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Abstract Inthis work we focus on the effects of Starobinsky—

Bel-Robinson (SBR) gravity parameter and external mag-
netic field on the motion of charged test particles and mag-
netic dipoles moving around a black hole in the selected grav-
ity theory. We take the external magnetic field to be uniform
and aligned along the axis of symmetry. Our results reveal
that the effect of the SBR gravity parameter is very strong in
the close environment of the central black hole while in the
farther distances this effects diminishes very quickly. We see
that the effect of the external magnetic field on the particle
motion is always dominating over the SBR gravity parameter
in farther distances. We show that for the motion of charged
test particles the magnetic interaction can mimic the spin
up to very rapid rotations for prograde motion of particles,
while for the motion of magnetic dipoles magnetic interac-
tion can mimic the spin completely for retrograde motion of
such particles. We observe that in both scenarios, the SBR
gravity parameter behaves as a weak mimicker of the spin of
Kerr black hole. We apply the outcomes of our study to the
scenario where a neutron star is assumed to behave as a mag-
netic dipole moving around the supermassive black hole Sgr
A* to investigate how the magnetic field and the SBR grav-
ity coupling parameter 8 affect the orbits of neutron stars
orbiting the supermassive black hole.
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1 Introduction

One of the most intriguing objects in astrophysics are black
holes (BHs). The astrophysical processes around BH are
mostly described by the general relativity (GR). GR has been
successfully tested in both weak (using, e.g. solar system
tests [1,2]) and strong field regimes (using gravitational wave
observation [3] and observation of shadow of BHs [4]). How-
ever, current resolution of these experiments/observations
leaves open windows for testing modified or alternative the-
ories of gravity. One needs some modifications and alterna-
tives to the GR in order to resolve some fundamental issues
(singularity, non-compatibility with quantum field theory,
problems related to nature of dark energy/matter) with this
theory of gravity. One of the modifications of GR is known
as the the SBR model. The SBR model involves modification
due to the addition of quadratic terms, incorporating the Bel—
Robinson tensor and the Ricci scalar, within the Einstein—
Hilbertaction [5,6]. The SBR modified gravity theory is asso-
ciated with the low-energy eleven-dimensional string theory
or M-theory. This theory is distinguished by a dimension-
less coupling parameter, 8 > 0, which can be determined
through the compactification process of the M-theory [7].
The parameters of the SBR theory of gravity makes this the-
ory applicable in the BH Physics and inflationary Cosmology
[6].

The structure of the electromagnetic field around com-
pact objects plays very important role in astrophysics. Strong
gravity through the spacetime curvature affects the electro-
magnetic field. One needs to take into account the effects
of gravity while considering the effect of magnetic field on
radiation mechanisms of neutron stars [8,9]. On the other
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hand, during the collapse the proper magnetic momentum of
the star will decay with the time and at the final stage BH
will not have own magnetic field [10]. No-hair theorem also
claims that BH may not have own magnetic field [11]. How-
ever, astrophysical BH may be surrounded by external elec-
tromagnetic field caused by the companion star or accretion
disc containing electric current [12]. It was R. Wald who first
obtained the solution of Maxwell equation around rotating
BH immersed in external asymptotically uniform magnetic
field. This toy model qualitatively describes the electromag-
netic field structure change due to spacetime structure.

Test particle motion may play a role of probe of met-
ric theories of gravity. On the other hand the charged and
magnetized particle dynamics maybe used to test both elec-
tromagnetic and curvature structure surrounding BHs. A big
number of works have been devoted to study the dynamics
of charged and magnetized particles around compact object
in different gravity models [13-30]. Particularly, the circu-
lar orbits provides more information about the central object
[31]. Innermost stable circular orbits (ISCO) of the parti-
cles around BHs is one of the main features of the GR. The
inner edge of the accretion disc around BHs are associated
with ISCO. Thus ISCO may provide a useful tool to com-
pare the theoretical results and the observations in order to
get parameter estimation/constraint [32]. We would like to
highlight that our prior research has thoroughly examined
the characteristics of diverse BH solutions, employing vari-
ous approaches as detailed in [33—46].

