�Ù¼�Ð
î̈
+þA&h� Aü< B��H ��5Åq Ø���½Ó_� K�\�¦ ×�¦ Ãº \O���. î̈
+þA&h�
C_� �â
Äº��H

n <
1
2
(1−

√
3) ¢̧��H

1
2

< n < 1 ¢̧��H n >
1
2
(1+

√
3),

(32)
\�¦ ëß�7á¤
���� ��5Åq Ø���½Ó_� K�\�¦ ×�¦ Ãº e����. (32)\�"f ÅÒ
#Q��� n_�%ò
%i��Ér]jô�Çd�� (18)õ�ëß�7á¤
���H#3�0A���>rF�
�
t� ·ú§��H��. ����"f î̈
+þA&h� A,B Õªo��¦ C\�"f��H ]jô�Çd��
(18)�̀¦ ëß�7á¤
���H ��5ÅqØ���½Ó_� K��� �>rF�
�t� ·ú§��H��. î̈

+þA&h� D��H q < 0_� �̧|	��̀¦ ëß�7á¤
�l� 0A
�#�

n < 0 ¢̧��H n >
3
2
, (33)

�̀¦ ëß�7á¤
�#��� ô�Ç��. 
�t�ëß� (33) %i�r� ]jô�Çd�� (18)�̀¦ ëß�
7á¤
���H n_� #3�0A�� �>rF�
�t� ·ú§��H��. ����"f f(R) ∝
RnÜ¼�Ð ÅÒ#Qt���H ���+þA�)a ×�æ§4�\�"f��H ]jô�Çd�� (18)�̀¦ ëß�
7á¤
���H î̈
+þA&h�s� �>rF�
�t� ·ú§��H��.

V. +sÇ Â]Ø

�:r���½̈\�"f��H�����Ã»�����_�{9�ìøÍ�©�@/$í
s��:r\�"f���

+þA�)a f(R) ∝ Rn_� ���+þA�)a ×�æ§4� s��:r�̀¦ �¦�9
�%i�Ü¼ 9,
Ùþ�½+Ë$í
r�l�_��:r�̧����od��Ü¼�ÐÂÒ'� 1 ≥ n ≥ 4+

√
6

5 �̀¦ëß�

7á¤K��� �<Ê�̀¦ SX����Ùþ¡��. ¢̧ô�Ç Rn
×�æ§4� s��:r\�"f 1lx%i��<Æ

��Ö�¦>�\�¦ ½̈$í

�%i��¦,���ïq�îß�'��§>=_��¦Ä»°úכÜ¼�ÐÂÒ'�
1lx%i��<Æ ��Ö�¦>�_� î̈
+þA&h�[þt_� îß�&ñ
$í
�̀¦ &h����
�%i���. Ãº
u�&h�Ü¼�Ð 0A$í
C�&h��̀¦ Õª�94�§Ü¼�Ð+� î̈
+þA&h�_� îß�&ñ
$í
�̀¦

SX����
�%i���. Óüt|9� Äº[jl�\� ��5Åq Ø���½Ós� ��0px
�l� 0AK�
"f��H weff < − 1

3s����� q < 0s�#Q�� ô�Ç��. î̈
+þA&h� C��H
n < 1

2 (1−
√

3) ¢̧��H 1
2 < n < 1 ¢̧��H n > 1

2 (1+
√

3)�̀¦ ëß�
7á¤
������5ÅqØ���½Ó�̀¦½+ÉÃºe����.³ð 2\�"f0A%ò
%i��Ér �̧¿º
=åJ>h��H�d�̀¦·ú�Ãºe����. î̈
+þA&h� D��H n < 0 ¢̧��H n > 3

2\�¦

ëß�7á¤
���� ��5ÅqØ���½Ó_� K�\�¦ ×�¦ Ãº e����. î̈
+þA&h� Cü< ²ú�o�
0A_� %ò
%i��Ér îß��©�&h�s���. 
�t�ëß� î̈
+þA&h� Cü< D_� ��5Åq
Ø���½Ó_� ��0pxô�Ç n_� %ò
%i��Ér Ùþ�½+Ë$í
 r�l�_� �:r�̧ ����od��

Ü¼�ÐÂÒ'� ½̈ô�Ç n_� #3�0Aü< {9�u�
�t� ·ú§��H��.
·ú¡Ü¼�Ð f(R) ∝ Rnõ� ���Ér +þA×��_� f(R) ���+þA ×�æ§4� s�
�:r�̀¦ �¦�9K� �Ð�¦ Ùþ�½+Ë$í
 �'a8£¤õ� {9�u�
����"f ��5ÅqØ���½Ó

�̀¦[O�"î
½+ÉÃºe����H���+þA�)a×�æ§4�s��:r�̀¦¹1Ô���Ð��H���ÉrB	כ

Äº <Éªp��Ðî�r ÅÒ]j�� |̈c �.���s	כ

Pcp��8ý òk>

s��7Hë�H�Ér 2015�<Æ�̧��̧ ]jÅÒ@/�<Æ�§�<ÆÕüt���<Éª���½̈q� t�
"é¶��\O�\� _�
�#� ���½̈÷&%3�_þvm���.
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