In this paper we study the dynamics of the charged and
magnetized particles around a BH described in the SBR grav-
ity. The paper is organized as follows. We start with the
review of the spherically symmetric and static BH solution in
the SBR gravity in Sect. 2. The Sect. 3 is devoted to the anal-
ysis of the charged particle motion in the vicinity of the BH in
the SBR theory of gravity. The magnetized particles dynam-
ics around the static BH in the SBR gravity are explored in
Sect. 4. We consider some astrophysical applications of the
obtained results in Sect. 5. Finally, we conclude our results
in Sect. 6.

2 Schwarzschild-type black hole in the
Starobinsky—Bel-Robinson gravity

In this section we revisit the spacetime structure of the static
and spherically symmetric BH solution within the context of
the SBR gravity, which is embedded in the M-theory existing
in an eleven-dimensional spacetime [47]. The M-theory is on
a bosonic sector is a string theory that incorporates a metric
and a tensor 3-form CMND, which are coupled to M2-branes
and dual to M5-branes [48]. By employing the compactifi-
cation mechanism along with the inclusion of stringy fluxes,
required for the stabilization scenarios, one can derive cor-
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responding four-dimensional gravity models [7,47]. In sim-
pler terms, the action of the SBR theory of gravity can be
expressed as follows:

M? R? B
S —_—’”/d“ V=g|R+— - ——P>-3%]|.
SBR > x/=g 612 32M16;z( g7
(1)

In the last equation, g represents the determinant of the
metric tensor, M ,; denotes the reduced Planck mass, which
can be approximated as M, = 1/vV/87G ~ 2 x 10'8GeV,
and R represents the Ricci scalar curvature. The free mass
parameter p can have various interpretations depending on
the nature of the specific theory being studied. The quadratic
contributions PZ and G? are associated with the Pontryagin
and Euler topological densities, respectively. The final term
is connected to the Bel-Robinson tensor, as explained in ref-
erences [7,47].

1
TH T, = Z“’z -G% 2)

where the new 4-rank tensor

HUVAO __ pUPYAL pVO UPYOT pVA
T =R R,, + R R,

1
_ ngVR,OVOU»R;Va 3)

is introduced.

The action of the SBR gravity introduces two additional
parameters, u and B, compared to the Hilbert action in GR.
This modification has been utilized to obtain novel phys-
ical models, such as inflationary model of Cosmology. In
the context of the SBR gravity, static Schwarzschild-like BH
solution was derived, and the parameter u was determined
by solving the equation of motion [7]. It was shown that the
thermodynamic properties of this static BH are affected by
the stringy gravity parameter . Consequently, the line ele-
ment of this Schwarzschild-like solution can be expressed as
follows:

ds® = — F(dE? + ——dr® + 12 )
£

where the metric function f(r) is

fy=1-"+ 5%6”3 (:_3)g (108-972). ()

Additionally, we have ry = 2M, where M represents the
total mass parameter of the BH.
3 Charged particle motion
3.1 Magnetic field around compact object

By utilizing the Wald method [12], it is possible to identify
the elements of the four-vector potential that align with the
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magnetic field, in the following manner:

1
Al = (O, 0,0, 53) . 6)
With the metric (4) at hand, it is possible to express the covari-
ant components as

1
Al/- = (0, 0, 0, 53g¢¢> . (7)

One can now derive the expression for the magnetic field
surrounding a compact object. The four-velocity of the proper
observer is provided by

U* ={1/v/=81.0,0,0} . (8)

Subsequently, the orthonormal components of the magnetic
field, with respect to the selected frame, can be expressed as
follows [49].

szBcoseBézB fsin6. )

In the limit of the Newtonian weak field regime, where
M/r — 0, the components of the magnetic field transform
into

B" = Bcos6 B’ = Bsin6 (10)

which is consistent with the Newtonian limit.

3.2 Circular motion of charged test particle around a BH in
the SBR theory of gravity

Here, we briefly examine the equation of motion governing
a charged particle orbiting the compact object in the SBR
gravity. It is advantageous to employ the Hamilton-Jacobi
equation for particle motion around central objects, as is
the situation here. When an external electromagnetic field
is present, this equation takes the form:

g“ﬁ(as +eA )<£+eA ):—m2 (11)
dx * )\ oaxp g ’

where e and m denote the electric charge and mass of the test
particle, respectively. Equation (11) does not exhibit sepa-
rability in non-integrable systems. In such instances, Equa-
tion (11) is substituted with a Hamiltonian formalism [50—
55]. Nonetheless, when exploring test particle motion in the
equatorial plane, Eq. (11) can be rephrased in the following
separable form:

S=—Et+Ld+S +Sp. (12)

Here, E and L represent the energy and angular momen-
tum of a test particle, respectively. Therefore, the equation
of motion for a unit mass test particle is given by

£ 1 [as\* 1 e \2
g & \Or 8o m

Here, £ = E/m and L = L/m represent the specific
energy and angular momentum of a test particle, respectively.

For test particles moving in the equatorial plane (6 =
7 /2), the radial motion

&2 = €=V (E + Vepp) (14)

gl‘[

can be used to determine the effective potential which reads

(L — wpgpp)?
Ves = \/ g (—‘7"” +1), (15)
8¢9
where wp = —eB/(2mc) denotes the charged particle’s

cyclotron frequency, which is related to the interaction of
the charged particle with the external magnetic field. Fig-
ure | illustrates the radial dependence of such an effective
potential. Left panel illustrates that increase of the parame-
ter B strengthens the effective potential considerably for the
fixed angular momentum and particle’s cyclotron frequency.
The right panel however, shows that the effect of the mag-
netic field is not monotonic everywhere. We see that in the
presence of the parameter S magnetic field effects changes
with the distance between the central compact object and
the test particle. For bigger distance one can see that lines
are going up monotonically. This is due to the chosen model
where we assume that the entire space is filled with uniform
magnetic field whose Lorentz force becomes stronger com-
pared to the gravitational attraction at far distances. Since we
are primarily interested in the vicinity of BHs, this does not
significantly affect the phenomena we are focused on.

The following standard conditions can be established for
a particle moving in a circular orbit in the equatorial plane:

Veff - 5, Véff =0 (16)

which causes a charged test particle’s angular momentum to
have the radial dependence, shown in Fig.2. In the space-
time described by Eq. (4), the parameter 8 has a repulsive
effect. For non-zero values of B, the ISCOs are expected to
decrease for a given angular momentum. As the radial coor-
dinate decreases, the repulsive force due to the parameter j
becomes more significant. Consequently, particles can main-
tain circular orbits with smaller angular momentum. When
the repulsive force surpasses the attractive force, the angu-
lar momentum becomes zero. Below this critical distance,
circular orbits for particles are not possible. It can be demon-
strated that negative values of angular momentum, indicating
motion in the opposite direction, have a dependence on the
radial coordinate that is symmetric with respect to the r-axis
on the graph shown in the Fig.2
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3.3 Innermost stable circular orbits

We study the ISCO around a compact object in the SBR grav-
ity submerged in an asymptotically uniform magnetic field
in this subsection. We attempt to provide an answer to the
question of how the parameters 8 and wp can resemble the
rotation parameter a of the well-known Kerr solution, based

@ Springer

on the results obtained. The objective is to establish a con-
strained relationship between the rotation parameter and the
parameters 8 and wp for a given ISCO radius, provided that
the mentioned parameters can simulate the rotation param-
eter of the Kerr BH. Initially, we look into the relationship
between the parameters of interest and the ISCO radius. In
order to accomplish this, one can amend the conditions (16),
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Fig. 4 Degeneracy plot that shows the correspondence between the rotation parameter a of the Kerr metric, and wp and B parameters

reading

Vorp = (17)

By considering these three conditions (along with Eq.
(16)), it is possible to visualize the interdependence between
the ISCO radius and the parameters § and wp as illustrated in
Fig. 3. The plotted graphs clearly demonstrate that increasing
the values of both 8 and wp leads to a reduction in the ISCO
radius experienced by a charged test particle. It is evident
from the left panel that as the 8 parameter is increased to
a certain value, the ISCO radius goes down monotonically
up to specific value depending on the value of the external
magnetic field. From the right panel one can see that ISCO
radius has a maximum value in the absence of the external
magnetic field. One can also notice that for bigger values of
the spacetime parameter 8 the length of the lines becomes
shorter suggesting that existence of the ISCOs is restricted
by this parameter.

Ultimately, our goal is to address the initial question posed
at the start of this subsection: to what extent can the param-
eters B and wp emulate the rotation parameter a of the Kerr
metric for the matching ISCO radii? By understanding how
the ISCO behaves in the presence of the rotation parameter in
the case of the Kerr metric, one can visualize the relationship
between these parameters, depicted in Fig. 4. In the left panel
the degeneracy lines for @ and wp are shown, when S takes
fixed values. In the right panel, it is evident that 8 parameter
itself (i.e in the absence of external magnetic field) can imi-
tate the rotation parameter only up to approximately ~ 0.2
in the absence of an external magnetic field. However, with
the “help” of external magnetic field it is possible to mimic
the spin of the pure Kerr BH up to bigger values of the spin
parameter.

Figure S depicts the degeneracy, diagram is showing the
relationship between the parameter 8 and the magnetic cou-
pling parameter wp for several predetermined ISCO radius
values. Itis apparent that the magnetic interaction exerts a sig-
nificantly more pronounced influence compared to the effect
of the spacetime parameter f3.
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Fig. 5 Degeneracy plots for 8 and wp for given values of ISCO radii

The trajectories of orbits near the BH are shown in Fig. 6.
In the top two panels we vary magnetic interaction parameter,
keeping fix B, while in the bottom two we fix the magnetic
interaction parameter and change the parameter 8. In the
plots, dashed lines show the boundary of trajectory of a par-
ticle in x-z plane. From the comparison of top two panels we
can see that decrease of the magnetic interaction parameter
reduces the boundary size in the z direction but increases in
the x (radial) direction. When one compares the middle one
with the third panel it can be seen that there is a negligible
change in the boundary of the trajectories, but the shape of
the trajectories experiences considerable change.

4 Magnetic dipole motion: The SBR gravity black hole
versus the Kerr black hole

The motion of the magnetic dipole surrounding the SBR
gravity compact object submerged in an asymptotically uni-
form magnetic field is the main topic of discussion in this
section. The magnetic dipole’s Hamilton-Jacobi equation of

@ Springer



694 Page 6 of 12

Eur. Phys. J. C (2024) 84:694

15 15
10 10
5 5
z 0 y O
-5 _5
-10 -10
_15 ro=9., 6p=1.1 115 1
-15-10-5 0 5 10 15 -15-10-5 0 5 10 15
X X
13 £23.6, 8209 15
10 10
5 5
z 0 y O
-5 -5
-10 -10
A 10=10., Bo=1.1 o
-15-10-5 0 5 10 15 -15-10-5 0 5 10 15
X X
15 15
10 10
5 5
z 0 y O
-5 -5
-10 10
A 10=10., Bo=1.1 i
-15-10-5 0 5 10 15 -15-10-5 0 5 10 15
X X

Fig. 6 Trajectories of test particles (depicted as solid curves) around
the BH are illustrated within the confines of the shaded circle, excluding
the consideration of external electric fields. The fourth column displays
the 3D particle trajectories, while the first and second columns represent

motion is as follows

1 2
(- doera)

The antisymmetric polarization tensor, D*¥, in this case
specifies the particle’s electrodynamics characteristics. Here
we assume that the particle is electrically neutral, ¢ = 0, and
that only the magnetic moment y itself can describe the polar-
ization tensor. It is important to note that the motion of the
magnetic dipole with an electric charge can also be investi-
gated in a different way by taking the left hand side of Eq. (11)
rather than the one in Eq. (18). In this work, however, we want
to apply the motion of the magnetic dipoles to magnetized
neutron stars, which can be considered as electrically neutral
test particles with nonvanishing magnetic dipole moment,

w98 95 _
dxH dxV

(18)
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B=0.003, w=0.05

15

their 2D orientations. By employing the principles of energy and angular
momentum conservation, we can represent the 4D configuration space
(t, x,y, z)in a 2D graph (third column), where the motion boundary is
delineated using the effective potential (dotted-dashed curves)

orbiting around supermassive BHs. We can use a neutron
star as a test particle traveling in the considered spacetime
because the mass of a supermassive BH is significantly larger
than the mass of a neutron star. Thus, from now on, we will
only be concentrating on the motion of an electrically neutral
magnetic dipole. The elements of this tensor in this instance
can be expressed as [56].

DM = 1P ug g, (19)
which satisfies the following condition:
D*u, =0, (20)

where the magnetic dipole’s four-momentum is described by
Ma> Fuv=0,A,-0,A, is electromagnetic field tensor which
is also expressed in terms of the electromagnetic field’s con-
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stituent parts as
Fuy = —Nuvap B uP +2[u, E, 1. (21)

Here the Levi—Civita symbol €,g5, is defined as follows:
Napoy 18 the pseudo-tensorial form of this symbol.

——¢Pov (22)

NaBoy = v —8€aBoy> ﬂaﬁw = \/_—g

With the spacetime metric (4) g=det| g, |= —r*sin? 6 and

+1, for even permutations
€ypoy = § —1, for odd permutations (23)
0, for the other combinations

After utilizing (19) for the contraction and (20) for (21),
one can write

D" F,, =2u%By =215 By (24)

Because of the external test magnetic field’s weakness, we
will consider the magnetic interaction between the magnetic
dipole and the external magnetic field to be sufficiently weak
for the sake of simplicity. Consequently, we can use the
approximation (D’”]—'W)2 — 0. It is anticipated that a par-
ticle’s magnetic momentum will align with an external mag-
netic field in a given situation. Assuming a particle moving at
the equatorial plane (9 = 7/2), the magnetic moment u? is
consistent with the lowest energy condition of the magnetic
dipole, since this magnetic field has only a normal compo-
nent B to this equatorial plane. Then, the scalar product (24)
is

D*F,, =2uBA (25)
Here, considering Eq. (9), A(r) defines the proportionality
function, and for B?, reads

A= F)(f(r) - Q)7 (26)

By inputting the scalar product of D*” and F*" into Eq. (18)
of motion, the effective potential at the equatorial plane can
be determined as

1 — oA+ g?0L2
Verr = \/ —_g”g (27)

where « =2uB/m.

The electromagnetic interaction between a magnetic
dipole and an external magnetic field is defined by the mag-
netic coupling parameter, «. When a normal neutron star with
a magnetic dipole moment of u = (1/ 2)BNSR13V g circles a
supermassive BH for instance, in real astrophysical scenar-
ios, the coupling magnetic parameter is

11 / Bys Rys \° [ Bext\ (mns\ "
o~ — (28)
250 \ 102G ) \ 106em ) \10G ) \ Mg

where Rys and mygs stand for the neutron star’s mass and
radius, respectively, and By s is the magnetic field at the star’s
surface. Figure7 shows a plot of the effective potential’s
radial dependence. We observe that the magnetic dipole’s
effective potential behaves similarly to that of the charged
particle in relatively closer orbits but for relatively far dis-
tances one can notice the difference.

By using the same conditions (16) for the particle’s trajec-
tory to be circular, one can readily derive the equations for
the angular momentum and the energy of the test particle.

When a particle’s orbit at the equatorial plane is circular,
the radial dependence of the particle’s angular momentum is
illustrated in Fig. 8. One can again see the similarity of the
behavior of the lines with the electrically charged test particle
in the close distances from the central BH. However, once
again, they behave differently at far distances.

After acquiring the effective potential and the radial varia-
tion for the angular momentum, one can proceed to examine
the ISCO for a magnetic dipole in motion at the equatorial
plane. We can utilize either the condition specified in Eq. (17)
or the angular momentum to ensure a minimum at the ISCO
radius. Consequently, the representation of the ISCO radius
in terms of the parameter $ and the magnetic coupling param-
eter « is depicted in Fig. 9. The right panel shows the impact
of B for several values of «, while the left panel illustrates the
effect of the magnetic coupling parameter for different values
of the parameter 8. The left plot reveals that as the magnetic
coupling parameter increases, the ISCO radius also increases
especially, at around o = 0.3 it goes up exponentially. From
the right panel it can be seen that the effect of the parameter
B on the ISCO radius is very weak as compared with the
magnetic coupling parameter.

5 Astrophysical applications of the study

A critical and relevant concern within relativistic astro-
physics involves examining the theory of gravity through
the study of the motion of test magnetic dipoles, particu-
larly in relation to the movement of neutron stars (pulsars
and/or magnetars) treated as test magnetic dipoles around
supermassive BHs. This exploration offers an opportunity to
probe both gravitational and electromagnetic fields around
a supermassive BH, as their precise pulses in observations
can aid in measuring distance through the Doppler effect.
Through observations of such scenarios, it becomes evident
that a neutron star may be situated near a galactic center. At
present, the task of locating radio pulsars is notably challeng-
ing due to the Compton scattering of radio pulses within a
densely charged electron gas encircling the Sgr A*. The dis-
covery of the first and so far the only neutron star-magnetar,
named SGR 1745-2900, around Sgr A* occurred in 2013
[57]. In our calculations, we utilize the parameters of the

@ Springer



694 Page 8 of 12

Eur. Phys. J. C

(2024) 84:694

25F
20
i
i
_15F u/
5 e
& W
W
Lop o,
W
N
05F !
LT
L1l
LT}
00 lll

L

LM=6 a=02

20

25

/™M

30

35

40

160
3 a=0.0
1
1
140 LM=6 B=0.002 a=02
R, mmmee a=04
[] Qg‘
L \\‘\‘~
120 1
] DS
1 DATOEN
s Sose Seel
" o Vs S
[] Sel. S meaal
1.0k e T ]
] So. Tmeeall
] e T T T,
[ S el
L e T
12 e
0.8l 1 1 1
5 10 15
™

Fig. 7 Effective potential for various values of the 8 (left panel) and magnetic interaction (right panel), as a function of r/ M

10 o 7
----- a=0.0
" o S LR a=02 ]
- T a=0.4
ar gLl 1
o N PR
g 3f ',!' e s ]
Q
1 [T
of F T e ]
]
¥
2r ]
I $=0.002 ]
‘
Ok, - L | I L L I L OF * ) ‘ ‘ 3
25 30 35 40 45 50 55 60 4 6 8 10
/M M

Fig. 8 Dependence of a magnetic dipole’s angular momentum radially on various values of the magnetic parameter « (right panel) and parameter

B (left panel)

16F 675 1 70} ]
L I I R e I I
6.70 ~22l0 = B= 0000 o
141 665 _.:‘—‘:— ]
6.60 —f:-:'a’ === B=0001 651 R
e” e,
S ol 8SEZAL T ] e B= 0.002 18 e
S 650f - "0 = < S
] 64512 - == 8= 0.003 3 60 ]
S ol 0150 0.155 0.160 0.165 0.170 0.175 0.180 15 —
a= 0.0
551 g
8p ] ---- a= 0.1
''''' a= 02
6 I L L L L L | 50 L 1 L L
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.000 0.001 0.002 0.003 0.004

@

B

Fig. 9 Dependency between test particle ISCO radius and parameter S for a given « (right panel) and magnetic coupling parameters for a given
B (right panel) around the SBR gravity BH orbiting at the equatorial plane

magnetar, treating it as a magnetic dipole in orbit around Sgr
A*. Conversely, theoretical challenges arise in the analysis of
observational traits, such as quasi periodic oscillations and
the ISCO radius around the supermassive BH, when similar
effects on these properties are reflected by the parameters
of different alternative theories of gravity, making it difficult
for gravity’s influence to be predominant. In fact, rotating

@ Springer

BHs are predominantly accepted in astrophysics. Our aim is
to examine the ISCO radius, comparing it with the effects
of spacetime and the spin of the Kerr BH, when both yield
identical ISCO radius values for the magnetic dipoles. It is
important to note that for comparison, we consider the SBR
gravity compact object surrounded by an externally asymp-
totically uniform magnetic field and the Kerr BH without a
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Fig. 10 A degeneracy plot is depicted, showing the relationship between the dimensionless spin of the Kerr BH and the magnetic coupling

parameter « and the parameter j

magnetic field. We assume the actual astrophysical scenario
of the magnetar orbiting the supermassive BH Sgr A*. Addi-
tionally, one may consider a magnetic dipole as a neutral one
in the absence of an external magnetic field.

The magnetic coupling parameter « for the magnetar SGR
(PSR) J1745-2900, characterized by the magnetic dipole
moment & ~ 1.6 x 1032G - cm?, while orbiting the super-
massive BH Sgr A*, is [57].

(29)

o ~ 0716 ( Bext
PSR J1745-2900 — VY. 10G

So, we see that one can take the coupling parameter in the
order of @ ~ 10~! in real scenarios.

The ISCO radius of test particles circling the Kerr BH is
determined by the subsequent expression for retrograde (+)
and prograde (—) orbits [32]:

Fisco = 3+ Z2 £/ B = ZN(B + Z1 +222), (30)

where

Z—1 =(3/1 Ta+91- a) J1—a2, 72— 7% =342
(31)

In this discussion, our focus will be on how the magnetic
coupling parameter can replicate the spin of the Kerr BH,
yielding an equivalent value for the ISCO radius of the mag-
netic dipoles around the SBR gravity BH. Itis straightforward
to determine the ISCO radius for magnetic dipoles around
the SBR gravity BH while maintaining the 8 parameter very
small.

A degeneracy plot can be generated, correlating the mag-
netic parameter in our model with the rotation parameter
of the Kerr metric. As depicted in the left panel of Fig.9, it
becomes evident that, when the 8 parameter is held constant,
the ISCO radius grows in a manner similar to increasing the
magnetic coupling parameter. This suggests that the coupling
parameter is likely to imitate the rotation parameter of the
Kerr metric for retrograde orbits. Figure 10 provides an illus-

0005 g T
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Fig. 11 Relationships between the magnetic coupling parameter « and
the parameter § for constant ISCO radius values of the magnetic dipoles

tration of this relationship, offering assurance on the matter.
As can be seen from the left panel magnetic parameter can
mimic the retrograde rotation of the Kerr BH completely. The
right panel demonstrates the efficiency of the parameter § to
mimic the spin of the Kerr BH is very low, suggesting that
static BH in the SBR gravity without external magnetic field
can not properly mimic rapidly rotating Kerr BH.

Figure 11 displays the degeneracy relationship between
the values of the parameter 8 and the magnetic coupling
parameter for constant values of the ISCO radius. It is shown
that for bigger ISCO radii the magnetic interaction plays the
dominant role while for smaller orbits, § parameter becomes
considerable.

6 Conclusion

This study focused on examining the motion of charged par-
ticles as well as magnetic dipoles around the Schwarzschild-
like BH in the SBR gravity, aiming to assess the extent to
which the spacetime deviation parameter and an external uni-
form magnetic field can imitate the rotation parameter of the
Kerr BH.

@ Springer



694  Page 10 of 12

Eur. Phys. J. C (2024) 84:694

When investigating the motion of a charged test particle,
we found that the primary influence on the particle trajec-
tories arises from the external magnetic field. The effect of
the SBR gravity parameter 8, on the other hand, is significant
only in the immediate vicinity of the central BH. An increase
in the B parameter was shown to enlarge the effective poten-
tial, contrasting with the impact of the external uniform mag-
netic field. Notably, the behavior of the latter changes with
the radial coordinate of the test charged particle for positive
wp. An exploration of circular motions through the angular
momentum of the charged test particle revealed an absence
of circular orbits in the close vicinity of the BH, when the
value of B exceeds a specific threshold. In the spacetime
given by (4) the effects of the parameter 8 has a repulsive
nature. For the non vanishing values of the parameter § one
may expect a decrease in the radius of the ISCOs for the
given value of the angular momentum. With the decrease of
radial coordinate the repulsive force due to the B parame-
ter becomes significant. As a consequences the particles can
stay on circular orbit with smaller angular momentum. At the
point when repulsive force starts dominating over attractive
one the angular momentum becomes zero and at a distance
lower then this point the circular orbits of particles do not
exist. One can show that the negative values of the angular
momentum corresponds to motion in the opposite direction
and its dependence on the radial coordinate is symmetric with
respect to the r-axis on the graph in the Fig. 2.

Examining the dependence of the ISCO radius on the
parameters 8 and wp, we observed that an increase in the
B parameter reduces the ISCO radius, while an increase in
absolute value of wp has a similar effect. We then compared
the effects of B and wp with the effect of the spin of the
Kerr BH for matching ISCO radii, establishing a degeneracy
between the spin of the Kerr BH and the parameters of our
model for the same ISCO radii. The results indicated that the
B parameter can mimic the effect of the spin, but only up to
small values, while wp performs this task more effectively,
extending up to very rapid spins. Analyzing the trajectories
of the charged test particle, we found that an increase in the
magnetic interaction parameter widens the region of possi-
ble particle trajectories along the axis of symmetry while
narrowing it in the radial direction. In contrast, an increase
in the B parameter has a negligible effect in this regard but
significantly alters the path of motion.

Subsequently, our focus turned to the dynamics of mag-
netic dipoles orbiting a static BH in the SBR gravity within
an external uniform magnetic field. We observed that the
behavior of the effective potential and angular momentum of
the magnetic dipole similar to that of a charged test particle.
However, the dependence of the ISCO radius on the magnetic
interaction parameter o was different. It was demonstrated
that with an increase in «, the ISCO radius could exponen-
tially rise, starting from « ~ 0.3. The conventional impact

@ Springer

of the parameter B on the ISCO radius was also evident. A
degeneracy plot for the matching ISCO radii of magnetic
dipoles in the spacetime of a BH in SBR gravity and in the
Kerr spacetime revealed that the magnetic interaction param-
eter o could effectively replicate the effect of the spin of the
Kerr BH, particularly for retrograde motion of the magnetic
dipole. The influence of the parameter 8 on this phenomenon
remained negligibly small.

In Section V, we have applied the outcomes of this study to
the case when neutron star is assumed to behave as a magnetic
dipole moving around the supermassive BH Sgr A*. We have
shown that the coupling parameter « for such scenarios can
be taken on the order of @ ~ 10~!. Using such order of
magnetic coupling parameter we have investigated how the
magnetic field and the SBR gravity parameter § affect the
orbits of neutron stars orbiting the supermassive BH. We have
seen that an increase in « increases the ISCO radius, while
an increase in B negligibly decreases it. Assuming that the
rotating Kerr BH and a static BH in the SBR gravity immersed
in an external uniform magnetic field can produce the same
ISCO radii, we have obtained degeneracy plots between the
spin of the Kerr BH and parameters involved in the spacetime
solution selected in this study. It is observed that the magnetic
coupling parameter can completely mimic the gravitational
effect of the spin parameter for retrograde motion, while the
B parameter can negligibly mimic the spin.

In all the scenarios presented in this study, we observed
that the impact of the parameter 8 is most pronounced in the
immediate vicinity of the BH. As one moves farther from the
central BH, this effect diminishes considerably. We attribute
this attenuation to several factors. Firstly, the spacetime solu-
tion provided is derived under the linear approximation of 3,
and higher-order terms may become significant for a compre-
hensive analysis. Secondly, the need to adhere to small values
of B, stemming from the linear approximation, curtails the
inherent characteristics of the SBR gravity. Consequently,
this work serves as an initial exploration into understanding
the properties of the SBR gravity, and broader investigations
are imperative for a more comprehensive comprehension of
this gravitational theory.
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